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Anomaly flows

The Anomaly flow is a flow which implements the Green-Schwarz
anomaly cancellation mechanism originating from superstring the-
ory, while preserving the conformally balanced condition of Her-
mitian metrics. There are several versions of the flow, depending
on whether the gauge field also varies, or is assumed known. A
distinctive feature of Anomaly flows is that, in m dimensions, the
flow of the Hermitian metric has to be inferred from the flow of its
(m — 1)-th power w™ 1. We show how this can be done explicitly,
and we work out the corresponding flows for the torsion and the
curvature tensors. The results are applied to produce criteria for
the long-time existence of the flow, in the simplest case of zero
slope parameter.
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1. Introduction

Starting with the uniformization theorem, canonical metrics such as
Hermitian-Yang-Mills and Kéahler-Einstein metrics have played a major role
in complex geometry. However, theoretical physics suggests more notions of
metrics which should qualify in some sense as canonical. Indeed, the clas-
sical canonical metrics are typically defined by a linear constraint in the
curvature tensor. But in string theory, the key Green-Schwarz anomaly can-
cellation mechanism [I5] for the consistency of superstring theory is an equa-
tion which involves the square of the curvature tensor. Furthermore, while
the supersymmetry of the heterotic string compactified to 4-dimensional
Minkowski space-time required that the intermediate space carry a complex
structure [2], it allowed the corresponding Chern unitary connection to have
non-vanishing torsion [30]. The resulting condition is known as a Strominger
system, and Calabi-Yau manifolds with their K&hler Ricci-flat metrics are
only a special solution. What seems to emerge then is an as-yet unexplored
area of non-Kéhler geometry, where the Kahler condition is replaced by
some specific constraint on the torsion, and the canonical metric condition
is replaced by an equation on the torsion and possibly higher powers of
the curvature. These equations are also novel from the point of view of the
theory of partial differential equations, and it is an important problem to
develop methods for their solutions.

The goal of the present paper is to develop methods for the study of the
following flow of Hermitian metrics on a 3-dimensional complex manifold X,

(| Q|ww?) = iddw — o/ (TrRm A Rm — ®(t))
(1.1) w(0) = wp.

Here X is equipped with a nowhere vanishing (3,0) holomorphic form €2,
|||, is the norm of Q with respect to the Hermitian metric w, defined by

(1.2) 192 =iQAQw™3,

and the expression ®(t) is a given closed (2,2)-form in the characteristic
class c2(X), evolving with time. The expression Rm is the curvature of the
Chern unitary connection of w, viewed as a (1, 1)-form valued in the bundle

of endomorphisms End(T*°(X)) of T19(X). The initial Hermitian form wo
is required to satisfy the following conformally balanced condition

(13) A2 ]e3) = 0.
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The motivation for the flow is as follows. In [30], building on the
earlier work of Candelas, Horowitz, Strominger, and Witten [2], Strominger
identified the following system of equations for a Hermitian metric w on X
and a Hermitian metric Hsg on a holomorphic vector bundle £ — X,

(1.4) FP=F%2 =0, FAw’=0
(1.5) i00w — o/Tr(Rm ARm — FAF) =0
d'w =i(0 — 8)log |||,

as conditions for the product of X with 4-dimensional space-time to be a su-
persymmetric vacuum configuration for the heterotic string. The conditions
on F' in the first equation above just mean that F' is the curvature of the
Chern unitary connection of Hag, and that Hag is Hermitian-Yang-Mills
with respect to any metric conformal to w. It is a subsequent, but basic
observation of Li and Yau [I§] that the third condition on w above, which is
at first sight a torsion constraints condition, is equivalent to the condition
that w be conformally balanced

(1.7) d([|2]w?) = 0.

In the special case where (X, w) is a compact Kéhler 3-fold with ¢;(X) =0,
if we take F = T10(X), H = w, then the anomaly condition is automatically
satisfied. The Hermitian-Yang-Mills condition reduces to the condition that
w be Ricci-flat, which can be implemented by Yau’s theorem [35]. The norm
|||, is then constant, and the torsion constraints follow from the Kéhler
property of w. Thus Calabi-Yau 3-folds with their Ricci-flat metrics can be
viewed as special solutions of the Strominger system, and they have played
a major role ever since in both superstring theory and algebraic geometry
[2]. From this point of view, it is natural to think of the pair (w, H) as a
canonical metric for (X, F), and if H happens to be fixed for some reason,
of the metric w itself as a canonical metric in non-Kéhler geometry.

Strominger systems are difficult to solve, and the first non-perturbative,
non-Kéhler solutions to the systems were obtained by Fu-Yau [10, [11],
some twenty years after Strominger’s original proposal. These solutions
were on toric fibrations over K3 surfaces constructed earlier by Goldstein
and Prokushkin [I4]. On such manifolds, Fu-Yau succeeded in reducing the
Strominger system to a new complex Monge-Ampere equation on the two-
dimensional Kahler base, which they succeeded in solving. Higher dimen-
sional analogues of the Fu-Yau solution were considered by the authors in
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[23-25]. Geometric constructions of some special solutions of Strominger
systems have been given in e.g. [1l [4H9] 2T].

A major problem at the present time is to develop analytical methods
for solving the general Strominger system. Even if the curvature F' of the
bundle metric H were known and we concentrate only on the equations for
w, an immediate difficulty typical of non-Kéhler geometry, is that there is
no general or convenient way of parametrizing conformally balanced met-
rics, comparable to the parametrization of Kéhler metrics by their potentials
which was instrumental in Yau’s solution of the Ricci-flat equation. It ap-
pears to be a daunting problem to have to deal with the anomaly equation
and the conformally balanced equation as a system of equations. A way of
bypassing this difficulty was suggested by the authors in [22], which is to
introduce the coupled geometric flow

H ' 0,H = —AF
(1.8) (| ww?) = i00w — o'Tr(Rm A Rm — F A F)

with initial conditions w(0) = wg, H(0) = Hy, where Hy is a given metric
on F, and wp is a Hermitian metric on X which satisfies the conformally

balanced condition (13|}

The point of the flow is that, by Chern-Weil theory, the right hand side in
the second line above is always closed, and hence the condition d(||Q||,w?) =
0 is preserved by the flow. Thus there is no need to treat the conformally
balanced condition as a separate equation, and the stationary points of the
flow will automatically satisfy all the equations in the Strominger system.
For fixed w, the flow of the metric Hag is just the Donaldson heat flow [3].
If the flow for Hsp(t) is known, and if we set ®(¢) = Tr(F A F'), then the
flow for w reduces to the flow . An understanding of appears a
necessary preliminary step in an understanding of . The flow was
called the Anomaly flow in [22], in reference to the key role played by the
right hand side in the Green-Schwarz anomaly cancellation mechanism. We
shall use the same generic name for all closely related flows such as .

Anomaly flows appear to be considerably more complicated than clas-
sical flows in geometry of which the Yang-Mills flow and the Ricci flow are
well-known examples. A first hurdle is that the flow of metrics w(t) has to
be deduced from the flow of (2,2)-forms |||l w?. Now the existence in di-
mension m of an (m — 1)-th root of a positive (m — 1, m — 1)-form has been

INote that there are ways for constructing individual conformally balanced met-
rics wo (see e.g. [33]).
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shown by Michelsohn [20], and this passage back and forth between posi-
tive (1,1)-forms and (m — 1, m — 1)-forms has played a major role e.g. in
works of Popovici [27] and in the recent proof by Szekelyhidi, Tosatti, and
Weinkove [31, [33] of the existence of Gauduchon metrics with prescribed
volume form. However, it does not appear possible to use the formalism in
these works to deduce the flow of the curvature tensor of w from the flow
of w™~!. This is one of the main goals of the present paper. What we do
is to produce a seemingly new formula for the square root of a (2,2)-form,
or equivalently, for the Hodge * operator, without using the antisymmetric
symbol . With such a formula, and using the very specific torsion con-
straints resulting from the conformally balanced condition, we obtain the
following completely explicit expression for the Anomaly flow:

Theorem 1. If the initial metric wg is conformally balanced, then the
Anomaly flow can also be expressed as

(1.9)

1 5 . _ )
9pq = 2(|]] [_Rﬁq + gaﬁgsrTgquafﬁ - O‘/gsr(R[ﬁsaﬁqu]Ba - (I)ﬁsfq)] .
w

where R,;j is the Ricci tensor and T, is the torsion tensor, as defined in
(2.36) and (2.28) below. The brackets [, ] denote anti-symmetrization sepa-
rately in each of the two sets of barred and unbarred indices.

The above theorem shows that the Anomaly flow can be viewed as gen-
eralization of the Ricci flow, with higher order corrections in the curvature
tensor proportional to o/. Indeed, the terms Rﬁq — ¢BgTT Bqu orp reduce to
the Ricci curvature Rpq (see the definition in (2.36)) if the torsion vanishes,
and the terms with coefficient o/ are the higher order corrections. It is re-
markable that this analogy with the Ricci flow is due not to an attempt to
generalize the Ricci flow, but rather to the combination of the Green-Schwarz
cancellation mechanism, more specifically the de Kalb-Ramond field i00w,
with the torsion constraints equivalent to the conformally balanced condi-
tion. Once the formulation of the flow provided by Theorem [I] is available,
it is straightforward to derive the flows of the torsion and curvature tensors.
The full results are given in Theorems [ and [f] below. Here, we note only
that they reinforce the same analogy with the Ricci flow. For example, the
diffusion operator in the flow for the Ricci curvature is given by

1 o
(110) atwa = W (ARE] + 2alg/\ugsrR[f)\'BavsvmRkjaﬁ) + -
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Up to the factor (2||Q|,,)}, it coincides with the diffusion operator A for
the Ricci curvature in the Ricci flow, up to a higher order correction in the
curvature which is proportional to /.

The formulation of the Anomaly flow provided by Theorem [I] makes it
more amenable to existing techniques for flows, and indeed many flows of
metrics with torsion have been studied in the literature (e.g. [13], 19, 28],
29, 32] and others). However, the Anomaly flow still involves a combination
of novel features such as the particular torsion constraints, the presence of
the factor |||, (which is quite important in string theory as it originates
from the dilaton field), and especially the presence of the quadratic terms
in the curvature tensor. All this makes a general solution only a remote
possibility at this time. Thus we focus on two important special cases. The
first case is the Anomaly flow restricted to the Fu-Yau ansatz for solutions
of the Strominger system on toric fibrations over Ricci-flat Kéhler surfaces.
We can show that the Anomaly flow converges in this case, and thus gives
another proof of the existence theorem of Fu-Yau. But because of its length
and complexity, the full argument will be presented in a companion paper
[26] to the present one. The second case is when o = 0. In this case, our
main results are as follows.

Theorem 2. Assume that o = 0. Suppose that A > 0 and w(t) is a solution
to the Anomaly flow below, with t € [0, %] Then, for all k € N, there
exists a constant Cy, depending on a uniform lower bound of |||, such that,

if

1
(1.11)  |Rm|y, + |DT)o +|T12 < A, forallz€ M andt € [O, A} ,

then,

CLA CLA
(1.12) |DERm(z,1)]. < T |DEFLT (2, ), < 7z

for all z€ M and t € (0, %]

The estimates given in the above theorem can be viewed as Shi-type
derivative estimates for the curvature tensor and torsion tensor along the
Anomaly flow . With this theorem, we can provide a criterion for the
long-time existence of the Anomaly flow:
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Theorem 3. Assume that o/ =0, and that the Anomaly flow erists
on an interval [0,T) for some T > 0. If inf,co )[|2|w > 0 (or equivalently
w3 (t) < Cw?(0)), and if

(1.13) supx 0.0 ([RmlZ, + [DTZ + |T1) < oo

then the flow can be continued to an interval [0,T + €) for some € > 0. In
particular, the flow exists for all time, unless there is a time T > 0 and a
sequence (2j,t;), with t; — T, with either ||Q(zj,t;)|lo — 0, or

(1.14) (1Rml + DT + |TI5) (25, t5) — 0.

The paper is organized as follows. In §2, we begin by providing an ef-
fective way for recapturing the form duw from the form 0;(||€||.w?). We
then discuss the torsion constraints in the Strominger system, and in par-
ticular, how they result in two different notions of Ricci curvature, but a
single notion of scalar curvature. We can then prove Theorem [I| With The-
orem [} it is straightforward to derive the flows of the curvature and of the
torsion. In §3, we give the proof of Theorem [2| This proof is analogous to
the proof for the classical flows, but it is more complicated here due to the
non-vanishing torsion and the expression ||€2||,. Once we have Theorem
it is easy to prove Theorem [3| Finally, we provide a list of conventions in
the appendices, together with some basic identities of Hermitian geometry.

2. The flows of the metric, torsion and curvature

The first task in the study of a geometric flow is to derive the flows of
the curvature tensor, and in the case of non Levi-Civita connections, of the
torsion tensor. In the case of Anomaly flows, this task is complicated by the
fact that the flow is defined as a flow of the (2,2)-form ||Q||,, w?, and that
the flow of w itself has to be recaptured from there.

2.1. The equation ¢ A w™ 2 = & and the Hodge * operator

Since Oiw? = 20,w A w, the flow of w can be recovered from the flow of w? if
we can solve explicitly equations of the form ¢ Aw = ® for a given ®. We
begin by doing this, in general dimension m instead of just m = 3, as the
resulting formulas for the solution as well as the Hodge * operator may be
of independent interest.
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Let w = ig,—cjdzj A dzF and 1) be a (p, ¢)-form. We define its components
My Ryjniy DY

1 j o ke
(2.1) n= W Zn;;l,,,;;qjl,,,jp dz?? N ---ANd2?* ANdZFe AN - - ANdZP

Lemma 1. Let ® be a (m — 1,m — 1) form on a Hermitian manifold (X, w)
of dimension m. Then the equation

(2.2) PAWT2 =

admits a unique solution, given by
(2.3)

Bm

3 - 2 rJr P __ Fm
Yik = am{ (m— Hg i TR S (m 1)'2(Tr<19)zg]k}

where auy, and By, are universal constants, depending only on the dimension
m, given by

m2 m.(m — !
24)  am = (m—1)!(m—2)! <m - 6) B = '(62)'

and Tr© for a (p,p)-form © is defined by

(2.5) Tro = (0,w’) =1 pHgk”‘ ik Gk -

The traces of ¢ and ® are related by

Proof. In components, the equation ¢ A w™ 2 = ® can be expressed as

m—2
(27) i" PGk ks " ook} — q)jkjlkl"'jm—ka—Q

where the bracket {,} denote antisymmetrization of all the barred indices
as well as of all the unbarred indices. We contract both sides, getting

m—2 m—2

o —2 N _ _ kpdp - - -
(2.8) @™ H 9Ok GG sk 2} = H G R kG ko
p=1 p=1
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We expand the left-hand side by writing down all the terms arising from
antisymmetrization of the sub-indices. Carrying out the contractions with

H;:lz gFriv | it is easy to verify that each term is a constant multiple of ik

or of (Tr ¢) gg;. This shows that we have a relation of the form

m—2

(29) im_2 amﬁol}j +Z ﬁm(Tr(p gk}] H g pjp(b‘]k‘jlkl ]m ka 2°
p=1

Next, we have o A w™ ! = ® A w, which implies
(2.10) (@, %™ 1) = (@, %w).

Recalling that xw™ ! = (m — 1)!w and xw = ﬁ W™~ we obtain
(2.11) Tro = (p,w) = ——5 Tro.
m

This establishes the form ([2.3)).

It is easy to see that «,, # 0, otherwise we obtain a relation between
gr; and @ that cannot hold for an arbitrary (m —1,m —1)-form ®. To
determine the precise values of a,,, and f3,,, we proceed as follows.

First, contracting 1) with respect to gkj and using the definition of
TrO in (2.5), we have the following relation between a,, and S3,,,

(212) i la, Tro+i™  BmTro =i 1Trd =i (m—1)2Tr,
and hence
(2.13) m + Brmm = (m — 1)12,

Thus it remains only to determine 3,,. We note that the only permutation
of indices which can produce a multiple of (Tr ¢) g; is of the form, e.g.,

(2.14) Ciik1 95k DGoks """ Df—okm—s

which produces, upon contraction with ]_[m 2 gk

in jo, -+ ,jn—2 and ko, -+ , ko,

vdo and antisymmetrization

(2.15) (Tr)gg; (W2, 0™ %) = (Tr)gg;llw™ .
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m73||2

We can compute ||w as follows

(216) WP =(m—=3)! Y (ied Aed) - (ieF A eF) A (ief Ael)”.
j<k<t

Since the sum in the right hand side consists of exactly 3;m(m — 1)(m — 2)
terms, we find

(2.17) [w™ 3|12 = (m_B)!zm(m— 16)(771—2) m!(mG— 3)!‘

But there are m — 2 terms of the form (2.14)), corresponding to the indices
J1k1 taking successively all values to j,—2k;—2. Thus we obtain

ml(m — 3)!
6

m!l(m — 2)!

(2.18) Bm = 5

(m—2)=

establishing our claim for £,,. The claim for a,, then follows from the relation
(12.13]). O

Although the previous lemma suffices for our purpose, it is useful for fu-
ture considerations to point out that it gives in effect an explicit expression
for the Hodge x operator without the € symbol. This can be seen by compar-
ing it with the following lemma which solves the same equation, but using
the Hodge % operator (and which can also be derived from Proposition 1.2.31
in [16]):

Lemma 2. Let (X,w) be a Hermitian manifold of complex dimension m >
2. Consider the following equation, for a given (m — 1,m — 1)-form @,

(2.19) Y AW =D,
Then the equation admits a unique solution, given by

B 1 (@, wm 1)
(220) T/)——m*@—i—mw.

Proof. First observe that if 1 is a (1, 1)-form with (g, w) = 0, then
(2.21) * (o Aw™?) = —(m — 2)ly

as can be verified by working out )y A w™ 2. This is equivalent to say-
ing that, if ®y is a (m —1,m — 1) form with (®g,w™ 1) =0, then ¢ =
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—ﬁ * ®g is the unique solution of the equation ¥y A w™ 2 = ®(. Next,

for general ®, we write

_ (@0
2

(2.22) P W™t 4+ @y

so that (®g,w™ 1) = 0. In view of the previous observation, the (1,1)-form

<(I)’wmfl>
2.23 =% _—_
@23) =T P T e
1 @01 (@Y
B R e R Ry e e
1 <<I),wm_1)
= - @ _—_—
(m—2) " T T2

is a solution of the equation (2.19). Here we used the fact that xw™ ! =
(m — 1)lw. Since ||w™ 1|2 = m!(m — 1)!, we obtain the desired formula. [

Comparing the previous two lemmas gives the following formula for the
Hodge % operator on (m — 1,m — 1) forms, on an arbitrary Hermitian m-fold
(X, w),

Lemma 3. Let (X,w) be a Hermitian manifold of complex dimension m >
2. Then for any (m — 1,m — 1)-form ®, we have

1
m — 1)!(m? — 6m + 6)

m—2
x {6i_(m_2) | AT N S (O 6)(Tf<1’)i95k}-
p=1

Proof. We equate ¥ = ¢, in the notation of the previous two lemmas. Thus

(2.24) () + (@,w™ )

T e

it (= kyj Bm i
= pIp P, = _ _fm_ " (TP ]
{ O H g Jgkjikijm_okm_2 Qm (m — 1)!2( )g]k}

p=1
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Since Tr ® = (®,w™ 1), we obtain

1 mm2 2

(2.25) it o=

kdoer -
G Lk ky G2k
p=1

Bm Tro

S L ek
( +am)(m_1)!21.g]k

Working out the coefficient 1 + f3,,,/a,, we obtain the formula

! R
o = L ik
p=1
(m—-1)(m—-6) Trd
+ 12 L 9jk:

m?2—6m+6 (m—1)

This can be rewritten in turn in the form given in the lemma.

2.2. Torsion and curvature for conformally balanced metrics

Next, we examine more carefully the implications for the torsion and cur-
vature condition of conformally balanced metrics. Let w = igg;dz? A dz* be
a Hermitian metric, viewed as a positive (1,1)-form. We define its torsion

tensor T' and T by

(2.26) T = idw, T = —idw

which are respectively (2,1) and (1,2) forms. Following the conventions for
(p, q)-forms given in the appendix, we define the coefficients Thjm and T)pg

by

1 ; _ 1. ,
(2.27) T = S Tyjpdz™ N d2? A dz*, T = 5 Tigmdz™ A dz' A 2",

m
and thus

(2.28) Tijm = 9i9km — Omrj»  Tijm = O059mk — OmGjk-
For our later use, it is convenient to introduce

(229) T = gjkTEjma 7771 = gjkajm-
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As noted earlier, the equivalence between ((1.6) and ([1.7) had been
pointed out by Li and Yau [18]. For the convenience of the reader, we provide
here the proof, stated in a somewhat more general form.

Lemma 4. Let (X,w) be a m dimensional Hermitian manifold equipped
with a nowhere vanishing holomorphic (m,0)-form Q. Then the following
conditions are equivalent:

(i) The metric w satisfies the conformally balanced condition d(||Q2]|¢w™ 1)
=0 for some constant a;
(it) dw =1i(0 — 0)log Q]|
(ii) 7, = 9, log |22, Ty = 05log ||
Proof. The conformally balanced condition can be written as
(2.30) Alog [|QE A W™ 4+ (m — 1)dw Aw™ 2 = 0.
Now just as i A w™ ! = —i(gj’_“H,;j)% for any (1,1)-form 0, it is easy to

verify that

(2.31) TAW™ 2= —i(ngT,;jmdzm) A
for any (2, 1)-form T'. Substituting 7" = i0w, and using the previous equation
gives

(2.32) (9log [|Q)|% — TpdzP) Aw™ 1t =0,

which implies 0log ||Q2]|% — T),dzP = 0 and proves the equivalence between (i)
and (iii). Finally, the equivalence between (ii) and (iii) follows at once from
the expressions of the adjoints of 0 and 0 on (1, 1)-forms for a Hermitian
metric

(2.33) (07®)y = " (Vi®py — Tk Bpg),  (0T®)g = —g™ (V3Pgp — Tj®gp).
In particular, when ® = w, ®5, = igpq, we obtain

(2.34) (OTw)y = —iT,,  (0'w)g = iTy.

This implies the equivalence between (ii) and (iii). O
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We turn to the notion of Ricci curvature for conformally balanced met-
rics. Although we have a single notion of Riemann curvature tensor,

Ry Py = —0(9"°0,9z,);

2.35 7
(2.35) Rm = R Pqdz/dz" € AV @ End(T""(X)),

the lack of the standard symmetries for Levi-Civita connections leads to 4
different notions of Ricci curvature, defined as follows

(2.36) Rl}j = R];jppa Rl}j = Rppl;ju R;}j = Rl}ppjﬂ jo = Rpjlfcp

Corresponding to these 4 notions of Ricci curvature are 4 notions of scalar
curvature

2.37 R=¢*R... R=¢*R;.., R =d¢*R.
kj kj

1 _ gk i
R R' =g Rkj'

With the help from the torsion constraints, we have some nice relation
between these different notions of Ricci curvature and scalar curvature. The
following lemma is essential for our subsequent calculations:

Lemma 5. Assume that w is a conformally balanced metric on an m-fold
X, in the sense that the equivalent conditions in Lemmal[{] are satisfied. Then

() szT' =V, Ty = 5 Ry

(ii) R jo = (1 — )Ry,

(iii) R =(1- Q)R,;j + V™" T jm-
(ivy R=Rand R =R" = (1- %)R.

Proof. By definition, Rj; = —0;0; logw™ = 0,0 log 12|?, so (i) follows from
(iii) in Lemma [4] Next,

- a
(2:38) R = Ry”s = iy + Vil™m = Ry = Vi3 = (1= 5 ) By,
which proves a first part of (ii). Similarly,

a
(2.39) Rl = Ry + VT, = (1 - 5) Ry,
which completes the proof of (ii). Next,

~ _ _ a
(240) Ry = Rey+ Vi + ViTiyug™ = (1 5) Biy + V" T,
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which proves (iii). Contracting with gg;, we obtain (iv). O

Note that the identities R = R and R’ = R” actually hold for any Her-
mitian metric.

2.3. Flow of the metric w and proof of Theorem

We can now come back to the derivation of the flow for the metric w in the
Anomaly flow and prove Theorem [1| In the following, we let the dimension
m of the manifold X be then 3, and take a = 1 in Lemma

It is convenient to denote the right hand side of the Anomaly flow by ¥,
(2.41) U = i00w — o Tr(Rm A Rm — ®(t))
which is then a (2, 2)-form. As usual, we denote its coefficients by W44, and

also introduce the notation ¥;,, which can be viewed as the coefficients of
a (1,1)-form,

1 _
(242) U= W Z ‘ljﬁsfqdzq ANdZ" ANdz® A dép, \Ijﬁq = gsr\l’ﬁsfq.

We rewrite the Anomaly flow (1.1) as

1
v,
192l

(2.43) (O log ||| ww + 20iw) Aw =
We apply the second statement in Lemma [} Since
1 1
(2.44) O¢log |Q] = —58,5 log (det w) = —§Tr(8tw)

we find, in dimension m = 3,

1
2.45 Tr(Ow) = Trw.

This gives us the flow of the volume form w?. Returning once again to the
flow (2.43]) and applying the first statement in Lemma we find

1 = 1
(2.46) Oigpg = =g Wpgrg = ——— W,
SR 5 P T 6 M
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It remains to work out the components ¥4, more explicitly. The first
term is
(2.47)

AR 1 _ j _
100w = 22{8k (9i96m — Om9s;) — 0¢(0iGgm — OmYy;) }dzg Adz? A dz™ A dzF
and hence
(2.48) (100w)gj7m = 010395 — Om3r;) — Op(9j 97, — Om9z;)-
On the other hand, the Riemann curvature tensor is given by
(249) Ry = —01(970i9pm) = —9"010i9pm + 9" O 9rs 9" 0i9gm,
or, equivalently,
(2.50) Rijom = —0k0i95m + 0392,9° 0 grm-
Thus we obtain
(251)  (i00wW)kjzm = Rijim — Rimij + Romii — Rijim + 97 Trmj Tez-

Applying Lemma [5] on the torsion and Ricci curvatures of conformally bal-
anced metrics gives

(2.52) 9" (100w) ki5m = Rij — 9 9™ Trmi Tz

m —
We collect the resulting formulas in a lemma:

Lemma 6. Let the (2,2)-form U be defined by and its components
qjﬁgrfq, \I/ﬁq by . Then

Vit = Remi; — Bijim + Rijim — Rk + 97 Trjm Tz
(2.53) — o/ (B8R 0 — Prmiy)

3 7 l
Vi = =R+ (TT); — o'g™ (R R a0 — ®niy)

where the brackets |, | denote anti-symmetrization separately in each of the
two sets of barred and unbarred indices and (TT)g; := GG T T -

Combining the formula (2.46]) for the Anomaly flow, and using the fact
that the flow preserves the conformally balanced condition, we obtain The-
orem [I]
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2.4. Flow of the curvature tensor

The general formula for the flow of the curvature tensor of Chern unitary
connections under a flow of metrics is the following

(2.54) ARy = —ViVi(9"gm) = 9" ViV igau.

To apply this formula to the case of the Anomaly flow, where 0;g5, is given
by Theorem [T}, we need to work out the covariant derivatives of the curvature
tensor for Hermitian metrics. This is done in the following lemma:

Lemma 7. Let w be any Hermitian metric (not necessarily conformally
balanced). Then we have the following identities

ViViRysux = VsVaRpinn + Vi(TsjRyrpa) + V(T 55 Rijpy)

= Ryos" Brjx + Ri"j Rawpx — Ry Ryjiea
+ Ry "\ s,

ViViRax = ARy + Vi(T" R ) + V(T 5 Rejan)
— R Rjn + B R wn — ™ R jie
+ Ry "R jnc,

ViV = ARy, + Vi(T"R*) + V(T 51 Ry)

— R;}RR@‘ + R Rk

(2.55)

To clarify the notation: we are writing A = ngVjV,; for the ‘rough’
Laplacian and A = ¢/ kV,;Vj for its conjugate. While A and A agree when
acting on functions, they differ by curvature terms when acting on tensors.

Proof. The proof is a straightforward application of the Bianchi identity,
beginning with

(2.56) ViViRysux = Vi(VsRyjax + T" i Ryrpa)

and applying it again, after commuting the covariant derivatives Vi and
Vs. O

We return now to the Anomaly flow of conformally balanced metrics.
First, we write
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1 .
(2.57) 8,5R,5jp)\ = ViV, <2|Q”w9p#\1’ﬁ>\>

1 - 1 _
= e VRV U — Y () V(g W)
2[|2|e S 21/ Y g

1 _ 1 i
Vi YT (T ) [ ) PP
Vi (2||Q||w> Vilg “*) ViV (2||ﬂ||w> "L

1 _
= — gP“V,;Vj\IJﬁ,\ + TkV \If A

2(|€2l.,

1 1 _
+ TV + (R-- - T-T—) P
20Qf, 7 T FT AT 2, \2TR T TR ) A

2||QHw

where we used (iii) in Lemma 4] to get the last equality.
We concentrate on the first term, which can be written in the following
way, using Lemma [6]

(2.58)

1 _
— PENT N7 - -
ajf, 7 VRV

=gV Ry + 5= 07 & ViV (Ris® s Ry )

2]l 2HQIIW

9P"VeVi(TT)px + o/ ©py).

29

The terms in the second line are lower order terms that we shall leave as
they are for the moment, and just collect them at the end. The first term
on the right hand side can be rewritten as follows, using Lemma [7]

1 _ -
2. PHXT - R
1

- Vi(T"sjR%")\) + VI (T7 ;. Rri”
QHQHw k( ] ) ( 71@ J )

1
ARy*
Bt o),

- )
— Rp" Ry’ + B "R 5 — Ry "R jx + Ry " R° 50|

It remains only to work out the contribution of the second term on the right
hand side,
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(2.60)

o' 9" g ViV (Rias® s B a)
20l ks
- VeV R 5) Rosy
2”9”03 ) (2 “8 Al
a/gppgsr N N
+ M(VjR[ﬁs 5V;;R7:A]5Q+V;;R[ﬁs /3Vij>\]6a).

Again the second term on the right hand side contains only lower order
terms, which we leave as they are and collect only at the end. Using Lemmal7]
the first term can be rewritten as,

210
a’gpugsr 85
= 72R A vsv, R_ =
2HQH¢3 ) [ Al tkj5p
Oé/gpﬂgsr 55 ) ~
= i Brjos + Bre) s Ragss

Rks](5 Ry RliRB + Rks] /BRM]](SH:|

(2.61) 2(ViViRs®s) Rin/a

where we have again anti-symmetrized in the unbarred indices s and A, and
separately in the barred indices it and 7. Whenever there are many indices
in the same row and whenever a more explicit designation may be helpful,
we have indicated the indices to be anti-symmetrized, either by a symbol |
on the left or a symbol | on the right of the relevant index.

We obtain in this way the following theorem:

Theorem 4. Consider the Anomaly flow with an initial metric wy
which is conformally balanced. Then the curvature of the metric flows ac-
cording to the following equation

1
3y, ¢

1 _ 1
—T-V.UP TV\I/
D IS PR AT To] AL

(2.62) O Ry;"\ = AR s+ 20/ g7 g7 Ry o VsV 5 Ry % 3)

+
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1 _ 1
Rr. —T:T: | UPy — TT d
2||QHW < kj J k) A QHQHUJg vkv (( )M/\+a NA)
1 T S Y (T
+ 210 [Vk(T i P3) + V(T 5 Ry )
— Ri"Rgj’\ + Ri,"jR°"x — Ry " R®jrx + Ry R°5° n}
a/gpﬂgsf o 8 o 8
+ W(VjR[ps sViley o + ViRps"sViRen" o)
a/gPﬂQSF 3 . _
+ WQR[H/\B VE(T s}ijrSﬁ) + Vs] (T ﬁ}ERFjS,B)

— Rig" Rijsp + Rios " Rujnss — Riesls™ Rijjrs + Rig) ﬁRu]jﬁn] -

2.5. Flow of the Ricci curvature

The flow of the Riemann curvature tensor implies immediately that of the

Ricci curvature,

1
OBg; = g (AR + 2007 R o V.V By )
1 - 1 1 1 _
+ TV TV 4 (R« —T»T)xIMA
219, "7 2IIQHW g 2Qfl, \2° % TR
1
- MWW!TV +a'®ty)
1 S N (T I K S
" 20l [W JR) + V(L7 55 Rey) = R Ry + Ry R }
AL ST
'gMg o a
+ W(vj}zms sViRin"a + ViR sV iRin o)
Oé/g)\ﬂgﬁ BS r =
+ 2[1[., 2R Vi (T S]jRﬁ}rSﬁ) +VS](T ﬁ}l_cRFjgﬂ)
(2.63)  — Rpgp" Rijsp + Rig)"iRayess — Rigs Raljrs + Rig Ry jgn}

with |T[2 = ¢/ g5 g™ T T
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2.6. Flow of the scalar curvature

If we write R = gﬂ“R,—gj, we obtain
(2.64) R = g 0 Ri; — g7 Orgmqg®" Rp;-

Applying the preceding formula for the flow J;Ry; of the Ricci curvature,
we find

R = (AR + 24/ g™ SFR[MBQVSVMR“B)

2[|€l.,

_ 1 _
— (TIV, 0, 4+ ———TFV, 0 “R—T;T7 | ¥
* aqar (P9 2Hﬂllw Verts+ (GR-TT)
1
- A(T]? + o0y -
2(|2].,
Lol
2[192l

RT™y
2IIQ\Iw m

(Vk(T’"szsr) + VV(TT%R”'O
@, ST ) k
+ %Wﬂm%vmmﬁ o+ ViR sV Ry o)
o gkﬂgsf

- o
T3, 2 oy {V (175 Rap5e) + Vo (T7 5’ Byjsp)

(2.65) — st}ﬂ]RRRng + RS]HR[L],{SB - R s)é Ru]]nﬁ + R s] 5Ru136n

2.7. Flow of the torsion tensor

We differentiate the coefficients Tj;, of the torsion tensor,

(2-66) atTﬁjq = ajgﬁq - 8(19@'

1 1
:a(w)—a<w)
Tzl ) el
1
= (ViUsy — VUi + T™ 0 Upm)
2HQH pq q=p) Jq =P
1

(Tj 054 — Ty V5).
2||Q|| pq q*pJ
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Once again, we concentrate on the leading term, which is

1

2.67 (ViU — VoUy)
( ) QHQHW( J=pq q=pJ
1 - _ - _
= QHQ”w (Vj(—qu + (TT)ﬁq) - Vq(_Rﬁj + (TT>Z7J)
1 ! o7
—~ o' ¢V (Rizs® s Rrg) o — Ppsr
ZHQHUJ J( [ps Bflrq) « D q)
1 ) o7
+ ————a' ¢ "V (Ri5:%sRr 1 ) — ®psrj).
QHQHUJ Q( [ps BLlrg] ) D J)

Although this is not apparent at first sight, the key diffusion term ATj;,
can be extracted from the right hand side. The basic identity in this case is
the following:

Lemma 8. Let w be any Hermitian metric (not necessarily conformally

balanced). Then
(2.68) (AT)piq = VgRpj = VjRaq + T 7R — T jaR .

Proof. We compute the components of the left hand side, using the Bianchi
identities,

(2:69)  (AT)pjq = 9 VaVTyq
= ™V A(Rugpj — Rpjpg)
= 9" (VeRungi — ViRuxpg + T oxRirgj — T i3 Ryrpa).
_ Vqu — Vjﬁpq + TTq)\R)‘rpj - Trj)\R/\rﬁQ'

This proves the lemma. O

Comparing this identity with the previous expression that we derived
for 0;Tj;4, we obtain the following theorem:

Theorem 5. Consider the Anomaly flow with an initial metric wq
which is conformally balanced. Then the flow of the torsion T = i0w is given
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by
O Thie = ——— | ATy — /g (V3 (Rins® 5 Rt P — i)
t4pjq 2190w pjq g i\ps plirq] a psTq
+a'g" V(R 5 Rej) o — Ppsrj))
+ 2Hf12\|w(ijq%m — TP + Ty V55 + V;i(TT)5q — Vo(TT)5;)
Q1) = g (TR = TR ).

3. A model problem: o’ =0

A first model which is simpler than the full Anomaly flow and whose study
could be instructive, is obtained by setting o/ = 0. While this special case
eliminates the quadratic terms in the curvature tensor in , it still presents
some new difficulties relative to the well-known Ricci low and Donaldson
heat flow because of the evolving torsion. More precisely, we shall consider
the flow

(3.1) (]| ww?) = i00w.
The stationary points of the flow are then given by the equivalent equations
(3.2) 100w = 0

for a Hermitian metric satisfying the conformally balanced condition
d(||2]|,w?) = 0. Such a Hermitian metric must be Kéhler and Ricci-flat [17],
since contracting and applying Lemma [5| shows that such a metric
must satisfy

(3.3) 9% 0;0 log 12> = R = |T'*.

By the maximum principle, |T|?> =0 and log||Q|? is constant. Thus the
Anomaly flow with o/ = 0 can be used to determine whether a conformally
balanced manifold is actually Kahler.

We note that the flow is also related to the problem of prescribing
metrics in a balanced class raised in the recent survey of Garcia-Fernandez
[12], so our results in this section can be viewed as a first step towards an
eventual solution.
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3.1. Flow of the curvature and the torsion

For convenience, we summarize here the main formulas for the Anomaly flow
. They can be obtained from the general formulas obtained earlier by
setting o/ = 0. Let us still use ¥ to denote the right hand side of the flow,
that is Wy, = —Rp, + (TT)p,. Then the flow of the metric is given by

1 1 - -
4 5y = U =— | — R- TT)-
(3 ) 8tgpq 2||QHw pq 2||QHUJ |: qu + ( )pQ]
while the flows of the curvature tensors are given by
1
O R;.Px = = AR;."\ — g"FV iV (TT)
& P Eo A TTeT A
1 — 1 _
MBI <T,;Vj + Vi + (G RE; — TjTE)> WPy
1 s —
SR TR R + V(s
— Ry Ry’ + Ry, jR° P\ — Ry " R*jrx + Ry "\R°;* n]
1
Ry, = ——~—ARp; — ——— Vi V,;|T?
SAPTT P 2H9Hw g
1 = 1 _
g (99 + 19 + G Re = T ) (<R + [T
1 s S Y (T K K S
+ m |:Vk(T sj I ») + V(T WI?:RFJ) — R;} Rz + R; "R n]
1 1
R = AR — IT|* - RIM,
2[|2]., 2(|€2[l 2HQII &
1 - . .
+ 30, <T,—€V’f +T; V7 + (§R — TjT3)> (-R+|T1%)
1 o
) —— (V(T"s:R®, Y(T" -z Ry

and the flow of the torsion is given by
1 1 N N
9 Tpjq = MATM - m(TTqAR rpj = T" ja B rpq)

. _ _
(3.6) + m(T 3¢ ¥pm — TjVpq + TyVpi + Vi (TT)5q — Vo(TT)p;)-
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For later use, we also record here the flow of the norm |||,
1 2
(3.7) 0|9l = (R —TT%).

3.2. Estimates for derivatives of curvature and torsion

The goal in this section is to prove Theorem [2 We shall use D to denote
the derivative when we do not distinguish between V and V. For example,
|DT'| would include both |VT| and |VT|, and

(3.8) IDFT? = Y |VIVIT)R
i+j=k
The proof of Theorem [2|is by induction on k. The idea is find a suitable

test function Gg(z,t) for each k, similar to the Ricci flow, and apply the
maximum principle.

We will first prove the estimate ((1.12)) for £ = 1 case. Then, we assume
that, for any 0 < j <k —1,

' C:A . C;A
j A J+1 )
(3.9) ID'Rm(z, Ol < 25, DT (20w < 5

for all z € M and ¢ € (0, %] and show the estimate also holds for j = k.

We already have the flows of the curvature and of the torsion, as given
above. To prove the theorem, we shall also need the flows of their covariant
derivatives. They are given in the following lemmas.

Lemma 9. Under the induction assumption and |T|?> < A, we have

1
(3.10) | D*Rm|* < ——
2[|e

+CAS (yD’fHRm\ + ka”T\) .| D* Rm|

{;AR\DkRm\z - Z!DkHRm\Q

+CA (\DkRm\ + \Dk“T\) .| D* R

+C A%t % - |DFRm| + CA%’“}

where we write Ag = A+ A and A = g%V, V.
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Proof. First, we observe that the flow of the curvature tensor can be ex-
pressed as

1

(3.11) 9,Rm = ———
2(12[o,

1 _ L _
{2ARRm+VV(T*T)+V(T*Rm)+V(T*Rm)
—i—Rm*Rm—i—(VT—T*T)*\IJ—i—T*V\II—I—T*V\I/}.

To clarify notation: if £ and F' are tensors, we write F * F for any linear
combination of products of the tensors £ and F formed by contractions on
E;, .., and Fj, .. using the metric g.

Let the terms in the large bracket be denoted by H, that is

1

3.12 oRm=—H.
(3:12) = Sral

In general, the Chern unitary connection of a Hermitian metric 97j
evolves by

(3.13) QAL =0, O AL = ¢PVi(Digpm)-
This implies

(3.14)  9,(V™V Rm) = V"V (0 Rm)
m /L
+ 3 S VTV R« VIV (9g).
i+5>0 i=0 j=0
Using the evolution equation of Rm, we get

m £
O(V™V Rm) =" VIV Rm o VIV (9hg) +
i=1 j=1

m /£
(3.15) 2D D VTVITIHAVY (2|1512H )

i+j§>0 i=0 j=0

V"V H

2[|€2,

We compute the second term,

_ 1 _ L _
V"WV'H = 5vmvaRRm + VVIYV(T « T) + V™V (T « Rm)
+ V™VY(T « Rm) + V™V Rm « Rm) + V"V (T + ©)
(3.16) + VWU T+ T) + VVI(VE « T) + VVHT x V).
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In view of the commutation identity given in the appendix,

m £
V'V ARRm = Ap(V"V Rm) + > > V'V Rm « V"'V Rm
i=0 j=0
m £
+Y N VIVIT VIV R,
i=0 j=0

m £
(3.17) +3 D VIVIT VI R,
i=0 j=0

We obtain

(3.18) O (V™VE Rm)
y4

1 1 _ m . L
= 3L {2AR(vmvam) +3 Y VIVIRm« VIV Rm

i=0 j=0
m £

+ 30 VT« (VI R 4 9O Rin)
i=0 j=0

+ VVIVY(T « T) + VVY(T « Rm)
+ V™VIV(T * Rm) + V™V*(Rm * Rm)

+ VIV T 5 0) + V'V « T+ T) + V"VHVT * T)}
£33V R Vi (0)
i+j>0 i=0 j=0

m £
+ Y Y VIV H VIV <2||511|| >

i+5>0 i=0 j=0

Next we compute

(3.19) 0|V Rm|?
< (O V™V Rm, V"V Rm) 4+ (V"V*Rm, 8;V™V*Rm)

C Va4 2
- |V Rm|? - V.
2/|€lo
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We also compute

(3.20) AR|V™V!Rm/|?
= (ARV™V'Rm, V"V Rm) + (V"V*Rm, ARV™V*Rm)
+ 2|V IV RmM|? + 2| VYV Rm|?
= (ARV™V'Rm, V"V Rm) + (V"V*Rm, ARV™V*Rm)
+ 2|V IV Rm|? + 2|V VI Rm)?
+2 (vaWRmP - |vmW+1Rm|2) .

We can estimate the last term by a commutation identity.

m—1
=0
It follows that
(3.22) ‘vvmﬁngF _ ’vm?ﬁ—HRmF
m—1
> _C‘vmﬁeJrlRm‘ . Z ’v’LRm % vmflfi@ERm’
=0
m—1 ' '
- C Z ’lem % vm—l—z?ERmF
=0
m—1 A ‘
> —CI|VW?Z+1Rm| . Z |D1Rm‘ . |Dm+£—1—sz|
=0
m—1 ' .
- C Z |D2Rm|2 . |Dm+€_1_sz|2,
i=0

Putting all the computation together, we arrive at

(3.23) V"V Rm|?
1
2(12[o

1 _ _ _
{QARWmvamF — |[V™HYERm)? — [V VA Rm)?
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m—1
+C VPV Rm| - Y |D'Rm| - D™ R
=0
+C Y |D'Rmf* - D™ R
=0
m e . . . .
+CIVV Rm|- | Y ) IVIVIRm[ - [V IV R
i=0 j=0
+ ‘vm+1?€+l (T % T)’
m {—1

+ 3 D IVIVIRm| - [VTTIE(T « T)| + [V« Rm)
i=0 j=0

m £
+3 3 v - (vm—’vf“—ij\ + \vm“—iW—meD
i=0 j=0
m -1 o ) .
+ VPV « Rm)|+ ) 0 " [VIVIRm| - [V V(T « Rm)|
i=0 j=0
+ |V (Rm « Rm)| 4 V"V (T « 0)|
+ VOV « T« T)| + |[VVYVT « T)|

m Y/
p> ZZ'Vm_iVZ_jH"ViVj (57 )‘

i+5>0 i=0 j=0

m
+ )Y > IVTiVEIRm) - |ViVj(8tg)]] }
i+5>0 i=0 j=0
C
2(|2][,

+

IV™VERm|? - |0

where we used commutating identities for terms V™V!VV(T % T) and
V™VIV (T * Rm) in the evolution equation 9;VFVRm. Next, we use the
non-standard notation D introduced at the beginning of this section. Note
that, for a tensor F,

(3.24) VIV/E| < |D'E|.

Let kK = m + £. We have

(3.25) 9 |V™V*Rm)?

1
2[|€le

1 _ _ _
< {QARvamey? — |V HYERm)? — VTV Rm)?



984

D. H. Phong, S. Picard, and X. Zhang

k—1
+C1 V™V Rm| > D' Rm| - | D Rm)
i=0
k=1 '
+C Z ‘DZRmP . ’Dk—l—’LRm’2
i=0
k ‘ ' k ' '
+ C|Vm@5Rm| . Z |DZRm’ . |Dk71Rm| + Z |DZT‘ . |Dk+171Rm|
=0 i=0
k=1 ‘
+ [ DM« T)| + Z \D'Rm| - [D¥(T + T)|
i=0
k=1 '
+ | D*YT « Rm)| + |D*(T « Rm)| + Z |DRm| - | D**(T « Rm)|
i=0

+ |D¥(Rm % Rm)| + |D* YT % W)| + |D¥(U « T « T)| 4+ | D¥(V « T)|

k k
—i i 1 —1 7
#1019 (g ) 1+ 32 191D m’””
i=1 @ i=1

C e
+ ——|V™V*Rm/|® - |T].
2l "1l

Recall that

(3.26) ID*Rmf* = > |V"V'Rm|?
m+L=k
(3.27) VPV Rm| < [ID¥YRm|, |[V™V'Rm| < |D*Rm|

and we also have

(3.28)  [DM'RmP= > |V"VRm|’

m-+q=k+1

= Y |V"V'Rm|* + |V* Rm|?
m—+q—1=k,q>1

_ Z ‘vm@ﬁ-‘rlRm‘Z + |Vk+1Rm]2
m—+£¢=k, m>0,¢>0

< Z |va€+1Rm|2+ Z \VmH?ERm\Q.
m+L=k m+L=k
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Using these inequalities, we get

(3.29) 0| D¥ Rm|?

1 1
< ~AR|D*Rm/|? — |D*'Rm)?
2[€2][, {2
k—1 . .
+C1|D¥ Rm| - > " |D'Rm| - |D*' " Rm)
=0
k—1 ' ,
+C> |D'Rm|* - |DF' " Rm?
=0
k . . k . .
+C|D¥Rm| - | Y " |D'Rm| - |D¥""Rm| + Y |D'T| - [D*' " Rm|
=0 =0
k—1 . ‘
+|DM(T « T)|+ ) |D'Rm| - |[D¥ /(T  T)|
=0
+ | DT « Rm)| 4 |D*T(T « Rm)|
k—1
+ > |D'Rm| - |D*"' 7T « Rm))
=0
+ |D¥(Rm % Rm)| + |D*Y(T % U)| + |D¥(U « T+ T)|
+ |D¥(V T
k , . 1 k . .
+Y [D*H| - 'DZ <2HQH ) ‘ +) |D"Rm - IDZ(@Q)\] }
i=1 w i=1
c k 2
+ ——|D*Rm|* - |¥|.
2(|2][.,

We estimate the terms on right hand side one by one. Recall that we

: CA

: CA
(3.31) (DT < o, 0<j<k—1
(3.32) IT|? < C A

and the unknown terms are | D**1 Rm|, |D* Rm/|,|D**+2T| and |D*+1T).
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e Estimate for [D**1Rm|- S " LD Rm| - |D*1"Rm)| :

k—1
(3.33) |D* Rm| - > " |D'Rm)| - |D* 1~ Rm)|
i=0
oA oA
< | Dkt . Dl S
< [D* Rml 2_% 772 pk—1—3)/2

< |DFRm|-CA% T
< 0|D*1Rm|* 4+ C(0) A3t

where 60 is a small positive number such that C160 < % . To obtain the last
inequality, we used Cauchy-Schwarz inequality and the fact that At < 1.

e Estimate for Zi‘:ol |D'Rm|? - |DF=1="Rm)|? :

k—1 k—1 2 2
, A CA CA
7 2 . k—1—1 2 - . -
(3.34) E'_O |D*Rm|” - | D" Rm|” < 2 <ti/2> <t<k—1—z‘>/2>

< CA3tF,

e Estimate for Zf:o |DIRm| - |D*~Rm)| :

k
(3.35) > "|D'Rm| - |D¥~"Rm| = 2|D* Rm| - |Rm|
=0
k—1 ' '
+Y " |D'Rm| - |[D¥"'Rm|
=1

< CA|D*Rm|+ CA*t =,

e Estimate for S_% | D'T| - | D1~ Rm| :

k
(3.36) > _|D'T|-|D*~"Rm| = |T|-|D*"' Rm| + |DT| - |D*Rm|
=0
k . .
+ Z |DZT‘ . |Dk+1—sz|
1=2
< CAz |D*'Rm| + CA|D*Rm| + CA*t™%.
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e Estimate for |[D¥2(T % T

k+2
(3.37) DT« T)| <) |D'T|- | DM27'T|
=0
= 2|T| - |DF*2T| + 2|DT| - | D*FiT|
k
+ 3 |D'T| - [P
=2

< CA: |[DM2T| + CA|DM'T| + CA% ¢ 5.

e Estimate for Z?:_ol |D'Rm| - |DF¥={(T = T)| :

k—1
(3.38) > ID'Rm| - |[D* T« T)|
=0
k—1
<2> |D'Rm| - |T|-|DF T
=0
k—1 k—i
+> > " ID'Rm| - |DIT|- | DT
i=0 j=1
< CA%t .

e Estimate for |[D*Y(T x Rm)| :

(3.39) |DFHL(T « Rm)|
<|T|- |D**Rm| + |DT| - |D*Rm| + |D*1T| - |[Rm|
k
+> DT [DM T Rm|
=2

< CA? |D*M'Rm| + CA|D*Rm| + CA|D*'T| + C A%t~ %,

e Estimate |D*1(T x Rm)| :

(3.40) |DFTL(T « Rm)|

< CAz |D*'Rm| + CA|D*Rm| + CA|D*'T| + CA% 3.

987
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e Estimate for Zf:_ol |DIRm)| - |DF¥='={(T % Rm)| :

k—1
(3.41) |D*Rm| - |D**=(T % Rm))|
=0
k—1
<> |D'Rm| - |T| - |D*'~Rm)|
=0
k—1k—1—1
+) |D'Rm)| - |DIT)| - |D* 17"~ Rm)|
i=0 j=1
<CA%t s,

e Estimate for |D¥(Rm * Rm)| :

k-1
(342)  [D*(Rm « Rm)| < 2(Rm| - |D*Rm| + 3 |D'Roml - |D* Ran
i=1
< CA|D*Rm| + CA*t 5.
e Estimate for [D*1(T % )| :

Recall that W5, = — Ry, + ¢°7 ¢™" Thrsq Tinrp, We have
(3.43) | DLW 5 T)| < |DMYY(Rm « T)| + | DM (T « T+ T))|.

The first term is the same as (3.39). We only need to estimate the second
term.

(3.44) [DMNT«T«T)| < [DM'T T2+ > |DPT| - |DT)| - |T|
p+q=k+1;p,g>0
+ > |DPT| - |DIT| - |D"T|
ptq+r=k+1;p,q,r>0
< CAIDFIT| + CAS =5 +CA3 L5
< CA|D*'T| 4+ CA% 15,

It follows that

(3.45) |DFY (W« T)| < C Az |DF' R
+ CA(ID*Rm| + |D*'T|) + CA% 3.
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e Estimate for [D*(V + T+ T)| :
(3.46) ID¥(U « T« T)| < |D¥(Rm+ T« T)| + |D¥(T « T« T % T)|.

We use the same trick as above to estimate these two terms. For the first
term, we have

(3.47) |D¥(Rm « T * T)|
<|D*Rm|-|T|Z+ ) |D’Rm|-|DT|-|T|
p+q=k;q>0
+ Y. |D"Rm|-|DT]|-|D"T|
pt+q+r=Fk;q,r>0
< CA|D*Rm|+CAs t~"5 4+ CA* %
< CA|D*Rm|+CA*t 3.

For the second term, we have

(3.48) |DM(T « T+ T % T)|
<4D*T|- TP+ ) |D°T|-|DOT|-|T];
p+q=k; p,q>0
+ > |DPT| - |DIT| - |D"T| - Tl
p+q+r=k;p,q,r>0
+ > |DPT| - |DIT| - |D'T| - |D*T)|
pt+q+r+s=k;p,q,r,s>0
<CA St % +CA3 % +CAst 2 +C0A* %
< CA%t .

Thus, we have
(3.49) ID*(W « T+ T)| < CA|D*Rm| 4+ CA*t" 5.
e Estimate for |[D¥(VV « T)| :

(3.50) |DF(VU « T)| < |D¥(VRm + T)| + |D*(V(T « T)  T)|
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k
< |D*'Rm|-|T|+|D*Rm|-|DT|+ > |D*"""'Rm| - |D'T|
1=2

k
+ DT« T)| - T| + ) DT+ T)| - | D'
=1
< CA: |D*''Rm| + CA|D*Rm| + CA|D*'T| + CA% ¢ 3.

e Estimate for Zle |Dk_iH| : ’Di <2||§12|| )’ :
Recall that

1 _ o _
(351)  H=SARRm+ V(T «T) + V(T + Rm) + V(T + Rm)
+Rm*Rm+ (NT —T+T)« VU +T*VU+TxVU.

and we also compute, for any m,

1 1 1
(3.52) v ( > =vmly ( ) =yt ( T)
2[|]w 2[|9]ws 2[|w

1 1
vm—l m—1
—_ _ - T— — VY T

1 m
=_—— N ymiTsTIh
21|92 ;

where 7971 =T % T % --- % T with (j — 1) factors. Again keep in mind that
the unknown terms are |D¥*1Rm|, |D¥ Rm|,|D*+2T| and |D*+1T|. Notice
that these terms only appear for ¢ = 1,2 in the summation.

k

(3.53) > [DMH|- ’Di <2||f12|!w)‘

i=1

1 1
2[|€f 2(€l

k
, A 1
DFiH| . | D .
+2 |0t ' (2”%)‘

=3
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Using (3.51)) and (3.52)), we can estimate the terms on the right hand side
one by one and obtain

k
) ) 1
(3.54) > |D¥H| - ‘DZ ( >‘
— 2[|2][,

< CA:|D*'Rm| + CA(|D*Rm| + |D*'T)) + CA%t 5.

e Estimate for Zle |D*~'Rm| - |D*(0,g)| :

i

(3.55) | D"(dg)| = ‘Di <2H§12||w ‘I’> ‘ = Z

j=0

. 1 o
Di < )‘ | D",
2(1€2.,

By the definition of ¥ and the computation (3.52)), we know that the only
unknown term appeared in the summation is when j7 =+¢ = k. Thus, we
arrive the following estimate

k
(3.56) ST IDF Rm| - |D'(9ig)| < CA|D*Rm| + CA? 5.

i=1
e Estimate for the last term |D*Rm/|? - |¥] :
(3.57) |D¥Rm/|? . |¥| < CA|D*Rm)|?.

Finally, putting all the above estimates together, we obtain the lemma.
O

Following the same strategy, we can also prove the following lemma on
estimates for the derivatives of the torsion.

Lemma 10. Under the same assumption as in Lemma[9, we have

1 (1 3

) Dk+1T 2 < A Dk+1T 2 2 Dk+2T 2

(3.58) oA |* < RE R R |
+CA> (|Dk+2T\ + |Dk+1Rm|) | DR
+CA <\D’““T\ + \DkRm|) | DFHT
+CA% s VR + 0A3t—k}.

Now we return to the proof of Theorem
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We first prove the estimate ([1.12)) for the case k= 1. To obtain the
desired estimate, we apply the maximum principle to the function

(3.59) Gi(2,t) =t (|DRm|* + |D*T|*) + A (|Rm|?* + |DT)?) .
Using Lemma [9) and Lemma [I0] with k£ = 1, we have

(3.60) O (IDRm|* + |D*T)?)
< b
2(|€2/les
+CA> (|D*Rm| + |D*T|) - (IDRm| + | DT))
+CA (IDRm| + |D*T|)* + CA%t™5 (|DRm| + | D*T|)

+CA3 t‘l}

1 3
{2AR (|IDRm|* + |DT?) — 1 (|D*Rm|* + |D*T|?)

1

1
< ——— < ~AR (|[DRm* + |D*T|?) —
QHQHw{Q ( )

(ID*Rm|* + |D3T)?)

—— N

+ CA (IDRm|* +|D*T|?) + CA3 ¢

where we used the Cauchy-Schwarz inequality in the last inequality.
Recall the evolution equation

(3.61) ou(|DT)? + |[Rm/|?)
1
<
2(|192[w

1 1
{SARUDTE + 1Rf) ~ SOD*TP + DR
+ CA:(|DRm| + |D*T|) + CAB}.
It follows that

1 ‘
9,G1 < 10l {ARG1 —t (|D*Rm|? + |D*T|?) — A (|D?*T|* + |DRm/|?)
+ CAt(|DRm|? + |D*T|?) + C A3
(3.62)  + CA} A(|DRm| + | D2T)|) + C A3 A} + (IDRm[? + | D2T?).

Again, using Cauchy-Schwarz inequality,

(3.63)  C Az A(|DRm|+ |D*T|) < CA® A + A(|DRm|? + | D*T1?).
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Putting these estimates together, we have

1
3.64 (G < ———
(3.64) 4]l

+(|Qllw — A+ CAt) (DT + |DRm|?) + CA3}.

{ARG —t (|D*Rm|? + | D*T?)

By At <1 and choosing A large enough,

(3.65) 8,G {2ARG + CA3A}.

1
S -
412l

We note that the choice of constant A depends on the upper bound of ||Q,,.
However, with the assumption , we can get the uniform C° bound of
the metric depending on the uniform lower bound of ||€2||,,. Consequently,
we obtain the upper bound of ||€||,, which also depends on the uniform
lower bound of ||]],.

To finish the proof for k = 1, observing that when ¢t = 0,

(3.66) G(0) = %(!DT\Z + |Rm|?) < CAA2.

Thus, applying the maximum principle to the above inequality implies that

(3.67) G(t) < CAA? + CAPAt < CA2
It follows

CA
(3.68) |DRm| + |D*T| < ok

This establishes the estimate (1.12) when k& = 1. Next, we use induction on
k to prove the higher order estimates.
Using Lemma [9] and Lemma [I0] again, we have
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(3.69) ) (\DkRmyz + ka+1Ty2)

1 (1
<~ Ag <|D"“'Rm|2 + |D’“+1T]2)
2/|€lo {2

3

o 1 (|Dk+1Rm]2 + ’DkJrQT‘Q)

+CAs (|Dk+1Rm| + |Dk+2T|) : (|D’mey + |D’f+1:ry)
2

+CA (|DkRmy + |D’“HT]>

+CA% (|D’me| + |Dk+1T|) + C’A?’t"“}

1

Qe

1

5 (|Dk+1Rmf2—|— ’Dk+2T|2)

+CA (|DkRm]2 + ka+1T\2) +CA3 tk}.

1
< {QAR (|DkRm|2 + |Dk+1T|2)

2|

Denote
(3.70) fi(z,t) = |D'Rm|* + | DI 1T
Then,

1 3,—k
(B7) < o (ARfk — fors + CA fo+ CAP ) .

Next, we apply the maximum principle to the test function

k
(3.72) Gil(zt) =t"fi + Y A BF " f;

i=1

where A; (1 < i < k) are large numbers to be determined and Bf = (Zj))!!.
B10)

We note that, for 1 < i < k, we still have an inequality similar to (3.70)) for

Jr—i-

1 .
(3.78)  Aufi-i < gror- <2AR Foi— fooiir + CA fo s+ CA3 tf(;H))

1 ,
< e 34— (k—i)
< giap (2Arfii = fici + A 00)
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where we used the induction condition (3.9) for the term fr_; when 1 <i <

k. From ) and (| , we deduce

k—1
(3.74) 8;Gy, = kt* L i +t*0, fi + Z A BF (k =iyt
1=1
k .
+ Y A BIRT O, fr
i=1
1
_ 1.4k—1 k o 3,k
= Kt i+ ot <2ARfk fort +CAfr + CA3¢ )

+ZABk tkllf,l

+4||Q|| ZA BF th—i <2ARfk i — froip1 + CA3 ))
1 B | CAt
= —— 2ARGy — t* fr tRTLR, <k+ )
4IIQHW 4l - T 4|9
k—1
4HQH C A3 (1+ZA Bk> +ZA BF (k —i)t*L £
w =1
1 k k—i
~ 19 ZAi B t"™" fr—it1
“oi=1
1 CAt A BF
2A =k — L
= 4||m|w RG ¥ f’“( T 4\|ﬂ||w>
k-1
3y k N L k—i—1
+ 4H9Hw CA ZA BF (k—i)t frsi
_# ZAABktk*if )
We note that the last two terms can be re-written as
k—1 A
(3.75) A BE (k =iyt — 4HQH ZA BFtF fi_i
i=1
k—1 1
= A BF (k —i) — ——— A1 BF >tki1 Jr—i
2 afel. +

bl
I
—_

_ R 1 . k—i—1 )

1=1
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Thus, we obtain

(3.76) 9,Gy <

k
2ARG), + t* 7L fy ( ¢At A By )

4HQllw 400l 412l

k—1
1 .
A3 ; 71\1 Bk k—i—1 i
4rmuwc +Z< 1l “) T

+

Choosing A large enough and A; < 4HQH Ajyq for 1 <i<k—1, we have

1
(3.77) 0Gy < ol (2ARG) + CA®).
Note that
k (k—1)! 2 2 2
(3.78) Héi}@[(G(Z,O) = Ay Bj fo = 5 Ag (|Rm|* + |DT|?) < CA“.

Applying the maximum principle to the inequality satisfied by Gy, we have

(3.79) max G(z, 1) < CA? + CA3t < CA%
FAS

Finally, we get
(3.80) ID*Rm| + |D*'T| < CAt ™.
The proof of Theorem [2]is complete. O

3.3. Doubling estimates for the curvature and torsion

Let
(3.81) f(z,t) = DT + |[Rm|2 + |T],

and denote f(t) = max.enr f(2,t). We can derive a doubling-time estimate
for f(t), which roughly says that f(¢) cannot blow up quickly.

Proposition 1. There is a constant C' depending on a lower bound for
|2 such that

(3.82)  max (IDTJ* + [Rm[* + |T|*) (t) < 4max (|DT[* + [Rm|* +|T[*) (0)

1
for allt € [0, 4Cf§(0)} .
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Proof. The proof is standard and we apply the maximum principle to f(z,t).
Recall the evolution equations, by taking k = 0 in ([3.29)),

1
(3.83)  9;|Rm|? <
RS Sral,

+ C|DRm| - |Rm| - |T| + C|DT|* - |Rm|
+ C|DT| - |Rm|* + C|Rm|> + C|DT| - |[Rm| - |T|?

1
{QAR\RmIQ — |DRm|? + C|D?T| - |Rm| - |T)

+ C|Rm|*-|T|* + C|Rm)| - |Ty4}.

We apply the Young’s inequalities and get

1 1 1 1
.84 2<___—_J-A > — Z|DRm|* + = |D*T)?
380 ol < g {SARIRmP - IDRP + 107

+C (|IDTP + |Rm|* +|T°) }

Similarly, considering the evolution equation for |DT|? and |T|?, we can
derive

1 1 1
3.85 o IVT|? < “AR|DT]? — =|D?*T|2 + Z|DRm/?
355  AIVTP < g { GARIDTE - DT 4 5 DR
+C (IDTP + |Rm[* +|T|°) }
and
1

(3.86) Tt <

1
———— { ~AR|T* DT 541719 5.
< 5701 { ZARITI + C (DTF + [Rmf + 71

Putting the above evolution equations together, we have

1

(3.87) O f(z,t) < {;AR]‘ +C (|IDT? + |Rm[* +|T|°) }

2(|2[]
1 1 3
< —A 2.
<. (380 +07%)
Finally, by the maximum principle, we have
C 3
(3.88) f(t) < f2

— 2[1Q
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which implies that

f(0)

(3.89) £(t) < ]
(1 — 20 £3(0) t)

1

Thus, as long as the flow exists and ¢ < #%2(0)’ we have f(t) < A%2f(0). O

3.4. A criterion for the long-time existence of the flow

We can give now the proof of Theorem [3] We begin by observing that,
under the given hypotheses, the metrics w(t) are uniformly equivalent for
t € (T —4,T). Our goal is to show that the metrics are uniformly bounded
in C*° for some interval t € (T — 6, T"). This would imply the existence of the
limit w(T") of a subsequence w(t;) with t; — T". By the short-time existence
theorem for the Anomaly flow proved in [22], it follows that the flow extends
to [0,T + €) for some € > 0.

3.4.1. C! bounds for the metric. We need to establish the C* con-
vergence of (subsequence of) the metrics gg;(t) as t — T. We have already
noted the C° uniform boundedness of 9gx;(t). In this section, we establish the
C' bounds. For this, we fix a reference metric gr; and introduce the relative
endomorphism

(3.90) W (t) = 677 gpm (t).

The uniform C° bound of 95; (1) is equivalent to the CY bound of h(t). We
need to estimate the derivatives of h(t). For this, recall the curvature relation
between two different metrics gg;(t) and gy,

(3.91) Ry P = zfzgjm — 9 (hP,V;hP,)

where V denotes the covariant derivative with respect to g~ This rela-
tion can be viewed as a second order PDE in h, with bounded right hand
sides because the curvature Ry;Pp, is assumed to be bounded, and which is
uniformly elliptic because the metrics gj;(¢) are uniformly equivalent (and
hence the relative endomorphisms h(t) are uniformly bounded away from 0
and oo). It follows that

(3.92) Ihlcre < C.
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3.4.2. C* bounds for the metric. We will use the notation G}, for the
summation of norms squared of all combinations of V*V* acting on g such
that m + ¢ = k. For example,

(3.93) Gy = [VVg2 + [VVg[? + |VVg|2.

We introduce the tensor

(3.94) O = —g"Vigy;,

which is the difference of the background connection and the evolving con-
nection: © = I'yg — I'. We will use the notation S}, for the summation of norms
squared of all combinations of V*V* acting on © such that m + ¢ = k. For
example,

(3.95) Sy = |VVO + |[VVO|? + |[VVO|%

Our evolution equation is

1
(3.96) Otg5g = ——— Vi,
pq 2||QHW pq

Where \Ijﬁq = — Nﬁq + gaBQSFTBSqTafﬁ.

Proposition 2. Suppose all covariant derivatives of curvature and torsion
of g(t) with respect to the evolvmg connection V are bounded on [0,T'). Then
all covariant derivatives of 2”5’[1‘ with respect to the evolving connection V
are bounded on [0,T).

Proof. Compute

o I (g ) = SV (o) v

z<m <l

We have

R 1 | T
3.98 v1v3< ) = -V’ ( )
(3.98) 1l 1l

1 7 i5750 ; =1
= — V2T « Ve T « T « T,
19l 2. *

Since ¥ is written in terms of curvature and torsion, and ||€2||,, has a lower
bound, the proposition follows. O
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Proposition 3. Suppose all covariant derivatives of curvature and torsion
of g(t) with respect to the evolving connection V are bounded on [0,T). If
G; < C and Si—1 < C for all non-negative integers i < k, then Gy, < C
and S, < C on [0,T).

Proof. By the previous proposition, all covariant derivatives of W with
respect to the evolving connection V are bounded on [0,7). Let m + £ =

k 4+ 1, and compute

L = \I' ‘11
3.99 AVl v V + 0"V + 6
(399 sl ~ (VOO g1,
—0—1 Wsq
= V"V (@ )—I—O
2uﬂuw @
—va @ + 0
2HQ||w @),

where O(1) represents terms which involve evolving covariant derivatives of
ﬂﬁlﬁ and up to (k — 1)th order evolving covariant derivatives of O, which
are bounded by assumption. If £ =0, the right-hand side is replaced by
vrle . ‘ H . Next, we compute

(3.100) vV les = gt VY Vg,
= —g"™(V-0)"(V -0)"Vg;,
= —g""VmVE Vigs, + O(1).

It follows that

(3.101) ‘vmvﬂ i
2IIQHW

(1 vV gy)

By differentiating the evolution equation and using the above estimate, we
have

(3.102) Q|2 < C (1 n Wm@g@) :

hence |VmV£ g| has exponential growth This proves Gr41 < C. Then Sy, <
C now follows from 1} since V"V'© = V"' V{© and we can exchange
evolving covariant derivatives up to bounded terms. (|

By the C' bound on the metric, we have G| < C. We see that Sy =
|©] < C by definition of ©. Hence we can apply the previous proposition to
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deduce any estimate of the form
(3.103) VY g| < C.

By differentiating the evolution equation with respect to time, we obtain

= AT v
(3.104) (V" Vg = V’”W@Z( ] )
' "\ 2(19le

Time derivatives of %ﬁ can be expressed as time derivatives of connec-
tions, curvature and torsion, which in previous sections have been written as
covariant derivatives of curvature and torsion. It follows that @m@%}f ( Zﬁﬁ)
can be written in terms of evolving covariant derivatives of curvature and

torsion, and hence is bounded. Therefore

(3.105)

82@7"@9) <C,
on [0,7).
4. Appendix

Appendix A. Conventions for differential forms

Let ¢ be a (p,q)-form on the manifold X. We define its components
Ply-kgjrjp by

1 . i K K
(A1) 9= 0D Bk, 427 A N NP A p

Although ¢ can be expressed in several ways under the above form, we re-
serve the notation Ol logjroojy for the uniquely defined coefficients Ol logjroojy
which are anti-symmetric under permutation of any two of the barred indices
or any two of the unbarred indices.

To each Hermitian metric gj; corresponds a Hermitian, positive (1,1)-
form defined by

(A.2) W = igy; dz? A\ dz".

The Hermitian property gi; = gj;, is then equivalent to the condition w = w.
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Appendix B. Conventions for Chern unitary connections

Let F — X be a holomorphic vector bundle over a complex manifold X. Let
Hgpg be a Hermitian metric on . The Chern unitary connection is defined
by

(B.1) ViVe =0V, ViV = H9(H-5V7)
for V¢ any section of E. Its curvature tensor is then defined by
(B.Q) [Vj, V;;]Va = F,;jagvﬁ.

Explicitly, we have

(B.3) ViV = 0V + AZgVP, R = H"10pHyg
and

In particular, when E = T19(X), and gr; 1s a Hermitian metric on X, we
have the corresponding formulas

ViVP =0gVP,  ViVP = g"" 0k (gmgV?)
[V, VEIVP = Ry ;Pq V4
(B.5) RpjPq = —O0RA%, = —0p(9"" 0jgimq)-

Our convention for the curvature form Rm is
(B.6) Rm = Rp?dz? A dz".

It is the same as in [10, [11], but it differs from that of [30] by a factor of i.

When the metric on X has torsion, the commutator identities [V}, V]
for the Chern connections on any holomorphic vector bundle are given by
Hence for any tensor A, we have

(B.7) Vi, VIA=T 3 VoA, V5, ViA =T 3 V;A
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Some useful examples are

VeVaVidiie = VaVeVidige — T eaVaVidijig
(B.8) + Va(Rei* Asjre + Boci Aijae — RBo i Ainie — R iAimn)

and

Ve ViVaViA =V V. ViV A+ V(Rm * VA)
=:‘7aV%‘7gv%fl+-Tj*‘76”@/1+-V“]%WL*i?A)
=VuVVViA+ VV(T *VA)+ T * VVVA+ V(Rm x VA)

(B.9) =VoV;V.ViA+VV(T *VA)+ T * VVVA+ V(RmxVA).

The general pattern is

B.10)  vOTYv,v;4 = v,v,vOT 4

+ Z Z V(”)v(“)Rm*V()‘)ﬁ(p)A
v A=k ptp=_

+ Y Y v vTag
v+A=k ptp=L+1

+ S Y v HT v,
v+A=k+1 pu+p=~

Appendix C. Identities for non-Kahler metrics

When the metric is not Kéahler, the integration by parts formula becomes
(C.1) / ViVIiw" = / (AP, — AR YW W = / GPUT 5,5 VI W™,
X X X
It is convenient to introduce
(C.2) T; = g" Ty

so that the above equation becomes

(C.3) /vjvjw“:/ T;V7 W™
X X
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C.1. The adjoints &' and 87 with torsion

Since the signs are crucial, we work out in detail the operators 97 and 9! on
the space A! of (1,1)-forms.
Consider first the operator 0 : Ab0 — AL, Explicitly,

(C.4) O(f;dz?) = Op f;dZ" N d2? = 0y fjd2? A dzF
which means that
(C.5) Of)k; = —Ofs-

Let ® = ®5,dz? A dzP be a (1,1)-form. The adjoint J' is characterized by
the equation

(CG) <5f7 (I)> = <f7 5T(I)>

which is equivalent to

() [ ot Emg e — [ £

Integrating by parts, we find

(C-S) (éT(I))q = gkﬁ(vkq)ﬁq - Tjqu)ﬁq) = gkﬁ(vkq)ﬁq - qu)ﬁq)'

Similarly, we work out 9. For f = f,;dfk, we have 0f = 0; frdz? A dz*, so
that (0f)z; = 0;fz- Thus, the equation (0f, ®) = (f, d'®) becomes

(C.9) / 9 [4Ppeg” gjq / fr(ot® pgpkw
This results now into
(C.10) (070)g = —g" (V3Dgp — T Dgp).
C.2. Bianchi identities for non-Kahler metrics

It is well-known that the Riemann curvature tensor of K&hler metrics satis-
fies the following important identities
Rk = Rimi; = Bijom
k k k k
(C.11) VoRin"j = VR 5, VpRg,"; = Villem";.
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For general Hermitian metrics, these identities become
Rk = Rijkm + Vilkjm
Rpnkj = Brmej + Vi Tigg

and

VB = ViR g + T jmBz," g,

vWRchﬁq - ijEmﬁq + TrijI}rﬁq

VB = Vilmi’q + T Rri’;

Vi Rijpqe = Viltmjpg + 1" i Rrjpg-

(C.12)

Observe that to interchange, say m and ¢ in the second Bianchi identity for
non-Kéahler metrics, we have to use the first Bianchi identity and differenti-
ate, resulting into

(C.13) ViR ipqg — VqRiipm = VqViTpmj + Vi ViTpe + TTquErﬁj'

The occurrence of D?T on the right hand side is a source of potential diffi-
culties, so it is desirable not to exchange this type of pairs of indices.

Acknowledgements. The authors would like to thank the referees for a
particularly careful reading of their paper, and in particular for pointing out
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