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1. Introduction

One of most fundamental theorems in spectral geometry is the Weyl’s law
[20], which states that, on any closed n-dimensional Riemannian manifold
(Mn, g), we have a leading asymptotic

lim
λ→∞

N(λ)

λn/2
=

ωn
(2π)n

volg(M
n),

where λj , 1 6 j <∞, are the eigenvalues of Laplace-Beltrami operator ∆
on (Mn, g), and N(λ) is the spectral counting function

N(λ) := #{λj ∈ Spec(∆), λj 6 λ},

1869
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and ωn is the volume of unit ball in Rn, and volg(M
n) is the volume of Mn.

If Ω ⊂Mn is a bounded domain in (Mn, g) with smooth boundary, then the
same asymptotic formula holds for the Dirichlet (or Neumann) eigenvalues,
by replacing volg(M

n) by volg(Ω).
It has a wide range of interests about the extensions of Weyl’s law, (see,

for examples, [42, 45, 46] and a survey [34]). In particular, on a weighted
Riemannian manifold with Bakry-Emery Ricci curvature bounded from be-
low, if the density µ := f · volg is smooth, and is bounded away from 0 and
∞, then it was shown by E. Milman in [42] that the classical Weyl’s law still
holds for weighted Laplacian ∆µ := ∆ + 〈∇ ln f,∇〉.

In this paper, we will extend this classical result to non-smooth settings.
To formulate our main result, we need to introduce some notations. Let
(X, d, µ) be a metric measure space (a metric space equipped a Radon mea-
sure). A synthetic notion of lower Ricci bounds on (X, d, µ) was introduced
in the pioneering works of Sturm [51, 52] and Lott-Villani [40, 41]. Nowadays,
many important developments were given in this field (see [3, 5, 6, 11, 12, 15,
22, 23, 33, 35, 44] and so on). In particular, to rule out the Finsler spaces, an
improvement notion, RCD(K,∞)-condition, was introduced by Ambrosio-
Gigli-Savaré in [5, §5]. The finitely dimensional case, RCD(K,N), was given
by Gigli in [23, 24, §4.3], and a splitting theorem for RCD(0, N)-space was
proved by Gigli [23]. The parameters K and N play the role of “Ricci cur-
vature > K and dimension 6 N”. Very recently, Ambrosio-Gigli-Savaré [6],
Erbar-Kuwada-Sturm [22] and Ambrosio-Mondino-Savaré [11] introduced a
Bakry-Emery conditionBE, which is a weak formulation of Bochner inequal-
ity. They proved in [11, 22] that the condition BE(K,N) is equivalent to the
(reduced) Riemannian curvature-dimension condition RCD∗(K,N) for con-
stants K ∈ R and N > 1. In [14, Theorem 1.1], Cavalletti-Milman showed
that the condition RCD∗(K,N) is equivalent to the condition RCD(K,N)
provided the total measure µ(X) <∞.

Let (X, d, µ) be a metric measure space satisfying RCD∗(K,N) for some
K ∈ R and N ∈ [1,∞). For any bounded domain Ω ⊂ X, according to [6,
16, 49], the Sobolev spaces W 1,p(Ω), 1 6 p 6∞, are well defined. Moreover,
the space W 1,2(Ω) is a Hilbert space ([6, 24]). The Cheeger energy over Ω

Ch(f) =

∫
Ω
|∇f |2dµ

provides a closed quadratic form acting on the Sobolev space W 1,2
0 (Ω), where

|∇f | is the weak upper gradient of f ([6]). The Dirichlet form (Ch,W 1,2
0 (Ω))

is associated with a self-adjoint operator ∆Ω. If diam(Ω) 6 diam(X)/a for
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some a > 1, then the Rellich’s compactness theorem holds (see [13, 25, 29]),
and hence the operator (Id−∆Ω)−1 is compact. The classical spectral the-
orem implies that Dirichlet spectrum is discrete, denoted by

0 < λΩ
1 6 λ

Ω
2 6 · · · 6 λΩ

m 6 · · · , j ∈ N.

Our main result in this paper is the following Weyl asymptotic formula for
these Dirichlet eigenvalues:

Theorem 1.1. Let (X, d, µ) be a metric measure space satisfying
RCD∗(K,N) for some K ∈ R and some N > 1. Suppose that the measure
µ and the N -dimensional Hausdorff dimension H N are mutually absolutely
continuous. Namely, µ�H N � µ. Let Ω ⊂ X be a bounded domain of X
such that diam(Ω) 6 diam(X)/s for some s > 1. Then N is an integer and
it holds the asymptotic formula:

(1.1) lim
λ→∞

NΩ(λ)

λN/2
=
ωN ·H N (Ω)

(2π)N
,

where NΩ(λ) := #{λΩ
j : λΩ

j 6 λ}.

Remark that the RHS of (1.1) does not depend on the measure µ. The-
orem 1.1 is a consequence of Theorem 4.6, a more general result on RCD∗-
spaces. In the case of a smooth Riemannian manifold (M, g) of n-dimension
with the Riemannian volume µ := volg, the relation (1.1) recovers the clas-
sical Weyl’s law.

Let us look at the case of an n(> 2)-dimensional Alexandrov space (X, d)
with the Hausdorff measure H n, and with curvature > k for some k ∈ R.
It was proved [47, 55] that (X, d,H n) satisfies RCD∗((n− 1)k, n). From
Theorem 1.1, we have the following consequence.

Corollary 1.2. Let Ω be a bounded domain in an n-dimensional Alexan-
drov space (X, d,H n). Then we have the Weyl’s law

(1.2) lim
λ→∞

NΩ(λ)

λn/2
=
ωn ·H n(Ω)

(2π)n
.

Another consequence is that the Weyl’s law also holds for noncollapsing
limit spaces in the sense of Cheeger-Colding. More precisely, if (X, d, µ) is a



i
i

“8-Zhang” — 2020/1/17 — 18:21 — page 1872 — #4 i
i

i
i

i
i

1872 H.-C. Zhang and X.-P. Zhu

measured Gromov-Hausdorff limit space of a sequence of pointed Rieman-
nian manifolds (Mj , gj , pj) with

RicMj
> K, dim(Mj) = n, volgj (B1(pj)) > v0 > 0,

then the Weyl’s law (1.2) still holds. This case has been already proved by
Ding in [21].

Recalling that in the proof of the Weyl’s law on smooth setting, a key
ingredient is a uniformly small time asymptotic behaviour of heat trace
H(t, x, x) via the parametrix of heat kernels. However, the construction of
the parametrix on smooth manifolds does not work on singular metric mea-
sure spaces. To deal with this lack of the parametrix, we shall get the small
time asymptotic behavior via the (locally) uniform convergence of Dirichlet
heat kernels living on a converging sequence of metric measure spaces in the
sense of pointed measured Gromov-Hausdorff topology, as in [21, 25, 54].

As a byproduct, we show a local spectral convergence on RCD∗(K,N)-
spaces, which is of independent interesting (See Theorem 3.8).

Proposition 1.3. Let pointed metric measure spaces (Xj , dj , µj , pj)j∈N
converge to (X∞, d∞, µ∞, p∞) in the sense of pointed measured Gromov-
Hausdorff. Suppose that all (Xj , dj , µj) satisfy RCD∗(K,N) for some K ∈
R and some N > 1. Let R > 0 with R ∈ (0,diam(Xj)/a) for some a > 2,
∀j ∈ N. Assume that ∂BR(p∞) = ∂

(
X∞\BR(p∞)

)
.1

For each j ∈ N, we denote by λ
(R)
m,j the m−th Dirichlet eigenvalues of

∆BR(pj) on ball BR(pj). Then we have that the spectral convergence

lim
j→∞

λ
(R)
m,j = λ(R)

m,∞.

Remark 1.4. A spectral convergence theorem for eigenvalues λm,j(Xj),
different from the local Dirichlet eigenvalues in Proposition 1.3, on a se-
quence of convergent compact metric measure spaces (Xj , dj , µj) was proved
by Gigli e.t. in [25].

1We remark that this assumption can be replaced by

Cap2

(
∂BR(p∞)\∂

(
X∞\BR(p∞)

))
= 0.
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The following example shows that the assumption

∂BR(p∞) = ∂
(
X∞\BR(p∞)

)
is necessary in Proposition 1.3. We would like to thank Prof. S. Honda for
telling us such an example.

Example 1.5. Let Xj := [−1 + 1
j , 1−

1
j ] equip the Euclidean distance dE

and the 1-dimensional Lebesgue measure L1 and let pj = 0. Then we have(
Xj , dE ,L1, pj

) pmGH−→ (
X∞ := [−1, 1], dE ,L1, p∞ := 0

)
.

Now we consider the balls B1(pj) (= Xj). It is clear that B1(pj) converge to
B1(p∞)

(
= (−1, 1)

)
in the sense of Gromov-Hausdorff, as j →∞. However,

we remark that ∂B1(p∞) = {−1, 1} and that ∂
(
X∞\B1(p∞)

)
= ∅.

Consider the first Dirichlet eigenvalue λ1,j of on B1(pj). Because
∂B1(pj) = ∅, we have Lip0

(
B1(pj)

)
= Lip

(
B1(pj)

)
. So the function f = 1 is

in Lip0

(
B1(pj)

)
. This implies λ1,j = 0. On the other hand, it is obvious that

the first Dirichlet eigenvalue of B1(p∞) is λ1,∞ = π2/4 (with eigenfunction
f(t) = cos(πt/2)).

Remark 1.6. (1) Very recently, in an independent work [9] by L. Ambrosio,
S. Honda and D. Tewodrose, they show that the Weyl’s law for eigenvalues
λj(X) of a whole compact RCD∗(K,N)-space (and the Neumann eigenval-
ues), different from the local Dirichlet eigenvalues in this paper, holds if and
only if

lim
r→0

∫
X

rk

µ(Br(x))
dµ =

∫
X

lim
r→0

rk

µ(Br(x))
dµ,

where k is the largest integer k such that µ(Rk) > 0, and theRk is the pieces
in the decomposition in [43]. See also the constant kmax in Theorem 4.6.

(2) In another independent work [8] by L. Ambrosio and S. Honda, they
get that the same local spectral convergence result in Proposition 1.3 holds
if and only if the following condition holds:

W 1,2
0 (BR(p∞)) = ∩ε>0W

1,2
0 (BR+ε(p∞)).

(3) The condition µ�H N � µ in Theorem 1.1 plays a role of non-
collapsing. G. De Philippis and N. Gigli [18] introduced the weak non-
collapsed space by the condition ν �H N , and very recently S. Honda [32]
proved this implies µ = a ·H N for some constant a ∈ (0,∞) when X is
compact.
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Organization of the paper. In Section 2, we will provide some necessary
materials about RCD∗(K,N) metric measure spaces and heat kernels on
metric measure spaces. In Section 3, we will prove the locally uniformly
convergence of heat kernels for a sequence of converging metric measure
spaces. The main result Theorem 1.1 will be proved in Section 4. At last,
for the convenient of readers, we will give an appendix to introduce the
dominated convergence theorem and Fatou’s lemma for functions living on
pmGH-converging metric measure spaces.

Acknowledgements. In the previous version we overlooked the condi-
tion ∂BR(p∞) = ∂

(
X∞\BR(p∞)

)
in Proposition 1.3. We appreciate Prof.

S. Honda for showing us Example 1.5. We are also grateful to Prof. Am-
brosio and S. Honda for sharing us their manuscripts [8, 9]. We would like
to thank the anonymous referees for very careful reading and many useful
suggestions. We thank also Prof. D. G. Chen, B. B. Hua and Z. Q. Wang,
and Dr. X. T. Huang for their interesting in the paper. Both authors are
partially supported by NSFC 11521101, and the first author is also partially
supported by NSFC 11571374.

2. Preliminaries

Let (X, d) be a complete metric measure space and µ be a Radon measure
on X with supp(µ) = X. Given any p ∈ X and R > 0, we denote by BR(p)
the ball centered at p with radius R.

2.1. Riemannian curvature-dimension conditions RCD* (K,N )

Let (X, d, µ) be a metric measure space. We denote by P2(X, d) the L2-
Wasserstein space over (X, d), i.e., the set of all Borel probability measures
ν with ∫

X
d2(x0, x)dν(x) <∞

for some (hence for all) x0 ∈ X. Given ν1, ν2 ∈P2(X, d), the L2-Wasserstein
distance between them is defined by

W 2
2 (ν0, ν1) := inf

∫
X×X

d2(x, y)dq(x, y)

where the infimum is taken over all couplings q of ν1 and ν2, i.e., Borel
probability measures q on X ×X with marginals ν0 and ν1. The relative
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entropy is a functional on P2(X, d), defined by

Ent(ν) :=

∫
X
ρ ln ρdµ,

if ν = ρ · µ is absolutely continuous w.r.t. µ and (ρ ln ρ)+ is integrable. Oth-
erwise we set Ent(ν) = +∞. Let P∗

2 (X, d, µ) ⊂P2(X, d) be the subset of
all measures ν such that Ent(ν) is finite.

We set the function

σ
(t)
k (θ) :=



sin(
√
k·tθ)

sin(
√
k·θ) , 0 < kθ2 < π2,

t, kθ2 = 0,
sinh(

√
−k·tθ)

sinh(
√
−k·θ) , kθ2 < 0,

∞, kθ2 > π2.

Definition 2.1 ([22]). Let K ∈ R and N ∈ [1,∞). A metric measure
space (X, d, µ) is called to satisfy the entropy curvature-dimension condi-
tion CDe(K,N) if and only if for each pair ν0, ν1 ∈P∗

2 (X, d, µ) there exists
a constant speed geodesic (νt)06t61 in P∗

2 (X, d, µ) connecting ν0 to ν1 such
that for all t ∈ [0, 1]:

UN (νt) > σ
(1−t)
K/N

(
W2(ν0, ν1)

)
· UN (ν0) + σ

(t)
K/N

(
W2(ν0, ν1)

)
· UN (ν1),(2.1)

where UN (ν) := exp
(
− 1

NEnt(ν)
)
.

Given a locally Lipschitz continuous function f on X, the pointwise
Lipschitz constant ([16]) of f at x is defined by

Lipf(x) := lim sup
y→x

|f(y)− f(x)|
d(x, y)

= lim sup
r→0

sup
d(x,y)6r

|f(y)− f(x)|
r

,

and Lipf(x) = 0 if x is isolated. It is clear that Lipf is µ-measurable. The
Cheeger energy, denoted by Ch : L2(X)→ [0,∞], is defined [6] by

Ch(f) := inf

{
lim inf
j→∞

1

2

∫
X

Lip2fjdµ

}
,

where the infimum is taken over all sequences of Lipschitz functions (fj)j∈N
converging to f in L2(X). In general, Ch is a lower semi-continuous convex
functional.
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Definition 2.2 ([24]). A metric measure space (X, d, µ) is called infinites-
imally Hilbertian if the associated Cheeger energy is quadratic.

Several equivalent definitions for Riemannian curvature-dimension con-
dition were introduced in [5, 11, 22–24]. In this paper, we adapt the following
notions for the convenience.

Definition 2.3 ([22]). Let K ∈ R and N ∈ [1,∞). A metric measure
space (X, d, µ) is said to satisfy Riemannian curvature-dimension condition
RCD∗(K,N), if it is infinitesimally Hilbertian and satisfies the CDe(K,N)
condition.

Let N > 1, the generalized Bishop-Gromov inequality for RCD∗(K,N)
space (by a combination of [27, Corollary of 1.5] and [52, Remark 5.3]) states
that for any p ∈ X and any 0 < r < R,

(2.2)
µ
(
BR(p)

)∫ R
0 sN−1

K

N−1

(τ)dτ
6

µ
(
Br(p)

)∫ r
0 sN−1

K

N−1

(τ)dτ
,

where the function sk(τ) is given by

(2.3) sk(τ) =


sin(
√
k·τ)√
k

if k > 0,

τ if k = 0,
sinh(

√
−k·τ)√
−k if k < 0.

Let (X, d, µ) be a metric measure space with RCD∗(K,N) for some
K ∈ R and N > 1. We summarize some basic properties in [2, 5, 22, 52] as
follows:
• (X, d) is a locally compact length space, i.e., for any p, q ∈ X, there is a
shortest curve joined them;
• (X, d, µ) has a local measure doubling property on each ball BR(x) ⊂ X.
Moreover, we have that, for all 0 < r < R,

(2.4)
µ
(
BR(p)

)
µ
(
Br(p)

) 6 (R
r

)N
· exp

(√
(N − 1)|K ∧ 0| ·R

)
:= CN,K,R ·

(R
r

)N
;

• (X, d, µ) supports a local L2-Poincaré inequality on each ball BR(x) ⊂
X. Moreover, the Poincaré constant CP (N,K,R) depends only on N and√
|K ∧ 0|R.

• The canonical Dirichlet form (Ch, D(Ch)) is strongly local and regular, and
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admits a Carré du champ Γ(f) for each f ∈ D(Ch). Moreover, the intrinsic
distance dCh induced by (Ch, D(Ch)) coincides with the original distance d
on X (see [2, 5]);
• The heat kernel H(x, y, t) on X exists (see [53] and [36, Theorem 1.2]),
and there is a positive constant CN,K , depending only on N and K ∧ 0, such
that

(2.5) H(x, y, t) 6
CN,K

µ
(
B√t(x)

) exp

(
−d

2(x, y)

5t
+ CN,K · t

)
.

2.2. Sobolev spaces, local Dirichlet heat kernels and
Dirichlet eigenvalues

Several different notions of Sobolev spaces for metric measure spaces have
been given in [4, 6, 16, 28, 29, 49]. In this paper, we will pay our attentions to
the RCD∗(K,N)-spaces for some K ∈ R and N > 1. In the case, the notions
of Sobolev spaces in [4, 6, 16, 49] coincide each other (see, for example, [4, 6]),
and they have the equivalent norms with the notion of Sobolev spaces in
[28, 29].

Let (X, d, µ) be a metric measure space with RCD∗(K,N) for some
K ∈ R and N ≥ 1. For an open subset Ω ⊂ X, we denote by Liploc(Ω) (and
Lip0(Ω)), the set of all locally Lipschitz continuous functions on Ω (and the
set of all locally Lipschitz continuous functions f such that d(supp(f), ∂Ω) >
0, respectively). Let p ∈ [1,∞] and let f ∈ Lp(Ω) ∩ Liploc(Ω). The W 1,p(Ω)-
norm, ‖f‖1,p, is given by

‖f‖1,p := ‖f‖p + ‖Lipf‖p,

here and in the sequel, we denote ‖f‖p := ‖f‖Lp . The Sobolev space W 1,p(Ω)
is defined to be the completion of all locally Lipschitz continuous, f , for
which ‖f‖1,p <∞, with respect to the norm ‖f‖1,p. Given p ∈ (1,∞), it
was proved [4, 16] , for each f ∈W 1,p(Ω), that there exists a function |∇f | ∈
Lp(Ω), called the minimal weak upper gradient, such that

‖f‖1,p = ‖f‖p + ‖|∇f |‖p.

For a locally Lipschitz function f ∈W 1,p(Ω), it was showed [16] that |∇f | =
Lipf a.e. in Ω. We say that a function f ∈W 1,p

loc (Ω) if f ∈W 1,p(Ω′) for every
open subset Ω′ ⊂⊂ Ω. We refer the readers to [4, 16, 24, 49] for further
information of these Sobolev spaces.
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For 1 < p <∞, let us recall from [30] that the Sobolev p-capacity of the
set E ⊂ X:

Capp(E) := inf
{
‖f‖pW 1,p(X) : f ∈W 1,p(X)

such that f > 1 on a neighborhood of E
}
.2

If there is no such a function f , we set Capp(E) =∞. It is clear that

Capp(E) = Capp(E). An equivalent definition is given in [49], see for in-
stance [38, Theorem 3.4] and [50].

A property holds p-q.e. (p-quasi everywhere), if it holds except of a set Z
with Capp(Z) = 0. Since Capp(Z) = Capp(Z), we may assume that the ex-
cept set Z is closed. A function f :X→ [−∞,∞] is called p-quasi continuous
in X if for each ε > 0, there is a set Fε such that Capp(Fε) < ε and the re-
striction f |X\Fε is continuous. We may also assume that Fε is closed.

It is well-known that any W 1,p-function f has a p-quasi continuous repre-
sentative (see [30]). We will always use such a representative in this paper. In
[38, Theorem 3.2], it is proved that, for any two p-quasi continuous functions
f and g, if f = g µ-a.e. in an open set O, then f = g p-q.e. in O.

Definition 2.4 ([38]). Let 1 < p <∞ and E ⊂ X, a function f on E is
called to belong to the Sobolev space with zero boundary values, denoted
by f ∈W 1,p

0 (E), if there exists a p-quasi continuous function f̃ ∈W 1,p(X)
such that f̃ = f µ-a.e. in E and f̃ = 0 p-q.e. in X\E.

According to [38, Remark 5.10] (see also [50, Theorem 4.8]), the space
W 1,p

0 (Ω) = H1,p
0 (Ω), which is the closure of Lip0(Ω) under the W 1,p(Ω)-

norm. Given any open set Ω ⊂ X, it is clear that W 1,p
0 (Ω) ⊂W 1,p

0 (Ω). How-
ever, generally speaking, W 1,p

0 (Ω) 6= W 1,p
0 (Ω).

Lemma 2.5. Let O ⊂ X be an open set and let 1 < p <∞. Suppose that
f is a p-quasi continuous in X and that f = 0 p-q.e. in O. Then we have
that f = 0 p-q.e. in O.

Proof. From the definition, we know that f = 0 p-q.e. in O. So it suffices to
show that f = 0 p-q.e. in ∂O. We can assume Capp(∂O) > 0. Otherwise, it
is nothing to do.

2In [30], the definition of Sobolev p-capacity was given via the Sobolev norm in
[28]. Meanwhile, according to [49], the Sobolev norms in [28] is equivalent to the
one in [4, 16, 49]. Therefore, the following both definitions of p−quasi everywhere
and p-quasi continuity concide with the corresponding definitions in [30].
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We will argue by a contradiction. Suppose that there is a subset A ⊂ ∂O
such that Capp(A) > 0 and that f(x) 6= 0 for any x ∈ A.

Taken arbitrarily ε ∈ (0,CappA/2), since f is a p-quasi continuous in X,
we can find a closed set Fε with Capp(Fε) < ε and the restriction f |X\Fε is
continuous. Noting that f = 0 p-q.e. in O, i.e., there exists a closed set Z
with Capp(Z) = 0 such that f = 0 on O\Z. We have that the restriction
f |O\(Fε∪Z) ≡ 0 and that f |X\(Fε∪Z) is continuous.

By Capp(Fε ∪ Z) < ε < CappA/2, we can find a point x0 ∈ A\(Fε ∪ Z).
There exists a sequence {xj}∞j=1 ⊂ O with limj→∞ xj = x0, since x0 ∈ ∂O.
Noting that Fε ∪ Z is closed and x0 6∈ Fε ∪ Z, we know that xj 6∈ Fε ∪ Z for
all sufficiently large j. By combining the facts that f |X\(Fε∪Z) is continuous
at x0 and that f(xj) = 0 for all large j (since xj ∈ O\(Fε ∪ Z) for all large
j), we conclude that f(x0) = 0. This contradicts with x0 ∈ A, and hence we
finish the proof. �

Corollary 2.6. Let Ω ⊂ X be an open set and let 1 < p <∞. If ∂Ω =
∂(X\Ω), then W 1,p

0 (Ω) = W 1,p
0 (Ω).

Proof. It suffices to show W 1,p
0 (Ω) ⊃W 1,p

0 (Ω). Given any f ∈W 1,p
0 (Ω), there

exists a p-quasi continuous function f̃ in X such that f̃ = f µ-a.e. in Ω and
that f̃ = 0 p-q.e. in X\Ω. By applying Lemma 2.5 to f̃ and O := X\Ω, we

conclude that f̃ = 0 p-q.e. in X\Ω. The assumption ∂Ω = ∂(X\Ω) implies

X\Ω = (X\Ω) ∪ ∂(X\Ω) = (X\Ω) ∪ ∂Ω = X\Ω.

Therefore, we get that f̃ = 0 p-q.e. in X\Ω. Noting that f̃ = f µ-a.e. in
Ω ⊂ Ω, we have f ∈W 1,2

0 (Ω), by Definition 2.4. The proof is finished. �

Remark 2.7. (1) In fact, in Corollary 2.6, we only need to assume that

Capp
(
∂Ω\∂(X\Ω)

)
= 0.

(2) The space W 1,p
0 (Ω) is equivalent to the space Ĥ1,p

0 (Ω) given in [8] by
Ambrosio-Honda.

Let (X, d, µ) be an RCD∗(K,N) metric measure space with some K ∈
R and some N > 1. Given any bounded open set Ω ⊂ X and p ∈ (1,∞),
according to [24, §4.3], the space W 1,2(Ω) is a Hilbert space, and for any
f, g ∈W 1,2

loc (Ω), the inner product 〈∇f,∇g〉 is well defined in L1
loc(Ω). In the
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sequel of the paper, we will always denote that

H1(Ω) := W 1,2(Ω), H1
0 (Ω) := W 1,2

0 (Ω) and H1
loc(Ω) := W 1,2

loc (Ω).

For any fixed bounded domain Ω ⊂ X, we consider the canonical Dirich-
let form (EΩ, H

1
0 (Ω)), where

(2.6) EΩ(f) :=

∫
Ω
|∇f |2dµ, f ∈ H1

0 (Ω).

This canonical Dirichlet form is strongly local and regular (see, for example,
the proof of [5, Lemma 6.7]). Indeed, the strong locality is a consequence of
the locality of minimal weak upper gradients and the regularity comes from
the density of Lipschitz functions in H1

0 (Ω). The associated infinitesimal
generator of (EΩ, H

1
0 (Ω)), denoted by ∆Ω with domain D(∆Ω), is a non-

positive definite self-adjoint operator, and the associated analytic semi-group
is (Htf)t>0 for any f ∈ L2(Ω). If diam(Ω) 6 diam(X)/s for some s > 1, a
compact embedding of H1

0 (Ω) into L2(Ω) was proved in [29] (see also [25]
for RCD∗(K,∞)-spaces for some K ∈ R, or [13, Eq.(5.2)] for the spaces
with a local measure doubling property and a local L2-Pincaré inequality,
by the equivalence of the Sobolev norms in [4, 6, 16] and in [28, 29]). Hence
the operator (Id−∆Ω)−1 is compact. The spectral theorem implies that
spectrum is discrete (see, for example [20]). We denote by

0 < λΩ
1 6 λ

Ω
2 6 · · · 6 λΩ

m 6 · · · , j ∈ N,

the (Dirichlet) eigenvalues of ∆Ω. For each λΩ
m, the associated eigenfunction

is φΩ
m, i.e.,

(2.7) ∆Ωφ
Ω
m = −λΩ

1 φ
Ω
m.

We normalize them so that ‖φΩ
m‖2 = 1 for each m ∈ N. It is well-known that

the sequence {φm}m∈N forms a complete basis of L2(Ω), and that the (local)
Dirichlet heat flow is given by

Htf(x) =

∫
Ω
HΩ(t, x, y)f(y)dµ, t > 0, ∀f ∈ L2(Ω),

where

(2.8) HΩ(t, x, y) =
∑
m>1

e−λ
Ω
mφΩ

m(x)φΩ
m(y), ∀(x, y, t) ∈ Ω× Ω× (0,∞).
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is the (local) Dirichlet heat kernel (the fundamental solution of the heat
equation with Dirichlet boundary value).

The weak maximum principle implies the monotonicity of Dirichlet heat
kernels with respect to domains. Namely, given two domains Ω ⊂ Ω′ ⊂ X,
we have

HΩ(t, x, y) 6 HΩ′(t, x, y), ∀(x, y, t) ∈ Ω× Ω× (0,∞).

The existence and Gaussian bounds of the global heat kernels have been
established in [53] on (X, d, µ). Thus for a sequence of balls {BRj (x0)} with

Rj ↗∞, the heat kernels HBRj (x0)(x, y, t) converge to a global heat kernel
H(x, y, t) on X ×X × (0,∞), as Rj ↗∞.

Let us recall the definition of the distributional Laplacian. Given a func-
tion f ∈ H1

loc(Ω), the distributional Laplacian L f is defined as a functional

(2.9) L f(φ) := −
∫

Ω
〈∇f,∇φ〉dµ, ∀φ ∈ H1

0 (Ω) ∩ L∞(Ω).

If f ∈ H1(Ω), then L f can be extended to a functional on H1
0 (Ω). It is

clear that if f ∈ D(∆Ω) and ∆Ωf = g, then L f = g · µ in the sense of dis-
tributions. Conversely, it was proved [24] that any f ∈ H1

0 (Ω), if there is g ∈
L2(Ω) such that L f = g · µ in the sense of distributions, then f ∈ D(∆Ω)
and ∆Ωf = g.

2.3. Pointed measured Gromov-Hausdorff convergence

A pointed metric measure space (X, d, µ, p) is a metric measure space
(X, d, µ) with a base point p ∈ supp(µ). Recall that we always assume
supp(µ) = X.

Definition 2.8. Let (Xj , dj , µj , pj), j ∈ N ∪ {∞}, be a sequence of pointed
metric measure spaces. It is said that (Xj , dj , µj , pj)j∈N converge to (X∞, d∞,
µ∞, p∞), as j →∞, in the sense of pointed measured Gromov-Hausdorff
topology, denoted by

(Xj , dj , µj , pj)
pmGH−→ (X∞, d∞, µ∞, p∞),

if for any fixed ε, R > 0, there exists a constant N(ε, R) > 0 such that, for
every j > N(ε, R), there exists a Borel map Φε,R

j : BR(pj)→ X∞ such that

(1) Φε,R
j (pj) = p∞;
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(2) for all x, y ∈ BR(pj), |d∞
(
Φε,R
j (x),Φε,R

j (y)
)
− dj(x, y)| 6 ε;

(3) the ε-neighborhood of Φε,R
j (BR(pj)) contains BR−ε(p∞);

(4) the Levi metric ρL between the measures (Φε,R
j )](µj |BR(pj)) and

µ∞|BR(p∞) is less than ε, for almost all R > 0. Here the Levi met-
ric ρL(ν1, ν2) < ε for two measures ν1, ν2 if and only if for any δ > 0,
the δ-neighborhood Aδ of A, there hold

ν1(A) 6 ν2(Aδ) + ε and ν2(A) 6 ν1(Aδ) + ε.

Such maps Φε,R
j are called ε-mGH approximations. Remark that the Levi

metric convergence is equivalent to the measure’s weak convergence.

Recall that any RCD∗(K,N)-space is a length space. The pointed mea-
sured Gromov-Hausdorff convergence on length spaces can be given as fol-
lows (see, for example, [25, Remark 3.29]).

Proposition 2.9. Let (Xj , dj , µj , pj), j ∈ N ∪ {∞}, be a sequence of pointed
metric measure spaces. Assume that all (Xj , dj)j∈N are length spaces. Then

(Xj , dj , µj , pj)
pmGH−→ (X∞, d∞, µ∞, p∞)

is equivalent to the following: There exist sequences Rj ↗∞, εj ↘ 0 and
Borel maps Φj : Xj → X∞ such that

(1’) Φj(pj) = p∞;

(2’) for all x, y ∈ BRj (pj), |d∞
(
Φj(x),Φj(y)

)
− dj(x, y)| 6 εj and

Φj(BRj (pj)) ⊂ BRj (p∞);

(3’) the εj-neighborhood of Φj(BRj (pj)) contains BRj (p∞);

(4’) the measures (Φj)](µj) weakly converges to µ∞ as j →∞, that is, for
any φ ∈ C0(X∞),

lim
j→∞

∫
Xj

φ ◦ Φjdµj =

∫
X∞

φdµ∞.

Given a sequence of points {xj ∈ Xj}j∈N∪{∞}, we say that xj → x∞ with
respect to the sequences (εj) and maps (Φj) if and only if d∞

(
x∞,Φj(xj)

)
<

εj for all j ∈ N. Here both (εj) and (Φj) are given in the Proposition 2.9.
Below, we will sometimes write xj → x∞ without mention of the particular
choices of (εj) and (Φj).
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We refer the readers to [25] for some other notions of convergence for
pointed metric measure spaces. We also consider the convergence of functions
on a sequence of converging pointed metric measure spaces.

Definition 2.10. Let (Xj , dj , µj , pj)j∈N∪{∞} be a sequence of pointed met-
ric measure spaces. Assume that all (Xj , dj) are length spaces and that

(Xj , dj , µj , pj)
pmGH−→ (X∞, d∞, µ∞, p∞)

with the sequences (εj) with εj ↘ 0 and maps (Φj) as in Proposition 2.9.
Let R > 0. Suppose that {fj}j∈N∪{∞} is a sequence of Borel functions on
BR(pj). It is said that:

(i) fj → f∞ over BR(pj) at point x∞ ∈ BR(p∞), if fj(xj)→ f∞(x∞) for any
sequence xj ∈ Xj such that Φj(xj)→ x∞ in X∞. Precisely, for any ε > 0,
there exist N(ε, x∞) ∈ N and δ(ε, x∞) > 0 such that

sup
x∈BR(pj), d∞(Φj(x),x∞)<δ(ε,x∞)

|fj(x)− f∞(x∞)| < ε, ∀ j > N(ε, x∞);

(ii) fj → f∞ uniformly over BR(pj), if for any ε > 0 there exist N(ε) ∈ N
and δ(ε) > 0 such that

sup
x∈BR(pj), y∈BR(p∞), d∞(Φj(x),y)<δ(ε)

|fj(x)− f∞(y)| < ε, ∀ j > N(ε).

Remark 2.11. (1) The pointwise and uniform convergence of functions de-
fined on varying space have been given in [43] via an extrinsic point of view.
This definition (i) is equivalent to the pointwise convergence in Definition
2.11 in [43]. If the limit function f∞ is uniformly continuous on BR(p∞), then
this definition (ii) is equivalent to the uniform convergence in Definition 2.11
in [43].

(2) It is well know (see, for example, [17, §3]) that if fj → f∞ over
BR(p∞) then f∞ is continuous. Indeed, it can be seen as follows. Suppose
not, there exist {yα}α∈N∪{∞} ⊂ BR(p∞) such that yα → y∞ as α→∞ and
|f∞(yα)− f∞(y∞)| > ε0 for some ε0 > 0. Fixed each α ∈ N, we can find a se-
quence yj,α ∈ Xj such that Φj(yj,α) converge to yα and fj(yj,α)→ f∞(yα) as
j →∞. Now for sufficiently large jα, jα > N(α, yα, ε0), we have |fjα(yjα)−
f∞(yα)| < ε0/3. By a diagonal argument, there exists a subsequence yjα,α
converging to y∞ as α→∞. Hence, we get |fjα(yjα)− f∞(y∞)| < ε0/3 for
large enough α. This is a contradiction.
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We remark that the Arzela-Ascoli theorem can be generalized to the
case where the functions live on different spaces (see, for example, [40] or
Proposition 2.12 in [43]). We also need the following lemma:

Lemma 2.12 ([16, Lemma 10.7]). Let R > 0 and let (Xj , dj , µj , pj)j=1,2

be two pointed metric measure spaces with RCD∗(K,N) for some K ∈ R
and N > 1. Assume that dmGH

(
BR(p1), BR(p2)

)
< ε, for some ε > 0, with

an ε-mGH-approximation Φ = Φε,R : BR(p1)→ BR(p2) (see Definition 2.8).
If f1 is a Lipschitz function on BR(p1) with ‖|∇f1|‖L∞(BR(p1)) 6 L, then

there exists a Lipschitz function f2 on BR(p2) such that

‖f2 ◦ Φ− f1‖L∞(BR(p1)) 6 κ(ε),

‖|∇f2|‖L∞(BR(p2)) 6
(
L+ κ(ε)

)
,∫

BR(p2)
|∇f2|2dµ2 6

∫
BR(p1)

|∇f1|2dµ1 + κ(ε),

where κ(ε) := κN,K,R,L(ε) is a positive function, depending on N,K,R and
L,with limε→0 κ(ε) = 0.

The lower semi-continuity of Dirichlet energy on converging spaces is
given in [43, Proposition 2.13] and [25, Theorem III]. The following special
case is enough for our purpose in this paper.

Lemma 2.13 (Lower semi-continuity of the energy). Let R > 0. Let
(Xj , dj , µj , pj)j∈N∪{∞} be a sequence of pointed metric measure spaces. As-
sume that all (Xj , dj , µj) satisfy RCD∗(K,N) for some K ∈ R and N > 1
and that

(Xj , dj , µj , pj)
pmGH−→ (X∞, d∞, µ∞, p∞).

If {fj}j∈N∩{∞} is a sequence of Lipschitz functions on BR(pj), for each
j ∈ N ∪ {∞}, and fj → f∞ uniformly over BR(pj), and if there exists C1

such that

(2.10) sup
j∈N
‖∇fj‖L∞(BR(pj)) 6 C1,

then we have

lim inf
j→∞

∫
BR(pj)

|∇fj |2dµj >
∫
BR(p∞)

|∇f∞|2dµ∞.
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Proof. For completeness, we sketch a proof.
By using Lemma 2.12 to each fj , we can find a Lipschitz function gj on

BR(p∞) such that

‖gj ◦ Φj − fj‖L∞(BR(pj)) 6 κ(εj),

and ∫
BR(p∞)

|∇gj |2dµ∞ 6
∫
BR(pj)

|∇fj |2dµj + κ(εj),

where (Φj), (εj) are given in Proposition 2.9 and κ(εj) := κN,K,R,C1
(εj)→ 0

as εj → 0, and where the constant C1 is in (2.10). Then, we get that gj → f∞
in L∞(BR(p∞)) and that

lim inf
j→∞

∫
BR(pj)

|∇fj |2dµj > lim inf
j→∞

∫
BR(p∞)

|∇gj |2dµ∞.

Now the assertion follows, by the lower semi-continuity of energy on a fixed
space, see [16, Theorem 2.5]. �

3. The converge of Dirichlet heat kernels

In this section, we will discuss the convergence of the local Dirichlet heat
kernels on different pointed metric measure spaces.

3.1. Convergence of functions living on pmGH-converging spaces

We fix a sequence of pointed metric measure spaces (Xj , dj , µj , pj)j∈N∪{∞}
such that

(Xj , dj , µj , pj)
pmGH−→ (X∞, d∞, µ∞, p∞).

Throughout of this subsection, we always assume that, for each j ∈ N,
(Xj , dj , µj) satisfies RCD∗(K,N) for some K ∈ R and N > 1. Then the
limit space (X∞, d∞, µ∞) does so, by the stability of the RCD∗-condition
under pmGH-convergence.

Let us first introduce the notions of L2-convergence and H1-convergence
for functions living on varying spaces Xj . We will adapt an intrinsic point
of view for the definitions, similar as in [21, 31, 39] . We refer also readers
to [7, 25] for some similar concepts of convergence via an extrinsic point of
view.

Definition 3.1. Let R > 0.
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(1) Suppose that {fj}j ∈ L2(BR(pj)) for each j ∈ N ∪ {∞}. We say that
fj → f∞ in L2(BR(pj)) if we have fj → f∞ over BR(pj) µ∞-a.e. (in the

sense that fj → f̂ for some f̂ with f∞(x) = f̂(x) µ∞-a.e. x ∈ BR(p∞)),
and if

lim
j→∞

∫
BR(pj)

|fj |2dµj =

∫
BR(p∞)

|f∞|2dµ∞.

(2) Suppose that {fj}j ∈ H1(BR(pj))
(

:= W 1,2(BR(pj))
)

for each j ∈
N ∪ {∞}. We say that fj → f∞ in H1(BR(pj)) if it holds fj → f∞
in L2(BR(pj)) and

lim
j→∞

∫
BR(pj)

|∇fj |2dµj =

∫
BR(p∞)

|∇f∞|2dµ∞.

It is not hard to see that if fj → f∞ in L2(BR(pj)) in the above Defi-
nition 3.1 (i), then their zero extensions f̃j (that is, f̃j = fj in BR(pj) and
f̃j = 0 in Xj\BR(pj)) strongly L2-converge to f̃∞ in the sense of [25] (see
also [7]). Indeed, by using the weak compactness of {f̃j} in L2(Xj) (see, page
1115 on [25]), we get that f̃j weakly L2-converge to f̃∞ in the sense of [25].
From the Definition 3.1 (i), we have also that ‖f̃j‖L2(Xj) → ‖f̃∞‖L2(X∞).

Similar as in the case of functions on a fixed space, it is available that the
dominated convergence theorem for functions living on pmGH-converging
spaces. In particular, if {fj}j∈N∪{∞} is a sequence of functions such that
fj → f∞ over BR(pj) at µ∞-almost all points in BR(p∞) and that they are
bounded uniformly, then fj → f∞ in L2(BR(pj)). For convenient, we will
give some detailed information, in the Appendix A, for the dominated con-
vergence theorem and Fatou’s lemma for functions living on varying spaces.

Let us sum up some basis properties on these convergence.

Proposition 3.2. Let R > 0.

(i) Assume that ∂BR(p∞) = ∂
(
X∞\BR(p∞)

)
. If gj ∈ H1

0 (BR(pj)) with
‖|∇gj |‖2 6 C for some C > 0, for all j ∈ N, and if gj → g∞ in
L2(BR(pj)), then we have g∞ ∈ H1

0 (BR(p∞)).

(ii) Let {fj}j∈N∩{∞} be a sequence of Lipschitz functions on BR(pj) such
that fj → f∞ uniformly over BR(pj). Suppose that

(3.1) sup
j∈N
‖∇fj‖L∞(BR(pj)) 6 C1

for some constant C1 > 0. Then for any g∞ ∈ H1(BR(p∞)) with g∞ −
f∞ ∈ H1

0 (BR(p∞)), there exists a sequence of functions {gj}j∈N such
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that gj − fj ∈ H1
0 (BR(pj)), for each j ∈ N, and that gj → g∞ in

H1(BR(pj)).

In particular, by taking fj ≡ 0, we conclude that: given any g∞ ∈
H1

0 (BR(p∞)), there exists a sequence of functions {gj}j∈N such that gj ∈
H1

0 (BR(pj)), for each j ∈ N, and that gj → g∞ in H1(BR(pj)).

Proof. (i). From the density of the Lip0(BR(pj)) ⊂ H1
0 (BR(pj)), we can

assume that gj ∈ Lip0(BR(pj)) for each j ∈ N.
Let g̃j be the zero extension of gj in Xj for each j ∈ N. Namely, g̃j = gj

in BR(pj) and g̃j = 0 in Xj\BR(pj). Noticing that g̃j weakly L2-converge to
g̃∞ in the sense of [25] (see also [7]) and that

‖|∇g̃j |‖L2(Xj) = ‖|∇gj |‖L2(BR(pj)) 6 C,

we obtain that g̃∞ ∈ H1(X∞) and that g̃∞ = g∞ µ∞-a.e. in BR(p∞), and
that g̃∞ = 0 µ∞-a.e. in X\BR(p∞).

Now we want to show g∞ ∈ H1
0 (BR(p∞)). Noting that g̃∞ is a 2-quasi

continuous function and that X∞\BR(p∞) is an open set, we conclude, by
[38, Theorem 3.2], that g̃∞ = 0 2-q.e. in X∞\BR(p∞). By using the fact that
g̃∞ = g∞ µ∞-a.e. in BR(p∞) and that µ∞(∂BR(p∞)) = 0, we have g̃∞ = g∞
µ∞-a.e. in BR(p∞). Hence, by Definition 2.4, we have g∞ ∈ H1

0 (BR(p∞)).
At last, by using the assumption ∂BR(p∞) = ∂

(
X∞\BR(p∞)

)
and Corol-

lary 2.6, we conclude g∞ ∈ H1
0 (BR(p∞)).

(ii). From the density of the Lip0(BR(p∞)) ⊂ H1
0 (BR(p∞)), we can

assume that g∞ − f∞ ∈ Lip0(BR(p∞)), and hence g∞ ∈ Lip(BR(p∞)) (since
f∞ ∈ Lip(BR(p∞)). We use Lemma 2.12 to lift a sequence of functions ĝj ∈
Lip(BR(pj)) so that:

‖ĝj − g∞ ◦Ψj‖L∞ 6 κ(εj),(3.2)

‖|∇ĝj |‖L∞ 6 ‖|∇g∞|‖L∞ + κ(εj) 6 Cg∞ ,(3.3)

‖|∇ĝj |‖2 6 ‖|∇g∞|‖2 + κ(εj),(3.4)

where κ(εj) depends on K,N,R and ‖|∇g∞|‖L∞ , and the maps Ψj :
BR(p∞)→BR(pj) are the εj-mGH approximations. By (3.2) and the facts
that fj → f∞ uniformly over BR(pj) and that g∞ − f∞ ∈ Lip0(BR(p∞)),
we get

|ĝj(x)− fj(x)| 6 κ1(εj) for all x is close near ∂BR(pj),
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for each j ∈ N, and for some positive function κ1 with limt→0 κ1(t) = 0. We
shall modify ĝj slightly to

(3.5) gj :=


ĝj − κ1(εj) if ĝj − fj > κ1(εj),

fj if |ĝj − fj | 6 κ1(εj),

ĝj + κ1(εj) if ĝj − fj 6 −κ1(εj).

Then we have, for each j ∈ N, that gj − fj ∈ Lip0(BR(pj)) and that, by
(3.3)–(3.4) and (3.1),

(3.6) ‖|∇gj |‖L∞ 6 Cg∞ + C1 and lim sup
j→∞

‖|∇gj |‖2 6 ‖|∇g∞|‖2.

From (3.5), we have

‖gj − ĝj‖L∞ 6 κ1(εj).

The combination of this and (3.2) implies gj → g∞ uniformly over BR(pj).
By using (3.6) and the lower semi-continuity of energy, Lemma 2.13, we

conclude that limj→∞ ‖|∇gj |‖2 = ‖|∇g∞|‖2. Thus we finish the proof of (ii).
The proof is completed. �

As a corollary, we have the following convergence for the solutions of
Poisson equations living on varying spaces, which is due essentially to [21,
25, 31, 54].

Corollary 3.3. Let R > 0. Let {fj}j∈N∪{∞} and {hj}j∈N∪{∞} be two se-
quences of functions on BR(pj) such that

L fj = hj · µj , ∀ j ∈ N,

on BR(pj) in the sense of distributions. Suppose that, for every s ∈ (0, R),
fj → f∞ uniformly over Bs(pj), and hj → h∞ in L2(Bs(pj)), and there ex-
ists a constant Cs > 0 such that

(3.7) sup
j∈N
‖∇hj‖L∞(Bs(pj)) 6 Cs.

Then we have L f∞ = h∞ · µ∞ on BR(p∞) in the sense of distributions.
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Proof. It suffices to show that for any ballB ⊂⊂ BR(p∞) there holds L f∞ =
h∞ · µ∞ on B in the sense of distributions. Namely, f∞ minimizes the func-
tional

IB(f) :=

∫
B

(
|∇f |2 + h∞ · f

)
dµ∞

among all of f ∈ H1(B) such that f − f∞ ∈ H1
0 (B).

We will argue by a contradiction. Suppose not, then there exists a ball
Br(q∞) ⊂⊂ BR(p∞) such that f∞ is not a minimizer of IBr(q∞)(f). Accord-
ing to [16, Theorem 7.12], there exists a function g∞ ∈ H1(Br(q∞)) such
that g∞ − f∞ ∈ H1

0 (Br(q∞)) and that

(3.8) IBr(q∞)(g∞) := min
f−f∞H1

0 (Br(q∞))
IBr(q∞)(f) 6 IBr(q∞)(f∞)− ε0

for some ε0 > 0.
Fix some s0 < R such that Br(q∞) ⊂⊂ Bs0

(p∞). Take points Bs0
(pj) 3

qj → q∞. Note that fj ∈ Lip(Br(qj)) for each j ∈ N ∩ {∞}, and fj → f∞
uniformly over Br(qj). Recall that, on each Bs0

(pj), we have |∇hj | 6 C1

and L fj = hj · µj . Then, the localized Bochner formula [56, Theorem 3.2]
implies that

1

2
L (|∇fj |2) >

(hj)
2

N
+ 〈∇fj ,∇hj〉+K|∇fj |2

> −|∇hj | · |∇fj |+K · |∇fj |2

in the sense of distributions in Bs0
(pj). Then we by (3.7) get that

(3.9) ‖|∇fj |‖L∞(Br(qj)) 6 C2, ∀ j ∈ N,

where C2 depends only on N,K,R,Cs0
and dist(Br(qj), ∂Bs0

(pj)).
By using Proposition 3.2 (ii) on Br(qj) and noting that g∞ − f∞ ∈

H1
0 (Br(q∞)), we obtain a sequence of functions gj ∈ H1(Br(qj)) such that

gj → g∞ in H1(Br(qj)) and that gj − fj ∈ H1
0 (Br(qj)) for all j ∈ N. The

combination of gj
H1

→ g∞ and hj
L2

→ h∞ implies
(3.10)

IBr(qj)(gj) :=

∫
Br(qj)

(
|∇gj |2 + hjgj

)
dµj → IBr(q∞)(g∞), as j →∞.

The fact L fj = hj · µj on Br(qj) in the sense of distributions yields

IBr(qj)(fj) 6 IBr(qj)(gj)
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for each j ∈ N. Then, we by combining with (3.8) and (3.10) have that

lim sup
j→∞

IBr(qj)(fj) 6 IBr(q∞)(f∞)− ε0.

This contradicts to the lower semi-continuity of energy, Lemma 2.13, by
noticing that fj → f∞ uniformly over Br(qj) and (3.9), and hj → h∞ in
L2(Br(qj)). The proof is completed. �

3.2. Estimates of Dirichlet eigenvalues and eigenfunctions

Let (X, d, µ) be a metric measure space satisfying RCD∗(K,N) for some
K ∈ R and N ∈ [1,∞). Note that, for any N ′ > N and K ′ < K, (X, d, µ)
satisfies RCD∗(K ′, N ′) too. For simplicity, we always assume that K 6 0
and N > 3 in the following.

Fix a geodesic ball BR(p) ⊂ X with radius R ∈ (0, diam(X)/a) for some

a > 2 (hence diamBR(p) < diam(X)
a/2 ). Denote by λ

(R)
m := λ

BR(p)
m the m−th

Dirichlet eigenvalues of ∆BR(p) on ball BR(p), and by φ
(R)
m the associated

eigenfunction with respect to λ
(R)
m . We normalize φ

(R)
m such that ‖φ(R)

m ‖2 = 1.
The Dirichlet heat kernel on BR(p) is

H(R)(x, y, t) =

∞∑
m=1

e−λ
(R)
m tφ(R)

m (x)φ(R)
m (y).

Lemma 3.4. Let BR(p) and λ
(R)
m , φ

(R)
m be as the above. Then there exist

constants C ′1, C
′
2 > 0, depending only on N,K and R, such that

(3.11) C ′1 ·m2/N 6 λ(R)
m 6 C ′2 ·m2, ∀ m ∈ N.

Proof. To simplify the notations, in this proof, we will denote by BR :=

BR(p) and λm := λ
(R)
m . From the monotonicity of the heat kernels with re-

spect to domains and (2.4)–(2.5), we have

H(R)(x, x, t) 6 H(x, x, t) 6
CN,K

µ
(
B√t(x)

) · exp(CN,K · t)

6
CN,K,R

µ
(
BR(x)

) · t−N/2 · exp(CN,K · t).
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By integrating over BR(x), we get, for each m ∈ N, that

m · e−λmt 6
∑
l6m

e−λlt 6
∑
l∈N

e−λlt 6 CN,K,R · t−N/2 · exp(CN,K · t)

:= C1 · t−N/2 · exp(C2 · t).

Setting t = 1
λm

and noting that λm > λ1 > CN,K,R for some constant CN,K,R
(by the L2-Poincaré inequality on BR), we conclude that

m/e 6 C1 · λN/2m · exp(C2/λm) 6 C1 · λN/2m · exp(C2/λ1) 6 C3 · λN/2m .

This implies the lower bounds in (3.11).
The upper bounds in (3.11) can be proved by a comparison result for

heat kernels of Cheng (see, for example, [21]). Here we provide a simple
argument as follows.

Fix any m ∈ N. We can find m points {xl}l=1,2,...,m in BR such that
d(xl, xl′) > R/m for any 1 6 l 6= l′ 6 m. We define functions ψl by

ψl(·) := η
(
d(xl, ·)

)
, ∀ l = 1, 2, . . . ,m,

where the function η(s) is given by

η(s) :=


1 s 6 R

8m
8m
R ·

(
R

4m − s
)

s ∈
(
R

8m ,
R

4m

)
0 s > R

4m .

It is clear that
∫
BR

ψlψl′dµ = 0, for all 1 6 l 6= l′ 6 m, and that, for any
l = 1, 2, . . . ,m,

∫
BR
|∇ψl|2dµ∫
BR

ψ2
l dµ

6

(
8m
R

)2 · µ(B R

4m
(xl)

)
µ
(
B R

8m
(xl)

) 6
2CD+6

R2
·m2,

where CD is the doubling constant of µ on BR, depending only on N,K
and R. By the Rellich’s compactness (see also [13, Eq.(5.2)]), the Courant’s
min-max principle of eigenvalues still holds (see, for example, [25]). It follows
λm 6 2CD+6 ·R−2 ·m2. The proof is completed. �
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Lemma 3.5. Let BR(p) and λ
(R)
m , φ

(R)
m be as the above. Then there exists

a constant CN,K,R,m > 0, depending on N,K,R and m, such that

‖φ(R)
m ‖L∞(BR(p)) 6 CN,K,R · λm 6 CN,K,R,m,

and that

(3.12) ‖∇φ(R)
m ‖L∞(Br(p)) 6

CN,K,R,m
R− r

, ∀ r ∈ (0, R).

Proof. To simplify the notations, we shall denote by BR := BR(p), λm :=

λ
(R)
m and H(x, y, t) := H(R)(x, y, t).

From ∆φm = −λm · φm and λm > 0, we can get L |φm| > −λm|φm| in
the sense of distributions. Noticing that |φm| ∈ H1

0 (BR), the Sobolev in-
equality (see [13, Eq.(5.2)]) (by the standard argument of Nash-De Giorgi-
Moser iteration and ‖φm‖2 = 1, indeed, we can choose the |φm| as the text
function) implies

‖φm‖L∞(BR) 6 CN,K,R · λm · ‖φm‖L2(BR) = CN,K,R · λm

for some constant CN,K,R > 0.
By using the equation L φm = ∆φm · µ = −λmφm · µ and the localized

Bochner formula [56, Theorem3.2], we have

1

2
L (|∇φm|2) >

(∆φm)2

N
+ 〈∇φm,∇(∆φm)〉+K|∇φm|2

> (K − λm) · |∇φm|2

in the sense of distributions in BR. The Nash-De Giorgi-Moser iteration and
Lemma 3.4 implies that

‖|∇φm|‖L∞(Br) 6
C ′N,K,R
R− r

· |K − λm| · ‖|∇φm|‖L2(BR)

=
C ′N,K,R
R− r

· |K − λm| · λm 6
CN,K,R,m
R− r

for some constant C ′N,K,R > 0. The proof is finished. �

3.3. The convergence of heat kernels

Let K 6 0 and N > 3 and let (Xj , dj , µj)j∈N∪{∞} be a sequence of metric
measure spaces so that (Xj , dj , µj) satisfying RCD∗(K,N) for each j ∈ N.
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Take points pj ∈ Xj , for all j ∈ N ∪ {∞}. We assume that

(Xj , dj , µj , pj)
pmGH−→ (X∞, d∞, µ∞, p∞).

Hence, the (X∞, d∞, µ∞) satisfies still RCD∗(K,N) (see [22]).
Fix a > 2 and R > 0 with R ∈ (0, diam(Xj)/a) for all j ∈ N. For each

j ∈ N, we denote by λ
(R)
m,j the m−th Dirichlet eigenvalues of ∆BR(pj) on

the ball BR(pj), and by φ
(R)
m,j , normalized by ‖φ(R)

m,j‖2 = 1, the associated

eigenfunction with respect to λ
(R)
m,j . The Dirichlet heat kernel on BR(pj) is

H
(R)
j (x, y, t) =

∞∑
m=1

e−λ
(R)
m,jtφ

(R)
m,j(x)φ

(R)
m,j(y).

By using Lemma 3.4 and Lemma 3.5, we can assume that, after pass-
ing to a subsequence, (say jk,), for each fixed m ∈ N, the eigenvalues and
eigenfunctions converge:

(3.13) lim
j→∞

λ
(R)
m,j = λm,∞,

and

(3.14) lim
j→∞

φ
(R)
m,j = φm,∞.

where the convergence of φ
(R)
m,j→φm,∞ is in L2(BR(pj)) and is also uniformly

in Br(pj), for any r ∈ (0, R), by Lemma 3.5 and the Arzela-Ascoli theorem.

Lemma 3.6. Assume that ∂BR(p∞) = ∂
(
X∞\BR(p∞)

)
. Let ∆

(R)
∞ :=

∆BR(p∞) be the infinitesimal generator of the Dirichlet form(
EBR(p∞), H

1
0 (BR(p∞))

)
on BR(p∞), with domain D(∆

(R)
∞ ). Then, for each m ∈ N, we have that

φm,∞ ∈ D(∆
(R)
∞ ) and that

(3.15) ∆(R)
∞ φm,∞ = −λm,∞φm,∞.

That is, λm,∞ is an eigenvalue of ∆
(R)
∞ with an associated eigenfunction

φm,∞. Moreover, the convergence φ
(R)
m,j → φm,∞ in (3.14) is also in

H1(BR(pj)).
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Proof. From φ
(R)
m,j → φm,∞ in L2(BR(pj)) and

‖|∇φ(R)
m,j |‖2 = λ

(R)
m,j‖φ

(R)
m,j‖2 = λ

(R)
m,j ,

by using Lemma 3.4 and Proposition 3.2 (i), we have φm,∞ ∈ H1
0 (BR(p∞)).

By applying Corollary 3.3 and (3.12), we conclude that

(3.16) L∞φm,∞ = −λm,∞ · φm,∞ · µ∞,

where L∞ is the distributional Laplacian on BR(p∞). Notice that φm,∞ ∈
H1

0 (BR(p∞)). From [24], we conclude that φm,∞ ∈ D(∆
(R)
∞ ) and that (3.15)

holds. This proves the first assertion.
For the second assertion, we need only to show

(3.17) ‖|∇φ(R)
m,j |‖2 → ‖|∇φ

(R)
m,∞|‖2 as j →∞.

The equation (3.15) implies that ‖|∇φ(R)
m,∞|‖2 = λm,∞. Now the desired (3.17)

comes from the combination of this and ‖|∇φ(R)
m,j |‖2 = λ

(R)
m,j and λ

(R)
m,j → λ

(R)
m,∞

as j →∞. The proof is finished. �

The following is the crucial point in this section.

Lemma 3.7. Assume that ∂BR(p∞) = ∂
(
X∞\BR(p∞)

)
. The sequence

{φm,∞}m∈N forms a complete basis of L2(BR(p∞)).

Proof. According to Lemma 3.6, it suffices to show that all of eigenfunctions

of ∆
(R)
∞ are in {φm,∞}m∈N. Suppose not, then there exists an eigenfunction

ψ∞ ∈ H1
0 (BR(p∞)) with

(3.18) ‖ψ∞‖2 = 1 and

∫
BR(p∞)

ψ∞ · φm,∞dµ∞ = 0, ∀m ∈ N.

Let σ∞ be the eigenvalue of ∆
(R)
∞ with respect to ψ∞. Define

(3.19) m0 := max
{
m ∈ N : λm,∞ 6 2σ∞ + 2

}
.

By Proposition 3.2 (ii), we can lift ψ∞ to a sequence of functions ψj ∈
H1

0 (BR(pj)) such that ψj → ψ∞ in H1(BR(pj)). For each j, since {φm,j}∞m=1

is a complete basis in L2, we denote the Fourier expansion of ψj w.r.t. {φm,j}
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by

(3.20) ψj =

∞∑
m=1

am,jφm,j , where am,j :=

∫
BR(pj)

ψj · φm,jdµj .

Then

‖ψj‖22 =
∑
m>1

a2
m,j =

∑
m6m0

a2
m,j +

∞∑
m>m0+1

a2
m,j ,(3.21)

‖|∇ψj |‖22 =
∑
m>1

λm,ja
2
m,j >

∑
m>m0+1

λm,ja
2
m,j(3.22)

> λm0+1,j

∑
m>m0+1

a2
m,j .

By ψj → ψ∞ and φm,j → φm,∞ in L2(BR(pj)) as j →∞, we have, for each
m ∈ N, that

lim
j→∞

am,j =

∫
BR(p∞)

ψ∞ · φm,∞dµ∞ = 0.

By combining with ψj → ψ∞ in H1(BR(pj)) and λm,j → λm,∞ as j →∞,
for any given ε ∈ (0, 1), there exists some j0 = j0(m0, ε) > 0 such that for all
j > j0 we have that

(3.23) ‖ψj‖22 > 1− ε, ‖|∇ψj |‖22 6 σ∞ + ε, |am,j | 6 ε, ∀ m 6 m0 + 1,

(where we have used ‖ψ∞‖2 = 1 and ‖∇ψ∞‖22 = σ∞,) and that

(3.24) λm0+1,j > λm0+1,∞ − ε
(3.19)

> 2σ∞ + 1.

From (3.21)–(3.22) and (3.23), we get that, for all j > j0,∑
m>m0+1

a2
m,j > 1− ε−m0ε

2, λm0+1,j

∑
m>m0+1

a2
m,j 6 σ∞ + ε.

The combination of this and (3.24) implies that

1− ε−m0ε
2 6

σ∞ + ε

2σ∞ + 1
.

This is impossible when ε is small enough. The proof is finished. �
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This Lemma states that {λm,∞, φm,∞}m∈N is the complete spectral system

of ∆
(R)
∞ . Hence, the limit of the convergence in (3.13) is unique and does

not depend of the choice of subsequence jk. So the Dirichlet heat kernel of
BR(p∞), in fact, is

(3.25) H(R)
∞ (x, y, t) =

∑
m=1

e−λm,∞tφm,∞(x) · φm,∞(y).

Therefore, we have obtained:

Theorem 3.8. Assume that ∂BR(p∞)=∂
(
X∞\BR(p∞)

)
.3 Let H

(R)
j (x, y, t)

be the Dirichlet heat kernel on BR(pj) for all j ∈ N ∪ {∞}. Then for any

fixed t > 0, we have that H
(R)
j (pj , ·, t)→ H

(R)
∞ (p∞, ·, t) is in L2(BR(pj)) and

is also uniformly in BR/2(pj), as j →∞.
In particular, the local spectral convergence, Proposition 1.3, holds.

Remark that an L2-convergence theorem for global heat flows on
(Xj , dj , µj) was proved in [25]. An H1-convergence theorem for local heat
flows has been recently obtained by Ambrosio-Honda in [8].

Lemma 3.9. Let (X, d, µ, p) be a pointed metric measure space with
RCD∗(K,N) for some K ∈ R and N > 3. Let H(R)(x, y, t) be the Dirich-
let heat kernel on BR(p). Then, for any t > 0, there exists a constant some
constant CN,K,t > 0 such that for all R′ > R > R0 := max

{
5t,
√

5Nt/2
}

,
we have that

(3.26) sup
BR(p)

∣∣H(R′)(x, p, t)−H(R)(x, p, t)
∣∣ 6 CK,N,t

µ(B√t(p))
· e−R,

and that

(3.27)

∫
X\BR

H(R′)(x, p, t)dµ(x) 6 CN,K,t · e−R.

3According to Remark 2.7(1), the assumption can be replaced by

Cap2

(
∂BR(p∞)\∂

(
X∞\BR(p∞)

))
= 0.
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Proof. Let H(x, y, t) be the heat kernel on (X, d, µ). Recalling the mono-
tonicity of heat kernels with respect to domains that

(3.28) H(R)(x, p, t) 6 H(R′)(x, p, t) 6 H(x, p, t), ∀ x ∈ BR(p),

and combining with the upper bound of H, (2.5), we have

sup
BR

∣∣H(x, p, t)−H(R)(x, p, t)
∣∣(3.29)

6 sup
∂BR×(0,t]

∣∣H(x, p, s)−H(R)(x, p, s)
∣∣

6 sup
s∈(0,t]

CK,N
µ(B√s)

· exp

(
−R

2

5s
+ CK,N · s

)
6 CK,N · exp

(
CK,N · t

)
· sup
s∈(0,t]

1

µ(B√s)
· exp

(
−R

2

5s

)
,

where Br := Br(p), and we have used the maximum principle for the first
inequality, since both H(·, p, ·) and H(R)(·, p, ·) are weak solutions of the
heat equation on BR × (0,∞) with the same initial data. From the local
measure doubling property (2.4), we have

(3.30)
µ(B√t)

µ(B√s)
6 C ′N,K,t

( t
s

)N/2
, ∀ 0 < s < t,

for some constant C ′K,N,t > 0. Let us put

v(s) :=
exp

(
− R2

5s

)
sN/2

, ∀ s ∈ (0, t].

If R2 > 5Nt/2, then we by d
ds log v(s) = R2

5s2 − N
2s = 1

5s2

(
R2 − 5Ns

2

)
> 0 have

that v(s) 6 v(t) for all 0 < s < t. Hence,

(3.31) sup
s∈(0,t]

exp
(
− R2

5s

)
sN/2

6
exp

(
− R2

5t

)
tN/2

,
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provided R >
√

5Nt/2. The combination of (3.29)–(3.31) yields that

sup
BR

∣∣H(x, p, t)−H(R)(x, p, t)
∣∣(3.32)

6 CK,N · exp
(
CK,N · t

)
·
C ′N,K,t
µ(B√t)

· exp
(
− R2

5t

)
6

CN,K,t
µ(B√t)

· e−R, (by R > 5t)

for any R > R0 := max
{

5t,
√

5Nt/2
}

. Now the assertion (3.26) comes from
(3.28) and (3.32).

The generalized Bishop-Gromov inequality (2.2) for RCD∗(K,N)-space
implies that, for all j > 1 and all R >

√
t,

µ(B(j+1)R\BjR)

µ(B√t)
6
µ
(
(j + 1)R

)
− µ(jR)

µ(
√
t)

6
eC
′
N,K ·jR

µ(
√
t)

for some constant C ′N,K , where µ(s) :=
∫ s

0 sN−1
K

N−1

(τ)dτ and sk(τ) is given in

(2.3). Hence we have, for all j > 1 and all R >
√
t (which is ensured by

R > R0), that∫
X\BR

H(x, p, t)dµ(x)

6
CK,N
µ(B√t)

·
∞∑
j=1

∫
B(j+1)R\BjR

exp

(
−d

2(p, x)

5t
+ CK,N · t

)
dµ(x)

6 CK,N

∞∑
j=1

µ(B(j+1)R\BjR)

µ(B√t)
· exp

(
−(jR)2

5t
+ CN,K · t

)

6
CK,N

µ(
√
t)

∞∑
j=1

· exp

(
−(jR)2

10t
+ CN,K · t+ C ′N,K · jR

)
.

The combination of this and (3.28) implies (3.27). The proof is finished. �

As a consequence, we have the convergence of heat kernels as follows.

Corollary 3.10. For any R large enough, we assume that ∂BR(p∞) =
∂
(
X∞\BR(p∞)

)
.

Let Rj be a sequence such that Rj →∞ as j →∞. Let H
(Rj)
j (x, y, t) be

the Dirichlet heat kernel on BRj (pj) for all j ∈ N ∪ {∞}. Then for any fixed
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t > 0, the convergence H
(Rj)
j (·, pj , t)→ H∞(·, p∞, t) holds in L1 sense, and

holds also uniformly in BR(pj) for any fixed R, as j →∞.

Proof. It comes immediately from the combination of Theorem 3.8 and
Lemma 3.9. �

This corollary in the special case where (Mn
j , gj , volj , pj) are a sequence

of smooth n-dimensional Riemannian manifolds with Ric > −k and
volj(B1(p1)) > v0 > 0, was earlier obtained by Ding [21]. A pointed con-
verging theorem for global heat kernels on RCD∗(K,N) spaces was recently
given in [9].

Remark 3.11. Let X := C(Y ) be the cone over space Y such that
(X, d, µ, oY ) is an RCD∗(0, N) space (with the cone metric and cone mea-
sure), where oY is the vertex. Then, for any ball BR(oY ), we have ∂BR(oY ) =
∂
(
X\BR(oY )

)
. In particular, it holds for any Euclidean space.

4. Weyl’s law

In this section, we fix a metric measure space (X, d, µ) satisfying
RCD∗(K,N) for some K ∈ R and N ∈ [1,∞). Without loss the general-
ity, we can assume that K 6 0 and N > 3 in the following.

Let p ∈ X and r ∈ (0, 1), we consider the rescaled and normalized pointed
metric measure space (X, dr, µ

p
r , p), where

(4.1)

dr(·, ·) := r−1d(·, ·), µpr :=
µ

b(p, r)
and

b(p, r) :=

∫
Br(p)

(
1− d(p, x)

r

)
dµ(x).

By the measure doubling property, we have

µ
(
Br(p)

)
> b(p, r) >

1

2CD
µ
(
Br(p)

)
,

where CD is the doubling constant on Br(p). Indeed, for any r > 0, we have∫
Br(p)

d(p, x)dµ(x) 6
r

2
· µ
(
Br/2(p)

)
+ r · µ

(
Br(p)\Br/2(p)

)
= r · µ

(
Br(p)

)
− r

2
· µ
(
Br/2(p)

)
6

(
r − r

2CD

)
µ
(
Br(p)

)
.
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This implies immediately that

b(p, r) = µ
(
Br(p)

)
− 1

r

∫
Br(p)

d(p, x)dµ(x) >
1

2CD
µ
(
Br(p)

)
.

Definition 4.1 (Tangent cones). Let (X, d, µ) be a metric measure space
and let p ∈ X. A pointed metric measure space (Y, dY ,mY , y) is called a
tangent cone of (X, d, µ) at p if there exists a sequence {rj}j∈N with rj → 0,
as j →∞, such that

(X, drj , µ
p
rj , p)

pmGH→ (Y, dY ,mY , y).

The set of all the tangent cones at p is denoted by Tan(X, d, µ, p). Remark
that a tangent cone at p may depend on the choice of the sequence {rj}.

A point p ∈ X, is called a k-regular point if the tangent cones at p is
unique and if

(4.2) Tan(X, d, µ, p) =
{(

Rk, dE,Lk, 0
)}
,

where dE is the standard Euclidean metric of Rk and L k is the k-dimensional
Lebesgue measure normalized so that

∫
B1(0)(1− |x|)dL

k(x) = 1. We denote

by Rk := all of k-regular points of (X, d, µ).
Very recently, a structure theorem of RCD∗(K,N)-spaces has been given

by Mondino-Naber [43], and by Kell-Mondino [37], Gigli-Pasqualetto [26]
and De Philippis al. [19].

Theorem 4.2. Let (X, d, µ) be a metric measure space satisfying
RCD∗(K,N) for some K ∈ R and some N ∈ [1,∞). Then we have

(i) ([43, Theorem 6.7]). µ
(
X\ ∪16k6[N ] Rk

)
= 0, where [N ] := max{n ∈

N : n 6 N};
(ii) ([43, Theorem 1.3]). Each Rk is k-rectifiable. More precisely, for

every ε > 0, we can cover Rk, up to an µ-negligible subset, by a countable
collection of sets Uk,`ε , ` ∈ N, with the property that each Uk,`ε is (1 + ε)-
bilipschitz to a subset of Rk;

(iii) ([19, 26, 37]). For each Uk,`ε in above (ii), the measure µ|Uk,`ε
�H k,

the k-dimensional Hausdorff measure.

Let us recall that the k-dimensional density function of µ (k > 1), θk :
X → [0,∞] is defined by

(4.3) θk(p) = θk(µ, p) := lim
r→0

µ
(
Br(p)

)
ωk · rk

.
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where ωk is the volume of the unit ball in Rk (under the standard Lebesgue’s
measure). From Theorem 4.2 (ii) and (iii), we conclude that, for µ-almost
all p ∈ Rk, the limit (4.3) exists and is in (0,∞), and that

(4.4) µ|Rk = θk ·H k.

Indeed, by the fact µ|Rk is a k-rectifiable measure, we by [10, Theorem 5.4]
have that µ|Rk = θ̃k ·H k for some non-negative H k-integrable function θ̃k,
and moreover,

θ̃k(p) = lim
r→0

µ(Br(p) ∩Rk)
ωk · rk

, H k − a.e. p ∈ Rk.

On the other hand, Rk has density 1 µ-almost all p ∈ Rk, that is

lim
r→0

µ(Br(p) ∩Rk)
µ(Br(p))

= 1, µ− a.e. p ∈ Rk.

By using the fact µ|Rk �H k again and combining with the above two
equalities, we get that, for µ-almost all p ∈ Rk, the limit of (4.3) exists and
θk(p) = θ̃k(p) for µ-almost all points in Rk (see also [18, Theorem 2.12]).

Lemma 4.3. For µ-almost all p ∈ Rk, we have

(4.5) lim
r→0

b(p, r)

rk
=
θk(p)ωk
k + 1

.

Proof. Let p ∈ Rk such that the limit of (4.3) exists and is in (0,∞). By
(4.3), we have

(4.6) µ
(
Br(p)

)
= θk(p)ωk · rk ·

(
1 + o(1)

)
.

From (2.2), it is clear that r 7→ µ
(
Br(p)

)
is locally Lipschitz on (0, R) for

any R > 0. So we get by (4.6) that for almost all r ∈ (0, R),

d

dr
µ
(
Br(p)

)
:= Ap(r) = θk(p)ωk · k · rk−1 ·

(
1 + o(1)

)
,

and hence∫
Br(p)

d(p, x)dµ(x) =

∫ r

0
s ·Ap(s)ds =

k · θk(p)ωk
k + 1

· rk+1 ·
(
1 + o(1)

)
.



i
i

“8-Zhang” — 2020/1/17 — 18:21 — page 1902 — #34 i
i

i
i

i
i

1902 H.-C. Zhang and X.-P. Zhu

Therefore, from (4.6) and the definition of b(p, r) in (4.1), we conclude

b(p, r) =
θk(p)ωk
k + 1

· rk ·
(
1 + o(1)

)
.

This is (4.5), and the proof is finished. �

Let Ω ⊂ X be a bounded open subset and let HΩ(x, y, t) be the Dirichlet
heat kernel on Ω.

Lemma 4.4. For µ-almost all p ∈ Rk ∩ Ω, we have

(4.7) lim
t→0

HΩ(p, p, t) · tk/2 =
1

θk(p) · (4π)k/2
.

Proof. By Lemma 4.3, it suffices to show that, for µ-almost all p ∈ Rk ∩ Ω,

(4.8) lim
t→0

HΩ(p, p, t) · b(p,
√
t) =

ωk
k + 1

· (4π)−k/2.

We shall first consider the case where Ω = BR(p) for some R > 0.

Given any α, β > 0, we denote by H
(αR)
α,β (x, y, t) the Dirichlet heat kernel

on BαR(p) ⊂ (X,αd, βµ, p), the rescaled space. It is clear that

(4.9) H
(αR)
α,β (x, y, t) =

1

β
·H(R)(x, y,

t

α2
).

By taking any sequence rj ↘ 0 as j →∞ and choosing α := r−1
j , β :=

b−1(p, rj), by using Corollary 3.10 (and Remark 3.11) and the definition
of Rk, we get

lim
j→∞

H(R)(p, p, r2
j ) · b(p, rj) = lim

j→∞
H

(αR)
α,β (p, p, 1) = bk · (4π)−k/2,

where

bk :=

∫
B1(0k)

(
1− |x|

)
dx =

ωk
k + 1

.

Hence, we get

(4.10) lim
t→0

H(R)(p, p, t) · b(p,
√
t) =

ωk
k + 1

· (4π)−k/2.

Secondly, we consider that Ω is general a bounded domain. In this case,
we can find two balls such that BR1

(p) ⊂ Ω ⊂ BR2
(p). According to the
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monotonicity of Dirichlet heat kernels on domains, we have

H(R1)(p, p, t) 6 HΩ(p, p, t) 6 H(R2)(p, p, t).

The desired (4.8) comes from the combination of this and (4.10). Now, the
proof is finished. �

In order to state the Weyl’s law, we introduce the following condition.

Definition 4.5. Let k0 > 0 and r0 ∈ (0, 1), and let Ω ⊂ (X, d) be domain.
A Radon measure ν is said to be k0−noncollapsing on Ω of scale r0, if the
functions x 7→ rk0

ν(Br(x)) are integrable uniformly in r ∈ (0, r0). More precisely,

for any ε > 0, there exists a constant δ = δ(ε, r0, k0,Ω) > 0 such that, for any
ν-measurable set E ⊂ Ω with ν(E) < δ, it holds

(4.11)

∫
E

rk0

ν
(
Br(x)

)dν(x) < ε, ∀ r ∈ (0, r0).

It is clear that if a measure ν is k0−noncollapsing on Ω of scale r0, then
for any k′ > k0 and r′ 6 r0, it is still k′−noncollapsing of scale r′. Let us
consider some examples.

Example 1. Let (X, d, µ) be an RCD∗(K,N)-space for some K ∈ R and
N > 1. Then, for any bounded domain Ω ⊂ X, the measure µ must be
N−noncollapsing on Ω of scale dΩ := diam(Ω). Indeed, by (2.4), we have

µ(Br(x))

µ(BdΩ
(x))

> CdΩ
rN , ∀ r ∈ (0, dΩ).

That is, rN

µ(Br(x)) 6 C
−1
dΩ
/µ(BdΩ

(x)). Hence, the measure µ is N−noncol-
lapsing on Ω of scale dΩ.

Example 2. Let (X, d, µ) be a metric measure space. Suppose that µ is
k0−noncollapsing on Ω of scale r0. Assume that ν is another Radon measure
such that

ν(Br(p)) > C · µ(Br(p)), ∀ r ∈ (0, r0), ∀ p ∈ Ω

for some constant C > 0. Then ν is also k0−noncollapsing on Ω of scale r0.
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Theorem 4.6. Let (X, d, µ) be an RCD∗(K,N)-metric measure space and
let Ω ⊂ X be a bounded domain. We set

(4.12) kmax := max
{
k | µ

(
Ω ∩Rk

)
> 0
}
.

Assume that µ is k0-noncollapsing on Ω of scale r0 for some k0 ∈ (0, kmax]
and some r0 > 0. Then we have the asymptotic formula of Dirichlet eigen-
values

(4.13) lim
λ→∞

NΩ(λ)

λkmax/2
= Γ(kmax/2 + 1)−1 · H

kmax(Ω ∩Rkmax
)

(4π)kmax/2
,

where NΩ(λ) := #{λΩ
j : λΩ

j 6 λ}, and Γ(s) is the Gamma function.

Proof. By the upper bounds of the heat kernel (2.5), we have that, for any
t 6 1,

(4.14) HΩ(x, x, t) 6 H(x, x, t) 6
CN,K

µ(B√t(x))
· exp

(
CN,K · t

)
6

C ′N,K
µ(B√t(x))

.

In the following, we denote by km := kmax. Since km > k0, we know that µ
is also km−noncollapsing on Ω of scale r0. Fix any ε > 0 and let δ > 0 be
given in the definition of km−noncollapsing on Ω of scale r0. From Lemma
4.4 and Egorov’s Theorem, there exists a µ-measurable set E with µ(E) < δ
such that

HΩ(x, x, t) · tkm/2 → 1

θkm(x) · (4π)km/2
uniformly on (Ω ∩Rkm)\E.

Hence, by using (4.14) and the fact that µ is km−noncollapsing on Ω of scale
r0, we get

lim
t→0

∫
Ω∩Rkm

tkm/2 ·HΩ(x, x, t)dµ(x)(4.15)

6 C ′N,K · ε+ lim
t→0

∫
(Ω∩Rkm )\E

tkm/2 ·HΩ(x, x, t)dµ(x)

= C ′N,K · ε+

∫
(Ω∩Rkm )\E

lim
t→0

tkm/2 ·HΩ(x, x, t)dµ(x)
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= C ′N,K · ε+

∫
Ω∩Rkm

1

θkm(x) · (4π)km/2
dµ(x)

= C ′N,K · ε+

∫
Ω∩Rkm

θkm(x)

θkm(x) · (4π)km/2
dH km(x)

= C ′N,K · ε+
H km(Ω ∩Rkm)

(4π)km/2
,

where we have used µ|Rkm = θkm ·H km . On the other hand, Fatou’s lemma
implies

lim
t→0

∫
Ω∩Rkm

tkm/2 ·HΩ(x, x, t)dµ(x) >
∫

Ω∩Rkm
lim
t→0

tkm/2 ·HΩ(x, x, t)dµ(x)

=
H km(Ω ∩Rkm)

(4π)km/2
.

Therefore, letting ε→ 0, we conclude that

(4.16) lim
t→0

∫
Ω∩Rkm

tkm/2 ·HΩ(x, x, t)dµ(x) =
H km(Ω ∩Rkm)

(4π)km/2
.

For each k < km, From Lemma 4.4, we have, for µ-almost all x ∈ Rk, that

lim
t→0

HΩ(x, x, t) · tkm/2 = lim
t→0

HΩ(x, x, t) · t
k

2 · t
km−k

2 = 0, ∀ k < km.

By the same argument as deducing (4.15), we obtain

(4.17) lim
t→0

∫
Ω∩Rk

tkm/2 ·HΩ(x, x, t)dµ(x) = 0.

The combination of (4.16), (4.17) and Theorem 4.2 (i) implies that

lim
t→0

tkm/2
∞∑
j=1

e−λ
Ω
j t = lim

t→0

∫
Ω
tkm/2 ·HΩ(x, x, t)dµ

= lim
t→0

∫
Ω∩(∪kmj=1Rj)

tkm/2 ·HΩ(x, x, t)dµ

= lim
t→0

km∑
j=1

∫
Rj∩Ω

tkm/2HΩ(x, x, t)dµ =
H km(Ω ∩Rkm)

(4π)km/2
,

where, in the second equality, we have used the fact that µ(Ω ∩Rj′) = 0 for
any j′ > km.
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Finally, by applying the Karamata Tauberian theorem, we have

lim
λ→∞

NΩ(λ)

λkm/2
= Γ(km/2 + 1)−1 · H

km(Ω ∩Rkm)

(4π)km/2
.

The proof is finished. �

Remark 4.7. We can consider the constant kmax in (4.12) as the maximal
essential dimension of Ω. It is clear that kmax 6 [N ] for any domain Ω of an
RCD∗(K,N)-space, by Theorem 4.2(i).

Proof of Theorem 1.1. Let Ω ⊂ X be a bounded domain. We first show that

(4.18) µ(Ω ∩Rk) = 0, for any integer k < N.

From Theorem 4.2(ii), we know that, for any integer 1 6 k 6 [N ], Rk is k-
rectifiable. Thus the Hausdorff dimension dimH (Rk) 6 k. In particular, we
have

H N (Ω ∩Rk) = 0, for any integer k < N.

The assumption µ�H N implies µ(Ω ∩Rk) = 0. This is (4.18).
Secondly, we want to prove

(4.19) N ∈ N and µ
(
Ω\RN

)
= 0.

We will argue by a contradiction to show that N is an integer. Suppose
not, then we have [N ] < N . From (4.18), we get µ

(
Ω ∩ (∪16k6[N ]Rk)

)
= 0.

By combining with Theorem 4.2(i), we conclude µ(Ω) = 0. This contradicts
to the fact that µ(O) > 0 for any open subset O ⊂ X (since supp(µ) = X).
Thus,N is an integer. Now let us prove the assertion µ

(
Ω\RN

)
= 0. By using

(4.18) again, we get µ
(
Ω ∩ (∪16k6N−1Rk)

)
= 0. It follows µ

(
Ω\RN

)
= 0, by

Theorem 4.2(i).
At last, we will complete the proof of (1.1). From (4.19), we have µ

(
Ω ∩

RN
)

= µ(Ω) > 0, the definition of kmax yields kmax > N (see (4.12)). Thus,
we have kmax = N (recalling that kmax 6 N , see Remark 4.7). Now we con-
clude by Theorem 4.6 (and by Example 1 above) that

lim
λ→∞

NΩ(λ)

λN/2
= Γ(N/2 + 1)−1 · H

N (Ω ∩RN )

(4π)N/2
(4.20)

=
ωN ·H N (Ω ∩RN )

(2π)N
,

where we have used that Γ(N/2) = 2πN/2

N ·ωN .
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We remain only to show that H N (Ω ∩RN ) = H N (Ω). Equivalently,
H N (Ω\RN ) = 0. It follows immediately from the assumption H N � µ and
(4.19). Now the proof is finished. �

Appendix A. Dominated convergence theorem and Fatou’s
lemma on pmGH-converging spaces

Dominated convergence theorem and Fatou’s lemma are among the most
important assertions in all of analysis. In this appendix, we will give an in-
troduction of them for functions defined on a sequence of pmGH-converging
metric measure spaces. They are well-known for experts.

Let (Xj , dj , µj , pj), j ∈ N ∪ {∞}, be a sequence of pointed metric mea-
sure spaces. In this appendix, we always assume that

all of (Xj , dj) are length spaces(A.1)

and (Xj , dj , µj , pj)
pmGH−→ (X∞, d∞, µ∞, p∞).

Please see Proposition 2.9 for the definitions of pointed measured Gromov-
Hausdorff convergence (pmGH-convergence).

Definition A.1. Let R > 0. Let {fj} be a sequence of Borel functions
defined on BR(pj) for each j ∈ N ∪ {∞}. We say that

(A.2) lim inf
j→∞

fj > f∞ at x∞ ∈ BR(p∞)

if lim infj→∞ fj(xj) > f∞(x∞) holds for any sequence {xj}j∈N converging
to x∞. More precisely, by letting (Φj) and (εj) be given in Proposition
2.9, (A.2) means the following: for any ε > 0, there exist N(ε, x∞) ∈ N and
δ(ε, x∞) > 0 such that

(A.3) inf
z∈BR(pj), d∞

(
Φj(z),x∞

)
6δ(ε,x∞)

fj(z) > f∞(x∞)− ε.

We say that lim supj→∞ fj 6 f∞ at x∞ ∈ BR(p∞) if and only if

lim inf
j→∞

(−fj) > −f∞

at x∞. It is clear that fj → f∞ over BR(pj) at x∞ ∈ BR(p∞) in the sense of
Definition 2.10 (i) if and only if lim infj→∞ fj > f∞ and lim supj→∞ fj 6 f∞
at x∞ ∈ BR(p∞).
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Proposition A.2 (Fatou’s Lemma on pmGH-converging spaces).
Let R > 0. Let {fj}j∈N∪{∞} be a sequence of nonnegative Borel real func-
tion defined on BR(pj). Suppose that f∞ ∈ L1(BR(p∞)) and lower semi-
continuous µ∞-a.e. on BR(p∞), and that

(A.4) lim inf
j→∞

fj > f∞, µ∞−a.e. in BR(p∞),

then

(A.5) lim inf
j→∞

∫
BR(pj)

fjdµj >
∫
BR(p∞)

f∞dµ∞.

We need the following a variant of the classical Fatou’s lemma:

Lemma A.3. Let (X, d) be a metric space, and let g be a nonnegative
Borel real function on X. Suppose that {νj}j∈N∪{∞} be a sequence of Radon
measures on X such that νj ⇀ ν∞, as j →∞. Assume that g is lower semi-
continuous ν∞-a.e. on X. Then we have

lim inf
j→∞

∫
X
gdνj >

∫
X
gdν∞.

Proof. Since g is lower semi-continuous almost everywhere, there exist a
sequence of (Lipschitz) continuous functions gt such that gt(x) 6 g(x) and
gt(x) ↑ g(x) as t→∞ at ν∞-a.e. x ∈ X ([1, Lemma 1.61]).

Fix each t > 0, we put, for any s > 0, that

Et(s) := g−1
t

(
(s,∞)

)
and Gj(s) := νj(Et(s)).

Then Gj > 0 and Et(s) is open, and by νj ⇀ ν∞ that limj→∞Gj(s) >
G∞(s). By using the fact that

∫
X gtdνj =

∫∞
0 Gj(s)ds ant the Fatou’s lemma

on [0,∞), we conclude that

lim inf
j→∞

∫
X
gtdνj >

∫
X
gtdν∞, for all t > 0.

At last, the assertion comes from the fact gt 6 g and the monotone converge
theorem. �

Proof of Proposition A.2. Let (Φj) and (εj) be given in Proposition 2.9.
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For any fixed ε > 0 and k ∈ N, we denote

Ak(ε) :=
{
x∞ ∈ BR(p∞) : ∀ ` > k, it holds

inf
z∈BR(p`), d∞

(
Φ`(z),x∞

)
6δ(ε,x∞)

f`(z) > f∞(x∞)− ε
}
.

It is easily seen that Ak(ε) is increasing in k and by (A.4) that

µ∞(BR(p∞)) = µ∞
(
∪k>1 Ak(ε)

)
= lim

k→∞
µ∞(Ak(ε)).

Then, for any fixed ε > 0, there exists some k0 := k0(ε) ∈ N such that

(A.6)

∫
Ak0

(ε)
f∞dµ∞ >

∫
BR(p∞)

f∞dµ∞ − ε,

where we have used f∞ ∈ L1(BR(p∞)). We put

Ej(s) :=
{
x ∈ BR(pj) : fj(x) > s

}
, ∀ j ∈ N ∪ {∞}, ∀ s ∈ [0,∞).

Given any ε > 0 (and fixed some k0 in (A.6)), we have

(A.7) Φ−1
`

(
E∞(s) ∩Ak0

(ε)
)
⊂ E`(s− ε), ∀ ` > k0, ∀ s ∈ [ε,∞).

Indeed, letting ` > k0, for each x ∈ Φ−1
`

(
E∞(s) ∩Ak0

(ε)
)
, we get Φ`(x) ∈

E∞(s) ∩Ak0
(ε). This implies f∞(Φ`(x)) > s and f`(x) > f∞(Φ`(x))− ε. It

follows f`(x) > s− ε. I.e., x ∈ E`(s− ε).
By (A.7), we have

µ`
(
E`(s− ε)

)
> µ`

(
Φ−1
`

(
E∞(s) ∩Ak0

(ε)
))

= [(Φ`)]µ`](E∞(s) ∩Ak0
(ε))

for any ` > k0 and any s > ε. By integrating over s ∈ (ε,∞), we get∫
BR(p`)

f`dµ` =

∫ ∞
ε

µ`
(
E`(s− ε)

)
ds >

∫
Ak0 (ε)∩{f∞>ε}

f∞d[(Φ`)]µ`]

for any ` > k0. Thus, by the weak convergence (Φ`)]µ` ⇀ µ∞ on BR(p∞)
and Lemma A.3, we conclude that, for any fixed ε > 0,

lim inf
`→∞

∫
BR(p`)

f`dµ` >
∫
Ak0

(ε)∩{f∞>ε}
f∞dµ∞(A.8)

>
∫
Ak0 (ε)

f∞dµ∞ −
∫
BR(p∞)∩{f∞<ε}

f∞dµ∞.
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At last, letting ε→ 0 and noting that f∞ ∈ L1((BR(p∞)), the assertion
(A.5) comes from the combination of (A.6) and (A.8). The proof is fin-
ished. �

From this, it is not hard to deduce the dominated converge theorem for
functions living on a sequence of pmGH-converging spaces as following.

Proposition A.4 (Dominated convergence thoerem on pmGH-
converging spaces). Let R > 0 and let {fj}j∈N∪{∞} be a sequence of Borel
real function defined on BR(pj). Suppose that fj → f∞ µ∞-a.e. on BR(p∞).
If there exists a sequence of functions {Fj}j∈N∪{∞} such that Fj → F∞ in
L1(BR(pj)) in the sense of Definition 3.1 (by replacing L2 there by L1), and
that

|fj(x)| 6 Fj(x) ∀x ∈ BR(pj), ∀j ∈ N,

and |f∞| 6 F∞ for µ∞-almost all in BR(p∞), then

(A.9) lim
j→∞

∫
BR(pj)

|fj |dµj =

∫
BR(p∞)

|f∞|dµ∞.

Proof. From Remark 2.11(2), we know that f∞ is continuous at almost ev-
erywhere. By using Proposition A.2 to both |fj | and Fj − |fj |, the assertion
follows. �
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