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Khas’minskii properties for
non-linear equations

LuciaANO MARI AND LEANDRO F. PESsOA

In recent years, the study of the interplay between (fully) non-
linear potential theory and geometry received important new im-
pulse. The purpose of this work is to move a step further in this
direction by investigating appropriate versions of parabolicity and
maximum principles at infinity for large classes of non-linear
(sub)equations F' on manifolds. The main goal is to show a unifying
duality between such properties and the existence of suitable F-
subharmonic exhaustions, called Khas'minskii potentials, which is
new even for most of the “standard” operators arising from geom-
etry, and improves on partial results in the literature. Applications
include new characterizations of the classical maximum principles
at infinity (Ekeland, Omori-Yau and their weak versions by Pigola-
Rigoli-Setti) and of conservation properties for stochastic processes
(martingale completeness). Applications to the theory of subman-
ifolds and Riemannian submersions are also discussed.
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1. Introduction

The purpose of the present paper is to describe a duality principle be-
tween some function-theoretic properties on non-compact manifolds. We are
mainly interested in fully non-linear equations coming from geometry, and
to introduce the problems under investigation we first need to fix some ter-
minology. Let X be a Riemannian manifold, and let J?(X) — X denote the
2-jet bundle. Via the splitting

JA(X)=Ra®T*X ¢ Sym?(T*X)

induced by the Levi-Civita connection, the 2-jet J2u of a function u at a
point x can be identified with the 4-ple

(z,u(z), du(z), V2u(a:)) ,

with V2u the Hessian of w. Points in the 2-jet bundle will henceforth be
denoted with

(x,r,p, A), with z€ X, reR, peT;X, AeSme(T;X).

According to the elegant approach pioneered by N. V. Krylov [53] and sys-
tematically developed by R. Harvey and B. Lawson Jr. in recent years
([33, 134, B6]), a differential inequality for a function u can be viewed as
a constraint on the two-jets of u to lie in a region F' C J?(X). For instance,
u € C?*(X) enjoys the inequality Au > f(x,u,du) provided that, at each
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point z, the two-jet J2u belongs to the subset
F={(wrpA) € (X) : T(A) > f(z.rp)}.

The class of differential inequalities we are interested in are modelled by well-
behaved subsets F' called subequations. The conditions placed on F' to be a
subequation are mild and correspond to the ellipticity and properness in the
standard terminology (see for instance [18),24] and the appendix of [36]), plus
a topological requirement. A function u € C%(X) is called F-subharmonic if
J2u € F, (F, the fiber over x) for each # € X, and in this case we write u €
F(X). Via the use of test functions in the viscosity sense, F-subharmonicity
can be extended to USC (upper-semicontinuous), [—oo, +00)-valued func-
tions u. For K C X closed, we will write u € F(K) if u € USC(K) and
u € F(IntK). While F-subharmonic functions describe subsolutions, super-
solutions are taken into account by considering the Dirichlet dual of F,

F = —(~ IntF),

that is, roughly speaking, u is a supersolution if —u € F (X); u is then called
F-harmonic provided that v € F(X), —u € F(X). In particular u € C(X),
and J2u € OF, when u is C? around z. For more details, we refer the reader
to the next section, and also to the original sources [33, 34} 38| 53].

Relevant subequations to which our results apply include the follow-
ing examples, where f € C(R) is non-decreasing and {\;(A)} denotes the
increasing sequence of eigenvalues of A € Sym?(T*X):

(&£1) the eikonal E = {|p| < 1};

(&£2) F={Tr(A) > f(r)};

(€3) F ={\(A) > f(r)}, for k € {1,...,dim X};

(&4) F = {ug.k) (A) > f(r)}, where ug-k) (A) is the j-th eigenvalue of the k-
th elementary symmetric function oy, of {\;(A)}. Analogous examples
can be given for each Dirichlet-Gérding polynomial, see [37, [41];

(5) F={A\(A)+ -+ X(A) > f(r)}, k<m, whose F-subharmonics
(when f = 0) are called k-plurisubharmonic functions; these subequa-
tions, which naturally appear in the theory of submanifolds, have been
investigated for instance in [35, [36] 81, [87];

(&6) the complex analogues of the last three examples;
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(&7) the quasilinear subequation describing viscosity solutions of
(1) Aqu = div(a(|Vu|)Vu) > f(u),

for a € C*(RY) satisfying
(2) A1 (t) = a(t) + ta'(t) > 0, Aa(t) = a(t) > 0.

Indeed, expanding the divergence we can set

F={p#0, Tr(T(p)A) > f(r)},
where

a'(|pl)
Ip|

and II,,II,. are, respectively, the (2,0)-versions of the orthogonal
projections onto the spaces (p) and p. This family includes the k-
Laplacian for 1 < k < 400 and the mean curvature operator;

T(p) = a(lp){, ) + p®p = Ai(|p)IL + A2(|p)Ip-

(€8) the normalized oo-Laplacian F = {p # 0, |p|=2A(p,p) > f(r)}.

One of the purposes behind Harvey-Lawson’s approach is to develop a non-
linear potential theory that could be applied to many different geometrical
settings. In this respect, the following Liouville property naturally appears
in the investigation of non-compact manifolds.

Definition 1.1. A subequation F' C J?(X) is said to satisfy the Liouville
property if bounded, non-negative F-subharmonic functions on X are con-
stant.

The prototype example is the subequation {Tr(A) > 0}, for which the
Liouville property is one of the equivalent characterizations of the parabol-
icity of X, a notion that is also introduced in terms of zero capacity of
compact sets, non-existence of positive Green kernels on X, or recurrency
of the Brownian motion on X (see [32, Thm. 5.1] and the historical discus-
sion thereinEI). Another relevant example is the Liouville property for the
subequation {Tr(A) > Ar}, A > 0, which by [32, Thm. 6.2] is equivalent to

!Here and in what follows, we refer to the Brownian motion as the diffusion
process whose transition probability is given by the minimal positive heat kernel.
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the stochastic completeness of X, that is, to the property that the Brow-
nian motion on X has infinite lifetime almost surely. As first observed by
L. V. Ahlfors (see [I, Thm. 6C]) for {Tr(A) > 0} on Riemann surfaces, the
Liouville property is tightly related to a maximum principle on unbounded
subsets which has been recently investigated in depth (also for general linear
and quasilinear subequations) in [3, 4] under the name of the open form of
the mazimum principle. We suggest the book [3] for a thorough discussion,
and also [44], [74]. Their approach motivates the next

Definition 1.2. A subequation F C J%(X) is said to satisfy the Ahlfors
property if, having set H = F U {r < 0}, for each U C X open with non-
empty boundary and for each v € H(U) bounded from above and positive
somewhere, it holds

supu’ = sup u.

U T
Remark 1.3. Note that u € H(U) means, loosely speaking, that u is F-
subharmonic on the set {u > 0}. The use of H is demanded since {u > 0} is

not granted to be open when u € USC(U). We will see that this generality
is important for our results to hold.

Remark 1.4. A related type of Ahlfors property also appeared in the very
recent [10], and we refer to [58] for its relationship with results in [3].

It is easy to see that the Ahlfors property implies the Liouville one, and
that the two are equivalent whenever u =0 € F'(X) (Propositionbelow).
Their equivalence has been shown in [I] for {Tr(A4) > 0}, and later extended
to {Tr(A) > Ar} in [32]E|7 and for more general subequations in [3| [4] [44].
However, we stress that the two properties might be non-equivalent for the
classes of equations considered here.

Conditions to guarantee the Ahlfors (Liouville) property for {Tr(A) >
Ar} have been investigated by various authors (see [32]), and in particular
we focus on the next criterion due to R. Z. Khas'minskii [51], 68], hereafter
called the Khas'minskii test: for the properties to hold for C? functions, it
is sufficient that X supports an exhaustion w outside a compact set K that

2In [32, Thms. 5.1 and 6.2], the Ahlfors property for F' = {Tr(A4) > A} (A > 0)
is stated in a slightly different way as the absence of A-massive sets, but this is
equivalent to the definition here because u = 0 is F-harmonic.
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satisfies

5 0<we C?*X\K), w(x) = +oo as x diverges,
8) Aw < w on X\K.

Here, as usual, with “w(x) — 400 as x diverges” we mean that the sublevels
of w have compact closure in X. As a consequence of works by Z. Kuramochi
and M. Nakai [54] [61], in the parabolic case A = 0 the Khas’minskii test is
actually equivalent to the Liouville property. However, the proof in [61] uses
in a crucial way a number of tools from potential theory that are specific for
the subequation {Tr(A) > 0}, and only recently a new approach allowed to
extend the equivalence to the case A > 0 and to other classes of operators
([60L 85]).

In this paper, we prove a duality between Ahlfors and Khas'minskii
properties that applies to a broad class of subequations F', including those
listed at page Our motivation comes from the fact that partial forms
of the duality already appeared not only in potential theory and stochastic
processes, but also when investigating maximum principles at infinity (or
“almost maximum principles”), a fundamental tool in Riemannian Geome-
try. We will see how the duality here gives new insights on such principles,
and answers some open questions. Before stating an “informal version” of
our main Theorems [.3] and we define the Khas'minskii property: here-
after, a pair (K, h) consists of

- a smooth, relatively compact open set K C X;

- a function h € C(X\K) satisfying h < 0 on X\K and h(z) - —o0 as
x diverges.

Definition 1.5. A subequation F' C J?(X) satisfies the Khas’minskii prop-
erty if, for each pair (K, h), there exists a function w satisfying:

) weF(X\K), h<w<0 on X\K;

w(zr) - —oo  as x diverges.
Such a function w is called a Khas'minskii potential for (K, h).

Loosely speaking, the Khas’'minskii property is the possibility of constructing
negative, F-subharmonic exhaustions that decay to —oo as slow as we wish.
Note that the sign of w in is opposite to that in , and that w is, a
priori, just upper-semicontinuous. In applications, the Khas’minskii property
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is quite a difficult condition to check and, often, one can just ensure a relaxed
version of it. This motivates the next

Definition 1.6. A subequation F' C J2(X) satisfies the weak Khas 'minskii
property if there exist a relatively compact, smooth open set K and a con-
stant C' € R U {+oc} such that, for each 2o € K and each ¢ > 0, there exists
w satisfying

w e F(X\K), w<0 on X\K,
(5) w(zg) > —e, limsup w(z) < —C.

T—00

We call such a w a weak Khas minskii potential for the triple (e, K, {zo}).

Remark 1.7. If C' = +o0 and F is fiber-wise a (possibly truncated) cone,
that is, tJ, € F, whenever J, € F, and t € (0, 1], then there is no need of the
condition with ¢ in : indeed, if w satisfies all the other conditions in , its
rescaling dow € F(X\K), for § € (0,1] small enough, satisfies dw(zg) > —e.
This is the case, for instance, of , which is therefore a weak Khas’'minkii
property. The weak Khas’minskii property was first considered, for quasilin-
ear operators, in [60, 69, [72] (when C' = +o00) while the idea of considering
potentials with finite C first appeared in the recent [5§].

Informally speaking, our main result can be stated as follows. For a
precise formulation, we refer the reader to Theorems and

Theorem 1.8. Let F C J*(X) be a “good” subequation. Then,

F has the F' has the weak F has the
Khas’minskii property Khas’minskii property Ahlfors property

Hereafter, when the above equivalences are satisfied, we will shortly say
that AK-duality holds for F.

An important feature is that Theorems and apply to subequa-
tions F' which are just locally jet-equivalent to most of the examples listed
at page Roughly speaking, a jet-equivalence can be thought as a way to
plug non-constant coefficients in the subequation F' without, in general, af-
fecting its properties, and considerably enlarges the range of applicability of
our results (see the next sections for definitions). Moreover, Theorem is
flexible enough to apply to good subequations which are unions-intersections
of other good ones. As a relevant example for our applications, we can inter-
sect eikonal subequations with those in (£2),...,(&8). To state the result,
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we first consider f, & satisfying
(©) (f1) feC(R), fisnon-decreasing, f(0)=0,
(1) €€ C(R), ¢ isnon-increasing, &(0) =0,

f(r)<0 for r <0
&(r) >0 for r<O.

We write E¢ to indicate the eikonal type subequation

(1) Ee= m, whose dual is E‘g = m
Then, we havdﬂ
Theorem 1.9. Fix [ satisfying (f1) and & satisfying (£1).

i) If Fy C J*(X) is locally jet-equivalent to one of the examples in (&£2),
..., (&6) wvia locally Lipschitz bundle maps, then AK-duality holds for
F¢ and for Fr N Eg.

i1) If Fy is the universal, quasilinear subequation in (&7), with eigenvalues
{\j()} in (2), then AK-duality holds
- for Fy, provided that \;(t) € L¥(R{) for j € {1,2};
- for Fy N Eg, provided that \j(t) € LYS.(RY) for j € {1,2}.

loc

iti) If Fy is the universal subequation in (&8), then AK-duality holds for
Fy and for Fy N Ee.

Furthermore, in each of i), ...,1ii), the Ahlfors property holds for F\; (respec-
tively, for Fy U E¢) for some f enjoying (f1) (respectively, (f,§) enjoying
(f14&1)) if and only if it holds for all such f (resp. (f,&)).

The independence on (f,&) in the second part of the theorem will ap-
pear a number of times in what follows, and will be proved in Section [5l For
instance, a prototype case of f satisfying (f1) is f(r) = Ar with A > 0, as in
the subequation F' = F = {Tr(A) > Ar} related to the stochastic complete-
ness of X, for which the value A plays no role.

Remark 1.10. We emphasize that ii) includes the case of the mean cur-
vature operator. More generally, the technical restrictions appearing in (&7)

3Observe that, because of £(0) = 0 in (£1), no jets with 7 > 0 belong to E¢. This
Is not a problem, since E¢ appears related to Khas'minskii potentials, which are
non-positive, while E¢ is linked to the Ahlfors property, which considers upper-level
sets above zero.
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are necessary to apply the comparison results for viscosity solutions on man-
ifolds that are currently available in the literature, and should be removable.
This is the case, for instance, if X has non-negative sectional curvature, for
which the assumptions on \;(t) in ¢4) are not needed (notably, this includes
the k-Laplacian for 1 < k < +00). Other cases when AK-duality applies for
quasilinear equations are discussed in Section [6] and Appendix [A]

We warn the reader that AK-duality for the case when f satisfies the
complementary assumption

(1) f € C(R), f isnon-decreasing,
f =0 on some interval (—u,0), u >0,

(typically, when f = 0), depends in a more delicate way on F' and its prop-
erties, such as the validity of strong maximum principles in finite form. Note
that (f1’) includes the example {Tr(A) > 0} related to the parabolicity of
X. We will address this case in Theorem [4.4]

The equivalence between the Ahlfors-Liouville and the Khas’'minskii
property was previously known just for few special operators. In particu-
lar,

- Kuramochi-Nakai [54, 6] proved a similar duality for solutions of
Au > 0, where the Khas'minskii potentials are harmonic but do not
necessarily satisfy w > h;

- Valtorta [85], with a different approach, showed AK-duality for the
k-Laplacian Agu > 0, k € (1, +00);

- The first author and Valtorta [60], with still another method (though
inspired by [85]), settled the case of operators of the type

diV(A(x,u,Vu)) > B(x,u),
where A behaves like a k-Laplacian, &k € (1, 4+00).

As a first application of AK-duality, in Section [7] we investigate the fol-
lowing problem: let o : X™ — Y be either an isometric immersion or a Rie-
mannian submersion, and let F' be a universal subequation. Suppose that F,
or FUFE , has the Ahlfors property on Y. Under which condition X inherits
the Ahlfors property for F', F'U E or some related subequations? We decide
to focus on F' as in Examples (£3), (£5) or their complex counterparts, be-
cause of their relevance in the study of the geometry of submanifolds. Our
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outcome are Theorems and below, which answer the question under
some reasonable conditions on the map o.

Other applications to illustrate the usefulness of duality come from the
following three examples. We begin with the classical maximum principle,
stating that a function u € C?(X) satisfies, at a maximum point o,

(8) u(xo) = max u, |Vu(zo)| =0, V3u(zo) <0 as a quadratic form.

When X is non-compact and u is bounded from above, the impossibility
to guarantee the existence of such zg forced mathematicians to consider
weakened versions of . In particular, for applications it is important to
find a sequence {1} C X for which u(x) — supx u and some (if possible,
all) of the conditions in hold in a limit sense. The search for conditions
to guarantee such maximum principles at infinity has stimulated an intense
research in the past fifty years.

The Ekeland maximum principle, co-parabolicity and
geodesic completeness

In a celebrated paper [26] 27], I. Ekeland proved that any complete metric
space satisfies the following property.

Definition 1.11. A metric space (X,d) satisfies the Ekeland mazimum
principle if, for each u € USC(X) bounded from above, there exists a se-
quence {zx} C X with the following properties:

u(zy) > s;pu - %, u(y) < u(xg) + %d(mk, y) for each y € X.

Ekeland principle has a broad spectrum of applications (just to quote
some of them, see [20]). It has been realized by J. D. Weston [86] and F. Sul-
livan [83] that the principle is, indeed, _equivalent to X being complete. If
we consider the dual eikonal equation £/ = {|p| > 1}, and we compare Def-
initions |1 n and (1 we can view the Ahlfors property for E as a sort of
viscosity version of Ekeland principle. A priori, its equivalence with the Eke-
land principle in Definition doesn’t seem obvious to us, and indeed it
is an application of the above duality. Furthermore, another property turns
out to be equivalent to X being complete: the Ahlfors property for the oo-
Laplacian. Summarizing, we have the following theorem.
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Theorem 1.12. Let X be a Riemannian manifold. Then, the following
statements are equivalent:

(1) X is complete.

(2) the dual eikonal E = {|p| > 1} has the Ahlfors property (viscosity, Eke-
land principle).

(3) the eikonal E = {|p| < 1} has the Khas’minskii property.

(4) the infinity Laplacian Fs, = {A(p,p) > 0} has the Ahlfors property.
(5) Fuo has the Liouville property.

(6) Fso has the Khas'minskii property.

(7) Fuo has the next strengthened Liouville property:

Any Fu-subharmonic function u > 0 such that |u(z)| = o(o(x))
as x diverges (o(x) the distance from a fized origin) is constant.

Regarding previous results on the Liouville property in (5), we quote
[55] where the authors proved that positive, Fi.-harmonic functions u on
R™ are constant via a Harnack inequality. Observe that, up to reflecting,
translating and taking the positive part of u, this is a weaker version of
(5). The result has been extended in [23] to the full Liouville property for
F on the Euclidean spaceﬁ However, to the best of our knowledge the
first result that relates the completeness of X to the oco-Laplacian is the
following, recent one in [73]; there, the authors proved that X is complete if
and only if, for each compact set K,

capy, (K) = inf{HduHoo, . weLip,(X), u=1 on K}

is zero. This last property is named oo-parabolicity, because of its direct link
with the standard definition of k-parabolicity via capacity (see [43, 84]).
As in the k < +o0o case, the interplay with the Liouville property for Fi,
depends on the characterization of solutions of

u is Fso-harmonic on O\ K,
u=1 on 0K, u=0 on 012,

4The result in [23] is a corollary of a more general Bernstein-type theorem, stating
that any u € Fuo (R™) below some affine function on R™ is necessarily affine.
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(here, © open, K C 2 compact) as suitable minimizers for the variational
problem

L(ilIgQ)HduHLoo, LK, Q) ={uecLip(Q) : u=1 on K, u=0 on 00},

a parallel first considered by G. Aronsson [0] and proved by R. Jensen [40]
when X = R™.

The Omori-Yau maximum principles

The Omori-Yau maximum principles have been introduced by H. Omori
[62] and S.-T. Yau [20), 88]: they stated, respectively, the next criteria for
the Hessian and the Laplacian.

Definition 1.13. Let (X, (, )) be a Riemannian manifold. We say that X
satisfies the strong Hessian (respectively, Laplacian) mazximum principle if,
for each u € C?(X) bounded from above, there exists a sequence {z;} C X
with the following properties:

(Hessian) u(zg) >supyu— k=1, |Vau(zg)| < k™Y, VZiu(zg) < k7, )

(Laplacian) u(zy) >supy u— k= |Vau(zg)| < k7Y Au(zg) < k7L

(9)

Here, the word “strong” refers to the presence of the gradient condition
|Vu(zy)| < k™. Note that the first two in ([9) hold, for suitable {x}}, on each
complete manifolds in view of Ekeland principle. However, differently from
Ekeland’s one, the Hessian and Laplacian principles depend in a subtle way
on the geometry of a complete X, cf. [19, 62, 78, 88]. A systematic study
has been undertaken in [68] and [3], where the authors described a gen-
eral function-theoretic criterion (3, Thm. 2.4], see also [11] [15]): the strong
Laplacian maximum principle holds provided that X supports a function w
with the following properties:

0<we C2(X\K) for some compact K, w — +o0o as = diverges,
(10)

Vw| < G(w), Aw < G(w),
for some G satisfying

(11) 0<GeCRY), G'>0, G '¢L'(+x).

For the Hessian principle, the last condition in has to be replaced by
V2w < G(w)(, ). The criterion is effective, since the function in can
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be explicitly found in a number of geometrically relevant applications, see
[3, [68]: for instance, letting o(x) denote the distance from a fixed origin o,
when X is complete holds if the Ricci curvature satisfies

(12) Ric,(Vo, Vo) > —G? (o(z)) outside of cut(o).

However, w might be independent of the curvatures of X, and actually there
are cases when is met but the sectional curvature of X goes very fast
to —oo along some sequence [68] p. 13]. For the Hessian principle, has
to be replaced by an analogous decay for all of the sectional curvatures of
X:

(13)  Sect(m) = ~GX(e()) |7 N
Vi, < T, X 2-plane containing Vp.

Note that includes the case when G(t) is constant, considered in [62, [8§].

With simple manipulation, we can extract from a weak Khas’'minskii

property analogous to : first, we observe (as in [52]) that up to replacing

w with

v o ds

o G(s)’

without loss of generality we can choose G(w) =1 in ; next, since w is
an exhaustion, for A > 0 fixed it holds Aw <1 < Aw on X\ K, if K is large
enough. In other words, from we can produce a new w satisfying |Vw| <
1, Aw < Aw outside some compact set. Reflecting and rescaling w, we obtain
weak Khas’minskii potentials as in Definition for the subequation

(14) {Tr(A) = xr} N {lp| <1}, with A > 0.

Observe that the presence of a divergent w with bounded gradient guarantees
that X is complete, in other words, implies both the completeness
of X and the strong Laplacian maximum principle. However, whether or
not the Hessian-Laplacian principles imply a corresponding Khas’minskii
conditions, or at least the geodesic completeness of X, was unknown. To
investigate the interplay between the three properties, we need to define an
appropriate viscosity version of the Omori-Yau principles. First, we rephrase
Definition [1.13] as follow, say in the Hessian case: X satisfies the Hessian
principle if, for each € > 0, there exists no u € C?(X) bounded above and
such that, for some v < supy u, at all points = € {u >~} the 2-jet J2u
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belongs to either

(15) {Ipl>e}, o {An(4)>e).H

Because of the translation and rescaling properties of the subequations in
, to check the principle we can take ¢ =1 and v = 0 without loss of
generality. In view of Definition we propose the following

Definition 1.14. Let X be a Riemannian manifold.

Consider the subequation F={;(A)>—1}, whose dual is F = {)\,(4)>
1}. We say that X satisfies the wiscosity, strong Hessian principle if the
Ahlfors property holds for F U E.

Consider the subequation F = {Tr(A) > —1}, whose dual is F =
{Tr(A) > 1}. We say that X satisfies the viscosity, strong Laplacian princi-
ple if the Ahlfors property holds for F'U E.

Clearly, the viscosity, Hessian (Laplacian) principle imply the corre-
sponding C? one in @ However, it is worth to stress the following point:

the Omori- Yau principles for C?-functions are granted, in all the
examples that we are aware of, under or its Hessian coun-
terpart, that also imply the validity of the viscosity ones (see The-
orems and Proposition below); therefore, we can
safely replace Definition with the stronger Definition
without affecting the range of applicability of the principles.

Remark 1.15. The possible equivalence between the classical and viscosity
versions of the Omori-Yau principles is discussed in the subsection “open
problems” below. There, we also comment on an alternative definition of a
viscosity, strong Hessian and Laplacian principles recently appearing in [63].

Passing to viscosity solutions allows us to clarify the interplay between
Hessian-Laplacian principle, geodesic completeness and the Khas'minskii
property. Firstly, since the Ahlfors property for F U E implies that for E
Theorem [I.12] has the next

Corollary 1.16. Any manifold X satisfying the viscosity, strong Laplacian
principle must be complete.

®As before, {\;(A)} is the sequence of eigenvalues of A in increasing order.
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Secondly, as a particular case of Theorem there is equivalence with
the Khas'minskii property. We recall that properties (f1),(£1) are defined
in @, and that

Ee = {Ip| <€(r)}, has dual B = {Ip] > £(—1)};
Fr={Tr(A) > f(r)}, has dual F\} = {Tr(A) > —f(—r)}.

Theorem 1.17. The following properties are equivalent:

(1) X has the viscosity, strong Laplacian principle;

(2) E U 175 has the Ahlfors property for some (each) (f,§) satisfying (f1 +
€1);

(3) Fr N E¢ has the Khas minskii property for some (each) (f,&) satisfying
(f1+€1);

(4) FrN E¢ has the weak Khas’'minskii property for some (each) (f,§)
satisfying (f1+&1).

Remark 1.18. Via jet-equivalence, Theorem also holds if we replace
the prototype subequation F' = {Tr(A) > —1} with the more general

Fr = {(x,r,p, A) : Tr (T(x)A) + (W(x),p) > —b(x)},

describing solutions of a general, linear elliptic inequality Lu > —b(x) in
non-divergence form with locally Lipschitz sections

0<T : X - Sym*(T"X), W : X =>T'X, 0<beC(X).

See Example for details. In this way, we complement and extend recent
results in [2, [3, [12], where the implication Khas’minskii = strong Laplacian
principle is investigated.

As a direct corollary of Theorem [1.17] and of the corresponding Theo-
rem for the strong Hessian principle that will be discussed later, the
mild sufficient conditions for the validity of the Omori-Yau principles de-
scribed in Examples 1.13 and 1.14 of [68] are still enough to guarantee their
viscosity versions. The following result, a refined version of these examples,
will be proved in Section [7] We premit the following
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Definition 1.19. Let X" be a complete m-dimensional manifold, and let
ke {l,...,m —1}. The k-th (normalized) Ricci curvature is the function

Ric® . TX — R

where {e;} is an orthonormal basis of Wi,.

Bounding the k-th Ricci curvature from below is an intermediate con-
dition between requiring a lower bound on the sectional and on the Ricci
curvatures, and indeed

Sect > —G2(p) = Ric* YV >_-GZ))| || =

= Ric® > -G*(p)||-|| = Ric>-G*(p)(, ).

The first and last implications are equivalences provided that, respectively,
k=2 and k =m — 1 (here, Ric is the normalized Ricci tensor).

Proposition 1.20. Let X" be a complete manifold, m > 2. Fix o € X and
let p(x) = dist(z, 0). Then,

(i) The viscosity, strong Hessian principle holds provided that the sec-
tional curvature of X enjoys , for some G satisfying .

(ii) The viscosity, strong Laplacian principle holds provided that the Ricci
curvature of X enjoys , for some G satisfying .

(iii) The viscosity, strong Laplacian principle holds on X if X is isometri-
cally immersed via ¢ : X — Y into a complete manifold Y satisfying

(16) Ric(™D(Vp) > —G? (p(x)) for each = ¢ cut(0),

where p is the distance in Y from some fixed origin o, G satisfies ([11)),
and the mean curvature vector H is bounded by

|[H (z)| < CG(p(o(x)),

for some constant C' > 0.
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Proposition [1.20] is indeed a special case of Theorem that considers
the subequation F' in (&'5) for each k < m. We refer the reader to Section
for further insight.

Weak maximum principles, stochastic and
martingale completeness

The weak Hessian and Laplacian principles have been introduced by
S. Pigola, M. Rigoli and A. G. Setti in [606] [68], starting from the obser-
vation that the gradient condition in (9) is unnecessary in many geometric
applications. By definition, X is said to satisfy the weak Hessian (respec-
tively, Laplacian) principle if, for each u € C?(X) bounded above, there
exists {xy} such that

an (Hessian) u(xy) > supyu— k1, V2u(zy) < k71, );
(Laplacian) u(wg) > supy u — k1, Au(zy) < kL

In the same works the authors prove, in a C? setting, that the weak Laplacian
principle is equivalent to the Ahlfors property for {Tr(A) > /\r} for some
(each) A > 0, and therefore its validity is guaranteed under condition (3).
Our first remark is that the weak and strong Laplacian principles are not
equivalent, as the following examples show.

Example 1.21 (weak Laplacian # strong Laplacian). It is easy to
produce an example of incomplete manifold X satisfying the weak Laplacian
principle but not the strong one: for example, X = R"™\{0} has the weak
Laplacian principle because the function w = —|z|? — |z|>"™ (for m > 3)
or —|z|? +log|z| (for m = 2) is a weak Khas'minskii potential satisfying
; on the other hand, X does not satisfy the strong Laplacian principle,
since any sequence tending to the supremum of u(x) = e~ 17l cannot satisfy
the gradient condition in @ A very nice example of a complete, radially
symmetric surface satisfying the weak Laplacian principle but not the strong
one has recently been found in [16].

Passing to weak principles has some advantages. A first point is that
the weak Laplacian principle is equivalent to the stochastic completeness
of X, that is, to the fact that paths of the Brownian motion on X have
infinite lifetime almost surely ([66, [68]). Consequently, one can avail of heat
equation techniques to give a sharp criterion for its validity that does not
depend on curvatures: by [32, Thm. 9.1], a complete X satisfies the weak
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Laplacian principle whenever

r

(18) log vol(B;)

¢ L' (+00),

B, being the geodesic ball of radius r centered at some fixed origin. Secondly,
the absence of a gradient condition allows a natural extension of Definition[17]
to distributional solutions and to general quasilinear operators A, in place
of A, including most of those considered in Example (&7): by [67, [68], a
quasilinear operator A, is said to satisfy the weak maximum principle if, for
each u € C°(X) bounded above and in a suitable Sobolev class (typically,
u € VVlifO(X)), and for each v < supy u,

(19) inf Aju<0 in a weak sense.
{u>r}

The key point here is that, via refined integral estimates, property
holds under mild volume growth conditions of the type in , see [49, (59,
67, 68, [79]. The equivalence between distributional and viscosity solutions
for Ayu > f(u) has been investigated for some families of a(t) in [29, [47]
(see also [38]).

Definition 1.22. We say that A, has the viscosity, weak (respectively,
strong) maximum principle if the Ahlfors property holds for
(20)

{lp| >0, T=(T(p)A) > ¢} for the weak principle in (19)),

{lp| >0, Tr(T'(p)A) > e} U{|p| > ¢} for the strong principle,
for each € > 0.

Since A, is generally not homogeneous, we cannot consider just € = 1.
However, as in Theorem by Propositions[5.1] and [5.3 below the Ahlfors
property for can be checked just on a single subequation. Again, as a
particular case of Theorem we have

Proposition 1.23. Consider Fy in (£7), and E¢ in . Then, A, has
the viscosity, weak (strong) maximum principle if and only if the Ahlfors
property holds for F'y (resp. Fy U E), for some (equivalently, each) pair (f,§)
satisfying (f1 4+ £1). Furthermore, AK-duality holds under the assumptions
in i7) of Theorem (1.9

We conclude by considering the weak Hessian principle. In analogy with
Definition [1.14] we set
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Definition 1.24. X is said to satisfy the viscosity, weak Hessian principle
if the Ahlfors property holds for F' = {\,,(A) > 1}.

Similarly to the case of the Laplacian, there seems to be a tight relation
between the Hessian principles and the theory of stochastic processes. As
suggested in [70, [72], a good candidate to be a probabilistic counterpart
of a Hessian principle is the martingale completeness of X, that is, the
property that each martingale on X has infinite lifetime (see Section V in
[25]). However, few is known about their interplay, and the picture seems
different here. For instance, in striking contrast with the case of stochastic
completeness, a martingale complete manifold must be geodesically complete
([25, Prop. 5.36]). In [25, Prop. 5.37], by using probabilistic tools M. Emery
proved that X is martingale complete provided that there exists w € C?(X)
satisfying

0 <we C*X), w(zr) — +oo as x diverges,

(21)
Vw| < C, V2w < C(,) on X,

for some C > 0. By rescaling and reflecting w, this is again a weak
Khas’'minskii property. Because of , one might guess that the martingale
completeness of X is likely to be related to the strong Hessian principle.
However, in view of the equivalence in the case of the Laplacian, in [70]
Question 37] and [72] the authors ask whether the weak Hessian principle
implies the martingale completeness of X, or at least its geodesic complete-
ness, and give some partial results. Our last contribution is an answer to the
above questions: perhaps surprisingly, the viscosity, weak and strong Hessian
principles are equivalent, and because of AK-duality (plus extra arguments)
they imply that X is martingale complete. Moreover, to check the viscosity,
Hessian principle it is sufficient to consider semiconcave functions. We recall

Definition 1.25. A function v : X — R is semiconcave if, for each xy € X,
there exist a neighborhood U of g and v € C?(U) such that u + v is concave
on U (i.e. u+ v is a concave function when restricted to geodesics).

Since semiconcave functions are locally Lipschitz and 2-times differen-
tiable a.e., (2) in Theorem below is very close to the classical, C? weak
Hessian principle in . Summarizing, we have
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Theorem 1.26. Consider the subequation

Fy ={M(4) = f(r)},
for some f € C(R) non-decreasing. Then,

- AK-duality holds both for Fy and Fy N Eg, for some (equivalently,
each) (f,€) satisfying (f1+£1).

Moreover, the following properties are equivalent:

(1) X satisfies the viscosity, weak Hessian principle;

(2) X satisfies the viscosity, weak Hessian principle for semiconcave func-
tions;

(3) va has the Ahlfors property for some (each) f of type (f1);
(4) X satisfies the viscosity, strong Hessian principle;

(5) FNfUENg has the Ahlfors property, for some (each) (f,&) satisfying
(f1+€1);

6) FrN E¢ has the Khas’minskii property with C°° potentials, for some
f 3
(each) (f,§) satisfying (f1+£1).

In particular, each of (1),...,(6) implies that X is geodesically complete and
martingale complete.

Classical vs. viscosity principles, and open problems

We conclude this introduction by proposing some questions. First, because
of Theorem we know that the viscosity, Hessian principle (weak or,
equivalently, strong) implies the martingale completeness of X. It is therefore
natural to investigate the reverse implication.

Question 1.27. Is the viscosity, Hessian principle equivalent to the mar-
tingale completeness of X7

The second issue is the relationship between the viscosity versions of the
maximum principles and their classical counterparts for C? functions. We
saw that relaxing the regularity of the class of functions in the definition
of the principles makes them powerful enough to force more rigidity and

deduce new implications, as in Theorems and Corollary

However, it is natural to ask whether the viscosity and classical definitions
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are, indeed, equivalent. This is the case for the weak Laplacian principle,
see Remark However, the situation for the strong Laplacian and for the
Hessian cases is more delicate.

Question 1.28. Can equivalence (1) < (2) in Theorem be improved
to show that the viscosity, Hessian principle is equivalent to the classical,
C? one?

Question 1.29. Is the viscosity, strong Laplacian principle equivalent to
the classical, Yau’s version of it for C? functions?

Both the equivalence (1) < (2) in Theorem and the one in Re-
mark [0.3] depend on the possibility to approximate USC functions contra-
dicting the Ahlfors property with more regular ones. In the Hessian case, we
exploit the semiconcavity of F-harmonic functions, for F = {\,(A4) > 1},
and a natural strategy to find C? functions contradicting the Ahlfors prop-
erty arguably leads to investigate how Riemannian convolution (see [31])
behaves on F-harmonics. To apply analogous ideas for the strong Lapla-
cian principle, one also needs to study the regularity of (F U E) harmonics,
for F' = {Tr(A) > 1}, which might be of independent interest. It could be
possible that, in this case, an approximation via the heat flow be helpful.

Another problem that seems to be worth investigating is the relation
between our viscosity versions of the strong (Hessian, Laplacian) principles
and the approach in [63]. In Theorems 1.3 and 1.4 therein, a viscosity strong
maximum principle is seen as a “theorem on sums at infinity” for a pair of
functions w,v € USC(X) with supy(u+ v) < +oo. In the particular case
when wu is constant, Theorem 1.3 can be rephrased as follows (we remark
that, given v € USC(X), ji’+v denotes the closure of the set of 2-jets of test
functions for v at x).

Theorem 1.30. [63] Let X be a complete manifold with sectional curvature
Sect > —~k2, for some constant k > 0. Then, for each v € USC(X) bounded
from above, there exists a sequence {x:} and jets J. = (v(x.), pe, Ac) € ji’:rv
such that

v(xe) > supv — &, Ipe| < e, A: <el.
X

Taking into account the definition of J;Z’W, Theorem is equivalent
to say that a complete manifold with Sect > —k? has the Ahlfors property
for {\n(A) > 1} U E, i.e., the viscosity, strong Hessian principle. This result
is therefore a particular case of (i) in Proposition On the other hand,
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a version of the principle for pairs of functions u, v might be useful in view
of possible applications, and suggests the following

Question 1.31. Does there exist a workable version of the Ahlfors property
in the form of a “theorem on sums” at infinity? Could it be useful to prove,
for instance, comparison principles at infinity?

Eventually, another issue concerns the removability of the conditions on
{A\j(t)} in 4i) of Theorem It is very likely that AK-duality holds for
any subequation locally jet-equivalent to (&'7), but the technical restrictions
depend on the lack of a suitable comparison theorem in a manifold setting,
as stressed in the Appendix. For this reason, it seems to us very interesting
to investigate the next

Question 1.32. Does there exist a more general theorem on sums on man-
ifolds, or a different comparison technique for viscosity solutions, that apply
to quasilinear subequations on each manifold?

In this respect, the beautiful result in [50] could be helpful.

2. Preliminaries

In this section, we will review some basics of Harvey-Lawson’s approach to
fully non-linear equations.

2.1. Subequations and F-subharmonics

Hereafter, X will be a Riemannian manifold, possibly incomplete, of dimen-
sion m > 1. Given zg € X, the function g, will denote the distance function
from xz¢, and Bgr(xg) the geodesic ball of radius R centered at xy. In some
instances, we implicitly use the musical isomorphism between T'X and T*X
to raise and lower indices of tensor fields, when this does not cause confu-
sion: for example, we compute Tr(7 - V2u) for a (2,0)-tensor T, without
specifying that we are considering the (1,1)-versions of 7 and V?u, and so
on.
Let J2(X) — X be the two jet-bundle over X:

JA(X)=2RaT*X @ Sym?*(T*X),
and denotes its points with the 4-ples

(z,7,p, A) € X x R x TiX x Sym*(T; X).
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A fully non-linear equation is identified as a constraint on the 2-jets of
functions to lie in prescribed well-behaved subsets F' C J2(X), called sube-
quations. The basic properties required on F' involve the following subsets
of J?(X):

: {(r, 0,0):7 < 0} (the jets of non-positive constants);
P : P,={(0,0,A4): A>0} (the positive cone).

Definition 2.1. Let F' C J?(X). Then F is called a subequation if it satis-
fies

- the positivity condition (P): F + P C F;

- the negativity condition (N): F+ N C F}

- the topological condition (T') :

(i) F =IntF, (ii) Fp = IntF,, (7i1) (IntF), = IntFy.

In particular, a subequation is a closed subset. Condition (P) is a mild el-
lipticity requirement, while (V) parallels the properness condition, as stated
in [24].

A function u € C?(X) is called F-subharmonic (respectively, strictly F-
subharmonic) if, for each # € X, J2u € F, (respectively, in (IntF),). The
definition can be extended to the space USC(X) of upper-semicontinuous,
[—00, +00)-valued functions via the use of test functions.

Definition 2.2. Let w € USC(X) and xzg € X. A function ¢ is called a
test for u at xq if ¢ € C? in a neighborhood of g, ¢ > u around zy and
d(x0) = u(xp).
Definition 2.3. u € USC(X) is said to be F-subharmonic if

VeeX, Votestforuatx = J2¢€E F,.

The set of F-subharmonic functions on X is denoted by F'(X).

To define strictly F-subharmonics, it is convenient to fix the Sasaki met-
ric on J2(X), that is, a metric on J?(X) which is flat on the fibers J2(X).
The metric generates a distance, dist, and the induced distance dist, on each
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fiber J2(X) satisfies
(22) disty(J1, Jo) = |J1 — Jo|  for Ji,Jo € JA(X).

Balls in J?(X) will always be considered with respect to dist. To extend
the concept of strictly F-subharmonicity to the USC setting, for F' C J?(X)
and a constant ¢ > 0 define

Fi={J € F, : disty(J,0F;) > c}.

If F' is a subequation, by the set F'¢ satisfies (P), (IV) and F° C IntF,
but F¢ does not necessarily satisfy (7).

Definition 2.4. Let F C J?(X). A function u € USC(X) is said to be
strictly F'-subharmonic if, for each xy € X, there exist a neighborhood B C
X of zy and ¢ > 0 such that u € F¢(B). The set of strictly F-subharmonic
functions on X will be denoted by F5'(X).

Hereafter, given a function u on X, we define u*, u, to be the USC and
LSC regularizations of u:

(23) u*(x) = limsupu(y), us(x) = liminf u(y) Ve X.

Yy—T y—x

F-subharmonics and strictly F'-subharmonics enjoy the following properties.

Proposition 2.5 ([34], Thm. 2.6 and Lemma 7.5). Let F C J?(X) be
closed and satisfying (P). Then,

1) if u,ve F(X) (resp, F*"(X)), then max{u,v} € F(X) (resp, F*"(X));
2
3

if {u;} C F(X) is a decreasing sequence, then v = lim; u; € F(X);
if {u;} C F(X) converges uniformly to u, then u € F(X);

(1)
(2)
(3)
(4) if {uq}aca C F(X) is a family of functions, locally uniformly bounded
above, then the USC regularization v* of v(z) = sup, us(x) satisfies

v* e F(X);

(5) (stability) if u € F*"(X) and v € C?(X) (i.e. ¥ has compact support),
then there exists § > 0 such that u + 6y € F¥"(X).
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2.2. Examples: universal Riemannian subequations

These are subequations constructed by transplanting on X an Euclidean
model via the action of the orthogonal group. First, consider the two jet
bundle

J2(R™) = R™ x R x R™ x Sym?(R™) = R™ x J2,
with
J? =R x R™ x Sym?(R™),

and a subset F C J? (called a model). Then, R™ x F is a subequation on
R™ whenever F = IntF and the positivity and negativity conditions are
satisfied. These are called wuniversal (Riemannian) subequations. Now, for
each x € X™, we can choose a chart (U, ¢) around x and a local orthonormal
frame e = (eq,...,em) on U, which induces a bundle chart

J2U)=RoTU @ Sym?(T*U) — o(U) x J2

(xv u(x)7 du(x)’ v2u(x)) — (Qp(l‘)’ u(x)’ [uj (l‘)], [uij (l‘)]),

where [uj(z)] = Yui(z), ..., un(z)], uj = du(e;), and [u;;(z)] is the matrix
with entries u;; = V2u(e;, e;). If {€;} is another local orthonormal frame on
U, ej = héei for some smooth h : U — O(m). The bundle chart ®¢ is thus
related to ®¢ via

(24) d¢ o (<I>e)_]L : (go(x),r,p, A) — ((p(x),r,h(x)p,h(x)Aht(:c)).

Now, suppose that a model F C J? is invariant by the action of h € O(m)
given by (r,p, A) + (r, hp, RAR?). Then, we can define F C J?(X) by requir-
ing

(r,p,A) € Fy <= ®°(z,r,p,A) e R"" x F

for some choice of the orthonormal frame, and the prescription is well defined
(i.e. independent of e) because of and the invariance of F. It is easy to
check that F is a subequation if and only if R™ x F is a subequation in R™.

Remark 2.6. The above method can be applied in a more general setting:
suppose that X is endowed with a topological G-structure, that is, a family
of local trivializations (U, e) of TX such that the change of frames maps h
are valued in a Lie group G. Then, all models F C J? which are invariant
with respect to the action of G can be transplanted to X as above. For
instance, if G = U(m) then F can be transplanted on each almost complex,
Hermitian manifold of real dimension 2m.
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Examples of universal Riemannian subequations.

(€1) (The eikonal). The prototype eikonal subequation is E = {|p| < 1}.

More generally, we consider the generalized eikonal E; = {|p\ <€ (r)}
where £ € C(R) is required to satisfy either (£1) in (6]), or

(25) (€0) 0<&eC(R), ¢ isnon-increasing.

(€2) (The weak Laplacian principle subequation). Set F = { Tr A > f(r)},
for f € C(R) non-decreasing. As we saw, I is related to the stochastic
completeness, the parabolicity of X and the weak maximum principle
at infinity. For f = 0, F characterizes subharmonic functions.

(£3) (The weak Hessian principle subequations). For f € C(R) non-
decreasing, and denoting with {\;(A)} the increasing sequence of eigen-
values, consider F = {\;(4) > f(r)}. By the monotonicity of f and of
the eigenvalues of A (A\(A + P) > A\;(A) when P > 0), F satisfies (P)
and (N), and clearly also (T'). Thus, F is a subequation, which for
7 =1 and j = m is related to the martingale completeness and the
weak Hessian principle. If f =0, note that {A\y(A) > 0} is the k-th
branch of the Monge-Ampere equation det(A) = 0.

(&4) (The branches of the k-Hessian subequation). For A = (Ay,..., A\p,) €
R™ and k € {1,...,m}, consider the elementary symmetric function

g = D A

1< << <m

Since oy, is invariant by permutation of coordinates of A, we can define
oi(A) as o, being applied to the ordered eigenvalues {\;(A)}. Accord-
ing to Gérding’s theory in [30], 0% () is hyperbolic with respect to the
vector v = (1,...,1) € R™. Denote with

Oy < <Py

(%)

the ordered eigenvaluesﬁ of o. Clearly, p; " is permutation invariant,
(

J
thus the expression ,ug.k A) is meaningful. A deep monotonicity result
([B7, Thm. 6.2 and Cor. 6.4], see also [41, Thm. 5.4]), together with

the fact that the set of eigenvalues of P > 0 is contained in the closure

6That is, the opposite of the roots of Z(t) = oy (A + tv) = 0.
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of the Gérding cone of oy, guarantees the inequality
u§k)(A +P) > Mg-k)(A) for each P > 0.
Consequently, for each f € C'(R) non-decreasing,

F={u"(4) > f(r)}

satisfies (P) 4+ (N). Condition (7T') is a consequence of [37, Prop. 3.4],
hence F is a subequation. Many more examples of this kind arise from
hyperbolic polynomials g(\), with the only condition that the positive
octant R" = {\; > 0, Vi} lies in the closure of the Géarding cone of ¢
(see [41] for details).

(The k-plurisubharmonicity subequation). Let G = Gry(R"™) be the
Grassmannian of unoriented k-planes in R™ passing through the origin.
Then, for f € C'(R) non-decreasing, the model

Fg = {(r,p, A)eJ?: Tr(Aj) > f(r) for each £ € G}

can be transplanted on each Riemannian manifold and, via the min-
max characterization, the resulting subequation can equivalently be
described as

F={M(A)+-+M(4) > f(r)}.

These operators naturally arise in the study of submanifolds of Rie-
mannian or complex ambient spaces, and we refer to [34], [35] and the
references therein for a thorough discussion.

(Complex subequations). Examples analogous to (&3), (&4) and (&5)
can be considered on almost complex hermitian manifolds, using the
eigenvalues of the hermitian symmetric part A of A. In this way,
in examples (£3),(&£4) we recover the subequation {\; (A1) > 0}
describing plurisubharmonic functions, and more generally all the
branches of the complex Monge-Ampere equation. The complex ana-
logue of (&£5) gives rise to the k-plurisubharmonics: it corresponds to
transplanting, on an Hermitian manifold of complex dimension m, the
model Fg in with G = Grg(C™) the Grassmannian of unoriented
complex k-planes. In the same way, analogous examples can be treated
on almost quaternionic Hermitian manifolds (see [34] for details).
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(&7) (Quasilinear operators). As said in the introduction, for f € C'(R) non-
decreasing the subequation reads

F={p#0, Tr (T(p)A) > f(r)},
where

) A (t) = a(t) +td(t) > 0,

(28)  T() = M)y + Aellp)T, . { NI
and II,, IL,. are, respectively, the (2, 0)-version of the orthogonal pro-
jection onto the spaces (p) and p*. Observe that implies T'(p) > 0
as a quadratic form, hence F satisfies (P), and (N), (T') are immediate.
Hence, F is a subequation. Relevant examples include:

- The k-Laplace operators, where a(t) = t*=2, for k € [1, +00);

- The mean curvature operator, where a(t) = (1 + t2)~/2;

- The operator of exponentially harmonic functions, where a(t) =

exp{t?}.

(&8) (The normalized oo-Laplacian). This operator is given by the sube-
quation

F={p#0, |pl=2A(p.p) > f(r)},

where f € C(R) is non-decreasing.
2.3. Plugging non-constant coefficients: affine jet-equivalence

The next procedure allows to extend the class of subequations to which
Harvey-Lawson’s theory can be applied, including variable coefficient sube-
quations, and it is based on the following

Definition 2.7. A jet-equivalence ¥ : J(X) — J?(X) is a continuous bun-
dle automorphism (i.e. it preserves the fibers of J?(X) — X) that has the
following form:

(29) (z,r,p,A) = (z,r,gp, hAL' + L(p)),

where

g,h : T*X ->T*X are bundle isomorphism,
L : T*X — Sym*(T*X) is a bundle homomorphism.
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An affine jet-equivalence is a continuous bundle map ® : J?(X) — J?(X)
that can be written as ® = ¥ + J, for some jet-equivalence ¥ : J?(X) —
J%(X) and a section J : X — J?(X).

In view of Example below, the definition does not depend on the
connection used to split J2(X). The set of (affine) jet-equivalences form a
group, and F, F' C J%(X) are said to be (affine) jet-equivalent if there exists
a (affine) jet-equivalence ¥ with W(F) = F”.

Remark 2.8. It is easy to check that F' is a subequation if and only if so
is W(F). Suppose that F,G are two subequations on X which are affine jet-
equivalent: ¥(F') = G for some W. We claim that, fixing ¢ > 0 and a compact
set K C X, there exists ¢ > 0 such that U(FS) C GS for each x € K. Indeed,
the claim follows because W is affine on fibers (hence, the stretching factor
of each map V¥ : F, — G, is constant), and using a compactness argument
in the variable z.

Example 2.9 (Change of frames). Consider a local chart (U, ¢) on X,
and two frames e,€ on U (possibly not orthonormal). Then, the change of
frame map can be rewritten as

Do (@) 1 pU)xIF — o(U) x J?

(30) T
(y.r,p, A) = (3,7, h(y)p. h(y) AR (y))

with h = ho @™ : o(U) = GL,(R). Clearly, has the structure in (29),
hence ®° o (®¢)~! is a jet-equivalence of J2(p(U)).

Example 2.10 (Linear subequations). A prototype example is that of
linear subequations with continuous coefficients, possibly in non-divergence
form. Let W : X — T*X and 7 : X — Sym?(T*X) be continuous tensor
fields, and suppose that 7 is positive definite at each point. Fix f € CO(R)
non-decreasing and b, B € C'(X), b > 0 on X, and consider the linear oper-
ator

Lu = Tr(T - V?u) + (W,du) + B.
We claim that the subequation F7, characterizing solutions of Lu > b(z) f(u)

is affinely jet-equivalent to the universal Riemannian subequation Fa =
{Tr(A) > f(r)} (and jet-equivalent to it whenever B = 0). Indeed, rewrite
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Iy, as follows
P = {<x,r,p, )5 (v [T A+ W) 0 p4 200, ) zf(r)},

where a ®b = 3(a® b+ b® a) is the symmetric product. Since 7 is posi-
tive definite, it admits a continuous, positive definite square root H : X —
Sym?(T*X) (see [82, p. 131]), and H is Lipschitz whenever so is 7. From
Tr(TA) = Tr(HAH') we deduce that the map

Warip ) = (w.rp s [ H@AR @)+ W@ o+ 200 ), )

is an affine jet-equivalence satisfying W(Ff) = FAa.

Definition 2.11. F C J?(X) is said to be locally affine jet-equivalent to
a universal subequation if, for each = € X, there exist a local chart (U, )
around x and coordinate frame e on U such that the decription of F' in
the frame e, ®¢(F), is affine jet-equivalent to some universal subequation
©(U) x F. Such a chart will be called a distinguished chart.

By Example the above definition is independent of the chosen frame
e. Moreover, the Euclidean model F C J? is uniquely defined, independently
of the chart (U, ¢) (see [34, Lemma 6.10]).

Example 2.12 (Universal Riemannian subequations). By construc-
tion, universal Riemannian subequations with model F are locally jet-
equivalent to R™ x F.

Example 2.13 (Change of connection). Consider a local trivialization
®° of J2(X) in a chart (U, ) with coordinate frame e = {9;}:

(31) @ : Joue JA(U) — (p(@),u(@),uj(z),uj(z)) € p(U) x I%,
where
U; = 8ju, Uj5 = Vzu(é)i, 8]) = 822]11, — Ffj@ku,

and define the map

, o« J2 < 2
(32) P p(U) x J — p(U) xJ

(p(x),u, Oju,ui) —  (p(x),u, dju, Fu).
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Clearly, ¥, is a jet-equivalence, and ¥, o ®¢ is the frame representation of
J2(U) with respect to the flat connection.

The last example shows that the definition of jet-equivalence is also
independent of the connection V chosen to split .J?(U), which makes it par-
ticularly effective. Throughout the paper, given a subequation F' C J?(X)
and a chart (U, ¢), we will say that

F =W ((F)) C o(U) x I?

with ®¢, ¥, as in and , is an Fuclidean representation of I’ in the

chart (U, ). Observe that, by construction, if w € C?(U) and @ = w o ¢~ 1,

Jowe F = J2 0= (p(x), ®,05w,05w) € F.

The use of local Euclidean representations with respect to the standard
“Fuclidean” coordinates on J?(R™) allows a direct applications of some
important results like the theorem on sums ([24], see also [34, Thm. C.1]),
without the necessity to use its more involved Riemannian counterpart. We
will come back to this point later.

2.4. Dirichlet duality
Given F C J*(X), the Dirichlet dual of F is
F =~ (—IntF) = —(~ IntF).

Note that F is always closed, and that 9F = F N (—F). The term “duality”
is justified by the following properties that can be readily verified.

Proposition 2.14. Let F, Fy, F; C J?(X). Then,

—_— ~

Rch=KCF; RKnNnkh=FKUF, F=F«F=IhtF,

F'is a subequation <= Fisa subequation.

Remark 2.15. If F is locally affine jet-equivalent to a universal subequa-
tion F, then F is locally affine jet-equivalent to F.

Examples of universal subequations: duality.
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(&1) E:{|p|<§(r)} = BE={pl>e-n};

(€3)  F={M(4)>f(r)} = ﬁ—{Am K1(A )>ff(fr)}'

(£4)  F= {u““ ) > f(r)} = F={u (4> —f(-n}
(62),(65)  F={_ \(A4) > f(r)} — F={Ylin ( ) > —f(-n)}

(€7 F= {\p\>0Tr( )A) > f()} = F={lpl>0,Tx(T(p)4) > —f(-)};

(#8)  F={lpl >0, [p|2A(p,p) > f(r)} = F={p| >0, |p|2A(p.p) > —f(-1)}.

Example (£4) follows from the relation

u(=A) = —uP L (4),

which is proved in [37, Sec. 3]. The other examples up to (&5) are trivial,
as well as their complex analogues. To quickly show the duality in (&£7), set

V= {lpl >0, Te(T(p)A) > f(r)}, W ={lp| >0, Te(T(p)A) > —f(-7)},
and note that F' = V. By duality,
FcV={p| >0, Te(T(p)A) > —f(-r)}U{p=0} c Wu{p=0}.

We claim that W C F. In fact, it is sufficient to show that W C ﬁ, ie.,
—W C~ IntF. Given (r,p, A) € =W, from |p| > 0 and Tr(T'(p)A) < f(r) we
deduce, by continuity, the existence of a neighborhood U’ C —W containing
(r,p, A) with U' N F = (). In particular, (r,p, A) ¢ IntF, which proves our
claim. Summarizing, W C F Cc W U {p = O}. However, since F' is a sube-
quation and {p = 0} has empty interior in J?(X), we can conclude that
[ = W. The same approach yields the duality in (&8).
We are ready to define F-harmonics.

Definition 2.16. Let F C J?(X). A function u is said to be F-harmonic
if
ueF(X) and —ue F(X).

By Proposition if F'is a subequation then u is F-harmonic if and
only if —u is F-harmonic.

2.5. Comparison theory

For K € X precompact, we define F'(K) = USC(K)N F(IntK). The sets
F¢(K), F*"(K) are defined in the same way, simply replacing F with F¢, F5*
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Definition 2.17. Let F C J?(X). We will say that F on X satisfies

(i) the comparison if for every compact subset K € X and u € F(K),
v € F(K), the zero maximum principle holds on K, that is,

u+v<0 on 0K — wu+v<0 on K;

(ii) the weak comparison if for every compact subset K € X, ¢ > 0, and
u € F¢(K), v e F(K), the zero maximum principle holds on K.

(iii) the local weak comparison if each x € X has a neighborhood U such
that F' on U satisfies the weak comparison.

We also say that F' on X satisfies the bounded comparison (respectively,
weak comparison and local weak comparison) if the statements hold when
restricted to bounded functions u and v.

Remark 2.18. Note that, while the full comparison property is symmetric
in F' and F', the weak comparison is not.

The next important result is a consequence of the stability of strict F-
subharmonics in Proposition [2.5

Theorem 2.19. [3/, Thm. 8.3] Let F C J*(X) satisfy (P) and (N). Then,

F satisfies the F' satisfies the
local weak comparison weak comparison

The advantage of this theorem is that the local weak comparison can
be checked in a local chart, for instance with the aid of the theorem on
sums. The next result guarantees the weak comparison for a large class of
subequations.

Theorem 2.20. [3], Thm. 10.1] Let F C J*(X) be a subequation which
is locally affinely jet-equivalent to a universal subequation, where the con-
tinuous sections g, h, L in are locally Lipschitz. Then, F' and F satisfy
the weak comparison. In particular, each universal Riemannian subequation
satisfy the weak comparisorﬂ.

"The conclusion of Theorem 10.1 in [34] just states that F' satisfies the weak
comparison, but the same theorem can be applied to F in view of Remark [2
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If the weak comparison holds, the validity of the full comparison property
is granted when we can approximate functions in F'(X) with functions in
Fstr (X) .

Definition 2.21. Let F C J?(X). We say that F satisfies the (bounded)
strict approzimation on X if for each compact K € X, each (bounded) u €
F(K) can be uniformly approximated by functions in F*%(K).

Theorem 2.22. [3), Thm. 9.2] Let F C J*(X) satisfy (P),(N). Then

F' has the local weak comparison F has the
+ (bounded) strict approximation (bounded) comparison

The strict approximation property is a delicate issue. A case when the
strict approximation holds on a set  is when Q supports a C? function
which is strictly M-subharmonics, where M is a monotonicity cone for F
(see [34, 136]). However, in examples (&2),...,(&6) this gives topological
restrictions on {2 that we would like to avoid. As we shall see, to prove
Theorem [I.9) we will just need to show the comparison property for F' locally
jet-equivalent to (&2),...,(&6) just when f is strictly increasing. In this
case, the strict approximation of uw € F(X) is achieved via the functions
u, = u — n for positive constants n > 0, provided that the dependence of
F on p is mild enough, as quantified by the next definition which shall
be compared to the classical condition (3.14) in [24]. For a closely related
condition, in the case of subequations independent of the gradient, we refer
to [21], Section 4].

Definition 2.23. A function .# : R™ x Sym?(R™) — R is said to be uni-
formly continuous if for each ¢ > 0 there exists 6 > 0 such that, whenever

(p, A), (¢, B) € R™ x Sym*(R™),  and  [p—q|+[[(A—B)4[| <4,
then .# (¢, B) > % (p, A) — ¢.

Proposition 2.24. Let F = {F(p, A) > f(r)} be one of the models in
(£2),...,(&6). Then, .Z is uniformly continuous.

Proof. In all the examples but (£'4) and its complex analogue, the statement
is immediate because there exists an absolute constant ¢ > 0 such that

F(A) < F(B) + (A= B)|.
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Indeed, this also holds for (£4), as it follows using the elementary property
(2) in [37, p. 1106] together with the monotonicity (26]), and taking into
(k)

account that the eigenvalues p; = are evaluated with respect to the direction
(1,...,1):

uM () = (B + (A - B))
<P (B+IA-B) ) =B+ I(A-B)1l. O

J
Theorem 2.25. Let F' be locally affine jet-equivalent to a universal sube-
quation with model F = {ﬁ(p, A) > f(?“)} via continuous bundle maps. Sup-

pose that .F is uniformly continuous and that f is strictly increasing. Then,
F' has the bounded, strict approximation property.

Remark 2.26. In the special case when f € C'(R) with infg f/ > 0, the
boundedness assumption on u is not needed.

Proof. We consider the case of a local jet-equivalence, since adaptations
to affine jet-equivalences are straightforward. Fix a compact K € X and let
u € F(K) be bounded. We shall prove that, for each n > 0, there exists ¢ > 0
such that u,, = u —n € F°(K). By covering K with a finite number of charts
(U, ¢) ensured by the local jet-equivalence condition, it is enough to prove
that u, € F¢(U) for some ¢ > 0. To this aim, take a local representation
F of F in the chart (U, ). By hypothesis, there exists a jet-equivalence

U p(U) x J2 = o(U) x J2 with

(33) (ya D, A) — (yv r g(y)pa h(y)Ah(y)t + Ly(p)),

satisfying

that is,
B0 F={wrpA) : F(9@phm)AR) + L) = f0)}.

Define t =uogp~!tonV = ¢(U) and note that, by construction, @ € F(V)
(we assume ¥ and ¢ defined on U). Reasoning as in Remark it is sufhi-
cient to prove that @, =u —n € F(V).
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Let R be such that |u| < R. Being f strictly increasing, we can define
e=inf {f(r+n)— f(r) : 7€ [-2R,2R]} >0,

and since .% is uniformly continuous, there exists § > 0 such that

(35)  F(p,A) > F(q,B) —¢ whenever [p—q|+|[(A—B)y|| <§.

Set M = ||g]]oo + ||L]]oo + ||P||%- Fix y € V and a test function ¢ for @, at
y, and set J§¢ = (r,p, A). Since ¢ + 1 is a test for w at y, (r +n,p, A) € Fy.
Thus, for (s,q,B) € J;(V) satisfying

52

2 2 2 . 2 .9

— — A—B m — =

=Pt = a4 = B P < min {7, b =
using (34)), (35) and the definition of M the following inequalities hold:

Z (9(y)a, h(y)Bh(y)" + Ly(q)) > Z (9(y)p, h(y)Ah(y)" + Ly(p)) — €

>
> f(r+mn) —e> f(s),

where the last follows since |s — r| < 1. This means that the Euclidean ball
By (Jy2¢, ¢) C Fy, which proves that u, € F¢(V). O

For F locally jet-equivalent to example (&7) or (&8), things are more diffi-
cult because of a worse dependence on the gradient term p. It is well-known
that if F' is the universal example in (£7) or (£8) on X =R™, and f is
strictly increasing, comparison follows by a direct application of the theo-
rem on sums. The same happens on any manifold with non-negative sectional
curvature because of the Riemannian version of the theorem on sums in [7].
However, surprisingly enough, when the curvature of X is negative some-
where the Riemannian theorem on sums is not powerful enough to yield a
sharp result, and needs a further uniform continuity requirement (condition
(2b) in [7, Cor. 4.10]). This accounts for the restrictions in i) and i) of
Theorem proved in Section [6] and will be examined in Appendix [A]

When F is reduced (that is, independent of the r-variable), comparison
is a particularly subtle issue, and we refer to [9] for further insight. We here
investigate just the very interesting case of the oo-Laplacian (see [22, [46]),
for which we have the following result.

Theorem 2.27. The comparison holds for the oo-Laplace subequation Fy =
{A(p.p) > 0}.
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The result has been proved by [46] in the Euclidean space, and a simpler,
beautiful alternative argument has then been given in [5]. Theorem
follows by putting together minor modifications of results appearing in the
literature. Since we have not found a reference covering the theorem in full,
we sketch the proof for the convenience of the reader.

Proof: Sketch. For a fixed open set Q € X, consider a finite covering { B:(z;)}
of Q such that, for each j and each y € By (), the squared distance function
Qg from y is smooth on Ba.(y) with Vzgz > (, ). Then, the result follows
from the following steps.

- On Bj = Ba.(x;), u € Fo(B; NQ) implies that u satisfies the com-
parison with metric cones: whenever U € B; N} and, for fixed x € U,
there exist a,b € R with

u<a+bo,  on IU\{z}),

then u < a + bo, on all of U. This follows verbatim from the proof in
[23], observing that o2 on B; has the right concavity and smoothness
assumptions. See also [22] Sec. 2.

- If uw has the comparison with metric cones on BN2, then u € Lip,,.(BN
Q) and, by covering, u € Lip,.(£2). This follows from Lemma 2.5 in
[23], see also [46], 56].

- The comparison theorem in [5]: the result is stated for u € Fo(92),

v € Fo(Q) (Fx is self-dual) which are continuous on . Although
stated on R the proof is purely metric, and comparison with cones is
just used in small enough balls. Hence, everything translates effortless
to manifolds. O

2.6. Boundary barriers

Let F C J?(X) and consider  C X with non-empty boundary. In this sec-
tion, we describe the necessary assumptions on 02 to possess barriers.

Definition 2.28. Let xg € 9. Given A € R, a F-barrier at height A is the
collection of the following data:

- A sequence of smooth, open neighborhoods {U;} shrinking to xo;

- For each ¢ € R, a function 8;. € C?(U;) N FS*(U; N Q) satisfying

Bj.e(xo) = A, Bje <A on Uj neQ, Bje < c on OUj.
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A point zg € 09 is called F-reqular at height X if it admits F-barriers at A,
and F-regular if it is F-regular at each height. The boundary 0f2 is said to
be F-regular (at height \) if it is so for each of its points.

Remark 2.29. By (N), if x¢ is F-regular at height A, then it is F-regular
at each height \' < \.

A sufficient condition on 92 to be F-regular is its F-convexity, which is
defined as follows: we first consider the reduced bundle

J24(X) = X, J24(X) = T*X @ Sym?(T*X),

so that J%(X) =R & J2,(X). A subequation F is called reduced (i.e. in-

dependent of r) if F =R & F’ for some F' C J2 (X). Hereafter, a reduced
subequation will directly be identified with F C J2  (X).

Definition 2.30. Let F' C erd(X) be a reduced subequation. The asymp-

totic interior ' of F is the set of all .J € J24(X) for which there exist a
neighborhood N (J) C J2,(X) and a number to > 0 such that

t-N(J)CF Vt=>t.
A C?-function u with J2u € F for all z will be called F-subharmonic.

By its very definition, F is an open cone satisfying (P), (N). The F-
convexity of 012 is defined in terms of possessing defining functions which are
-subharmonic. We recall that a defining function for 9 is a C? function

p defined in a neighborhood of 92 such that

00 ={z: p(x) =0}, dp#0 on 09, p<0 on .

Definition 2.31. Let F C J2 (X) be a reduced subequation, and let  C
X be a smooth open set. Then 02 is named F'-convex at zo € IS if there
exists a defining function p with J2 p € Fy,. The boundary 9 is said to be
F'-convex if this holds at every xg € 0f.

Remark 2.32. Let p be a defining function for 02 satisfying Jgop € FTEZ
By definition, using the continuity of J?p and the topological condition
IntF,, = (IntF'),,, tp is F-subharmonic in a neighborhood of zg for each
t > t,, large enough. Defining functions for 02 which satisty Jgo pE FTUZ can
be found starting from any defining function p. Indeed, by [34], Prop. 11.6],
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0€) is F-convex at xg if_a)nd only if, for each defining function p and setting
ps = p+ sp>, Jf;ops € F,, for sufficiently large s.

Geometrically, the F-convexity can be described as follows: if we choose
an outward pointing normal vector v to Q2 and a Fermi chart

e : 00X (—e,e) = B:(09), (z,p) — exp, (pu(:v)),

then the coordinate p gives a defining function for 0. If we denote with
II5q the second fundamental form of J€) in the direction of —v:

oo (X,Y) = (Vxv,Y)  for X,Y € TOQ.

With respect to the splitting 15, X = (v) & 15,002 at xp € 01, in view of
Remark [2.32] the F-convexity condition rewrites as

—
(36) (O, (1,0), < g II(;Q >> € F,, for s large enough.

In order to extend the previous definition from reduced subequations to
the general case we are going to associate for every subequation F' C J?(X)
a family of reduced subequations F) C J2,(X), A € R obtained by freezing
the r-coordinate, that is,

Do R =Fn{e (X))}
Note that, by (N), F)\ C F\ whenever A < A.

Definition 2.33. Let F C J?(X) be a subequation, and let Q C X be a
domain with smooth boundary. We will say that 02 is F'-convezx at height
A at a point xg € 99 if 9 is Fy-convex at xg. If this holds for each A € R,
then 0N is called F-convex at zg. The boundary 0f is called F-convex (at
height \) if it is so at each xy € 9.

Example 2.34. We consider the quasilinear subequation in (&7). Barriers
in this case are well known, and the reader is referred to the comprehensive
[80]. However, by a way of example, we can apply the definitions above to
conclude that 9€) if F-convex at height A at xg if and only if there exists s
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large such that, for each t > ty(s),
(37) A(t)s + A2 (t) Tr (Tga) > f(N).

For instance, is always satisfied when f(A) < 0 and 0fQ is strictly mean
convex at xg.

Example 2.35. For the oo-Laplacian F, = {A(p,p) > 0}, each smooth
boundary is Fi-convex.

For our examples, we need the following simple result.

Proposition 2.36. Let F be one of the examples in (£2),...,(&8), and
suppose that f(r) < 0 for » < 0. Then, each Euclidean ball of R is F-convex
at non-positive heights.

Proof. 1t is easy to check that {A1(A) > 0} is contained in each of the sube-
quations above. Hence,

{M(4) >0} = (\(4) >0l c R,

%
Taking an Euclidean ball Br(0), an Fy-subharmonic defining function at
each point of 9Br(0) can be chosen to be p =72 — R2. O

The next result guarantees the existence of barriers when 02 is F-convex.

Theorem 2.37. [3], Thm. 11.12] If OQ is F-convex at height A at some
xo € 09, then xq is F-reqular at each height N < \.

In what follows, we also need the following modification of Corollary 11.8
in [34] to guarantee a global barrier for all of 9.

Proposition 2.38. Let 02 be F-convex at height 0 and fix a global defin-
ing function p for Q. Then, if s is large enough, ps = p + sp? is negative
on a neighborhood U of 0f) and there it satisfies the following property: ¢ps
is strictly F-subharmonic in U N Q for each t > ty, ty large enough. Conse-

quently, the functions {8;}, B; = tps give rise to an F-barrier at height 0 for
on0.

Proof. As 0N) is Fy-convex by definition, by Remark there exist, for
each x € 91, a neighborhood U, of x and t, > 0 such that tp, € F§"(U,)
whenever ¢ > t,. Extracting from {U,} a finite subcollection covering 9€2, we
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deduce the existence of a uniform tg such that tp; is strictly Fy-subharmonic
in a neighborhood U of 02 when t > t5. We shall just prove that tp, €
Fs(U N Q). To this aim, fix 79 € U N and denote with J2p, the reduced 2-
jet of ps. By the strict Fy-subharmonicity, there exists a neighborhood W C
Fy of J*(tps), which we can take of the form W = {y € B} x V. Moreover,
from the definition of Fy, {0} & W C F. Up to reducing B, we can suppose
that B € U NQ and ps < ps(x0)/2 < 0 on B. Hence, by (IN), the open set
{r < p(x0)/2} x W is a neighborhood of J2(tps) contained in F, showing
that tps € FS"(U N Q). O

3. The obstacle problem

Let F' C JQ(Xi) be a subequation, fix a relatively compact open set {2 and

choose g € C(€2). We consider the subequation G9 = {(z,r,p, A) : r < g(x)},
and define the subset

FI9=FnG.
It is easy to see that FY is a subequation. For fixed ¢ € C'(0f2), a function

u € USC(Q) is said to solve the obstacle problem on Q with obstacle function
g and boundary data ¢ if:

- u is FY9-harmonic on 2, and
- u = on Jf2.

As for the Dirichlet problem in [34], the solvability of the obstacle prob-
lem depends on the F' and F-convexity of 02, and on the validity of the
comparison for F9. The particular case of reduced subequations F' = R @ Fy,
with Fy C J2,(X), was handled in [36] via jet-equivalence (see [40] for more
details). However, to treat the general case we need to proceed a bit differ-
ently.

We first address the validity of weak comparison and strict approxima-
tion properties for FY.

Lemma 3.1. Let F C J?(X) be a subequation, fix g € C(X) and denote
with FY9 the associated obstacle subequation. Fix a relatively compact open
set 2 C X. Then

(1) F satisfies the strict approximation = FY satisfies the strict approximation.

(2) F satisfies the weak comparison = F¥Y satisfies the weak comparison.

Proof. The first statement is obvious: take a relatively compact set 2 C

X and a function u € F9(2) C F (). By the strict approximation, choose
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{ug} C F*'7(Q) that approximates uniformly u on Q, say with ||uy — e <
1/k. Then, the sequence {uy}, ur = ux — 2/k satisfies

g, € (F9)57(Q), g — w uniformly on €,

showing the strict approximation for F9.

To prove (2) suppose by contradiction that F¥9 does not satisfy the weak
comparison. Then, by Theorem we can take a domain U C X, ¢ >
0, and functions u € (F9)¢(U), v € FI9(U) with u+v <0 on U but (u+
v)(x0) = maxy(u +v) = J > 0. Note that

(38) F9=Fu{r<-—g(@)} and () > —u(wo) > —g(xo),

hence 2-jets of test functions ¢ for v at x satisfy J§D¢ € EEO. However, since
{v > —g} is not necessarily open, we cannot conclude by directly applying
the weak comparison for F. To overcome the problem, we first observe that
implies F, # G%,, and thus (IntG%,)\F¥, # 0 by (T). Pick a C? func-
tion f around x( such that

J2 (—f) € IntGY \Fyy = (ItGI\F)s,.

By continuity, on some small ball B = Br(zg) C U,

feC*(B), Ji(~f) e mtGy = {r <g(x)},
J2(—f) € IntF, for each x € B.

In other words, f € F(B) C I:'V’!J(B) and f > —g on B. Now, fix € > 0 satis-
fying

@) o<z <min{ Lol + gla) fan) + ) |

and observe that this choice implies f(z) := f(x) — (f(z0) + g(zo) —€) €
F(B). Moreover, being u € F9Y,

(40) — g(x0) < —g(x0) + € = f(z0) < v(w0) —&.
Shrinking B, if necessary, from we can suppose

(41) 0<f+g<2 on B.
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By the stability property in Proposition [2.5] fix 7 > 0 small enough that
:=u—10s, € (F9):(B) C F(B),

and note that zg is the unique global maximum of u + v on B. Set i(x) =
max{v, f}, and observe that o € F'9(B) because of (1) in Proposition [2.5
fact, because of the stronger v € F'(B) holds, and implies

In

(’L_L + @)(Z’o) = (u+ 'U)(:Co) =46>0.
However, on 0B,

%+ 0 = max{u+v,u+ f}

< max{u +v —nR* u—nR*+ 2 — g} (by (1))
< max{d — nR%, u — nR? + 2 — g}

< max{§ — nR?,2e — nR?} (since u < g)
=6 —nR? (since € < §/4).

Concluding, the functions @ € F/2(B) and v = & — (§ — nR?)4 € F(B) con-
tradict the validity of the weak comparison for F' on B, as we have

(@+0)(z0) = 6 — (6 —nR?)4 >0,
a+0<8—nR?>— (5§ —nR*), <0 on OB. O

We are ready to solve the obstacle problem for £'9. Our treatment closely
follows the lines in [34] (see also [21]), and relies on Perron’s method. Given
a boundary function ¢ € C(912), we consider the Perron’s family

Fi(p) ={veUSC(Q) : v, € FI(Q) and v, < ¢},
and the Perron’s function
u(z) = sup {v(z) : v € F(p)}.

To ensure that the Perron’s class is non-empty, the next basic requirement
is sufficient:

(42) there exist 1 € F(Q), ¥ € F**(Q) which are bounded from below.

Remark 3.2. Observe the asymmetric role of 1 and 12 in , which is
due to the asymmetric role of F, F' in Theorem below.
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Given u :  — R, we recall that the definition of USC (respectively, LSC)
regularization u* (resp. u.) is given in (23).

Theorem 3.3. Let F C J?(X) be a subequation, ﬁng € C(X) and a smooth,
relatiely compact open set 2 C X. Suppose that ( is met, and that OS)
is both F' and F convez. Let ¢ € C(0RQ) satisfying ¢ < < g on OS). Then, if F
satisfies the weak comparison on ), the Perron’s function u has the following
properties:

1) uy =u* = ¢ on 09,

2) u=u* € FI(Q),

3) (—u)* € F9(9).
Moreover,

4) if F satisﬁes both the weak comparison_and the strict approximation,
in we can just assume ¥ € F(Q),v € F(Q), and u is the unique
solutzon of the obstacle problem for F9 on Q.

Proof. First, we consider boundary barriers:

Lemma 3.4. Let zg € 0f0.

(LF) If 0Q is F-convex at xo, for each § > 0 small enough there exists

(43) wue F(p), w continuous at o, u(xg) = @(xg) — 0.

(LF) If 09 is F-convex at zg, for each § > 0 small enough there exists
e F(—p) N F(Q), u continuous at xg, u(xo) = —p(x0) — 0.

Proof. We first prove (LF'). From ¢ < g, having fixed § > 0 we can choose a
small ball B around zg such that ¢(x¢) —§ < ¢ < g on B. By Theoremm
xo is regular at height ¢(xg) — 0, so we pick a barrier {3.} defined in a
neighborhood U C B of xg. Note that, by construction, 5. < ¢(zg) — § <
¢ < g, hence 8. € (F9)*"(U N Q). Since ¢ € USC(Q) has a finite maximum,
up to translating 1) downwards we can assume that

p<g onQ, Pp<gp—34 on 09, ie, € FI(p).
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Using that ¢ is bounded from below, we can choose c large enough that
Be < % in a neighborhood of JU. Then, the function

N max{ ., ¥} on UNQ,
4= Y on O\U,

satisfies all the properties in (note that the open set {1 < 8.} contains
T, thus u = 3 around z¢). The proof of (LF) is analogous, and indeed it is
exactly Proposition F' in [34]. We remark that property u € F StT(Q2) follows
because ¥ € F5(Q) in ([“2). O

Corollary 3.5. Let xg € 0f).
- If O is F-convex at g, then u.(xo) > ¢(x0)
- If 9Q is F-conver at xo, then u*(zo) < ¢(z0)

Proof. To prove the first claim, (LF) in Lemma and the definition of
Perron’s envelope give

Lo
Lo

us(zo) = hxrg;rgfu(a:) > lixni;r;fg(xo) = p(z0) — 0,

and the sought follows by letting § | 0. Regarding the second claim, we first
compare any v € F9(¢p) with the function @ in Lemma

(44) we F(Q), 0veFIQ)CcF®), w+v<0 on .

Since F satisfies the weak comparison, v +u < 0 on Q. Taking supremum
over v, u < —u on §2, and because of the continuity of w at xo we deduce

u*(zp) = limsupu(z) < —limsupu(x) = ¢(x) + 9.

T—To T—To
The desired estimate follows again by letting § | 0. g

Proof of 1) of Theorem It follows directly by Corollary 3.5} u*(z0) <
@(wo) < us(wo).
Proof of 2). First, since v < g € C(Q) for all v € F9(¢p), the family F9(yp) is

locally uniformly bounded above, and hence u* € F9(Q) by (4) in Proposi-
tion[2.5] Coupling with 1), u* € F9(p) and thus u* < u by definition. There-

fore, u = u*.
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Proof of 3). Suppose, by contradiction, that (—u)* = —u, ¢ F9(Q), and
choose zg € ©, € > 0 and a test function ¢ € C? near zo such that

> —u, 2 B=B c —
(45) {¢ > —Usx + 5@x0 on R(ﬁo) c il but Jx20¢ ¢ FQIU_

qb(l‘o) = —Usx (ZL‘(]),

This means that —Jfoqﬁ € IntF9,,. Using (T) and the continuity of J2¢, up
to reducing R there exists dy > 0 small enough that —¢ + § € (F9)5"(B) for
each 6 < 8. Choosing § < eR?, implies that

(=p+0)(xg) =usx(zo)+6 and — ¢+ <u, near 0B.

Let zj, — x satisfying u(zr) — u«(zo). Then, for k large,

(= +0)(xk) > u(zy) + g, while —¢+d <u near 0B.
On the other hand, from 1) and 2) we deduce that the function

, . ju on Q\B,
u = _
max{u, —qﬁ—i—é} on B,
satisfies u' € F9(Q) and v’ = ¢ on 9. Hence, v’ € F9(p) and thus v’ < w.
This contradicts the inequality u'(zx) = —d(xg) + 0 > u(xg).

Proof of 4). If comparison holds for F', it holds for F. The only point where
we used the weak comparison for F in items 1),2),3) is to conclude u +
7 < 0 from . Under the validity of the full comparison for F, the same
conclusion can be reached even when u € F (€2), which is granted under the
weaker requirement 1) € F(Q) in (42)). Furthermore, since F satisfies both
the weak comparison and the strict approximation properties, by Lemma
[B-1] so does F'9, hence FY satisfies the comparison because of Theorem [2.22]
Uniqueness then follows immediately: if u, v solve the obstacle problem,

u e FI(Q), —v € F9(9), u—v=p—p=0 on 99,
hence u < v on € by comparison. Reversing the role of u, v we get u =v. [

4. Ahlfors, Liouville and Khas’minskii properties

This section is devoted to prove the AK-duality between the Ahlfors,
Khas'minskii and weak Khas'minskii properties stated in Definitions
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We also show their relation with the Liouville property in Defini-
tion [L11

Our first main result concerns subequations F' on X which are locally
jet-equivalent to a universal one IF, for which we require the next conditions:

(1)  negative constants are strictly F-subharmonics;

(22)  there exists an Euclidean ball B which is F-convex at height 0;
(A°3) F has the bounded, strict approximation on X;

(£4)  the function u = 0 is F-subharmonic.

We first investigate when a subequation which is locally jet-equivalent
to any of the examples in (&2),...,(&8) satisfy (#1),...,(24). Each of
the examples is described by a subequation of type

(46) Fp={F(p,4) > f(r)},

for some % :J2 =R and for f & C(R) non-decreasing. Furthermore,
Z(0,0) = 0.

e Assumptions (1 + #4) are equivalent to f satisfy (f1) in (6).

e (J°2) holds for examples (&2),...,(&8) provided that f(r) <0 for
r < 0, as a consequence of Proposition [2.36

e (3) holds for examples (&£2),...,(&6) provided that f is strictly
increasing on R and .% is uniformly continuous, by Theorem
If f is not strictly increasing, the strict approximation is much more
delicate: for a counterexample to (J#3) in (&5), see Example 12.8
in [34].

We begin with the next simple lemma.

Lemma 4.1. Let Y be a Riemannian manifold, and let F' C J2(Y) be a
subequation. If negative constants are in /3", then F satisfies the maximum
principle: functions u € FO(Y) cannot achieve a local positive maximum.

Proof. At any local maximum point xg € Y with u(zo) = ¢ > 0, using ¢ = ¢
as a test function we would get JZ ¢ € (F0),, = F,, U{r < 0}. Being ¢ > 0,
necessarily Jgoqb € EEO, that is, —J%()(b ¢ IntF,,, contradicting the assump-
tion —¢ € FS5(Y). O
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Seeking to clarify the role of each assumption for the AK-duality, we
first describe the interplay between the Liouville and Ahlfors properties.

Proposition 4.2. Let F C J?(X) be a subequation. Then,
F has the Ahlfors property (4) = F has the Liouville property (L).
If further 0 € F (X), then the two properties are equivalent.

Proof. (A) = (L).
Suppose, by contradiction, that there exists a bounded, non-negative
and non-constant function u € F(X), and fix a compact set K such that

maxy u < supy u. Then, u would contradict the Ahlfors property on U =
X\K.

(L) = (A), if 0 € F(X).
If, by contradiction, the Ahlfors property fails to hold, we can find U C X

with OU # 0, and u € FO(U) satisfying

supu’ < supu — 2e,
U T

for some € > 0 (note that H = FU {r <0} = FN{r <0} = 1/*:0) The sub-
level set {u < supyy u™ + ¢} is an open neighborhood of 9U, thus by (N)
and 0 € F(X), the function

v = max {u —supu’ — 6,0}
oUu

satisfies v € ﬁ(U), v>0, v#0 and v =0 in a neighborhood of oU. Ex-
tending v with zero on X \U would produce a non-constant, non-negative,
bounded F-subharmonic function on X, contradicting the Liouville prop-
erty. ([

We are ready for our main theorem.

Theorem 4.3. Let F C J*(X) be locally jet-equivalent to a universal sube-
quation F wia locally Lipschitz bundle maps. Assume (1), (H°2),(H3).
Then, AK-duality holds for Fi.e.,

F satisfies (K) PN F satisfies (Ky) F satisfies (A)
(Khasminskii prop.) (weak Khas’minskii prop.) (Ahlfors prop.)
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Proof. (K) = (Ky). Obvious.

(Kw) = (A). For this implication, we need properties (1), (73).
Suppose, by contradiction, that there exist an open subset U C X and a

function u € FO(U) bounded from above and satisfying

(47) supu’ < supu.
U T

By (#1) and Lemma uy = supg u is not attained. Therefore, coupling
with and since u € USC(U), for each relatively compact, open set K
intersecting U it holds

U = max { maxu,supu+} <uy.
UNK  oU

Let now K C X be the compact subset granted by (Ky), and choose & > 0
small enough that 4¢ < C, C being the constant in (Ky,). Up to enlarging
K, we can suppose K NU # () and

w=uy —urg < 3€.
Choose z¢ € U\K in such a way that
(48) ww — 12 < u(zo).
Consider the weak Khas'minskii potential w of (1/2, K, {zo}), and fix a
relatively compact, open set  containing K U {zo} and such that w < —C +

e on X\Q. Using also w < 0, we deduce the following inequalities:

u—ug +w<p—(C—¢g)<de—C <0, on UNOoKYy
u—ug +w<u—ug <0, on OK NU;
u—ug +w<u—ug <0, on oU N (Q\K).

Clearly w € FY(X\K). We therefore compare
w—ug € FO((\K)NT) and we FO(Q\K)NnT).
Since F is jet-equivalent to a universal subequation via locally Lipschitz bun-

dle maps, F' and F satisfy the weak comparison principle by Theorem m
and because of property (.#°3), Theorem and Lemma [3.1] we conclude
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the validity of the full comparison property for F°. Hence
u—ug+w<0 on (N\K)NU.
However, since w(xzg) > —u/2, by we get

(uquer)(xo)>uU7g7qug:uUf,uqu:O,

a contradiction.

(A) = (K). For this implication, we need properties (1), (.7°2).

Fix a pair (K, h), indices i, j € N, and a smooth exhaustion {D;} of X with
K C D;q. The idea is to produce w as a monotone, locally uniform limit
of a decreasing sequence {w;} of F-subharmonic functions, where w;; is
obtained from w; by means of a sequence u; € F(D;\K) (also depending on
i) of solutions of obstacle problems. The proof is divided into seven steps,
and the Ahlfors property enters crucially in Steps 5 and 6 to guarantee that
w;+1 be close enough to w; on a large compact set, in order for the limit w
to be locally finite. The first problem to address is that, in general, 0K does
not possess barriers to guarantee the solvability of obstacle type problems
(for example, if K is a small convex geodesic ball). For this reason, we first
need to produce convex boundaries by suitably modifying X and F in a
small neighborhood.

Step 1: producing F-convex boundaries.

Let ¢t be the radius of B in (.7°2). Consider a compact manifold M that
contains an open set isometric to an Euclidean ball Bo; of radius 2¢. For
instance, one can take M = (S™, (, )) with metric given, in polar coordinates
centered at some o € S™, by

r on (0, 2t],

o 9 119 : —
(,) =dr?+ h(r)%de?, with h(r) = {tsin(r/t) on [31&, Trt).

Fix zyp € K, let (O, ¢) be a distinguished chart around zp, and fix R small
enough that
(49) Bsr = B5R(x0) € KnNno, 10R < t.

Consider a connected sum X = XfM along the annuli Bop\Br C X and
Bor\Br C M, obtained by identifying the point with polar coordinates
(r,0) € Bar\Bpr with the one of coordinates (3R — 7,0) € Bag\Br. Choose
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a metric on X’ that coincides with that of X on X\Bsg, and with (, ) on
M\Bsg. Hereafter, we consider X\Bsgr and M\Bsg as being subsets of X,
and Dj, K will denote the sets

D; = X\(X\D;) and K= X\(X\K).

Note that X\K and X'\D; are isometric copies of, respectively, X\ K and
X\D;j. Set V = M\B; C X and observe that, with the orientation pointing
inside of V, 9V is F-convex by (2).

Step 2: extending the subequation.

By construction, Bsg is contained in the domain of a distinguished chart
(O, ). Let

¢ : J*0) — 9(0) x J?
be the local trivialization of J2(X) induced by the chart o, and let W :
©(0) x J* = p(0) x J2 be a jet-equivalence with ¥(®¢(F)) = ¢(O) x F.
Denote with a;; the coefficients of the metric of X in the frame e = {0;}.
Consider a cut-off function n € C°(Bsg) satisfying

0<n<1, n=1 on Byg,

and define a modified metric on X which is the original one on X\O, and
whose components in the local frame {0;} on O are

C_Lij = 7751']‘ + (1 — n)aij.

Note that a;; is the Euclidean metric on Bygr. Denoting with J%(O) the
splitting given by the metric @;;, let us consider the corresponding trivial-
ization ®° induced by the chart (O, ) and the Levi-Civita connection of

a;;. Consider also the jet-equivalence
T, 0 p(0) xJ? — p(0) x I3, ¥, =nld+ (1 -n)7,

where Id denotes the identity map, and observe that W, is the identity on
Bypg. Define the subequation H on J?(X) by setting

7o F outside of Bsp,
- (6@)—1(\y;1(¢(0) X F)) on Bsp.

By construction, H is a subequation, and

H= (9! (ap(O) X F) on Byg.



446 L. Mari and L. F. Pessoa

Since {0;} is an orthonormal frame on Byp in the metric a;;, H is a universal
Riemannian subequation on Bsgr. Therefore, once we have performed the
gluing construction to produce X, we can then extend H on the entire X’
by declaring H to be the universal Riemannian subequation with model F
on X\(X\BQ,R)

In what follows, for the ease of notation, we still write F' instead of H
to denote the extension that we have just constructed on X.

Claim 1: Negative constants are in F5*(X), and F satisfies (A) on X.

Proof of Claim 1: The first claim is an immediate consequence of the con-
struction performed to produce F' on X, since a jet-equivalence does pre-
serve the r-coordinate of jets (this is exactly the point when we need a
jet-equivalence, not just an affine jet-equivalence). Regarding the Ahlfors
property, this follows from the finite maximum principle. Indeed, suppose
by contradiction that there exist an open set i/ C & with non-empty bound-

ary, and u € F9(U) bounded from above and satisfying

supu’ < supu.
au 7

In view of Lemma the supremum supg;u is not attained on any com-

pact subset. Hence, choosing a compact set C with K C IntC and C N U # 0,
maxc u < supy; u, and therefore

u € ﬁ(Z/I\C) and  sup u' < supu.
oU\C) e

AsU\C C X\K,U\C is isometric to an open set of X\ K, hence transplanting
u and U\C on X we would contradict the Ahlfors property.

To build the Khas'minskii potential for the pair (K, h), fix V such that
property (7£2) holds, and extend h continuously on X\ V in such a way that
the extension, still called h, is negative everywhere. We proceed inductively
by constructing a decreasing sequence of USC functions {w;}, with wg =0
and satisfying the following properties for ¢ > 1:

(a) w; € F(X\V), w;=(w;)=0 on JV;
(50) (b)) w;>—i on X\V, w;=—i outside a compact set C; containing D;;
(C) (1 — 271‘72) h < Wi41 <w; <0 on X\’C, ||wi+1 — wiHLoo(’Dl\}C) < %
Since X\ K is isometric to X'\ K, (c¢) implies that the sequence {w;} is locally

uniformly convergent on X\ K to some function w with h <w <0 on X\ K
and satisfying, for fixed i, w < —i outside C;. Therefore, w(z) — —c0 as x
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diverges. Property w € F(X\K) follows by (2) of Proposition 2.5 and hence
w is the desired Khas’minskii potential.

In order to start the inductive process, we take a sequence {\;} C
C(X\K), j > 2, such that

(51) 0 Z )\j Z —1, )\j =0 on 8’(:, )‘j =—1 on X\'Djfl,
{A;} is an increasing sequence, and A; 1 0 locally uniformly.

We start with wg =0 on X, and set Cy = D;. Suppose that we have built
w; on X\V. Let jo be large enough to guarantee that C; € Dj,—2, C; being
the set in property (b).

Step 3: the obstacle problem.

Write w = w; (hereafter, for convenience we suppress the subscript 7). To
construct w;41, the idea is to solve obstacle problems with obstacle w + A;,
and to show that the solutions are close to w if j is large enough. However,
since w is generally not continuous, we need to approximate it with a family
of continuous functions {¢y}. For i = 0, define ¢y, = wy = 0 for each k, and
for i > 1, being w € USC(X'\V), we can choose a sequence

{Yr,} C C(X\V), 0>y | w pointwise on X\V.

Note that, by (a), ¥ =0 on 9V, for each k. From w = —i on 9C;, Dini’s
theorem guarantees that ) | w uniformly on 9C;, thus up to a subsequence
Yp < —i+ k7! on OC;. Extending appropriately 1, outside of C;, we can
suppose

(52) 0 <Yy L w pointwise on X\V, ¢ =—i on X\Dj, for each k.

For j > jo + 1, consider the sequence of obstacles g; i = v + A;, and note
that, by construction,

(53) 9jk = —t—1 on X\Djfl.

We claim that there exists an almost solution of the obstacle problem, that
is, a function u;; € USC(D;\V) such that

ijk = F%k(W)’ (_uj,k:)* c %(W),
(54) ujr = (ujr)e =0 on OV,
ujr = (ujp)s = —i—1 on 9D;.
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Indeed, let u; ;. be the following Perron’s function for problem :

(55) ujk(x) = sup {u(m) Tu € -Fj,k},
Fik = {u € F9+(D;\V) Ujop, < —i—1, Uy, < 0}.

Note that Fjj # () since it contains ¥ = —i — 1. Hence, to apply the con-
clusions of Theorem , we just need to check the continuity of u; on the
boundary (property (1) therein: note that (2) follows from (1), and (3) from
(1) + (2)). Regarding 9D;, by construction and (53)), g;r > ¥ and g;, = ¥
outside of D;_1, hence necessarily u;; = —i — 1 in a neighborhood of dD;.
On the other hand, 0V is F-convex by Step 1, and thus by Proposition [2.38
there exists a global F-barrier {f.} at height 0, defined on a neighborhood
U of IV by . = cp, where ¢ > 0 is large enough and p is a global defining
function for &V which is F-subharmonic on . Now, by (a) in we may
fix ¢ sufficiently large that

Be<w on U and B.<—i—1 on OU.

Then, the function

5= max{¥, 3.} on U,
R on D;\(VUl)

is well defined and satisfies 8 € F} j for each k. By definition of the Perron’s
function and since g <0,

(56) B <ujp <0 on D;\V, for each k,

showing property (1) in Theorem

Next, we extend u;;, by setting uj, = —i —1on X\D;j. As g, = —i— 1
outside of D;_;, the extension is smooth across 0D; and (1) of Proposi-
tion [2.5] gives

—i—1<wujr<¢p+A; on X\V,
(67)  wjr € F(X\V) and wjp < —i on X\Dj,,
Uj k = —i—1 on X\Dj_l.

Step 4: the limit in k.
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By definition of Perron’s solution, the sequence {u;} is monotonically de-
creasing in k, whence by (2) of Proposition we get
(58)
—i—1<u;<w+ A <w on X\V,
Uj K 4 U; € F(X\V) with Uj < —1 on X\Djo’
UjE—i—l on X\DJ

Moreover, taking limits in we deduce
(59) (uj)e =u; =0 on V.
Next, we set v = (—u;x)* — i and note that, by , and ,

—1 < Vj.k < 1, Vj.k > 0 on X\Djo,

(60) . —
vjk € P9t (D;\V) C FA(D;\V)

for each k. The monotonicity of the sequence {u;} implies the following
inequalities

—’LLng —1 S Uch S (—u]')* — 1.

Taking limits in &,
vjr Tv; as k— 400, —uj —i < v < (—uj)* —1,
and using (4) of Proposition together with , , we deduce

—i<wv; <1 on X\V,
(—u;)" —i=vj € FN(X\V), with vi=—-i<0 on 9V,
U;-‘ZUJ-ZO on X\Dj,.

Step 5: the limit in j.

Again by the definition of Perron’s solution, ;i1 > u; for each fixed
k, and taking limits in & we infer that the sequence {v;}, hence {v}} is
decreasing on X'\V. Therefore,

—i<v<1 on X\V,
vi L v e FO(X\V), with v=—-i<0 on IV,
v>0 on X\Dj,.
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Indeed, v € ]/*:O(X \V) follows from the following elementary argument: by
the sequence {F*} is a nested, decreasing family of closed sets con-
verging to FO, hence

vt e FN(X\V), Vs>

Taking limits in s and using (3) of Proposition v € FA(X\V). The thesis
follows letting j — +oo.

We are now in the position to use the Ahlfors property to v, and infer
that v <0 on X\V. In particular, v = 0 outside of Dj,, and by the USC-
version of Dini’s theorem,

v; 0 locally uniformly on X\Dj;.
Then the definition of v; and the bound u; > —i outside of D;, yield
(61) (uj)e T —i and wu; T —i locally uniformly on X\Dj,.

Step 6: the convergence of u; on Dj.

For fixed § > 0, in view of and take js > jo + 1 large enough that,
for each j > js,

o
—5 < )\j < 0 on Djo\v, Uj > —i—460 on Dj0+1\Djo.

Consequently, the monotonicity of {u;;} in k implies, for each k, the in-
equalities uj, > —i — 6 = w — ¢ on Dj 41\Dj,. Consider the function

_ max{w — 0, u;r} on Dj1\V,
Ujp = ZJomi AT
’ Uj k on D;\Dj, 41,
and note that
uj € F(D;j\V), ujr < gjk on D;\V,
Ujr =0 on IV, Uj =ujx=—i—1 on 9D;.

Thus, u;j belongs to the Perron’s class F; described in , and conse-
quently

Uj K < Uj Kk < Yp+ /\j on 'DJ\V
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By the definition of #;, and taking limits in £ we obtain
w—0<u; <w+ A <w on D \V.

Letting first j — +oo and then § — 0", we deduce w; 1 w uniformly on
D;,\V and thus, by (61), locally uniformly on all of X'\V.

Step 7: conclusion.

To produce w;+1, it is enough to select j large enough to satisfy

(1 - 2”’*2) h<wu; and u; >w— on D;y1\K.

€
9it1
Note that the first follows from (¢) in and the definition of h. By (58)),
defining w;11 = u; and C;y1 = Dj, the potential w;1 meets all the require-
ments in (a), (b), (¢), as desired. O

We conclude this section by commenting on a variant of Theorem
Precisely, we investigate the case when (1) does not hold, typically, for ex-
amples (£2),...,(£8) with f = 0. Assumption (1) is just used to ensure
Lemma that is, the strong maximum principle for functions u € FO(Y)
on any manifold Y. Lemma [4.1] is then essential to prove Claim 1 in impli-
cation (A) = (K). Summarizing, following the proof above we can state the
following alternative version of our main theorem.

Theorem 4.4. Let F C J?(X) be a universal subequation satisfying (H2),
(A°3) and

(1) F has the strong mazimum principle on each manifold Y where it is
defined: non-constant, FO-subharmonic functions on'Y are constant if
they attain a local mazimum.

Then, AK-duality holds for F.

Similarly, the result can be stated for F' locally jet-equivalent to IF, pro-
vided that the strong maximum principle in (#1’) holds for each manifold
Y and each such F' C J?(Y). The literature on the strong maximum prin-
ciple is vast, and here we limit ourselves to refer the interested reader to
[42] (for universal subequations of Hessian type) and [§], and the references
therein, and to [75] [76] for weak solutions of quasilinear operators.
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4.1. Coupling with the Eikonal

The purpose of this subsection is to improve Theorem [.3] especially in the
particular case of the examples in (&2), ..., (&8), by producing Khas minskii
potentials which are also E¢-subharmonic, where as usual

Ee ={|p| <&(r)}, and ¢ satisfies (€1) in (6).

The main difficulty here is that, even when F' satisfies all of the assumptions
in Theorem and when F'N E¢ is a subequation, F'N E¢ certainly does
not satisfy condition (7°2). Indeed, the asymptotic interior of E¢ is empty
for each fixed r, which prevent any subset to be (F'N E¢)-convex at any
height.

In order to overcome this problem, we fix a non-negative function 7 €
C(X), and define the “relaxed” eikonal subequation

(62) Bl ={(w,r,p, 4) € J2(X) : [p| < &(r) + () }.

Our first step is to ensure that the set F'N Eg is a subequation for each 7
and each ¢ satisfying (£1) (or even (£0) in (25)). Clearly, F N Eg is a closed
subset with (P),(N), but the topological condition is not automatic, even
for subequations satisfying all the assumptions in Theorem As a simple
example, the set

F={Tr(A) >r}n{lp| >1}

is a universal Riemannian subequation satisfying (1), (7£2), (3), but
Fn Eg is not a subequation (fibers over points x with n(x) =0 and £ =1
have empty interior). However, for Examples (&2), ..., (&8) it is not difficult
to check the following lemma.

Lemma 4.5. Let I’ be locally jet-equivalent to one of the examples in
(62),...,(88). Then, F'N E/ is a subequation for each 0 <7 € C(X) and
each & satisfying either (£1) or (£0).

Remark 4.6. In general, F'N Eg might not be locally jet-equivalent to a
universal subset with model F N Efﬂ However, it is so when the model F
is independent of the gradient, and in this case F'N Eg is a subequation.

8For instance, if n >0 on X and £ = 1, the subequation ENE" is not locally
affine jet-equivalent to the subset obtained by the model E N E (the first has non-
empty interior, whereas the second not).
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Observe that, even though F is gradient independent, F' might depend on
the gradient, as the bundle map L in the jet-equivalence does. This is the
case, for instance, of the linear subequations described in Example

Next, we need to check when F'N Eg satisfy the weak comparison and
the strict approximation properties. The proof of the next two propositions
are a minor modification of, respectively, [34) Thm. 10.1] and Theorem
here, and are left to the reader.

Proposition 4.7. Let F' C J%(X) be locally affine jet-equivalent to a uni-
versal subequation with model F, where the sections g, L are continuous and
h is locally Lipschitz. Then F'N Eg satisfies the weak comparison for each
0 <n € C(X) and each ¢ satisfying either (£1) or (£0).

Proposition 4.8. Let F be locally jet-equivalent to a universal subequa-
tion with model F = {ﬁ(p, A) > f(r)} via continuous bundle maps. Sup-
pose that .# is uniformly continuous (as in Definition , and that f is
strictly increasing. For ¢ satisfying (£1) or (£0), define EZ as in and
suppose that £ is strictly decreasing. Then, F'N Eg has the bounded, strict
approximation property.

Remark 4.9. It is worth to observe that, differently from [34, Thm. 10.1],
Proposition [£.7] does not require g, L to be locally Lipschitz: this is due to
the control on the gradient granted by Eg . Observe also that F'N Eg is not
required to be a subequationﬂ

We are ready to state our result for subequations coupled with Eg

Theorem 4.10. Let F C J*(X) be locally jet-equivalent to a universal
subequation F via locally Lipschitz bundle maps. Assume (1), (7°2), and
suppose that F'N EZ is a subequation satisfying

(3") F N E¢ has the bounded, strict approzimation on X,

9Indeed, the proof of Proposition uses the classical theorem on sums ([24],
Thm. 3.2), which is stated in Appendix 1 of [34] for subequations although it just
need the sets to be closed.
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for some & enjoying (£1) or (£0). Then, AK-duality holds for F' N Eg :

ﬁUEE satisfies (A) — FNE; satisfies (K) — FNE; satisfies (Ky)
(Ahlfors prop.) (Khas’ minskii prop.) (weak Khas’minskii prop.)

Each of them implies that
(63) FU fEE satisfies (L) (Liouville prop.).

If, moreover, (#4) holds, then each of the above properties is equivalent

to .

Proof. Define H = F'N Eg Implications (Ky) = (A) = (L) and (L) = (A4),
under assumption (s#4), follow step by step the corresponding proofs in
Theorem (4.3, In particular, we observe that (1) also implies the finite
maximum principle for HY. To apply the comparison argument in (Ky,) =
(A), note that Proposition ensures the weak comparison for H. Then,
because of (7#3') and Lemma HY enjoys both the weak comparison and
the strict approximation, hence the full comparison.

On the other hand, (A) = (K) needs a further argument. As before, we fix
(K, h) and a smooth exhaustion {D;} of X with K C D, and we extend the
manifold X to X and the subequation F on X in such way that F' is still lo-
cally jet-equivalent to F. For 0 < n € C.(K) we define H(X) = (F N Eg)(X)

The finite maximum principle holds for HO(X) since negative constants
are strictly H-subharmonic. Therefore, H satisfies the Ahlfors property (A)
on X.

In order to construct the Khas'minskii potential for (K, h), the only
problem is the lack of barriers on 9V for the obstacle problems produc-
ing {w;}. To circumvent this fact, we need to enlarge, at each step i, the
subequation H. In other words, having fixed V such that (#°2) holds, and
extending h to a negative, continuous function on X'\ V, we inductively build
a sequence {w;} with wg = 0, and a sequence 7; with 79 = 0, such that set-
ting

w; > —i  on X\V, w; =—i outside a compact set C; containing D;;
(1 — 27l71) h < Wir1 S w; < 0 on X\’C and Hwi_,_l — wiHLx(Dl\,C) < %

H;,=Fn Eg
it holds
(0) mi€Ce(K), 0<ni <misa
(64) EZ)) w; € Hi(X\V), w;=(wi)«=0 on 9V;
(c)

C
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Since n; = 0 out of K, X\K is isometric to X\K and H; = F N E¢ on X\,
we deduce w; € (F'N Eg)(X\K) for each i, and {w;} converges locally uni-
formly on X\ K to a function w which is the desired Khas’minskii potential.

Suppose that we have constructed w;, n; as above. The induction closely
follows in steps 3 to 7 in the proof of Theorem the only difference being
that to guarantee the solvability of the obstacle problem

uje € HYT (DY), (—uyp)* € HY (DY),
(65) Ui = (Ujp)x =0 on IV,

Ujk = (Uj7k)* =—1—1 on 8Dj,
we need to find ;41 > n; large enough that 0V has good H;i-barriers. Ob-
serve that the boundary 0D; can be treated verbatim as in Theorem [4.3] The

assumption (J#2) together with Propositionm give us, in a neighborhood
U of OV, an F-barrier 5. at height 0, whenever ¢ > 0 is large, satisfying

Be € ?(Z/{), and f[.=cp on U.
Reasoning as in Theorem we fix ¢ large enough such that

Be<w on U, Bc<—i—1 on ou NDy,
and C= sup |df.| < +oo.
{B.>—i—2}

Once this is done, we can define 7;11 to be 1,11 = max{2||n;||r=,C} on U
and extend it smoothly on & in such a way that ;41 > n; and 7,41 vanishes
outside K. Then, setting

5= max{—i—1,6.} on U,
o l-i—1 on DA\(VUU),
B is H;yi-subharmonic and belongs to Perron’s class
{u S Hf_i_’f (DJ\V) : U|8Dj < —i—1, U| oy < O}

The existence of u;, solving then follows as in Theorem M The re-
maining steps to prove (A) = (K) follow verbatim, once we observe that
H,; C Hi-l—l- [l

Remark 4.11. In a similar way, Theorem [£.4] can be stated for subequa-
tions coupled with the eikonal by assuming that the strong maximum prin-
ciple holds for FO U E.
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5. How the Ahlfors property depends on f and £

Given a subequation Fy locally jet-equivalent to an example F¢ in (£2),.. .,
(£'8) and an eikonal E¢, in this section we investigate the dependence of the
Ahlfors property on the pair (f,&). First, observe that F¢ in (62),...,(&£6)
can be written in the following general form:

(66) Fr={Z(p.A) > f(r)}, Fp={FpA)>fr)}

for suitable .# : J2 — R and f € C(R) non-decreasing, where

F(p,A) = -F(—p,—A),  f(r)=—f(-r).

Examples (&'7) and (&£8) differ from the prototype by small topological
adjustments.

Hereafter, we consider the following pair of mutually exclusive condi-
tions:

(f1) f(0)=0, f(r)<0 for r<0, or
(f1)  f(r) =0 on some interval (—u,0), pu> 0.

Proposition 5.1. Let Fy be locally jet-equivalent to a subequation de-
scribed by (66]), for some .Z : J2 — R and f € C(R) non-decreasing. Then,
the following assertions are equivalent:

(1) va has the Ahlfors property for some f satisfying (f1);
(i) ﬁ} has the Ahlfors property for each f satisfying (f1);

(7i7) FNf has the Ahlfors property whenever f = —e, for each fixed constant
e >0

as well as the following ones:
(i) ﬁ} has the Ahlfors property for some f satisfying (f1);
(i1") ﬁ'} has the Ahlfors property for each f satisfying (f1').

Remark 5.2. The theorem still holds when the universal subequation is
(&7) or (&8), with minor changes.

Proof. We begin supposing that f satisfies (f1). For notational convenience,
we set g(t) = f(t) and write Fy instead of F}:

fﬁv‘g ={F(p,A) > g(r)}, and (g1) : g(0)=0, g >0 on RT.
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Observe that (i7) = (i) is obvious.

(1) = (i7). Let g be a function satisfying (g1) for which ﬁg has the Ahlfors
property. Suppose, by contradiction, that there exist an open set U with non-
empty boundary and a bounded function u € H,(U), H, = F, U {r < 0},
which is positive somewhere and satisfies

supu’ < supu.
U T

Using (g1) and the continuity of g, g, we can fix ¢ > supyy u™ close enough
t0 Uso = supg u such that

(67) min ¢ > max g.

[c o] [0,u0—C]

Let x satisfy u(x) > ¢, and let ¥ be a local jet-equivalence around z satis-
fying W(F,) = F,. Pick a test function ¢ for u — ¢ and observe that, since ¥
is a jet-equivalence, if (r,p, A) = W(J2¢) then (r + ¢, p, A) = ¥ (J2(¢ + ¢)).
Using that ¢ + ¢ is a test for u, from we obtain

Z(p,A) > g(r +¢) > g(r),

thus J2¢ € U~1(F;) = F;. Therefore, w = max{u — ¢, 0} is bounded above,

non-constant and satisfies w € Hg(U), and

0=supw" < supw,
U T

contradicting the Ahlfors property for ﬁg.

(1) = (idi). B

If (7ii) is not satisfied for some U C X, ¢ > 0 and u € H.(U), it is enough
to choose g € C(R) of type (g1) such that g < e on R. It is immediate to see

that u € Hy(U), contradicting (7).

(#4d) = (). B
If, by contradiction, there exist g € C(R) of type (g1), U C X andu € Hy(U)
contradicting (A), fix ¢ € (supgy u™, supy u) and let € € (0, g(c)]. As above,
a direct check shows that w = max{u — ¢, 0} satisfies

w € H.(U), 0=supw’ < supw,
U T

contradicting (iii).
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When f is of type (f1), the proof of (i) < (ii’) needs just minor changes,
and is left to the reader. O

In an entirely analogous way, one can prove the following for the sube-
quation Fy M Eg.

Proposition 5.3. Let Fy be locally jet-equivalent to a subequation de-
scribed by , for some .% : J2 — R and f € C(R) non-decreasing. Con-
sider

E¢ = W, for £ satisfying (£1) in @
Then, the following assertions are equivalent:
(7) ﬁ} U E\g has the Ahlfors property for some (f, ) satisfying (f1 + £1);
(i) Ff U E\; has the Ahlfors property for each (f, &) satisfying (f1 4 £1);

(4i7) F} U Evg has the Ahlfors property for each f = —&, £ = ¢ and each fixed
e > 0.

Furthermore, the following conditions are equivalent:
(7) }:f U E‘; has the Ahlfors property for some (f,€) satisfying (f1' + £1);
(i) ﬁ} U Evg has the Ahlfors property for each (f,&) satisfying (f1’ 4 £1).

Sketch of Proof. In (i) = (ii), having assumed the Ahlfors property for some
(g,€) and having supposed its failure for a pair (g,§), the only difference is
that ¢ < us is required to satisfy, instead of ,

min g > max g, min £ > max
[c o] [0,u0o—C] [—Uoo,—C] [—uoo+c,0]

The second condition is granted by £(0) = 0 in (£1). The rest follows verba-
tim. U

6. The main theorem for examples (£2),...,(&8)

Here, we combine Theorem [£.3] Theorem and Propositions in
Section |5| in the specific case of Examples (&2),...,(&8). We focus on the

case when (f, ), in the definition of (£1),..., (&8), satisfies (f1 + £1) in (6).
For 0 <n e C(X), define Eg as in , and let Fy be locally jet-equi-
valent to any of examples (£2),...,(&6) or be the universal Riemannian

subequations in (&'7) or in (£8). We know from Lemma [4.5 that Fy N Eg is
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a subequation. The independence of the Ahlfors property from the specific
pair (f,§) satisfying (f1+ &1) allows us to “play” with f,& to prove the
equivalence stated in Theorem |1.9; in particular, it is enough to address the
comparison properties of Fy and Fy N Eg under the assumptions of the next
proposition, whose proof is reported in the Appendix [A]

Proposition 6.1. Fix (f,¢) satisfying (f1 4 £1), and assume that
f is strictly increasing on R and £ is strictly decreasing on R.

i) If Fy C J?(X) is locally jet-equivalent to one of the examples in (£2),
...,(&6) via locally Lipschitz bundle maps, then the bounded com-
parison holds both for Fy and for Fy N Eg.

i1) If Ft is the universal, quasilinear subequation in (&'7) with eigenvalues
{A\j(t)} in (@), then the bounded comparison holds in the following
cases:
- for Fy, provided that \;(t) € L°(R{) for j € {1,2};
- for Fy N Eg, provided that A;(t) € L2 (RY) for j € {1,2}.

loc

i11) If Ft is the universal subequation in (&'8), then the bounded compar-
ison holds both for F; and for Fy N Eg.

Furthermore, for each of i), ...,4ii), comparison also holds for the obstacle
subequations FJQ and FJQ N E¢.

We are ready to prove Theorem [1.9, which we rewrite below for conve-
nience.

Theorem 6.2. Fix f satisfying (f1) and & satisfying (£1).

i) If Fy C J?(X) is locally jet-equivalent to one of the examples in (£2),
..., (&6) wvia locally Lipschitz bundle maps, then AK-duality holds for
Fy and for Fr N Ee.

it) If Fy is the universal, quasilinear subequation in (&'7), with eigenvalues
{N\j(®)} in [2), then
- AK-duality holds for Fy provided that \;(t) € L>°(R{) for j€{1,2};
- AK-duality holds for Fy N E¢ provided that \;(t) € L{S.(Ry) forj €
{1,2}.

iti) If Fy is the universal subequation in (&'8), then AK-duality holds for
Fy and for Fr N Ee.
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Proof. We first prove AK-duality for Fy. As seen at the beginning of Sec-
tion [4] since f satisfies (f1) then assumptions (1), (/#2) and (#4) hold
when Fy is one of examples (£2),...,(&8). Following the proof of Theo-
rem [4.3] we therefore get the implications (A) < (L), (A) = (K) = (Ky).
In order to obtain the last implication (K,) = (A) we need comparison
for F' J9. When f is strictly increasing, comparison is given for all examples
(&2),...,(&8) by Proposition Therefore, applying Theorem [4.3| we de-
duce the desired duality. Now, for general f satisfying (f1), we choose f
strictly increasing satisfying

f<f on (—00,0) and f(0)=0.

Clearly, the weak Khas'minskii property for Fy implies that for Fz, which by
the first part of the proof ensures the Ahlfors property for f'f The Ahlfors
property for F\J/c now follows by Proposition

Duality for Fy N Eg follows the same path, we just observe that Propo-
sition [6.1] holds when f is strictly increasing and & is strictly decreasing. The
conclusion for general (f, &) follows by using Proposition O

7. Immersions and submersions

Let 0: X™ — Y™ be a smooth map. Given a subequation F C J?(Y), we
have an induced subset

H=oF, where (0*F), = {J§(¢ 00) : Sy F}

Clearly, H satisﬁeﬂ (P) 4+ (N). We investigate the following question:

zfﬁ satisfies the Ahlfors property on'Y, is it true that so does H
on X ¥

In many instances it happens that H = J?(X) and the problem is uninter-
esting. However, for F' belonging to some relevant classes the induced subset
H is non-trivial, and in fact contained in a subequation in the same class as
F'. This is so if ¢ is an isometric immersion or a Riemannian submersion,
and when the subequation is Fy N E¢, with F; as in examples (&£3), (&£5)
(with the restriction k < m) or their complex analogues in (£6).

The investigation of the question above is considerably simpler if we
make use of AK-duality and study when the (weak) Khas’minskii property

0The topological condition is more delicate, but for the present section we do
not need it.
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is preserved for the induced subequation. The sought is then achieved by
transplanting the Khas'minskii potentials to submanifolds, respectively to
total spaces of Riemannian submersions, following an idea in [13, [17].

Immersions

Suppose that o : X™ — Y™ is an isometric immersion, let V,V denote the
Levi-Civita connections of X and Y, and let II be the second fundamental
form. Our first result is the following

Theorem 7.1. Let 0 : X™ — Y™ be a proper isometric immersion with
bounded second fundamental form, and let Fy be one of the universal sube-
quations in examples (£3), (&5) (with k < m) or their complex analogues in
(£6). Assume that f satisfies (f1), and let E¢ with & satisfying (§1). Then,

E U E‘; has the Ahlfors property on'Y
= j;f U E; has the Ahlfors property on X.

Remark 7.2. For (&5) with k¥ < m then, in place of ||II||o < +00, it is
enough to require that

sup{‘ Try II(x)‘ cxe X, VL<T, X k:—dimensional} < 4o00.
In particular, if £ = m it is enough that X has bounded mean curvature.

Proof of Theorem[7.1. By the duality Theorem FrNE¢ has the
Khasminskii property. Take any Khas minskii potential w € (FyNE¢)(Y\K),
K compact. We claim that there exists g, independent of w and satisfying
the assumptions in (f1), such that

(68) w=woo € (FyNE)(X\C), C=oK).

Since o is proper, w is an exhaustion and C' is compact. Because of the arbi-
trariness of K, it is clear that letting w vary among all possible Khas'minskii
potentials the family of induced w guarantee the validity of the Khas'minskii
property for F; N E¢ on X; AK-duality again, and the independence of (f,§)
satisfying (f1 4+ £1), ensures the desired Ahlfors property.

To show , we follow the method in [39, Thm. 6.6]. We consider the
real case in (£3), (&5), the complex analogues in (&£6) being similar. Let ¢ €
C?(U) be a test for w at some point gg € U. We fix the index convention 1 <
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,7<m,m+1<a,8 <n and we choose an open neighborhood Uy C X of
go which is embedded in Y. Let z = (z,y) € Uy x Bs(0) be Fermi coordinates
around qo, 2(qo) = (0,0), = = {x'}, y = {y*}, with §; = §/0z" tangent and
O = 0/0y® normal to Uy. By construction, up to restricting to a smaller
subset 2 = U x Bs(0) around (go, 0), the squared distance function from Uy
is given by

> = (")

«

and, by Gauss lemma,
(69) gia =0, |dy* =1 for each i, a.

Up to modifying ¢ to_fourth order, we can assume that w — ¢ has a strict
maximum at gg. Set ¢(x,y) = ¢(x) and define v =w — ¢ on Q. For € > 0,
let z. = (z¢,y:) be a maximum point of

’De(xv y) = l_i(l‘,y) - |y|2/E
on Q. Then, it is straightforward to verify that, as ¢ — 0,
M. = @a(faaya) 10, (xE)yE) — (07 0)7 ’ya|2/5 — 0.

Since, by construction, ¢, = ¢ + é]y|2 + M, is a test function for w at z,
we have

_ .9 o1
(10) 2. = (8(a) 4 Moy )0 + 240, T4 LT € P

From w € E¢ and , we deduce

2
a6 + 5 < (60 + a12).

We treat (£5), (63) being analogous. Fix a k-dimensional subspace of the
span of {0;} at z = 0 which, without loss of generality, we can assume to be
(O1,...,0,)(0), and consider the subbundle V = (01, ..., 0k)(2). Then, if h;;
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is the metric restricted to V,

(71) Try (?Qéa)(za) = h”(ﬁ + lhij(’yﬁ)zj
= [ (050 + Tij0k0)] (2) + [h”F“] (2)

¢+F ak¢)](zs ( ms) + M; ) [|h”f‘%|] (ZE)
(

< [n7(2;
< [n(85¢ + % am)} 0) + & (o( )[|h”F“H(0>+o(1>
< Toy (926)(0) +€(6(0)) | Try TT(0) + o)

as € — 0. Because of and the min-max characterization of eigenvalues,
there exists an absolute constant ¢ > 0 such that

Try (V2¢)(0) > Try (V262 (2) — £((0))| Try 11 (0) + o(1)
> f(A(z) + M) — c€(6(0)) 11[|oo + o(1)
> £(8(0)) — c£(6(0)) T ||oe + o(1) = g((0)) + o(1)

as € — 0. Passing to the limit as € — 0 we get JqQOgb € Fy N K, as claimed.
O

If, instead of FNf N ENg, we investigate the Ahlfors property just for FNf,
the situation is much more rigid because the last term in the second line of
(71)) is controlled as ¢ — 0 if and only if Try, II(0) = 0. Therefore, according
to the observation in Remark , in this case the Ahlfors property for F
is inherited by proper submanifolds X provided that Try II(z) = 0 for each
x € X and k-dimensional ¥V < T, X. An interesting case is when k = m, for
which we have the following

Corollary 7.3. Let 0 : X™ — Y™ be a proper minimal immersion, and
suppose that Y™ has the Ahlfors property for the subequation

{Anferl + -+ An(A) > _f(_T)}a

for some f satisfying (f1). Then, X has the viscosity, weak Laplacian prin-
ciple (equivalently, it is stochastically complete).

The equivalence between the weak Laplacian principle and the stochastic
completeness is discussed in Remark
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A sufficient condition

We now focus on conditions for the validity of the Ahlfors property for the
operator Fy in Example (£5). Our purpose is to prove a generalized version
of Proposition Theorem [7.6] below. We recall Definition of the
k-th Ricci curvature. We begin with the following comparison theorem for
the partial trace of V2p: although it might be known to experts, we include
a quick proof since we found no precise reference.

Proposition 7.4. Let X™ be a complete manifold, fix an origin o and let
p(z) = dist(z, 0). Assume that

(72) Ricl®) (Vp) > —G? (p(z)) Vz & cut(o),
for some k € {2,...,m — 2} and some G € C(R{). Let g € C?(R]) solve

(73) {g” ~G?%g>0 on RT,

9(0) =0, ¢'(0)>1.

If ¢ >0 on R", then

(74) A—(V2p) 4+ 4+ An(V2p) < (k4 1)

in the viscosity sense on X\{o}.

Remark 7.5. The extreme cases kK = 1 and k£ = m — 1 correspond, respec-
tively, to the classical Hessian and Laplacian comparison theorems, for which
we refer to [71], Sect. 2] and [14, Sect. 1.2] in our needed generality. However,
the conclusion in these cases are stronger than the corresponding in ([74]):
more precisely, ¢’ > 0 on RT is not needed and

/
k=1, then An(V2p) <L)
- 9(p)
(75) 9'(p)
if k=m—1, then Tr(V?)<(m—1)

9(p)

The reason of the “shift” between and will be apparent in the proof
below.

Proof. We use the approach to comparison theorems via Riccati equations,
due to J. Eschenburg and E. Heintze (see [14] [71]). Let R be the curva-
ture tensor of X. Fix z ¢ cut(o) and pick the unique minimizing, unit speed
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geodesic v : [0, p(x)] — X from o to x. Let {E,}, 2 < o, 8 < m be a parallel
orthonormal basis of 7'+ along ~, and let B.s = V2p(EL,, Ep). Differentiat-
ing twice the identity |Vp|? = 1 and recalling Ricci commutation rules, the
matrix B : (0, p(z)] — Sym?(R™™ 1), B = (B,p) satisfies

(76) {B’ +B24+ R, =0 on (0,p(z)],

B(t)=1I+o0(1) ast—0T,

where (Ry)ag = R(Y,Ea,?, Eg). Let V be a k-dimensional subspace of
(v)* at x, spanned by an orthonormal basis {V;}, and extend each V; by
parallel translation along v. From we obtain

k
> (R, V5) > kRic® (v) > —kGA(t).
7j=1

Tracing on V and using the last inequality we deduce that the function

1 k
: %Z BV, V;)(

satisfies

k

0'(t) + k'Y (B, V) —G*(t) <0 on (0,p(x)),
j=1

6(t) =%+<]>(1) ast — 0.

Denote with 7 = TX — V the orthogonal projection onto V, and let B =
mo By : V — V. Using Newton’s inequality, we get

k k
Z<BQV3,V ZBQVJ,V ) > k62,

j=1 j=1
hence
(77) 0+ 6% —G%(t) <0 on (0,r(x)],
0(t) =+ +o(1) as t — 0.

By Sturm comparison (see [14, Thm. 1.9]), it is sufficient to prove under
the assumption that g satisfies with the equality sign and ¢'(0) = 1.
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Since 0(t) = ¢'(t)/g(t) solves

0+6°—G*t)=0 on (0,r(z)]),
0(t) = %+0(1) as t — 0T,

the Riccati comparison theorem implies (t) < §(t), and because of the ar-
bitrariness of V and the min-max characterization of eigenvalues,

(78) N kit (B) 4+ Am(B) < kL2 for 2 & cut(o).

Identity V2p(Vp,-) = 0 shows that the eigenvalues of V2p are 0 and the
eigenvalues of B. Let V be a (k + 1)-dimensional subspace of T, X spanned
by an orthonormal basis {vg, ..., vr}. We can choose the basis in such a way
that

vo = (cos)Vp + (sin)ey, vj =€ for 1 <j <k,
and {e; }g?:o is an orthonormal set in Vpt. Therefore, at z,

k

(79) Trp(V2p) = (sin® ) V2p(eo, e0) + > V7plej, €))
j=1

k k
= (sin® ) Z V2p(ej, e;) | + (cos? ) Z V3p(ej,e;)
7=0 7j=1

The space W generated by {e;} is orthogonal to Vp, and from implication
Ric(Vp) 2 ~G(p) = Ric""(Vp) = ~G(p)

we can apply both for k and for (k + 1) to infer from the inequality

2 2 g'(p) 2,19 (P) g'(p)

Try(Vep) < (sin®y)(k + 1) o) + (cos® )k () < (k+1) (o)
Note that, in the last step, we used ¢’ > 0. This concludes the proof of
for x ¢ cut(o). To prove that holds in the viscosity sense on X\{o}, we
rely as usual on Calabi’s trick: briefly, for « € cut(o) consider a minimizing,
unit speed geodesic vy from o to x. Given a small € > 0, we set 0. = y(¢) and
pe = € + dist(og, -). Then p. is smooth around z, p. > p on X and equality
holds at x. Furthermore, repeating the above estimates with p. replacing p,
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and noting that G.(t) = G(t — ¢) and Vp. = Vp along v, we deduce at the
point z the inequality

~—
9
o~
—~
e
~—

;(ps
e (ps

Q

A k(V2pe) 4+ Am(V2p2) < (K +1) = (k+1)

) )

where g. solves with G¢ in place of G, with the equality sign and with
g.(0) = 1. Note that g. — g in CL_(RT), since we assumed that g satisfies
(73]) with equalities, and therefore g > 0 on (0, p(z)] for small enough e. To
conclude, using that any test function ¢ touching p from below at z also

touches p. from below, from V2¢ < V?p, at x we get

N
~—
o
)
—
S

9:(p) g'(p)
Mn—t(V20) 4+ - + An(V20) < (k+ 1) - (k+1
(V7e) (Vi) =1 )ga(p) ( )g(p)
as € — 0. This shows ((74]) in the viscosity sense. O

We are ready to prove the following criterion.

Theorem 7.6. Let Y™ be a complete manifold, fixt an origin o and let
p(x) = dist(z, 0). Assume that

(80) Ric" (Vp) > ~G*(p(z))  Va ¢ cut(o),
for some k € {2,...,n— 1} and some G satisfying
0<GeC'RY), G >0, G'¢L'(+0).
Then, Y has the Ahlfors property for ff N Eg, with
(81) Fr={M(A) + -+ Mea(4) = f(r)},
for each (f,&) satisfying (f1+&1).
Moreover, if o : X™ — Y™ is a proper isometric immersion, k+1 <m <

n — 1 and the eigenvalues p1 < -+ < py, of the second fundamental form 11
satisfy

(82) maX{\m + o s \um_k+-~~+ﬂm\} <CG(poo) on X,

for some constant C' > 0, then the Ahlfors property for 13} HEE holds on
X with Fy in and each (f,€) satisfying (f1+£&1). In particular, if
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m =k + 1 and the mean curvature satisfies
|H‘ < CG(poo),
then X has the viscosity, strong Laplacian principle.

Remark 7.7. The extreme case k = 1 can be handled with straightforward
modifications in the proof below. Briefly, if holds with k =1 then, us-
ing the Hessian comparison theorem instead of Proposition [7.4] the Ahlfors
property holds for Fy U E¢ with Fr = {\1(A4) > f(r)}. In other words, the
viscosity, Hessian principle holds. The second part of the theorem is un-
changed, that is, each proper immersion ¢ : X™ — Y™ satisfying with
k =1 has the Ahlfors property for Fy U E¢, with

Fy = {Al(A) + X2(4) > f(r)}.
Furthermore, if instead of we require
(83) 0| < CG(poo),

then the Hessian principle transplants to X. However, this last conclusion is

immediate from the first part since, by Gauss equation, up to a constant a

submanifold satisfying inherits from the ambient space the bound
with k£ = 1. In this respect, see also Examples 1.13 and 1.14 in [6§].

Proof. Set
= 2 i) = nlpla)
77 - 0 G(8)7 - 77 10 N
Then, 0 > w(z) — —oo as = diverges. From G’ > 0 we deduce n” > 0, and
thus for = ¢ cut(o)

1
(84) Viw=n"dp@dp+n'V?p > n'V?p = —@V%-

Suppose that k& € {2,...,n — 2}. In our assumptions, Propositionensures
the validity of on Y\{o} in the viscosity sense, in particular with g
solving

¢"—G?’¢g=0 on Rt
9(0)=0, ¢'(0)=1

(note that G > 0 implies ¢’ > 0 on RT). If £ =n — 1, the same holds with

the second in replacing . In both of the cases, the function = ¢'/g
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satisfies the Riccati equation #' + 6% = G? on R¥, from which we deduce
that # < G whenever 6’ > 0. Since G’ > 0 and consequently G > G(0) > 0,
it is easy to infer the existence of a constant C; > 0 such that § < C1G on
[1,+00). Using we get (say, for k € {2,...,n —2}):

(85) Al (Vzw) + -+ )\k+1(v2w)
> G(p) " M (=20) + -+ Apsa (— V)

(k + 1)8(p)
> _W > —(k—i— 1)01,

at points of Y\ B1(0) where p is smooth. Since 7’ < 0, we can still use Cal-
abi’s trick as in Proposition to check that the same inequality holds
in the viscosity sense on the entire Y\ Bi(0). Moreover, |Vw| < 1/G(0) =
Cy on Y. Fix two linear functions f, ¢ satisfying (f1 + £1) and such that,
f(r) < =(k+1)C1, &(r) > Cy for < n(1). Then, by construction w € (Fy N
E¢)(Y\Bi(0)) with Fy as in (81)). Because of the linearity of (f, &), the fam-
ily {0w} for constant ¢ € (0,1) is a family of Khas'minskii potentials for
F; N E¢, and the desired Ahlfors property for Fy U E¢ follows by AK-duality
and by Proposition [5.3]

To prove the last part of the theorem, let o : X™ — Y™ be a proper isomet-
ric immersion. If the right-hand side of were constant, we could directly
apply Theorem [7.1] and Remark [7.2] to deduce that X has the Ahlfors prop-
erty for F'y U E¢. However, in the above assumptions it is more convenient to
look again at the equation satisfied by the transplanted function w = w o o.
If p is smooth around o(x), tracing the identity

V2w(v,v) = V2w (o, 040) + (Vw, II(v, v))
on a (k + 1)-dimensional subspace V, and using and (85), we deduce

(86) Try (V@) > Tro,y (VW) — [Vu|| Try 1|
Vol

2 ~(k+1)C1 = g SOG(p) = —(k+1)C1 = C.

If p is not smooth around o(z), we use again Calabi’s trick to p. Clearly,
V| < |[Vw| < Cy. By min-max, and suitably changing the linear function
f, the family {dw} still guarantees the Khas'minskii property for Fy N E¢
on X, as required. If m = k + 1, the viscosity, strong Laplacian principle
follows from Theorem [L.17 O
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Proof of Proposition[1.20, Cases (i) and (ii) follow by using Theorem
with the modifications in Remark to, respectively, k =1 and k =n — 1.
Case (iii) follows from the same proposition applied with m = k + 1, either
directly (if m > 3) or again with the aid of Remark (if m = 2). O

Submersions

We briefly recall some general facts. Let 7 : X™ — Y™ be a submersion be-
tween Riemannian manifolds, and set X, = 7~ !{y} to denote the fiber over
a point y € Y. We recall that 7 is called a Riemannian submersion if, for
each z € X, m,, is an isometry when restricted to the orthogonal comple-
ment of T, X, in T, X, called the horizontal subspace at x. Let D be the
horizontal distribution, that is, D, = T, X 7%(30)' Let V,V be the Levi-Civita
connections on Y and X, respectively. For each vector field V € T X, denote
with V" and V'V its projections on the horizontal and vertical subspaces, re-
spectively. Given W € T'Y, there exists a unique, smooth horizontal vector
field W such that m, W = W, called the horizontal lift of W. Using the ex-
plicit formula for the Levi-Civita connection one checks that, if V,W € TY
have horizontal lifts V', W,

VoW = VoW + AV, W),
with

o 1 - -

A:DxD— D, AV, W) = SV, W]’

being the integrability tensor for the distribution D (see [64]). For y € Y,
let II,, : DL x D+ — D be the second fundamental form of the fiber Xy
We are ready to state the following result, for which we feel convenient to
redefine

(87) Ff = {M(A) = f(n)} for (63),
Ff = {0(4)+ -+ M(4) = (1)} for (65),

to make explicit the dependence on k.

Theorem 7.8. Let m: X™ — Y™ be a Riemannian submersion with com-
pact fibers. Suppose that

(88) sup [[IIy[loc + [|A[oc < 4o00.
yey
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Fiz k€ {1,...,n}, and consider one of the subequations in or their
complex analogues. Assume that f satisfies (f1), and let E¢ with & satisfying
(&1). Then,

(1) In (£3),

EJZ“ U Ez has the Ahlfors property on'Y
= 1/77? U Eg has the Ahlfors property on X.
(i) In (&5),

}AWJZ“ U Ez has the Ahlfors property on'Y

— F]Ierm_" U ]7:72 has the Ahlfors property on X.
For implication <, fibers do not need to be compact.

Proof. As for immersions, the simple idea for both implications is to trans-
plant the relevant functions from Y to X. More precisely, setting j = k for
(€3) and j = k+m —n for (5),

(«=) if, by contradiction, the Ahlfors property on Y does not hold, in
view of Proposition |4.2| there exists w € (F ]’f U E¢)(Y') bounded, non-

negative and non-constant. We shall prove that w =wo is (Fg U
E¢)-subharmonic, for suitable g satisfying (f1), that contradicts the
Ahlfors property on X;

(=) by AK-duality in Theorem F ]’f N E¢ has the Khas'minskii property
on Y, and we can thus fix a Khas’minskii potential w, defined on
Y\K and (F]’? N E¢)-subharmonic. We shall prove that w = w o is
(Fy N E¢)-subharmonic, for a suitable g satisfying (f1). Since fibers of

7 are compact, w is an exhaustion, and the conclusion is then reached
as in Theorem [Z.1]

In either cases, let ¢ be a test function for w at xg € X. Without loss of
generality, we can assume that ¢ is constant on fibers of Let V¥ and V?

HTndeed, consider a local chart U on X with coordinates = = (y, z) around x¢ =
(Y0, 20), such that fibers of 7 are given by constant y. In such a chart, @ just
depends on y and, since ¢ touches w from above at xq, up to a slight perturbation
we can assume that zp is a strict minimum for ¢ on {y = yo} and that 9%¢ is
positive definite at zg. Up to shrinking U, by the implicit function theorem there
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denote, respectively, a vertical and a horizontal vector field around xy. To
compute V2p(V?, V?), let iy, : Xr(z,) — X be the inclusion, and let D be
the Riemannian connection of X, ). Since ¢ is constant on fibers, we have

0= (V¢, V") around xg, and
89
(89) 0=D*¢poiy)(V",VY) =V2p(V",VY) + (Ve, IL(VY,VY))  at .

In particular, V¢ is horizontal in a neighborhood of xg. As for V2¢ (V" V?),
at the point xy we have

(90) ?2¢(Vh7 VU) = <vvh?¢7 Vv>
= (Vo Vo + AV V), V) = (A(V", V), V).

To compute V2p(V", V"), we take a section o : U C Y — X around yo =
m(xp), that is, a smooth map satisfying m o o = idy, with the properties
o(yo) = zo and 04 (Ty,Y) = Dy,. Set v = 7, VP, From 7T*<O'*Zh) =zl for
each 2" € TY we deduce

(91) o, =24+ 7°,

where Z" lifts 2" and ZV is some vertical vector such that Z¥(z) = 0. By
construction, note that

(92) IV(¢poo)l=|Vg|  at yo.
We compute
(93)  Vi(¢oa) (" 0") = V2g(0.", auo™) + (V§, Vo (v",0"),

where V20 is the generalized second fundamental form of the map o, defined
by

V2o (v, o) = AV (O'*Uh) — 0 (vah).
Since V¢ is horizontal at xo and V?(xq) = 0, using we compute at yg

Vo (", o) = Vi (VI + V) = Vo = AV V) + Yy Ve

exists a smooth map y — z(y) such that 9,¢(y, z(y)) = 0, and by continuity z(y) is
the unique minimum point of ¢ on the fiber over y in U. We can therefore choose
o(y) = &(y, 2(y)) as a test function in place of ¢, since by construction w < ¢ < ¢
on U.
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Note that A(V" V") is vertical, and alsﬂ Vi VP at xg, hence
(Vo, Via(vh,vh)) =0 at xg.
Inserting into (93]) we deduce
(94) Vi(poo)(w", o) = VIV, V") at .

Summarizing, decomposing a unit vector V' € T, X into its horizontal and

vertical part, by , and we obtain

(95) V2p(V,V) = V2p(V V) +2V2p(VR, VY) + V2V, V)
=V3(poo)(m V", m V")
+ 2(A(V" V), VY) — (Vo II(VY, V)
> V3(poo)(m V" m V")
= V(@0 0)| (2LAIVHIV"] + IV, V7)),

Define

Coo = sup [Ty [loo + [ Alco-
yey
If we assume that J2 (¢ 0 o) € Eg, from we obtain
(96) V20 4+ £(6)Coo(, ) > T (V2)II as a quadratic form,

where II, IT* are the projection onto the horizontal subspace and its adjoint,
and (, ) is the metric of X. Note that, because of , the eigenvalues
of II*(V2¢)II at zg are {A1,...,An,0,...,0}, where {)\;} are the ordered
eigenvalues of V2(¢ o o) at .

We first examine case (&5), implication (=), so let us assume that w €
(FJ’;C N E¢)(Y\K) is a Khas’'minskii potential. Clearly, since ¢ o o is a test for
w at yp, from we deduce Jf,oqﬁ € Ee. Let V < T, X be a j-dimensional

2For Z" horizontal, since V¥ (o) = 0 we get (VynV?, Z") = —(VV, Vyn Z¥) =0
at xg.
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subspace, 7 = m —n + k. From and min-max we obtain

(97) Try V¢ + (m — n + k)&(¢)Cso
> Z {ﬁrst (m — n + k)-eigenvalues of H*(V2¢)H},

at xg. By dimensional considerations this last is the sum of the first [ eigen-
values of V2(¢ o o), for some [ € {k,...,n}. Using that ¢ o o is a test for w
at yo,

l l n
Mtz st Ag) 2 L f(0) 2 1 f(9),
where the last step follows from ¢(xp) < 0 and (f1). Therefore,

Try V26 > 2(6) = (m —n + )Coct (6) = 9(0).

where g satisfies (f1) and J§D¢ € ng N B, as required. For the reverse im-

plication (<), we assume that w € (F J’i U E;)(Y) is bounded, non-negative
and non-constant. In particular, the 2-jet of ¢ o o satisfies

V(poo)| >&(—¢)  or  {dpkg1+-+ A >—f(—0)},

for some pair (f,£) satisfying (f1), (£1). By Proposition [5.3 without loss of
generality we can assume that the pair (f, ) satisfies

(98)  f(s)+ (m—n+k)Cx&(s) <0 and is non-decreasing for s < 0.
We claim that
(99)  J2HeFFUE.  for g(s) = f(s)+ (m —n+k)Col(s).

Observe that g satisﬁes ‘the assumptions in (f1) because of (98 .
By ., if J2 ¢ oo) € Eg then also J2 @ € E¢ and we are done. Otherwise,

(¢ oo) € Fk N {lp| < &(—¢)}. Consider the horizontal lift V of the span of
the elgenspaces correspond_lng to the biggest k-eigenvalues {Ay—g41,.. ., An}
of V2(¢ o o). Using that |V¢| < £(—¢), we can trace on V and deduce

Try V20 + (m — n+ k)Cocl(—8) = Apky1 + -+ A = —f(—0).
Hence the sum of the last k eigenvalues of V2¢(z¢) is at least
—f(=¢) = (m = n+ k)Col(—9) = —g(=9),

that is, J§O¢ € ng C ng U Ez, as claimed.
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Case (&3) is dealt with similarly: for implication (=), let w € (FJ’fﬂEg) (Y\K)
be a Khas’minskii potential; we claim that

(100) J2oEFINE:  for g(s) = f(s) — Cxl(s).

Otherwise, by min-max we could take a k-dimensional subspace V where
V2¢ < g(¢){, ). Evaluating on a unit vector V € V would yield

V(¢ o o) (mV,mV) < VES(V,V) + Cxct(9) < () + Cock(9) = f(9) < 0.
By the arbitrariness of V', m, : V — TY has trivial Kernel and thus 7,V is

k-dimensional. From

VvV  mV
| V| TV

V2(600) ( ) < V(G0 0)(mVimV) < £(6)

we obtain V(¢ o 0) < f(¢)(, ) on m.V, contradicting J2 (po o) € F]f
For (<) we assume w € Fjlf U Evg and claim that

(101) J2eFFUE:  for  g(s) = f(s) + Cool(s).

As before, we can assume that the pair (f, ) is chosen in such a way that
g satisfies the assumptions in (f1), and by we can also restrict to the

case Jo (poo) € F]’f N{lp| < &(—¢)}. If by contradiction we suppose that
J2 ¢ ¢ Fvg, we can select an (m — k)-dimensional V < T, X with

?QQS(V, V)< —g(—¢) foreach VeV, |[V]|=1.

The intersection of V with the horizontal subspace has dimension at least
(n — k), call it V. For each V € V, we have

(102) V3¢ oo)(mV,mV) < —g(—¢) + Cocb(—0) = —f(—9),

whence \,,_;(V?(¢ o)) < —f(—¢) by min-max, contradiction. O
When k = n in (i7) of Theorem condition (88)) can be considerably

weakened, and there is no need to bound A. Indeed, following the above
proof we obtain the next mild improvement of a result in [13| [I7].

Corollary 7.9. Let w: X™ — Y™ be a Riemannian submersion with com-
pact fibers, and denote with H, be the mean curvature of the fiber X,.
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1) If there exists C > 0 such that ||[Hy|loc < C for each y € Y, then
Y has the viscosity, strong Laplacian principle if and only if so does X.
2) If fibers are minimal, then

Y has the viscosity, weak Laplacian principle if and only if so does X.

8. Ahlfors property for E and Ekeland maximum principle

We are going to prove Theorem in the introduction, which we rewrite
for the convenience of the reader.

Theorem 8.1. Let X be a Riemannian manifold. Then, the following state-
ments are equivalent:

(1) X is complete.

(2) the dual eikonal E = {|p| > 1} has the Ahlfors property (viscosity, Eke-
land principle).

3) the eikonal E = {|p| < 1} has the Khas'minskii property.
4) the infinity Laplacian Fso = {A(p,p) > 0} has the Ahlfors property.

6

3)

(4)

(5) Fuo has the Liouwville property.

(6) Foo has the Khas’'minskii property.
(7)

7) Foo the next strengthened Liouwille property:

Any Fuo-subharmonic u > 0 such that |u(z)| = o(o(x)) as x di-
verges (o(x) the distance from a fixed origin) is constant.

Proof. First, we prove that (1) implies both (3) and (6). Fix a pair (K,h)
and choose a point o € K. Since X is complete, —p(z) = — dist(z, 0) is an
exhaustion on M\{o} which is both E and Fi.-subharmonic. This fact is
well known, but we give a quick proof of it via Calabi’s trick: for fixed
xo # 0,7 : [0,7(x0)] — X aunit speed minimizing geodesic from o to x, and
6 € (0,r(wo)), the function gs(x) = § + dist (x,7(5)) is smooth in a neigh-
borhood U around zg and o < g5 by the triangle inequality, with equality
holding at xy. Furthermore, |Vos| =1 on U, hence u is Fy-harmonic on U
by differentiating. Since any test function ¢ touching —o from above at xg
is also a test for —ps5, we get Jfoé € (Fx NE),,. Now, using the properties
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of h, we can fix a function g € C°°(R) such that

0<g <1, ¢">0 on R, g(t) > —oc0 as t — —oo,
0> g(—t) > max h for t > 0.
OB \K

Concluding, w(z) = g(—o(z)) is both E and F-subharmonic, and satisfies
all the assumptions to be a Khas’minskii potential for (K, h).

(2) & (3).

Apply Theorem with the choice F' = JQ(X). Clearly, FNE" = E"is a
subequation, (1), (#2) are immediate and (3") holdﬁ

(3) = (1).

Fix a pair (K, h) and a Khas'minskii potential w:

w € B(X\K), h<w<0 on X\K, w(z) = —oo as x diverges.

Let v be a unit speed geodesic issuing from some point of X, parametrized
on a maximal interval [0,7"). We shall prove that T'= +oc0. Suppose, by
contradiction, that T" < +o0. By ODE theory, v leaves K for t large, hence
we can suppose, up to cutting a piece of v and translating the parameter,
that v([0,7)) N K = (. The map 7 induces a map

v JA(X\K) — J*([0,T)), given by
7* (.’IJ, u, d’U,, VQU) = (tv uo9, (u © 7)/7 (U © ’7)//)7

and we can consider the pull-back subequation H = v*E, which coincides
with the Eikonal subequation on [0,7'). By the restriction theorem ([39],
Thm. 8.2), the function u = w oy satisfies u € E([0,T")). Using that u <0
and T' < +o0, we can choose a line of type [(t) = —2t + C' (C large enough)
disjoint from the graph of u. Then, reducing C' up to a first contact point
to between [ and the graph of u, we would contradict Jfo leE.

(4) < (5).

It is a direct consequence of Proposition |4.2

(6) = (5).

We follow the proof of (Ky) = (A) in Theorem but with some dif-
ferences. Assume, by contradiction, that there exists u > 0 non-constant,
bounded and F,,-subharmonic, and choose a small, relatively compact set
K and € > 0 such that maxg u 4 2 < supy u — 2¢. Fix g € X\ K for which

BFor u € E(Q), 6u € E*(Q) when 6 € (0,1).
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u(xg) > supyu —e, an open set U with K U{x¢} € U, and choose h €
C(X\K) satistying

h<0 on X\K, h>—e on U\K, h(z) = —oo as x diverges.

Let w be an Fi,-subharmonic, Khas'minskii potential for (K, h), and let
be large enough that w < — supy v on X \Q. We compare

w—e¢ € Fo (MNK), u—m}gquFm(Q\K),

with the aid of Theorem from w—e+u—maxgu <0 on INUIK
we deduce w — € + u — maxg u < 0 on Q\ K. However,

w(zo) — e+ u(rg) —maxu > —€ — e+ supu — £ — maxu
K U K

=supu —maxu — 3 > &,
U K

a contradiction.

4) = (1).

Fix a relatively compact, open set K and a smooth exhaustion {QJ} T X
with K € Q; for each j. Let u; solve

(103) {uj is Fio-harmonic on Q;\ K,

uj =0 on 0K, wuj=1 on 09;.

The existence of a (unique) solution u; € Lip(€2;\K) follows by combining,
with minor modification, results in [22] 48]@ Moreover,

(104)  [|du;llec = min{Hdeoo : v € Lip(Q;\K), v=u on 90Q; U 8K}

and 0 < u; < 1 in view of the comparison Theorem Extending u; with
one outside of €25, {u;} is a sequence of uniformly Lipschitz functions with

More precisely, the proof of the existence of u can be obtained as follows: one
begins by considering the existence problem for an absolutely minimizing Lipschitz
(AML) extension u € Lip(€2;\K) of the boundary datum S =0 on 0K, 1 on 99,
(see [22] for definitions). Existence is guaranteed in [48]. Next, the reader can follow
the proof of [22 Thm. 2.1] to show that an AML extension u is F,,-harmonic.
The argument, which uses the equivalence between v € AML and u satisfying the
comparison with cones property, does not use specific properties of R™, and is
therefore applicable to the manifold setting with few modifications.
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non-increasing Lipschitz constant, and thus it subconverges locally uniformly
to a Lipschitz limit us, > 0. By Proposition [2.5] us is Foo-harmonic and,
since oo = 0 on 0K, us = 0 on X\ K because of the Ahlfors property. Now,
pick a point o € K and a unit speed geodesic v : [0,7) — X. If, by contra-
diction, T' < +o00, then as before we can suppose that v((0,7")) C X\ K and
7(0) € OK. Define the functions w; = u; o+, and note that w;(0) = 0 and
w; = 1 after some Tj < T'. Integrating, 1/7" < ||w’[|c < C on [0,T), for each
j. However, w; — 0 locally uniformly, a contradiction.

(7) = (5). Obvious.

(1) = (7). We proceed as in (6) = (5), observing that the distance function
—r from a point 0 € K is F.-subharmonic: we use —dér instead of w, for ¢
small enough that —dr(xg) > —e. Once ¢ is fixed, the sublinear growth in
(7) guarantees that —dr < supyu on X\, for Q large. The conclusion is
reached by applying the comparison for F, as in (6) = (5). OJ

Remark 8.2. The characterization (1) < (4) has been inspired by Theo-
rems 2.28 and 2.29 in [73], stating that X is complete if and only if

(105) cap, (K) = inf {Hdu”oo, : uw € Lip,(X), u=1 on K}

is zero for each compact set K. Since solutions u; of (103|) satisfy (104)), if
capy, (K) = 0 then automatically us = 0. Indeed,

from w; —wu locally uniformly, ||dus||co <lIminf ||dujlje = lim ||du;||oc,
J—+oo J—+o00

directly by ([09) and ([03),  capu(K) = lim_||du;ll.
j——+oo

Therefore, the completeness of X follows from the argument at the end of
(4) = (1), giving an alternative proof of the “if part” of the result in [73].

9. Martingale completeness

In this section, we consider the subequations describing the viscosity, weak
and strong Hessian principles and prove Theorem We recall that

Ee = W has dual Eg = m’

and that (f1),(£1) are defined in (6]).
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Theorem 9.1. Consider the subequations
F={Mn(4)>2-1}  and  Fr={\(4) > f(r)},

for some f € C(R) non-decreasing. Then,

- AK-duality holds both for Fy and for Fr N Eg, for some (equivalently,
each) (f,§) satisfying (f1+€1).

Moreover, the following properties are equivalent:

(1) X satisfies the viscosity, weak Hessian principle;

(2) X satisfies the viscosity, weak Hessian principle for semiconcave func-
tions;

(3) }"vf has the Ahlfors property for some (each) f of type (f1);
(4) X satisfies the viscosity, strong Hessian principle;

(5) E‘}U/Ez has the Ahlfors property, for some (each) (f,€) satisfying
(f1+¢€1);

6) Fr N Ee has the Khas’'minskii property with C°° potentials, for some
f 3
(each) (f,&) satisfying (f1+&1).

In particular, each of (1),...,(6) implies that X is geodesically complete and
martingale complete.

Remark 9.2. It is worth to recall that M. Emery in [25], Prop. 5.36] proved
that if X is martingale complete, then X is necessarily (geodesically) com-
plete. Theorem improves on [70], where partial versions of some of the
implications were shown. More precisely,

- if X has the C?, weak Hessian principle, then X is non-extendible
(that is, not isometric to a proper, open subset of a larger manifold),
a condition weaker than the geodesic completeness.

- If {\1(A4) > f(r)} has the Khas'minskii property with a C? potential,
then X is complete.

Proof of Theorem[9.1 First, AK-duality holds for F; and Fy N E¢ as a par-
ticular case of Theorem The equivalences (1) < (3) and (4) < (5), as
well as (5) = (3), are consequences of Propositions and the rescal-
ing properties of F', F, and (1) = (2) is obvious. By AK-duality, (6) implies
both (3) and (5). We are left to prove (2) = (3), and (1) = (6) for each
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(f,€) enjoying (f1+ £1).
(1) = (6).
We split the proof into the following steps:

(o) If (1) holds, then for each € > 0 the Khas’minskii property holds for
Fy N Ee with f = —¢, § = ¢, and with C* potentials;

(B) If (c) holds, then Fy N E¢ has the Khas'minskii property for each (f, )
enjoying (f1+ £1), with C'* potentials.

We first prove (3): fix (f,€) and a pair (K, h). By («), for each € > 0 we can
choose a smooth Khas'minskii potential for (K, h/2):

h/2<w <0 on X\K, w(z) - —oo as x diverges,

(106) o
|Vw| <, Viw > —¢(,) on X\K.

Fix 6 > 0 such that w — § > h, which is possible since h —w < h/2 has a
negative maximum on X\ K. Next, up to rescaling w with a small, positive
constant, we can reduce the value of ¢ in as small as we wish, still
keeping the validity of w — § > h. In particular, because of (f1), (£1) we can
reduce € up to satisfy

—& > f(-9), e <¢(-9).

Setting ws = w — J and recalling that f is non-decreasing and £ is non-
increasing, we obtain

h<ws<—-§ on X\K, ws(x) = —oo as x diverges,
[Vws| < & < §(=6) < §(ws),
Vius > —e(,) = f(-0)(,) = flws)(,)  on X\K.

Hence, ws is the smooth Khas'minskii potential for Fy N E¢ and the pair
(K, h).

To conclude, we prove («). By (1), Proposition and the rescaling
properties of F' = {A;(A) > —1}, the Ahlfors property holds for each Fy with
f enjoying (f1) and f > —1. Fix one such f. By AK-duality, for a pair (K, h)
we can choose a small geodesic ball B € K and take an Fy-subharmonic
Khas’minskii potential wg for (B, h/2), which because of f > —1 satisfies

h/2 <wy<0 on X\B,

107
(107) wo(x) - —oo  as x diverges, wo € F(X\B).
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The idea is to approximate wgy uniformly with a semiconvex, C'°°-function
w, obtain from w a smooth function w which has bounded gradient, and
modify w to get the desired Khas'minskii potential.

For each xy € X\B, take a small neighborhood U C X\B around
such that Vg2 > 3/2(,) on U (gs, the distance from ). Using (107]
wo + Q?EO has positive Hessian in viscosity sense on U, hence it is convex
In particular, wy € C(X\B) and, according to the terminology in [31], wo
is (—1)-convex. Proposition 2.2 in [31] guarantees that wy can be uniformly
approximated on X\ B by smooth, (—1)-convex functions: up to translating
downwards, we can therefore pick w € C*°(X\K) satisfying

9]

h<w<0 onX\K, w(z) - —oo as x diverges,

108
(108) Vio > —(,) on X\K.

Extend w, h smoothly on the entire X in such a way that h <@ <0 on X,
and define g = —w + 1. Then, for some constant A > 0,

1<g<1+|h| on X, g(x) = +oo if = diverges,

W09 g2 e y<g(,) on X,

We claim that log g has bounded gradient: more precisely, we want to prove
that |Vg| < g on X. To this end, for x € X such that |Vg(x)| # 0, we con-
sider a maximal flow curve v for Vg passing through x at time 0. Since flow
lines do not intersect, |Vg| # 0 on the entire v and we can reparametrize -y
according to the arclength s € (a, b), with v(0) = x. We claim that a = —oc.
Otherwise, by ODE theory the curve v would diverge (i.e. leave every com-
pact set) as s — a™, but this is impossible since the second condition in
implies that v((a,0]) is confined into the compact set {g < g(z)}. De-

fine u = go~. By ,
u'(s) = [Vg(v(s))] >0,  u"(s) <uls) on (—oo,b),

and u — +o00 as s — b. For each t < 0 fixed, we define

¢¢(s) =cosh (s—t)—i—zl((:)) sinh (s—t), which solves ¢/(s) = ¢(s) on R.

15We recall that u € USC(X) is called convex if its restriction to geodesics is a
convex function on R. The proof that a viscosity solution u of V2u > 0 is convex
can be found in [33], Prop. 2.6], and also as a consequence of the restriction Theorem
8.2 in [39].
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Integrating (u'¢; — ug;)’ < 0 on [t,0] and using the positivity of u, ¢; there,
we get

Vgl (z) =
g u(0) — ¢(0) coshg—t)

< tanh(—t) +

u'(0) < #,(0)  sinh(—t) + /(t)/u(t) cosh(—t)

tu
(110) - + u/(t) /u(t) sinh(—t)

Since u is increasing and bounded from below as s — —oo, there exists
a sequence {t;} — —oo with u/(t;) — 0 as j — +o0. Evaluating on
tj, letting j — 400 and recalling that v > 1, we deduce |Vg| < g at z, as
claimed.

To conclude we note that, for € € (0,1), w = —elog g satisfies

h<w<0 on X\K, w(z)— —oco asuz diverges,
Vw| <e, V?w>—¢(,) on X,

concluding the proof of («).

(2) = (3).
Suppose, by contradiction, that the Ahlfors property does not hold for
Fr ={An(A) > —f(—r)}, for some f satisfying (f1). In view of Proposi-
tion [5.1, we can suppose that f is strictly increasing and that f > —1.
By Proposition the Liouville property is violated, and we can take
u € F¢(X) non-constant, bounded and non-negative. Up to fixing a level
¢ € (infx u,supy u) and replacing v with max{u — ¢,0}, we can also as-
sume that u is zero on some small, open ball B. Our aim is to produce a
non-constant function v > w which is Fy-harmonic and non-constant. The
construction is close to the one used in Theorem to begin with, by glu-
ing inside of the ball B we produce the extended manifold X and the sets
V, K as in Step 1 of the proof of Theorem [4.3] and we extend F' and u in the
obvious way. Since 9V is a convex Euclidean sphere, it is F'y-convex at height
zero by Proposition Let D; T X be a smooth exhaustion containing V.
Define uy, = supy u, and consider the Dirichlet problem
(111) {vj is F\;—harmonic on D;\V,

v;=0 on 9V, vj=1us on ID;.

To check that the problem has a solution, as usual we consider the Perron’s
class and envelope
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Fj = {’U € FNf(Dj\V) :v<0 on dV, v<uyx on 8Dj},
vj(z) =sup {v(z) : v € Fj}.

Observe that u € F;. As for boundary convexity, from {Tr(A) > —mf(—r)}
C ]7\; we deduce that the boundary of each smooth open set in X is f}—
convex (since it is so for {Tr(A) > —mf(-7)}, see, e.g. Subsection 7.4 in
[36]). Therefore, 0V is both Fy and Fy-convex. Using that the function —uq
is strictly Fy-subharmonic, by weak comparison v; < us. Hence, 0D; has
good barriers from below (by ﬁ;—convexity) and from above (uq). Being f
strictly increasing, strict approximation and thus full comparison holds for
F, and we are in the position to follow the steps in Theorem (or in [34]

Thm. 12.4]) to ensure the existence of a solution to (111)). Now, from
—v; € Fy(D;\V),  Fr={M(A) = f(r)} < {\(4) > 1},

we obtain that —v; is (—1)-convex for each j, hence it is locally Lipschitz.
Because of comparison, u < vj11 < vj < ue for each j, thus the Lipschitz
bounds are locally uniform (see [28] Sect. 6.3])ELVConsequently, {v;} con-
verges locally uniformly to some v >« which is Fy-harmonic on X\V (by
Proposition . In particular, v is semiconcave. Since v = 0 on 9V, v is not
constant and thus it does not attain a positive local maximum (Lemma [4.1).
In particular, maxj,y, U < SUpy\y 0. Having fixed

c &€ | maxwv,supv |,
K\YV  x\v

the function v, = max{v — ¢,0} is Z?}—subharmonic, semiconcave on the set
U = {v > ¢}, non-constant, and zero on OU. Concluding, from U C X\, we
can transplant U and v, on X\ K to contradict the Ahlfors property in (2),
as claimed.

Having shown the equivalence between (1), ..., (6), we observe that the
Ahlfors property for FyU E¢ with § <1 implies that for E, hence X is
geodesically complete by Theorem Since (5) implies the existence of a
C? Khas’minskii potential in (just choose f, & bounded), the martingale
completeness of X follows via Emery’s theorem in [25, Prop. 5.37]. ([

16The result is stated for R™, but can easily be modified for small, regular balls
in a Riemannian manifold.
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Remark 9.3. The argument in (2) = (3) can be applied to the subequation
Fy ={Tr(A) > f(r)} in place of {A\1(A) > f(r)}: in view of elliptic estimates
for semilinear equations, for smooth f the resulting functions v; are C? and
converge to a ( C?-function v that, by construction, contradicts the Ahlfors
property for F';. In particular, this shows equivalence between the viscosity,
weak Laplacian principle and the classical formulation of it for C? functions
n [68], that is, the stochastic completeness of X.

Appendix A. Remarks on comparison for quasilinear
equations

In this section, we prove Proposition and give some remarks on compari-
son for quasilinear equations. First we need to fix some notation. Let ¢ denote
the distance function in X and, for a pair of points x,y € X with o(x,y) <
min{inj(z),inj(y)} (inj(z) the injectivity radius at z), let £: T, X — T, X
be the parallel translation along the unique segment from z to y. Set L£*
to denote the induced pull-back on covariant tensors, whence for instance
LXA(V,W) = ALV, LW) for A € Sym?(T,,X). Define 0. (y) = o(x,y) for =
fixed, and similarly for o,.

Proposition A.1. Fix (f,¢) satisfying (f1 4 £1), and assume that
f is strictly increasing on R and £ is strictly decreasing on R.

i) If Fy C J%(X) is locally jet-equivalent to one of the examples in (£2),
..., (&6) via locally Lipschitz bundle maps, then the bounded com-
parison holds for Fy and for Fy N K.

i1) If Ft is the universal, quasilinear subequation in (&'7) with eigenvalues
{A\j(©)} in (2), then the bounded comparison holds in the following
cases:
- for Fy, provided that \;(t) € L®°(R) for j € {1,2};
- for Fy N Eg, provided that A;(t) € L (RY) for j € {1,2}.

loc

i11) If F; is the universal subequation in (&'8), then the bounded compar-
ison holds for F; and for Fy N K.

Furthermore, for each of i), ...,4ii), comparison also holds for the obstacle
subequations FJQ and FJQ N E¢.
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Proof. In the assumptions of i), by Theorem and Proposition both
Fyand FrN Eg satisfy the weak comparison. By Proposition [2.24] .% is uni-
formly continuous, and therefore Theorem and Proposition 4.8 ensure
the strict approximation property for Fy and Fy N Eg Hence, the result
follows from Theorem 2.22] and Lemma [3.11

On the other hand, to reach the result for i) and iii), comparison is
more conveniently checked via the Riemannian theorem on sums in [7]. Let
K C X be compact, F C J2(X) be a subequation, u € F(K), v € F(K), with
|u|, |v| < R. Suppose that u+ v <0 on 0K but maxg(u+ v) = ¢y > 0. Let
—k < 0 be a lower bound for the sectional curvatures of planes over points
of K. Then, by the Riemannian theorem on sums, there exist sequences of
points (4, Yo) € Int K x Int K with the following properties:

—

(i) (za,Ya) — (T,T) as a — +oo, for some maximum point Z € Int K of
u + v;

(i) ao(Ta,ya)? — 0 as a — +o0;

(ili) w(za) +v(Ya) = Ca I co;

(iv) there exist A, € Sym?(T,, X), By € Sym?(T,, X) such that
(Tas Pas Aa) = (u(Ta); 0r,d0s,, Aa) € Fa,,
(S0 G Ba) = (0(a), 20y, 0y, Ba) € By,
Ao + LBy < kao(Ta, Ya)?,

where L, is the parallel translation along the (unique, for a large) geodesic
from z, to yo. Since L, is orthonormal, £ (doy, ) = —dgs, and F is univer-
sal,

‘CZ(SOM dos Ba) = (Saa —Pa; 'C:’;Ba) = (*7’04 + Cay —Pas LZBa) € ﬁxa-

Now, suppose first that [ is the subequation in (£7). We can assume without
loss of generality that |[ps| # 0. By (iii), the first in (iv), and positivity and
negativity properties,

Tr [T(pa)Aa] > f(ra),
Tr [T(_pa) (Hag(xom ya>2I - Aa) ] > _f<ra - Coc)'

Summing the above inequalities and using that T'(p) = T'(—p) we obtain

(A1) K 0(Tas Ya)? Tr [T(pa)l] > f(ra) = f(ra — ca).
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Assuming that f is strictly increasing and satisfies (f1), since ¢, | ¢o > 0,

inf o) — f(ra —ca)) > 0.
() = £~ c0)
On the other hand, being A; € L>®(R{), by (i) the left side in (A.1]) goes
to zero. Contradiction. When we consider F N E arguing as above we have

(Toupa, Aoz) = (U(ZEQ), anQdQIQaAOé) € (IF N E)xa )
L5 (Sa, Gos Ba) = (505 —Pas L5Ba) = (—Ta + oy —Pas L1Ba) € (FAE),, .

If for some «, (=74 + Co, —Pa, L Ba) € Exa, then

§(ra — Ca) < |pal < ’E(Ta)y

that contradicts the fact that £ is strictly decreasing and ¢, > 0. Therefore,
|pa| is uniformly bounded and in order to conclude from ({A.1]) we only need
_l’_
Aj € Lig.(Ry ).
In a similar way, if F is the universal Riemannian subequation in (&£'8),

we can assume |p,| # 0 and compute

|pa‘_2Aa(pompa) > f(ra)a
’ _pa‘72 (Hag(wouyoc)QI - Aa) (paapoc) > f(ra)-

Summing up, we get

HO‘Q(xcwya)Q > f(ra) - f(ra - Ca) > |rir|1<fR (f("”a) - f(ra - Ca)) > 0,

and the contradiction follows by (i7). The case F N E follows easily as above.

Furthermore, the comparison also holds for the obstacle subequation
FO (resp. (FNE)Y) because being 0 a/E—iubharmonic function (resp. F N E-
subharmonic), if v € O (resp. v € (FNE)?), then ¥ = max{v,0} € F (resp.
veFNE). O

In view of ([A.1]), the conditions on {\;(¢)} in i) can be removed when
the lower bound on the sectional curvature of X is x = 0, and this strongly
suggests that the restriction is merely technical, as discussed in the section
“open problems”. In some further cases, one can get rid of the restriction on
{A;(®)} and include other relevant classes of operators. We briefly examine
two of them.
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k-Laplacian type operators. We observe that the k-Laplace operator,
1 <k < +o00, is excluded in 4i) (when there is no gradient control) and
allowed just for k > 2 if coupled with E¢. However, in the first case, if £ > 1
one could still obtain the validity of the bounded comparison by showing the
equivalence between viscosity and weak solutions of Agu > f(u), for instance
following the ideas in [47], and then resorting on the standard comparison
for weak solutions. For more general classes of operators to which the above
procedure might apply, see [29]. It is worth to point out that a slightly less
general version of the AK-duality has already been shown for k-Laplacian
type operators in [60], by using weak solutions from the very beginning.
However, clearly the approach does not allow to cover the case when a
gradient condition is included.

Quasilinear operators as in Serrin-Ivanov’s papers [45], [80]. When
F is locally jet-equivalent to (&'7), Euclidean representations of such exam-
ples in local charts introduce a dependence on coefficients that complicates
the use of the theorem on sums even on R™. However, suppose that the
FEuclidean representation F on V C R™ is included in the classes studied in
[45] (which improves on [80]). Then, by [45, Thm. 10.3] one can avail of the
following properties:

1) On small enough balls of V', the Dirichlet problem for F-harmonics,
C? solutions is solvable for any smooth boundary data ¢.

2) There exist uniform C?“-estimates for F-harmonics u € C?(B), B C
V', depending on their boundary value ||¢||;.

In this case, comparison for viscosity solutions follows from the next
proposition. Unfortunately, the very general class considered in [45] seems
not to be invariant under local jet-equivalence, and therefore it is not suffi-
cient to check that the universal model F in (&7) lies in the class: one needs
to work with the local expression of F'.

Proposition A.2. Let Fy be locally jet-equivalent to (&'7) via locally Lip-
schitz bundle maps, and suppose that f is strictly increasing. Assume prop-
erties 1) and 2). Then, Fy has the bounded comparison.

Proof. By contradiction, take K C X compact and u € F¢(K), v € E@(K)
with w+v <0 on 0K but (u+wv)(zg) > 0. Let F be an Euclidean rep-
resentation of Fy in a chart (U, ) around zy, fix a small Euclidean ball
B € ¢(U) around yo = ¢(x0) and set 4 = uo ¢ € F(B), 5 =vo ¢ € F(B).
Let {1;} C C*°(0B) be a decreasing sequence pointwise converging to @ on
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0B, and by 1) consider the solution of the problem

w; is F-harmonic on B, and w; € C*(B),
w; = wj on 0B.

Since f is strictly increasing and w; is C2, each w; can be uniformly approx-
imated by w; — e € F*(B), hence comparison holds for w;. In particular,
{w;} is a decreasing sequence, w; > @ on B and

mgx(wj +0) = rralan(wj +0) = I%%x(wj + ).

By 2), wj | w locally in C?%(B) for some w € F(B)NC?*(B), and from
u < wj < on OB we deduce that & = w on 0B. As a consequence, since

(w+70)(yo) > (@ +9)(yo) > sup(a + v) = sup(w + v),

oB oB
w 4+ U attains a positive maximum at some interior point y; C B. Let V € B
be a small ball centered at y;, and let ¢ be the distance function from
y1 in the Euclidean metric. Since w € C?(V) and f is strictly increasing,
w—cé€ j-:;cStr(V) for each ¢ > 0. Fix ¢ in such a way that (w — c+ 0)(y1) >
0. Also by the C?-regularity of w, there exists § > 0 small enough such that
w— 60> —cé€ .%}Str(V). Now,

(w—=d0—c+v)(y) = (w—c+0)(y1)
= max(w — ¢+ 7) > max(w — 60° — ¢ + 7).
Vv oV
We can now translate w — §p? — ¢ downward by an appropriate positive
constant ¢z to contradict the validity of the weak comparison (Theorem [2.20))
on V. ]
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