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On the evolution
by fractional mean curvature

MARIEL SAEZ AND ENRICO VALDINOCI

In this paper we study smooth solutions to a fractional mean curva-
ture flow equation. We establish a comparison principle and conse-
quences such as uniqueness and finite extinction time for compact
solutions. We also establish evolutions equations for fractional ge-
ometric objects that in turn yield the preservation of certain quan-
tities, such as the positivity of the fractional mean curvature.
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In the recent literature, an intense study has been performed on some frac-
tional counterparts of the classical perimeter and of the motion by mean
curvature. The interest in this kind of topics comes from several considera-
tions. First of all, from the theoretical point of view, the analysis of nonlocal
and fractional operators has an ancient tradition, which have been vividly
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renovated recently by new exciting discoveries. In particular, a notion of frac-
tional perimeter has been introduced in [7] and its relation with a fractional
mean curvature flow was discussed in detail in [, [16].

Roughly speaking, given s € (0, 1) the fractional perimeter in the whole
of R™ of a bounded set E may be seen as the seminorm in H*/2(R") of the
characteristic function of £ (and this notion may be also localized inside
a bounded domain € C R™). The first variation of the fractional perimeter
functional may be seen as a fractional counterpart of the mean curvature. As
s — 1, these notions approach the classical objects in different senses (see
e.g. [2, B @, 10, 201 41] for details). The limit as s — 0 has also been taken
into account under various circumstances (see e.g. [23], 34]).

These fractional theories of geometric type found very often concrete
applications in real-world problems. For instance, fractional perimeter func-
tionals naturally appear in the large-scale description of interfaces of non-
local phase transitions (see [38, [39]). A very natural application arises also
in computer science: indeed, the square pixels of small side € produce, along
the diagonal, an error of order one for the classical perimeter, but an error
of order only €'~* for the fractional perimeter. In this sense, fractional ob-
jects are very useful to “average out” the errors caused by the possible fine
anisotropic structure of the media.

Many results of great interest about the fractional mean curvature flow
have been recently obtained in [I3H15]. See also [I] for a detailed study
of the fractional mean curvature, with analogies and important differences
with respect to the classical case. The question of the regularity of the mini-
mal surfaces corresponding to the fractional perimeter has been investigated
in [3, [7, 10, 11} 29, B7] (see also [12] for results concerning the loss of reg-
ularity of the fractional mean curvature flow), several connections with the
isoperimetric problems have been studied in [22], 28], 30] and remarkable ex-
amples of surfaces of vanishing and constant fractional mean curvature have
been recently constructed in [6, 21].

In this work we are interested in studying classical solutions to the L?-
gradient flow associated to the fractional perimeter. More precisely, we con-
sider a set Ey and we are interested in a family E; that satisfies for every
& € OE, the lawf]] of motion

!As customary in geometric flows, we use the notation x € dE; to denote the
points of the evolving hypersurface. Notice that, with a slight abuse of notation,
we also implicitly take = = x; to be a function of ¢, due to the evolutionary nature
of the problem. Also, if we take JF; to be parameterized by a normal map of the
sphere f: 8"~ — [0, +00), we also use the notation OF; > x = f(w)w. Of course,
since the surface is evolving in time, this notation has to be read as x; = f(w,t) w,
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(1.1) Owx - v =—Hg,

where v is the outer normal to F; and the quantity H is the fractional mean
curvature defined by

. Xe(Y)
1.2 Hs(z,F) :=lims(l —s / ———=—dy
( ) ( ) 3N0 ( ) R\ Bs () ‘w _ y’n—i-s

Here above and in the sequel we use the notation

XE(Y) = xzn\2(Y) — XE(Y),

while x g is the classical indicator function of E, that is 1 on E and 0 on R™ \
E. We also assume that the parameter s belongs to the interval (0, 1). Notice
that with this convention the mean curvature of a sphere is positive (more
details on this case will be given in the forthcoming Section. Moreover,
under this convention, the s-perimeter of solutions to decreases in the
fastest direction; In fact it holds that (see Theorem

O Ps(Ey) = — ; HZ(y)dH" ' (y) <O0.
E,

The flow described by equation is the natural analog of the mean
curvature flow, which has been studied largely in the literature (see for
instance [24], [25], [31], [32], [33] , [36] and references therein). The mean
curvature flow has been used in several contexts that range from modeling
interface transition [35] to obtain topological classification of certain surfaces
[4, 32].

The mean curvature flow is a quasilinear geometric equation of parabolic
nature that has regularizing effects as long as the mean curvature remains
bounded (i.e. solutions are C*° in space and time while the mean curvature
is bounded), but it may form singularities in finite time. One of the main
topics within the subject is the study of singularity formation during the
evolution. The first important result in this direction is due to G. Huisken
[31] who showed that convexity is preserved by the flow and that singularities
only form at an extinction time at which the surface collapses to a “round
point”, that is after appropriate rescaling convex surfaces are asymptotic

but we will try to simplify notation whenever possible, still keeping the arguments
unambiguous.
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to spheres. Later on, it has been proved that in fact the flow preserves k-
convexity for any 1 < k < n — 1 ([32]) and that homothetic solutions play an
important role in the understanding of singularity formation. In this paper
we show that Hg-convexity is preserved by the fractional flow (see Section
and we observe that in fact spheres are self-similar solutions to the flow (see
Section .

Another important classical example of evolution by mean curvature flow
is the evolution of entire graphs with linear growth. In [25] it is shown that in
that case the evolution exists and it is smooth for all times. The estimates of
that work were later localized in [26] to obtain short time estimates for any
evolution. Other graphical evolutions have been studied in [36]. In Section [6]
we show that graphical solutions to have bounded Hg- curvature for
all times and are in fact C'°°. A key element of the proof is the preserved
quantity (v - e,) ! which is known as the height function. On the other hand,
star-shaped surfaces also have a preserved quantity and we briefly address
this case in Section [7l

Other results that we present here are a comparison principle, the preser-
vation of the positivity of Hs and some estimates for entire graphs.

The organization of the paper is as follows: Section[2]is devoted to formu-
late Equation for star-shaped surfaces and entire graphs. We compute
in particular the example of an evolving sphere. In Section [3| we show that a
comparison principle holds for the flow and as a corollary we find bounds on
the maximal existence time and uniqueness of smooth solutions. Section
is devoted to compute the evolution of local and non-local geometric quan-
tities. Of particular interest is the evolution equation of H, that is given
by

O H 2) = Hq(y) — Hys(x)
25— 5) TV T g
L vla) vl)

H, P.V.
+ s(!L') 9E, ‘.ﬁ - y,,ﬂ.s

This equation implies that if the initial condition satisfies H; > 0 then this
is preserved by the flow. This result is proved in Section [f] In Section [6] we
prove bounds for graphical solutions and in Section [7] that star-shapedness
is preserved by the flow as long as the fractional curvature remains bounded.

2. Some special cases

In this section, we consider some particular forms of the fractional mean
curvature motion, namely the cases in which the evolving surface is the
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boundary of a star-shaped domain or it is a graph in a given direction.
A simple and concrete example of fractional mean curvature evolution for
star-shaped surfaces is given by the spheres, in which the equation can be
explicitly solved by scale invariance. On the other hand, planes are trivial
examples of graphical evolutions.

2.1. Evolution of star-shaped surfaces

In this subsection we assume that the initial set is of the form
Ep = {pw, we ", pe0, folw)]}

with v(p) - p > 0 for any p € OFy, where v(p) is the outer unit normal at p.

We deal with the motion of 0Fy by its fractional mean curvature. We
assume that this evolution is regular and star-shaped around the origin for
all times ¢ € [0, T) That is, we consider

E;={pw, we ", pel0, f(w,b)]}
and O0F; = {f(w,t)w, we "'}
with f € C?(S"! x (0, +00),[0,4+00)) NC?(S™! x [0,400), [0, +00)) and
f>0.
In order to write ([1.1)) more explicitly in dependence of f we extend
the function f = f(-,t), that was originally defined on S"~!, to the whole

of R™\ {0} by homogeneity, namely we suppose, without loss of generality,
that f:R™\ {0} — [0, +00), with

(2.1) flz)=f (E;) for every z € R™\ {0}.

Notice that we omitted, for simplicity, the dependence on the time ¢ in the
notation above. Similarly, given w € S"~!, unless otherwise specified, we
denote by v the exterior normal at the point f(w)w. Hence we have:

Lemma 1. The external normal v of E can be expressed in terms of f by

fw—Vf
VIVIZE+ 2

Also, given any w € S™ 1, for any n € R™ orthogonal to w we have that

(2.3) (Vf(w)-n) (w-v)+ flw)n-v=0.

(2.2) v=
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Finally, (1.1)) is equivalent to

S t) =~ (o B L
f(w,0) = fo(w), for every w € S™1,

(2.4) , for every we S"1 and t>0,

where x = f(w, t)w.

Proof. For the analogue of in the classical mean curvature flow see,
e.g., formula (2.8) in [40]. As a matter of fact, the formula and its proof are
exactly the same as in the classical case, since here the specific choice of H
or H, (being the classical or nonlocal mean curvature) does not play any
role. We provide the details for the facility of the reader. For this, first we

point out that, by (2.1)),

=0

=1

(2.5) Viw) w= T f(rw)

d
dr - %f(w)

=1
for any w € S"7!. Also, if 7+ w(7) is a curve on S" !, we have that

AP _d1_

2. = = —
(2.6) v dr 2 dr 2

and a generic tangent vector at OF is
Ti= L (fw) = (Vf o+ foo.
dr
We observe that
(fo =V T=F(Vf @)+ [0 w— (V- &)(Vfw) = f(Vf-@)=0,
thanks to and . This shows that the vector fw — Vf is normal

to OF. Also, by (2.5)), the component of fw — V f in direction w is f, which is
positive: accordingly, this normal vector points outwards and this completes

the proof of ([2.2]).
Using ([2.5) and (2.2]), we also obtain that
(2.7) w-v= /

VIVIE+ 2

and this shows that (1.1) and (2.4) are equivalent (recall indeed that z =
flw)w).
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It remains to prove (2.3)). For this, we take n orthogonal to w and we
use (2.2)) and (2.7) to compute

f(Vf-n) +f2n-w—f(n'Vf)

VIVIET P VP
_ ) 0= f(-V)
VNIFP NP P

that clearly equals to zero and proves ([2.3)). O

(Vf-n)(w-v)+ fn-v=

2.1.1. A concrete example: The evolution of spheres. In this section
we compute the example of a concrete evolution, namely we show that the
spheres shrink self-similarly in finite time. We think it is a very interesting
open problem to determine whether or not these are the only embedded
self-similar shrinking solutions of .

Lemma 2. We have, for any x € 0Bg(0),

(28) H,(z, Br(0)) = @R,

for some w > 0.

Proof. First we show that, for any = € 9B1(0),

(2.9) Hy(x,B:1(0)) = w.

By rotational invariance of the integrals, we have that Hg(xi, B1(0)) =

H(x9, B1(0)) for every x1, x2 € 0B1(0), thus showing (2.9). Moreover, if w €
S"~! and x = Rw, by changing variable §j := Ry, we see that

. XBr0)(¥)
2.10 Hy(x,Br(0)) = lim s 1—8/ s
( ) ( R( )) SN0 ( ) R\ By (2) \Rw _ y|n+s
- XBr(0)(RY)
= R"lims(1 —s ———d
SN0 ( )/Rn\BRm(x) [Rew — Ryfnts Y

:R—S th(l—s)/ LO)(%F)

= RH,(w, B1(0)).

This, together with (2.9)), proves (2.8)). O
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Corollary 3. Letw be as in (2.8) and Cy := w (s + 1). Let R(t) := (R3" —
Cot)=+1. Then Bg(0) is a star-shaped solution to fractional mean curva-
ture flow with initial condition Bg,(0) and it collapses to the origin in the

. . Rt
finite time =&—.
0

Proof. We only need to show that (2.4) is satisfied with f(w,t):= R(t)
and fo(w) := Rp. For this, we use Lemma [2| to compute

VF?2+ £2 C =
o+ ML O gt o,

= w (RS — Cot) 1 + wR™° =0,

that shows the validity of (2.4)). O

From the results in Section [3] we will see that the one provided in Corol-
lary [3]is indeed the unique smooth solution of the fractional mean curvature
flow with spherical initial datum.

It is also easy to check that a similar computation yields an analogous
result for the evolution of cylinders.

2.2. Evolution of graphical surfaces
In this subsection we assume that the initial set is of the form
Ey = {(z,z),x eR" ! 2 ¢ [—oo,u(:c)]}

The appropriate choice of normal in this situation is given by

(—Vu, 1)

V1+ [Vu?

v(z, u(x)) =

We suppose that
E, = {(:c,z),x eR"! 2 e (—ooju(x,t)]},

with u € C?(R"! x (0, +00), [0, +00)) N C?(R™™! x [0, 400), [0, +00)). In
this setting, we have that

OB, = {(z,u(z,t)), v € R"'}



On the evolution by fractional mean curvature 219

and the geometric flow in (1.1)) is equivalent to

(2.11) opu(z,t) = —Hg(z, Ey)/|Vu|2+1, for every z€R" ! and ¢ >0,
' u(z,0) = up(z), for every z € R* 1,

A concrete example in this case is any linear u, which has fractional mean
curvature equal to 0.

Remark 4. Fgquations (2.4) and (2.11) are well posed imposing weaker

regularity conditions on f and u respectively
3. Comparison principle

In this section we show that two surfaces evolving under fractional mean
curvature flow that are initially nested remain nested while the evolution is
smooth. To state the result, we will consider two evolving surfaces, say E;
and Fi, and we use the notation for points z(-,t) € 0F; and y(-,t) € OF;.
Then, we have the following comparison result:

Theorem 5. Let E; and Fy be two smooth solutions to (1.1) in [0,T) such
that Eg C Fy. Assume additionally that Oyx(-,t), Owy(-,t) are continuous in
[O,T) Then Et Q Ft.

Proof. We first assume that the closure of Ej is strictly contained in the
interior of Fy and suppose that there is a time ty and a point z; at which
E;, and OF}, touch for the first time and the normal velocity of Ey, at x;
is bigger than the normal velocity of 0F;, at that point (i.e. the boundaries
cross at point of space time). Since 0F;, and 0F;, are tangential at x; the
normal vectors agree at that point. Then we have

(3.1) 0 2 (&gl’E — at.I‘Et) . VE(J}t) = HS(Et,ZL‘t) — HS(Ft,xt)
Moreover, we may suppose that the strict inclusion
(3.2) E;, C Fy,

holds true (since if E;, = F},, the backward flow would give E; = F; for
all t€[0,7)). From (3.2), we have the strict inequality H(Ey,,x;) >
H,(F,,x¢), which, inserted in , yields a contradiction.

If the closure of Ej is not strictly contained in the interior of Fp, then
we can proceed as before by observing that the equation holds in the limit
ast — 0. U
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Theorem [5| implies uniqueness of smooth solutions to (|1.1)).
Corollary 6. There is at most one smooth solution to (1.1]).

Proof. Assume that Ey = Fy. By Theorem [5], we have that F; C E; and
E; C F;. O

By trapping the solution between balls, we obtain estimates about the
evolution of the fractional mean curvature and the extinction time:

Corollary 7. Let R > 6 > 0 and E; a solution to (1.1)) such that there are
x5 and xg that satisfy Bs(xs) C Ey C Br(xr), then B L (x5) C

(65+1—Cot) s+1
E, C B(Rs'*'lfcot)sil (xR)

In particular, if f € C*(S™! x (0,T)) N C°(S" ! x [0,T)) is a solution
of [2.4), with f(w,t) >0 for every (w,t) € S~ ! x [0,T), that satisfies § <
f(w,0) < R, for every w € S*~L. then

(3.3) (5s+1 _ Cot)ﬁ < f(w,t) < (R8+1 _ Cot)siil.

Moreover, the mazximal existence time is bounded from above by RCO .

Proof. The result follows directly from Theorem O
4. The evolution of the geometric quantities

In this section we study the evolution of local and nonlocal geometric quan-
tities.

We first remark that equation is invariant under reparameteri-
zations: Suppose that x satisfies and consider a reparameterization
©(w, t). Then we have that £ = z(¢(w,t),t) satisfies

Moreover, by reparameterizing the smooth surface with a time dependent
parameter it is possible to obtain an evolution equation that has tangent
velocity equal to 0.

Theorem 8. Suppose that F; is smooth and satisfies the evolution equa-
tion (1.1). Then, there is a parameterization of OE; such that

(4.1) Bz (t) = —H,(x(t), By v,

for x € OF;.
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Proof. We follow the analogous proof for other geometric flows (see [24] for
instance). For this, as usual we denote the metric of the evolving surface
by ¢;; and the inverse of the metric by g”/. Assume that OF; is parameter-
ized by spatial coordinates (w1, ...,wn_1) € U C R""!. Then we have that
z(w,t) € OF; satisfies (L.1). We want to reparameterize w in term of new
time-dependent local coordinates. Hence, we assume that the coordinates
(wi,...,wp_1) are parameterized by a spatial parameter © = (01,...,0,_1)
and time ¢. Then we define

'O,t) = z(w(O,1),1).
We have

o' = Z O, (W (O, 1), 1) 0w + (g, t)|g=w(o,)

=— H (I'(©,t)v + (1:0w; + (ata:)T)‘q:w(@’t) ,
where 7; is the tangential vector 9, z(w(©,t),t) and (Oz)! = O — (Osx -
v)v is the tangential part of O,x.

Standard ODE theory implies the existence of a solution to

Owi(0,t) = () g™ - 7,

with w(©, %) = w (the original parameterization at time t).
Hence, the surface I'(0O, t) satisfies (4.1)) for time close to t. O

In the next subsection we assume that I'(¢) is the reparameterization
of OF; described by Theorem [§. For simplicity, we still denote the spatial
parameter as w € U C R* ! or € R* L.

4.1. Evolution of local quantities

In this subsection we consider the evolution of some geometric quantities
associated to dF;. We assume that OF; is smooth.

Consider I'(t) satisfying (4.1)). We start by recalling the definition of the
metric g;;, the second fundamental form a;; and the square of its norm |AJ2.
Here we denote by (m;;) the matrix of components m;; and we use Ein-
stein’s summation convention whenever repeated indices occur. We denote
the inverse of the metric as ¢*/ and we raise indices of matrices to indicate
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contraction by this matrix (e.g. m; = gikmkj). In this setting, we have:

gZ] = 8&}1]‘—‘ . 8UJ]'F7
(9") = (9i5) ",

aij =0, - 00,1 = =1 0,0, T = 0,v - 0,1,
|A|2 :gijaz‘kgklajz-

(4.2)

We also denote
V'F = 4¢Y9,,Fo,,T,

which correspond to projecting the gradient of F' on the tangent space (for
a globally defined function) and

ViXI =9, X7 + ) XF,
where ka are the Christoffel symbols on the surface.

Theorem 9. Assume that I'(0,t) = OE; is parameterized such that it sat-
isfies (4.1). Then we have that

Ogij = —2H,aij,
019" = 2H 0¥,
v = V' H,
Oraij = Vi Vi Hy — Heaial
OA|? = 2aijV{V§HS + 2H8aika?aij.

A~ Y~~~
S
N O Ot =W
S~ N N N N

Proof. The proofs are similar to the local case (see [24] for instance). First,
we prove (4.3)) by computing the evolution of the metric: we recall that 9, "
is a tangent vector, thus

(4.8) 0, v=0.
Also T satisfies (4.1)), and so 9,I' = —Hsv. As a consequence,

019ij = 0w, (OL) - 0, T + 0, I - Oy, (0,T")
= Ou,(—Hsv) - 0, + 0,1 - 0., (—H,v)
= —2H5aij

and so we obtain (4.3)).
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Now, since g;; ¢/ = 6¥ (here we are adding on the repeated index j),
using (4.3) we have that

0 = 00} = Orgij ¢’ + gij 09’ = —2H aijg"" + gij Drg™",

which gives (4.4)).
Also, using that v - v =1 and (4.8)), we have that

8tI/'V:O,

that
Oy v-v=0
and
O - 0y’ = —v-0,,(0) =v-0,,(Hsv) = 0,, Hs.

Hence, decomposing 0, along the orthogonal directions {v, 0., T, ..., 0w, _,T'},
we conclude that

at]j = gljanHSawLF _ VFHS

This completes the proof of (4.5)).
Now we use (4.2)) and (4.5) and we obtain that

8taij = —0w - ij &,er +v- 8%. 8wj (HSV)
=~V Hy - 04,0,,T + 0,0, Hs + Hsv - 0., 0., V.

Moreover,

1
0= 58 -fawj(y'y) = 860.7‘(”'8%’/) = y-awjawju—i—awjl/'awjl/

and so we see that
(4.9) Oraij = =V Hy - 0,00, T + 0., 00, Hs — HyO,y, v - O,

Now we assume that we have normal coordinates at x;. Then at x; the
metric g;; equals to d;; and the Christoffel symbols are 0. In particular,

formula (4.9) reduces to

04aij = 0,0, Hs — HOp,v - Oy, v
= 0y,0,,Hs — Hsaikag?.

Since in normal coordinates 0., 0, Hs = ViFV]F-H s and the latter is a coor-
dinate invariant quantity, this establishes (4.6)).



224 M. Séez and E. Valdinoci

Now we prove (4.7)). For this, we use (4.4) and (4.6)), and we see that

(9" air) = 019" ai + 9" yaiy
= 2H,aYay, + ¢ (VY VEH, — Hyaimall)
= 2Ha"a;, + g"' Vi Vi Hs — Hsal, a)l".

Therefore

i kl 1] kl 17kl 'l j kl
Oi(gYair) (9% aj) = 2Hsa" ajg™ aj + gV 9" ajV; Vi, Hs — Hsal,a' g™ aji
= 2H,a"dlay + a™*VIVEH, — Heal a™aj
= Hya"dlay + o™V} Hs.

This and the fact that (recall (4.2))

6t\A|2 = at(gijaikgklajl)
= 09" am) g az + (g™ aj) g an
= 20:(g" air) g a;

imply (4.7). O

For further reference, we also point out the following computation in
local coordinates:

Lemma 10. For local coordinates {wi,...,w,—1} we have that
8y (0,,T) = —Hya}d, T — 8., Hyv.
Proof. Since I' satisfies ,
0t(0u, 1) = 0, (OT) = Oy, (—Hsv) = —0,, Hsv — Hg0Oy, V.
On the other hand, by definition
O,V = a{@w].F,
which implies the result. O

4.2. Evolution of non-local quantities

In this subsection we will analyze the evolution of the perimeter, the frac-
tional mean curvature and their first order spatial derivatives. In order to
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simplify the notation we write the point z(¢) € OE; and the unit normal
vector v(x(t)) to OE; at z(t) as

xy:=x(t) and v :=v(z(t)).

We remark that when we integrate on the surface JF; the integration vari-
able, that we usually denote by y, depends on ¢, but we do not make explicit
this dependence. Note additionally that v - w denotes the standard dot prod-
uct on R™ between the vectors v and w.

We observe that the integrand in carries a singular kernel, there-
fore it is convenient to remove such singularity by using a cancellation. We
perform these computations here, and we will use them in the forthcoming
Section [5] to show that the positivity of the fractional mean curvature is
preserved by the geometric flow.

To this goal, we write

H,(x¢, By) = H%(xy, By) + HE8 (34, By),

with
; ) XE, (Y)
4.10 H"(zy, By) = lim s(1 — s / T dy,
(4.10) (w4, Ey) N ( ) e\ Ba(an) [ — Y7
(4.11) and H.%®(x¢, By) = s(1 — 3)/ % dy,
R\CY () [Tt =Yl

where C (z¢) is a fixed cylinder centered at x; with flat direction parallel
to the normal of the surface at x;, namely

Ch(xy) = {x eR"st. x = +y with |y - v(z)| < R
and |y — (y - v(z) ()| < R},

In what follows, we denote the surface OF; as I'(w,t) and we assume that
is parameterized such that (4.1) holds. Consider z; € " and the epigraph of
the tangent plane II at x; given by

(4.12) (zy, By) :={€ € R" s.b. vy - (€ — x) >0},
where 14 is the unit normal to I'(¢) at the point ;.

Note that for R small enough, I'(¢) can be written as a graph over the
tangent plane at x; € I'(t). More precisely, let 14 be the normal vector at x¢
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and let us parameterize OII (or equivalently, the linear space perpendicular
to 1) in appropriate polar coordinates (r,¢) € [0, R] x S"~2. Then using
the implicit function theorem, near x; we may define a function h such that

(4.13) D(w,t) = 2 + pMy, o + ph(p, p)vi.

Here p is the distance to x; on OIl. Also, we are implicitly identifying OI1
with R"! and embedding (n — 1)-dimensional spaces into n-dimensional
spaces, namely M, is an (n — 1)-dimensional matrix acting on a vector ¢ €
S"=2 ¢ R"!: then the product M,, ¢, as an (n — 1)-dimensional vector,
has to be thought to lie on O1I, which in turn is naturally embedded in the
ambient space R™. More precisely, M,, ¢ € JII is defined as follows:

Assume that z; =I'(w,t). Consider an orthonormal frame {v;} on
OMl(xy, By). Since {8.,T} (i1, n—1} span Oll(zy, Ey), there are ¢ (ty) that
satisfy

U = Cji(to)awir.

We define ¢/i(t) for t < t( as solutions to the ODE system

(4.14) Orc — ¢al (@, t)Hy(I'(@, 1)) = 0
(4.15) ()=, = 7 (to).

Notice that, for technical convenience, we are taking here the backward ODE
flow from time tg. Then for ¢t < ¢ty we define

(4.16) vi(@,t) = ()0, T(@,1).
We note that vj(w,t9) = v; and {v;(t)} C Ol(zy, Ey), where 2 = I'(w, t) and

Oll(x¢, Ey) is the tangent plane of I'(w, t).
From (4.14) and Lemma [L0]

(4.17) vy = 0 (1), T (@, ) + ()94 (0, T(@, 1))
= —(VFHS CVj) Vg

Moreover,
vy -vi) = —(V Hy - v) (v - v3) — (VV Hy - v) (v - v) = 0.

Hence, {v;} remains an orthonormal base of II(z;, E}).
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Now we define
(4.18) My, = p'v;, where ¢ € S"72.
In particular, if we denote xy = I'(@, t), from we have
(4.19) OtMy, o = _(VFHS - M, ) vy

We also note that, from equation (4.13]) and the quadratic separation of
the smooth surfaces from their tangent planes, it follows that h(0, ) = 0.
Notice also that by symmetry, for II; := II(z, F;) and any R > 6 > 0

X, (v)
O (w)\Bs (z0) 17t — Y|

Then, parameterizing C (z¢) as x; + pMy,p + pzvy with p € [0, R], ¢ €
S"=2 and z € [~ R, R], due to cancellations we have that

(4.21) H;ing(l't’ E) = lim s(1 — s)/ XE (y) + 9511}8(3/) i
™0 Cit (w:)\Bs () |xt - y!

R ) 0 1
=s(l—s / / p ¢ / ————dz | dp| dy,
( ) sn=2 |0 hp) (22 +1)"%

where IT; = II; (24, E;). We now compute the derivatives of h.

Proposition 11. For a given time t, consider a point v, = I'(w,t) and vy
the normal vector to T' at x;. Let h be given by (4.13) where z; is fixved as
above. Then denoting by v the normal to I'(w,t), we have that

dih(p, p) = ;(Hs@ct) ~ H(T) )
+ (VU H (1) - My,p) + ;m DT (w, 1)),

Vg - DWF w,t 8@iw + A Mxt ,8@ir
a@qh(p790): - ( ) D ( L4 )7

where A denotes the second fundamental form of I'(t) at x; and
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aua; = ((97(x2) + O(p))
x (H,(D) (DT (@,5)Tv = php, @) (DT (@,6)) V" H(x))

~ Hy(T) (0(p) + O ).

Proof. First, we note that from (4.13]), w becomes implicitly a function of

o and p, but also of x;, hence it does depend implicitly on t. Hence, taking

derivatives on equation (4.13)) we have

(422) DwF(w, t)&gw + 8,5F :atl‘t + p(‘)thtgo + p@th(p, (p)Vt + ph(p, go)atVt.
Note that

(4.23) O vy =—H,D)v-vy and Oy vy = —Hs(z) vy - vy = —Hg(xy).

Moreover, since M,, ¢ is a tangential vector at x;, we have that M, ¢ -1, = 0,
thus

(4.24) — My, - vy = My, - Oy = My, - VE Hy(xy),

where the latter identity follows from (4.5). Then, using (4.1) and taking
dot product with v (recall also that dyvy - vy = 0), we have

oh(p. ) = 5 (Hefar) = H(D)w -,

1
+ VFHs(xt) - My, + ;Vt - Dy (w, t)Opw.

Now we are left to compute 0;w. To this end, we multiply equation (4.22)

by D,I'(@,t))T, we exploit ([4.23)) and (4.24) and we obtain

(D.T(@,t)T DI (w,1))dw — Hy(T)D,I(@, 1)) v
= ph(p, ©)(D,I(@,t)) T VI H (2;).

Since (D,I'(@,t))" DT (w,t) = (gij(2¢)), we have that the first matrix is
(9ij(z1) + O(p)). Similarly, since D,I'(@,t))T1; = 0, the second term is like
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H,(T)O(p). Hence

o = (9"(21) +O(p))
x (Ho(T) (DT (@, ) v + phip, ) (DuT (@, )"V H )
~ Hy(T) (0(p) + O(p*) ).,
as desired. 0

We will also use a rotation that aligns the cylinder Cp} (x;) with C7 (z7). We
remark that since the vectors {v;(¢) : i...n — 1} U {1} are an orthonormal
basis of R" we may define for y = yv;(t) + y"v; the following rotation

(4.25) Riry = y'vi() + y v
Notice that

(4.26) y'=y-v(t) and Y=y v
Then it is direct to show that

Proposition 12. Consider Ry, given by ([4.25) and denote V' Hy(7) the
tangential gradient of Hs(x;). Then it holds that

1) Ry, = Id.

2) O, Rr my=[(y - vi(11))0i(t) +(y - vr)O0un) |, = — (y - vi(11)) (vi(T2)-
VU H, (1)) Ve, + (y - vr, ) VE Hy(12).

Proof. For the sake of completeness, we give a proof of the second claim.

Using (4.25)) and (4.26)), we have that

(4.27) OrRiry = Y 0vi(1) + y"Orvs
= (y - vi(1)0-vi(7) + (y - 1) Or s,
which is one of the desired results. In addition, from (4.5) we know that

O;v; = VUH (1) and from ([4.17) that 0.v;(7) = —(VIVHs(7) - vi(7)) vr
Hence we insert these pieces of information in (4.27)) and we conclude that

0-Riry = —(y - vi(®) (vi(r) - VEH (7)) vr + (y - ) V! Hi(7),

as desired. O
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Now we study the evolution of the s-perimeter Ps; and of the s-mean
curvature.

Theorem 13. Let x = x4, v =14 and h be as in (4.13). We have the fol-
lowing equations:

(4.28) OrPs(Ey) = — H2(y)dH" (y) <0,
OF,
VI H, iy . (y—2x)-0ux
7 — 1] J_
(4.29) S0 s) () = (n+s)g (P. V. /n XE, oy dm) )

O H, B (Orx — Ay) - v(y)
(4.30) and 723(1—3)(”")_ P.V./aEt P dy

H,(y) — Hq(x)
op, T —yl"ts

1— .
+ Hy(z)P.V. / Lnis(y)dy
OE, |9C - l/\

=P.V.

Also,

—1-s h
(4.31) the function (0, R)xS" 23 (p,p)r P Oihip, ) is integrable,

n+s

(1+h%(p, ) >
(4.32)  O,(H™9) = O(R'™) and

1
/ / (xe, + xm,) (@t + RMy,w + Rzvy(xy))
n—1 71

My,w-VVHg
i MoV n+s($t)dzdw = O(R).
(1422)=2

Proof. In the course of the proof, we will also establish the auxiliary formulas

Ou(HZ™) () B p 172 0h(p, )
w e [/ (i) 7]
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(4.34)

Oy (Hs™) ()

s(1—s)

/ (Opt— Opy+(y—) - VFHth—(y—JU) U, VFHs(fUt)) : de
(OE)\CRt (z4)

’xt_y|n+s
(Opxy — Ory) - v
o e,
GENCY (@) |zt — Yl

+R® / / (xE, +x1,) (¢ + RMy,w + Revi(xy))
Sn 1

zMztw vt H (a:t)
(1+22)%

Il
)

dzdw,

where v is the unit normal vector to OE; at y and II; is defined as in (4.12)).
Formula (4.28)) follows from Theorem 6.1 in [28] and (4.33) from (4.21).
To compute the derivative of the regular part we need to compute

lim
h—0

_1 / Xz () _/ XE,_, (Y)
o\ Jrm\o% @) 120 = Y™ e\ (@on) [Tt—n — y[" TS

We divide the computation as follows:

) . 5
A / XE, (?J2+S / XE, (y)ms and
b\ Jre\c% (20) |2 — Y RACY " (z0_1) |Tt—h — Y|

II, = l / >~<Et (y) . / >~(Et_h(y)
b\ Jrm\c" o) [Tt—n = Y™ Jrm\or () |[Tt—n — Y| +e

For the first integral we consider a function ¢¢ € C§° that approximates
XE,- Then,

HE® (1), By) — HI(@y(t — h), By )
h

(4.35) Iy = lim If,
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with

R"\C () |37t |" s Rn\c;f*h(xt,h) |zy—p, — y|Ts

¢ (y + x¢) — ¢ (Riji—ny + 4—n)
ly|"ts

dy
CyH(0)

l
h R\

LV (yni) - On

YE IR O ol gy,
/ [/ [y|" ’

where

Ty — Tpp + aZRtt (1— e)hy

5h J—

(4.37) R, is given by -
and yn1 = Ry—(1—0pY + Te—n + (Tt — 24-1).

From Proposition [12] we have
IRy (1—ony = b [(y - vi()0-vi(T) + (v - v)Orvrll (1o

Moreover, if we denote by Rt (1—0)h.t the inverse of the transpose of
Rit—(1-0)n We have

(Y )Ry 4On
divy< t—(1—0)h,t

ly[" e

~ Rep-a-0pVe© (Y1) 'R;_T(l_g)mﬁh

) on
[t + ¢ (yn) dWyW

Vo€ -0 ) )

and so the divergence theorem gives that

¢€(yh,l)R7_T1_g h On
/ OO ooy AR (y)
OCH (0)

ly[rts

V&< (yni) - On / _ ( 5 )
— — Ry + ¢ (Yn,i) div d
/Rn\c;g(o) |y|"ts Re\C (0) () divy y|mts




On the evolution by fractional mean curvature 233

We insert this information into (4.36]) and we obtain that

o
On

16:—/ / < (yn) div () dy.| de

g o |Jrmc% o) (91.0) divy ly|"te

1l ()R 1oy On
+ / / T oy AR N (y)) | de.
o |Jac (o) ly|ts Cr (0) W)

Thus, by (E33),

1 ) 5
(4.38) I = —/ / XE, (Yn,) divy <:+S> dy.| d¢
o |Jrm\c%(0) lyl

Jr/1 / XEt(yh,l)Rt_—jzl—Z)h,téh
o |Jacy (o)

-1
‘y’n-i-s “Vere(o) dH" (y))] dﬁ,
where vg o) is the unit normal to the cylinder at y. Now we observe that

XE, (Rt,t—(l—l)hy + @i+ (s — fEt—h)) — XE, (y + zt—h)
= x5, (y+ z—n + O(h)) — xB, (y + Ti-pn),

so this function is supported in a neighborhood of size O(h) of a smooth
surface. This fact, (4.38]) and the integrability of the kernel |y|~"~% at infinity
give that

1 . 5
I, = _/ / X5, (y + 2-) divy <:+> dy.| de
o | e\ 0 lyl
1
+/
0

as h — 0. Recalling (4.37)) and Proposition we have for 7 =t — (1 —1)h
that

xE, (Y + )R O
/ TN (1= Ohit df + o(1),
o (0)

[+ ver o) dH" ()
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. oy, v;(t) - Orvi(T) + 11 - Orr
divy (’y‘n—i-s) = [y |t

Y- (o —xp—n + ORes—(1-0)nY)

—(n+5s) ly[rT2n
y - (O +(y - v;(t)) Opvi(t)+ (y - ) O,
—(n+s) (G +( ](y)V)Hz“() (y - ve)Ov) as h—0,
and
T 7 e — T p + O Ry (1—0)nY
Ry ot O = RyZ(1_oyns h

— 8t$t + (y . Ui(t)) 8t1}i(t) + (y . l/t) Gtut as h — 0.
Additionally, from (4.17) and (4.5) we have that
Y- [(y - vit) Ovi(t) + (y, 1) Opr]

(
—(y - 0) (VI Hyg - 0i(1) (y - ve) + (y - vi) (y - VV H)
—(V'Hy-y") (y- ) + (y-v)(y - V' Hy)

=0.
Hence,
(4.39)
. _ - y - O
= ) [ R O
+ / )N(Et (y + J}t)
ocy (0)
y (O +(y - vi(t)) Opvi(t) +(y, 1) ern) - Ve (o) A ().

|y|+s

Now we notice that

y - O . O
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Then using the divergence theorem we have

_ Y- O
n+s / XE Y+ o) s Ay
( ) Re\CY (0) ( t)|y’ et

. 8th‘ )
- div ( dy
/Et\c;;(:pt) Y\ Jy — ay|nts
. 81;90 )
. divy [ —2" ) ay
/E;\c;; @) (!y — my|"ts

vog, (y) - 8t:v 1
OENCY (z) Y — l’t|"+5 ()

Vocr t( ) . 8t.’E 1
/ac,"g(xt) () ly — a¢|"Fs )

where vyg, (y) denotes the unit normal to OF; at y.
Plugging this into (4.39) we obtain

(4.40)
. vog,(y) - Ox 1
lim I, = 2 Yor,\Y) % dH"
noo /aEt\c ly — | e )
Vac,"; (v) - ((y = z)"Opvi(t) + (y — 2)" O ()
— / XE, (y) ( — ) dH 1(y)
AC (1) |y — 24|

Now we notice that, from the definition of C'r(0), the normal v¢, () is
either on the tangent plane at x; (for the sides of the cylinder) or it is parallel
to the normal at z; (at the top and the bottom of the cylinder). Hence, at
the top and bottom of the cylinder we have £vycv (y) - Opvi(t) = ~V'H, -
vi(t) and vycr: (y) - Opr = 0, while along the sides of the cylinder vy (y) -

Ovi(t) =0 and vy (y) - Oy = % VI H,. In addition, Yz, = —1 on

the bottom of the cylinder and xg, = 1 on the top. As a consequence,

vacr (y) - ((y — )" Opvi(t) + (y — )" O e
/ xE, (¥) ( — ) A" (y)
DO (21) ly — 2]
n—2vI'
/ /Rnnsp VH()g dp duw
(p?+1) >
M, w-VVH,
/ / XE, xt—l—Rfow—i—Rzut)R" n—s 2Mew - V n+s(mt)dzdw.
1+ )%
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By symmetry the first term is 0 and

My, w - VU H(zy)

— dzdw = 0.
(142

1
/ / XTI, (ZL’t + RM,,w+ Rzut(xt))R”_"_s
sn-2J 1

we obtain the first equality of (4.34)).
The second equality may be obtained observing that

Y- (O 4+ y - vi(t) 0w (t) + y - 11 Owy)

o (n + S) ’y|n+s+2
_ g o + (y — x¢) 0w (t) + (y — )" Oy
- [y |

For the integral defining 11}, we have

1 XE (Y +2e—n) — XB, (Y + Tt—n)
1, = ~ X dy.
h Jrm\Cr(0) ]

Notice that the integrand is not 0 for y + x4 € E}AFE; ;. Since we
assume that OF; is smooth, we may parameterize this neighborhood as
Yy =1y + 2vpp, (y:) where y, € OF;. Since we assume that the sets E; are
continuous in ¢, for A small enough, E;AFE;_} is contained in this tubular
neighborhood. Moreover, a Taylor expansion in ¢ yields that

Yi—n =yt — hOyy + O(h*) and
(Wi — ) - vor, (y) = —hOwy - vog, (y) + O(h?).

Then we have

1 —hdvyevar, (y)+O(h?) 2 1( )
I — / / ———dzdH" (y
5 DA Ca(®) Jo |y — xp_p|nTs
. _2/ O o V) gty s 0
OE\Cr(0) |y - xt_h|

This, together with (4.40]), proves (4.34)).
From Proposition we have that

flfsah , s
P 2t (pi)SZO(p ),
(1+h2(p,p)) >
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which is integrable, thus (4.31)) follows directly from (4.21)). Similarly, we
observe that

1 r
M, w-V"Hg
/ / (xE, + x11,) (xt + RM,w + Rzyt(a;t)) it Hs(xt) dzdw
sr=1J-1

(14 22)=2
0 r
M, w- H,
—/ / M-V n+s(xt)dzdw
n=1 Jmin(h(Rw),1) (1+22)

and equation (4.32)) follows from the fact h(0) = 0.
Finally, equation (4.29) follows from [6] and the fact that 9,z is tan-
gential.

Equation (4.30) follows now by combining (4.33)) and (4.34) and taking
R — 0 (another proof of (4.30) can be obtained using formula (B.2) of [21];

using Lemmata A.2 and A.4 there, one also obtains an expansion of the
quantity in (4.30)) as s approaches 1). O

Remark 14. An equation analogous to (4.30) was obtained in [21] in a
different context. Their results imply that

Hy(y) — Hy(x)
op, |T —yl"ts

1— .
s(1—s)P. V./ Mdy — AP as s — 1,
oE, | —y|**

s(1—s)P.V. dy — App, H as s — 1

which recovers the classical evolution for the mean curvature H under evo-
lution by mean curvature flow.

5. Preservation of the fractional mean curvature

In this section we show that the geometric flow preserves the positivity of the
fractional mean curvature. We need the following lemma that excludes the
possibility of compact hypersurfaces with fractional mean curvature equal
to zero (we state the result for smooth sets for the sake of simplicity):

Lemma 15. There exists no compact hypersurface with with C?-boundary
and vanishing fractional mean curvature.

Proof. The proof is based on a sliding method. Roughly speaking, we take
let E C R™ be a bounded set with C2-boundary and such that Hy(x, E) = 0
for any x € OF, we consider a plane of given normal direction w, we slide
it from infinity till it touches F, and then we compare the fractional mean
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curvatures at a touching point to obtain the desired result. The details of
the proof go as follows. We suppose that

(5.1) E#o.
Let

My i={zeR", z-w< M}
and M, :=inf{M, E C IIj}.

Notice that M, € R, thanks to and the boundedness of . In addi-
tion, E is a subset of II;, and there exists z; € (OF) N (0Ilys,). We claim
that £ = IIp;, (up to negligible subsets lying on the boundary, and this will
end the proof of Lemma. Indeed, if not, the positivity set of the function

)ZE - )ZHIVI* = 2XHM*\E

would have positive measure and therefore

XE(Y) — X, (y)
0 = /n |$t_y|”+5 dy:HS(‘rt7E) _Hs(wta]:[M*) = —07
and this is a contradiction. .

Theorem 16. Let E; be a compact solution of (1.1). Assume that Hy is
differentiable and that Ey has strictly positive fractional mean curvature.
Then, E; has strictly positive fractional mean curvature for every t € (0,T).

Proof. Suppose the contrary. Then, if £ = FE, is the evolving surface, we
have that Hs(z, Ey) > 0 for any = € OF; and any ¢ € (0,t), but

(5‘2) Hs(ffaEf) =0,

for some € F;, with t € (0,7T).
Notice that z; € 9F; and the function

t— Hs(.It, Et)

attains its minimum in the interval [0,¢] and the endpoint ¢ and there-
fore 0, H s(act,Et)‘ 7 < 0. Since it is also a spatial critical point for Hy, we
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have that VH(Z, Ey)| .7 = 0. From (4.30) in Theorem [13)and (L.1]) we ob-
tain that

O HL (7, 7) = 5(1 —s)/ A, ()

—1
. T = Zen[ dH" " (y) = 0.

However, since 0;H(x¢, Et)’t:f < 0 we have that Hs(y) = 0, which due to
Lemma [T5] contradicts the compactness of Ej. t

Following the same proof as above, we can also take into account the
case of a non-compact solution, as described in the following result.

Theorem 17. Let T > 0 and E; be a solution of in [0,T]. Assume
that Hy is differentiable, that Eg has strictly positive fractional mean curva-
ture and that OE; is uniformly spatially C? in [0,T). Then, E; has strictly
positive fractional mean curvature for every t € [0,T].

Proof. Proceeding as in the proof of the previous result, we can also show
that an alternative holds true, namely either F; has strictly positive frac-
tional mean curvature for every ¢ € [0, 7] or there is a ¢y such that E; has
vanishing fractional mean curvature for every t > .

Now we show that H,; cannot become identically 0. For this, up to a
dilation, we take a scale for which the evolving surface is locally a smooth
graph in balls of radius 2 centered at the surface. Let ¢ be a nonnegative
function supported in the unit ball B; and ¢ =1 in B:. Fix z; = 2(0,t) €
OFE; and € > 0. Consider the function v : R™ x [0,T) defined

v(y,t) = et (S(h;s(yl) + e> — 56702t¢(y — 1),

where § is chosen such that v(y,0) > 0 and Cj,C5 are real constant to be
determined. Notice that ¢ can be chosen independently of € > 0

Using equations and , and denoting by v, the normal at xy,
we have, for y € 0E},

d(y,t) = Crett (ﬂ + e)

Hs - Hs 1- )
Ot <2P.V. Mdz + 2H,(y)P.V. / Wdz)
om, |z —y|"ts om, |z —y["te
+ Cade” P o (y — a4) + Hy(w)oe™ vy - Vo(y — 1)
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+ et Hy(y)P.V. / 1=viz) - viy) _Z”(Z) - v(y) dz>

t | y|n+s
+ 25 (1 — 5)de " 'P.V. oz~ m) - ngJ(ry — @) dz + Code™ ¢y — ;)
OE, |z —y|"te

+ Hs(xt)c?e_C?tZ/t -Voly — x¢).
Now we claim that

(5.3) v(y,t) > 0.

Since this holds for t = 0 (as long as ¢ is sufficiently small), to prove (5.3)
we can argue by contradiction and assume that there is a first time ¢ and a
point § such that v(g,t) = 0. Such a point is a local minimum and it holds
that

atv g7£> )
/ v(zt) —o(g:1) ,
oFE;

IZ — gt
and e“ <s( 2 + 6) = e Clp(g — xp).
Hence, we have
(5.4) 0> 0w(7, 1) > Croe o5 — ay)

Los(1—sypeCeipy, [ YEZT) — o=z,

) OE; |2 - g[nts
+ 025670”(;5(@ — 3?[) + Hs(l'g)(sefcztl/g‘ V(b(g — x[).

Now we claim that
(5.5) |y — 7 < 1.

To this end, we argue by contradiction and suppose that |§ — x¢| > 1. Then,
using ([5.4)) and the assumption on the support of ¢, we find that

0>2s(1— s)de—czfp.v./ ‘b(zigd > 0.
om; |z —g["te
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This is a contradiction and so (5.5)) is proved.
Now we improve (5.5)), by showing that there exists €y € (0, 1) such that

(5.6) 15— 27| < 1— eo.

Again, we argue by contradiction and suppose that |y — x| € [1 — €, 1).
Since ¢ is smooth and vanishes along d By, we have that ¢(y — xz) + |V (y —
x7)| < Ceg, for some C' > 0. Hence, using ((5.4)), and taking K > 0 such that

(5.7) Hy(z) < K for every = € OF,

we see that

0> 2s(1—s)de 2PV, / oz —2) —Ceo ) Ke Cole,

om; |z —yl"te
1-— CEO

— dz — CKey
ENBy s (zs) 12 — Y"F°

> §e Ot [23 (1—s)P.V. /
d

So we multiply by 6 1e2f and, if € is small enough, we find that

d
0>s(1— s)P.V./ © _ _ CKe

(OE)NBy o (xr) 12 — 9"
> 275 (1= s)H" " ((0F;) N By jo(27)) — Keo.

The smoothness of the surface gives that
H" 1 ((OE;) N By ja(x7)) = co

for some ¢y > 0. The last two inequalities easily give a contradiction if €q is
small enough, and so we have established (5.6]).
Now we set rg := 1 — ¢y and we choose C] large enough, such that

Ksupg, [V9|
) > b5l
(5.8) Cy g

)

where K is as in (5.7)).
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Notice that, by (5.6) and (5.8]),
(5.9) Croe™ (5 — ) + Ho(wg)de Plvg- V(g — a7) > 0.

Let also Cs so large that

926 (1 — —Cst =\ o
Cy > sup el — s)de P.V. oy — 71) — fi(j xt)dz.
yeB,(zr) (U — ) O, |z — 7|

In this way, and using again (5.6)),
¢(z — zg) — ¢(§ — xp)

OE; |z — g|"ts

25 (1 — s)de PV dz + Code™ (5 — x7) > 0.

Then, we plug this information and (5.9)) into ([5.4) and we obtain a contra-

diction. This proves (5.3).
Then we take y = x; and send € — 0 in (5.3)) and we obtain that H(x;)
remains positive. O

6. Estimates for entire graphs

In this section we assume that the surface is an entire graph with linear
growth at infinity. That is, the surface can be parameterized by (z,u(z,t))
and

(6.1) sup |Du(zx,t)| < C,
te[0,T)
o> R

for some C, R > 0. Moreover, u satisfies
0w = —/1+ |Du|? Hs(E,).

Theorem 18. Let v be the normal vector of a graphical surface evolving

by (1.1) and e any fized vector. Let v = (e-v)~!, then

o(a,1) < sup {supv<y,o>, c} ,
Yy
where C' is such that

(6.2) limsupv(z,t) < C,

|z| =00

for allt €[0,T).
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Proof. Let us assume that the surface is parameterized according to (4.1
and v satisfies (4.5)). Then

o = —v*(e- VU Hy).

From Theorem [13] we have that
T
5 y—1x)-e
e - VFHS = (n =+ 8)8(1 — S)PV/ XEt (y)"’(p—yv)l'i'wdy7

n

where e is the tangential component of e at ;.
_ T
Noticing that (n + s)m(y_w% = —div, <ﬁ), it follows from the
divergence theorem that
T

€'VFHS:2S(1—S)/ eliy(y).

B, 1T —y|"ts

Since el = e —v~1(z)v(x), it holds that el - v(y) = v~ 1(y) — v~ (z)v(x) -
v(y). Then, if v attains a maximum at z, we have that e! - v(y) > 0 (and
similarly e - v(y) <0 at minima). We may conclude from the maximum
principle that v does not have interior maxima (resp. minima). O

Noticing that for an evolving graph it holds that

(en-v)"' = /1 + |Dul?,
and thus (6.1)) implies (6.2]), we have

Corollary 19. |Du| is uniformly bounded in time.

Theorem 20. Let v =+/1+ |Du|?, then the quantity vHs is uniformly
bounded in terms of the initial condition.

Proof. Considering the set II as the epigraph of the plane z = u(xy,t) +
Vu(ze,t) - (x — x¢) + u(ze, t), we may write

H (.’L‘t,

Vu(z,t) (z—z)+u(z:,t) d
s(1—s) / / & = dx
Rt Ju(a,t) ((z —u(we, )2 + o — a4|?) 2

1 Vet (F3)  de
=s(l —s) Teamear e il S ——dx
et | — 2y w(w,) —ulor.t) (2241)%

lz—z¢]
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u(z,t) —u(ws,t)

Let z,, = o]

and zpr = Vu(zy, t) - ==4. Then

’ |le—a:|”

_Hsv(x7 t) + HSU($t, t)
|z — x4

Or2m =

and
r — It

Oz = V(—Hgv(xy,t)) - P
— Tt

As a consequence, we have

1
O Hs(x, E) = s(1 — s)/ (( Orzm - OsZm, ) |

_ — n+s—1
Rn-1 | — Ty 23, +1) 2

(2 +1)
Du- D(—Hgw)

V14 |Dul?

Assume that a maximum (resp. minimum) point of vH, is attained at
(z¢,t0). Then D(—Hgv) =0, Ozpr = 0 and gz, = 0 (resp. < 0) and only
identically 0 if vHg is constant. Then we conclude that there are no interior
maxima or minima for this quantity. (]

and Oy (vHs) = Hs +vo Hg(xy, E).

Remark 21. The previous estimates imply that if there is decay at infinity
H, remains bounded for all times.

7. Estimates for star-shaped surfaces

We show an estimate for star-shaped surfaces that is analog to Theorem

Theorem 22. Letv = (x-v)~!. Then there exists T* > 0 such that v(t) <
C in [0,T7*), where C depends on v(0) and sup |Hs|.

Proof. We assume like in the proof of [18| that the surface is parameterized
as in (4.1)), then we have

o =—v3(x - v+z-1)
= v?(Hy — z - VU H,)

Following the computations in the proof of Theorem [18| we have that

T
m-VFH8:2s 1—s / wd .
( ) oE, |v —y["te y
since 27 =z — 2 - v(2)v(z) = (x —y) + (y — z - v(z)v(x)) we have
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x-V'Hs (z—y) v(y) v (y) — v (@)v(@) v(y)

s(1—s) |z — y|"Ts |z — y|nTs

. v1(y) v @) - viy)
mot 2/8& |z — y[ts W

Accordingly, we have

o = v* ((1 — 5%(1 —s))Hs — 25(1 — S)/a v (y) —v @) v(y) dy> .

E, |z — y|nts

Hence, at a spacial maximum of v we have

8t(rré%xv(',t)) <(1-5%1-59) rré%xv(-,t)2Hs.

Then we find that

(1) < maxgn v(+,0)
max v(-,t) < .
sn ’ 1 —(1—s*(1 — s))t maxsn v(:,0) supgx o 1y Hs

Notice that the bound can be extended as long as Hg remains bounded. [

The previous computation yields a gradient bound and that star-
shapedness is preserved:

Corollary 23. Assume that f satisfies (2.4). Then, if Hs remains bounded,
|V f| is bounded for a fized time that depends of the initial condition and
bounds of Hs.

Proof. Notice that ¢ = fwand v = —£2=Yf _ Thenz v = ——L—__.
f ! V FAHIVE2 \V PAHIVE2

Then v < C is equivalent to
V2 +IV?<Cf? < Cmax f2(,,0),
which gives the desired result. O

Corollary 24. Assume that E; is a solution to (1.1)) and that Ey, then F;
remains star-shaped.
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