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On LMO invariant constraints for
cosmetic surgery and other
surgery problems for knots in S°®

TETSUYA ITO

We use the LMO invariant to find constraints for a knot to admit a
purely or reflectively cosmetic surgery. We also get a constraint for
knots to admit a lens space surgery, and some information about
characterizing slopes.

1. Introduction

For a knot K in S® and r = p/q € QU {co}, let S3(K,r) be the oriented
closed 3-manifold obtained by Dehn surgery on K along the slope r. We
denote the 3-manifold M with opposite orientation by —M, and we write
M = M’ if two 3-manifolds are homeomorphic by an orientation preserving
homeomorphism.

Two Dehn surgeries along a knot K with different slopes r and 7’ are
purely cosmetic if S3(K,r) = S3(K,r") and reflectively cosmetic (or, chirally
cosmetic) if S3(K,r) = —S3(K,r').

Two slopes are called equivalent if there exists a homeomorphism (which
may reverse the orientation) of S®\ K that sends one slope to the other. A
famous cosmetic surgery conjecture (for a knot in S%) [Kir, Problem 1.81]
states that the Dehn surgeries along inequivalent slopes are never purely cos-
metic. By the knot complement theorem [GoLul, for a non-trivial knot K two
different slopes r and r’ are always inequivalent unless K is amphicheiral and
r = —r'. For an amphicheiral knot K, S3(K,r) & —S3(K, —r) % S3(K, —r).
Therefore for a knot in S2 the cosmetic surgery conjecture can be rephrased
that a non-trivial knot does not admit a purely cosmetic surgery.
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322 Tetsuya Ito

There are various constraints for two Dehn surgeries to be purely cos-
metic. Among them, using Heegaard Floer homology theory in [NiWul, The-
orem 1.2] the following strong restrictions are shown.

If S*(K,p/q) = S*(K,p'/q),

1.1
(L.1) then p'/¢' = +p/q and ¢> = -1 (mod p).

The cosmetic surgery conjecture can be regarded as a statement say-
ing that when we fix a knot K then Dehn surgery gives an injective map
S3(K, *) : {Slopes} = QU {oc} — {(oriented) 3-manifolds} except in the
case where K is the unknot. From this point of view, it is natural to ask
about the injectivity of the Dehn surgery map when we fix a slope; Is the
Dehn surgery map S3(*,7) : {Knots} — {(oriented) 3-manifolds} injective
? A slope r is a called a characterizing slope of K if near K the answer is
affirmative, meaning that S3(K,r) = S3(K',r) implies K = K.

Compared with purely cosmetic surgeries, the situation for characteriz-
ing slopes is more complicated. There are various examples of non-
characterizing slopes. Among them, in [BaMo] hyperbolic knots with in-
finitely many (integral) non-characterizing slopes are given. On the other
hand, if K is the unknot [KMOS| [OzSa2], the trefoil, or the figure-eight
knot [OzSal] then all the slopes are characterizing. Moreover, if K is a torus
knot, a slope r is characterizing provided r is sufficiently large [NiZh| The-
orem 1.3], whereas some small slopes are not characterizing.

In this paper we use the LMO invariant to study Dehn surgery along
knots. We obtain various constraints for a knot to admit a purely or reflec-
tively cosmetic surgery, or, a slope r to be characterizing.

The LMO invariant is an invariant of closed oriented 3-manifolds which
takes values in a certain graded algebra A()). In this paper, we restrict our
attention to the case where M is a rational homology sphere, and we use a
normalization as in [BGRT3] for the LMO invariants of rational homology
spheres — see section . For rational homology spheres, the degree one part
A1 of the LMO invariant, under the normalization as in [BGRT3], is i)\CW
[LMMOI, where Acw denotes the Casson-Walker invariant with Walker’s
normalization [Wal|. By the surgery formula of the Casson-Walker invariant
[BoLil, Wal] we have

(1.2) M(SH(K,p/q) = mm% + M (L(p,q))-

Here as(K) denotes the coefficient of 2% in the Conway polynomial, and
L(p, q) = S3(Unknot, p/q) denotes the (p, q)-lens space.
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Using and the surgery formula we immediately get the fol-
lowing constraint for cosmetic surgery and characterizing slopes. (In [BoLi],
this is proved without using — instead they used the Casson-Gordon
invariant to get an additional constraint.)

Theorem 1.1. [BoLi, Proposition 5.1] Let K and K' be knots in S® and
r,r € Q\ {0} with r #1r'.

(i) If S3(K,r) =2 S3(K',r) then as(K) = as(K').
(i) If S3(K,r) = S3(K,r") then az(K) = 0 (= az(Unknot)).

Our purpose is to get further constraints that generalize Theorem
by looking at higher order parts of the LMO invariants.

Two knots K and K’ are called Cy,41-equivalent if v(K) = v(K') for all
finite type invariant v whose degree is less than or equal to n. A knot which
is C41 equivalent to the unknot is called a Cy,41-trivial knot. In [Goul, [Hab]
it is shown that two knots are C),1-equivalent if and only if they are related
by a sequence of certain local moves, called C),1-moves.

In this terminology and knowing that ao is the only finite type invariant
of degree 2 up to constant multiple, Theorem can be understood to say
that Dehn surgery characterizes a knot or a slope up to Cs-equivalence: (i)
says that if Dehn surgeries on two knots K and K’ along the same slope
are homeomorphic then K and K’ are Cs-equivalent, and (ii) says that the
cosmetic surgery conjecture is true unless K is Cs-trivial.

In [Bal] Bar-Natan and Lawrence gave a rational surgery formula for
the LMO invariant. First we write down a rational surgery formula for the
degree two and three parts of the (primitive) LMO invariants of S3(K,r).

Theorem 1.2 (Surgery formula for \; and )\3). Let K be a knot in S3.
We have

2
(8.0 a) = (a0 + 50a() + Fua()) % — )
20 (5= 1)+ nlz0)
_ <7GQ(K)2 — a2(8K) — 10&4(K)> ;Zz _ vg(K)*
CLQ(K) i




324 Tetsuya Ito

A3(S°(K,p/q))

3
= (TUG(KHQZM(KHN“Z(K Jua(K ”%““K gl )2> »

5 1 1 q
— [ =v4(K) 4+ —wo(K) + —w(K)? ) =
(24”4( )+ 5 v () + 3 )> 3

p
2 v
+ (;%(K) + 2v3(K)v2(K) + 214”3(K)> ;% + 3;[1{) (1712 - 1)
1 1 5

= (1)~ (K = gl - () L Ma(L(pa)

288

The formula for A2(L(p,q)) and A3(L(p,q)) will be given (2.3)). In par-
ticular A3(L(p,q)) = 0.

Here vy (K), v3(K), v4(K), ws(K),vs(K) and vg(K) are certain finite type
invariants of the knot K (see Section [2|for details — as we will see in Lemma
except vs they are determined by the Alexander and the Jones polynomi-

als). Also, ag,(K) is the coefficient of 22" in V(z), the Conway polynomial
of K.

The degree two part of the LMO invariant (combined with ((1.1])) gives
rise to the following.

Corollary 1.3. Let K and K’ be knots in S3, and r,7' € Q\ {0} with
r#£r.

(i) If S*(K,7)
(ii) If S3(K,r)

HZ

S3(K,r'") then v3(K) = 0.
—S3(K,—r) then v3(K) = 0.

Il

(iii) If S3(K,r) = —=S3(K,1") for v’ # £r then either
(iii-a) v3(K) =0, or
(iii-b) v3(K) # rr'_ Tay(K)? — ap(K) — 10a4(K)

e+ 8us(K)
(iv) If S3(K,r) = S3(K',r) then either
(iv-a) ay(K) = as(K'), v3(K) = v3(K’), or
as(K'), v

(iv-b) ayq(K) # 3(K) # v3(K'), and r = 5(as(K) — aq(K"))

4(v3(K) — v3(K'))

(i) was proven in [IcWu| by a similar argument using Lescop’s surgery
formula for the Kontsevich-Kuperberg-Thurston invariant [Ko2l KuTh| (see
Remark .

We note that the degree two part gives the following constraint for a
knot to admit a lens space surgery.
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Corollary 1.4. If S3(K,p/q) is a lens space, then

Tas(K)? — ag(K) — 10a4(K)\ ¢? as(K 1
( 2(K) 2(8) a( ));2 Ug(K)%+ 2i8)(1_p2>:0'

By the cyclic surgery theorem [CGLS], if K is not a torus knot, then
q = 1 hence we get

(1.3)  aa(K)p* — 48v3(K)p + (42a2(K)? — Taz(K) — 60as(K)) = 0.

Combined with the fact that as(K),4vs3(K) and as(K) are integers,
brings some interesting information. For example, the integer p must be a
solution of the quadratic equation s0 576v3(K)? — ag(K)(42a2(K)? —
Tas(K) — 60a4(K)) is a perfect square. If a non-torus knot K admits more
than one lens space surgeries, the surgery slopes are successive integers
ICGLS, Corollary 1] so such a knot has as(K) # +1.

The formula for the degree three part is more complicated. Fortunately,
as for cosmetic surgery, using we get the following simple constraints.

Corollary 1.5. Let K and K’ be knots in S® and r = p/q € Q\ {0}.
(i) If S3(K,r) = S3(K,7') for v' #r, then
P2 (24w (K) — 504(K)) + 5va(K) 4 ¢*(21006(K) + 5v4(K)) = 0.
(i) If S3(K,r) = —S3(K, —r), then vs(K) = 0.

In [IcWul, the cosmetic surgery conjecture is confirmed for all prime
knots with less than or equal to 11 crossings, with eight exceptions. Corol-
lary (i) shows that seven of them do not admit purely cosmetic surgery
so we conclude the following.

Corollary 1.6. The cosmetic surgery conjecture is true for all prime knots
with less than or equal to 11 crossings, possibly except 10113.

Using the higher degree parts of the LMO invariant, adding suitable C,,-
equivalence assumptions we prove the following more direct generalizations
of Theorem [I.11

Theorem 1.7. Let K and K’ be knots in S® andr,r’ € Q\ {0} withr # r'.

(i) Assume that K and K' are Capy,12-equivalent. If S3(K,r) = S3(K',r)
then agm+2(K) = agmy2(K').



326 Tetsuya Ito

(i) Assume that K is Cypyo-trivial. If S3(K,r)=2S3(K,r") then aym2(K)
=0.

We say that a (complex-valued) finite type invariant v is of odd type
if v(K) = —v(mirror of K) for every knot K. For example, v3 and v in
Theorem are finite type invariants of odd type. We say that K and
K' are odd Cy1-equivalent if v(K) = v(K') for all finite type invariant v
of odd type with degree < n, and that K is odd C)41-trivial if it is odd
Cr+1-equivalent to the unknot.

In a similar spirit, as a corollary to the general argument based on the
higher degree parts of the LMO invariant (Theorem , we also prove a
vanishing of certain finite type invariants that come from the colored Jones
polynomials (Quantum sly invariant). Let V,,(K;t) be the n-colored Jones
polynomial, normalized so that V,,(Unknot;t) = 1. The colored Jones poly-
nomials have the following expansion called the loop expansion, or Melvin-
Morton expansion [MeMa].

VoK e™™ =Y " jen(K)(nh)* | 1o,

e>0 \ k>0

It is known that the coefficient j. ,(K) € Q is a canonical finite type invari-
ant of degree e + k, a finite type invariant that has some nice theoretical
properties (see Section for definition). In particular, j.j is a finite type
invariant of odd type if e + k is odd.

Corollary 1.8. Let K and K’ be knots in S® and r € Q\ {0}.

(i) Assume that K and K’ are Copy1-equivalent. If S3(K,r) = S3(K',r)
and agm+2(K) = agmi2(K'), then jiom(K) = j1om(K').

(i) Assume that K is odd Cyyyq-trivial. If S3(K,r) = —S3(K,—r) then
J1am(K) = 0.

(iii) Assume that K is odd Cypos-trivial. If S3(K,r) = £S3(K, —r) then
Jram42(K) = 0.

By definition, if K is amphicheiral then v(K) = 0 for all finite type in-
variants of odd type. It is conjectured that the converse is true (this is related
to a more familiar conjecture that finite type invariants do not detect the
orientation of knots [Kir, Problem 1.89]). Corollary[.3](i), Corollary [L.5] (ii),
and Corollary (ii),(iii) say that if S3(K,r) = —S3(K, —r) then various
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finite type invariants of odd type vanish for K. Thus, they bring supporting
evidence for an affirmative answer to the following question.

If S3(K,r) = —S3(K,—r) for some r # 0,00, then is K amphicheiral?
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2. LMO invariant and rational surgery formula

In this section we briefly review the basics of the Kontsevich and the LMO
invariants. We use the Arhus integral construction of the LMO invariant
developed in [BGRTI, BGRT2, BGRT3| and a rational surgery formula for
the LMO invariant due to Bar-Natan and Lawrence [Ball]. For basics of the
Kontsevich and the LMO invariants we refer to [Oht].

2.1. Open Jacobi diagrams

An (open) Jacobi diagram or (vertex-oriented) uni-trivalent graph is a graph
D whose vertex is either univalent or trivalent, such that at each trivalent
vertex v a cyclic order on the three edges around v is given. The degree of
D is half the number of vertices. We will often call a univalent vertex a leg,
and denote the number of legs of a Jacobi diagram D by k(D). For a Jacobi
diagram D, let e(D) = —x(D) be minus the euler characteristic of D. We
call e(D) the euler degree of D. Then deg(D) = e(D) + k(D).

Let B (resp. A(D)) be the vector space over C spanned by Jacobi dia-
grams (resp. Jacobi diagrams without a univalent vertex), modulo the AS
and THX relations given in Figure

\
/
-
P
, \,

Figure 1: The AS and IHX relations: we understand that at each trivalent
vertex, the cyclic order is defined by the counter-clockwise direction.
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By taking disjoint union U as the product, both B and A(()) have the
structure of graded algebras. Since the IHX and the AS relations and the
disjoint union product respect both k(D) and e(D), we view B as a bi-
graded algebra. For X € B we denote by X , the part of X whose bigrading
is (e, k). Strictly speaking, we will use the completion of B and A() with
respect to degrees which we denote by the same symbol B and A()) by abuse
of notation.

Let exp,, : B — B (or, A(0) — A(0)) be the exponential map with re-
spect to the L product operation, defined by

1 [o¢]
expu(D):1+D+§D|_|D+---:Z—(Du---uD).
n=0

We will simply denote (D U--- U D) by D™
| ——

For a Jacobi diagram C, fet Oc : B — B be the differential operator de-
fined by

0 if k(C) > k(D)

dc(D) =
c(D) {Z(glue all the legs of C to some legs of D) if k(C) < k(D)

In a similar manner, we define the pairing (C, D) € A(() of C, D € B by

(€, D) = 0 if k(C) # k(D)

"0 ] S (glue the legs of C to the legs of D) if k(C) = k(D)
Thus 0c(D) = (C, D) if k(C) = k(D). In both cases, the summation runs
over all possible ways of gluing all the legs of C' to some legs of D. We
denote this summation by a box, as in Figure [2| It is known that doyor =
Ocv 0 O¢. Thus if C' € B is invertible (with respect to the U product) then
dc is invertible with 9" = 91 (see [BGRT2, BLT| Bal] for details).

1 } i) M
b T bl N
@C: - St ] ::/@

Figure 2: (i) Differential operator d¢ (D) (ii) Pairing (C, D).
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Let bo; be the modified Bernoulli numbers, defined by

1 smh @ 1 1 1
2.1) =1 (2) boyiz? =1 4 64 ...,
(2.1) 5 log Z 2 + 5% 7e0” T 362880° T

For g € Z \ {0}, let

2n
o
bop, —
Q= expy [ Y 5n viny
4 2
14 1 [P 1 ",J_L"_i_ 1 §ad ;—--JI_|_
T T RPN T BT60g - T 4608¢%

The element Q = € is called the wheel element.

2.2. Wheeled Kontsevich invariant

The Kontsevich invariant Z(K) is an invariant of a framed knot, which
takes values in A(S!), the space of Jacobi diagrams over S' [Koll Bax.
Throughout the paper, we will always assume that the knot K is zero-
framed. The target space A(S!) is isomorphic to B as a graded vector space,
by the Poincaré-Birkhoff-Witt isomorphism x : B — A(S'). Let o : A(S!) —
B be the inverse of x. In the rest of the paper, we will always view the
Kontsevich invariant as taking values in B, by defining

We will denote by Z7(K). the bigrading (e, k) part of the Kontsevich
invariant. See [GR] for a topological meaning of this bigrading.

Let V,, be the vector space spanned by C-valued finite type invari-
ants of degree < n. The Kontsevich invariant gives a map Z : (Bgeg=n)* —
Vi, by Z(w)(K) = w(Z°(K )deg=n)- Here w : Byeg—n — C is an element of
(Bdeg=n)*, the dual space of the degree n part of B and Z? (K )qeg=n € Bdeg=n
denotes the degree n part of Z?(K). On the other hand, there is a map called
symbol Symb : V;, = (Bgeg=n)" (see [Bar, BaGal] for definition). A finite type
invariant v € V,, is called

— canonical, if v = Z(Symb(v)).
— primitive, if v(K#K') = v(K) + v(K').
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For a canonical finite type invariant v of degree d, v(K) = (—1)%(mirror of
K) for all knots K. Thus, a canonical finite type invariant is of odd type if
and only if its degree is odd.

The wheeled Kontsevich invariant ZW*e'(K) € B is a version of the
Kontsevich invariant defined as follows.

Let 0o =1+ 4—180. phe be the differential operator defined by the

wheel element Q. The wheeling map T = y 0 dq : B — A(S1) is the compos-
ite of Jq and the Poincaré-Birkhoff-Witt isomorphism . The wheeling map
T gives an isomorphism of algebras [BLT, Wheeling theorem|, whereas the
Poincaré-Birkhoff-Witt isomorphism y only gives an isomorphism of vector
spaces.

The wheeled Kontsevich invariant is the image of the Kontsevich invari-

ant under the inverse of the wheeling map T:

7V (1) = T (Z(K)
= (B0) M0 0(Z(K))
= 01 Z°(K).

The wheel element € is equal to the Kontsevich invariant of the unknot
[BLT, Wheel theorem]: Z?(Unknot) = Q. Therefore instead of Z7 or ZWhee!,
it is often useful to use Z7(K) LU Q! since Z7(Unknot) U Q™! = 1.

The Kontsevich invariant is group-like, so Z7(K) = exp (27 (K)), where
27 (K) denotes the primitive part of Z7(K). By taking a basis of the primitive
subspace of B, for e + £ < 3 (see [Knil for the dimension of these spaces)
we express the low degree part of the primitive Kontsevich invariant as

Z(K)yuQ!

= expy, (W(K )i 4 vg (K + 0a(B) & 4 wa (K2 + o5 (K)

Here va(K),v3(K),va(K), ws(K),vs(K),vs(K) are canonical, primitive fi-
nite type invariants of degree 2,3,4,4, 5,6, respectively.

Thus the bigrading (e, k) parts of Z?(K) with e + % < 3 are explicitly
written as
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Z9(K) =1+ (0a(K) + bo) b4 + vy ()5S

+ (0a(B) + by) e 4w (K)E3 + vs () (
Y 1, L n

+ U5(K)L---L;‘) + 6 (UQ(K) + b2)3'\’:_"‘ P

+ (02(K) + b2) (va(K) + 54)2{‘_'_‘}'\

Tk
+ <bigrading (e, k)parts with e 4+ 5 > 3>

Here bs; denotes the modified Bernoulli numbers given by .

Except v5(K), these finite type invariants can be expressed in terms
of the Conway polynomial and the Jones polynomial. Let ag;(K) be the
coefficient of 2% in the Conway polynomial Vi (z) of K, and let j,(K)
be the coefficient of A" in the Jones polynomial Vi (e) of K, putting the
variable as ¢ = e”. Then we have the following (see Section [4| for proof).

Lemma 2.1. (i) v(K) = —3as(K).

(ii) v3(K) = —g5j3(K).

(iii) va(K) = —5a4(K) — gra2(K) + jaz(K)*.

(iv) wa(K) = ggja(K) + g504(K) — gas(K)>.
)

(V ’U6( ) = —%GG(K) — %(M(K) — 771()@(}() + iag(KV
+ Sas(K)as(K) — gas(K)3.

Since the Jones polynomial is an integer coefficient polynomial, j3(K) €
6Z so 4vs3(K) € Z. The degree three finite type invariant vs takes the value
% for a right-handed trefoil.

In general, the euler degree zero part of the Kontsevich invariant can be
expressed in terms of the Alexander polynomial, using the following formula
(this is a consequence of the Melvin-Morton-Rozansky conjecture [BaGal as
discussed in [Kril).

Proposition 2.2. Let —3log Ag(e®) = 300 don(K)2?" where Ag(t) is
the Alexander polynomial of K, normalized so that Ak (t) = Ag(t™1),
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Ak (1) = 1. Then the euler degree zero part of the Kontsevich invariant is

2n

ay(K) = - =

In particular, since Vi (tz —t72) = Ag(t), if (12( ) =ay
- =dy (K)—O and

aom(K) =0 for some m > 0 then dy(K) = dy(K) =
dom+2(K) = _%a2m+2(K)'

2.3. The LMO invariant and the rational surgery formula

The LMO invariant ZLMO(M ) is an invariant of an oriented closed 3-
manifold M that takes values in A((). In the rest of the paper we restrict
our attention to the case where M is of the form M = S3(K,r) for some
knot K in S% and r # 0,00. In particular, we will always assume that M
is a rational homology sphere. We use the Arhus integral normalization
of the LMO invariant of rational homology spheres [BGRT3|: ZIMO (M)
is |Hy(M;Z)|~98Q(M), where Q(M) is the LMO invariant as defined in
[LMO] and |Hy(M;Z)|~9%® is the operation that multiplies any degree m
elements in A(0) by |Hy(M;Z)|~™.

To make computation simpler, we will use the following simplification.

et &5 be the theta-shaped Jacobi diagram which generates the degree one
part of A(0).

Let A™? be the quotient of A((})) by the ideal generated by 3, and
let 7 : A(0) — A" be the quotient map. We call 7(ZFMO(M)) € A the
reduced LMO invariant and denote it by ZIMO(M). By abuse of notation,
we will simply refer to the reduced LMO invariant as the LMO invariant.
When we change the orientation, the (reduced) LMO invariant changes as

ZyMO(=M) = (=1)"Zy MO (M)
where ZEMO (M) denotes the degree n part of the LMO invariant.
The low degree part of the (reduced) LMO invariant is written as
ZIMO (M) = 1+ Ao(M) ) + Ag(M)i= + (degree > 4 parts).

where \o(M),\3(M) € C are finite type invariant of rational homology
spheres. In the rest of the arguments, unless otherwise specified, we will
always work in A", For example, we will always view the pairing (D, D')
so that it takes values in A™?, by composing with the quotient map 7.
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Using the simplification - = 0, the (reduced) LMO invariant of the 3-
manifold obtained by rational Dehn surgery along a knot K is given by
the following simpler formula. Let "\ be the strut, the Jacobi diagram
homeomorphic to the interval.

Theorem 2.3 (Rational surgery formula [Ball]). Let K be a knot in
S3. Then the (reduced) LMO invariant of the (p/q)-surgery along K is given

by

ZLMO(Sg(K,p/q)) — <ZWhee|(K) L Qq exp, (_2@[ SN > > )
’ p
As an application of the rational surgery formula above, in [Ball, Propo-
sition 5.1] it is shown that the (reduced) LMO invariant of the lens space
L(p, q) is given by

(2.2) Z"MO(L(p,q) = (2, Q7' LQy).

Thus the (reduced) LMO invariant of the lens space only depends on p.
In particular,

23 ) =g (g~ ) ZHSEH0) =0 (me D)

3. Proofs of Theorems

First of all we determine which part of the Kontsevich invariant contributes
to the degree n part of the (reduced) LMO invariant.

Proposition 3.1. The degree n part of the LMO invariant for S3(K,p/
q) is determined by the slope p/q and the bigrading (e, k) part Z°(K)ey of
Z°(K) withe + & <n.

Proof. By definition of the pairing, for D € B, j we have (D, expu(—% 7NV))
€ A(0),, ». Thus the degree n part of the LMO invariant of S*(K,p/q) is

determined by the bigrading (e, k) part of ZWheel(K) 11 Q,, with e + % =n.

The bigrading (e, k) part of Zheel(K) U Q, is determined by the bigrad-
ing (¢/, k') part of ZWheel(K) with (¢, k') € {(e, k), (e,k —2), (e, k —4),...}.
Also, by definition of dp, if D € B,y and D’ € Ber 3, Op(D’) € Beryethfr—k-
This shows that the bigrading (e, k) part of ZWheel(K) is determined by
the bigrading (¢/, k) part of Z7(K) with (¢/, k') € {(e, k), (e — 2,k +2), (e —
4, k+4),...}.
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These observations show that the degree n part of the LMO invariant
of S3(K,p/q) is determined by the bigrading (e, k) part of Z7(K), with
e+ % <n (and the surgery slope p/q). O
Proof of Theorem[1.4. By Proposition to compute the degree 2 and 3
part of the LMO invariant for S3(K,p/q), it is sufficient to consider the
bigrading (e, k) part of Z7(K) for e + & < 3. As we have already seen, this
is given by

Z7(K) = 1+ (va(K) + ba) 4 + vy (K

+ (va(K) + ba)P 4 g (K)ET + vy (K

+ (vz(K) +b) (va(K) + ba) 4N + (v6(K) + bg) 4

k
+ <bigrading (e, k) parts with e + 5 3> .

Here by = 48,1)4 = 57607b6 362880 are modified Bernoulli numbers. Since
dg-1 (**) = ** — SbgL‘ + (bigrading (e, k) parts with e+% >3)
Oq-1 (*‘) = *\’_ - 10b2\\.:.l‘: + (bigrading (e, k) parts with e + >3),

the wheeled Kontsevich invariant is given by

2V (K) = 14 (va(K) 4 ba) o o (B + 5 (va(K) o+ bo) i
+ (0a(K) 4 ba) 4+ wy (K )h + 3 (K) (v2(K) + b2) +us(K) &
1 N AYRY
+ 5 (v2(K) + bz) R (02K + ba) (0a(K) + ba) Y
+ (ve(K) + bG) +( — 2by) (v2(K) + b2) + (*szvs(K))E’:}

_l’_

8b2 )+ b2)? — 10b2v4(K)> =

k
+ (blgradmg (e, k) parts with e + — 5 > 3)
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Thus ZWheel(K) LU Q,, is equal to
ZWhe (Y uQ, =1+ <v2(K) + ba + b;) ’ + 113
{300 0+ ) 0% i

_l’_

+

............

_l’_

(v
(1100
(s
+( +b2 va(K )+b4)+(v4(K)+b4)Z§+(uz(K)+bz)q4+qﬁ)
(vs )+ be + b ) Hi (= 2b) (v2(K) + bg) ,,,,, (_252@3([())@
(

k
+ ( bigrading (e, k) parts with e + — 5 > 3)

By direct computations (or, by using the sly weight system evaluations as
we will do in Section , the pairing with struts (in A™¢) are given by

'
L

2 2
) +b2)by +b72 1(_4a .16
q? 2¢*) 2\ 2p
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A3(S3(K, p/q)) = (wa(K) — by (v2(K) + b2)” — 10b04(K)) <_2qp> .2

U3(K)b2 1

(03K w2l K) + ba) + 2 > 5 (—qu)Q- 16+v5(K)% <—q>2- 20

)+ b2)® L (02(K) by | (va) +b2)03 | B
6 2q? 2¢* 645
3

+ ((U2 T bo) (o + ba) + LA ED A ba)bz  (0aF) A Ba)by b2b4>

q? q* g8

+ (uﬁ(K) +bg + Iq’g) é (—2qp>3 420 + (—2bov3(K)).

Thus we conclude
X (S*(K,p/q)) — Aa(L(p, q))
2 1 2 q2
= <02(K) + —v(K) + v4(K)> i v3(K)
2

24 2

4
_ <7a2(K)2 - a2(8K) — 10a4(K)> ¢ Us(K)g N as(K) (1 B 12> |

A3(S*(K,p/q)) — As(L(p, q))

- (‘15@6(1() + () + 100(K)us(K) + Sua(K)* + 1]‘2@2(1()2) ¢
- (2541)4(1() ¥ ogna(K) + 112@2@()2) 2
4 (;vg,(K) + 205(K s (K) + 2141)3(K)> Zz + ”32(f ) (;2 _ 1)
= () = g2 — gt = gn() )
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Remark 3.2. In [Les, Theorem?7.1] Lescop proved a similar formula

2
(3.1) A?”@WKWMDZ&KMUQ%+wﬁK%+dM®@M3
+ M (L(p.q))

for the degree two part )\5( KT of the Kontsevich-Kuperberg-Thurston uni-

versal finite type invariant ZXX7 which is defined by configuration space
integrals [Ko2, KuTh]. Assuming the conjectural equality ZXKT = zLMO
we have AXET = 2)\2 (note that in [Les] Lescop used the coefficient of the

Jacobi diagram :, LA )= %[: ) and Theorem [1.2[ gives formulae for the invari-

ants in Lescop’s formula , namely,

7a2(K)2 — GQ(K) — 1Oa4(K)

N () = ; ,
(K) = ~200(K), e(p/a) = 5 — 335
w3 - U3 ) c\p/4q _24 24p2
Indeed, the equality w3 = —2v3(K) is confirmed in [[cWul], without assuming
MNEKT = 9\,
Proof of Corollary[1.3,

(i, ii): By (1.1, it is sufficient to consider the case r’ = —r. Assume that
S3(K,p/q) = £S3(K, —p/q). Since \o(M) = Ao(—M) for any rational ho-
mology sphere M, by Theorem

Mo (SP(K,p/q)) — Aao(£S°(K, —p/q)) = —2v3(K)q/p =0

Therefore v3(K) = 0.

(iii): Assume that S3(K,p/q) = £S3(K, —p'/q'). Since H1(S*(K,p/q)) = Z/
pZ, we have p = p'. By Theorem

0 =X (S*(K,p/q)) — Aa(—S*(K,p/d'))

_ <7a2(K)2 - aQ(SK) - 10a4(K)> ¢ ;Qq” () q¢

Since ¢ # +q, either v3(K) # 0 (and Tag(K)? — az(K) — 10a4(K) = 0), or,
)

p  Tax(K )2 — az(K) — 10a4(K)
qa+q 8us(K) '
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(iv): Assume that S3(K,p/q) = +S3(K’',p/q). By Theorem [L.1] (i), we have
az(K) = az(K'). By Theorem [1.2]

0= X(S*(K,p/q)) — Xo(S*(K', p/q))

2
= SaaE) = as(KN % = () — (K.

Proof of Corollary[1.4} Assume that S?(K,p/q) = L(p/,q). Then
|H\(S*(K,p/q); Z)| = p=p' = Hi(L(V',9)); Z)

sop =p'. By [2.3) Ma(L(p,q)) = A2(L(p, ¢')) so Theorem|[.2]gives the desired
equality. ([

Proof of Corollary[1.5 (i): By (1.1), it is sufficient to consider the case 1’ =
—r. By Theorem [L.1] (ii) and Corollary [1.3] (i), a2(K) = va(K) = v3(K) = 0.
Thus by Theorem

0= \3(S3(K,p/q)) — A3 (S*(K, —p/q))

3
= — <325v6(K) + 1521)4(K)) ;% - 152U4(K)pq3 - <2w4(K) - 152”4<K)> %

(ii): If S3-(p/q)) = —S3-(—p/q) then by Corollary (ii) v3(K) = 0. There-
fore by Theorem A3(S3(K,p/q)) — A3(=S*(K, —p/q)) = 5vs(K) = 0. O

Proof of Corollary[1.6. By Lemmaand Corollary (i), if S3(K,p/q) =
S3(K,—p/q) then we get

(3.2)  (19a4(K) + j4(K))p* — 10a4(K) — (420a6(K) + 80as(K))q? = 0.

According to [IcWul, the cosmetic surgery conjecture was confirmed for
prime knots with less than or equal to 11 crossings, with 8 exceptions

1033, 10118, 10146, 11ag1, 11a138, 11asss, 11nge, 11n157

in the table KnotInfo [ChLi.
For these knots, the values of a4, j4 and ag are given as follows.

1033 10118 10146 11@91 11a138 110,285 11n86 1177,157
aq 4 2 2 0 2 2 -2 0
Ja | -12 -6 -6 0 -6 -6 6 0
ag | 0 3 0 -2 -2 -2 -1 -1




LMO invariant constraint for surgery problems 339

Note that gives a diophantine equation of the form ap? — bg? = c,
whose solvability can be checked algorithmically [AnAn]. For these knots
the equation has no integer solutions, except in the case K = 10113
(The author used the computer program at [Sol]. In the case K = 10113 we
get the equation 32p? — 20 — 1420¢ = 0 which has the solutions p = 20u +
1065v and ¢ = 3u — 160v, where (u,v) are the solutions of Pell’s equation
u? — 28400v% = 1.) O

Next we proceed to see the higher degree part. To use the C,-equivalence
assumption, we observe the following.

Lemma 3.3. If K and K' are Copm1-equivalent, then for e+ % <m+1,
+ 2

(ZWheeI(K) L Qq o ZWheel(K/) L] Qq)e,k
= (Z7(K)uQ Yer — (Z7(KHYUQ Y,
J(@K) = 27 (KYeseif (k) = (0,2m +2), (1,2m)
o otherwise

Similarly, if K and K' are odd Capy1-equivalent, then for e + g <m+1
with odd e + k,

(ZWheel(K) L] Qq _ ZWheeI(K/) L] Qq)e,k
=(Z°(K)UQ e — (Z7(KHYUQ ek
_ {(Z“(K) ~ 20K e if (e k) = (1,2m)

0 otherwise

Proof. By definition of dg-1 and the wheel element 2, for D € B j, 0q-1(D)
is of the form

(3.3) g (D) =D

!
+3 (Jacobi diagram D’ with e(D') + P2 < (D) + ’C(D))

Since K and K’ are Cop,q1-equivalent, if e + k < 2m then Z7(K)j —

Z9(K")e, = 0. Therefore, for (e, k) with e + £ < m + 1 we have Z7(K).x —
Z7(K")er =0, unless (e, k) = (0,2m + 2), (1,2m).
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By 1) this shows that if e + % < m + 1 then we have

ZWheel () — ZWheel (K1Y — 96 1 (27 (K) — Z2°(K")) e
= (Z°(K) = Z°(K"))e

For (e,k) with e + £ <m + 1, and (Z°(K) — Z°(K")),, = 0 unless (e, k) =
(0,2m + 2), (1 + 2m). On the other hand,

DUQ, =D+ ) (Jacobi diagram D' with k(D) > k(D) +2) .
Hence we have

)

= (Z7(K)uQ Yer — (Z7(KHYUQ Y

((2°(K) = 2°(K) UQy), , = (2°(K) = Z°(K"))o

Therefore for (e, k) with e + g < m+ 1 we conclude

(ZWVheel (K) L , — ZWVheel (K7) L Q) e
((ZWheel ZWheel(K/)) L Qq> y
= ((27(K) - Z"(K’>) UQy),
= (Z7(K)UQ Nep — (Z7(K)UQ ek
_ {(Z"(K) — Z°(K"))ex  if (e,k) = (0,2m + 2), (1,2m)
0 otherwise.

To see the latter assertion, we note that both dg-: and LIS}, preserve
the parity of the degree of D. Namely, if D € B,44, where we denote by Bygqg
the odd degree part of B, then dg-1(D), D U Q4 € Bygq. Therefore the same
argument, restricted to bigrading (e, k) with odd e + k, proves the desired
result. (I

Proof of Theorem[1.7,

(i): By the proof of Proposition the degree m + 1 part of the LMO
invariant of S®(K,p/q) is determined by (ZWhee!(K) LI Q). with e + & =
m + 1. Since K and K’ are Co,,,10-equivalent, by Lemma for (e, k) with
et+E=m+1,

(ZWheeI(K) L Qq . ZWheeI(K/) L Qq)e,k -0

unless (e, k) = (0,2m + 2), (1, 2m).
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In the current situation, we are assuming the slightly stronger condition
that K and K’ are Cap,2-equivalent. Thus (ZWheel(K) L1 Q, — ZWheel(K7) L
Q4)1.2m = 0 as well. By Proposition we have

(Z7(K)UQ Noamsz — (Z7(K") UQ o 2mee

1
= —§(a2m+2(K) - a2m+2(K/)) Ny

Therefore

(3.4)
LMO

Zi AP (5% (K.p/0) = Zp AP (S* (K p/q))
1

m—+1
2m+2 om-+1
—~— 1 .
= { —(asmin(K) — asmia (KN Gy —— (=L}
2 Ty, (m4 1)

2m—+2
agmy2(K) — agmia(K') (g \"T A m
2(m +1)! 2p oy )

2m+-2
As we will see in Lemma < m+1> # 0. This shows that
o

""" - K.

S3(K,p/q) = S*(K',p/q) implies agm+2(K) = agm2(

(ii) By (3.4), when K is Cypo-trivial, then

Zsh G (S* (K, p/q)) — Z5Q(L(p, q))
Am—42
= —la (K) \ieees b (e 2m+1 Zmtl
g M2 (i‘f:‘_‘:f, , (2m +1)! 2p t .

By (L.1), if S*(K,p/q) = S3(K,p'/q') then
LMO

ZynS(L(p,q)) — Zamw Q(L(Y',¢)) =

p/q=—p'/¢d and 0

hence

0= Z5)9(S*(K,p/q)) — Z5a'9(S* (K, —p/q))

4m+2
Cawmp2(K) (g amtl AN 2
@2m+1)! \ 2p N ,
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Therefore agm12(K) = 0. O

A similar argument shows the following. Let K, ; C Be r denotes the ker-
nel of the Arhus integration (diagram pairing) (x, /™ 5> :Ber — A0),
(See Section [2). Then we have similar vanishing results.

Theorem 3.4. Let K and K’ be a knot in S® and r € Q \ {0}.

(i) Assume that K and K' are Copyyi-equivalent. If S3(K,r) =
S3(K',r) and agm+i2(K) = agmi2(K'), then (Z°(K)UQ 1)1 9m —
(ZJ(K) L] Q_l)Lzm S Klygm.

(i) Assume that K is odd Cypyi1-trivial. If S3(K,r) = —S3(K,—r) then
(Z7(K)UQ )1 am € Kiam-

(iii) Assume that K is odd Cypmsz-trivial. If S3(K,r) = £S3(K, —r) then
(Z7(K) U N1 ams2 € K1 amao-

Proof. (i): By the same argument as in Theorem (i), Lemma and
Proposition [2.2] show that

ZIMP(S3(K,p/q)) — ZEMP (S*(K',p/q))

2m+2 m+1
- 1
< —(agm+2(K) — CL2m+2(K,)) b (m + 1 < > " >
1
7|

""" <21>"‘*m> |

Thus, if S3(K,p/q) = S3(K',p/q) and agmio(K) = azmi2(K’) then

I\DH

+ K)UQ D 19m — (Z7(K)UQ )1 om

<((ZO’(K) L Q_l)l,4m+2 _ (ZO’(K/) L Q_l)l,4m+2), N 2m+1> —0.
(ii) Assume that K is odd Cyy,41-trivial. Since

1(53 Kp/q

ZWhee| Q) 1 L q 2m-+1—2e
— 2e,dm+2—4de ,(2m+1—2e)! 2

1 q . 2m—2e
ZWheeI KYUO . m—de — =
+ <( (K) U Qq)2e+1,4m—4 Bm 20 < 2 ) >

Ms

e=0
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we get

0= Z5)9(S*(K,p/q)) — Zan'Q(—S*(K,—p/q))
2%43(53(!( p/Q) + Zom QA (S* (K, —p/q))

1 q 2m—2e
=2 (ZWre(KY LQ I (SN
Z < )26+174m 467 (2777, — 26)' < 2]7 ) > .

By Lemma (ZWheel () 1 Q¢)2e+1,4m—4e = 0 unless e = 0, and we have

(ZWreel(K) U Q)1 am = (2 (Unknot) U Q) 1.4m + (Z°(K) UQ ™)1 am
— (Z°(Unknot) LU Q™ 1)y 4.

Since for any X € Band g € Z\ {0}, (X U Qéﬂ)lvk’ = Xik we have
(Z*V**¢(Unknot) L 24)1,4m = (Z° (Unknot) LI Q™)1 4.
Thus we get
(ZWheel (F) Q) 1.4m = (27 (K) U Q*l)l,4m.

Hence

(iii) is proved similarly.
O

Proof of Corollary[1.8 By Theorem [3.4] under the assumptions (i),(ii), and
(iii) of Corollary [1.8] we have (Z7(K)U Q™)1 om — (Z7(K)UQ )19y €
Kiom, (Z7(K)UQ )1 4m =0, and (Z9(K)UQ 1)1 4m42, respectively.
By Lemma in the next section, if (Z7(K)UQ )19, € K1 2m then
J1,2m(K) = 0. Thus under the assumptions (i),(ii), and (iii) of Corollary
we have ji9m(K) = j12m(K'), j1am(K) =0, and ji4m2(K) =0 re-
spectively. O

4. Some sl; weight system computations

In this section we use the (sly,V},) weight system, which is a linear map
Wi, v, : B (or, A(0)) — C[[h]] that comes from the Lie algebra sl and its
n-dimensional irreducible representation, to confirm some assertions used in
previous sections.
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The image of Wi, y,) can be calculated recursively by the following
relations [ChVal:
() Wit vy 1) = 20(Weatovy () ) = Wear 1y (30))
(i) Wiar,v) (C20) = AW e, ().
(i) Weer, v ({ ) =3.
(iv) Wst, v (DU /™) = W52 Wy, v, (D)

Note that deg), W(q, v,)(D) = deg(D) and the relations (i)—(iii) do not
depend on n. Thus for D € A(0), W, v,)(D) does not depend on n so we
will simply write by We, (D).

The colored Jones polynomial is a knot invariant from quantum sl with
its m-dimensional irreducible representation. By the Drinfel’d-Kohno theo-
rem [Dri, [Koh], which shows the equivalence of quantum braid group rep-
resentation from quantum groups and the monodromy representation from
the KZ equation, we have

(4.1) Wiet, v (Z7(K)UQ™) = Vo(Kie ™)

=Y D der(K) ()" | .

e>0 \ k>0

We remark that we put the variable ¢ in the colored Jones polynomial equal
not to e but to e~ ", due to the difference of normalization of the colored
Jones polynomial and quantum sls invariants.

We use this to check that some finite type invariants which we used can
be written in terms of the Jones and the Conway polynomials.

Proof of Lemma[2.d]. (i),(iii) and (v) follow from Proposition [2.2]so we prove
(ii) and (iv). The degree three and four parts of (Z°(K) U Q~!) are given

Nt
Yo

U3(K) and %aQ(K)Q” - %a;;(K)’“ + w4(K):, respectively. Thus

by (&-1)) applying Wi,(, 1,) we get

J3(K)(—h)® = 03(K)W(s[2,v2)(@) = 24v3(K)h?
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i 1 Voo ) 1 Y
Ja(K)(=h)* = ga2(K)2W(st2,v2)(Cf_'_‘j:a’jj_‘j») = 5aa(E) Wty 1) (2775)
+ wa(K)Wier, vy (£2)
1 1
= §a2(k3236h4—»5@4(K318h44—uq(3396h4
:<g@ua?—%4Ky+%w4K0hé

g

For two Jacobi diagrams D and D’ we write D = D’ if D is equal to
D’ by using the sl weight system relations (i)—(iii) which are independent
of V,,. By the sly weight system relations (i)—(iii) we can remove all the
trivalent vertices of a Jacobi diagram when the number of univalent vertices
is even.

2m

K m
Lemma 4.1. Wy, << PSR >> = 2(2h)™(2m + 1)!. In particular,

2m

——

Teer ¥ e,
Rt e=(e1,....em)€{0,1}™

Here for e = (eq,...,en) € {0,1}™, De denotes the Jacobi diagram

AY
— N /,
| 1 | | ! ! 1 —
’ N

Then the pairing <De, m> = EE]:[:J:[;J] is given by

if€1:€2:-"

P ——T o
(“42) WEE =] s

otherwise
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By definition, Wy, E::] = W, <<m, m>) = (2m +1)!
(see [BLT] Lemma 6.1]). Therefore by ([.2)

2n

W, (<<‘3¢_:::§' ™)) = 228 (@2m + 1!

Lemma 4.2.

W, <<(Z"(K) UQ )1 9m m>) = 2R (20 + 1)1y o (K)

P

Proof. Let us put (Z7(K) U Q™o = ceor(K)hHE ¥ Then

Wist, vy (Z7(K) LU Q Yeok) = Ceop(K)RTF )

:Ce2k( ) (nh)% Cezk( )khe+2(nh)2k 2

Ce,2k(K) k e+4 2k—4
+72k <2 h (nh)

By 1) we conclude that ji om (K) = Cl%m(K) Then the sl weight system
evaluation of the desired pairing is

War, (((27(B)UQ 12 "))
= 2R (2m 4 1)1 9 (K)
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