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We prove Harnack inequalities for hypersurfaces flowing on the
unit sphere by p-powers of a strictly monotone, 1-homogeneous,
convex, curvature function f, 0 < p < 1.If f is the mean curvature,
we obtain stronger Harnack inequalities.

[1__Introduction| 1047
2__Preliminaries| 1050
[3 Basic evolution equations| 1053
[4 Main evolution equations| 1061
[> Harnack inequalities| 1068
[6 Preserving convexity| 1074
[References] 1075

1. Introduction

We consider the evolution of a family of embeddings
x: M"x1[0,T) = M,

of a smooth, closed manifold M™ by

(1.1) Oix = —Fu,

where M, is the simply connected space form of constant sectional curva-
ture ¢ > 0 and F' € C*°(T'y) is a strictly monotone, symmetric function of
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the eigenvalues of the Weingarten map W (principal curvatures) s1, ..., K-
Strict monotonicity ensures the flow is parabolic. We will need to make some
further assumptions on the speed to obtain Harnack inequalities, namely
that

F=f 0<p<l,

where f is 1-homogeneous and convex.

Under these assumptions, our principal results are Harnack inequalities
for flows of strictly convex hypersurfaces on the sphere. These results extend
the Harnack inequalities obtained in [0} [7] on the sphere to a broader class of
flows, similar to, though more restrictive than the class of flows in Euclidean
space [2] for which Harnack inequalities are known. We obtain the following
theorem.

Theorem 1. Let f be a strictly monotone, 1-homogeneous and convex cur-
vature function, 0 < p < 1, and let F' = fP. Let x be a solution to m a
simply connected space form of constant sectional curvature ¢ > 0, and such
that My = x(M,t) is strictly convex for all t. Then F satisfies

_
(p+ 1)t

For f = H the following stronger estimates hold: If% + % <p<1, then

OF — bV, FV;F + > 0.

iy cp 991 p HP
oHP —bWV;HPV,HP — ———HP+ ———— >0
¢ ! J 2p—1 p+1 ¢t >

cmdif0<p§%+% orp=1, then

y HP
OuHP — b9, HPV ; HP — enpH? 1+ L= 5 ¢
p+1 1

A number of authors have studied Harnack inequalities in Euclidean
space. The genesis of such study is [I4] where Hamilton proves a Harnack
inequality for the mean curvature flow of convex hypersurfaces. Harnack
inequalities for other flows have been obtained in [8, 17, 18] 21 26], including
flows by powers of Gauss curvature, centro-affine normal flows, and flows
by powers of inverse mean curvature. The most general results, subsuming
many other results, were obtained in [2] for so-called a-convex and a-concave
speeds. A survey of the use of Harnack inequalities for geometric flows can
be found in [23].
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The philosophy as espoused in [14] by Hamilton is that equality should
be attained by self-similar solutions, a.k.a. solitons, as originally motivated
by the fact that the equality case in the seminal work of Li-Yau [20] is
attained on the heat kernel, a self-similar solution of the heat equation.
Such self-similarity leads one to study the Harnack quantity,

(1.2) Q = 0,F —bVV,FV,F,

where {b%} is the inverse of the second fundamental form of a strictly convex
hypersurface. This quantity also arises, seemingly magically when changing
parametrization from the “Gauss map parametrization” (where the calcu-
lations are almost trivial), to the “Standard parametrization” [2]. Several
authors, beginning with [9] have also investigated this quantity, relating it
to the second fundamental form of a degenerate metric on space-time [15], [19].

In the sphere, we do not have quite the same notion of self-similarity
and the Gauss map parametrization does not seem to have quite the same
“magical” properties as in Euclidean space. Using the “Euclidean” Harnack
quantity on the sphere, we immediately encounter new difficulties aris-
ing from the background curvature introducing the “remainder term” R of
Proposition [9} In addition to the positivity required for Euclidean Harnack
inequalities, on the sphere we also require positivity of R; therefore, our
Harnack inequalities apply to a restricted class of flows as compared with
[2]. In the particular case when the speed is HP, the computation becomes
tractable (Lemma Lemma, and suitably modifying the Harnack quan-
tity, we can cancel some bad terms to obtain the second Harnack inequality
in Theorem [

Let us remark in passing that our computations recover most of the
Harnack inequalities in Euclidean space mentioned above. In the case of
space-forms of negative curvature, we find that essentially all the terms
have the wrong sign and no Harnack inequality seems possible.

This paper is laid out as follows: in Section [2| we define our notational
conventions and recall some standard definitions and identities. In Section [3]
we give some standard evolution equations and commutators and carry out
the tedious task of computing the evolution of various quantities necessary
for the main argument. Section [ combines these computations into evolu-
tion equations for the Harnack quantities we study. Then, applying these
calculations, we derive the Harnack inequalities in Section [5| In this section,
we present several variants depending on the strength of our assumptions.
To finish, we prove preservation of convexity in Section [6] for various flows
in order to show that the assumption of convexity is reasonable.
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2. Preliminaries

For a general Riemannian manifold (M", g) let V be the Levi-Civita con-
nection for g. Let (9;), 1 <i <mn, be a coordinate frame. We shall write
Vi =V, for covariant derivatives in direction 0; and also use the notation
Vi = ¢**V},. The Christoffel symbols are defined by

Vo,0; = TF

ij

Ok.

For a (k,l) tensor, (V;T );111];; will be written VzT;j;l’“ Second covariant
derivatives will be written

2

and (V2)§- = gikv,%j.



Differential Harnack inequalities on the sphere 1051

We use Hamilton’s convention [13, p. 258] for the Riemannian curvature
tensor, namely

8 a T T
(2.1) R0 = (Wrék - @Fék + T3, T, =T, zk> i
= VV,8) — V,;Vidy
= V?jak‘ — V?ﬁky

where the whole relation (2.1)) is also known as the Ricci identity. It follows
that for a function f € C*(M) we have

(2.2) Virf — Vif = Rip' Vif,

where Vf = df is the covariant derivative of f; see [13], p. 258].

Let g and R denote, respectively, the metric and the curvature tensor
of M.. In the situation where M; := xz(M",t), g = ;g denote the time-
dependent induced metric on M with V the corresponding time dependent
Levi-Civita connection. Write v for the outer unit normal to M;, which gives
rise to a frame {Jy = v, (x¢)«01, . .., (21)x0n} on M, in a neighborhood of M;.

Let Greek indices range from 0 to n and Latin indices range from 1 to n.
The Riemann curvature tensor of M, satisfies Ram(g = c(Gar985 — GasBy)-
We may write the metric g = {g;;}, the second fundamental form A = {h;;},
the Weingarten map W = {h;} = {g™"hj;,} and the Riemann curvature ten-
sor { R;ji; } with respect to the given frame. The relations between A, R, and
R are given by the Gauss and Codazzi equations:

Riji = (JT*R)HM + hikhji — hithgp,
= c(gixgj1 — 9ugjk) + hirhji — hahj,
Vihji = Vihij,

valid for space forms.

The mean curvature of M™ is the trace of the Weingarten map (equiv-
alently the trace of the second fundamental form with respect to g), H =
h’é = g% h;j. We also use the following standard notation

(h%) = g™ g" hiyhm,
(h?)ij = gij(h*)§ = i hyj,
|A]? = g " highyy = high'.
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Here {g/} is the inverse matrix of {g;;}. For a strictly convex hypersurface, A
is strictly positive-definite and hence has a strictly positive-definite inverse,
which we denote by

b={bV}.
We will need some notation for derivatives of the speed F'. Let us write

. OF

7

J_(‘Th{

for the first partial derivatives of F'. We may also think of F' as a function
of the metric and second fundamental form

F(g.h) = F(g" ;).

From this point of view, for the first and second partial derivatives, let us
write

F = = —
8]1,‘]" 8hklahij

The trace of {F¥} with respect to the metric will be written
tr(F) = gijFij.

Let us define the operator 1 = FijV?j, i.e., for a (k,l)-tensor T', OJT reads
in coordinates

23 O} = FU(VET)

The O operator satisfies a product rule: for smooth functions ¢ and
we have

(2.4) D(¢y) = o0 + 0 + 2F9V,0V j1p.

Throughout the paper, (X;;) and (Y;;) are arbitrary symmetric matrices.
We frequently make use, without comment, of the formula for differentiating
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an inverse
Ha¥ o
azkl Xp = —9"g" X
First derivatives of F' from the two perspectives are related by
.. OF Ohk o o
(2.5) Fi=_— —L=Flg* = g*F]
ahf Ohi; t k
and
oF OhF o
(2.6) 30 — Xy = ’ia l X,j = —Flg"g"h. X;; = —FUR] X;;.
ij

We will also need the mixed second derivatives,

OFY

(2.7) S

— XY = (gkjFil + Fijmkh%) Xij Yl

where we used ([2.6). See [24] for a detailed discussion.
Covariant derivatives of F' satisfy

(2.8) ViF = FUVh;;
and the covariant derivative of the trace satisfies
(2.9) Vi tr(EF) = gij F9"V . hys.
3. Basic evolution equations

The evolution equations derived in this section hold for a general curvature
function F'. Throughout the paper we only consider flows of strictly convex
hypersurfaces.

Following [2, 8], 14}, 26], in this section we collect basic evolution equations
that are needed to calculate the evolution of the quantities

X1 = t(OF — bijViFVjF) 4+ O0F

and
X2 = t(OF — bV, FV;F — cFtr(F)) + 0 F,

where d # 0 is an arbitrary, non-zero constant. The evolution equation for y1
will be used to obtain Harnack estimates for powers of convex 1-homogeneous
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curvature speeds F' while the evolution equation for yo will be employed to
obtain stronger Harnack estimates for flows by powers of the mean curvature
F(H) = HP with p € (0,1]. Note that in Euclidean space x1 = x2.

Let us make a few definitions to keep the calculations more manageable.
Let

aij = VEF + F(h?)ij, iy = V'V FVihg,  nig = i —

and define
B:Fijaij :DF—FFFij(hZ)ij, szijViFVjF,

so that from the evolution of F' below (Lemma [2} item [0) we may write our
main Harnack quantities as

X1 =t(0F —0)+JF and x2=1t(—0)+JF.

We begin by recalling some standard evolution equations and commutators
and then break the calculation into several lemmas.

The evolution equations in the following lemma are standard and can be
found in many places [2, [8, 14} [16, [26]. The necessary tools are commuting
derivatives, using the definition of the curvature tensor for space forms,
the Gauss equation, and the Codazzi equation as described in the previous
section. Compare also [11, p. 94-95] and the formula [10] eq. (6.17)].

Lemma 2. The following evolution equations hold
1) Ogij = —2Fhyj,
2) O0ig" = 2Fh",
3) athij = V%F — F(hQ)ij + Cngj,
4) bl = (V2 F + F(h?)] 4 cF§) = ol + cFd,
5)
Oihij = Ohyj + FE(h®)ghi; — (F* iy + F)(B?);
+ FFS7 by V i hys
+ C{(F + Fklhkl)gij — tI‘(F)hij},
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6)
Oh! = Oh! + F¥(h?)uh! — (FFhy — F)(h2)!
+ FH gV R
+ {(F + F*hy)o? — te(F)RIY,
7)

b = b7 — F3(h?),sb" + (F*hyy + F)g¥
— (R 4 FE) BTG, iy Vg
— c{(F 4 F* )b bl — tr(F)b},
9) 0,F = OF + FF9(h?);; + cFF9g;; = B+ cF tr(F).
Lemma 3. The Christoffel symbols evolve according to
(3.1) Oy = —Fg"Vihij — g™ hiV;F — g"hjViF + " hi; V) F.

Proof. In local coordinates, we have

1
pi?j = 59“ (9i9i + 0igji — O19i;) -

Since 8@% is a tensor, we may calculate using normal coordinates at any
given point, at which Ffj = 0. Then we have

1
§8tgkl(3jgiz + 0igj1 — D19ij) = 2ngrhrsr‘fj =0

from Lemma [2| item [2l Now commuting derivatives [0y, 9;] = 0, and using
the Codazzi equations we obtain

1
3tl_‘fj = §gkl (8j8tgil + aiatgjl — 8[@9,']‘)

= —g" (9 (Fhi) + 0i(Fhy1) — 0/(Fhyj))
= —nglalhij — gklhﬂ@jF — gklhljaiF + gklhijalF.

The result follows since in normal coordinates, V; = 0; at our given point.
O
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We require the commutators [V,O] and [0;,]. Without further com-
ment we will also use the fact that [0y, V]f =0 for any smooth function

f.

Lemma 4. For every smooth function f, the following commutation rela-
tion holds

(v,O0f): = v,O0f — (OVf);
= FHTSihe Vi f + FM (W by — high™) Vi f
+ cF* gV f — ctr(F)Vz-f.

Proof. From the Ricci identity (2.2)) we get

Vil = Viuf = RtV f

and thus we obtain
Vi(FMV) = (FM (VR )i = FVihes Vi f + FM Rig ™ Vo f.

From the Gauss equation we obtain

Rip" Vo f = (c (6" 9ugkp — 9" gpigir) + 9" hithip — 97" hiihpi) Vi f
c(@iVif — guVif) + (hg'hii — highi") Vi f. .

Lemma 5. The following commutation relation holds

0, O)F = (0,0 — 00y F = F7MVE F(agy + cFow)
+ 2FYRE(FVF + Vi FV,F) + (F — F7hj)|VF.
Proof. First, let us calculate the evolution of F“, which will also prove
useful later. From the mixed derivative equation (2.7)), the evolution of the

metric (Lemmal[2] item[I]), and the evolution of the second fundamental form
(Lemma [2] item [3) we compute

. g OFY
(32) Xl-j@tF” = XijFZ]’klathkl + Xij@atgkl

= X F9M (V3 F — F(h?)g + cFay) + 2Xi; FF7*
+2X;;FF*gliny,

= X;; FUR (V2 F + F(h?) + cFg) + 2X;;FF*hj,

= XijFij’kl (akl + cFgu) + 2X¢jFijh§€.
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Next, the commutator of 0y and V?j is given by,

(3.3) (0:V3; — V3i01) F = 0y (ViV;F = Vy,0,F) = ViV;0,F + Vy,5,0,F
— 5, (FZVakF> +TE V0 F

= —ViFo,T}.

We obtain from (3.2)), (3.3), and the evolution of the Christoffel symbols
Lemma [3]

(0,0 —00y) F = (0, F7) V5, F — FIN,FoTy;
= (Fij’kl (ogy + cFgp) + 2Fijh7§) ijF
+ FUNGF (Fg™Vihiy + VP + WEVGF — g Vi F)
= FIM2F (o + cFgu)
+ 2FR W PV F + W FIN PV F + W FIV PV, F
+ FgMV L FFIN hi; — F9h;;g" Vi FV,F.

The result now follows from |VF|? = g"V,FV;F and V;F = FN/ hij by
the chain rule. O

The next ingredient is the evolution of the covariant derivative, VF = dF.

Lemma 6. There holds
(0 —O)VF), = FF"5V, hysoy + 2FM S F (%), Vihis
+ FR(R2), Vi F + (F’“lh}"hki - F’“lhklh;”) VP
te (FklgkiVlF +FV; tr(F)) .

Proof. Using the evolution of F' (Lemma [2, item @ and the commutator
[V, O] from Lemma {4}, we compute

OV F — (OVF); = VidhF — V,OF + ([V,0]F);
=V, <DF + FR(R2) g F + ctr(F)F) — V,(OF)

+ FMr3 b, Vi F + cFM gV F — ctr(F)V, F
+ (FM By — FM highl™) Y F
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= FM(h?) Vi F + F*75hys (B2 F
+ FF (1) Vihgs + hiVihp) + cFV; te(F)
+ PRIy VHF + P, F
+ (F¥ R hyy — FM hygh") Vi F

= FMrs by (B2 F + Vi F) + 2FFH RV iy
+ PR (W) Vil + (FM B hys — FE R h? )V, F
+c (Fvi tr(F) + FklgkivlF> ;

where in the third equality we used V;(h?) = Vi(g* hshii) = hiVihgs +
hi.Vih,;. We obtain the result, since b (h?), = b hpmh* = 65,0 = hj. O

Now we may proceed to the calculations of 9;5 and 9;6.

Lemma 7. The quantity B satisfies

(0, —0)B = (FJ (h?)ij + ctr(F)) B+ (F — Fhy)|VE> + F9* o ap
+ 2FI RV FV,F + 2b“ij(2V%jFF(h2)kl + F(h?) i F(h*)w)
+ cRg,

where Rg = FOtr(F) + 2FHV tr(F)V, F + FF9* g0, + 2F2Fihy;.
Proof. Let us break up the calculation of
(0y — )8 = ,0F + 0(FFY(h?);;) — OOF — O(FFY(h*),5)

into smaller pieces. First, we have lots of nice cancellation. Using the evolu-
tion of F' from Lemmal2] item[9and the commutator relation from Lemma 5]
we have,

(3.4) 0,0F — OOF — O(FF(h?%);;)
=00, F —O0OF — O(FFY(h?);) + [0, O|F
= O(OF 4 FFY(h?);; + cFtr(F)) — OOF — O(FF9 (h?);4)
+ Fij’le%jF(akl + cFgp) + 2F9hf(FV},F + Vi FV;F)
+ (F — Fh;;)|[VF)?
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= ¢(tr(F)OF + FOtr(F) + 2F¥V, tr(F)V, F)
+ FIRE F (g + cFg) + 2P0 F (%) Vi, F
+ 2FI B FVF 4 (F — F9h;)|VF|?
= ctr(F)OF + (F — FYhij)|VF|* + FORVE Foy
+ 2F9WMF (h?)y Vi, F + 2F9 WV FV; F
+ co(FOtr(F) + 2FMV tr(F)V, F + FF7M g, V2 F)

using, in the third equality, the product rule (2.4) for O and h¥ = h"0*h,,; =
b* (h?); since b is the inverse of A.
Next from (3.2)) and Lemma item [§ we obtain

O(F (h2)ij) = O(FY)(h2)i5 + F0(h?)
— (F (ap + cFgu) + 2P F7*R, ) (h2);
o (h;?v?kF +hiVHE + 2cF hw’)
= FPM(0?)ij (oaxt + cFgra) + 2F 75 (h%)ii (h?)5
+ 2Fijbkl(h2)ilv?kF +2eFFhyj,

again using h¥ = b (h?); in the last equality.
The remaining term we need to compute is thus

(3.5) O(FFU(h2);;) = (8 F)F9 (h%);; + FO,(F(h?))
= (B+ cFtx(F))FY (h?)
+F<Fij’kl(h2)ij (agt + cFgi) + 2FFIF (%) 1, (h?)
+2F I (h?)y Vi F + 2¢F FY hij)
= (B + cFtr(F)F(h?);; + F9ME(R?)5ap
+ 2FFI6M (h%) V4 F + 2F6 F (h?) ) F(h?);
+ ¢ (FF g P(h2)i; + 2P Fhy;)

Now we add (3.4 and (3.5) together line by line to complete the proof.
O



1060 P. Bryan, M. N. Ivaki, and J. Scheuer
Lemma 8. The quantity 0 evolves according to

(0 — )0 = (F9(h%);; + ctr(F))0
+ (F — Fih;)|[VF|? + 2F9pIV FV,;F
— F*9 (yiym
— 200Vk1) — 2bit ik (%‘j’Ykl — 20V + V?jFVilF) + cRy,

where Ry = —(F*Mhyy + F)br bl FVF + 20) FHN FV F + 2FF9H gy
Proof. Again using the product rule for O, (2.4]), we have

(3.6) (0 —0)0 = (9" — OVY)V,FV,;F + (0 — O)(VF @ VF)),;

— 2F*V b7 (V(VF ® VF))y

= (O — OBV, FV,;F + 26 (8, — O)(VF));V,;F
— 29 FMV3 PV F — AFMN IV PV, F

= (O — OV, FV,;F + 26 ((8; — O)(VF));V,;F
— W RN PV F + AFMYPYIN by VE FV F

= (0¥ — Ob)V,;FV,;F 4 2" ((8; — O)(VF));V,;F
— 209 FHVE PV F + 4FM 0Py, Vi F,

where in the second to last equality we used the formula for the derivative
of the inverse b of h;; and the Codazzi equation in the last line, producing
quthqujF = quvthijF = vpk- The first term in the final line appears
on the last line of the statement of the lemma (with indices relabelled). The
second term is part of 4b%F jkaij'ykl in the second to last line. So we must
deal with the first two terms and show they add to the remainder of the
statement. For the first term, we use the evolution of b% from Lemma
item [T to calculate

(3.7) (9" — Ob9) Vi FV;F
= V,FV;F (—FTS(hQ)mbU + (FHhyy + F) g
— (QbZQka + Fkl’pq> VYV hig V shig
— o{(F + FMhy)b"b] — tx(F)b7})
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- (ctr(F) - F”(h)?s> 0 + (FFlhyy + F)|VF)?
— (2V9F* 4 PR TS FY  FV by Vshp,
— ¢(FFhyy + PO bV, FV, F

- (ctr(F) - F”(h),%s> 0 + (FFlhyy + F)|VF)?
— PPy — 20 F PPy
— c(F*hyy + F)V IV, FV,F.

For the second term, from the evolution of VF in Lemma [, we have

(3.8) 26" (0, — O)VF);V,;F

= 209V ;F (FF"SV ik gy + 2FF07 F(1?),V b
+ PR (02 ViF + (F i — Fhyhi® ) Vi P
te (FklgkiVlF +FY; tr(F)) )

= 201V ;FFM (W), V,: F
— 269N FFM highi"V 1 F 4 2695 F FR B 1y V0, F
+ 269V F RS by ey + 469N RS F(R2),V Ty
Y (zbiﬂ' Y, FFM gV F + 2 ijng,F’““svihm)

= 2F M (h?) 10 — 2F M hyy |V F)? + 2FF A" FV , F
+ 2FFS oy + 46T FRy F(h2)
te <2FklbgijvlF 4 2R LTS gm,,s> ,

using the definitions of 8, o;; and ;; as well as bijhkiVjF = 5iVjF = V. F,
and b% hi* = b 9"Phy; = i;gmp = ¢V in the last equality.

The proof is now completed by adding and line by line and
adding also the final line from ([3.6)). O

4. Main evolution equations

We start this section by calculating the evolution equations of o and a slight
modification y3, which will be employed to obtain the stronger Harnack
estimates for flows by powers of the mean curvature. We will then focus
on the evolution equation of x; which will enable us to deduce Harnack
estimates for powers of 1-homogeneous convex speeds.
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Proposition 9. Let § # 0. For a general curvature function F under flow
(1.1) the quantity x2 = t(8 — 0) + O F satisfies

B0

G + FY9 (hQ)U + ctr(F)> X2

(4.1) dex2 — Oxo = <
Kl

o [ Fiakl o opil pik _
+ ( + N

) NijMk + teR,

where
Nij = Q45 — Yij = V%F + (h2)l]F — bTSVrhijVSF

and

(42) R=Rs— Ry
= FOtr(F) + 2FMV tr(F)V, F + FF9M g (VEF + F(h?);5)
— 2F F9M g b 1y Vo F + 2F2F by
+ (FF gy + F)YWIV,FV,F — 26 FRI FV, F.

Proof. We have (0; —O)x2 = — 0+ t(0, —O)(8 — 0) + (0, F — OF). First
of all, the evolution equation for F', Lemma [2] item [J] gives us

5(9,F — OF) = <F”(h2)w +etr(F )) JF.

Next, we note that Fijmj = — 0 since V,.F = FijV,«hij. Putting the two
equations above together gives

(4.3) B—0+8(8,F — OF)
(8 —6)? (F“mg)

6 0 iJ (1,2 _
<5F + FU(h2); 4 ctr(F) ) OF + - e~

_bB-90
~ 0F

Fngkl
X2 + (F”(h2)U + ctr(F )) OF —t——— sp Mk

The remaining term (9 — O)(8 — @) is now just bookkeeping. Recall,
Lemma [T states that

(@1 =08 = (FI(1) + cts(F) 5 o
+ (F — Fhij)|VF? + 2PV PV F (B)
+ Pk, oy (@)
+ 26" FIR 2V FF (W) + F(h?)i; F(h?)) (D)
R, (E)
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while Lemma [8 states that

(0 — D)0 = (FY (h%)i; + cte(E))0 )
+ (F = Fh)|[VF? + 2F iV FV;F (5
— PR (i — 2007k1) (C)
— 20" FIF (i — 2059 + Vi FVF) (D)
+ cRy. (E,)

Subtracting line by line, we have
(4) = (4') = (F9 ()5 + cta(B)) B = (F7 (02 + ctr(F) ) 0
= (F9(2)i; + ctx(F)) (8- 0),
(B) — (B') = (F — Fh;j)|VF|* + 2F9hfV FV,; F
— (F — Fh)|VF|* = 2FY V. FV,;F
=0,
(C) = (C") = F'9M a0 + P (v — 206579)
= F9™ (a5 — i) (ars — Ya1)
= FMn i,
(D) — (D) = 2b" FI*(2F (W) Vi, F + F(h?)i; F(h*) )
+ 26" FI* (357 — 20 + Vi FVEF)
= 2" FIR(VEFVYE + 2F(0°) Vi F + F(h?)ii F ()
— 2005Ykl + Yij Vkt)
= 20" FI¥ (oo — 200690 + Yij k)

= 26" FI% 1 mp,
(E) — (E") = ¢(Rg — Ry)
= cR.

Multiplying everything by ¢ and adding the result to (4.3]) yields the claim.
Il

We need two more lemmas to obtain a Harnack inequality for HP-flow with
0 < p < 1. We start by rewriting the term R in the evolution of x2 when the
speed is a function of the mean curvature.

In the sequel, we denote F' = j—g and similarly for higher derivatives.
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Lemma 10. Suppose that F' = F(H). Then the term R in the evolution
equation of xo takes the form

FI'E - L F'E?2
n—- (OF + FF(h?);; — bV, FV,;F) — n—p— FY (h?)s
F/l F//QF F///F B
2
+ (F'H + F) VbV FV;F — 2F'b7V;FV,F.

(44) R=2

Proof. We calculate the crucial terms in (4.2):

(4.5) Otr(F) = FHV2,(FYg,;) = nFMVEF
= nFM " HV H + nF* 'V H

" /" 12

_ Kl Kl
= nﬁF ViFVF + nFDF —-n 7 F¥V.FV, F
F// F/// F//2 5l
Furthermore
. - "
(4.6) F’J’klgleleF = nF”g”V?jF = ”FDF
and

. .. F/l
(4.7)  2FMVtr(F)V F = 2FN g, F975Y b,V F = 2n— FMV, FV,F.

F/
Thus
F//F FIIIF FIIQF F// »
F//F2 . F'EF ..
+ nTF”(hQ)ij = 2 bV Y, F 2F?F'H

+ (FMhyy + F)TbI, FVF — 20) FRY FV, F

and a little rearrangement gives the result. U

To obtain a Harnack estimate for HP-flow, we will have to handle the
middle term in ; this term does not always have a favorable positive
sign. To this end, it is useful to add an auxiliary function of the speed. Using
Proposition [9] and Lemma it is straightforward to obtain the following
evolution equation for ys = x2 + ct¢, where ¢ = ((F') is a function of F.
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Lemma 11. Let F = F(H). Then under flow (L.1)) the quantity xs = x2 +
ct¢ evolves according to

.y y :
(49) aa— O = (%5 + PO, + ctr(F) ) b o
. oo Fi gkl
+t (F””“l + 2b ik — 2 ) Mgt

F'E iy g
+etq 2n—g- (OF + FF9(h?);; — bV, FV,F)

F'F y .
+ (c’ —n ) F9(h?);F + (' tr(F)F + 2F?F'H

F// Fl/2F F/I/F B

+ (F'H + F)b"b)V,FV;F — 2F’bifviijF}.

Proof.
Ixs —Oxs = (0 — O)xa + ¢ + ct(9 — )¢,

Adding (4.1)) to

(4.10) o + ct(d, — O)¢
=l +ct (g’(at _O)F - (”FlekFVlF>
— o +ct (g’FFU(h%ij + (' FFig; — g”F“kav,F>

gives the result. U

Proposition [0] and Lemmas enable us to get a strong Harnack
estimate for HP-flows; see Section [5|and Theorem Due to the presence of
Otr(F) in R given in Proposition it is not clear to us whether ys would
result in stronger Harnack estimates for curvature flows other than H?-flows.

As it will be shown, by weakening x2 to x1 = x2 + tcF tr(F'), we can obtain
Harnack estimates for p-powers of 1-homogeneous convex speeds, 0 < p < 1.
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Proposition 12. For a general curvature function F under flow (1.1)) the
quantity x1 = t(O.F — 0) 4+ 0F satisfies the evolution equation

(4.11) Orx1 — Hxa

_ (B0 iy 0L
—< 5 + FY(h*); +c¢ 5 tr(F) | x1

ctr(F)F
+LFIE (i + cFgig) (nw + cF gra)
l ik
+t <Qb’ FIP — a > Mij Mkl
+te {2F*FY hij + ((FYhij + F) b — 2F") bIV,FV;F} .

(tetr(F) 4 20)

Proof. We simply use the evolution of ya, cf. (4.1]), and add to it the evolu-
tion of tetr(F)F. We have
(4.12) (&, — O) (tctr(F)F)

= tc( tr(F)FF9(h%);; + ctr(F)2F + Fo, tr(F)

— FOt(F) = 2F9,FV; tr(F) ) + ctx(F)F.
Note that by (3.2]) there holds

(4.13) O tr(F) = 0y (F" gi5)
= (Fij’kl (ozkl + Cngl) + QFijh%c> Gij — 2F”Fh2]
= F9 (o + cFgu) gi;-

Hence

B—0

(4-14) Orx1 —Ox1 = ( 5F

+ Fij(hQ)ij + ctr(F)) X2
iijl
0F

+ tc(tr(F)FFij(hZ)ij + ctr(F)?F + FF9* oy g,

+t <F"J?“ + 20" Ik ) NijNit + teR

+ P2 g0 FOw(EF) — 2F9V,FV; tr(F))

+ctr(EF)F
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0
(65F + FY (h2)w + ctr(F)) X2

. o FiJ pRl
+t (F”’kl + lelek — SF ) Nij Mkl

+ tc( tr(F)FFY9(h%);; + ctr(F)2F + 2F Fikly, 6.0
+ cF2FiM g1 gii + 2F2F9 Ry
+ (FMhy + PO VPV, F — Qbi,FlelFVjF)
+ ctr(F)F,
where we have combined the terms attached to the factor tc and used
and n;; = a;j — 7i;. Thus, collecting all terms containing 7;; and Fij:kl

in (4.14) we get, after some rearranging, that
(4.15)

B —Ox1 = (ﬁFH T+ (R, + ctr<F>) (x1 — teFt(E))

+ tetr(F)FFY(h?);; + tc® tr(F)?F + ctr(F)F

5F
+tc (2F*FY hij + ((FYhij + F) V" — 2F") bIV,FV,F).

. o FiJ gkl
+tFTH (s + cFgij) (nu + cFg) +t (QbZlek - ) 1i Mkl

It remains to rearrange the first two lines of the previous equation. We
have

ﬁ 0 n F”(h2)zg + ctr(F)> (x1 — thtr(F))

+tetr(F)FFY(h?);; + tc® tr(EF)?F 4 ctr(F)F
(P20 g2y : (PO i
=\ T FY(h?)i; + ctr(F) | xa 7 T F(h?);; | teFtr(F)

NEF9(h?);; + ctr(F)F

j ; X2 i
h?)ij + ctr(F)) X1 — (5F 1+tF 9(h2)”) cFtr(F)

NEF9(h?);; + ctr(F)F

VRS VRS 7N A
+
~
o
-+
=
-
~— — ~— — ~—

0, F9(h%);; + 2=

. 2 . .
5 ! tr(F)> X1+ %Ftr(F)Q + 2cFtr(F),

which are precisely the first two lines in (4.11]). O
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5. Harnack inequalities

In Euclidean space we recover differential Harnack inequalities for various
speeds already discussed in [2, Corollary 5.11 (1)], as can be seen by evalu-
ating the evolution equation (4.1]) with ¢ = 0.

Remark 13. Let x be a strictly convex solution of ((1.1)) in Euclidean space,
i.e. ¢ = 0. Note that the evolution of y; simplifies tremendously now:

B0

(5.1) dx1—Oxa = <5F + Fij(hZ)z‘j> X1

15 1kl
+¢<Fm“+2WFﬂ—l”F )mwm
OF
For curvature functions F' and suitable § so that the second term is
non-negative, we obtain a Harnack inequality. For example, let f be a 1-
homogeneous, inverse concave curvature function; that is, the curvature
function

~ 1
5.2 fOW) = —
( ) ( f(W—l)
is concave. In [27, p. 112] it is shown that in this case f satisfies
(5.3) (FPR 4 2% s > 2 £ g

for all symmetric matrices (7;;). For o # 0, setting

_lal

(5.4) F fe,
o

we obtain
(5:5)  FY=la|f*7'fU, FU* = (a=1)|alfo72f9 M + |af fo! oM
and hence, in the sense of bilinear forms,
Fiijl
—r
= |alf*! (fij’kl + L_lf”f’” + 2pil pik ﬁfijsz)
S Sf
> |l f*72 (a+ 1= 5) 9 M
>0,

(5.6) Fiakl  opil pik _
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if we chose § > a%_l when o > 0 and § < QLH when a < 0. However, in order
to apply this estimate in a maximum principle argument for x1, we need x1
to be positive initially and hence F' and § must have the same sign. Thus
the only allowed pairs (F,J) are

Q
F(f)=f% 0<a<oo, §>—0,
(N=f% 0<a<on, 525
for contracting flows. For expanding flows we can allow the cases
_ B p
F(f)y=—f7", 0<B<1, 5§ﬁ-

In those situations we obtain

% = OF —YIVFV,F + = > 0.

Compare with [2, Theorem 5.6, Corollary 5.11]. To the best of our knowledge,
this is the first time these Harnack inequalities (even in Euclidean space)
have been proved in such generality in the parametric setting.

Now we move on to the spherical case. Before we can prove the main
theorem, for convenience we provide the proof of an inequality for curvature
functions, the idea of which can be found in [3, Theorem 2.3].

Lemma 14. Let f = f(hij,gij) be a monotone, 1-homogeneous curvature
function defined on I'y.. Then

fij fkl

f

(5.7) (fikbjl - > NijMkl > 0
for all symmetric matrices 1;;.

Proof. Take a coordinate system, such that

hij = “iéij‘
Then we also have of of
ij _ _ 54 = figii
f 8h” 8/@- f

Thus the left hand side of ((5.7)) becomes

oo g o oo fmifng

K 771] f = K i1 f )
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where we have just thrown away all non-diagonal entries of 7;; (Note that
this is not a waste, since we have to prove the inequality for all matrices
anyway ). From now on we denote (7;;) simply by n;. Thus we have to prove

7 Ty £I0 .
VUER":LW?—MZO
Ki f

Define the (n — 1) dimensional linear subspace
S = {(&) €R: fi& =0}
Since fir; = f = f(k) > 0, we have
R" =5 (k).

Thus
n=~&+ak, £€85, acR,

and we may assume a = 1, for if a = 0 there is nothing to prove and if a # 0
take n = g The desired inequality becomes, due to the homogeneity,

f’L

i

(& + Ki)? f—ﬁﬁz +2f -&i z—ﬁgz > 0.

O

Theorem 15. Let f be a strictly monotone, 1-homogeneous, convex curva-
ture function, 0 < p <1, and let F' = fP. Then under flow (1.1)) with ¢ > 0,
X1 satisfies

X1 i pF
A9 F —bIV,FV,F+——— >0 Vvte(0,T).
; 2 ViFV; +(p—|—1)t> € (0,7)

Proof. In view of the maximum principle and that y; is manifestly positive
at t =0, it suffices to show that the right-hand side of (4.11) is positive
whenever at some point in space-time y; = 0. Due to Lemma[T4] there holds

(5.8) PR > 1 (F)

for all symmetric matrices 17 and hence

o o o 1
(5.9) F* W nim = pfP=t f*0inmu > pf? Q(f”nij)225F L (Fn;)”.
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_p
Hence for § = o1 we have

oF
F E9 FRy g

) ) Fiijl
(5.10) <2b’lF7"’ - ) ik
1—p
P
I-p

= TF_lFiijlOﬁj + cFgi5) (M + c¢Fgrr)

1—p . 1— 3
- QCTPF”%FMQM - CszF (Fg;;)?

>

1—p .
=-"Pp YFUIFR (nij + cFgij) (M + cFgr)

p
2cl—p 26cl—p 1—p N2
- x1F* g + TTFFMQM + CQTF (FYgi5)",

t
where in the last equality we have used

oF

(5.11) Fin,=8-6= Xl% — cFFig,,.

The first term in the last equality of ([5.10]) when added to the term involving
Fiklin @ 13)) produces a positive term:

y 1— - -
(5.12) Fikl 4 TpF—lpr’“l =pfr M >0

as bilinear forms due to the convexity of f. The other terms in (5.10) do no
harm in applying the maximum principle. On the other hand, note that any

strictly monotone, 1-homogeneous curvature function f satisfies fb¥ > 4.
Therefore

(5.13) ((F7hij + F)b" = 2F") bIV;FV;F
= 7" ((p+1) = 2p) fTBLVFV,F > 0.

O
Employing the evolution equation (4.9)), we can obtain a stronger Har-

nack inequality for the speed F'= HP? with p € (0,1); case p =1 was con-
sidered in [6].
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Theorem 16. Consider a solution of (1.1) with F = HP and ¢ > 0. If
%+%§p<l, then

Y P Lrop—1 p H?
OHP — bV, HPV, HP — 2 g 14 L 5,
! E 2p— 1 R
If0<p§%+ﬁ orp=1, then
g P
Oy HP — b9 HPV ; HP — enpH? 1 4+ L= 5 ¢,

p+1 1

Proof. In order to prove Theorem we need to show that for
p
F=HP, §=—
) p + 17
the quantity xs preserves its positivity at all ¢ > 0. Here ( is chosen to be

1 2—-1 1 1
{p(n—2p1>F P, 5t 5, <p<l

((F) = A
0, O<p<g5+5,0rp=1.

However, to avoid confusion, we will keep the general form as long as pos-
sible. At time ¢ = 0, x3 is positive. Thus suppose there exists a first time ¢
and a point zg in My, such that x3(tp,z¢9) = 0. Then we also obtain

OoF
ng—ctC:>ﬂ—9:—T—c§.

Thus, using (£.9) and OF + FFY(h?);; — b V,FV;F = 3 — 0, we obtain at
(to,zo):
(514) 0 Z 6,5)(3 - |:|Xg

1" 2

= 2¢C — 2cnd I

- o F fkl
+1 (F”’kl N 5 ) ikl

cC? "F 9 v / ij
+etd = = 2en—C + 2F°F'H + ¢ (C'F = ¢) Fg,

F//F2
+ <C/F—n T

F// FII2F FIIIF .
v (0 (2 - T ) ~ ) FOVVE

— g) F9(h?);; + (F'H 4+ F) V"6V, FV,F

— 2F'b1 v,-ijF}
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1" 172

F/

- . Fij gkl
> 2¢C — 2¢end +t <F”’kl + 2t ik ) i Mkl

oF

1

62 2 1/ F'F / /
+ct ﬁ+2F F'H —2cn V& C+en((F-QF

F//F2 o
+<C’F—n 7 —C)F](h )ij

F// F/IZF FI//F
+ (n <2 - —s T )

E F/S F/2

F 1 s
FH? H>vaiFVjF}7

where we used the estimate

_<//+

(5.15) (F'H + F)Y"bIV,FV,;F — 2F'b"V,FV;F
> (p+ 1)V ViF'V,F = 2p b VPV, F

F ..
= (1 - p) VI ViFV;F

> (1—1p) T FYUV,FV,F.
To finish the proof, we need to show that the right-hand side is positive.
If ¢ =0, this is straightforward:

” F" F//2 F F'" R F 1 -
F < 07 n 2? — F/3 + F/2 F/H2 — E > 0
and
. 1 ik Fii pkl P
<F”’ + 26" FI% — a ) Nijk = 0 for 6 = m
For the second case that ¢ # 0, note that
F'"F? 1
2¢¢ — 2end fa >0 for p> n2—|— ,
n
L . Fii gkl P
FiaR  opil pik e >0 for 6= ——
< + SF MNiiMkl = or p+1’

cC? F'F , y n+1 P
— =2 F—-()F >0 f >— 0= —
s I R R
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F'F? n+1
(F—n fa — (>0 for
NN
)2l 3 Fr2

6. Preserving convexity

In the derivation of the Harnack inequalities we have assumed strict convex-
ity of the flow hypersurfaces. In this section, we show that this assumption
is justified by proving strict convexity is preserved for all flows in the sphere
for which we could prove the Harnack inequality. In Euclidean space, the
question of preserved convexity has been addressed more thoroughly. It is
also known that there is a variety of examples where convexity is lost for
contracting flows [5]; the authors also discuss necessary and sufficient condi-
tions for preserving convexity. In other special situations preserved convexity
was proved, e.g., see [I], 3 [4, 25].

Proposition 17. Let My C S be a closed and strictly convex hypersur-
face. Suppose that f € C*®°(Ty)NC°Ty) is a strictly monotone, 1-homo-
geneous and conver curvature function and let 0 < p < co. Let x be the so-
lution to with F' = fP and with initial hypersurface My. Then all flow
hypersurfaces My = x(M,t) are strictly convez.

Proof. Let T be the first time, where the strict convexity is lost. Then on the
time interval [0,7) the dual flow defined via the Gauss map is well defined
and reads

(6.1) T ==,

where f is the inverse curvature function defined in and f is now
evaluated at k; = /@;1; see [12] for the derivation of the dual flow. Due to
the properties of f, f is 1-homogeneous, strictly monotone, concave and
vanishes on the boundary of I'y; see [11, Lemma 2.2.12, Lemma 2.2.14]. For
flows of the kind uniform curvature estimates were deduced in [22
Lemma 4.7], implying that the &; are bounded. This means that up to time
T uniform convexity is preserved for the original flow, which contradicts the

definition of T, if T" is not the collapsing time. g
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