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Hitchin’s equations on a nonorientable
manifold

NaAN-Kuo Ho, GRAEME WILKIN, AND SIYE WU

We define Hitchin’s moduli space MHitehin(P) for a principal bun-
dle P, whose structure group is a compact semisimple Lie group
K, over a compact non-orientable Riemannian manifold M. We use
the Donaldson-Corlette correspondence, which identifies Hitchin’s
moduli space with the moduli space of flat K C-connections, which
remains valid when M is non-orientable. This enables us to study
Hitchin’s moduli space both by gauge theoretical methods and al-
gebraically by using representation varieties. If the orientable dou-
ble cover M of M is a Kéhler manifold with odd complex dimension
and if the Kahler form is odd under the non-trivial deck transfor-
mation 7 on M, Hitchin’s moduli space MHitehin( Py of the pull-
back bundle P — M has a hyper-Kéahler structure and admits an
involution induced by 7. The fixed-point set MHitChin(P)T is sym-
plectic or Lagrangian with respect to various symplectic structures
on MHitehin(P) We show that there is a local diffeomorphism from
Hitehing py -t yHitching Py7 We compare the gauge theoretical
constructions with the algebraic approach using representation va-

rieties.
[1__Introductionl 858
2 The gauge-theoretic perspective) 862
[3 The representation variety perspectivel 872

[4 Comparison of representation variety and gauge theoretical |

L___constructions| 880
[Referencesl 883
2010 Mathematics Subject Classification: 53D30, 58D27.

Key words and phrases: moduli spaces, non-orientable manifolds, symplectic and
hyper-Kéhler geometry, representation varieties.

857



858 Nan-Kuo Ho, Graeme Wilkin, and Siye Wu

1. Introduction

Let M be a compact orientable Riemannian manifold and let K be a con-
nected compact Lie group. Given a principal K-bundle P — M, let A(P) be
the space of connections and let §(P) be the group of gauge transformations
on P. Consider Hitchin’s equations

(1.1) Fa— 3, 0] =0, day=0, djp=0

on the pairs (4, ) € A(P) x 21 (M, ad P). Hitchin’s moduli space M!itchin(p)
is the set of space of solutions (A, ) to modulo §(P) [15, 29]. On the
other hand, let G = K© be the complexification of K and let P = P xx G,
which is a principal bundle with structure group G. The moduli space
MIR(PC) of flat G-connections on PC, also known as the de Rham mod-
uli space, is the space of flat reductive connections of P® modulo G(P)® =
G(PC). A theorem of Donaldson [§8] and Corlette [7] states that the moduli
spaces MHitehin(py and MIR(PC) are homeomorphic. The smooth part of
JvHitehingpy s 5 Kihler manifold with a complex structure J induced by
that on G.

Suppose in addition that M is a Kahler manifold. Then there is another
complex structure I on MMthin(P) induced by that on M, and a third
one given by K = I.J. The three complex structures I, J, K and their corre-
sponding Kéhler forms @y, @7, ®x form a hyper-Kéhler structure on (the
smooth part of) MHitchin(p) [T5 ©9]. This hyper-Kéhler structure comes
from an infinite dimensional version of a hyper-Kéhler quotient [16] of the
tangent bundle T'A(P), which is hyper-Kéhler, by the action of G(P), which
is Hamiltonian with respect to each of the Kahler forms wj;, wy, wg on
TA(P). When M is a compact orientable surface, Hitchin’s moduli space
MHitehin( Py is equal to the hyper-Kéhler quotient MPX(P) := TA(P) JJo G(P)
[15]. It plays an important role in mirror symmetry and geometric Langlands
program [14], 21]. When M is higher dimensional, MH*hin(P) is a hyper-
Kihler subspace in MPK(P) [29].

For a compact Lie group K, the moduli space of flat K-connections on
a compact orientable surface was already studied in a celebrated work of
Atiyah and Bott [I]. When M is a compact, nonorientable surface, the mod-
uli space of flat K-connections was studied in [I7, [I9] through an involution
on the space of connections over its orientable double cover M, induced by
lifting the deck transformation on M to the pull-back P — M of the given
K-bundle P — M so that the quotient of P by the involution is the original
bundle P itself. This involution acts trivially on the structure group K. If
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instead one considers an involution on the bundle over M that acts nontriv-
ially on the fibers (such as the complex conjugation), then the fixed points
give rise to the moduli space of real or quaternionic vector bundles over
a real algebraic curve. This was studied thoroughly in [4], 27], for example
when K = U(n).

In this paper, we study Hitchin’s equations on a non-orientable manifold.
Let M be a compact connected non-orientable Riemannian manifold and let
P — M be a principal K-bundle over M, where K is a compact connected
Lie group. The de Rham moduli space M (PC), i.e., the moduli space of flat
connections on P, does not depend on the orientability of M. On the other
hand, Hitchin’s equations on the pairs (4,v) € A(P) x 2Y(M,ad P)
still make sense (see Subsection . We define Hitchin’s moduli space
MHitehin( Py as the quotient of the space of pairs (A, v) satisfying by the
group G(P) of gauge transformations on P. We explain that the homeomor-
phism JHitehin(py = 7R (pCY of Donaldon-Corlette remains valid when M
is non-orientable (Theorem [2.2).

If the oriented cover M of M is a Kéhler manifold, then for the pull-
back bundle P := 7*P over M, Hitchin’s moduli space MHltChm( ) is hyper-
Kéhler with complex structures I,J, K and Kahler forms @y, @y, @g. If
the Kahler form w on M satisfies 7*w = —w (the complex dimension of M
must be odd for 7 to be orientation reversing), then 7 induces an involution
(still denoted by 7) on MHMitchin(P) that satisfies 7*®@; = —@y, 7Dy = D
and T* @ = —@g. Consequently, the fixed-point set (MHtehin(P))7 ig La-
grangian in MHitChin(ﬁ) with respect to @y, Wx and symplectic with re-
spect to @. This is known as an (A,B,A)-brane in [21]. We discover that
Hitchin’s moduli space M1tchin(P) (where M is non-orientable) is related to
(MHitching PY)T 1y 5 Jocal diffeomorphism. Our main results are summarized
in the following main theorem. For simplicity, we restrict to certain smooth
parts MHitehing pyo -\ gHitchin( pyo anq Aflat( PCYo of the respective spaces (see
Subsection [2.3] for detaﬂs).

Theorem 1.1. Let M be a compact non-orientable manifold and let w: M —
M be its oriented cover on which there is a non-trivial deck transformation
7. Let K be a compact connected Lie group. Given a principal K-bundle
P — M, let P=7*P be its pull-back to M. Suppose that M is a Kdhler
manifold of odd complex dimension and the Kihler form w on M satisfies
T*w = —w. Then

(1) MHitehingpyo — Aflat( pCye o G( P which is a symplectic quotient.
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(2) (MHitChi“(]i)o)T is Kdhler and totally geodesic in MMitchin(pyo with
respect to J, @y and totally real and Lagrangian with respect to I, K
and W7, V.

(3) there is a local Kdihler diffeomorphism from viHitehinpyo 44
(MHitchin(P>o)T‘

The theorem of Donaldson and Corlette in the non-orientable setup
(Theorem enable us to identify Hitchin’s moduli space associated to
an orientable or non-orientable manifold with the moduli space of flat con-
nections and therefore the representation varieties. Let I" be a finitely gen-
erated group and let G be a connected complex semi-simple Lie group. The
representation variety, Hom(I', G) /G := Hom*(I", G) /G, is the quotient of
the space of reductive homomorphisms from I" to G by the conjugation ac-
tion of G. When [ is the fundamental group of a compact manifold M, the
representation variety is also called the Betti moduli space of M; it is home-
omorphic to the union of the de Rham moduli spaces MI®(P) associated to
principal G-bundles P — M of various topology. When M is non-orientable,
let I" be the fundamental group of the oriented cover M. Then there is a
short exact sequence 1 — I' 5T — 7Zy — 1 and 7 acts as an involution on
the representation variety Hom(I', @) /G (Lemma . We study the re-
lation of representation varieties associated to I" and I" from an algebraic
point of view. Let PG = G/Z(G), where Z(G) is the center of G. Our main
results are summarized in the following theorem.

Theorem 1.2. Let G be a connected complex semi-simple Lie group. Let
M be a compact non-orientable manifold and let M be its oriented cover on
which there is a non-trivial deck transformation 7. Denote I' = m (M) and
I = m (M) with some chosen base points. Then

(1) there exists a continuous map L from (Hom®°Y(I",G)/G)" to Z(G)Q/
27(G). Consequently, (Hom&°Y(I',G)/G)" = Urez(@)22(0) NES,
where N&°°4 is the preimage of r € Z(G)/2Z(G).

(2) there exists a |Z(G)/2Z(G)|-sheeted Galois covering map from
Hom&°Y(I",G) /G to N%O()d. In particular, if |Z(G)| is odd, then there
exists a bijection from Hom&°Y(I",G) /G to (Hom®°Y(I",G)/G)T. The
above statements are true if Hom®°°? is replaced by Hom™ . If in addi-
tion M = X' is a compact non-orientable surface and G is simple and
stmply connected, then
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(3) there exists a surjective map from (Hom™(I", G)/G)™ to Hom™(I", PG)/
PG that maps NI to flat PG-bundles on X whose topological type is
given by r € Z(G)/2Z(G) = H*(X, Z(Q)). In particular, N¥* maps to
the topologically trivial flat PG-bundles on X .

Here Hom®°d, following the terminology of [20], denotes the “good”
part of the space of homomorphisms that are reductive and whose stabilizer
is Z(G), whereas Hom'™ is the space of homomorphisms whose composi-
tion with the adjoint representation of G is an irreducible representation
(see Subsection [3.1| for details). HomgOOd(F G) is the set of homomorphisms
from I" to G Whose restriction to I' is “good”. Hom&°4(I",G)//G is not
smooth in general, but contains a smooth part (M1at(P€))° (upon identifi-
cation of moduli spaces). By parts (1) and (2) of the theorem, there is a local
homeomorphism Hom&°Y(I", G)/G — (Hom®*°Y(I",G)/G)7 (see also Corol-
lary , which in fact restricts to the local diffeomorphism MR (PC)° —
(MIR(PC)°) in part (3) of Theorem but is now more accurately de-
scribed using representation varieties. Also, for ¢ € Hom8°°d(I", G) such that
[¢] € Hom&°Y(I", G)/G is fixed by 7, L([¢]) is the obstruction of extending
¢ to a representation of I'. In the gauge-theoretic language, ¢ corresponds
to a flat connection on M and represents a point fixed by 7 in the de Rham
moduli space MI¥(PC), while extension of ¢ to I' means that the flat con-
nection on M is the pull-back of a flat connection on M. Flat connections
on M that are not pull-backs from M correspond to flat PG-bundles over
M (where PG = G/Z(@G)). This is shown in part (3) of Theorem and
then discussed in greater generality in the last section.

For example, let G = SL(2,C), M a compact nonorientable surface and
M its orientable double cover. Then (Homgo‘)d(m( ),G)/G)7T is labeled
by Z(G)/22(G) = Za, i.e., (HomE™ (my (1), G) /G)7 = U, 3, NE™. An el
ement of (Hom&°°% (7, (M ) G)/G)" is mapped by map L in Theorem .
(defined in Proposition E ) to the null element of Zs if and only if it repre-
sents a flat connection on M that is the pull-back of a flat connection on M.
The natural map from Hom&°d (7 (M), G)/G to (Hom®°d (7 (M GGP/G
is not surjective; it is a Zso-sheeted Galois covering map onto Ngoo
NgOOd is not in the image. NiI* corresponds to the space of topologlcally
tr1v1a1 flat PSL(2, C)-bundles over M while N corresponds to that of topo-
logically nontrivial flat PSL(2,C)-bundles over M.

The rest of this paper is organized as follows. In Section [2] we review
the basic setup in the orientable case and explain the Donaldson-Corlette
theorem for bundles over non-orientable manifolds. We then study finite
dimensional symplectic and hyper-Kéhler manifolds with an involution and
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apply the results to the gauge theoretical setting to prove Theorem In
Section [3] we study flat G-connections by representation varieties. We show
that a flat connection on M is reductive if and only if its pull-back to M
is reductive. We then define the continuous map in part (1) of Theorem
and prove the rest of the theorem. In Section 4l we relate the components
N4 (1 £ 0) in Theorem [1.2{to G-bundles over M admitting an involution
up to Z(G).

We note that in order to study the moduli space of G-bundles over the
nonorientable manifold M itself, our involution is fixed-point free on M and
is the identity map on G. During the revision of this paper, we came across
a few related works. We thank O. Garcia-Prada for pointing out to us the
paper [3], where their anti-holomorphic involution acts both on the manifold
M and on the structure group G, thus resulting in a different fixed-point
set of the moduli space. In a more recent paper [2], which overlaps with
a special case of part (2) of our Theorem when M is a surface, the
anti-holomorphic involution on the surface is allowed to have fixed points.

2. The gauge-theoretic perspective
2.1. Basic setup in the orientable case

Let K be a connected compact Lie group and let G = K€ be its complexi-
fication. Given a principal K-bundle P over a compact orientable manifold
M, P® = P x G is a principal bundle whose structure group is G. The
set A(P) of connections on P is an affine space modeled on 2!(M,ad P).
At each A € A(P), the tangent space is TaA(P) = 21(M,ad P). The total
space of the tangent bundle over A(P) is TA(P) = A(P) x £2'(M,ad P).
At (A,4) € TA(P), the tangent space is T4 4)TA(P) = 2Y(M,ad P)%2.
There is a translation invariant complex structure J on TA(P) given by
J(a, p) = (¢, —a). The space TA(P) can be naturally identified with A(P®),
the set of connections on P® — M, via (A, 1) — A — /=11, under which
J corresponds to the complex structure on A(P®) induced by G = K€. The
covariant derivative on £2°(M, ad P®) is D := d4 — v/—11, where d 4 denotes
the covariant derivative of A € A(P) and v acts by bracket.

The group of gauge transformations on P is §(P) = I'(M,Ad P). It
acts on A(P) via A+ g- A, where dg.qa =godaog ! and on TA(P) via
g: (A,9) — (g- A, Adg ). Since the action of §(P) on TA(P) preserves J,
there is a holomorphic G(P)® action on (TA(P),J). In fact, the complexi-
fication G(P)® can be naturally identified with G(P®) = I'(M, Ad P®), and
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the action of G(P%) on T'A(P) corresponds to the complex gauge transfor-
mations on A(P%), i.e., g € G(P%): D+ goDog ! Let

.Aﬂat(PC) ={A-—V-1yc .A(P(c) R 0}
= {(A, ) € TA: Fx — §[, ] = 0,dap = 0}

be the set of flat connections on PC. Since the vanishing of F,_ V=T 1S a
holomorphic condition, A%(PC) is a complex subset of A(PC); it is also
invariant under G(P®). The holonomy group Hol(A) of A € Af2t(PC) can
be identified as a subgroup of G, up to a conjugation in G. A flat connection
A on PC is reductive if the closure of Hol(A) in G is contained in the Levi
subgroup of any parabolic subgroup containing Hol(A); let Aflatred(pC) he
the set of such. It can be shown that a flat connection is reductive if and
only if its orbit under G(PC) is closed [7]. The de Rham moduli space, or the
moduli space of reductive flat connections on PC, is

MdR(P(C) — Aﬂat(PC)//S(PC) — Aﬂat,red(PC)/g(P(C)‘

It has an induced complex structure J on its smooth part.

Assume that M has a Riemannian structure and choose an invariant
inner product (-,-) on the Lie algebra ¢ of K. Then there is a symplectic
structure on T A(P), with which J is compatible, given by

1) ws((an @), (0n,02)) = /M«am v on) — (1, A % ),

where a1, az, @1, 02 € 2V9(M, ad P), such that (TA(P), w) is Kéhler. The
subset A2t (PC) is Kihler in A(P®) =2 TA(P). We identify the Lie algebra
Lie(§(P)) = 2°(M, ad P) with its dual by the inner product on §2°(M, ad P).
The action of §(P) on (T'A(P), w) is Hamiltonian, with moment map

(2:2) wi(A ¢) = diy € 2°(M,ad P).
Let

AHitchin(P) _ Aﬂat(PC) a }ljl(O)
= {(A,9) € TA: Fa— 3[¢, 9] = 0,davy = 0,d}) = 0},

the set of pairs (A, ) satisfying Hitchin’s equations (1.1]), and let the quo-
tient space MHitchingpy — gHitchin(py/G(P) be Hitchin’s moduli space. A
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theorem of Donaldson [§] and Corlette [7] states that if M is compact and

if the structure group G is semisimple, then MHitchin(p) = pdR(pC),
Suppose that M is a compact Kahler manifold of complex dimension n

and let w be the Kahler form on M. Then there is a complex structure on

TA(P) given by

1
(n—1)!

A"_l(*a, — %),

I (o) o @A =) =

(n—1)!

where (o, ) € 2'(M,ad P)®* = T( 4 ;) TA(P) and the map
A: 2°(M,ad P) — 2°72(M,ad P)

is the contraction by w. With respect to I, we have

T@f’ 4 TA(P) = Q%1 (M, ad P%) @ 2"°(M, ad PF)
for any (A, ) € TA(P). This complex structure I is compatible with a sym-
plectic form w; on TA(P) given by

n—1

w

wr((a1, 1), (az, ¢2)) =/ 7 A ({01, Aaz) = (01, Agp2)),
where a1, ag, @1, 02 € 21(M,ad P). The action of G(P) on TA(P) is also
Hamiltonian with respect to w; and the moment map is

wi(A, ) = A(Fa— 5[0, ¢]) € 2°(M,ad P),

where Fq € 2?(M,ad P) is the curvature of A. Since the action of G(P) on
TA(P) preserves I, there is a holomorphic G(P®) action on (T'A(P), I). For
any (A,v¢) € TA(P), write ¢ = v/—1(¢ — ¢*), where ¢ € 2V9(M,ad P®),
¢* € 2% (M, ad P®). Here ¢ — ¢* is induced by the conjugation on G = K©
preserving the compact form K. Then D = dy — /—1¢ = D' + D", where
D' =04 — ¢*, D" = 04 + ¢. The action of G(P®) on TA(P) = A(P®) can
be described by g € G(P®): D" — go D" o g~ 1.

Let AMi8es(PC) be the set of Higgs pairs (4, ¢), i.e., A € A(P) and ¢ €
210(M, ad PC) satisfying (D)% = 0, or

5124 =0, 5A¢ =0, [¢7 ¢] =0.

Then AM8e5(PC) is a Kihler subspace of A(PC) = TA(P) respect to I. Let
ASSY(P) be the set of semistable Higgs pairs and let APS*(PC) be the set
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polystable Higgs pairs. (The notions of stable, semistable and polystable
Higgs pairs were introduced in [15] [30, BI].) The moduli space of polystable
Higgs pairs or the Dolbeault moduli space is

MDO](P(C) — (AHiggS(PC) N Asst(PC))//g(PC)
= (AMEE(PC) N AP (PT))/S(PF).

It has a complex structure induced by I. It can be shown [30, Lemma 1.1]
that AMitchin(p) = Aflat(pCy A 7 1(0) = AHieess(PC) N ;1 (0). A theorem of
Hitchin [I5] and Simpson [29] states that if M is compact and Kahler and the
bundle P has vanishing first and second Chern classes, then MHitchin(p) =
MDol ( P(C) .

There is a third complex structure on T/A(P) defined by

K=1J=-JI:(a,¢)— # (WA (p, )

(n—1)!

1

which is compatible with the symplectic form

n—1

Wi (0, 1), (02, 02)) = / v

v (n—=1)!

The action of G(P) on TA(P) is Hamiltonian with respect to wg and the
moment map is

A ((041,/\4,02) — (042,/\801)).

(A, ) = A(dats) € QO(M,ad P).

Moreover, the action preserves K and therefore extends to another holomor-
phic action of G(P)®. The three complex structures I,.J, K define a hyper-
Kahler structure on TA(P). Since the action of §(P) on T'A(P) is Hamilto-
nian with respect to all three symplectic forms, we have a hyper-Kéhler mo-
ment map w = (1, Wy, ux): TA(P) — (2°(M,ad P))®3. The hyper-Kdhler
quotient [16] is MPX(P) = u=1(0)/G(P), with complex structures I,.J, K
and symplectic forms @y, W , Wi . By the theorems of Donaldson-Corlette
and of Hitchin-Simpson, the Hitchin moduli space M!Mithin(P) is a complex
space with respect to both I and J. Therefore M!Mitchin(P) is a hyper-Kéhler
subspace in MK (P) [10, Theorem 8.3.1].

When M = ¥ is an orientable surface, A: 2%(X,ad P) — 2°(X, ad P) is
an isomorphism. So Atlitchin(p) = Aflat(pCy A7 1(0) = AHiees(PC) 0 1 (0)



866 Nan-Kuo Ho, Graeme Wilkin, and Siye Wu

coincides with p=1(0) = u;*(0) N p;'(0) N uy' (0). Thus the moduli spaces
vHitehin( py o dR( pCy > (Dol pCY coincide with the hyper-Kihler quo-
tient MUK (P) [15].

2.2. Moduli space of Hitchin’s equations on
a non-orientable manifold

Now suppose M is a compact non-orientable manifold. Let 7: M — M be
its oriented cover and let 7: M — M be the non-trivial deck transforma-
tion. Given a principal K-bundle P — M, let P = 7*P — M be its pull-
back to M. Since 7o 7 = 7, the 7 action can be lifted to P = M X P as
a K-bundle involution (i.e., the lifted involution commutes with the right
K-action on P), and hence to the associated bundles Ad P and ad P. Conse-
quently, 7 acts on the space of connections A(P) by pull-back A — 7*A and
on the group of gauge transformations G(P) by g — 7*g := 7 Lo gor. The
T-invariant subsets are (A(P))” = A(P) and (G(P))” = G(P). In fact, the
inclusion map A(P) < A(P) onto the r-invariant part is the pull-back via
7 of connections on P to those on P. Since A(P) is an affine space modeled
on 2'(M,ad P), the differential 7, of 7: A(P) — A(P) can be identified
with a linear involution on 2'(M,ad P) given by o — 7*a.

A Riemannian metric on a non-orientable manifold M pulls back to a
Riemannian metric on M. Assuming that M is compact, we define an inner
product on the space 2°(M) of differential forms on M by

(o, B) = %/ T*aNFT*S
M
for av, B € 2*°(M), where % is the Hodge star operator on M. Alternatively,
the Hodge star * on M maps a form on M to one valued in the orienta-
tion line bundle over M, and if o, are of the same degree, then a A %3
is a top-degree form on M valued in the orientation line bundle, which
can be integrated over M. We still have (o, ) = [,, & A *3. More gener-
ally, there is an inner product on the space 2°(M, ad P) of forms valued in
ad P. Therefore A(P) admits a Riemannian structure, which is half of the
restriction of the Riemannian structure on A(P) to the T-invariant subspace
(A(P))” =2 A(P). 3 ) 3 3 )
Consider the tangent bundle TA(P) = A(P) x 21(M,ad P) of A(P).
It has a 7-action given by 7: (A,v¢) — (7*A,7*¢), which is holomorphic
with respect to the complex structure J. Therefore the fixed point set
(TA(P))™ = TA(P) is a complex subspace in TA(P) = A(PC). With respect
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to the induced Riemannian structure on TA(P), 7: TA(P) — TA(P) is an
isometry. Since 7 also acts holomorphically on A(PC) = TA(P), (TA(P))”
is a Kahler and totally geodesic subspace in TA(P) = A(PC). Moreover,
Aftat(pCy = (Aflat(PC))T is also Kéhler and totally geodesic in Afat(PC),
We summarize the above discussion in the following lemma.

Lemma 2.1. Given a compact non-orientable manifold M with oriented
double cover m: M — M and a principal K -bundle P — M, the non-trivial
deck transformation T on M lifts to an involution (also denoted by T) on
P =7*P and acts as involutions on the space of connections A(P) and
on TA(P) = A(PC). Moreover, the T-invariant subspaces A(P)™ =2 A(PC)
and Aft(PCYT = Aflat( pCY gre Kihler and totally geodesic subspaces in
A(P®) = TA(P) and At (PC), respectively.

On a non-orientable manifold M, we still have Hitchin’s equations (|1.1]).
Here d is defined as the (formal) adjoint of d4 with respect to the inner
products on 2°(M,ad P). Alternatively, d¥ is the first order differential
operator on M such that on any orientable open set in M, d% = Ly *;
the latter is actually independent of the choice of local orientation. Yet
another but related way to explain the operator d* is to consider the Hodge
star operator * on a non-orientable manifold M as a map from differential
forms to those valued in the orientation bundle over M. Since the latter
is a flat real line bundle, d% = *~'d* maps 2'(M,ad P) to 2°(M,ad P).
Finally, d* can be defined as (7*) "' o d*. , o 7*. Here d*. , = *~!d- 4 x holds
globally on M and 7*: 02°(M,ad P) — 02°(M,ad P) is injective. Let

AMtehin(py = f(A ) € TA: Fa — L[yp,90] = 0,datp = 0,d%¢ = 0}.

It is clear that AMitehin(p) — (gHitehin pyyr,

The notion of reductive connections on P does not depend on the ori-
entability of M, and we still have the moduli space of flat connections
Mﬂat(P(C) — Aﬂat,red(PC)/g(PC). Let MHitChin(P) — AHitchin<P)/9(P) be
Hitchin’s moduli space. The following is the Donaldson-Corlette theorem
that also applies to the case when M is non-orientable. Equivalently, there
exists a unique reduction of structure group from G to K admitting a solu-
tion to Hitchin’s equations.

Theorem 2.2. Let M be a compact non-orientable Riemannian manifold.
Then for every reductive flat connection D on PT, there exists a gauge trans-
formation g € G(P®) (unique up to G(P) and the stabilizer of D) such that
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gD =dy— /=1 with (A,v) € AHithin(PY - As o consequence, we have a
homeomorphism MIR(PT) = )Hitchin(p),

We now explain that Corlette’s proof in [7] applies to the case when
M is non-orientable. There is a symplectic form w; on TA(P), still given
by(2.1)), which is half of the restriction of the symplectic form on TA(P).
The action of §(P) on T'A(P) is Hamiltonian, and the moment map remains
(2.2)). Recall Corlette’s flow equations on the space of flat connections. Let
D = d4 — v/—1% be a flat connection of the G = K© bundle P¢ — M. Then
the flow equations are

(2.3) %—lt) = —Duy(D).

Equivalently, one can look for a flow of the form g(t) - Dy and solve for
g(t) € §(PC) using (cf. [7, p. 369])

(2.4) 99 01 — (e Do).

Corlette shows in [7] that we have existence and uniqueness of solutions
0 and for all time. If the initial condition is a reductive flat
connection, then there is a sequence converging to a solution to pw;(D) = 0.
Also, the limit is gauge equivalent to the initial flat reductive connection [7].
These arguments are valid when M is non-orientable.

We remark that Theorem for non-orientable manifolds also follows
from the result of the orientable double cover. A flat connection on P is
reductlve if and only if the pull-back 7*A is a flat reductive connection on

(We defer the proof of this statement to Corollary (3 . For the bundle
P — M, it is easy to check that the right-hand sides of (2.3) and . define
T-invariant vector fields on A(PC) and G(PC), respectlvely Since the space
(Aflat(PCYT of r-invariant connections is closed in A% (PC) and the space
(S(PC))™ of r-invariant gauge transformations is closed in G(PC), Corlette’s
results on the limit of the flow restrict to the 7-invariant subset as well.
That is, the flow on the space of connections is contained in the 7-invariant
subset and the limit is a 7-invariant solution to Hitchin’s equation. Similarly,
the gauge transformation relating to the initial condition is contained in the
T-invariant part of the group of gauge transformations, and the limit is 7-
invariant.
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2.3. The Hitchin moduli space and the hyper-Kahler quotient

Now consider a compact non-orientable manifold M. Suppose its oriented
cover M is a Kéhler manifold of complex dimension n. Let w be the Kéhler
form on M. Throughout this subsection, we assume that n is odd and
the deck transformation 7 on M is an anti-holomorphic involution such
that 7w = —w. Then 7*w™ = —w", which is consistent with the require-
ment that 7 is orientation reversing. The 7-action on TA(P) = A(P) x
QY (M,ad P), 7: (A,¢) — (7*A, 7%¢), is an isometry and its differential
Tt 2Y(M,ad P)®2 — 21 (M,ad P)®2? is 7.: (o, @) = (T*a, 7%@). It is easy
to see that 7, 0o I = —I o 7, since T reverses the orientation of M and that
0o K = —K o1, since K = I.J. So T acts as an anti-holomorphic involution
with respect to both I and K, and 7™*w; = —wj, 7*wg = —wg. Moreover,
since the moment maps py and pg on TA(P) involve the contraction A by w,
they satisfy T*(M](A,},ZJ)) = —u (77 A, 7*Y), T*(Hlj (A,9)) = —uk (T7A, 7"Y)
for all (A,v) € TA(P). The fixed point set (A(P))” is totally real with re-
spect to the complex structures I and K, and Lagrangian with respect to
the symplectic forms w; and wg [9, 24, 25].

A flat connection D = dy — /—1t on PC defines an elliptic complex
with D;: 2¢(M,ad P®) — Qi+1(M,ad P€). Let A% (PC)° be the set of
flat connections on PC such that (i) the stabilizer under the S(ISC) ac-
tion is Z(G), and (ii) the linearization D; of the curvature map surjects
onto ker Dy N £2%(M, [ad PC, ad P®]). Notice that when M is a surface, con-
dition (i) implies (ii). The method in [22] and [23, Chapter VII] shows
that Af2t(PC)° is a smooth submanifold in A(PC), and as the action of
G(PC)/Z(G) on it is free, the subset

MdR(p(C)o — (Aﬂat(ﬁ)C)o N Aﬂat,red(ﬁ@))/g(ﬁ@)

is in the smooth part of the moduli space MIR(PC) (see also [IT] from the
point of view of representation varieties). The free action of G(P®)/Z(G)
or §(P)/Z(K) from condition (i) implies that 0 is a regular value of w;
on Afat(PCY° and the subset MHitehinpye .— gflat(pCyon u;l(O)/S(P) is
in the smooth part of Hitchin’s moduli space MMtin(pP) [I5]. By the
Donaldson-Corlette theorem, we have the homeomorphism MHitChin(P)o =
MdR(PC)o.

On the other hand, for the non-orientable manifold M, let Af2t(PC)° =
{A c A(PC) = Aﬂat(ﬁ@)o}’ AHitchin(P)o — AHitchin(P> m‘Aﬂat(P(C)o'
Then MHitchin(pyo . gHitchin(pyo /G( P) is in the smooth part of MHitchin(p);
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but we will not consider here the smooth points of MHitchin(P) that are out-
side MvHitehin(pye By Theorem (the analog of the Donaldson-Corlette
theorem for non-orientable manifolds), we have a homeomorphism between
MHitchin(P)o and MdR(P(C)o — (Aﬂat(P(C)o N Aﬂat,red(PC))/g(P(C).

We now study a general setting. Let (X,w) be a finite dimensional sym-
plectic manifold with a Hamiltonian action of a compact Lie group K and
let p: X — € be the moment map. Suppose as in [25], that there are in-
volutions o on X and 7 on K such that o(k-z) =7(k)-o(x) for all k € K
and z € X. Assume that X7 is not empty. Then K7 acts on X?. We note
that 7 acts on ¢, €, and K7 is a closed Lie subgroup of K with Lie algebra
t7. Contrary to [25], we assume that the action of (K,K") on (X, X?) is
symplectic, i.e, we have c*w = w and ¢*u = 7. Then X7 is a symplectic
submanifold in X. Assume that 0 is a regular value of s and that K acts on
pu~1(0) freely. Since o preserves p~1(0), it descends to a symplectic involu-
tion & on the (smooth) symplectic quotient X /p K = p~1(0)/K at level 0,
and (X o K)? is a symplectic submanifold.

Lemma 2.3. In the above setting, the action of K™ on X? is Hamiltonian
and the symplectic quotient is X Jo K™ = (u=1(0) N X°)/K™. If p~1(0) N
X7 £ (), then there exists a symplectic local diffeomorphism from X o K™
to (X//() K)6 .

Proof. Let £t =#¢" @ q such that 7 = 41 on ¢, g, respectively. It is clear
that the action of K7 on X is Hamiltonian and the moment map p, is the
composition X7 — X — € — (¢7)*. Since for any x € X7, (u(x),q) =0, we
get p-1(0) = u=1(0) N X7 = (11(0))?. By the assumptions, 0 is a regular
value of yi, the action of K7 on p-'(0) is free, and the symplectic quotient
is X7 oK™= (' (0)NX7)/K".

For any x € X7, the map ¢ — T, X intertwines 7 on ¢ and o on T, X,
and T,(K™ -x) = (Tx(K - 2))°. The inclusion p-'(0) < x~1(0) induces a
natural map X7 o K™ — (X /o K)?, whose differentiation at [z] is, after nat-
ural symplectic isomorphisms, the linear map (Tp~1(0))° /(Tx(K - ))° —
(T~ (0) /T (K - ))°. The latter is clearly injective; to show surjectivity,
we note that for any V € Tpu=1(0), if V4T, (K - x) € (Tpp 1 (0)/Tp(K - x))°,
then it is the image of 3(V +oV)+ (Ix(K - 2))°. The map X oK™ —
(X/oK)? is a local diffeomorphism; it is symplectic because the above lin-
ear map is so for each x € u-1(0). U

Now let X be a hyper-Kéahler manifold with complex structures J; and
symplectic structures w; (i = 1,2,3). Suppose K acts on X and the action
is Hamiltonian with respect to all w;. Let p = (1, 2, u3): X — (£)®3 be
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the hyper-Kahler moment map. Assume that there are involutions ¢ on
X and 7 on K such that o(k-z)=7(k)-o(x) for all k€ K and z € X
and o*J; = (=1)'J;, o*w; = (=1)'w;, o*pu; = (—=1)'7p; for i = 1,2, 3. So the
action of (K, K7) on (X, X?) is symplectic with respect to wa (as above) and
anti-symplectic with respect to wy,ws (as in [25]). Then X7, if non-empty,
is Kéhler and totally geodesic in X with respect to J2,ws and is totally real
and Lagrangian with respect to Jy,w; and Js,ws. If 0 is a regular value of p
(i.e., 0 is a regular value of each ;) and that K acts on u=1(0) freely, then
X/loK = p~1(0)/K is the (smooth) hyper-Kéhler quotient at level 0, which
has complex structures .J; and symplectic structures @; (i = 1,2,3) [16].

Proposition 2.4. In the above setting, let Y = iy *(0) N 3 (0). Then

1. Y is a o-invariant Kahler submanifold in X with respect to Jo,ws and
the symplectic quotient Y o K™ = (un=1(0))° /K7 is Kdihler;

2. (XJloK)? is Kdhler and totally geodesic in X [lo K with respect to
Jo, e and is totally real and Lagrangian with respect to Jy,J3 and
W1, wW3;

3. if (u™1(0))7 # 0, there is a Kdhler (with respect to Jo, w3 ) local diffeo-
morphism Y o K™ — (X JJo K)°.

Proof. 1&3. Let pie = puz ++v/—1p1: X — €€, Then p. is holomorphic with
respect to Jo and is equivariant under the action of K. Since 0 is a regu-
lar value of ., Y = u_1(0) is a smooth Kihler submanifold in X on which
the action of K is Hamiltonian. Applying Lemma to Y, we conclude
that the action of K™ on Y7 is Hamiltonian and that (u=%(0))°/K™ =
(171 (0)NY?)/K™ =Y Jy K™. Moreover, there is a local diffeomorphism
from Y7 Jo K™ to (Yo K)? = (X /o K)° which is symplectic. Since K™ acts
holomorphically on (Y7, J3), the symplectic quotient Y7 Jy K™ is Kahler, and

the above local diffeomorphism is also Kéahler.
2. Since o preserves 1~ 1(0), it descends to an involution & on X JJo K such
that 6*J; = (—1)'J;, 6*w; = (—1)%; for i = 1,2,3. The result then follows.
0

We now prove Theorem [I.1]

Proof. 1&3. Note that Aflat(PC)° is a r-invariant Kéhler submanifold in
TA(P) = A(P®). Following [1, 15], we can apply the method in Lemma
to Aﬁat(p(c)o on which 7 acts preserving w; and J. Since 7 also acts on
G(P) and G(P) = ($(P))", §(P)/Z(K) acts Hamiltonianly and freely on
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Aftat(pCyo = (Aflat( pCYo)T \which is Kéhler with respect to J, w . Thus
MIERR(P)? = (ATE(PE)° N3 (0))/9(P) = A™(PE)° o S(P)

is a symplectic quotient. Since the latter is non-empty, there is a local Kéahler
diffeomorphism MHltChln( ) (Aﬂat(PC) // 9( )) _ (MHitchin(P)o)T'

2. The space TA(P) = A(P®) with I,.J, K is hyper-Kihler and the ac-
tion of §(P) is Hamiltonian with respect to wr, wy, wi. Let (L=1(0))° be
the subset of u='(0) on which G(P)/Z(K) acts freely. Then MHK(P)° =
(u=1(0))°/G(P) is the smooth part of the hyper-Kéhler quotient MUK (P).
The involutions 7 on A(P) and G(P) satisfy the conditions of Proposi-
tion So (MHK(P)°) is Kahler and totally geodesic with respect to .J
and @7, and totally real and Lagrangian with respect to I, K and Wy, W in
MHK(P)°. If M is a non-orientable surface, then 1 H(0) Nt (0) = Aftat(pCy
which implies that MHitehin(pye — NMHK(PYo Tn general, MHitehin(pye ig 5
T-invariant hyper-Kihler submanifold in MTX(P)°. The results follow from
(MHitchin(]S)o)T _ MHitchin(]S) N (MHK(JS)O)T O

3. The representation variety perspective
3.1. Representation variety and Betti moduli space

Let I' be a finitely generated group and let G be a connected complex
Lie group. Then G acts on Hom(I,G) by the conjugate action on G. A
representation ¢ € Hom(I', G) is reductive if the closure of ¢(I") in G is con-
tained in the Levi subgroup of any parabolic subgroup containing ¢(I"); let
Hom™4(I', G) be the set of such. The condition ¢ € Hom™(I",G) is equiva-
lent to the statement that the G-orbit G - ¢ is closed [13]. It is also equivalent
to the condition that the composition of ¢ with the adjoint representation
of G is semi-simple (see [26], Section 3] and [28, Theorem 30]). The quotient

Hom(I',G) /G = Hom™4(I', G)/G

is known as the representation variety or character variety. A reductive rep-
resentation ¢ € Hom™ (I, G) is good [20] if its stabilizer Gy = Z(G); let
Hom®°°4(I", G) be the set of such. On the other hand, ¢ € Hom(I',G) is Ad-
irreducible if its composition with the adjoint representation of G is an irre-
ducible representation of I'. Let Hom™ (I", G) be the set of such. Notice that
this set is empty unless G is simple. Clearly, Hom™ (I, G) € Hom#&°(I'", G).
In general, Hom#°4(I", G) /G may not be smooth, but it is so when I is the
fundamental group of a compact orientable surface [28, Corollary 50].
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Suppose M is a compact manifold and P® — M is a principal G-bundle
over M. Choose a base point xg € M and let I" = 71 (M, xp) be the funda-
mental group. Then Hom(I', G)//G is known as the Betti moduli space [30],
denoted by MPBet*(PC). The identification MIR(PC) = MBett(PC)  which
we recall briefly now, is well known. Given a flat connection, let T, : Py o) —
P, (1) be the parallel transport along a path o in M. Fix a point pg € P, in
the fibre over xg. For a € m1(M, z), choose a loop « based at z( represent-
ing a, then ¢(a) is the unique element in G defined by T, (po) = pop(a)~!. If
we choose another point in the fibre over xg, then ¢ differs by a conjugation.
Finally, the flat connection is reductive if and only if the corresponding ele-
ment in Hom(I", G) is reductive. Upon identification of the de Rham moduli
space MIB(PC) and the Betti moduli spaces MBe"(PC) = Hom(I',G) /G,
the subset Hom&°4(I", G) /G contains the smooth part MI®(PC)° introduced
in Subsection they are equal when M is a compact orientable surface.

If M is non-orientable and 7: M — M is the oriented cover, we choose a
base point & € 7 (20) and let I" = 7 (M, &o). Then there is a short exact
sequence

1—>f—>F—>Z2—>1

and I can be identified with an index 2 subgroup in I'. In the rest of this sec-
tion, we will study the relation of the representation varieties Hom(I',G) /G
and Hom(I", G) /G or the Betti moduli spaces MPBetti(PC) and MBetti(pC),
Some of the results, when M is a compact non-orientable surface, appeared
in [I7], which used different methods.

We first establish a useful fact that was used in Subsection 2.2

Lemma 3.1. Suppose I is a finitely generated group and I is an index 2
subgroup in I'. Let G be a connected, complex reductive Lie group. Then
¢ € Hom(I', G) is reductive if and only if the restriction ¢|r € Hom(I",G)
1s reductive.

Proof. Recall that ¢ € Hom(I', G) is reductive if and only if the composition
Ado¢ is a semisimple representation on g. Similarly, ¢|5 is reductive if
and only if Ado¢|s is semisimple. By I'JT = Zsy and [6], [5, Chap. 3, §9.8,
Lemme 2], Ado¢ is semisimple if only if Adog|s is so. The result then
follows. O

Corollary 3.2. Let G be a connected, complex reductive Lie group. Suppose
P is a principal G-bundle over a compact non-orientable manifold M whose
oriented cover is w: M — M. Then a flat connection A on P is reductive if
and only if the pull-back 7* A is a flat reductive connection on P := 7*P.
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3.2. Representation varieties associated to an index 2 subgroup

Let I' be a finitely generated group and let I" be an index 2 subgroup
in I'. Let G be a connected complex Lie group and let Z(G) be its cen-
ter. For any c € I'\ I, we have Ad.|s € Aut(I"), and the class [Ad.|7] €
Aut(I")/Inn(I") is independent of the choice of ¢. So we have a homomor-
phism Zs = {1,7} — Aut(I")/Inn(I") given by 7 — [Ad.|7].

Lemma 3.3. Zy = {1,7} acts on Hom(I",G) /G and on Hom&°(I", G)/G.

Proof. We define 7[¢] = [¢ o Ad.] for any ¢ € Hom(I',@). The action is
well-defined since if [¢/] = [¢], i.e., ¢/ = Adgo¢ for some g € G, then ¢ o
Ad, = AdgjopoAd. ~ ¢ o Ad.. The 7-action is independent of the choice
of ¢ because if ¢ € I'\ I is another element, then ¢~ € I" and ¢ o Ad =
Adg(ee-1y0(¢ 0 Ade) ~ ¢ o Ad.. We do have a Zy-action because 72[¢] = [¢ o
Ad2] = [Ady(z) o¢] = [¢]. Finally, if ¢ is in Hom™(I", G) or Hom#*°4(I", G),
then so is ¢ o Ad,.. Thus 7 acts on Hom(I', @) /G and Hom#°Y(I", G)/G. O

Proposition 3.4. There exists a continuous map
(3.1) L: (Hom®°YT",G)/G)" — Z(G)/2Z(G).
So (Hom®™ (I, G)/G)" = Uy ez(ay2zi0) N where N4 := L71(r).

Proof. If T[¢] = [¢], then there exists g € G such that ¢ o Ad. = Ad, o¢.
Since ¢? € I', we have Adg2 09 = ¢ 0 Ade2 = Adg(e2) 0¢. Thus

2= g?¢(A) e Gy = Z(Q).

If [¢'] = [¢], i.e., ¢’ = Adp 0¢ for some h € G, then ¢' o Ad, = Ady o¢’ for
g = Ady g. Since ¢"? = Adj g = 2z Adjy, ¢(c?) = 2¢/(c?), we obtain
()2 ==

If $oAdr = Ady o¢ holds for different choices of ¢ € I"\ I" and g €
G, then 2’ = (¢')?¢(c¢*)~! € Z(G) from the above discussion. On the other
hand, we have Adg-1y 09 = Ady(-10) 09 as ¢ € I'. This gives us t :=
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() tgp(c™Id) € Gy = Z(G). We get

t2(gl)2 —_ (tgl)2 _ g(]ﬁ(cflc’)g(f)(c*lc’) — Adg ¢<Cflc/)92¢(cflc/)
= p(Ade(c™ ) zp()p(c™ ) = 6(())2,

ie., 2271 =t72 € 2Z(G). So the map L: [¢] — [2] € Z(G)/2Z(G) is well-
defined.

Since ¢ € Hom&°4(I", G), the element [¢] € G/Z(G) is uniquely deter-
mined by and depends continuously on ¢. Therefore [z] € Z(G)/2Z(G) de-
pends continuously on [¢] € (Hom&*°Y(I",G)/G)7. O

If ¢ € Hom(I', G) satisfies ¢| € Hom&*(I", G), then ¢ € Hom&*(I', G).
However, ¢ € Hom#°Y(I", @) does not imply d|f € Hom®°Y(I", G). Let

Hom&°Y(I',G) = {$ € Hom(I',G) : ¢|» € Hom&*(I", G)}.

We show that if [¢] € (Hom8°Y(I",G)/G)", then L([¢]) is the obstruction
of extending ¢ to a representation of I

Lemma 3.5. The restriction R: [¢] — [¢|7] maps HomEN (I, G)/G sur-
jectively to N%OOd.

Proof. First, the image im(R) C N%OOd because for any ¢ € Hom&°4(I', G),
P|f € Hom?&°Y(I", G) by definition, so (Bl5) o Ade = Adg(e) od|f ~ ¢ and
L([¢|7]) = [6(c)?p(c*)~'] = 0. We will show that in fact im(R) = N&°9.
Let ¢o € Hom#°Y(I", @) such that 7[¢o] = [¢o] and L([¢g]) = 0. Then there
exist g € G and t € Z(G) such that ¢po Ad. = Ad,o¢y and g?¢(c?)~! =
t2. We can extend ¢g to ¢ € Hom(I',G) which is uniquely determined by
the requirements ¢| 7 = ¢o and ¢(c) = gt~!. Since ¢y € Homs°Y(I",G), ¢ €
Hom&°4(I",G) and therefore [¢o] € im(R). O

Proposition 3.6. R: Hom&°4(I',G) /G — N8 is a Galois covering map
whose structure group is {s € Z(G) : s*> = e}.

Proof. We define an action of {s€ Z(G):s>=e¢} on Hom&°Y(I G).
For any such s and ¢ € Hom&*°4 (I, G), we define s-¢ by (s- )|z = ¢|7
and (s- ¢)|F\f:‘9(¢|F\F) the group multiplication. It is clear that s-¢€
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Hom(I', G). Moreover, since
(s-®)|p = ¢lp € HomE YT, @), s-¢ € Hom&U(T, G).

Clearly, the action descends to a well-defined action on Hom&°4(I',G)/G
by s [¢] = [s - ¢| preserving the fibres of R.

We show that this action is free. Suppose s - [¢] = [¢], then s - ¢ = Ady, o¢
for some h € G. Since ¢|r = (s - ¢)| = Adj, o(¢| ) € Homs°Y(I", G), we get
h € Z(G) and hence s - ¢ = ¢. Then s¢(c) = ¢(c) implies s = e.

It remains to show that the action is transitive on each fibre of R. Let
[0], [#'] € Hom&°Y(I",G) such that R([¢]) = R([¢']). Then there exists an
h € G such that ¢'|» = Ady o(¢|7). Thus

Ady (ono(@lp) = Adg) o(¢'| ) = (¢'| ) 0 Ad,
—Adho( |7) 0 Ade = Adpg(e) o(d] )

Hence s:=¢(c)"th™1¢/(c)h€ Z(G) since qb]fEHomgOOd(f, G). Furthermore
s =¢(c) tsh ™ ¢/ (c)h = d(c )R~ (P)h = ¢(c 2)p(c?) = e.

Since we have (s-¢)|p =¢|p = Adp-10(¢/|p) and (s-¢)(c) = s¢(c) =
¢(c)s = (Adp-10¢)(c), we get s- ¢ = Adp-10¢’, or [¢] = [s- ¢)]. O

Corollary 3.7. Under the above assumptions, there is a local homeomor-
phism from Hom&°Y(I", G)/G to (Hom&°Y(I",G)/G)", which restricts to a
local diffeomorphism on the smooth part. If |Z(G)| is odd, this local home-
omorphism (diffeomorphism, respectively) is a homeomorphism (diffeomor-
phism, respectively).

Proof. The first statement follows easily from Propositions [3.4] and [3.6] If
1Z(@)| is 0dd, we get Z(G)/2Z(G) =2 {0} and (Hom®°Y(I", G)/G)T = N&*1
by Proposition Furthermore, since {s € Z(G) : s* = e} = {e}, the cov-
ering map in Proposition is a bijection. O
The involution 7 also acts on Hom™ (I", G)/G. Let
Hom!™(I',G) = {¢ € Hom(I',G) : 4| € Hom™ (I, G)}.

By the same idea used in the proof of Propositions [3.4] and [3.6] we get
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Corollary 3.8. If G is simple, there exists a decomposition

(Hom™ (I",G)/G)" = U N
reZ(G)/2Z(Q)

where NI'* = N8°° 0 (Hom™ (I", G) /G). Furthermore, there exists a Galois
covering map R: Hom™(I',G)/G — NI with structure group {s € Z(G) :
s =e}. If |Z(G)| is odd, then there is a bijection from Hom™(I',G)/G to
(Hom™(I",G)/G)".

The results in this subsection show parts (1) and (2) of Theorem

3.3. The Betti moduli space associated to
a non-orientable surface

By Subsection [3.2| or parts (1) and (2) of Theorem we know that a rep-
resentation ¢ € Hom3°°d(I", @) such that 7[¢] = [¢] can be extended to one
on I' if an only if L([¢]) = 0. When applied to I" = 71 (M) and I" = 7 (M),
where M is non-orientable and M is its oriented cover, we conclude that a 7-
invariant flat bundle over the M corresponding to ¢ € Hom&°°4(I, G) is the
pull-back of a flat bundle over M if and only if L([¢]) = 0. We now consider
the example when M = X' is a compact non-orientable surface, in which case
we can characterize all the components N%OOd explicitly. The principal G-
bundles on X are topologically classified by H2(X,m1(G)) = m1(G)/2m1(G)
whereas those on the oriented cover X are classified by H?(X,7(G)) =
7m1(G). The classes in these groups are the obstructions of lifting the struc-
ture group G of the bundles to its universal cover group.

A compact non-orientable surface 3 is of the form Eﬁ (£>0,k=1,2),
the connected sum of 2¢ + k copies of RP2. Then X is a compact surface of
genus 20 + k — 1. For k = 1, we have

m(2) = {ai, b (1 <i < 0),c:c 2T [ai, bi]),
m1(2) = (i, by, al, by (1< i <€)« [Ti_ lag, bi] TTi_q [af, ] ).

The inclusion 71 (X) — w1 (X)) is given by a; — a;, b; — b;, a} — Ad.b;, V), —
Adca; (1 <i</{). For k=2, we have

m(2) = {ainb; (1 <i<l),c,d:d ed e [ [ai, bi] ),
m(2) = {ag, bo, a;, by, aj, b, (1 < i < £) : [ag, by Tz, ai, i) TTE2, [af, 8] ).
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The inclusion 7 (X)—m1(X) is given by ag—d =1, by c2, a;— a;, bi—b;,
b Adg-1. b, b Adg-ica; (1 <i<£). In both cases, ¢ € 71 (X) \ m1(2).

While a flat G-bundle over ¥ may be non-trivial, its pull-back to X is
always trivial topologically [19]. We assume that G is semi-simple, simply
connected and denote PG = G/Z(G). Then 71 (PG) = Z(G) and we have
H?*(X,m(PG)) = Z(G)/2Z(G). The map

O: Hom(m (2), PG)/PG — Z(G)/2Z(G)

that gives the obstruction class can be explicitly described as follows [18].
Let ¢ € Hom(71(X), PG). For k =1, let ¢(a;), ¢(b;), ¢(c) € G be any lifts
of ¢(a;), #(bi), #(c) € PG, respectively. Then O([¢]) is the element in Z(G)/
27 (QG) represented by qb(c)z(Hf:l [#(a;), d(b;)]) "L € Z(Q). (It is easy to check
that the class in Z(G)/2Z(G) is independent of the lifts.) The description
of the case k = 2 is similar. Consequently, there is a decomposition

Hom(m (%), PG)/PG = U o,
reZ(G)/2Z(Q)

where M, = O~ 1(r).

Let G — PG, g — g be the quotient map. Denote the induced map by
Hom(7(X), G) — Hom(m (X)), PG), ¢+~ ¢. In this section, we need to be
restricted to Ad-irreducible representations. The reason is that ¢ is Ad-
irreducible if and only if ¢ is so, whereas if ¢ is good, ¢ is not necessarily so
and its stabilizer may be larger than Z(G). We have

Hom!™ (7, (X), PG) /PG = U
reZ(G)/2Z(G)

where MI™™ = M, N (Hom™ (71 (X)), PG)/PG).
Lemma 3.9. There is a natural map
v (Homi“(m( ),G)/G)" — Hom“r( 1(X), PG)/ PG

satisfying L = O o . Consequently, ¥ maps NI* to M for eachr € Z(G)/
2Z(@G).

Proof. Given [¢] € (Hom™ (m(X),G)/G)7, there exists g € G (which is
unique up to Z(G) since Gy = Z(G)) such that Adgo¢ = ¢ o Ad.. We define
¢ € Hom(m(X), PG) by ¢|7r1(2 = ¢ and ¢(c) = §. The representation ¢ is
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a homomorphism because ¢(c)? = g% = ¢(c?), which follows from the result
z= gQQZ)( %)=l € Z(G) in Proposition Since ¢ € Hom'™ (7, (X), PG), we
have ¢ € Hom!™ (71 (%), PG). We define ¥ by ¥([¢]) = [¢]. To show that
O([9]) = L([#]) = [2], we work in the case k = 1. By using the respective

lifts ¢(ai)7 qb(bl)v g e G of Qg(ai)v Qg(bz)7 QZV)(C) € PG’ we get

’ -1
o([9]) = [92 (H[sb(ai),eb(bi)]) ] = [g°8(c*) 7] = [4],

=1

where we have used the relation Hle[gb(ai), ¢(b;)] = ¢ in m(X). The case
k = 2 is similar. O

Proposition 3.10. The map
¥: (Hom™ (7 (X),G)/G)" — Hom'™ (7, (¥), PG)/PG

is surjective. Consequently, W: NI — M7 js surjective for each r € Z(G)/
27(G).

Proof. Let [¢] € Hom™ (X, PG)/PG. Although <;5( ) € PG, Ad¢(c) acts on
G. We show the case k=1 only. Fix the lifts <Z>(a1) gb(b ) €G of ¢(ai),
¢(bi) € PG. Define ¢ € Hom(m(X),G) by setting ¢(a;) = ¢(az) o(b;) =
(bs), d(a)) = Ady(e) d(bi), B(B) = Ady(e) $las), for i = 1,..., £ This indeed
defines a representation because

l l l ¢
[1(6(a0), 60 [ [16(ah), 6(b1)] = [ (), $(0:)] Adge) [ [[(00), dlai)]= e.
i=1 i=1 i=1 i=1
The last equality is because Hf~1[q§( 1), (b;)] € G projects to ¢(c)? € PG.
Since ¢ is Ad-irreducible, so is ¢. [¢] is T-invariant because

$oAd, = Ady o,

which can be checked on the generators: &(Ad a;) = &(b’ ) = Adg(c) qS( i)
P(Adcaj) = Adg(e2) ¢(bi) = Adg(e ¢(a}), etc. It is then obvious that ¥([@]) =
[4]- O
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For the group PG, since Z(PG) is trivial, (Homi”( 1(2), PG)/PG)"
does not decompose according to Proposition [3.4] and the map

R: Hom!™ (7 (X), PG)/PG — (Hom™ (71 (%), PG)/PG)"

in Proposition [3:6] is bijective. The map ¥ is in fact the composition of
(Hom™ (71 (2 ), G)/G)" — — (Hom™ (7, (X), PG)/PG)" (induced by G — PQ)
followed by R~!. So for each r € Z(G)/2Z(G), the component NI of the
fixed point set (Homlrr( 1(X),G)/G)" corresponds precisely to the compo-
nent M of Hom!™ (71 (X)), PG)/PG which consists of flat PG-bundles over
X of topological type r € Z(G)/2Z(G). In particular, NI* corresponds to
the component 1” of topologically trivial flat PG-bundles over X .
The results in subsection shows part (3) of Theorem

4. Comparison of representation variety and gauge
theoretical constructions

Suppose M is a compact non-orientable manifold, 7: M — M is the ori-
ented cover, and 7: M — M is the non-trivial deck transformation. In Sub-
section we considered the natural lift of 7 on PC = 7*PC, where PC is
a principal G-bundle over M. Such a lift, still denoted by 7, is a G-bundle
map satisfying 72 = id pc and induces involutions on the space A(PC) of
connections on P and various moduli spaces. Moduli spaces associated to
P® — M are then related to the 7-invariant parts of those associated to
PC 5 M (cf. Theorem especially part 3). This can also be seen in the
language of representation varieties (cf. Lemma Proposition 3. on NgOOd
and Corollary |3.7] . To rov1de a geometrlc interpretation of the rest of the
results in Subsections |3 2 and 3 3 on NE>°? or NIT when 7 # 0, we will need
to generalize the setting in gauge theory.

Suppose Q — M is a principal G-bundle and the non-trivial deck trans-
formation 7 on M is lifted to a bundle map T on ), which is not necessarily
an involution. Let A be an irreducible connection on () that is invariant un-
der 7 up to a gauge transformation, ie., 7HA = ¢*A for p € 9(Q). Since
(1 o o 1)? is a gauge transformation on @ which fixes A, it is in the center
Z(G). So by modifying 7¢ with a gauge transformation ¢, we can assume
that 7¢ satisfies TC% =z € Z(G). In this way, although 7¢ is not strictly an
involution, it is so up to a gauge transformation, the right action of z on
Q. Since ¢ and hence 7g can be adjusted by an element in Z(G), z = 7'32
is well defined modulo 2Z(G). If z = t? € 2Z(G) (t € Z(G)), then z can be
absorbed in 7¢g by a redefinition such that 7 is an honest involution, and
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we are back to the situation before. In the general case when 7‘5 =z € Z(G)
is not the identity element, since Z(G) acts trivially on the connections as
gauge transformations, the action 75: A(Q) — A(Q) of 7 on connections
is still an honest involution. So we can define the invariant subspace A(Q)™@
and much of the analysis in Subsections [2.2] and [2.3] applies.

We now consider flat connections and relate this generalized setting to
our results on representation varieties. Choose base points zg € M and g €
7 Nxo) € M, and let I' = my (M, x0), I' = 71 (M, Fo). We fix an element
ce’\T.

Proposition 4.1. For any z € Z(G), there is a 1-1 correspondence between
the following two sets:

(1) isomorphism classes of pairs (Q, A), where QQ — M s a principal G-
bundle with a G bundle map ¢ lifting the deck transformation T on
M satisfying TQ =z, A is a Tg-invariant flat connection on Q.

(2) equivalence classes of pairs (¢,g) under the diagonal adjoint action
of G, where ¢ € Hom(I',G) and g € G satisfy ¢ o Ad. = Adgo¢ and
g2 () ==

Proof. Given a bundle @ and a 7g-invariant flat connection A, let T, :
Qa(0) = Qa1) be the parallel transport along a path a: [0,1] — M. TQ-
invariance of the connection implies 7g o Ty, = Troq © Tg for any path o. Let
v be a path in M from & to 7(Z) so that [7T o~] = ¢. Choose ¢y € Q3z,
and let g € G be defined by Tqo = 79(qo)g~". On the other hand, define
¢ € Hom(I",G) by Tago = qod(a)~" for any a € I', where « is a loop in M
based at Zo such that [a] = a. To check the conditions on (¢, g), we note

that 7o (Tagqo) = 70(q0)¢(a)~! and

TToaTQ(QO) = T ol v+ (Toar)y (QOQ)
= (Ty90)p(Adc a)g = T (q0) Ad, " $(Ad.a).

So Tg-invariance implies ¢(Ad.a) = Ad, ¢(a) for all a € I'. Similar calcula-
tions give 7o (Tyq0) =70 (179(90)9™ ) =qozg™! and Troy(T0q0) =T.(ror)(q09)
= go¢(c?)tg which imply g?¢(c?)~! = z. If another point ¢ = goh € Qz, is
chosen (where h € @), then the resulting pair is (¢, ¢') = (Adp-1 0pp, Adp-1 g).

Conversely, given a pair (¢, g) satisfying the conditions, we want to con-
struct a bundle () together with a lifting 7o of 7 such that Té =z and a
To-invariant flat connection on . Let M be the universal covering space
of M (and of M). Then I" and I' act on M, and M = M/I", M = M/T.
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Let Q = M x 7 G, that is, points in Q) are equivalence classes [(x, h)], where
€ M and h € G, and (za,h) ~ (2, ¢(a)h) for any a € I'. Let 7g: Q — Q
be defined by 7 : [(z,h)] + [(zc™t, gh)]. To check that 7¢ is well-defined, we
note that for any a € I', (zac™t, gh) ~ (z¢™ 1, p(Ad.a)gh) = (zc', gp(a)h).
Clearly, 79 commutes with the right G-action on . Furthermore, Té =z
because Té: [(z,h)] = [(zc2, g%h)] :A[(x,¢(c*22g2h)] = [(z,h)]z. Tt is easy
to see that the trivial connection on M x G is I'-invariant and descends to
a flat connection on . The latter is invariant under 7¢g since the trivial
connection on M x G is invariant under (z, h) — (zc¢~!, gh). Moreover, this
connection induces the pair (¢, g). O

Remark 4.2. We explain the gauge theoretic perspective of the results in
Subsections [3.2] and [3-3] using the correspondence in Proposition [.1]

1. As we noted, the 7 is lifted to a G-bundle map 7g on @ — M such that
7'622 =z € Z(G), then z is determined up to 2Z(G). Likewise, z = g?¢(c?)~*
is determined also modulo 2Z(G) by [¢] € (Hom&°Y(I",G)/G)™ (Proposi-
tion . If Té = t? for some t € Z(G), then 7 can be redefined as TH =
Tt~ so that (7'&2)2 = idg. We then have a G-bundle Q /7 — M over the
non-orientable manifold M whose pull-back of to M is Q. If a flat connection
is invariant under 7, it is also invariant under Té and hence descends to
a flat connection on Q/7(,. This is the situation in Lemma and Propo-
sition (where Q/7(, was PC). In fact, from these results, we see that
[z] € Z(G)/2Z(@Q) is the obstruction to the existence of a flat G-bundle on
M whose pull-back to M is Q.

2. In general, 7'32 # idg and the quotient of ) by the subgroup gener-
ated by 7¢g is a bundle over M with a fibre smaller than G. However, the
PG-bundle Q := Q/Z(G) over M does have an honest involution 75- S0 Q
descends to a PG-bundle /75 over M. Moreover, a 7q-invariant flat con-
nection on () descends to a 7g-invariant flat connection on @ and hence to a
flat PG-connection on (Q)/7g. The bundle /75 — M is usually non-trivial
as its structure group can not be lifted to G. (Otherwise, @ would be its
pull-back to M and would admit a lift 7o of 7 so that Té =idg.) Propo-
sition [3.10] shows that when G is simply connected and when M = X' is a
non-orientable surface, the topological type, i.e., the obstruction to lifting
the PG-bundle Q/75 to a G-bundle over M is precisely [2] € Z(G)/2Z(G).

Remark 4.3. 1. We can use 1 = 7(Zp) as an another base point of the
fundamental group of M so that %y and & play symmetric roles. The
image of m(¥,%;) under 7, can be identified with I" C I'. The isomor-
phism 7,: I' — 71(2, %) = I is then a — Ad; ' a. Having chosen o € Qgz,,
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let 1 = 7q(qo0) € Qz, and define ¢;: m1 (X, %1) = G by Taq1 = q1¢n([a]) 7,
where « is a loop in X' based at Z1. Using the identity 7 o Troq = T4 0 79,
we obtain ¢1([a]) = ¢([T o a]). Since ng = z, we also have the identity T,z =
7Q © Troy © Tg. So upon the identification of @z, and Qz, by 7¢, the parallel
transports along v and 7 o« differ by z.

2. When M = X is a non-orientable surface, the approach of double
base points was taken in [I7, [19]. Consider for example the case M =
Xt Let oy, Bi (1 <i</) be loops in the oriented cover X based at Z
and let v be a path in from Zo to Z; so that [7o ;] = ai, [mo Bi] = by,
[T o] = c. Then an element in N, (r = [z] € Z(G)/2Z(G)) can be repre-
sented by (A;, B;,C; AL, Bl,C") € G¥**2 satisfying A} = A;, B, = B;, C' =
Cz, where A;, B;,C, A}, B, C" are the holonomies along the loops or paths
ai, Biyy, Toaq, To B, Toy, (1 <i</{), respectively. By the above discus-
sion, we have the pattern A; = ¢([as]) = ¢1([7 0 o)) = AL, B; = ¢([Bi]) =
$1([ropi]) =B, (1<i<¥),C"=Czasin [I7,19].
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