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Pseudo-locality for a coupled Ricci flow

BIN Guo, ZHUIE HUANG, AND DuoNG H. PHONG

Let (M,g,¢) be a solution to the Ricci flow coupled with the
heat equation for a scalar field ¢. We show that a complete, x-
noncollapsed solution (M, g, ¢) to this coupled Ricci flow with a
Type I singularity at time 7' < oo will converge to a non-trivial
Ricci soliton after parabolic rescaling, if the base point is Type I
singular. A key ingredient is a version of Perelman pseudo-locality
for the coupled Ricci flow.

[1__Introduction| 585
2 Preliminary| 588
[3  Proof of the Pseudo-Locality Theorem| 592
[4  Convergence of parabolic rescaling to a soliton| 609
A ppend 620
[References| 625

1. Introduction

The Ricci flow [6] can be viewed as the parabolic and Euclidean version of
Einstein’s equation in the vacuum. In presence of matter fields, Einstein’s
equation becomes a coupled system. Thus we should also consider the Ricci
flow coupled with other flows. The simplest is the Ricci flow coupled with the
heat equation for a scalar field. This is a special case of the Ricci flow coupled
with the harmonic map flow, a version of which had been instrumental in the
proof of the short-time existence of solutions to the Ricci flow [3]. Coupled
Ricci flows also arise as dimensional reductions of the Ricci flow in higher
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dimensions, and the coupling to a scalar field arises in particular in the Ricci
flow on warped products [10].

More specifically, let M be a compact manifold. The Ricci flow coupled
to the heat equation is the following system of equations for a metric g;;(¢)
and scalar field ¢(t),

(1.1)
g(0) =go,  #(0) = oo

{3? = ~2Ric, + 216 ©dd, ¢ = Dgd

where gy and ¢y are given smooth initial data, and the coupling constant
to the scalar field has been normalized to be 1. Its stationary points are
solutions to Einstein’s equation with ¢ the matter field and stress tensor
Ti; = 0;¢0;¢. This flow has been first studied extensively by List [9], who
established criteria for its long-time existence, and obtained extensions to
this case of Perelman’s monotonicity formula and non-collapse results, as
well as an extension of Hamilton’s compactness theorem. Similar results for
the more general case of the Ricci flow coupled with the harmonic map flow
were subsequently obtained by Miiller [11].

The goal of this paper is to establish a Perelman pseudo-locality theorem
for the Ricci flow coupled with a scalar field. Let

(1.2) Sicyy = Ricy — do ® do

and denote its components by S;; = R;; — 0;00;¢ and its trace by S =
trySicy s = g Sij = Ry — [V ¢|2. From now on, we shall omit the sub-script
g and ¢, if it is clear from the context. We prove the following pseudo-locality
theorem:

Theorem 1. [Pseudo-locality] Given a € (0, ﬁ) and some const C' > 0,
there exist e = e(n,, C), 0 = §(n, o, C) with the following property. For any
solution to the Ricci flow coupled with a scalar field (M™,g(t),¢(t),p), t €
[0, (e70)?], which has complete time slices and satisfies

(1) S(g(0)) > —7r2 on the ball By0)(p,70);

(2) Areay)(0)" > (1 — 5)ch0lg(0)(Q)”*1, for any Q C By)(p, 7o),
where ¢, is the isoperimetric constant in R",

(3) |po| < C on the ball By)(p,ro),
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we have
(1.3) |Rm|(x,t) < at™! + (87“0)_2,
for any (z,t) such that dg)(z,p) < erg and t € (0, (e70)?].

A well-known conjecture of Hamilton is that blow-ups of Type I singu-
larities in the Ricci flow should converge to a non-trivial gradient soliton.
This conjecture was proved in dimension n = 3 by Perelman [14]. The con-
vergence to a gradient soliton for a Type I singularity was proved in all
dimensions by Naber [12], and the non-triviality of the soliton as ¢ tends to
the maximum existence time was subsequently proved by Enders, Miiller,
and Topping [4]. In a different direction, it was also shown by Cao and Zhang
[2] that the blow-down limit of Type I k-noncollapsed ancient solutions was
a non-trivial soliton. A key ingredient in the arguments of Enders, Miiller,
and Topping was Perelman’s pseudo-locality theorem. In this paper, we ex-
tend their arguments to the coupled Ricci flow as follows. First, List [9] has
shown that the maximum existence time T for the coupled Ricci flow must
satisfy

(1.4) limy_,7 sup,e p|Rm|%(t, ©) = oo.

Thus, in analogy with the Ricci flow, a solution (M, g, ¢) of the coupled Ricci
flow with maximal time T is called of Type I if there exists some constant
Cy such that

Co
T—t’

(1.5) sup |Rmgy|(z,t) < te[0,T).
xeM

A point p is said to be a Type I singular point if there exists a sequence
(pisti), pi = pyti = T, with [Rmyq,)|(pi) > (T — t;)~! for some constant
¢ > 0. Next, the notion of gradient soliton for the coupled flow can be ex-
tended as a triple (g;5, ¢, f) satisfying

(L6)  Sic+V*f - I —0, A¢p— (Vf,Ve)=0.

(T'—1)

The soliton is said to be trivial if the metric g;; is flat. As a consequence of
the above pseudo-locality theorem, we have then

Theorem 2. Let (M, g(t),(t)) be a solution of the coupled Ricci flow
with |¢o| < C, and assume that it has a Type I singularity at time T < oo,
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with p a Type I singularity point. Let \; — oo be any sequence of numbers,
and define a sequence of coupled Ricci flows by

(L.7)  gi(t) =Xg\ Tt +T),  ¢ilt) = ¢\t +T), V€ [-NT,0)

Then there exists a subsequence of (M, gi, ¢i, p) which converges to a non-
trivial gradient shrinking Ricci soliton (Moo, Goo(t), $oos Poo)- The function
Doo 18 actually constant, so this soliton for the coupled flow actually reduces
to a soliton for the usual Ricci flow.

The present paper is a revised version of a longer paper which was posted
as arXiv:1510.04332. Some background material in arXiv:1510.04332v3
has been replaced now by references. Otherwise the paper and main results
remain the same.

2. Preliminary

For the convenience of the reader, we quote here several formulas, estimates
and theorems already established by List [9] and Miiller [I1].

2.1. The evolution equation for the curvature

Let (M, g;(t), ¢(t)), t € [0,T), be a solution of the coupled Ricci flow (1.1)).
Then [9]
0

(2.1) a ik = ASjk + QRijleli — Slelk — Sklle +2A¢ - ¢jk-

Taking traces with respect to ¢?% gives

(2.2) %s = AS +2[S;;]2 + 2(Ag)?

List [9] showed ¢(x,t) is uniformly bounded along the flow
Lemma 1. (Lemma 5.10 in [9]) Let (g(t), ¢(t)) be a solution to the coupled

Ricci flow on M x [0,T) with initial data (go, Po), assume sup |pg| <
C, then we have for any t > 0,

(2.3) inf go(z) < B(x,) < sup o)
zeM zeM
(2.4) sup \qu]Q(x,t) <%t

zeM
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The following derivative estimate holds

Proposition 1. (Theorem 5.12 in [9], see also Theorem 3.10 in [11)]) Let
(9(t), (t)) be a solution to the coupled Ricci flow (1.1). Fiz xzo € M and
r >0, if

(2.5) sup 72|Rm| < C
B(T,xo,r)

where B(T,xq,r) is the union of metric balls By(xo,r) for all t € [0,T].
Denote ® = (Rm, V2¢), then for any integer m >0 and any t € (0,T)] the
following estimates for derivatives of ® hold

(2.6 sup [V < Cln,m)C™H (172 47"
B(t,xo,r/2)

where C'= C(n,m) is a constant depending only on n and m.

2.2. Reduced distance, reduced volume and monotonicity
formula

In this subsection we provide some background material on the reduced
distance and volume for the coupled Ricci system. The material can be
found in List [9], Miiller [I1] and Vulcanov [15].

Let (g45(t), ¢(t)) be a solution to the coupled Ricci flow (1.1)) on t €
(0,T). For some fixed tg € [0,T), set 7 =ty —t. In terms of 7, the flow
becomes

(2.1) (9ij)r = 2545, ¢r = —Adp.

We can now define the L-length of a path for coupled Ricci flow as
follows. Let v : [11,7] = M be a path, where 0 < 71 < 7 < ty. We define the
L-length of the path v by

22) £0) = [ VA(S6o) + 1Y (R ar

where S(y(7)) and the norm |/(7)| are evaluated using the metric g;;(t) at
time t =ty — 7.

We are ready to state the definition of reduced distance ¢, 4, (g, 7) and
reduced volume V;, (7). Given p € M, and tq € (0,T), for any ¢ € M and
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0 <7 < to, define Ly, (q,7T) to be the infimal L-length of all curves v with
7(0) = p and ¥(7) = ¢, e,

(2.3) Lpa(q,7) = nf L(v)
—int { [TV (S + W OF ) 900 = pr(7) = o
Define the reduced distance based at (p,to) by
(2.4 b (0,7) = 22T,
and the reduced volume by
(25 () = [ (amr) e ey, 0

From now on we will omit the sub-scripts p, g if it is clear from the context.
We have the following lemma about derivatives of L and V.

Lemma 2. (Lemma 6.9 in [11]) The first derivatives of L are given by

(2.6 Le(a,7) = 2/7S(q) — 5-Lla,7) + 2K
and

(2.7) IVL|*(q,7) = —47S(q) + ;L(q,f) - ;K
where

(2.8) K = /0 T2 H(X(7))dr

and X (1) =+/(7), v is the unique L geodesic joint p,q. H(X) is defined by
1

(2.9) H(X) = -8, — =8 — 2(VS, X) + 2Sic(X, X)
T

Lemma 3. (Lemma 6.10 in [11]) The following inequality holds in the
barrier sense

(210) Lz ( )+AL(Q7 )S 7_7[’(% )7

T 2T
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As a simple consequence, the function L(q,7) = 2,/7L(q, 7) satisfies the
following inequality in the barrier sense

(2.11) Ly + AL < 2n,

Recall that the reduced distance ¢(q, 7) was defined in (2.4)). It follows im-
mediately from Lemmas 2 and [3] that

Lemma 4. The reduced distance satisfies the following differential inequal-
ities in the barrier sense,

1 1
1 1
2 _ /e
(2.13) VP = =S+t~ 55K
n 1
. < — — J
(2.14) Al o =S 5K

which imply the following inequality in the barrier sense,
(2.15) eT—M+|W\2—S+23 >0
T

Note also that, by the maximum principle applied to (2.11]), we have
min L(-,7) < 2n7, and hence

ll

('aT) <

(2.16) min {(-, 7) = min . g

Theorem 3. (Theorem 6.4 in [11]) Along a solution of the coupled Ricci
flow, the reduced volume V (T) is monotonically nonincreasing in T = to — t.

Proof. If we let v = (477)~™2e~!, then we have

vy n Av

(2.17) L=, — = AL+ |V
(¥ v

Hence by (2.15)), we have v; — Av + Sv < 0. Since

V(r) = / (4nr) 20T gy = / vdV,
M M
we obtain that

(2.18) if/(T) = / (vy + Sv)dV < / AvdV =0
M M
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i.e., V(7) is monotonically nonincreasing in 7. Q.E.D.

2.3. A k-noncollapsing theorem

The k-noncollapsing theorem of Perelman [14] has been generalized to the
coupled Ricci flow by List [9] and Miller [IT]. First, we recall Perelman’s
definition of x-noncollapse:

Definition 1 (k-noncollapsing). We say a solution (M, g, ¢) of the cou-
pled Ricci flow on an interval [0,7") to be k-noncollapsing at the
scale p, if for each r < p, and all (xg,t9) € M x [0,T), the following holds:
if |Rm|(x,t) <r~2 for all (z,t) in the parabolic neighborhood of (g, o),
(x,t) € P(xo,t0,7) = By, (20,7) X [to — 7%, t0], then vol(By, (zo,7)) > kr™.

Using the formulas about reduced distance and reduced volume we have
stated above, one can establish the following x-noncollapsing theorem.

Theorem 4. (Theorem 7.2 in [9], see also Theorem 6.13 in [11]) Given n,
K, p, c, there exists k=r(n, K, p, ¢) such that for any solution (M, g(t), (t))
to Ricci flow coupled with heat equation on M x [0,T), T < oo with(M, g(0))
complete, |Rm| + |V2¢|?> < K andinj(M, g(0)) > ¢ > 0, then the solution is
k-noncollapsing at the scale p.

3. Proof of the Pseudo-Locality Theorem

Our proof of the pseudo-locality theorem for the coupled Ricci flow follows
the lines of Perelman ([I4], see also [§]). We begin with the analogues for
the coupled Ricci flow of several lemmas of Perelman (Lemma 8.3 in [14])
on the time evolution of the distance function and the fundamental solution
of the conjugate heat equation.

3.1. The time-derivative of the distance function

Lemma 5. Let (M,g(t),p(t)) be a complete Ricci flow coupled with the
scalar heat equation. If Ric(g(to)) < (n — 1)K in By,)(zo,70), then for any
x & Byt,)(z0,70), we have for d(x,t) = dg(t) (z,x0)

0 2 _
B @], —Agudat) = ~(n-1) (3Kr0 o 1>
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Proof. Let ~(s),s € [0,d(x,tp)] be a normal minimal geodesic with respect
to g(to) joining xo and . Then

(3.2) gt s d(x,t) /Szc v,y )ds > — /Ric(’y/,’y/)ds
—to Y

where Sic = Ric — d¢ ® d¢. Note that Sic is bounded above by Ric.

At zg, set Ey =+/(0), and extend FE; to an orthonormal basis E; of
T,,M. Parallelly transporting this basis along v gives us an orthonormal
basis of T M.

Recall the second variation formula of the distance function. Assume
w € T, M, and let W be the Jacobi field given by W(xg) =0, W(x) =
Then

(3.3) Vid(w,w) = I(W,W) < I(Y,Y)

where Y is any vector field with Y (z9) =0, Y (z) = w and I(W, W) is the
index form defined by

(34) IV, W)= / (VW) (VAW A) = RV W) ) s,
Thus
Agyd(z,to) = ZV d(e;,e;)
<Z/VF| VyF,v') = R(Y, P/, Fy)ds

for any vector field F; with F;(xo) = 0 and F;(z) = E;(z). Choosing F; along
v as

(3.5) Fi(y(s)) =

we obtain

(3.6) <V’Y’ i77/> =0
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foralli =2,--- ,nand s € [0,d(x, to)] and |V, F1|* — (V. Fy,4')* = 0. Hence
Bd(eto) < [ 2V B = RO, Fo/, F)ds
7 i=2

I/l §? , p
:/ Z(g—gR(%Ei,%Ei)> ds
0 = \"o 70
n

d(z,to)
+/ Z_R(/yluEivfyl7Ei)d3
o i=2

n — 1 To 82 d($,t0)
= + / (1- —Q)Ric(’y’,*y’)ds — / Ric(y',+)ds
0 7o 0

n —

Lt (0 DB~ 3r0) + (a1

(3.7) < —

70 t=to

This completes the proof.
By similar argument, we have the following lemma, for which we omit
the proof.

Lemma 6. Let (M,g(t),$(t)) be a complete Ricci flow coupled with the
scalar heat equation. Assume

Ric(g(to), x) < (n — 1)K

for any x € By y(x1,70)UBy.) (22, 70), and di, (1, 22) >2r0. Then we have
g(to) g(to)

0 2 _
(3.8) Edt(fbl,xz) i > —-2(n-1) <3Kr0 + 15 1)
where di(w1,T2) = dyg (71, T2).

3.2. The localized W-functional and conjugate heat equation

Let O = 0, — A. The formal adjoint [I* of [ is defined by the relation

(3.9) 0= / b /MDgpwdedt— / b /MQD-D*i/Jdth

for any a,b e [0,T], ¢, € C§°(M X (a,b)). It is readily recognized that
*=-90,— A+ 5.
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Let u = (47(T —t))"2ze~f be a solution of the conjugate heat equation
O*u = 0. Set

(3.10) v= ((T—t)(2Af—|Vf|2+S)+f—n>u.

By direct calculations, we have

.. 2
S@-j+VNjf— _Jij__

(3.11) O = —2(T—t)< T

+(Ap—(Vo, Vf>)2> u

and in particular we have (J*v < 0. We remark that the integral of v over
M is the W-functional introduced by Perelman (see e.g. [2, 13| [14])

Wigiyef.T = 0) = (n(T =) 2 | (T =)(97F +5)+ f = n)eav

in case the integration by parts holds.

Similar to the Ricci flow case (see [13| [14]), we have the following differ-
ential Harnack estimate for the fundamental solutions to the conjugate heat
equation.

Lemma 7. Letu be the fundamental solution based at (p,T), namely O*u =
0 and u(x,t) = op(x) ast — T. Then we have v <0 for allt < T, where v

is defined as in .

Proof. For any fixed ty € (0,7) and any positive function hg, solve the equa-
tion Ok = 0 with initial condition h(tp) = ho. Then we have

;t/M hodV = /M (@k)o - h(@v))av = - /M WO v)dV > 0.

Hence, f 2 hvdV is increasing in t € (to, T'). Moreover, as stated by Perelman
([14], see also [13])

(3.12) tl_i)I,II}i ., h(z,t)v(z, t)dVyey) =0,

hence we have
(3.13) / h(z, to)v(w, to)dVg(s,) < 0.
M

Since h(z,ty) and ty are arbitrary, we have v(z,t) <0 for any ¢t < T.
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3.3. A point selection lemma

We return now to proof of the pseudo-locality theorem. Without loss of
generality, we can assume rg = 1. Assume that the theorem is not true,
that is, there exists e, 0 — 0 such that for each k, there exists a complete
solution (M, gk, ¢, px) to coupled Ricci flow (L.1]), such that S(gx(0)) > —1
on ball By, (o) (pk, 1), Areag, (0)(92)™ > (1 — &)cnVoly, 0y ()™ for any Q C
ng((]) (pk, 1), and |¢k,0| < C, but there exists (zy, t;) such that dg(tk)(xkvpk)
< e and

(3.14) |Rm|(z, tr) > aty ' +e,.2.
Moreover, we can choose a smaller € such that
(3.15) |Rm|(z,t) < at™ + 26,2

for all t € (0,¢7) and dg,. () (7, pr) < &g To see this, observe that the contin-
uous function

F(e) =¢€® sup sup  |Rmlg, (t) —at™!
t€(0,e2] \ By, t)(Pr-€)

satisfies F'(e) > 1 by (3.14), and limsup,_,q F(e) < 0 since (My, gx(t)) is
a smooth flow. Therefore we can choose an ¢ smaller than e; such that
1 < F(é) <2, and denote this € as the new ¢y. It follows from the definition
of F(e) that and both hold by slightly changing the zj, in
if necessary.

We divide the argument into several steps.

The first step is to choose some other point (Z,t), such that the Rie-
mannian curvature tensor can be controlled by |Rm|(Z,t) in a parabolic
neighborhood of (Z,t), provided there exists an (z,t) satisfying the above
hypotheses.

The following point-selection lemmas can be proved in the same way as
the Ricci flow case, so we omit the proof and refer to that of claim 1 and
claim 2 in section 10 of [I4] (see also [§]).

Lemma 8. For any large A > 0 and any solution (M, g(t), ¢(t),p) to cou-
pled Ricci flow, if there is a point (zo,tp) € M x (0,€?] such that |Rm/|(z, to)
> atal + &2 and dy,(zo,p) < €, then there is a point (Z,t) € M, such that
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dy(z,p) < (14 2A)e and
(3.16) (Bom (1) < 4| Rm| (2.
for any (x,t) € M,, 0 <t <t such that
dy(w,p) < di(Z,p) + A|Rm|~/*(z, 1),

where
My = {(z,t) € M x (0,€%] : |Rm|(x,t) > at™'}.

Lemma 9. Under the same assumption as previous lemma, the point (Z,t)
selected above satisfies

(3.17) |Rm|(z,t) < 4Q =: 4|Rm|(z,1)
for any x € By (7, %AQ*UQ) X [t — %anl,ﬂ.
Applying Lemma [9} we can find
(Zp, Tr) € My, x (0,€7]  with  dy, ) (Zx, p) < (14 24)er,
satisfying the above properties, i.e.,

(3.18) ‘Rm’gk(t)(l',t) <4Qy = 4‘Rm’(.’i‘k,t_]€)

for any (z,t) € Q, where Qy is defined by

1 _ 1 _

3.4. A gap lemma

For each k, let uj be the fundamental solution at (Zy,tx) of the conjugate
heat equation, i.e., uy is the solution of

Ofup =0
with initial condition Dirac function dz, (z) at time t;. Define as in (3.10))
V= ((fk — t)(S +2Af — ’Vf]JZ) + fr — n)uk

where we have set uy, = (4 (f, — t)) /2 e~ 5.
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Lemma 10. There exists a uniform constant b > 0(independent of k) and
aty € (tp — %aQ;l,fk) for each k, such that

where By, = B, ;) (Tk: Vi — th).

Proof. The proof is by contradiction. Assume that it is not true, which means
that for any # € (tp — %aQ;l, t1), there exists a subsequence, still denoted
by k, such that

(3.21) liminf/B vRdVy, i,y = 0.

k—o0

Consider the following rescaling,
(3.22) 9i(t) = Qugr(Qy 1t + 1), o (t) = b1 (Qy 't + Tx)

for t € [~Qut,0]. Then (J(t), dr(t)) also satisfies the coupled Ricci flow
(1.1). Note that under the parabolic rescaling 2} becomes

A _ 1 1

Now, we consider the following two cases: either along a subsequence the
injectivity radius of g (0) at Zj has positive lower bound, or there is no such
a lower bound along any subsequence.

Case 1: By List’s compactness theorem (Theorem 7.5 in [9]), we can
find a subsequence, again denoted by k, such that (Mp, gx (), q@k(t), Pk) con-
verges in the pointed C*°-CG (Cheeger-Gromov) sense to a new complete
coupled Ricci flow (Myo, goo, Poo, Poo) for t € [—%a, 0], and |Rm|g_(z,t) < 4
for all (z,t) € My x [—3a,0] and |Rm|(2a,0) = 1. For each My, we have
the fundamental solution 4y based at (T, tx), tix converge to Uy in the same
sense, where u is a fundamental solution to the conjugate heat equation
on (Mo, goos Poos Too) based at (oo, 0). So vg converge to v in the same
sense, and v < 0 by Lemma [7| By the assumption , for any fixed
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to € [~3c, 0], we have

(3.24) oo (5 t0)dVg () 2 0,

/Bgoo(to)(woovv —to)
Thus veo (-, t0) = 0 on By_ (¢,)(Zeo, v/—t0). Next we show that
(3.25) Voo =0 on My X (to,0]

For this, take a non-negative, non-trivial, function kg with compact support
in By_(t,)(Too; v/—t0), and solve the following heat equation

(3.26) dh = Dy_whs  h(to) = ho(-)

By the maximum principle, we have h(z,t) > 0 for any ¢ > ¢y, and

(3.27) / (7, )veo (m, 1)V, (1) :/ Othvee — R} vee > 0.
Mo

Since the integral [hvdV is zero at both ¢ =ty and ¢ = 0 (see [13, [14]), it
is zero for any t € (to,0). Since h is strictly positive, and v non-positive,
our assertion follows.

The formula (3.11)) for Of vy shows that (geo(t), doo(t)) is a complete
extended Ricci soliton, i.e.,

(3.29 Sicae(goo (1) + V2 fuclt) — 220
(3'29) Aﬁboo - <v¢007 vf<>o> =0

for all t € (t9,0). We require the following version for the coupled Ricci flow
of a result of Zhang [16],

Theorem 5. Let (Moo, goo(t), ooy foo) be as in and (3.29), then
Seo(t) > 0 and the gradient vector —V4__ foo is a complete vector field, i.e. it

generates a one-parameter family of diffeomorphisms o(t) : Moo — My for
all t € (—o00,0).

The proof of Theorem [5| will be given in the Appendix.
We can now apply Theorem |5l The completeness of goo(t) implies that
of V foo. Thus the vector field —V fo, can be integrated to give a family of
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diffeomorphisms ¢(t) : Moo — Moo, to < t < 0, such that

2 6t) =~V foelt) 0 0(1)
Consider §(t) = —t ¢(t)*goo(t). We have

0

539() = t720()" 9o (£) — 71 0(1)" (L v 1. Goo (£) — 25ic(goo (1))
B30 =270 (- Sictanlt) - Tl - S50 ) =0,

Hence g(t) is independent of ¢ € (¢y,0), the Riemannian curvature of §(t) is
bounded and [Rmg (7o) # 0. On the other hand, [Rm/|gq) = (—t)|Rm|,_ ),

— Bmlaw (@) 5, 1 when t is close to 0. This con-

therefore |Rmly_ ) (7c0) -

tradicts |[Rm|y_(0)(70) = 1.

Case 2: Suppose now that there is a subsequence so that the injectivity
radii of the metrics at Zj, tend to zero, w.l.o.g., assume ri = inj(Zg, gr(0)) —
0. Rescale (Mg, gk, o, pk) by

(3.31) Gr(t) = r20k(rit),  or(t) = dr(rit).

where ¢ € [—2ar; %, 0]. The region €, becomes

(3.32) dg

L(0) (7, Zg) < %Akrgl —o00, tE€ |:—;O¢7“,;2,0:|

The injectivity radius of gx(0) at Zj is 1. On i, the Riemannian curvature
tensor is bounded above by 47",%, hence we get a subsequence converging
in C*°-CG sense to a complete coupled Ricci flow (Moo, goo, Poos Poc) for
t € (—00,0]. Moreover the uniform curvature bound on €2 implies that the
solution (Mo, goo) is a flat metric. Hence, by similar arguments as in the
first case, we get a family of solitons (Meso, goo, Poo, foo) satisfying
and (3.29). Since Rm(goo(t)) = 0, by Theorem S(goo) = —| Vg ol? >0,
we have ¢, =const. Therefore

 goolt)
(3.33) Vifoo = SO

By the uniformization theorem in Riemannian geometry, the universal cover
of (Mo, goo) is isometric to (R"™, gean), ™ : R™ — M. Pulling back to the
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universal cover, we get

gcan
VA foo = >0
T foo =75
Hence, 7* fs is a strictly convex function in R”™. Since a convex func-
tion on R”™ can never be periodic, m has to be trivial. Therefore, we have
(Moo, goo(t)) = (R™, ¢(t)gean ), but this contradicts the fact that injy_ (2o, 0)
is finite. The proof of Lemma [10]is complete.

We establish next another version of the preceding gap lemma, but with
the volume form dV, () replaced by dV,, (). For this, we need the assump-
tion on the initial metrics, which we had not used as yet.

Let ¢ be a smooth function on R which is one on (—o0, 1], decreases to
zero on [1,2], and is zero on [1,00), with (¢')? < 10p and —¢” < 10¢.

The following construction is done for each individual (Mg, gk, Ok, Pk)-
Let dy(x,t) = dg(z,t) + 200n\/t where dy(x,t) = dg,(t)(Pk,7), and define a

function hg(x,t) by
Czk Z, t
(e 1) = ¢ (IOE%Z)

Lemma 11. If the constants Ay are chosen to be large enough, then we
have for all k

1
< —=b .
0S5 <0

(3.34) / hivrdV,
M

t=
where b is the constant in Lemma [L0.
Proof. We suppress the subindex k for notational simplicity. It is easy to

show that
(3.35)

1 1000\ |, (d(z,t) 1L, (d(x,t)

We claim that, if A is large enough, then
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For this, it suffices to show that if A is large enough, then on the support of
¢'(d(x,t)(10Ae)7Y), i.e., when 104e < d(z,t) < 20Ae, we have

100n
3.37 di — Ad+ ——— > 0.
(3.37) : N

Indeed, for ¢ € [0, %], we have 200n+/t < Ae if A is large enough, and hence
9Ae < d(z,t) < 21Ae

Let ro = v/t. Since ry < €, we obviously have = ¢ B(p, o). Moreover, from
(3.15)), we know that |Rm|(x,t) < at~! 4 272 for x € B(p, rp). Thus we can
apply Lemma [5] to get
2
di — Ad>—(n—1) <3(at_1 +2e72)/2 4 t_1/2>
2 4 —1/2 —1/2
(3.38) = —(n—1)(Gatge 2t 1) 72 = —1000772.

This establishes the claim.
Recall that Lfv < 0. Thus

% ( /M h(—v)dV> - /M (Dh(—v) + hD*v)dV < /M Oh(—v)dV

1 1
<— | —"=0)dV < ——— | 100(-v)d
< e f, ¢ IV < (g [, 1000
10
. <" | n=v)d
(3.39) < 10(42)? /M (—v)dV
and hence
(3.40) 4, /h(— v < — L
‘ at 8 [,V = 102

Integrating from 0 to ¢ yields (here f is from Lemma

Iy h(—v)dV‘t
Iy h(—v)dV‘t

(3.41) =l < eroaTe < eioaT
=0
where we used t < 2. Hence, we get

(3.42) / h(—v)dv‘ > e~ TR / h(—v)dV|,_;.
M t=0 M
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It suffices to show that h =1 on the ball B = B (z,v/t —t), and then the
desired inequality follows from Lemma

To see this, it suffices to show for any x € Bg(g)(i, \/t — 1), it holds that
dyp) (2, p) < 3Ae. Recall by Lemma@ |Rm|(y,t) < 4Q = 4|Rm|(z,t), for all

(y,1) € Byp (:E, 11()AQ_1/2> X [t— ;aQ_l,t} .
And by distance comparison argument we have

dyiy (v, 7) < "0 d i (y,7) < €2dy () (y, 7).
For z € B (z, \/ﬁ), we have

<Vt—t+ ego‘dg(g) (p, )

1
< W/L% +e2(1 4+ 24)e

<e+(142A4)e < 34,

if A is large enough and we use the estimate Q > at ' > ae™2. Hence the
desired statement follows.

We show next that the gap inequality in Lemma [11| can be expressed in
a form closer to that appears in log-Sobolev inequalities.

We continue to suppress the subindex k for notational simplicity. Set u =
(4n(t —t))"™2e~f and v = <(t_— (S +2Af — |VfI2) + f — n)u Then we

can write

(3.43) /M h(fv)dV‘tZO

- - (E(S FOAf VP 4 f - n) (4nd) " 2he~! dV
M
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In terms of @ = uh, f = f — logh, this can be rewritten as

/M h(—v)dVL:O

- /M—(E(S+2Af+ 2Alogh — |V f + Vlogh|?)
+ f+ logh — n) (dnd) " 2e~ T ay
- /M (E(—2Af+ IVF?) - f+n) (4rd)~2ef qv
(3.44) + /M ( —#S +#|Viogh|? — log h) (4nt)~"2e~Tqv

after an integration by parts.
The second term in the above right hand side can be estimated as follows.
At time t = 0, we have S(g,$)(0) = R(g) — |V$|*> > —1. Thus

(3.45) / —tSudV < / tudV < / tudV <t < &2
M M M

From the definition of h, it follows immediately that

1 90’2 110
(104e)2 2 ~ (104e)? ¢

|V loghl? =

Since 1 < ¢ < 2 on the support of ', we have then

t 1
. < <
(3.46) / t|V log h|*hudV T0Az 2/ udV < T0AZ

For the last term — | u log hudV', by the definition of h, it’s non-zero only
on the region B(p,204¢)\B(p, 10Ae). Since —zlogz <1 <1 on (0,1], we
obtain

/ —(hlogh)udvg/ udV

M B(p,20A¢)\ B(p,10Ac)

(3.47) S/ udV—/ udV
M B(z0,10A¢)

Finally, a similar argument as above shows that

d(x, ) -2
udV > / udV >1—cA™ 7,
/B(p,lOAs) SO( 5Ae )
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for some constant ¢. Putting all these together, and applying Lemma we
obtain

(3.48) /M(—ﬂv P2 = F 4 n)(dn)"2eFay

>(1—-A2p—(1+c)A 22>

N o

if A is large and ¢ is small enough. . 3
Define g = Q%g, then dV = (2)~"/24dV, ﬂVf@ = %|Vf|§. Now we restore
the subscript k, and normalize the function 4 as follows
i 2t5,) " %4
(3.49) U= — )"

Define then the function Fj by

(3.50) Uy, = (2m) "2 P,

Lemma 12. Let Fy and Uy be defined as above. Then we have for k large
1 9 ~ 1
(3.51) —*|VF]€| —Fr,+n de‘/:[]k > —-b>0.
M 2 2

Proof. Write g—: = (4nty)""/2e~F* where o}, = ka UpdVy, — 1, as k — oo.
From the definition of fi, we have Fj, = fi + logoy. Plugging this to the

inequality , we get
(3.52) /M (—;|VF;€|2 — F, + log oy, + n) UrordVs,
> (1 . A — (14 )AL % — e}
Since A — o0, € — 0 and o — 1 as kK — oo, the lemma follows.
3.5. Logarithmic Sobolev inequalities

We now derive the desired contradiction. Once the estimate in Lemma [I2]
is established, this part of the argument is the same as for the Ricci flow.
Nevertheless, we give it for the sake of completeness.

Logarithmic Sobolev inequalities have played an import role in geometric
flows to derive noncollapsing properties (e.g. [5 [14]). We begin by recalling
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the log Sobolev inequality on R™. One version of it says that
1
(3.53) / <—2]VF]2 —F+ n) (2m) "2 Fav <0

for compactly supported functions U = (27)~"/2e~ " satisfying Jr UdV =
1. It would have been easy to compare this inequality with the inequality
established in Lemma([I2] had both been on R™, but we need a version of the
log Sobolev inequality on Riemannian manifolds. For this, it is convenient
to make use of another version for R™, which can be obtained as follows.
Let U.(z) = ¢"U(cx), and define F,(z) by U,(z) = (27)~"/2e~F<(*) Then
F.(x) = F(cx) —nloge. Applying the logarithmic Sobolev inequality to
Ue(z) ( since [j, Ue(z)dr = 1) gives
(3.54)

1
/ (—202]VF(693)]2 — F(cz) +nlogc+ n> (2m) " 2e Pl de < 0

Change of variable by y = cx, and maximize the right hand side term for
c € (0,00). A simple calculation shows that the maximum is achieved at

-1
& =n </ |VF($)‘2(27)_n/2€_F(x)d.%’>

Substituting ¢ back into the inequality above, we obtain the inequality

(3.55) / \VF|*Udz > nexp (1 — 2/ FUda;>

n

for all U = (27r)~"/2¢=F and Jr» Udx = 1.

Using symmetrization arguments, we show now that the same inequality
holds on a Riemannian manifold, provided the isoperimetric inequality holds
for domains on that Riemannian manifold. More precisely,

Lemma 13. Let (M, gi;) be a compact Riemannian manifold. Assume that
Area(0Q)™ > (1 — 8)e, Vol ()" for any Q C By(p,r), then for any U with
compact support on Bg(p,r), with [,, UdV, =1, we have

2
(3.56) /M IVF|2UdV, > (1 — 6)>™nexp <1 - = /M FUdVg>

n
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Proof. We use another equivalent formulation of the log Sobolev inequality.
On R", it says that

2
(3.57) / 4|Ve|*dz > nexp (1 + log 2 + n/2(10g ©) de«’U)

and the Riemannian version, equivalent to (3.56)), is the following
2
(3.58) / 4\Vpl2av, > (1 — 8)2/"n exp (1 + log 27 + / 2(log (p)g02>
Mk n Mk

where we have set ¢? = U = (2rr)""/2e~F Sy ¢*dVy=1and F = —2logy —
5 log 2.

To prove , define ¢* on (R"™, gean) as the symmetrization of ¢
as follows. More specifically, let M(s) = {z € M : ¢p(x) > s}, and definee
©* to be the non-increasing, radially symmetric function on R” satisfying
©*(0) = sup,; ¢, and for any s,

Volg...({¢"(x) = s}) = Volg(M(s)).

Recall the co-area formula states that for any function g, we have

(3.59) / )| Vuldz = / /u , Jdouds

Applying this to M(s), with g(x) = Iilﬂ’ and differentiating with respect to
s, we obtain

1 1
Vol(M(s)) :/ / — = _do,
Sl A Ll N P S T

On the other hand, since ¢* is symmetric, we have |V¢*| is constant of
{¢* = s}. Hence,

doy.,,

1
Area(d{¢" = 5))* = / Ve*|do,.. / 1
for=s} T gz V7]

= (Arca(@{e" = s)") 7" = (eaVol(fe* 2 s ) "
(chOZ ))”_1)2/n
<(1-10)" 2/”A7"ea (OM(s))
< (

1
(3.60) 1-6)" 2/”/ \w\da/ ——do
{p=s} ! {p=s} V¥l
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Hence, we get

(3.61) / Vldoy > (1— 62/ / Ve |do..
{p=s} {p==s}

Applying the co-area formula again, we get

(3.62) / |Vgo|2dng(1—5)2/"/ Vo™ 2d,
M Rn

and

oo 21
/ * log pdVy = / / 2082 15,ds
M 0 {p=s} |v§0‘

1

2

= S logs/ ——do,ds
/0 {p=s} |v90| I
ee 1

2
= s logs/ ———doy,,.ds
/0 {p*=s} |v90*| ’

(3.63) = / (¢*)?log p*dx
Rn

Putting all these together gives the logarithmic inequality (3.58]) on Rieman-
nian manifolds.

3.6. Completion of the proof of the pseudo-locality theorem

We return now to the setting of § = ¢, then dV = (25)_"/2dV, with the

functions Uy and Fj, defined as in (3.49)) and (3.50)). The equations (3.51))
and (3.56) imply that

2 ~ ~ b
(3.64) (1— 5k)2/nﬁexp <1 — / FkdeVk> + / F.U.dV;, —n < ——
2 n M, M, 2
Let . =1 — % ka FkdeVk, the left hand side term can be written as
_n 5.\ 1 < _é
LHS = 3 ((1 §)2/mem 1 77k) < -3

However, consider the function (1 — 0;)%/™e® — 1 — . Its minimum occurs at

xo given by (1 — 8;)%/™e™ = 1, and hence its minimum is —z = 2 1og (1 —
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k). Thus, we have

(3.65) LHS >

2
—log (1 —6) = log (1 — ;) — 0, as k — oc.
n

|3

This is a contradiction, and the proof of the pseudo-locality theorem is
complete.

4. Convergence of parabolic rescaling to a soliton

The goal of this section is to establish Theorem [2| It is shown in the first
subsections that, in presence of a Type I singularity, the parabolic rescalings
of the coupled Ricci flow will converge to a soliton. The non-triviality of the
soliton will be established in the last subsection by applying the pseudo-
locality theorem.

4.1. Estimates for the reduced distance

Suppose the flow satisfies the Type I condition (1.5)), for any 77 < T, we
have sup,; |Rm|(g(t)) < 752 for any t € [0,7"). For any fixed t, € [0,7"),
take 2 = T' — tg, and by the Type I assumption

sip | Rml(z,9(t) < sup (T’ — to) 0

— COa
t€[0,to],xEByt) (p,r) t€[0,to0] T —t

thus by the derivative estimates (2.6]), it follows that

m 14z 1 N\
swp [V Ral(o(0) < CmCy (i) L e ol
By (p,r/2) 0

In particular, at (p,tp), we have

C n, C C n')C
VR p.t0) € (9 Rl (1) <
4.1
T i < C0C)
’ B (T/ —t0)2’

and since p € M, ty € [0,7") are arbitrary, the above estimates hold on M x
[0, 7).
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Set 7 =171(t) =T —t. We will denote g(7) = g(T" — 7). By the higher
order estimates (4.1)), we have

. C(n,C
4 max([ S5, |Sicly(y) < S
( 2) 2 C(TL, CO)
I e e

We are now ready to establish the following estimates for the reduced dis-
tance, which are obtained by Naber ([I2]) in the Ricci flow case.

Lemma 14. There exists a constant C(n,Cy) depending only on the Type
I constant Cy such that

1) C(n, Co) 122D _ (. ) < U(q, 7) < Cln, Co) 222 1 O(n, ).

T T

2) ‘V€|2 < C(n%Co) (1 + dﬁm(p,q)).

7

C(n,Co) (L5 (P:9)
< ( P9 ),

3) |t

where { is the reduced distance with base space-time (p,T").

Proof. We apply the estimates in (2.13]). For this, we estimate the quantity
K in (2.8) as follows,

T 2
K| < CnCo) [ 7 <1+'X'+'X’ )dT
0

2 73/2 T

7 2
< C(n, C'o)/ 3/2 (12 + —|X| > dr
0 T T

< C(n,Cy) /OT VT(S + \X\2)d7 + C(n, Co)V7
= C(n, Co)VTl + C(n, Co)V/7,

Substituting the above estimates into (2.13]), we get the estimate

(4.3) we < €0 4 oin,cy).

Next, we claim that there exists a constant Cy = Ca(n, Cp) such that

[(p,7)| < Cay, V7€ (0,T].
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Indeed, consider the constant map ~ : [0,7] — M defined by v(7) = p. The
L-length of this curve is bounded above by

zmo<Afﬁﬁ”“%MT<cmxw¢a

T

then the claim follows at once from the definition of ¢(p, 7).

Thus from (4.3]) we have

(4.4 VVTH Gl < S22,

The mean value theorem implies

d
VU@ £ 01— i ) 101 < Cln, Cy) 1029
\/;

which is

7_

(4.5) (g, 7) < C(n, C’O) + C(n,Cy).

This is the desired upper bound for ¢(q, 7). To derive the lower bound, we
begin by showing that, for any minimal geodesic o with respect to the metric
g(T), we have

C’(n, Co)

If Ly7)(0) < 24/7, this integral inequality follows directly from the cur-
vature assumption Sic < Ric < C;

If d = Ly(z)(0) > 2V/7, take an orthonormal basis { E;}{_, of vector fields
which are parallel with respect to g(7) along the geodesic o, and E,, = o'(s).
Choose a function ¢(s) satisfying ¢(s) = % for s € [0, ﬁ], o(s) =1for s e
[V7,d — /7], and ¢(s) = d—\;; for s € [d — /7, d]. By the second variational
formula of the length function (applied to each variational vector field ¢FE;
for 1 <i<mn-—1), we have

/ Sic(a'(s),0'(s))ds <

an—1

0< Vg, (0F;)] ¢*(s)Ric(Ey, Ey,)ds.
[ S weome- [o
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Consequently,

/Ric(a',a') < 2(’151) + 100/0 (1= ¢2)ds
2(n—1) n 4(n —1)Cy
NG VT

The claim follows now from Sic < Ric.

A

Choose now L-geodesics 1 and 72 : [0,7] — M connecting the space-
time points (p,0) with (p,7) and (g, T), respectively. Let

fo [O,dg(q-) (1(7),72(7))] = M

be the minimal geodesic connecting the points 71 (7) and ~v2(7) under the
metric (7). Then

d .
g ((7),72(7) = (V) + (Vg / Sic(o'(5). o/ (s))ds
< lgern + 1Y2(7)lge )+T

Integrating the above inequality from 7 € [0, 7] yields

0.0 < [ (al + ) dr + . Co)V7.
The first term on the right hand side can be estimated by
[ vl [ VAmP+cove
0 0
< 2\/7:—£(p1 7_—) + C(n7 CO)\/% < C(n> CO)\/7:—>

while the second term can be estimated by

s ([ )" ([ 1)

< C(n, Co)V7 (£(q, 7) + C(n,Co))2,

Combining with these estimates we get

dy(o(,0) < V7 (C(n, Co) + C(n, Co) (¢(g, ) + Cn, Co)) /2,
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that is

a2 (p,q)
C(n, CO)%L

— C(n,Co) < U(q, 7).

This is the desired lower bound for ¢(q,7). The remaining estimates in

Lemma [14] follow from the equations (2.12)) and (2.13]), so the proof is com-
pleted.

We restate the lemma above in terms of the original extended Ricci flow.
For any T" € (0,T), there exists a constant C' = C(n, Cy) such that (denote
Ly (q;t) = £(q, T" — t) as in the previous notation)

1 d?](t) (p,q)

(4.6) C’(n, C()) - C(n, C()) < E(pm)(q, t)

T —t
d2 (P, @)
< O(n. o)== + C(n. Co),
2
C(n,Co) [ dyy(P,9)
2 ) g
(4.7) Vo by (g, D)7 < T ¢ ( T —f L,
0 C(n,Co) {dos(p:a)
(1.5 itom(an| < ( 0T ),
and the following inequality hold in the distributional sense,
ov 9 n
. = - - <.
(4.9) 5 + Ayl — |IVL"+ S 0T — 1) = 0

Take a sequence of times {7;} such that T; T, and we have the corre-
sponding reduced distance functions

gz(Qvt) - g(p,Ti)(Qat) : M % [OaT‘Z] — Ra

and each ¢; satisfies the estimates (4.6|), (4.7), (4.8]) and (4.9)) with the same

constant C'(n, Cy). In particular on any compact subset Q C M x [0,T), the
functions ¢; satisfy uniform CY, 011\47 and C} estimates. In addition,

14illw2(0) < C(n, Co, Q).
Thus up to a subsequence and a diagonal argument we may assume that

U — o € WEA(M % [0,T))

loc
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weakly in I/Vllof(M x [0,T)), and on any compact subset 2 C M x [0,T), the
convergence is uniform in C°(£2) norm. Moreover, it is not hard to see the
limit function is locally Lipschitz, so the limit £, € VVlif, and /o, satisfies
similar estimate as ¢; in (4.6)).

We define

(4.10) Vie(t) = (4m(T — 1)/ /M e 0dV ).

Lemma 15. The function Voo (t) satisfies the following properties:
(1) Voo(t) < 1, Vt € [0,T).
(2) Voo(t1) < Vio(ta), forty <ty € (0,T).

Proof. In view of Lemma we have for each ¢; and ¢t € [0,T),

J(t)(p 1) q(f)(p »a)

£i(g,t) < C(n C[))e Cn.CoTi—n < C(TL 00)6 Cn,CoN(T—1)
Thus the function on the right hand side in integrable with respect to dVy ),
so by the Lebesgue dominated convergence theorem

1—00 1—00

(4.11) lim V;(t) = lim (4n(T; —t)) /2 /M e DAV, ) = Vio(t)

It follows from [I4] that lim;_,7, V;(t) = 1 and V;(¢) is nondecreasing in ¢, so
for each ¢ € (0,T) when 7 is large enough V;(¢) < lims_,7, Vi(s) = 1. Part (1)
of the lemma follows. Similarly, Part (2) follows from the monotonicity of
Vi(t) for each i, so that V;(t1) < V;(te) for t; <ty € (0,7). Q.E.D.

Lemma 16. The function £ satisfies the following inequality in the dis-
tribution sense,

4.12 Ay s >
(4.12) Oiloo + — |[Vls|* + S (T—t)_o

Proof. Since ¢; converge weakly to { in VVllof(M x [0,T)), for any vector
field V on M with compact support and ¢ € C2°((0,7")) we have

(4.13) //< (V. Vgt Zf&)dv()d
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We aim to prove that for any nonnegative ¢ € C°(M x (0,T)), it holds
that

90 2 ne

First note that by (4.9), the following holds for ¢; for i large enough,

n(p

By locally C° uniform convergence of ¢; to {, it follows that the first,
second, fourth and last terms in (4.15)) converge to those in as 1 —
00, respectively. So to show , it suffices to show the third terms also
converge, i.e.

T T
(4.16) /D /M<p|V€i|2dVg(t)dt—> /D /M<p|woo|2dvg(t)dt.

Since £+ is the weak limit of ¢; in I/Vl1 2(M x (0,T)), it follows that

T
/0 /M | Vloo|*dVy(pydt < lim inf /M QI V|2 AV dt

So to show (4.16)) it suffices to prove that

T T
(4.17) lim sup / / Q| VP dV,dt < / / Q| Voo |* AV, dt
i—00 0 M 0 M

noting that

T
(4.18) lim sup /0 /M<P|Wi12d‘/g(t)dt

1—00

T
= lim Sup/ / O(V(li — loo — €), VL) dVypdt
; 0 M

1— 00

—|—limsup/ (PVloo, VEi)dVypdt,
M

1—00

using (4.13)), we see the second term on RHS of (4.18)) converges to

T
/0 /M 0| Vil |*dV,y 4 dt
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Since ¢; converges uniformly to ¢ on suppy C M x (0,T), there exists a
sequence of numbers ¢; > 0 which tend to 0 such that

lboo — ;i +€; >0, on supp .
To deal with the first term on RHS of (4.18)), by (2.14) it follows that

C(TL, Co)

R —

+ C(n C'O)T —

in the distribution sense. Multiplying both sides by ¢ (¢ — ¢; + €;) and in-
tegrating it follows that

/T/ (V(p(ti = loo — €)), Vi)

/ / (n, Co — 0+ €)(C(n,Co) + £;),

the RHS tends to 0 as i — oo, because both /., and ¢; are bounded on
supp ¢ and fo, — €; + ¢; — 0. The LHS is equal to

/OT/M gp<v(£ifooei),wi>+/0T/M(gi£ooei)<w,wi>,

and the second term tends to 0, so

T
limsup/ / OVl — oo — €;), V) <0.
i—00 0 M

Thus we finish the proof of , and also that of .
Define function us, by

(4.19) Uso = (47 (T — t)) /2t

Then the inequality in Lemma [16]is equivalent to the inequality

(4.20) O oo = (=0 — Agt) + S)uoo <0

in the distribution sense. So it follows that

d d

(4.21) @Voo = & /M uoodVg(t) = /M(&g + Ag(t) — S)uoo > 0.
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Lemma 17. If Voo(t1) = Vo(ta) for some t1 <ty € (0,T), then g(t) is a
coupled gradient soliton, that is,

Proof. The existence of two such values ¢; and ¢ implies that the integrand
on the right hand side of , which is known to be > 0 by Lemma
must vanish identically. By parabolic regularity, the function u., is actually
C* in M x [0,T). Thus the function v defined by

Voo = (T = t)(S + 2Alog — [Vilo|*) + log — 1) Uso

as well as [(J*v,, must vanish identically. Since we have, by a direct calcula-
tion,

2
s = (207 = fsic+ 92t = 5L 219~ (90, V0

The vanishing of (0*v., implies immediately that g(¢) is an extended soliton,
as claimed.

4.2. Blow-ups of Type I k-noncollapsed solutions

Let (M, g(t), ¢(t)) be an coupled Ricci flow solution to (1.1]) with |¢o| < C,
and assume that it is of Type 1, i.e.,

Co
T—t

sup [Rm|(g(t)) < t<[0,7),
M

and T < oo is the maximal existence time of the flow.
Take any sequence of numbers \; — 0o, and define a sequence of coupled
Ricci flows

gi(t) = Mg\t T), ¢ilt) = ¢(N\H+T), ¥t e [-NT,0).
By the Type I condition we have

B B Cot Co
sup | R (1) = A" Lsup |R Xl +T) < J ==,
sk}pl m|(gi(t)) = A, b}&pl m|(g(N; ))—T—(T+A;1t) —
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By the compactness Theorem (Theorem 7.5 [9]) for coupled Ricci flows,
combined with the x-noncollapsed condition, there exists a subsequence

(M, gi(t), ¢i(t), p) = (Moo, goo(t); doos Poc),

converging in the Cheeger-Gromov sense, where (goo (%), poo(t)) still satisfies
the coupled Ricci flow equation (|1.1)).

By the gradient estimate (2.4]) of ¢(t),

sup|$(0)]> _ C?

2, < L = 2
Sjl\bplvcb( Mo < : ;

In terms of the rescaled solutions (g;(t), ¢i(t)),
sup [V6i()lg, ) = A sup [Vt +T)lg 1)

B e PR
TN Tt NT

By the C'*° convergence of (g;, ¢;) it follows that

sup |V¢$oo(t)|2 =0,
Moo

hence ¢, = const, and the coupled Ricci flow (goo, Poo) becomes the stan-
dard Ricci flow.

From now on, we will denote the “reduced” function ¢, constructed in
the previous section by £, : M x [0,T) — R. Denote

E;j : (M X [_)\va 0)7917¢7,7p) — R

by Eﬁ,(q, t) = lp(q, )\i_lt +T).By Lemma E; satisfy the following estimates

dy. (P, 9) A dy (0. )
O(n. o) =+~ 0. Co) < 634, 1) < Cln, Co)=*2= 40 (n, Cy),
4 C(n,Cy) [P, q)
V4P (a,1) < (”_t ) ( w41

and

o . C(n,Co) {dz,4)(P:a)
Z g < i
latép(q’t)’ R ( i
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for any (¢,t) € M x [=\T,0), and the last two inequalities are understood
as the derivatives of locally Lipschitz functions. Note that the constant
C(n, Cp) above is independent of i.

So we can extract a subsequence of 6;, which converges in the Cheeger-
Gromov-C}) (Mu, % (—00,0)) sense to a function ¢ : My x (—00,0) = R,
and the convergence is uniform on any compact subset of My, x (—00,0).

Define

(4.22) Vo) = (dm(—t)) /2 /M e @Dqy, .

The reduced volume functions

(423)  Vi(t) = (dr(—t))"/? /M BNV o (q) = VoW1 4 T)

are nondecreasing for each fixed ¢ since Vy(s) is nondecreasing in s € [0, 7))
and bounded above by 1. So for any fixed t < 0, we have

(4.24) lim V(t) = lim Vo (t),

1—+00 t'—=T
noting that the RHS is independent of ¢. On the other hand, by the dom-

inated convergence theorem and smooth convergence of g;(t) to geo(t), we
have

(4.25) lim Vi(t) = lim (4n(—t))"/? / e @AV, (= V(t),
11— 00 1— 00 M

Hence V°(t) is constant and independent of t. By Lemmal(l7, it follows that

the limit metric goo(t) is a gradient shrinking Ricci soliton.

4.3. Non-triviality of the soliton

It remains only to show the Ricci soliton g, is not flat, when the base point p
is a Type I singularity of the flow (g(¢), ¢(t)). We will use Perelman’s pseudo
locality and a contradiction argument. First recall that the pseudolocality
states that there exists a uniform constant g9 = gg(n) such that if the ex-
tended Ricci flow solution (M, g(t), ¢(t)) satisfies [|¢(0)|zo(B, o, (p1)) < C
and the geometry of (Bgy)(p,1),9(0)) is sufficiently close to that of the



620 B. Guo, Z.-J. Huang, and D. H. Phong

Euclidean unit ball (B(0,1), gean) in the C? sense, then we have

2
_ €
|Rm|(z,g(t)) < 10652, Vt € (50,5(2)), Vx € By(e2/2)(p; €0)-

Suppose the limit metric goo(t) is flat, and by assumption it is also k-
noncollapsed, so by the uniformization theorem (Mso, goo) = (R, gean)- By
the smooth convergence of (M, g;(t), ¢i(t),p) to (M, goo(t)), it follows that
when 7 is large enough, the three conditions in the pseudolocality theorem

are satisfied on (By,(_z2)(p, 1), gi(—€3)). So it follows that

2
_ e
|Rm](x,gi(—€3 + t)) < 10502a Vt € (50,6(2)), Vz € Bg,;(—e%/Q)(pa 50)'

Fix a large ¢, and in terms of the original flow, we have
(4.26) R, g(T + A (= 22)) < 10Aeg 2,
for all t € (F,¢8) and @ € Byip_y-1239) (0, 3)-
However, since p is a Type I singularity point, which means there exists

a sequence of space-time points (pqa,tq) such that t, — T', p, — p and

for some ¢ > 0.

(4.27) [Bm(pa, 9(ta)) 2 7= .

However, by (4.26) when « is large enough
| Rm(pa, 9(ta)) < 10Xigg”,

and the RHS is uniformly bounded above, and this contradicts (4.27]).

Appendix

In this appendix, we provide a proof of Theorem [5, which extends Zhang’s
theorem ([16]) to the case of extended Ricci flow. We may assume ¢ = —1 in
(3.28) and (3.29) and for notational convenience we suppress the subindex
00 I (Moo, 9oo, Poos foo)- We fix a point p € M.

Lemma 18. We have

S+ |Vf|? = f = const.
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Proof. For a function f, we will denote f; = V;f and f;; = V;V; f, etc.
We will also use a comma to denote the covariant derivative, e.g. R;jr =
Vi R;j. Taking covariant derivative for (3.28)), we have

Rijj — ¢ijdj — ¢idg + fijj = 0,
by the Ricci identity
fiji = Tiig = fiji + fiRij = (Af)i + Rij f,
and the contracted second Bianchi identity R;;; = %R,i, we get

1
2

combining with the soliton equation 1) R;; = %gij — fij + ¢i¢; and
A¢ = ¢;f;, we have

R =9 — S(V6P) + (AP + Risfy =,

1 1, ., 1, 1.5\
<2R—2|V¢| +Af+§f—§|vf| )4—0

)

so we conclude that
1 1 9 1 1 9
p_ - A e
2R 2[V¢\ + f+2f 2|Vf]

is a constant. Combining with S + A f = %, we finish the proof of the lemma.
Without loss of generality, we normalize f such that

S+|Vf2—f=o.
By direct calculations we have
(7.1) AS = (Vf,VS) + 5 — 2|Sic|* — 2(A¢p)%

For completeness, we give the proof of ([7.1)).
Noting that by Lemma [18 and Bochner formula,

AS = Af —2|V2f|? — 2(VAF, Vf) — 2Ric(Vf,Vf),

and

—(Vf,VS) = —|Vf*+ (Vf, VIV,
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moreover, by the soliton equation we have
V22 = [Sicl? + % = S,
combining with the equations above, it follows that
AS — (Vf,VS) =8 —2|Sic|> — 2Ric(Vf,Vf) + |V = (VF, VIV,
and the last three terms on RHS are equal to
—2(Rij + fij) fifj + |V fI? = =2 (;gij + ¢>i¢j> fifi + VI

= —2((V¢, Vf))?

now the formula follows from A¢ = (Vf, Vo).
Now we go back to the proof of nonnegativity of S for the complete

soliton (3.28)). We rewrite the estimate (3.7) as follows: if Ric < (n—1)K
in the ball B(p,r), then

2
Ad(p,-) < (n— 1)(7"0_1 + §K7°0) — /Ric(’/,’y’)ds,
¥
where v(s) is a normal geodesic initiating at p. Recall the equation Sic +

V2f=1/2g, Sic(y,y') + V*f(v,7') = 1/2, and

L 50(s)) = (V5,4
2
L8 = (Vo Vfo/) = P12 ),

thus

d(p,x) d2

. ro o 1
| it yds = a2 [ o s

d(p,x)
+ / dé ® d(,')ds
0

2400 2) = (9 £((3)), 7 (D0

%d(p’x) — (Vf(2), Vad(p, x)) — [V f(p)].

v

v
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Hence, we have for d(z) = d(p, x)
2 N\ 1
Ad—(Vf,Vd) < (n—1) gKro—i-'rO —§d—|—\Vf|(p).

For any fixed p € M, note that (M, g) is complete noncompact. There ex-
ists an rg = ro(p) > 0, such that Ric(g) < (n — 1)ry? on the ball B(p, 7).
Choose a cut-off function n(z) such that it is 1 when x is less than equal to
1, vanishes when z is greater than 2, and |/|?/n < 4, 7' <0 and |1”|, || < 2
in R. Then define a new function on M by (by abusing notation we still use
n to denote the new function)

) i=n (U5,

where A > 0 is a large constant. Define u = Sn, and we calculate

S,r]l/

. Au =nA
(7.2) u=nAS + (Aro)?

S A+ +2(VS, Vi)
Arg ’ ’
We consider two cases Uiy > 0 or umi < 0. For the first case, we are already
done, since that means S(p) = u(p) > 0; in the latter case, we know the
minimum must be inside the support of 7, which is a point in B(p, Aro)
denoted by pmin. At the minimum point pyin, we have Vu = 0 and Au > 0,

hence at pyin, we see V.S = % and un’ > 0, and

Au=y((VS,Vf) + 5 —2Sic —2(80)°)

i

un’ un
+ Ad +
Aron (Arg)2n
< (VS V1) +5 - 28icl)
ur’ un'" V|2
+ Ad + — 28
Aron (Aro)2n n

:nQvaVﬁ+S—2WM§

+2(VS,Vn)

ury un'" P 1
+ Ad + —2u
Aron (Aro)?n n? (Arg)?

gnQv&Vﬁ+S—2wmﬂ

/

um
Argn

+ ((Vf,Vd)-|—2m’61+|Vf\(p))—2u|77

2 (Arg)?

3
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Observing that at pyin, the first term in RHS is

/
st VIV gy ),
U Aron

which is cancelled with one term in RHS. Hence we have at the minimum
pOiIlt Pmin,

n'[?

n? (Arg)? —

un’ 2nun’

(7.3) u — 2n|Sic|? + IVfl(p) — 2u

Ardn  Argn

On the other hand, by Cauchy-Schwarz —2n|Sic|? < —2# = —zn—%;, multi-
plying by 7 in (7.3]), we see that

2U2 27’LU’I7, un/ |?7/|2/77
_ ' g Ly -
nu + A + Aml f1(p) w g 20
that is )
2u dnlul = 2Jul |
0< - — 2l o A
< |ul + A +Am\ fl(p) + o
thus we conclude that at the minimum point ppyin,
C(IVfI(p),n)
[ul < A2
0
for any constant A > 0, and this implies
C n, V p
S(0) = u(p) > g >~ [0
70

Note that in this estimate, the constants C(n,|V f(p)|) and ¢ only depend
on the chosen point p and |V f(p)|, and are independent of A, so letting
A — oo, we have S(p) = u(p) > 0. Since p is an arbitrary point in M, we
conclude that S > 0 on M.

From S + |V f|? = f, we conclude that |V+/f| < 2, thus |V f| < Cd(p, z)
outside a compact set. Hence, the completeness of the metric g implies the
completeness of the vector field V f, which means it generates a one param-
eter family of diffeomorphisms.
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