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For a sequence of maps with a Dirichlet boundary condition from
a compact Riemann surface with smooth boundary to a general
compact Riemannian manifold, with uniformly bounded energy
and with uniformly L2-bounded tension field, we show that the
energy identity and the no neck property hold during a blow-up
process near the Dirichlet boundary. We apply these results to the
two dimensional harmonic map flow with Dirichlet boundary and
prove the energy identity at finite and infinite singular time. Also,
the no neck property holds at infinite time.
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1. Introduction

Let (M, g) be a compact Riemannian manifold with smooth boundary and
(N, h) be a compact Riemannian manifold of dimension n. The energy of
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the mapping wu is defined as
E(u) = / e(u)dvoly,
M
where e(u) is the energy density defined by
1 2 *
e(u) = 5\Vu| = Traceyu”h,

where u*h is the pull-back of the metric tensor h.

A smooth critical point of the energy F is called a harmonic map.

By Nash’s embedding theorem, (N, h) can be isometrically embedded
into some Euclidean space RY. This brings the Euler-Lagrange equation
into the form

Agu = A(u)(Vu, Vu),

where A is the second fundamental form of N € RY and Ay is the Laplace-
Beltrami operator on M which is defined by

1 9 wg O
= e (V095
The tension field 7(u) of u is defined by
(1.1) T(u(z)) = —Agu(z) + A(u(z))(Vu(z), Vu(x)).

Then u is a harmonic map if and only if 7(u) = 0.

In this paper, we shall study the blow-up analysis for a sequence of maps
{un} from a compact Riemann surface M with smooth boundary dM to a
compact Riemannian manifold N with uniformly L2-bounded tension fields
T(un), uniformly bounded energy and with Dirichlet boundary

(1.2) up(z) = p(z), =€ M.

In particular, the maps {u,} are not necessarily harmonic, as their tension
fields need not vanish, but are only in L?. Such sequences of maps frequently
arise in schemes that have the purpose of proving the existence of harmonic
maps, for instance by the heat flow method discussed below, but also in
other schemes. Therefore, in this paper we shall systematically study their
possible blow-up behavior.

When M is a closed surface, the compactness problem and the blow-up
theory (energy identity and no neck property) for a sequence of maps {u,}
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from M to N with uniformly L2-bounded tension fields and with uniformly
bounded energy have been extensively studied (see e.g. [7, [10} (18, [19] 22}, 24]
2729, 1311 135]). For corresponding results about harmonic map flows, we refer
to [22] 28], 29, 33, [34]. For some other related works, see [9} [13] 14, [16], 21].

When M is a compact Riemann surface with smooth boundary, Laurain-
Petrides [I5] considered a sequence of harmonic maps {u,} from M to the
unit ball B C R*™! with free boundary u,(0M) on S™ and with uni-
formly bounded energy and proved the energy identity. The blow-up theory
(including the energy identity and the no neck property) of the more general
case of a sequence of maps into a general compact target manifold with free
boundary on a general closed supporting submanifold with uniformly L2
bounded tension fields and with uniformly bounded energy was completed
in [12].

Since the interior blow-up case is already well understood, we shall fo-
cus on the case where the energy concentration occurs near the Dirichlet
boundary and complete the blow-up theory near the Dirichlet boundary for
a bubbling sequence. We should point that as a consequence of an old result
of Lemaire, it is not possible that a blow-up occurs at the boundary itself,
in view of the Dirichlet condition [I7]. It is, however, conceivable that there
is a sequence of interior points (z,) converging to a boundary point xg such
that the maps blow up along that sequence and that in the limit we have a
boundary bubble. This, therefore, is the situation investigated in this paper.

Here is our first main result for the local problem:

Theorem 1.1. Let u, € W22(D] (0), N) be a sequence of maps with ten-
sion fields T(uy) and with Dirichlet boundary data

Unlgopr o) = ¥ € C*(0° DY (0))

for some 0 < o < 1, satisfying

@) MNunllwrzor oy + 17 (W)l L2(pF (0)) < A
(b) wun, — u strongly in Wl’z(Df(O) \ {0},RY) as n — oo,

loc

where DY (0) := {(z,y) €R?||z|?+|y|? < 1,y > 0} and 9°D(0) := {(z,y) €
DY (0)fy = 0}.

Then there exist a subsequence of uy, (still denoted by u,) and a nonneg-
ative integer L such that, for any i = 1,..., L, there exist points zi,, positive
numbers \., and a bubble, i.e. a nontrivial harmonic sphere w' (which we
view as a map from R?2 U {oo} to N), such that
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(1) zi, —0, A\, =0, as n — oo;

(2) —di‘gt(xiﬁ:Df(o)) — 00, as N — 00;

(3) limy—eo (i]n + ii + %) =00 for any i # j;

(4) w' is the weak limit of u,(zt, + \ox) in VVli’f(RQ);

(5) Energy identity: we have
L

(1.3) lim E(uy, Df (0)) = E(u, D (0)) + Z; E(uw').

=

(6) No neck property: The image

L
(1.4) u(DY(0)) U | w'(R?)
i=1
is a connected set.

In the free boundary case [12], in general, both harmonic spheres and har-
monic disks with free boundary can split off at a boundary energy concentra-
tion point. In contrast to the free boundary case, the case that w
is uniformly bounded cannot occur in the Dirichlet boundary case, as we
have already explained before the statement of the theorem. Otherwise, one
will get a nontrivial harmonic disk with constant boundary data, which is
impossible by Lemaire’s result [I7] (see section . Thus, when the energy
of the maps concentrates near the Dirichlet boundary, only some harmonic
spheres can split off as is described in the above theorem. On the other hand,
since the neck domains appearing near the Dirichlet boundary are in general
not simply half annuli, we need to apply some finer decomposition of the
neck domains (see Section |3) as is done in the free boundary case [12]. This
is the main technical achievement of this paper.

Our results complete the blow-up analysis that is needed in the various
existence schemes for harmonic maps. In fact, combining Theorem and
the classical interior blow-up theory of harmonic maps, we have

Theorem 1.2. Let u, : M — N be a sequence of W22 maps with Dirich-
let boundary u,|on = p(x) € C*T¥(OM, N) and with tension fields T(uy)
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satisfying
E(un) + (|7 (un)l| L2(ary) < A < 00

We define the blow-up set

(1.5) S =MNr>0 {x eM

liminf/ |dup |*dvol > € 3 |
n—oo ng[(x)

where DM (z) = {y € M| dist(x,y) < r} denotes the geodesic ball in M and
€ >0 is a constant whose value will be given in (3.1). Then S is a finite
set {p1,...,pr}. By taking subsequences, {u,} converges weakly in I/Vlif(M \
S) to some limit map ug € W>2(M, N) with Dirichlet boundary ugloy =
o(x) and there are finitely many bubbles: a finite set of nontrivial harmonic

spheres wﬁ :S2 s N,l=1,...1;,i=1,..,1I, such that

(1.6) lim E(u,) = E(up) + Y _ Y E(u}),

n—00
i=1 [=1

and the image uo(M) UI_, Ui;l(wé(SQ)) is a connected set.

As promised, we shall apply the results in Theorem[1.2]to one of the most
important and successful existence schemes, the heat flow for harmonic maps
with Dirichlet boundary:

(1.7) ou(z,t) = 1(u(z)) (z,t) € M x (0,T);
u(-,0) =up(r) =x € M;
u(z,t) = o(x) € C*T*(OM,N), x€dM, Vt>0;

The existence of a global weak solution of from a closed Riemannian
surface with finitely many singularities was first considered by Struwe [33].
Later, Chang [I] considered the harmonic map flow with Dirichlet boundary
and obtained a global regular solution under some small initial energy
assumption. In fact, by combining the results by Struwe [33] and Chang [1],
one can get a global weak solution of from a compact Riemann sur-
face with Dirichlet boundary condition , which is C? except at finitely
many singularities. For other results for the harmonic map flow with Dirich-
let boundary, see [3|, [, [§]. For results of other harmonic map type flows
with Dirichlet boundary, we mention [4, [11]. The existence of a global weak
solution of the harmonic map flow with free boundary was studied
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by Ma [25] and the corresponding blow-up theory was further explored in
[12].

Let u: M x (0,00) — N be a global weak solution to (1.7H1.9)), which is
C? away from a finite number of singular points {(x;,t;)} C M x (0,00). In
fact, there holds
(1.10) u(,t) € Cpoy (M x (0,00) \ {(i, t:)})

loc

NCP((M N\ OM) x (0,00) \ {(2i, ti)})-

Similarly to the closed surface case (see e.g. [22, 28, 29]) and the free bound-
ary case [12], we shall complete the qualitative picture at the singularities
of this flow, where bubbles (nontrivial harmonic spheres) split off.

At infinite time, we have the following

Theorem 1.3. There exist a harmonic map ue : M — N with Dirichlet
boundary us|om = @, a finite number of harmonic spheres {w;}7*, and se-
quences {x},}7", C M, {\,}7*, C Ry and {t,} C Ry such that

(1.11) tgrgoE(u(-,t)7M) :E(uoo,M)+§:E(wi)
=1
and
(1.12) u(ytn) = too(-) = D wh (") -0
i=1 L= (M)

as n — oo, where w! (-) = w' <;%> — w;(00).
For finite time blow-ups, we have

Theorem 1.4. Let Ty < oo and u € Clzo’i’a(M x (0,7p), N) be a solution
to with Ty as its singular time. Then there exist finitely many
harmonic spheres {w;}l_, such that

l

(1.13) tl%lo E(u(-t), M) = E(u(-,Ty), M) + Y E(w;).
=1

Remark 1.5. There is the natural and interesting question whether or not
the singularity can really occur at the boundary for the problem of (|1.7])—

g
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This paper is organized as follows. In Section [2| we recall some well-
known results which will be used in this paper. Moreover, we prove some
basic lemmas, such as the small energy regularity, removable singularity
theorem, Pohozaev’s identity in the Dirichlet boundary case. In Section
we prove Theorem by decomposing the neck domain into several parts
including some annulus and some half annulus centered at the boundary,
which is similar to the idea in [12]. Combining Theorem|1.1| with the classical
interior blow-up theory of harmonic maps, we can then complete the proof
of Theorem [I.2] In Section [ we apply Theorem [I.2] - to the harmonic map
flow with Dirichlet boundary and prove Theorem [I.3] and Theorem [I.4}

Notation. D,(zg) denotes the closed ball in R2 of radius r and center zg.
Denote

D} (o) i= {z = (a",0%) € Dy(ao) | #* 2 0},
D, (zg) == {x (:cl,x2) € D, (xo) | 22 < 0},
O D, (z0) := {z = (2}, 2%) € dD,(z0)|z? > 0},
9~ Dy(w) := {z = (2*,2%) € 9D, (x0)|2* < 0},
9°Dyf (o) = 8°Dy (o) := OD; (o) \ 97 Dy (o)

Suppose a > 0 is a constant, denote

R2 := {(z,2})|2? > —a} and R*" := {(z',2%)|2* > —a}.
For simplicity, we denote D, = D,.(0), D= D1(0), D; = D;*(0), D* = D; (0),
and R = RZ when a = 0.

In this paper, A4 denotes the Laplace-Beltrami operator on the Rieman-
nian manifold (M, g) and A := 97 4 02 denotes the usual Laplace operator
on R?.

2. Some basic lemmas

In this section, we will first recall some well known results that are useful
for our problem. Then we will prove some basic lemmas for the Dirichlet
boundary case, such as small energy regularity, removable singularity and
Pohozaev’s identity.

First, we recall the interior small energy regularity result (see [7, [18])
which is firstly introduced in [31].
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Lemma 2.1. Let u€ W?P(D,N), 1 <p <2 be a map with tension field
7(u) € LP(D). There exist constants e = €1(p, N) >0 and C = C(p,N) >
0, such that if |[Vul[2(py < €1, then

(2.1) lu = w(0)lw2s(p,,.) < Clp, N)(IVull oy + IT(w) | Lo (D))
Moreover, by the Sobolev embedding W2P(R?) C C°(R?), we have

(2.2) [ullose(Dy) = sup  |u(@) — u(y)]
x,yGDl/g
< Clp, N)([IVullzo (D) + IT(w) || 2o (D))-

Secondly, we recall a gap theorem for the case of a closed domain.

Lemma 2.2 ([6]). There exists a constant ey = eo(M, N) > 0 such that if
u 18 a smooth harmonic map from a closed Riemann surface M to a compact
Riemannian manifold N, satisfying

/ |Vu|?dvol < e,
M
then u is a constant map.

Thirdly, we state a removable singularity result.

Theorem 2.3. Ifu:D\ {0} > N is a VVif(D \ {0}) map for some 1 <
p < 2 with finite energy and satisfies

(2.3) T(u) =g € LP(D,TN), in D\ {0},
then u can be extended to a map in W*P(D, N).
Moreover, if u: D*\ {0} = N is a W2P(D*\ {0}) map for some 1 <
p < 2 with finite energy and with Dirichlet boundary
u’aOD+ =pc Wl’p(60D+),
satisfying
(2.4) 7(u) =g € LP(DY,TN), in DT\ {0},

then u can be extended to a map in W*P(D, N). Here, u € W2P(D\ {0})
means that u € W2P(DT \ D (0)) for any 0 <r < 1.
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Proof. For the interior case, one can refer to [20]. For the boundary case,
one can also use a similar method as in [20] to get the conclusion. Here, we
use the regularity theory to prove it.

In fact, on one hand, it is easy to see that u is a weak solution of
in DT. On the other hand, it is well known that the equation can be
written as an elliptic system with an anti-symmetric potential (see [30])

Au=Q-Vu+yg

with Q € L2(D",s0(N) ® R?) and g € LP(D*,TN) for 1 < p < 2. By taking
pure Dirichlet conditions in the boundary regularity Theorem 1.2 in [32] (or
see Remark 1.3 in [26]), we know u € W2P(D;", N) for some small 7 > 0 and
hence u € W2P(D* N). O

Fourthly, we prove a small energy regularity lemma near the boundary.
Here and in the sequel, we shall view ¢ as the restriction of some C?T%(M, N)
map on M and for simplicity, we still denote this map by .

Lemma 2.4. Let u € W?P(DT,N), 1 < p <2 be a map with tension field

7(u) € LP(D*) and with Dirichlet boundary ulgpop+ = o(x), where ¢ €
C?*2(D). There exists €3 = ez(p, N) > 0, such that ifIVull2(psy < €2, then

(2.5)

1
BET
2 Joon+ " llwan(ny,)

< C, N)(UIVullze (o) + IVellwrr o) + I (@)l e (p+))-

Moreover, by the Sobolev embedding W*P(R?) C C°(R?), we have

(2.6) [ullosepy,,) = sup  [u(z) —u(y)|
ac,yED;r/2

< C(p, N)UIVullze o) + IVellwrr o) + I (@)l e (p+))-

Proof. Without loss of generality, we assume % /. 90D+ pdx = 0.
Choosing a cut-off function n € C§°(D™") satisfying 0 <n <1,n/p+ =

3/4

1,|Vn| +|V?n| < C and computing directly, we get

(2.7) |A(no)| = [nA¢ 4 2V V¢ + pA1|
< C(|p| + |do| + [dol|nde| + |7)
< Cldg||d(ng)| + C (8| + [dp| + |7]) .
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Assume first that 1 < p < 2, by standard elliptic estimates and Poincare’s
inequality, we obtain

1n6llw=»p+) < Cllldel|dnd)|ll D+
+ C(ollwrro+y + llelllwze ) + I7llleo+))

< C||d(77¢)||L2%(D+)||d¢||L2(D+)
+ C(dol ooy + IVellwioory + Tl e (p+))
< CG?Hd(U(ZS)HLQ"‘_—PP(D+)

+ CUldol oo+ + [IVellwr ooy + 7l Lo (D))
Taking e > 0 sufficiently small, we have
28)  léllwary,) < Indllwenw)
< C([|ddlr(p+y + [IVellwrrpry + Tl e (p+))-

So, we have proved the lemma in the case 1 < p < 2.
Next, if p = 2, one can first derive the above estimate with p = %. Such
an estimate gives a L4(D3+/4)— bound for Vu. Then one can apply the

W22 _boundary estimate to the equation and get the conclusion of the
lemma with p = 2. (|

Next, we compute the Pohozaev identity near the Dirichlet boundary.
Lemma 2.5. For zg € 3°D™, let u(x) € W*2(D* () be a map with ten-

sion field 7(u) € L>(D*(z0)) and with Dirichlet boundary data ¢(z) on
9D+ (zg). Then, for any 0 <t < 1, there holds

2
1
2.9 — ~|Vu|?
(2.9) /ij(xo)r(aT 2!%\)

:/ au'TSOer/ TMTCZQS
o+ (D} (z0)) OT Di(wo)  OF

—/ Ve - Ve, (roy)de
D (x0)

ou

+ /Dj(xO)A(u)(Vu,Vu) < (roy)dz

where (r,0) € (0,1) x (0,7) are the polar coordinates at x.
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Proof. Multiplying (z — o)V (u — ¢) to both sides of the equation
7= Au+ A(u)(Vu, Vu) a.e. v € DT ()

and integrating by parts, for any 0 < t < 1, we get
(2.10) / 7 ((z — 20)V(u— p))dx
D{f (x)
= / Au- ((x —x0)V(u — ¢))dz
D:r(%)
[ AT (- ) Ve)da
D (w0)
ou
= — - ((z—20)V(u—¢
/ ey B (@)
- / Ve Ve ((x—x0)V(u— @))dz
D{f (w0)

_ / Aw)(Vu, V) - (2 — 20)Vep)da
D{f (w0)
= T+ 10 + I,

649

where 77 () is the outward unite normal vector field for a.e. z € d(D; (x0)).
Since u(x) satisfies the Dirichlet boundary condition u|gop+ = ¢, we have

I R I SCREOMUT)

/ ou|? / ou Oy
= T _ r— —.
0+ (D} (20)) 0+ (D} (zo)) Or Or

or
Computing directly and integrating by parts, we get

1
(2.12) IT = —/ \Vu|?dx — / (z — o) - V|Vu|>dx
D} (o) 2 /D¢ (o)

+ / Ve u- Ve, ((x —x9)Ve)dr
D{f (x0)

= —1/ (x — xo,ﬁ>>|Vu\2
2 Joa(n} (o))

+ / Ve u- Ve, ((x —x9)Ve)dx
Df (z0)

1
= —/ rf\Vu|2 —I—/ Ve u- Ve, (rog)dz,
9+ (Df (20)) 2 D{ (x0)
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where the last equality follows from the fact that (z —z0,7)=0 on
"D, (z0). Then the conclusion of the lemma immediately follows from

E10). @11) and 12, 0

Corollary 2.6. Under the assumptions of Lemma[2.5, we have

/DSQ(HEO)\D:r (o) (

where C = C([|Volcy, [[Vul 2oy, |7(w)l| 2(p+)) is a positive constant.

ou

or

21
- 2|Vu|2> dx < Ct,

Proof. From Lemma [2.5] we have

2
1
/ Gul”_ ~|Vulf?
8+Dt+(aro) 87“ 2

ST R Iy T
t\ Jo+(Df () OF D (o) or

— / Ve u- Ve, (roy)dz +/ A(u)(Vu, Vu) - (rgor)d:x>
D (o) D (x0)

SC’(/ Vul| +[|V(u = o)l r2p+ (e 1T 22D (2
a+(Dj(zo))’ |+ Nz @ 171 22 (D7 (20))

1
—l—/ \Vu|da:+/ ]Vu|2da:)
)bt @) D (0)

<C |Vu| + C.
9+ (Dyf (x0))

Integrating from t to 2¢, we will get the conclusion of the corollary from
Hoélder’s inequality. O

3. Energy identity and no neck property

In this section, we shall use the idea of [12] to prove Theorem and
Theorem Due to the pointwise constraint of the Dirichlet boundary
condition and Theorem 3.2 in [17], a harmonic disk cannot occur in the
blow-up process which is different from the free boundary case in [12]. The
key point is that we decompose the neck domain into some interior annulus

and some half annulus centered at the points on the boundary (see section
5 in [12]).
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Proof of Theorem [1.1] By the assumption of Theorem [I.1} we may as-
sume that 0 is the only blow-up point (energy concentration point) of the
sequence {u,} in DV i.e.

=2
(3.1) lim inf E(u,; D;S) > S forallr >0
n—00 4
where € = min{e;, e2}. According to the standard argument of blow-up anal-
ysis, for any n, there exist sequences x, — 0 and r, — 0 such that

[\

€

(3.2) E(un;D;’; (xn)) = sup  E(up; D;"(az)) = —.
zeD*t r<r, 8
D+ (z)CD*

Denoting d,, = dist(x,,0°D"), firstly we make the following

: . 1i dn _
Claim 1: limsup,,_,, 7> = 0.

In fact, if not, then we have lim sup,,_,, f—: < oo and by taking a subse-
quence, we may assume lim,, .o f—” = a > 0. Define

Un () := up(xy + rpx)

and

B, :={x € R?|z,, + rpx € DT},
Then we know

B, — R% .= {(z}, 2%)|2® > —a}

and for any € {? = —a} on the boundary, z,, + r,z — 0 as n — oo.
It is easy to see that v,(x) lives in B,, and satisfies

(3.3) T(vn(2)) = Avy(x) + A(vn(2)) (Vo (z), Vup(x)) in By;
(3.4) vp(2) = p(zy + o), if 2, + 1z € DT,

where 7 (v, (2)) = r27(un(z)).

By (3.2), Lemma and Lemma we get
(3.5) [onllw22(Dro)nB,) < C(R,N)

for any Dp(0) C R2. Then there exist a subsequence of v,, (also denoted by
v,) and a harmonic map v € W*2(R2) with constant boundary v|srz = ¢(0)
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such that, for any R > 0,

Jim v (2) = v(@)l[wr2(Dao)nB,) = 0-

In addition, by E we have E(v; D1(0) NR2) = %. However by [17], we
know v is a constant map. This is a contradiction. Thus, we proved our

Claim 1.
d

Under the condition that limsup,, ., % = oo, we can see that vy, (z)

lives in B,, which tends to R? as n — oo. Moreover, for any z € R?, when n
is sufficiently large, by (3.2]), we have

(3.6) E(vy; Di(z)) <

oo | q,

By Lemma [2.1] we get
|vnllw22(Dr0)) < C(R,N).

Thus, there exist a subsequence of v,, (we still denote it by v,) and a har-
monic map v!(z) € WH2(R2, N) such that, as n — oo,

(3.7) vp(x) — v () weakly in VV;’?(RQ),
and v, (x) — v!(x) strongly in I/Vll’2(]R2).

oc

Besides, we know E(v'; D1(0)) = %. By a standard property of harmonic
maps, v!(z) can be extended to a nontrivial harmonic sphere. We call the
above harmonic sphere v!(z) the first bubble.

We will split the proof of Theorem into two parts, energy identity
and no neck property. Now, we begin to prove the energy identity.
Energy identity : By the standard induction argument in [7], we just need
to prove the theorem in the case where there is only one bubble v(z) which is
the strong limit of u, (z,, + r,x) in I/Vllof(RQ) For the case of more than one
bubble, i.e. a bubble tree, we just need to distinguish “neck domains” which
are almost the same as in the interior blow-up theory. See [2), 2] for details.
Then we can estimate the energy concentration on each “neck domain” by
using the proof of one bubble case.

Noting that x, — 0 and the assumption of Theorem [1.1] we have

lim lim E(un; DY\ Df (z,)) = E(u; DT).

d—0n—o0
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So, by (3.7)), the energy identity is equivalent to

(3.8) lim lim lim E(up; DY (xn) \ D} p(2n)) = 0.

R—00 §—0n—00

To prove the no neck property, i.e. the image of the sets u(D%) and v(R? U
o0) are connected in the target manifold, it is enough to show that

(3.9) lim lim lim ||uy,]|

=0.
R—00 §—0 n—00 OSC(DI (ﬂﬁn)\D;R(%))
Under the “one bubble” assumption, we first make the following:
Claim 2: for any € > 0, there exist § > 0 and R > 0 such that

1
(3.10) |V, |?dz < € for any t € <2rnR, 25)

/Dst (@n)\D{ ()

when n is large enough.
In fact, if (3.10) is not true, then there exist a positive constant e3 and

a sequence t,, — 0, such that lim, . i— = oo and

(3.11) |V, |*dz > e3 > 0.

/Dsﬁn (n)\DY, (1)
Passing to a subsequence, we may assume

n

lim — =b € [0, ).
n—oo ty,
Set
wp () := up (T, + tha)
and

B :={z € R*|z, +t,z € DT}.

It is easy to see that w,(z) lives in B], and 0 is also an energy concentration
point for w,. We need to consider the following two cases:

(a) b < 0.
Then B!, tends to R? as n — oo. Here, we also need to consider two
cases.

(a-1) w, has no other energy concentration points except 0.
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By Lemma Lemma [2.4] and Theorem [2.3] passing to a subsequence,
we may assume that w, converges to a harmonic map w(z) : R — N with
constant boundary data w|grz = ¢(0) satisfying, for any R > 0,

sup lim |lwy(z) — w(z)|| =0.

S 00 w2 ((Dr(0)NB;)\Dx(0))

According to [17], w(z) ia a constant map. However, (3.11]) implies

(3.12) / \Vw|?dz = lim |V, |2dz > e3 > 0.
(Ds\D1)NRE "0 J(Ds\D1)N B,

This is a contradiction.

(a-2) w, has another energy concentration point p # 0.

Without loss of generality, we may assume p is the only energy concen-
tration point in D, (p) for some 9 > 0. By the process of constructing the
first bubble, there exist sequences ), — p and r/, — 0 such that

2
(313)  E(wnD} ()N By = swp  E(wyD;(x)NB,) =<
" €D} (p),r<ry, 8
D (z)c D} (p)

By , we have 7/ t, > r,. Then, by taking a subsequence, we may assume
Tfi"tbn =d € [0, 00]. Furthermore, we know d must be oo (the proof is
the same as for Claim 1). Then similar to the process of constructing the
first bubble, there exists a nontrivial harmonic map v?(x) : R? — N such

that, passing to a subsequence,

Jim [lwn (@, + r72) = 0(@) lwra Do) = 0

for any R > 0. This is
(3.14) ILm lun(zn + thz), + torhx) — v2(:c)HW1,2(DR(O) =0.

So, v%(z) is also a bubble for the sequence u,,. This also contradicts the “one
bubble” assumption.
(b) b= oc.

In this case, B! will tend to R? as n — co. Again, we need to consider
the following two cases.

(b-1) w, has no other energy concentration points except 0.
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According to (3.11)), Lemma and Theorem we know that there
exists v2(z) : R? — N which is a nontrivial harmonic map such that, passing
to a subsequence,

wy(z) — v*(x) in W22 (R?\ {0}).

Then, we get the second bubble v?(x) which contradicts the “one bubble”
assumption.

(b-2) w,, has another energy concentration point p # 0.
Similar to Case (a-2), there exist sequences z,, — p and r], — 0 satis-

fying (3-13) and

. dy
lim
n—00 r%tn

= Q.

Moreover, by the process of constructing the first bubble, there exists a
nontrivial harmonic map v?(z) : R> — N such that

wy (), 4 rhx) — v* () strongly in I/Vl1’2(R2),

oc

that is

U (Tp + tnx!) 4 torh x) — v2(2) strongly in W22 (R?).

loc

So, we get the second bubble v?(x). This also contradicts the “one bubble”
assumption. Thus, we proved Claim 2.

Suppose z!, € DT is the projection of z,, i.e. d,, = dist(z,,°D") =
|2, — @,|. Then, we decompose the neck domain Dj () \ D;fn r(zn) as in
[12] as follows

(3.15) Dy (xn) \ D;f p(xn) = Dy (zn) \ Dg(%) U Dg(l“%) \ Dy (x7,)
U Dy, (7)) \ Dy (x0) U Dy () \ D} ()
=0 UQo U Q3 UQy,

when n and R are large.
Noting that lim, . d,, = 0 and lim,,_, ‘j—" = o0, then we have

Q1 C D;(mn) \ D (z,), and Q3C D;fdn (xn) \ Djn ()

when n is large enough. Moreover, for any 2d,, <t < %5, there holds

Dy () \ D () © Diy(ara) \ D ().
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According to assumption (3.10)), we have

(3.16) Euns ) + Eun; O3) < ¢
and
1
(3.17) / |V, |2de < € for any t € <2dn7 5) .
D, (a,)\D () 2

By Lemma [2.I] Lemma [2:4] and the standard scaling argument, we have

(3.18) OSCpy, (a1 )\ D (a7,) Un
< CUNVnlla g @0\ + IVl @ 0\Df @)

t/2

+ IVl L2 (0, 0\ D))+ T @) 22D w0\ D)
for any t € (2r,R, 16).
Since Q4 = D;rn (xn) \ D;R(:cn) = Dg, (zy) \ Dy, r(xy), by the standard
blow-up analysis theory of harmonic maps with interior blow-up points, we
have

(3.19) lim lim E(up; Dg, (xn) \ Dy, r(zn)) = 0.
R—oon—0

and

(320) Rh_{réo 71][11}1}] OSC(un)an(xn)\DT"R(Z,n) = 0.

See [7), 18, 29] for details.
Thus, we just need to estimate the energy concentration in ;.
Define Qg := Ds(x]) \ Dag, (), pin(z) := un(z) — p(z), x € Q2 and

e o uﬂ(g;)) T € Q27

where z = (2!, 2?) and 2’ = (2!, —22). It is easy to see that j1, (z) € W2’2(§/2\2)
and satisfies the following equation
(3.22)

Af() {A(un(x))(Vun(x), Vi (@) + 7(n) () = Ap(a), @€y,
' — Aun (@) (Vtn(@'), Van (') =7 (un) (') +Ap(a'), 2€0\ Q.
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Set

1 2w
/;* = /; ,9 dea
)= 5= [ o)

where (r,0) is the polar coordinates at z/,. By (3.18) and (3.21] , we have

(3.23) 17m(2) = fin” (@) ]| oo )
= sup |[in(x) = i (%) | Lo (D, (2)\ Do ()
2d, <t<$

< sup |#a (@) 0se(Dar (2)\Di ()
2d,<t<?

<2 sup |[n (@)l ose(Dg, (20 )\ D7 (20))
2d, <t<?2

< C(N A, lplle=) (e + 9)

Without loss of generality, we may assume 1(5 = 2™~ (2d,), where m,, is
a positive mteger which tends to oo as n — oo. Settlng P, := Dj; g, () \

D3, (2 'y and P := Dyisrg, () \ Daig, (), then we have

/A ViV (i — in”) = /A(Mn — Hn )87 - /A(un — Up ) Al

P, P, r P,
On the one hand, by Jessen’s inequality, we get
o~ _ Oy, Ot
o *\ 2 _ YHn n
am |2\ °

/ v - (/ (L

P,

Otin

> [ v - /\“

Ofn”*

or

1
2>2

1 0 o> 1. .,
= 2/},32 |Viin| /7'3 < B §Nl~bn|
ounl® 1
=/ \Vun|2—2/ (M —!Vunl2>-
or 2
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O, 1
/’v:un|2_2/ <,U —|vﬂn|2>
or 2
2

:/ ]Vun]2—2/ (‘9“" —1\vun\2>

P; P\ Or

Ou,, O

e ] (G2 -vuwe) 4 [ (1w [2])
/|Vun|2—2/ <8un

On the other hand, according to (3.23|) and equation (3.22), we have

By direct computation, we obtain

— Q\Vun\2> — C2d,.

- [ A - )
P;
§C(e+5)/ |Vun|2dx+C(e+5)/ (17 ()| + |Ag|)da
< C(€+5)/ [V dz + C(e + 0)(||Tnll r2(p,) + l0llc2)2"dn

Therefore,

(3.24) (1—C(e+9)) /P |V, |*dx

< 8“"( A*)+2/ Oun 2— l\w 1| de + C2%d
= Jom an Hn — Hn b or 5 n n
< a_ n n Czldru

< Jos om (Fn = n”) +

where the last inequality follows from Corollary [2.6]
Summing ¢ from 1 to m,, we obtain
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As for the boundary term, using (3.23) and the trace theory, we get

8D5/2
< Cle +6) / Vi
0Ds/2(x1,)
< C(c +9) / Vi)
8+D,§/2(CC’)
< C(e+0) / (V] + Vo))
0% D52 (z,)

< Cle+ ) (IVunllz2(py (o N0 5||V2“n||L2(D*(w;)\D15<w;,)) +1)
< Cle+8) (| Vunl 2 (pe £ E\DY () y FIVell2p @D ()

+0[V20ll 12 Dy (xn)\D+ () +5\|TnHL2 D1, xn)\m (@) + 1)
< C(e+9),

where the second to last inequality follows from Lemma [2.1]and Lemma
Also, there holds

ouy,
Up, — Uy < C(e+9).
/6+D2dn<z;>( "o =

Combining these results and taking € and ¢ in (3.25)) sufficiently small,

we have

(3.26) |V, |*de < C(5 + e).
Qo

By (3.16)), (3.19) and (3.26)), we get (3.8)) and we proved the energy identity.
Next, we will show that the base map and the bubbles are connected in
the target manifold, i.e., the no neck property in Theorem

No neck property. Following the same argument as in the energy identity
part, we can decompose the neck domain D (z,,)\ D;';R(xn) = U U
Q3 Uy as in , when n and R are large. Then, thanks to the no neck
results (see [18, 29]), we just need to prove that holds in ©; U
Qo U Q3.
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By assumption ((3.10)), Lemma and Lemma we have

(3.27) [tnllose(Dt (@ \D? (21))
< Junllpge (D} @)\D} (1))
< C([IVunllr2p (D% (@ )\D3 (2.)) )+ 0l7nll L2, @ \D} (@)
Vel 2o, @onp ) + IVl 120 (Dl (@ )\D} (@ )
< Cle+9)
and
(3.28)

[unllose (Df,, (@ \D3 ()
< ||unHOsc DY, (#.)\D} (z.))
< C([IVunll 2 (p

do @\DY, (@) T GllTallr2(pg, @o\DL,. @)
+ IVl oo, @an0h,, @ T el V?@l20g, @\DL,, @)
< C(e+9),

when n, R are large and § is small.
Similarly, we may assume 2(5 = 2" 2d,,. Define Q(t) :=

~ D;o+f«2dn (:E;@) \
D3y-ing (2h,), Q(t) := Daiorena, (27,) \ Daro—r24, (2},) and

f(t): / |Vun|2d3:,
Q(t)

where 0 <ty < my, and 0 < ¢t < min{tg, m, —to}.
Similar to the proof of (3.24) and (3.25]), we get

329) (1-Clero) [ Vuldrs [ B v oo,
Q(t) a0(1) On

As for the boundary, by Holder’s inequality and Poincare’s inequality,
we have



Harmonic maps with Dirichlet boundary 661

a,U/n ~ —~x
/6D oria (@) on - (Hn — 1n")
2\ 2 p
) ( / i - m?)
Ot Dytgtty, (1)

< 0D, tg+14,, (z7,)
o] =
oD 2tottag,, (1) 0

< 02t / |V i |*
6D2t0+t2d (1)

or

o
or

o
00

Q

< C2htg, |V i |2
o+ D, (@)

2tottag,,

< O2httg, / |V, |2 4+ C (2t d,)?.
9+ D, 2to+tag,, (1)

Similarly,

/ O, 7 _ oy

2to—t24, (

< 02, / |V, |2 4 C (20 d, )2
o+D7,

sto—taq, (Tn)

Combining these, we obtain

(3.30) (1—Cle+6)) / Vup2da
Q)
< C2bttad, / |V, |2
a+( t0+t2d (x;.))

+ C2% 7124, / |Vu,|? + C20Ttd,,.
o+(D to tad, (=)

Taking € and § sufficiently small, then we have

/ Vo, |2de < C20 124, / |V, 2
Q(t) 8+( t0+t2d (33;1))
+ C2" 24, / |Vu,|? + C20Ttd,,.

O+ (D1, (20)
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So, we get

(3.31) ft) < ¢ f(t) + C2ttd
' ~ log2 "

Therefore,

(27étf(t))/ > _C2t0+(171/0)tdn.

Integrating from 2 to L, we arrive at

L
£(2) < 02 ELF(L) + C2bd, / 2(1-1/C)t gy
2

< 02 el f(L) + €20, 201/,

Let to = ¢ and L = L; := min{i, m,, — i}. Noting that Q(L;) C D5+/2(l‘;1) \
D2+dn (z3,) C D}(wn) \D;R(azn), we have

)27l 4 02id, 201/
)2%@ + C2d,2(1-1/C)(mn—i)
)2- &L 4 Cga(-1/O)ma—i)

< Cea L 4 0521/ ma—i).

ND;,
< CE(un, Df () \ D:;R Tn
(zn)

8

3

—

O
s+

s
~—~ o~ =

8
\_/\:_/\_/

where the last inequality follows from the energy identity (i3.8)).
By Lemma [2.1] and Lemma [2.4] we obtain

SC u
OsCps 0 @I\DE_L,, (a))Un

< C(IVunllrang,o,, @N\DS-a, @) T IVOILDL 0 @S, @)

214224, 2i+224,, 2t—224,,

+ 27240 V20l 2 pr L @\DE L. ()

2i+224,, 2t—22d,,

+ 22Tl ot @D, @)

2i+224, 29—224,,

284224, 2i—224d,
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Summing over i from 2 to m,, — 2, we get

m,—2
lwnllose(ns,, oz, @ < D Nnllosens,.,, @D, @)
=2

My —2
<0 Y (el 4 5aCHOm 4 gig,)
1=2
My, —2 A
<C Y 27 (e +8)+ 06 < Cle+0).
1=2

Combining this inequality with (3.27)), , we get (3.9). Thus, we have
proved that there is no neck during the blow-up process and finished the
proof of Theorem [L.1 O

Now, we can prove Theorem

Proof of Theorem [1.2. By the blow-up theory of a sequence of maps from
a closed Riemann surface with uniformly L? bounded tension fields and with
uniformly bounded energy developed in [7), 18], 22], 24, 29] and Theorem [I.1
the conclusion of Theorem follows from applying the standard blow-up
scheme as in [7]. O

4. Application to the harmonic map flow with Dirichlet
boundary

With the help of the results in Theorem [1.2] we will study the qualitative
behavior near the singularities of the harmonic map flow with Dirichlet
boundary and prove Theorem |1.3| and Theorem in this section.

Firstly, we have

Lemma 4.1. Let u: M x (0,00) = N be a global weak solution to (1.7

, which is C*—smooth away from a finite number of singular points.
Then we have the following estimate

(4.1) /000 /M |0yu|2dadt < E(ug).

Moreover, E(u(-,t)) is continuous on [0,00) and non-increasing.

Proof. The proof is similar to Lemma 3.4 in [33] for the closed case and
Lemma 6.1 in [12] for the free boundary case. For any 0 < ¢; < o < oo,
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multiplying the equation (1.7) by O,u and integrating by parts, using the
boundary condition that dyulgrs = 0, we get

tz t2
/ /lﬁtu|2da:dt:/ /—Agu-atuda:dt
t JM t
to
/ j - Opu — / / Vu - V(0u)dxdt
t1 0

M0
to
—— [ ] 3oV = Butt) - Bl 1)
t1
where 7 is the outward unit normal vector field on M. Then the conclusion

of the lemma follows immediately. (|

Similarly to the closed surface case (Lemma 2.5 in [22]) and the free
boundary case (Lemma 6.2 in [12]), we have

Lemma 4.2. Letu € C?(M x (0,Tp), N) be a solution to (1.71{1.9). There
erists a positive constant Ry such that, for any xg € M, 0 <t < s <1y and
0 < R < Ry, there hold:

(4.2) B(u(s): BY (20)) < E(u(t): Bih(x0)) + 02

?E(Uo),

and

@3)  B(u(t); BY (x0)) < B(u(s): BM (o)) + C /t ) /M Oyl dadt

s—t

Proof. Let n € C§°(Bb%(20)) be a cut-off function such that

C
0<n<1, mnlpugy=1 and [Vy|< L

Multiplying (1.7) by n?0;u and integrating by parts, we have

/\8tu|2n2dx—i—< /\Vu|2772d:r>
= aj dpun® — 2 / OuVunVndx

= -2 / OruVunVndz,
M
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where the last equality follows from the boundary condition that d,u|sy; = 0.
Noting that

1
|2/ druNVunVndz| < / latu\2n2dm+2/ |Vul? |V |2dz,
M 2 Jm M

we get

3 d (1
—/ |8tu|2772d1:—2/ \Vu|?|Vnde < — / |Vu|*n?dz

< 2/ |Vu|?|Vn|?dz.
M

Integrating this inequality from ¢ to s, we will get the conclusion of the
lemma. O

By Lemma [4.2] and the standard argument in the closed surface case
(Lemma 4.1 in [22]), we obtain the following:

Lemma 4.3. Let u € C*(M x (0,Ty), N) be a solution to and
xg € M be the only singular point at the time Ty. Then there exists a positive
number m > 0 such that

(4.4) \Vul? (2, t)dx — mdy, + |Vul?(z, Tp)dz,
fort T Ty, as Radon measures. Here, d, denotes the 6—mass at xg.

Now, we begin to prove Theorem [[.3] and Theorem Firstly, it is easy
to see that Lemma [4.1} Lemma[4.3]and Theorem [I.2] imply Theorem In
fact,

Proof of Theorem [1.3, By Lemma we can find a sequence t, T 0o
such that

lim / O t)dzr = 0 and  E(u( 1)) < E(ug).
Take the sequence u, = u(-,ty), 7(un) = Opu(-,t,) in Theorem Combin-
ing this with Lemma the conclusion of Theorem follows immedi-
ately. O

Proof of Theorem [1.]) By Lemma[4.1] Lemma[4.2] Lemma[4.3]and The-
orem the proof of Theorem [1.4]is almost the same as the proof of The-
orem 1.3 in [12] (Page 32). Here, we omit the details. O
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