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Rotational symmetry of asymptotically
conical mean curvature flow
self-expanders

FREDERICK Tsz-Ho FONG AND PETER MCGRATH

In this article, we examine complete, mean-convex self-expanders
for the mean curvature flow whose ends have decaying principal
curvatures. We prove a Liouville-type theorem associated to this
class of self-expanders. As an application, we show that mean-
convex self-expanders which are asymptotic to O(n)-invariant cones
are rotationally symmetric.

1. Introduction

Let F : X" — R™"! be an orientable hypersurface with Gauss map v. We
use the following convention for the second fundamental form and the mean

curvature:
O*F oF Ov
hz‘j =\ V)=—"\73 73—
8ui8uj 8uz 8uj

H = g”hij-

Under this convention, ¥ is said to be a self-expander for the mean curvature

flow (MCF) if the following holds:
1
(1.1) H= §<F, v).

If F satisfies (1.1]), then the family of immersions F} := v/tF', which evolves
by expanding ¥ homothetically, will satisfy the mean curvature flow (MCF):

OF\ "
(1.2) (85) = Hyu,

where H; and 14 are respectively the mean curvature and Gauss map of Fj.
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Motivation for the study of self-expanders goes back to work of Ecker-
Huisken [13], who studied MCF evolutions of entire graphical immersions F’ :
¥ — R™+1. Assuming a linear growth and Lipschitz condition on the graph
function, they were able to show the flow exists for all time. Furthermore,
assuming the initial data satisfied a “flatness” condition

(1.3) (Fv)| <O+ |F)?

(for some § > 0 and C > 0), they showed that appropriate parabolic blow-
downs of the flow converge to a self-expander. Stavrou [24] later proved
this same result under weaker hypotheses, by relaxing the condition
to the condition that the graphical function w have a unique tangent cone
at infinity. Self-expanders can thus be viewed as models for the long term
behavior of MCF.

Ecker-Huisken also observed that each O(n)-invariant cone C,, with cone
angle « possesses a unique graphical self-expander asymptotic to C,. This
self-expander is O(n)-invariant. Later, Angenent, Chopp and Ilmanen [2]
considered self-expanders asymptotic to O(n)-invariant double cones D, in
R"™*1 Interestingly, by relaxing the graphicality assumption, they were able
to find cones C,, with more than one O(n)-invariant self-expanding evolution.
In acoordance with Ecker-Huisken’s work above, for each a € (0,7/2) they
were able to find a two-sheeted evolution described as a bigraph over the
base plane. However, they found that for each n > 3, there is a critical
cone angle agit(n) such that a one-sheeted evolution of D, exists whenever
o 2 Qerit (n)

Subsequently, Helmensdorfer [I5] rigorously proved the existence of a
second one-sheeted rotationally symmetric expander asymptotic to D, for
each a > agit(n). In short: for large enough «, the double cone D, has at
least three distinct rotationally symmetric self-expanding evolutions.

There are analogues and generalizations of the above results in higher
codimension, especially for the Lagrangian mean curvature flow (LMCF).
Neves and Tian [2I] showed that blow-downs of eternal solutions of LMCF
converge to LMCF self-expanders. Chau, Chen and He [6, [7] studied LMCF
on entire Lagrangian graphs and proved uniqueness of graphical LMCF
self-expanders asymptotic to Lagrangian cones over a real plane. Examples
of LMCF self-expanders asymptotic to Schoen-Wolfson’s cones were con-
structed by Lee and Wang [I8|, [19], and examples asymptotic to a pair of
intersecting Lagrangian planes were constructed by Joyce, Lee and Tsui in
[17]. Lotay and Neves [20] later established a uniqueness theorem for LMCF
self-expanders in the latter setting.
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Returning our attention back to self-expanding hypersurfaces, the mul-
tiplicity of rotationally symmetric examples constructed in Ecker-Huisken
[13], Angenent-Chopp-Ilmanen [2] and Helmensdorfer [I5] suggest an in-
triguing and intricate relationship between MCF self-expanders, rotational
symmetry and asymptotic cones. In [2] P.1940], the authors posted a ques-
tion of whether there are non-rotationally symmetric MCF solutions coming
out of a double cone.

Partly motivated by this question and by the rotationally invariant
known examples, we examine complete mean-convex MCF self-expanders
whose ends have decaying principal curvatures (including those with conical
ends and planar ends). We prove a Liouville-type theorem (Theorem for
eigenfunctions of a stability operator L for a weighted area functional (anal-
ogous to the one studied by Colding and Minicozzi in [I0] for self-shrinkers).
Using this, we show that complete, mean-convex MCF self-expanders asymp-
totic to O(n)-invariant cones are themselves O(n)-invariant. Precisely, we
prove the following:

Theorem 1.1. Suppose ¥ is a complete, mean-convex self-expander. If ei-
ther:

e X has only one end E which is C?-asymptotic (in the sense of Defini-
tz’on to a round cone Cq; or

e X has only two ends E,, and Eg which are C?-asymptotic (in the sense
of Deﬁm’tion to round cones with the same rotation axis,

then 3 is rotationally symmetric about the axis of the cone.
Furthermore, if in addition X is convex, then the same conclusion holds
by assuming the ends are only C'-asymptotically conical.

Our approach of proving rotational symmetry is inspired by works by
Schoen [22] and Solomon-Simon [23] on minimal surfaces, works by Brendle
[4, 5], Chodosh [8], Chodosh-Fong [9] on Ricci solitons, works by Haslhofer
[14] and Bourni-Langford [3] on translating MCF solutions, as well as by
Drugan-Fong-Lee’s recent work [12] on self-expanders of the inverse mean
curvature flow.

It is interesting to compare Theorem to analogous uniqueness re-
sults for MCF self-shrinkers. Wang [25] proved there is at most one embed-
ded, self-shrinking end asymptotic to each (not necessarily O(n)-invariant)
regular cone C with vertex at 0. This is in contrast to the situation for
self-expanders, where multiple examples (e.g. [2, [I5] as described above)
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asymptotic to the same cone exist. Wang [26] also proved a similar unique-
ness theorem for self-shrinkers with asymptotically cylindrical ends, under
infinite-order asymptotic assumptions. Wang’s methods rely on the unique
solvability of a backwards heat type equation.

Acknowledgement. The first named author would like to thank Hojoo
Lee for many inspiring discussions about self-similar solutions in various
curvature flows. He is partially supported by the Hong Kong RGC Early
Career Grant (26301316). The second named author thanks his advisor,
Nikolaos Kapouleas, for his support and guidance. The authors would like
to thank the referee for constructive comment of this article.

2. Stability operator for self-expanders

In this section, we derive elliptic equations for the mean curvature and the
support functions of rotational Killing vector fields. We use variational meth-
ods and employ the following formulae, which are well-known in the litera-
ture of geometric flows of hypersurfaces.

Lemma 2.1 (cf. [1], [165) Suppose Fy : I — R is a smooth family of

hypersurfaces satisfying —— = psvs, where each s : ™ — R is a smooth
scalar function, and vy is t?Le Gauss map of Fs. Then

v,

(2.1) 55 —Vsps
OH, )
(2.2) 52 = (At 1AL) oo,

where Hy and A are the mean curvature and second fundamental form of
F, and Ag and Vg are respectively the Laplacian and gradient with respect
to Fj.

Proof. See e.g. [1, Theorem 3.7] or [16, Theorem 3.2]. O

The first identity below is an elliptic equation for the mean curva-
ture. It can be proved by using local coordinates (e.g. Ding [I1, P.9]),
or moving frames (see the self-shrinkers analog in Colding-Minicozzi [10),
P.780]). Nonetheless, we give a variational proof to unify with the proofs of
Lemma 2.3 and Lemma 2.4
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Lemma 2.2 (cf. [11]). Suppose F : X" — R is a self-expander. Then

1 1
(2.3) AH+2@WUU+<mF+2>H:Q
where A := Ayx. and V := Vx.
Proof. Recall that given a self-expander, the family F} := /tF satisfies (1.2)).

By pre-composing a suitable re-parametrization ®; (where ®; = id), we can
arrange that

0
(24) a (Ft o (I)t) = H(Ft @) (I)t) I/(Ft (e} q)t)
By (2.2), we have

9 2
(2.5) 9 H(Fod,) = (A+|AP) H.

ot|,_, ( )

On the other hand, by invariance under re-parametrization and the self-
expander equation (|1.1]), we have

1
Vi

By differentiating both sides, we find

1

H(Ft (¢} @t) = o

H(F o®;) = —(Fy 0o @y, v(F o Dy)).

0 0 1
(2.6) o, H(F;o®;) = o, ?t<Ft o @y, v(Fy o Dy))
1 10
= —§<F, I/> + 5 a i <Ft (¢] q)t, Z/(Ft o ‘I)t)>

1 1
= —H + J(Hv,v) + 5 (F,.~VH)

1 1
= ——H-=(F,VH
2 2< ’v >7

where we have used (2.1). (2.3) then follows by combining (2.5 and ([2.6).
O

We next consider rotational Killing vector fields. Fixing an axis ¢, say
the 2" 1-axis in R"*!, observe that a rotational vector field R fixing ¢ (such
as —x20; + wl(?g) has round circles as integral curves. In the rest of this
article, if F': ¥" — R™"! is an immersion and R is as above, we define
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fr=(R(F),v(F)). If fr vanishes identically, then R is a tangent field for
> and X is invariant along its integral curves.

To show X is rotationally symmetric, we will show that fr = (R,v)
vanishes for any rotational Killing vector field about the given axis (cf. [I4]
and [12]). This inner product plays a similar role as the Lie derivative Ly7g
in [, 5,8, 0.

Lemma 2.3. Suppose I : ¥ — R"! s a self-expander and R is a rota-
tional Killing vector field. Then

1 1
(2.7 A+ .9 ga) + (147 = 1) J =0
Proof. Let ¥, be the 1-parameter family of diffeomorphisms of R"*! gener-

ated by the vector field R, i.e. satisfying 8—\118 = Ro V¥, and ¥y = id. Then,
s
the composition Wy o F satisfies

i(@soF):R(\I/SoF).

As in the proof of Lemma there exists a suitable re-parametrization ®,
with ®y = id such that ¥, o F o &, satisfies

(2.8)

S

0
(Ug0Fod,) = R(¥,0Fod,)"
normal (?ormponent

= fr(¥s0 Fod,)v(VUso Fody).

By (2.2), we obtain

(2.9) ai _OH(\IJS oFo®,)= (A + \A|2> fr.

On the other hand, H is invariant under rotations, so from the self-
expander equation ([1.1]),

1
H(Vs0Fod,) = §<\I’SOFO(I)S, v(Uso Fody)).
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By differentiating both sides, we get

B, 1
(2.10) 75|, H(Us0 Fod,) = 5

1 1
— 5r—5(F.V/R),

where we have used (2.1)). (2.7)) then follows by combining (2.9)) and (2.10)).
U

fRya V> + %(Fv _va>

Next we state and sketch the proof of a similar identity for the inner
product (V,v) where V is a constant vector field in R"*1. We will not use
this identity in the later part of this article, yet we expect that it may be
useful when dealing with self-expanders with planar ends.

Lemma 2.4. Suppose F : X" — R"! is a self-expander and V is a con-
stant vector field in R"1. Then,

(2.11) AV} + 5 (R, VV)) + AP (Vi) =0,

Proof. We only sketch the proof, since it is similar to the proofs of Lemma
and Lemma Consider the family of translating hypersurfaces F, :=

F + 7V so that (%)l = (V,v)v. From the fact that
1 1
H(E;) = H(F) = J(F,v(F)) = 5(F,v(F,)),
one can differentiate both sides at 7 = 0 and show (2.11]) using the varia-

tional formulae (2.1]) and ([2.2)). O
In view of (2.3), (2.7) and (2.11), we define a stability operator L,

analogous to the operator for mean curvature self-shrinkers introduced by
Colding-Minicozzi in [10], by

1 1
(2.12) Ly :=Ap+ 5(].’77 Vo) + <|A[2 — 2> ©.

Then, (2.3)), (2.7) and (2.11]) can be expressed as
LH=-H
(2.13) Lfr=0 )
LV,v) = 5 (V.v).
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Lemma 2.5. Let ¥ be a mean-convex self-expander. Then, for any € >
0,A € R and f € C*(X) such that (L + 3) f = Af,

N N )
k(-

Proof. From Lemma (2.3)) and that Lf + % f = Af, we have

1 1
(2.15) A(H +¢) = —§<F, V(H +¢)) — <|A|2 — 2) (H+¢)
1
~He(laP - ).
1
Af=—(RVf) = (JAF =) f.
For simplicity, we denote u := Hia Using (2.15)) and the quotient identity
9\ _ hAg—gAh 2 g
A(h>_ h? h<Vh’v<h>>’
which holds for any g, h € C?(X), we compute
/ -2
Al — |=(H H Af—fAH — H
(72 ) = Greer 2 ) AF - Fa o))~ o (VU 42), V)

= () (4 2) (R V- (147 =) 7 )|

+(H+e)2f B<F,V(H+a)>+<|A[2—;> (Hte)+H—c <A‘2_;>]

——Ezjvuy+e%vm

1/ (H+e)Vf- fY(H+e)
__2<R (H +¢)? >

+(H;’:€)2 <<)\+;) H—e(|A[2—)\)) —H%FEW(HH),Vu)
(gl () restorn)

This completes the proof of (2.14)). O
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Next, we prove a Liouville-type theorem concerning the stability opera-
tor L on the class of mean-convex self-expanders 3 with decaying curvature
in the sense that

(2.16) lim sup |A|=0.
r—00 Z\B,«(O)

Here B,(0) is the ball in R"*! with radius r centered at origin. Examples of
hypersurfaces satisfying (2.16)) include those which are asymptotically coni-

cal (to be discussed in the next section), and those which are asymptotically
planar.

Theorem 2.6. Let ¥ be a mean-convex self-expander. Suppose X satisfies

[2.16) and f € C%(X) satisfies (L + %) f=Af, where A >0 and

(2.17) lim sup |f|=0.
r—00 E\BT(O)

Then f =0.

Proof. We first claim that there exists € > 0 such that
1 2
(2.18) /\+§ H—-c(JAP=X)>0 on I.

By the curvature decay condition ([2.16]), there exists a large r > 0 such that
A2 <X on X\B,(0).

Hence, since H > 0 and A > 0, (2.18)) holds on ¥\ B,(0) for all € > 0.
By compactness of ¥ N B,(0), there exists C' > X such that

AP <C on X.

Since ¥ is mean-convex, by compactness there is § > 0 such that

(2.19) H>6§> (JAP = X) on XnB.(0).

4]
C—-A

s(A\+
C_

N |

From this, it follows that (2.18) holds with ¢ = )

>
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We are now ready to show that f = 0. For simplicity, we denote

u = !
" H+¢€

where & > 0 is the fixed number such that (2.18)) holds. By ([2.14)), u satisfies

1 2
. =—(ZF+—-—"_V(H \Y
(2.20) Au <2 + F e (H +e¢), u>

e <<)\+;>H—s(|A12—/\)>.

To show f =0 on 3, we argue by contradiction. Suppose there exists p € X
such that

_l’_

f(p) > 0, and equivalently u(p) > 0.
Recall that f satisfies (2.17)). As H + & > e > 0, we also have

lim sup |u|=0.
r—00 E\BT(O)

Hence, there exists a large » > 0 such that
u(q) <wu(p) for any ¢ € X\B,(0).

By compactness of ¥ N B,(0), u must achieve an interior maximum at some
p’ € XN B,(0). Note that

u(p’) > u(p) > 0.

Evaluating both sides of (2.20) at p’, we obtain

0> (Au) (p')
_ <;F+ HigV(H—i—a), Vu> (»")

U , 1 B 2 /
) (A 5) 24P -0 o)
positiveby
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which is clearly a contradiction. Hence, u < 0 on 3. A similar argument (by
considering an interior minimum point) shows u > 0 on X. We conclude that
u =0 (and equivalently f =0) on 3. O

3. Asymptotically conical ends

In this section, we define what it means for an end of a hypersurface 3" C
R"™*! (which need not be a self-expander) to be asymptotically conical and
collect some geometric properties about such ends.

Definition 3.1. Given 0 < a < /2, the cone of angle alpha, C,, C R™H! is

Co ={0}U {O £z e RV <|i|,en+1> = cosa}.

Clearly C, is orientable; let 7 be the normal field on C, satisfying
(7, en+1) > 0. From now on, we use the symbol ~ to denote geometric quan-
tities of C,.

Definition 3.2 (Asymptotically Conical Ends). Wesay E C X" is C*-
asymptotic to C, if there exists p > 0 and u € C*(C, \ B,(0)) such that E
can be parametrized as a normal graph over C, of the form

F(p) =p+u(p)o(p),
and u satisfies

‘Vju(x)’g =0 (|x\_J) for j =0,1,2,...,k,

where V denotes the covariant derivative of C,.
The goal of this section is to prove the following.

Proposition 3.3. Suppose ¥ is a hypersurface with an end E which is C?-
asymptotic to Co. Let R be a rotational Killing vector field about the axis of
Co. Then

1) lim sup |fr|=0.
T’—)OOE\Br(O)

_ 2
2) |AJ?> = w +o(r2).

r
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Before proving Proposition we define a convenient parametrization
F of Cy\ {0}. Let ®(61,...,0,-1) be a parametrization of the unit S}
(e.g., using hyperspherical coordinates) satisfying

od 0 0%d
1 —, = ) = A\idij, o @) = —Aidij,
(3.1) <80Z~’80j> Aidij <80i89j > Aidij
where A\;,i =1,...,n — 1 is a function of w := (0y,...,60,_1) satisfying 0 <
A < 1.

Define F: Ry x S"~1 — R*! by

F(r,w) = (rcosa) ept1 + (rsina) ®(w).

We have
(?9F = (cosa) ep41 + (sin ) ®(w)
”
oF (rsina) O
g9, = (rsine 2"

The first fundamental form of C, is given by

C_(oF 0P\ joR oR\
Im=Nor or )~ 9=\ or 00,/ ~

__JOF OF\ _ _JOF OFN o vy o
Gir = <891787‘> =0 Yij = <8927 80j> - (T s a) )\15”'

It is easily verified that
(3.2) v(r,w) = — (cosa) ®(w) + (sina) epy1.
Note also that
, OF 001"
T or’ 06 ).,

is an orthogonal frame for R"*! at every point on C, \ {0}; ¥ and % have
length 1, although % may not.
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In (r,w) coordinates, the second fundamental form of C, is given by

>«
I
>«

7»]‘:0

ij = (rsinacos o) Xidi;.

<

T
ir

0
0

o>«

From these computations, it is clear that the C, has n — 1 principal curva-
tures equal to % and one principal curvature equal to 0. Therefore
2 (n—1)cot?a

A 2

r

Proof of Proposition[3.3 Straightforward computations show

oF _OF ou,
or  Or 8TV
oF  Ou U 0P

879,~ = a—(gil)—i—r(sina— ;cosa) 870%

For abbreviation, we define

Z(r,w) =sina — MCosoz.
r

In (r,w) coordinates, the first fundamental form of E is given by

g ar 91 = ar 96;
_ Oudu
9ir = 90, or

ou Ou

i =122 Nibij +
9y =7 17 36, 00,

By direct computation (by taking inner products with %—1: and gTF),

n—1 =
1 Ou 0P ou OF
. N=zp— -3 ouey  pouor
(3:3) g a6, 00, ~ or or

-
=1

is a (not unit) normal field to E. A
The C2-asymptotic condition |V7u(z)| = o(|z| ™) for j = 0,1,2 is equiv-

alent to
19 190 oF _
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for any nonnegative k, [ such that k& + [ < 2. This implies

B ou 4 0u
u=o0(1) 9 = o(r™) 52
ou 0*u O*u

_ _ -1 _
a0, = °V gam =) gg,08, =~ O

= o(r?)
(3.4)

Under these asymptotics, it is easy to see that
Z =sina+o(r~!) and hence N = (sina)v+o(r1).

Consider now fr := (R(F),v). Since the cone C, is rotationally sym-
metric,

fr = (R(F),5) = 0.

Therefore, the function fgr satisfies

|[frl = |fr — fr| = [(R(F),v) — (R(F),7)
< |R(F) = R(F)| |[v| + |R(F)| |v — 7] .

There exists C' (depending only on R and n) such that
|R(F) — R(F)| < C|F - F| =Cu| = o(1).
Recalling that

N (sina)u+o(r7t) _1
YSIN T smatoGry o)

we have

|R(F)||lv—p| < C|F

lv — 0] =o0(1).
This concludes the proof of part (1).
For part (2), we first claim that the coefficients of the second fundamental
form of F in (r,w) coordinates satisfy
7 0%
~|N| Or2

1 0%u ou ;i Ou
(3.5) b |N| [ orab; + <(COS @) or s1na> r 89]-]

1 0%u (Ai + Aj) cosa Ou Ou 0?®
hii = 1N [aeiaejZJr r 26,00, " <89iaej’ N>] '

h’!”!’
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We omit the straightforward calculations of the first two items above, but
compute h;; in detail. First note that

L
69]_ COS ¥ 80]’

so direct computations establish that

O°F = Ou v — (cos ) %E)E_F%@E +7’Z782(I>
00;00; N 00,00; 00;00; ~ 00; 00; 90,00;

This shows

PR e\
7=\ 90,00, [N

1 u (Ai + Aj) cosa Ou Ou o2
=i anan? T G, G )

which establishes ((3.5)).
Next, we combine the explicit formulas in (3.5 with the decay estimates

(3-4) to estimate |A|?. By combining (3.1)), (3.2) and (3.3), we find that

Z 827@]\7 = (rZsin JAidij +o(1)
r 26,0, = (rZsinacos a)\;0;; + o(1),

hence
hij = (rsinacos a)A;d;; + o(1).

Using the asympotics in (3.4]) with (3.5]), the second fundamental form of F
satisfies

By = o(r™ %) hrj = o(r™1)

hir = O(T‘_l) hi]’ = (’I“ sin « cos a))\léu + 0(1)
In matrix form, the first fundamental form of ¥ can be written

_ |t 0 P fow  ou
i-b (] %)
;

=M =m
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By Sherman-Morrison’s formula, the inverse of [g] is given by

Mfl,nnTMfl

—1 —1
Y i L M iy
lg] 1+ 7T M1

where M and 7 are defined as above. By direct computations, we see that

TM—I _ 8U2+nz:1 1 %2_(—2)
T or 2z \oo,)

1=

du )2 du 8 _ _
M~y = [ 1(8#5)9 5 ﬁ?uja ] = [O(T—i) ofr ;)]
272N, Téfaﬁ? 272N, T&ﬁ O(T ) O(T )
- h hej o(r=2) o(r1)
M 1 h/ — rr 7] :| — |: B 3 )
g [m hi] T o) e 4 o(r)

Combining all these asymptotics, we deduce finally that

o o)
B = [0 wzag o)

r

and so
_ 2
A 1= Trace ([g]~ [rllg) (1)) = "0 | o)
= AP + o(r?).
This concludes the proof of (2). O

4. Main results

We now collect the results of the previous sections to prove our main results.

Proposition 4.1. Suppose X is a complete, mean-conver self-expander. If
Y has only one end E, which is C*-asymptotic to a cone Co, then ¥ is
rotationally symmetric about the axis of C,.

Proof. Let R be a rotational Killing vector field about the axis of C,, and
denote fr := (R,v). Since ¥ has only one end, it follows from Lemma
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that

lim sup |A|=0 and lim sup |fgr|=0.
r—00 E\BT(O) r—00 E\BT(O)

By Lemma the function fr satisfies

(£+3) fr=j3/n

where L is the stability operator defined in (2.12]). Therefore, Theorem
implies fr = 0 on X. Since R is an arbitrary rotational Killing vector field
about the axis of C,, we conclude the rotational symmetry. O

Using a similar approach as in Proposition we can establish the
same result for mean-convex self-expanders with two ends E, and Eg, each
of which is C2-asymptotic to a round cone. The two asymptotic cones need
not have the same cone angle, but they are required to be coaxial so that
they have the same set of rotational Killing vector fields. In particular, these
include self-expanders asymptotic to a double cone. We state the result pre-
cisely below, but the proof is omitted since it is essentially the same as in
Proposition .1}

Proposition 4.2. Suppose ¥ is a complete, mean-convex self-exapander.
If ¥ has only two ends E, and Eg, each end is C?-asymptotic to a round
cone, and the cones are coaxial, then X is rotationally symmetric about the
axis of the cones.

Finally, we remark that if the self-expander ¥ is conver (which is more
restrictive than mean-convex), then one can relax the regularity assumption

in Propositions and Suppose an end E is just Cl—asymptotic to
a cone Cq, then by the condition that |Viu(z)| = o(|z|™7) for j = 0,1, we
know that

u=o(1) gz =o(r 1) g;i =o0(1)

as r — 00. Therefore, we still have
Z =sina+o(r ™), N = (sina) v 4 o(r™ ) v="u+o(r ).
Using (|1.1), we can show the mean curvature decays at the following rate:

(4.1) H = %(F, V) = %<F+u1),1?+ o(r 1)) =o(1).
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Here we have used the fact that |F'| = r and u = o(1).
Now given that ¥ is convex, (4.1)) shows each principal curvature of X
converges uniformly to 0 as r — oco. In particular, we also have:

lim sup |A|=0.

T—00 E\BT(O)
To guarantee that fr — 0 uniformly as r — oo, it is sufficient that the end
E be Cl-asymptotic to a round cone (see the last part of the proof of Propo-

sition [3.3]). Therefore, one may proceed in exactly the same way as in Propo-
sitions [£.1] and [£:2] to show the following:

Proposition 4.3. Suppose 3 is a complete, convex self-expander. If either:

e X has only one end E which is C'-asymptotic to a round cone Cq; or

e X has only two ends E, and Eg which are Cl-asymptotic to round
cones with the same rotation axis,

then X is rotationally symmetric about the axis of the cone.

References

[1] B. Andrews, Contraction of convex hypersurfaces in Fuclidean space,
Calculus of Variations and Partial Differential Equations 2 (1994), no. 2,
151-171.

[2] S. Angenent, T. Ilmanen, and D. L. Chopp, A computed example of
nonuniqueness of mean curvature flow in R?, Communications in Par-
tial Differential Equations 20 (1995), no. 11-12, 1937-1958.

[3] T. Bourni and M. Langford, Type-II singularities of two-convezr im-
mersed mean curvature flow, Geometric Flows 2 (2016), 1-17.

[4] S. Brendle, Rotational symmetry of self-similar solutions to the Ricci
flow, Inventiones Mathematicae 194 (2013), no. 3, 731-764.

[5] S. Brendle, Rotational symmetry of Ricci solitons in higher dimensions,
Journal of Differential Geometry 97 (2014), no. 2, 191-214.

[6] A. Chau, J. Chen, and W. He, Entire self-similar solutions to La-
grangian mean curvature flow, preprint, arXiv:0905.3869v1.

[7] A. Chau, J. Chen, and W. He, Lagrangian mean curvature flow for
entire Lipschitz graphs, Calculus of Variations and Partial Differential
Equations 44 (2011), no. 1-2, 199-220.



Rotational symmetry of asymptotically conical MCF expanders 617

[8] O. Chodosh, Ezpanding Ricci solitons asymptotic to cones, Calculus of
Variations & Partial Differential Equations 51 (2014).

[9] O. Chodosh and F. T.-H. Fong, Rotational symmetry of conical Kdhler—
Ricci solitons, Mathematische Annalen 364 (2016), no. 3-4, 777-792.

[10] T. H. Colding and W. P. Minicozzi II, Generic mean curvature flow I;
generic singularities, Annals of Mathematics 175 (2012), no. 2, 755—
833.

[11] Q. Ding, Minimal cones and self-expanding solutions for mean curvature
flows, preprint, arXiv:1503.02612v1.

[12] G. Drugan, F. T.-H. Fong, and H. Lee, Rotational symmetry of self-
expanders to the inverse mean curvature flow with cylindrical ends,
Mathematische Nachrichten 290 (2017), no. 17-18, 2826-2831.

[13] K. Ecker and G. Huisken, Mean curvature evolution of entire graphs,
Annals of Mathematics 130 (1989), no. 3, 453-471.

[14] R. Haslhofer, Uniqueness of the bowl soliton, Geometry & Topology 19
(2015), no. 4, 2393-2406.

[15] S. Helmensdorfer, Solitons of geometric flows and their applications,
Ph.D. thesis, University of Warwick (2012).

[16] G. Huisken and A. Polden, Geometric evolution equations for hypersur-
faces, in: S. Hildebrandt and M. Struwe, editors, Calculus of Variations
and Geometric Evolution Problems, 45-84, Springer Berlin Heidelberg,
Berlin, Heidelberg (1999).

[17] D. Joyce, Y.-I. Lee, and M.-P. Tsui, Self-similar solutions and translat-
ing solitons for Lagrangian mean curvature flow, Journal of Differential
Geometry 84 (2010), no. 1, 127-161.

[18] Y.-I. Lee and M. T. Wang, Hamiltonian stationary shrinkers and ex-
panders for Lagrangian mean curvature flows, Journal of Differential
Geometry 83 (2009), no. 1, 27-42.

[19] Y.-I. Lee and M. T. Wang, Hamiltonian stationary cones and self-
similar solutions in higher dimension, Transactions of the American
Mathematical Society 362 (2010), no. 3, 1491-1503.

[20] J. D. Lotay and A. Neves, Uniqueness of Lagrangian self-expanders,
Geometry & Topology 17 (2013), no. 5, 2689-2729.



618

[21]

[22]

F. Fong and P. McGrath

A. Neves and G. Tian, Translating solutions to Lagrangian mean cur-
vature flow, Transactions of the American Mathematical Society 365
(2013), no. 11, 5655-5680.

R. M. Schoen, Uniqueness, symmetry, and embeddedness of minimal
surfaces, Journal of Differential Geometry 18 (1983), no. 4, 791-809
(1984).

L. Simon and B. Solomon, Minimal hypersurfaces asymptotic to qua-
dratic cones in R"! Inventiones Mathematicae 86 (1986), 535-552.

N. Stavrou, Selfsimilar solutions to the mean curvature flow, Journal
fir die reine und angewandte Mathematik 499 (1998), 189-198.

L. Wang, Uniqueness of self-similar shrinkers with asymptotically con-
ical ends, Journal of the American Mathematical Society 27 (2014),
no. 3, 613-638.

L. Wang, Uniqueness of self-similar shrinkers with asymptotically cylin-
drical ends, Journal fiir die reine und angewandte Mathematik (Crelles
Journal) 2016 (2016), no. 715, 207-230.

DEPARTMENT OF MATHEMATICS

HonGg KONG UNIVERSITY OF SCIENCE AND TECHNOLOGY
CLEAR WATER BAy, KowLoon, HoNnG KoNna

E-mail address: frederick.fong@ust.hk

DEPARTMENT OF MATHEMATICS, BROWN UNIVERSITY
PROVIDENCE, RI 02912, USA

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PENNSYLVANIA
209 SOUTH 33RD STREET

PHILADELPHIA, PA 19104, USA

E-mail address: pjmcgrat@sas.upenn.edu

RECEIVED MARCH 19, 2017
ACCEPTED APRIL 4, 2017



	Introduction
	Stability operator for self-expanders
	Asymptotically conical ends
	Main results
	References

