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Gradient estimates for the heat equation
on graphs

LIN FENG WANG AND ZE YU ZHANG

Let G(V,E) be an infinite (locally finite) graph which satisfies
CDE(m,—K) condition for some m > 0, K > 0. In this paper we
mainly establish a generalized gradient estimate for positive solu-
tions to the following heat equation

(8t — AM>’U/ = 07

this gradient estimate includes Davies’ estimate, Hamilton’s esti-
mate, Bakry-Qian’s estimate and Li-Xu’s estimate, these four es-
timates for positive solutions to the linear heat equation had been
established on complete manifolds with Ricci curvature bounded
from below by a negative number. When ¢ N\, 0, the dominant terms
of Hamilton, Bakry-Qian and Li-Xu’s estimates are consistent with
the corresponding term on the case that K = 0. We can also de-
rive the Harnack inequalities from the gradient estimates, and then
obtain the heat kernel estimates.

1. Introduction

Li-Yau’s famous gradient estimate for a positive solution u to the heat equa-
tion

(1.1) (0 — A)u =0,

established in [7], says that u satisfies

u? U _2(a—1)+ 2t

(12) |Vul? O < ma’K  ma?

on an m—dimensional complete Riemannian manifold (M, g) whose Ricci
curvature is bounded from below by —K for some constant K > 0, where
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« > 11is a given constant. In particular, u satisfies

Vul?  Ou . m

u2 w T 2t

(1.3)

if the Ricci curvature is nonnegative. The equality in holds if w is the
heat kernel on R™.

Li-Yau’s gradient estimate can be used to derive the Harnack type in-
equalities, the upper and lower bound estimates for the heat kernel, the
estimates of eigenvalues of the Laplace operator and the estimates of the
Green’s function on general complete Riemannian manifolds with Ricci cur-
vature bounded from below. It has been playing great roles in the field of
geometric analysis.

How to generalize the gradient estimate on manifolds to the graphic
setting is an interesting question. The main difficulty is the lack of the
chain rule on graphs. By using a crucial observation and a new version
of the curvature-dimension condition, i.e., the CDFE(m, K) condition, the
authors of [2] studied the Li-Yau’s gradient estimate for positive solutions
to the linear heat equation on the graphic setting, they also derived Harnack
inequalities and heat kernel bounds from the gradient estimate. We state the
gradient estimate in the graphic setting established in [2] as follows.

Theorem 1.1. Let G(V,E) be a (finite or infinite) graph satisfying
CDE(m,—K) condition for some constant K >0, if G(V,E) is infinite
we also assume that it has bounded degree. Then for any positive function
u:V x[0,400) = (0,400) satisfying

(1.4) (0 — Dy)u =0,

and any constant o > 1,

(1.5) L(Vu) aﬁt\/ﬁ < ma?  ma’K

u Vu T2t +2(a—1)

holds on the whole graph, where A,,I" and CDE(m,—K) condition are de-
fined in Section[3 In particular, if G(V,E) satisfies CDE(m,0) condition
then

u Vu T2t

holds on the whole graph.
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In [4] Davies improved (1.2) to be

|Vul? ou _ ma’K  ma?

(17) u? u = 4(a—1) Ty

in the manifold setting. The dominant term of the right hand side of ([1.7)) is

mTLtYQ when t N\, 0. At the same time, the heat kernel on the m—dimensional
m

hyperbolic space shows that the dominant term should be . If one lets
a \ 1, then the right hand side of will blow up. An interesting question
is: can one find a sharp gradient estimate form for positive solutions to the
heat equation on general manifolds with Ric > —K? (see Problem 10.5
in book [3], page 393.) It seems difficult to solve this question completely. The
author of [5] made some progress along this direction and got the following

gradient estimate

2
(18) |vg” —€2Kt% S 64Kt
u u

SE

Later the linearized version

|Vul? 2 ou _m mK 1
1. —(1+=Kt| —< —4+ — 1+ =Kt
(1.9) + 3 2t + 2 + 3

u2 U

was derived in [I]. But when ¢t — oo, the righthand sides of (1.8)) and ([1.9))
will blow up. Recently, a better estimate was given in [6], that is,

(1.10)

|Vul? B (1 N sinthcosth—Kt> O
u

mK
— < ——[coth Kt + 1].
u? sinh? Kt -2 [ ]

It is easy to see that the righthand side of (1.10]) stays bounded when t — co.
In this paper, we can improve the estimate in (|1.5)) to be

2 2
(1.11) L(Vu) aat\/ﬂ < ma” | o mK

u Vu 2t 4(a—1)
on a graph satisfying C DE(m, —K) condition for some constant K > 0 (see
Theorem . The dominant term of the right hand side of 1D jg ma?

2t

when ¢\ 0. Note that the right hand side of (1.6 is 5;. But if one lets

o\, 1, then the right hand side of will blow up. A natural question
is: can we establish gradient estimates similar to , and
for positive solutions to the heat equation on general graphs satisfying
CDE(m,—K) condition for some constant K > 0. The answer is affirmative
and the following is the main result in this paper.
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Theorem 1.2. Let G(V,E) be a (finite or infinite) graph satisfying
CDE(m,—K) condition for some constant K >0, if G(V,E) is infinite
we also assume that it has bounded degree. Then for any positive function
u:V x[0,400) = (0,400) satisfying we have

u N 2t’

iy E (1 2w 2 < B (14 )

u 3 Ji S22 3
and
T inh Ktcosh Kt — Kt K
(11gy LW () sin . v MK k1),
u sinh” Kt Vau

This paper is organized as follows: In Section [2] we introduce some nota-
tions and lemmas, which will be used later. Then we establish a general form
of Li-Yau’s gradient estimate for positive solutions to the heat equation
on a (finite or infinite) graph satisfying C DE(m, —K) condition for some
constant K > 0, the proof for the finite graph case is given in Section 3 and
infinite graph case is given in Section [d] Then the Davies’ gradient estimate
1.11)), Hamilton’s gradient estimate , Bakry-Qian’s gradient estimate
1.13)) and Li-Xu’s gradient estimate are all included in our general
form. In fact, by choosing suitable a(t),n(t) and ¢(t) in Theorem and
Theorem [4.2] we can get gradient estimates (1.11)), (1.12), (1.13)) and
respectively, we explain these in Section |5l As applications we can derive the
Harnack inequalities and the heat kernel estimates, we do these in Section [6]
and Section [7] respectively.

2. Notations and lemmas

We firstly give some notations [2]. Let G(V, E) be a graph whose edge zy € E
from x to y has weight w;, > 0. We also assume that

(2.1) Wynin = Inf w, > 0
ecE
and for all z € V,

(2.2) deg(x) := way < 00,

Y~z
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i.e., the graph is locally finite. Given a measure p:V — R on V, the u-
Laplacian on G is the operator A, defined by

(23) Buf@) = > wa1(6) = o)
Moreover we define

(2.4) Dy, = max dif;j)’

(2.5 D, = ma .

(26)  T(f,0)@) = 510u(f9) ~ FAug — 92 f1(2)

11
=520 ;wxy(f(y) — f(@))(9(y) — g(2))
and
27)  Taf) = 5I0(0) ~ T, 809) - T(Buf, )l

For convenience, we write I'(f) = T'(f, f),T2(f) = Ta2(f, f).
When studying gradient estimates on manifolds we always need the fol-
lowing identity

Aju

Aylnu = — |VInul?

which comes from the chain rule formula. However the chain rule formula is
always false in the graphic setting. In [2] the authors observed that in the
graphic setting the identity

(2.8) 2Vulvu = Ayu—20(Vu)

is right. In order to establish Li-Yau’s gradient estimate, they also introduced
the following C DE(m, K) condition.

Definition 2.1. We say that a graph G(V, E) satisfies CDE(m, K) condi-
tion, if for all € V, any positive function f : V' — R such that (A, f)(z) <
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0 we have
(29) Ba(f)(e) > - (Duf)(@) + KT(7)(@),
where
(210) fa(f) = raln) -7 (£, 20)
1 1 AL f?
= §AMF(f) - §F <f, l} >

The following maximum principle, which is established in [2], is useful.

Lemma 2.2. Let G(V, E) be a (finite or infinite) graph, and let g, F : V x
[0,7] — R be two functions. Suppose that g(xz,t) > 0, and f(x,t) has a local
mazimum at (xo,to) € V x [0,T]. Further assume that to # 0. Then

(2.11) L(gf)(xo,t0) < (Lg)(wo,t0) f (20, t0),
where L = A, — 0.
We also need the following inequality [2].

Lemma 2.3. Assume that f : V — R satisfies f > 0 and (A, f)(z) <0 at
some vertex x. Then we have

1

(2.12) M;ﬂwxyf(y) < Dy f(x)

and

(2.13) S 2 (y) < DD ().
) =

3. Gradient estimate on finite graphs

We assume that «a(t) > 1,7(t) > 0 and p(t) > 0 are smooth functions defined
on [0, +00) and satisfy the following conditions:

(3.1) (a(t)—1)277’(1?)—(a(t)—l)(a’(t)—2K)n(t)—%(a’(t)—2Ka(t))2 =0,
(3.2) ©(0) =0
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and

! / 2
ma2y [so LY 772}
® o mo

is nonnegative and nondecreasing about .

Before proving and Theorem we firstly establish a generalized
gradient estimate for positive solutions to , then and Theorem|1.2
will be derived by choosing suitable a(t),n(t) and ¢(t). In this section we
consider the case that the graph is finite.

Theorem 3.1. Let G(V, E) be a finite graph satisfying CDE(m,—K) con-
dition for some constant K > 0. Then for any positive function u:V X

[0, +00) — (0, +00) satisfying (1.4),

U /U ma2 / o
@3 TV ap? j{ <10 | met) V(t) (t)}

holds on the whole graph.

Proof. Let

(3.4) P = oft) (FE0R ).

By we have
(20— al(a) 2a0AnE

(35 F=g) ( ! L n<t>)
_ 20(a()A,
< o/t

For any T' > 0 fixed, we assume that at (zg,%o) € V x [0,T], F achieves its
maximum on V' x [0, T]. We may assume that F'(zo,tp) > 0, otherwise there
is nothing to prove. Hence ¢ty > 0 and A,\/u(xg,tp) < 0. In what follows
all computations are understood at the point (z¢,to). We apply Lemma
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with the choice of g = u. This gives

(86)  0=LW)F > LuF) = Llp(t)(20(v/a) — a(t)byu —n(t)w)
— (8 = 0)[(®) (20 (1) — a(t) A = (b))
— 20() A, D(Va) — p(t)alt) 5By — (et By

— ' ()2 (Vu) — a(t)Du — n(t)u) — 4p()T (ﬁ,
+ () (a(t) 0 (D) + o/(t)Auu + ' (t)u + n(t)opu).

By using (T4), (2-10) and (29), we have

8tu
2Vu

(67 02 dp()a(va) - :’;'((f)) uF + (1)l () + (0 (1)
1000, o)

+ () () A pu+ ot )n’(t)w

By (3.4) and (2.8) we know that

Car) e P
(3.9) A = 1—a)T(Vu) nt)u JiF

at)  Vu 2a(t)  2a(t)p(t)
Plugging (3.8) and (3.9)) into ( . ) leads to

ul? 4(aft) — 1)
G100 e T mary LV OF
w1 L) o0
* (moﬂ(t) o0 a(t)) i
41— a(®)?0(t) (T(Va)?
ma?(t) u
2 O/
(

" [w)(:@il&)l)n(t) —4Ko(t) + WW} r(va).
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A direct calculation shows that (3.1]) is equivalent to

I T R |

_ 1601 _ 3523290(0 [@ﬁi@?g) B s@(t)z’g))n(t) N (p(t)n/(t)]
Hence
oy o) O

N (cpwf;z?g) B @(t)z’((tt))n( ) | w(t)n’(t)> y

[0 ey OO
We then get that
(3.13) 0> magg)l(t) 4%@& V(v F

(k= 24 -9 ) o
e (a0 a0
Hence
01 Flanto) < matt)et) [ 5600+ 5 ~
R

here the second inequality comes from the fact that

/ / 2
may [90 LY "2}
© o mo

is nonnegative and nondecreasing about t. Hence for all x € V|

F(x,T) < F(x0,t0) < ma*(T)p(T) {2’;553 * ii'fff - 732221) ’
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or

/8 1) - a2, 20D ma?(T) [@’(T) o/(T)} |

Then (3.3) holds since T > 0 is arbitrary. d

4. Gradient estimate on infinite graphs

We assume that «(t) > 1,n(t) > 0 and ¢(t) > 0 are smooth functions and
satisfy conditions in Theorem In this section we establish the follow-
ing generalized gradient estimate on an infinite graph by using the cutoff
function.

Theorem 4.1. Let G(V, E) be an infinite graph satisfying CDE(m,—K)
condition for some constant K > 0. Then for any positive function u :V X

[0, +00) — (0, +00) satisfying (1.4),

D) o al) | mal) [S0) | o®)] | 26
. - < - i ANA
W T T =T T b e ] T Rew
holds at (z,t) satisfying d(x,O) < R, where d(x,O) denotes the distance
from x to a fixed point O and

(4.2) 0(t) = Trg[%ﬁ] {mD“DwOéQ(T)(,O(T) + Dya(T)(T)}.

Proof. The cutoff function ¢ : V— R is defined by

0, d(z,0) > 2R
$(z) = § 24O 9R > d(x,0) > R
1 R > d(x,0).
Let
(43) Gl = o () = dlopple) (TR )
By we have
i Gty < 2P0 T

Ja

For any T > 0 fixed, we assume that at (zo,t9) € V x [0,T], G achieves its
maximum on V' x [0, T]. We can also assume that G(xg,tg) > 0. Due to (4.4))
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we have that ¢(xo)p(to) > 0 and A, \/u(zo,tg) < 0. Let us first assume that
¢(z9) = . Since u is positive, by Lemma [2.3 we have that at (o, to),

I S SO ()
o = s 2 e (1= i) <P

Yy~To

Together with (4.4) we have that at (xo, o),

G(xo,t0) < —¢(aco)2(p<t0)04\(/tg)Am/a
< 20(ao)p(to)ato) D, = 22U

We have that for all x € V' so that d(z,0) < R,

F(a,T) = $(x)F(z,T) = Gz, T) < Glao, to)
_ 2p(to)a(to) D, _ 20(T)
< 20200 8D,

and dividing by ¢(T') yields a stronger result than desired. Therefore we
may assume that ¢(zg) > % and ¢ does not vanish in the neighborhood of
xo. In what follows all computations are understood at the point (zo,tp).
We apply Lemma [2.2] and get

45 £(5)62£(56) = L)) - a1, - n(oy)

uF? 21 g o0,
2 e (D) *( > F

ma?(t)  o(t) o)

where the second inequality comes from the proof of Theorem By (1.4)
we have

Y~Zo

Let’s write ¢(z0) = &, then for any y ~ zo, ¢(y) = *5~, or ¢(y) = . In any
case

1 1

' R
o(y)  ¢(x0)

~s(s—1)
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Hence

U R 1
(4.6) L <¢> (1‘0,t0) < mﬂ(ﬂlo) Z wz(,yu(y,to)

Y~To

- R’u,(l‘o,to) 1 Z u(yato)
= y

s(s—1) u(xo) = u(xo, to)
Ru(a:o, t(]) Dqu,
s(s—1)

where in the last inequality we have used Lemma Plugging (4.6) into
1' and dividing by # leads to

¢ w) L) o)
ma;(t)w(t) ( t)  e(t) Oé(t)>G¢
1
PR

Since 0 < ¢ <1 and

¢'(to) o'(to)  2n(to) | 2
Gl t0) < matotto | 2021+ G ie) = 2 + DD
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Y 0,1 - () )
n(T)  ma*(T) [¢'(T) | «(T) 0(T)
< TP+ S 5 e
Then holds since T > 0 is arbitrary. O

Theorem 4.2. Let G(V,E) be an infinite graph satisfying CDE(m, —K)
condition for some constant K > 0, we also assume that G(V, E) has bounded
degree. Then for any positive function u : V x [0, 4+00) — (0, +00) satisfying

:

wn LW o 0t mar(t) [(p’(t) o/(t)}

u Vu © 2 2
holds on the whole graph.

Proof. By letting R — oo in (4.1)) we will get (4.7)). O
5. Several special gradient estimates

In this section we will derive Davies’ gradient estimate, Hamilton’s gradient
estimate, Bakry-Qian’s gradient estimate and Li-Xu’s gradient estimate. We
firstly state the Davies’ gradient estimate.

Theorem 5.1. Let G(V,E) be a (finite or infinite) graph satisfying
CDE(m,—K) condition for some constant K >0, if G(V,E) is infinite
we also assume that it has bounded degree. Then for any positive function
u:V x[0,4+00) = (0,+00) satisfying and any constant o > 1,

I'(y/u) Ov/u _ma?  oa’mK
(5.1) ” —oz\/a < o7 +4(a—1)

holds on the whole graph.

Proof. The proof relies on a refined discussion. We choose

m 042
o) =t, alt)=a>1, mwz—%jingo
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in the proof of Theorem That is,

u) —alA,u mKa?
(5.2) G(z,t) = dp(2)t <2F(f)u Sty 2(aK— 1))
20(2)p(alu/u | mEa’d(a)t

<

= Vau 2(a—1)

For any T' > 0 fixed, we assume that at (zo,t9) € V x [0,T], G achieves its
maximum on V' x [0, 7. If

mKo2T

G (g, to) < 2a—1)

then for all z € V satisfying d(z,0) < R,

mKo?T
Flx,T) = T) < to) < ————
(mv ) G(x7 ) = G(l‘l)v 0) = 2(@ — 1)’
where
or —al\ Ka?
F(z,t)=t (V) = a plp 22 )
u 2(a—1)
or
(5.3) 2I'(Vu) —alu n mK o? < mK o? '
u 20a—=1) 7 2(a—1)
Now we assume that
mKa?T
t _.
G(l’o, 0) > 2(0& — 1)

Due to (5.2)) we have that ¢(z0)¢(to) > 0 and A,v/u(zo, to) < 0. If ¢(zg) =
%, a similar discussion as in the proof of Theorem shows that for all
x € V satistying d(x,0) < R,

2I'(Vu) — alu N mKa? 2aD,

(54) u 2(a—1) = R

Therefore we may assume that ¢(xg) > % and ¢ does not vanish in the

neighborhood of zy. In what follows all computations are understood at the
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point (xg,tp). From (4.5)) we have

(5.5) c (f) — L(uF)
2 N2 2
> ub® (K 1 uF+4(1 a)?t (T'(yu))
maZ2t a—1 t ma? u
mK?a? 4(a—1)F
o = 1)2tu + { e R 6Kt] L' (Vu).
If
2
[ mao Kt’
- a—1
then

c(@LG) > qut_< K +1) p s 20— 0 (V)

) a—1 t mao? u
mK?a?

mtu — 2K (V).

It is easy to verify that

4(1 — )%t (T(Vau))? mK2a?

tu — 2KtI’ > 0.
ma? u + 4(a—1)2 “ (V) 20

Due to Lemma 2.2l we have

U ulG uF? K 1
e(3)o=e() 2 mm - (o i)

Let’s write ¢(z0) = %, by using (4.6) we have

2uD,D,,G _ uF? K 1
> — — | uF.
Rz~ ma?t a—1+t “
Hence
2Kt 2ma® D, Dyt
(5.6) G(xo, to) < %10 +ma?+ W'
o —
If
< mo’ Kt

a—1"
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then
ma’Kt
-1
and (5.6)) also holds. Hence for all z € V satisfying d(z,O) < R, we have

G=¢F<F<

KT 2ma? Dy, Dy, T
F(z,T) < ma Al +ma?+ M’
a—1 R
or
(5.7) 2I'(Vu) — alu N mK a? < ma?K N ma? N 2m042D#Dw.
u 2a@—1) 7 a-1 T R

It is easy to see that both (5.3) and (5.4) are included in (5.7)). Since 7' > 0
is arbitrary, we can arrive at (5.1)) by letting R — oo in (5.7]). O

By choosing suitable a(t), n(t) and ¢(t) in Theorem [3.1]and Theorem [4.2]
we can get Hamilton’s gradient estimate, Bakry-Qian’s gradient estimate
and Li-Xu’s gradient estimate, i.e., Theorem Now let’s prove Theo-
rem (1.2

Proof. For (1.12]), we choose
a(t) =K, n(t) =0, p(t) = te 21",

If K > 0, then «,n and ¢ satisfy (3.1) and (3.2]). A calculation shows that

mozggp 90, o 47] me2Kt
2 2’

o a ma?
which is nonnegative and nondecreasing about t. Then (|1.12)) follows from
(3-3) and (4.7).

For (1.13]), we choose

2 1
alt) =1+ Kt n(t) = ? +mK (1 n 3Kt> :

1 [T4K + 2K?%s
t) =12 - | ——"ds].
e(t) ex"( 3/0 o2(s) )

Then «,n and ¢ satisfy (3.1) and (3.2)). A calculation shows that

mae [cp’ o 4p ] 0

2 v a ma?
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Then (| - ) follows from (3.3 and ( .

For ((1.14]), we choose

sinh Kt cosh Kt — Kt
sinh? Kt
n(t) = mK(coth Kt + 1)

ot = L) o (2 1))

here ty > 0 is a given constant small enough and ¢(tp) is a given positive
constant. Direct calculation shows that «,n and ¢ satisfy (3.1) and

alt) =1+

)

and

male [go’ o 2n ] _0

2 |l  a ma?

Now we verify (3.2)). There exists ¢ € (t, ) so that

p(t) = W oxp <nm2"’(<) /t: (o) d8>

_afto)p(to) ( sinh Kt \ «*© 6%
o ah) sinh Kt '

Since a(t) — 1 as t \, 0. We can assume that 0.5 <

< 1. Hence

~—

a2(g

lim p(t) = lim

N0 N0 aft)
Then ) follows from (3.3 and . 4

6. Harnack inequality

alto)p(to) [ sinh Kt \ @@ s
e a°(s = ().
sinh Ktg

As in the manifold setting, we can also derive the Harnack inequality from
gradient estimates (3.3) and (4.7). We firstly give a lemma which will be
used later.
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Lemma 6.1. For any constants ¢ > 0,0 <11 < T3, any functions o > 1
and v defined on [Ty, Ts], we have

Ty 1,2 c T,
(6.1) min [¢(s) N a0 dt} < W/T a(t) dt.

SE[ThTz] CJs Oé(t)

Proof.

min [w(s)—l a0 dt]

SE[T1,T2] CJs Oé(t)
Te2(s - Ty)[u(s) — L [T L0 4f) ds

c cJds aft)

o £2§(3—T1) ds

- [ SR LU TP
T (Th — T)? [/T (s =Tu)y(s) d o) / ~(s—T1) ds dt
t—Th)% (¢

B S O e i
‘wn—nvﬂlhtIWW) c aw}“
cC Tz

s@_ﬂyéamww

here the last inequality comes from the fact that —az? + bz < % holds for
a > 0. O

We assume that a(t) > 1,7(t) > 0 and ¢(¢) > 0 are smooth functions
and satisfy conditions in Theorem on a finite graph, or conditions in
Theorem [£.2] on an infinite graph. Now we state the main result in this
section.

Theorem 6.2. Let G(V,E) be a (finite or infinite) graph satisfying
CDE(m,—K) condition for some constant K > 0, if G(V,E) is infinite
we also assume that it has bounded degree and bounded measure p < fmaz-
Then for any positive function u:V x [0,4+00) — (0,400) satisfying
we have

Ve, Ty T pmedey) [
(62) ﬁwﬁmgﬂﬁéamw“*mMME—nﬁﬂa““ﬂ’

where

(6.3) i(t) = _77(t) X ma?(t) [@l(t) a’(t)} ‘
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Proof. We firstly assume that « ~ y. Then for any s € [T1, T3],

Invu(z, T1) — Inv/u(y, T»)
=In Ve, Ty) +1n Vulz, 5) +1n vu(y, s)
x/ﬂ(ff s) Valy,s) — Vuly, Ts)

Vi) [T
Tlatlnf(x ) dt—i_ln\f(y,s) i O Inu(y,t) dt

By (3.3) and (4.7) we have

—O Inu(z,t) = f z,t) < ﬁ((?) - azt) P(ZL/&) (x,1).

b b—
Note that for any a,b > 0, In ; < >2%, we then get

Since y ~ x, the definition of I" shows that

T(Vu)(y, t) > — (Vu(w, t) — Valy, £)>.

~ 2pimaa
Hence
7 w(zx, s) — vul(y, s
_ /” Wi (Vule,t) = Vu(y,1)?
s 2,Umax04(t) u(y, t) .

We choose s so that the right hand side is minimal. Lemma [6.1] tells us that
(6.4) In u(x, Ty) — Invu(y, T)

Ty = T.
2 7(t) Hmaz / :
< dt + a(t) de.
/T1 Oé(t) mem(Tl — T2)2 T ( )
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When x and y are not adjacent, we simply choose © = xg,x1,...,2x =y

to be a path between = and y so that k = d(z,y), and let T1 =ty < t; <

- < t, =Ty to be a subdivision of the time interval [T7,7T5] into k equal
parts. Then

(6.5) In \f(a: T1) — Invu(y, Ts)
= Z ln .%'Z,tz —In \/a(.%'i_;_l,ti_;_l)]

kil titr 5(¢ tiy1
< [/ ) dt + Hmaz 2/ af(t) dt}
i—0 t; [0 t) mem(tiﬂ — ti) t;
T ~ 2 T;
2 W(t) Mmamk / 2
= —= dt t) dt.
/T1 Oé(t * 2wmm(T1 — T2)2 T, Oé( )

By (6.4) and (6.5) we have that

(66) In \/E(‘I.:Tl) —In \/a(vaQ)
Ty ~ 2 T
2 7(t) Pmazd? (2, y) / ’
< dt + a(t) dt,
- /T1 al(t) 2Winin(T1 — T2)? Jo, ©)
which implies (6.2)). O

We easily get the following four Harnack inequalities.

Theorem 6.3. Let G(V,E) be a (finite or infinite) graph satisfying
CDE(m,—K) condition for some constant K > 0, if G(V, E) is infinite we
also assume that it has bounded degree and bounded measure p < pmaz- As-
sume that uw:V x [0,+00) — (0,+00) satisfying (1.4). Then for any con-
stant o > 1,

\/a(x Tl) ox maK (T, —Ty) O‘Nmade(xa y)
\/&(w Tl) 2 me2it umaxdz(x,y)(eZKTz _ e2KT1)
(6.8) Vi T < exp [ 5 dt + LK Wy (T1 — )2 }
Va(z, Ty) 1+ 2KT| °
o9 Vo =(7) |15 IR,

:U’mamdQ(xa y) 1+ %(Tl + TQ)
Wmin Ty — T

mK
X exp [4(T2 -T) +
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and

Va(a, Ty) _ (K7 —2KT, — 1 g
Vu(y, To) — \e2KTv —2KTy — 1

(6.10) X exp [

,Umade(.’IJ,y) <1 n T5 coth KTy, — T} COthKT1>:|
2Wpnin (T2 — T1) Ty — T '

Proof. By using (5.1]), we have

ma mKao 1 T(Vu)

—01 1) < — - — t).

tl’l\/&(ﬂ?,)_ o +4(O£—1) o wu (.f,)
A discussion similar to the proof of (6.2) leads to

In Vu(z, Ty) — Invu(y, T)

mo . Th mKa Pmazd? (2, 7) /T2
<My 22 MR
S T 1)( »—Th) + 2Wmin(T1 — Tb)?

a(t) dt,
Ty

which implies (6.7)).
In order to prove , we let

Then 7(t) = meQiK‘7 and 1@} comes from |D
6.9)

In order to prove ( , we let

3

1 [T4K +2K?%s
t) =2 - == " ds).
o) eXp( s e )

A calculation shows that

2 1
alt) =1+ 2Kt, n(t) = % +mK <1 + 3Kt> ,

m 1 1
i(t) = — + ~mK + ~mK>t

and comes from ([6.2)).
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In order to prove (6.10]), we let

sinh Kt cosh Kt — Kt
sinh? Kt
n(t) = mK(coth Kt + 1)

ot = e (2 [0 o)

alt) =1+

)

and

here ty > 0 is a given constant small enough and (o) is a given p051tlve
constant. A calculation shows that 7(t) = and - comes from (|6

7. Heat kernel estimates

In [7], based on Li-Yau’s gradient estimate, the authors derived heat kernel
estimates in the manifold setting. We assume that «(t) > 1,7(¢) > 0 and
©(t) > 0 are smooth functions and satisfy conditions in Theorem on a
finite graph, or conditions in Theorem on an infinite graph. Let’s state
the following heat kernel estimate in the graphic setting.

Theorem 7.1. Let G(V,E) be a (finite or infinite) graph satisfying
CDE(m,—K) condition for some constant K >0, if G(V, E) is infinite we
also assume that it has bounded degree and bounded measure y < ppmaz. Then
there exist absolute constants C1,Co > 0, so that the heat kernel H(z,y,t)
associated to the heat equation both satisfies the lower bound estimate

t o~ 2 t
(7.1)  H(x,y,t) > Crexp [—2/1 7074((2 dt — ZZZZ (_ ’1'7;3 /1 a(t) dt]

fort > 1, and the upper bound estimate
Cop(y)
7.2 H ) < —"
(12 Hwn s poe s
2t 504 e 2t
X exp [2/ it) dt + £ () / a(t) dt}
o t

t (t) Winl

fort >0, where
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Proof. By the Harnack inequality (6.2]) we get that

H(z,z,1) L a(t) Limazd?(z,y) (1
m < exp |:/1 Od(t) dt + mein(t _ 1)2 /1 Oé(t) dt:| .

Then ([7.1)) holds due to the fact that H(z,x,1) is bounded from below by
an absolute constant /C' in a bounded degree graph.
For the upper bound estimate in ([7.2)), we get from (6.2 that

VH@ YY) [/Qt ) gy 4 Hmard(2,2) /Qtoc(t) dt}

H(Z, Yy, Qt) a(t) 2wmint2
Then
1
(7.3) H(w,y,t) < m ZGB%\/Z)M(@ [H(zaya 2t)

X exp 2/%2 dt+“m$d,2(:;’z) /Qta(t) dt)]
1 30
= Vol (B v P (Q/t a ¢
 fomaz / at) dt)y S () H(zy,20)

meTLt
2€B(z,\/t)
02/"(3/) < /2t ﬁ(t) Hmax /2t >
< — 7 2 dt + t)de |,
= VaBavh) T\ ) a®" " wmt J, a(?)

here the last inequality comes from the fact that [2]

Z M(Z)H(Z’y7 2t) < C?M(y)a
2€B(z,V1)

where (5 is an absolute constant. O

Based on Theorem we can derive the following heat kernel estimates.

Theorem 7.2. Let G(V,E) be a (finite or infinite) graph satisfying
CDE(m,—K) condition for some constant K > 0, if G(V, E) is infinite we
also assume that it has bounded degree and bounded measure pp < pipmaz. Then
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there exist absolute constants Cy,Co > 0, so that the heat kernel H(x,y,t)
associated to the heat equation both satisfies the lower bound estimates

_ 2
(T4)  H(z,y,t) > C1t™™ exp [_”M(t ) Oftmaad <:c,y>],

2(a — 1) ’wmm(t — 1)
- /’Lmade (JT, y)(e2Kt — €2K)
2mem(t — 1)2

)

t 2Kt
(7.5) H(z,y,t) > Crexp [—/ met dt
1

1
4

1+ 2Kt
7.6) H(z,y,t)>Cit ™ |[—3—
( ) ( Yy )_ 1 1+%K
K 2 2 1+ &t +1
xexp _m (t—].)— /-Lmaxd (l‘ay) + 3( + ) ’
2 Wmin t—1

2Kt 9Kt 1\ 2
2K 9K — 1

(7.7 H(z,y,t)>C) (

_uma;cd2(x,y)( tcotth—cothK)]

X
P [ Winin(t — 1) t—1

fort > 1, and the upper bound estimates

2me Kt ma:):d2 >
(7.8)  H(z,y,t) < Canly) ex [ ma +2E (@ y)}
VOZ(B(.%’, \/Z?)) 2(05 - 1) Wnint
C
(19)  Hzyt) < —240)__
Vol(B(x, Vi)
2 2Kt 2 4Kt _ 2Kt
me frmazd” (2, y) (€™ — e™7)
dt
* &P |: t t + 2meint2 ’
14 K]
(7.10) H(z,,t) < —2W__om | 2F 3
Vol(B(z,v/1)) 1+ 5Kt
2
X exp [mKt + 2pmazd™(@,y) 1 + Kt}
2 Wmin t
Cop(y) <€4Kt—4Kt— 1>7;
7.11)  H(z,y,1) <
( ) (l' Yy ) VOZ(B(.%’,\/Z?)) 2Kt _ 9Kt — 1
mazd” 2t coth 2Kt — t coth K
% exp [,u d (.:,y) <1+ t cot tt t cot t)]
Wmin

fort > 0.
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