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The Gauss-Bonnet formula for
harmonic surfaces

PETER CONNOR, KEVIN L1, AND MATTHIAS WEBER

We consider harmonic immersions in R? of compact Riemann sur-
faces with finitely many punctures where the harmonic coordinate
functions are given as real parts of meromorphic functions. We
prove that such surfaces have finite total Gauss curvature. The
contribution of each end is a multiple of 27, determined by the max-
imal pole order of the meromorphic functions. This generalizes the
well known Gackstatter-Jorge-Meeks formula for minimal surfaces.
The situation is complicated as the ends with their induced met-
rics are generally not conformally equivalent to punctured disks,
nor do the surfaces generally have limit tangent planes at the ends.

1. Introduction

The study of harmonic surfaces is largely motivated by the desire to under-
stand to what extent this theory differs from the more special and better
studied class of minimal surfaces. Several papers by Klotz [6-8] 10] from
the sixties through eighties deal with the normal map of a harmonic surface
and its quasiconformal properties. In a recent paper, Alarcén and Lépez [1]
prove that a complete harmonic immersion has finite L? norm of the shape
operator ([ |S|?dA < o) if and only if it satisfies Osserman’s theorem in the
sense that the domain of the surface is conformally a compact Riemann sur-
face with finitely many punctures and the normal map extends continuously
into the punctures.

In this paper, we will study harmonically parametrized surfaces in R,
d > 3, where the domain is a punctured compact Riemann surface, and the
coordinate functions are real parts of integrals of meromorphic 1-forms. This
is a larger class than that of those parametrized surfaces where merely the
coordinate functions are assumed to be real parts of meromorphic functions.
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It contains complete minimal surfaces of finite total curvature, where in ad-
dition the sum of the squares of the meromorphic coordinate 1-forms needs
to vanish to make the parametrization conformal. This relationship to mini-
mal surfaces was our initial motivation to study this larger class of surfaces.
But, generally, in our case the parametrization is not even quasiconformal,
nor does the Gauss map extend continuously into the punctures.

However, these surfaces have finite total Gauss curvature and surpris-
ingly satisfy a Gauss-Bonnet formula in the spirit of the Gackstatter-Jorge-
Meeks formula [3], 5] for minimal surfaces. The proof of this formula is our
main objective.

Extensions of the Gauss-Bonnet theorem to more general open surfaces
have been investigated in the past: In [9], Shiohama derives a general Gauss-
Bonnet formula where the contribution of the ends to the total curvature is
given by a limit of circumferences of geodesic circles, provided the total cur-
vature is finite. In [IT], White assumes finite L2-norm of the shape operator
to show that the contribution of the ends is a multiple of 27. This appears
to be the first indication that this contribution is quantized under certain
conditions.

We will now introduce some notations and discuss examples to explain
or main theorem. Let wg, k = 1,...,d be meromorphic 1-forms in the unit
disk D that are holomorphic in the punctured disk D* = D — {0}. We assume
that the residues resgpwy are all real. Then

(1.1) f(z):Re/Z(wl,...,wd)

defines a harmonic map f : D* — R%. We say that D* represents an end.

Note that a regular affine transformation can change the order of the
forms wy while not affecting the appearance of the end by much. To obtain
a rough classification of ends that is independent of affine modifications, we
define:

Definition 1.1. We say that two ends f and f given as above are affinely
equivalent if there is a regular real affine transformation A : R — R¢ such
that f = Ao f.

We say that an end is in reduced form if the pole orders ni of wi at
0 satisfy n; < mg--- < ng and if (n1,n2,...,ng) is minimal in lexicographic
ordering among all affinely equivalent ends. In this case, we call the d-tuple
(n1,...,nq) the type of the end.
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Example 1.2. The end given by

/1 1 1 1 1 1
) =he [ <z+zz’22+z37z2+z3> dz

has type (2,3, 3) since it can be affinely transformed into

~ /111 9 1 1
=R -— =, -+ =, + = | dz.
/) e/ (z 2zt s 22+z3> :
Observe that while in the domain the end looks like a punctured disk,

the Riemannian metric of the surface induced from R3 does not need to be
conformally equivalent to a punctured disk:

Example 1.3. Using an extremal length argument, we will show that with

wy =1dz
1
wy = —dz
Z.
1
= —d
w3 22 z

the induced metric on D* is not conformally equivalent to any punctured
domain. Recall that the extremal length of a curve family I' on a Riemann
surface is defined as

length ()2
ext(I") = sup inf L’)W)
p ~el  area(p)

where the supremum is taken over all finite area and non-zero conformal
metrics p and length, () is the length of v with respect to p. It is well known
that the extremal length of the family of curves I' encircling a puncture is 0
for any Riemann surface. We will bound the extremal length of I' from below
for the conformal class of metrics induced by the harmonic parametrization
above.

To this end, we compute in polar coordinates z = re

Fr,t) = <r cos(t), log(r), —~ sin(t)) .

r

The first fundamental form becomes g = T,% go with

(147 cos(t) Lsin(t)?  —(r® + 1) cos(t)sin(t)
g0 = < —(r3 %) s(t )sm( ) r?sin(t)? + L cos(t)2>

T
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Note that gg is just g conformally scaled, and has finite and non-zero
area. We use this metric as a test metric to estimate the extremal length of
the curves I' from below:

The length of the tangent vectors to these curves us bounded from below
by the lengths of their components in the ¢-direction. Because of

d d 2 A ()2 2
+ >
go( o t) cos(t)* + r*sin(t)” > cos(t)?,

the go-length of all curves enclosing 0 is bounded below by 4. This shows that
the punctured disk with metric go (or ¢g) cannot be conformally equivalent
to any punctured Riemann surface.

Figure 1.1: A sphere with two ends of type (0, 1,2).

We will now introduce a quantity that measures the contribution of an
end to the total Gauss curvature of a surface.

The total curvature of an open surface of non-positve curvature is defined
as the infimum of the total curvatures of compact subsets of the surface.
This infimum can be computed as limit over any compact exhaustion of the
surface; we choose complements of coordinate disks of shrinking radii about
the punctures.

Let X be a compact Riemann surface with finitely many points p; € X,
and denote by X’ = X — {p1,...,pn} the punctured surface. Also denote by
X the surface X with disjoint disks D; around each p; removed; this is a
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surface with boundary. By the Gauss-Bonnet formula,

/A KdA+ / kgds = 2mx(X) = 2mx(X).
X 0X

Consequently,

KdA:/KdA+ K dA
X X ; D
=2mx(X') + KdA—/ Kkgds
) ; D ox

:27rx(X’)+Z//KdA+Z/6D Kgds.
i=1 7D i=1 i

Note that we switch the sign in the integrals over the geodesic curvature,
since the boundaries of the disks D; are the boundary components of X with
opposite orientation. This motivates the following definition:

Definition 1.4. The Gauss curvature KC; of the puncture p; is the generally
improper integral

K; = KdA + / Kg ds.
D! oD,

Finally, we rewrite this definition as a limit of geodesic curvature inte-
grals. Identify the disks D; with the unit disk |z| < 1 and denote by A;(r)
the annulus r < |z| < 1 C D;. By the Gauss-Bonnet formula again,

KdA = lim KdA
D! r—0 Aqi(r)

= — lim Kgds
r—0 9A;(r)

= lim Kgds — / Kgds.
=0 Jiz|=r 8D;

Thus we can rewrite the definition above as
K; = lim Kgds.
—0
" |z|=r

Observe again that this limit is independent of the chosen coordinate of
X about the puncture p;.
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The main goal of this paper is to evaluate this limit for harmonic sur-
faces.

Provided we can evaluate the Gauss curvatures at the punctures, we
immediately obtain a global Gauss-Bonnet theorem:

Theorem 1.5. Suppose X is a compact Riemann surface with finitely many
pointsp; € X. Let X' = X — {p1,...,pn} and f : X' — R? be an immersion
with finite Gauss curvatures IC; at p;. Then we have

/ KdA—=Y K;=2mx(X").
' i=1

Our main result then is

Theorem 1.6. For k € {1,...,d}, let wy be a meromorphic 1-form in D
with pole of order ny at 0 and holomorphic elsewhere. Assume that the
parametrization

£ =Re [ (@)

is an immersion. Then the Gauss curvature of this punctured end is given
by
Ko = —2m(max(ng) — 1).

In case the parametrization is conformal, i.e. when the surface is minimal,
this theorem is well known [3, 5] and has a simple proof: It is easy to see
that the surface has a limit tangent plane at the end so that the curves re'
become large circles in this tangent plane with multiplicity given by the pole
order minus one.

However, not all harmonic surfaces have limit tangent planes at their
ends. The question, then, is, why would we expect the Gauss curvature to
be quantized? We have a conjectural picture that does give an explanation,
which we illustrate with an end of type (2,3, 6), see Figure

Numerical experiments indicate that the normal map of the surface,
restricted to a curve t — re', traces out a curve in S? that approaches the
union of great circles in a single plane in S?, with corners just at a pair of
antipodal points. This suggests that the normal map maps the disk of radius
r about 0 to a region that converges with » — 0 to a union of hemispheres.

The Gauss curvature of an end will then be the area of this limit region,
which is an integral multiple of the area of a hemisphere, see Figure [1.3
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Figure 1.2: An embedded end of type (2,3,6).

Figure 1.3: Image of the Gauss map along t ~ re for the end of type
(2,3,6).

Our estimates are currently not strong enough to prove a precise ver-
sion of this statement. Instead we will evaluate the total curvature integral
directly. This is quite delicate due to the singular nature of the integrand,
shown in Figure for the same end. On the other hand, our proof is es-
sentially intrinsic, indicating that there should be a Gauss-Bonnet theorem
for complete Riemannian surfaces whose ends have the same asymptotic be-
havior as the ones induced by harmonic immersions of the type we consider.

In the example at hand, the geodesic curvature integrand n,(t) =
kg(t)|c,(t)] approaches 0 in open intervals while it blows up at t=
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Figure 1.4: Graph of 7,(t) for an end of type (2,3,6).

km/(max(ng) — 1), where max(ny) = 6. It will turn out that this behav-
ior is quite typical, and that each singularity will contribute the amount —7
to the total geodesic curvature when r — 0.

The computations will be carried out in the subsequent sections, which
we have organized as follows:

To prove the theorem, we will distinguish two cases. By permuting the
coordinates, we can assume that the pole orders are monotone: ny < ng <
s < nyg.

In Section we deal with the simplest case that ny_1 = ng where we do
have a limit tangent plane at the end.

In Section [3] we derive a formula for the geodesic curvature of surfaces
in R? adapted to our situation and give an estimate from above.

In Section [4] we prove that we normalize the 1-form with the top pole
order by a suitable holomorphic change of the coordinate.

Then, in Section [5] we introduce notation for the second case of differ-
ent top two exponents ng_1 < ng and ng # 1. We provide a formula for the
geodesic curvature in this case, expanding by powers of r in polar coordi-
nates. This computation will reveal the singularities that the total curvature
integrand develops for r — 0.

We deal with these singularities using a blow-up argument in Section [6]
This requires to show that the geodesic curvature integrand is bounded
uniformly by an integrable function, which is done in Sections [7] and

Finally, in Section [0] we deal with the case ng = 1 which requires some
special treatment.

In a logically independent companion paper [2], we construct many
highly complicated examples of harmonic embedded ends and complete,
properly embedded harmonic surfaces to which our theorem applies.
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The authors would like to thank David Hoff, Steffen Rohde and Adam
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2. Case I: Equal top exponents

In this section, we will show that our main theorem holds in the case that
the two top exponents are equal. We first treat the case that the coefficients
of two top exponents are independent over R. This is the simplest case as
here the Gauss map does still extend into the puncture.

Suppose f : D* — R? is given as

1) =Re [ (e,

where w; are holomorphic in D* and meromorphic in D. Let n; be the order
of the pole of w; at 0.

Lemma 2.1. Assume that ny < ng < --- <ng_1 = ng. Write
wj = (a;z7" +---)dz,

and assume that ag_q1 and ag are linearly independent over R. Then Ky =
—27(ng —1).

Proof. For z € D*, denote by T, the 2-dimensional tangent plane in R? of the
surface f(D*) at f(z). We orient T, so that the linear maps df|, : R? — T,
are orientation preserving. The map z +— T, is the generalized Gauss map
of f. We first claim that the generalized Gauss map extends continuously to
0.

To see this note that by our assumptions we can find a regular real
linear transformation L of R% such that L~! o f is given by meromorphic
1-forms with poles of order ng only for the last two indices, and the coeffi-
cients of their leading terms are 1 and i, respectively. Observe also that our
assumptions force ng # 1.

Then there is a continuous map g : D — R? with g(r,t) — 0 for r — 0
such that

f(n t) =

L (g(r,t) + cis((ng — 1)t))

Tnd—l
where
cis(t) = (0,...,0,cos(t),sin(t)) € R%.

Thus the limit tangent plane Ty is the image of the x4_1xz4-plane under L.
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Let TI, : R — R? the orthogonal projection onto T;. Let c.(t) be the
curve t — f(r,t) for fixed r, and let v, = Il o ¢, be the projection onto the
limit tangent plane.

By the expansion above, for small r the planar curve -, has winding
number ng — 1 around 0, hence its total curvature is —2m(n4 — 1), where the
minus sign is dictated by our choice of orientations (it is in fact sufficient to
check this in an example).

We will now show that for » — 0, the total geodesic curvature integrand
of ¢, converges pointwise on [0, 27] to the total curvature integrand of ;.

Recall that the total geodesic curvature integrand of ¢, is given by

/" 90 ./
, ¢, - R)c
(0) = gl ()] =

where RV denotes the 90° rotation in the tangent plane T} of f(z), and the
total curvature integrand of ~, is given by

, // R80%
/430|'7r(t)| |,YT|2
where R3? denotes the 90° rotation in the limit tangent plane Tj.

For succinctness, denote @, = R o II, the projection onto the tangent
plane T, followed by the rotation in that tangent plane. Observe that z — @,
is continuous in all of D, and in particular at z = 0.

Using this notation, we can write

7ROy (oey)” - Qoch €l - Qoc,
le2 Ak !%I2

Koy, (t)] =

Thus

" 90 ./ // /
c - Rc, - Qoc,

|rigler ()] = kol ()| =

A le2

— | QZC',/‘ QOC

T

AN PR

‘C”| C/ ‘CT’2 Cl
< Q:

\c I \%! “lejl

< ol ) [?
>~ ‘C/| QZ - | |2Q0
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As |!|/|c| is bounded for r — 0 and Q, — Qo, it suffices to show that
|| /|vL] — 1 for r — 0. This follows since

e _ ey

vl |och]’

again using that II, — Il. O

We now turn to the case where still at least the two top exponents are
equal but all their coefficients are linearly dependent over R.
Write

wj = (ajz~"* + lower order terms)dz,

where a; € C. Then by assumption all of the (nonzero) a; are real multiples
of each other. By making a coordinate change of the form z +— Az for suitable
A € C, we can assume that ag = 1. This even holds when ny = 1 as then agy
has to be real anyway to make the parametrization well-defined.

Thus all of the a; are real, and

a
f(z)=1: | Re / 27" dz + lower order terms

ad

:aRe/z"f‘dz—i—w

where a € R? and w is the vector of lower order terms.
Let L €O (Rd) be an orthogonal transformation that maps a to (0,...,
0,0) for some b € R — {0}. Then

Lf(2) = | : Re/z_”ddz+Lw

where Lw consists of strictly lower order terms (being a linear combination
of lower order terms). Clearly, the surfaces given by f and f=Lo f have
the same total curvature. The forms @y, for the surface given by f will satisfy
ng—1 < Ng so that we have reduced this special case to the generic case that
we will discuss in Section Bl
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3. Total Geodesic Curvature for Surfaces in R

In this section, we recall the formula for the geodesic curvature of surfaces
in R?, adapt it to our situation, and give an elementary estimate.

Definition 3.1. For vectors X and Y in R¢, denote by X A'Y the element
in the exterior product R? A R?, equipped with the norm

IXAYP = |XPYP—(X-Y)2.
Then we have

Lemma 3.2. Let V be the 2-dimensional subspace of R® spanned by the
oriented basis X, Y. Then the (oriented) 90 degree rotation in V' is given by
-U-Y)X+U-X)Y

| X ANY|

R®U =

Proof. To see that R% is a 90 degree rotation, it suffices to check that
RPX . X =0and RX - RX = X - X. This is straightforward. To verify
that R% respects the orientation, it suffices to verify this for X and Y being
orthonormal and appealing to continuity. O

Lemma 3.3. The geodesic curvature integrand of the curve c.(t) = f(r,t)
s given by

(fr - fO)(fee - fe) = (fe - fo)(fr - frr)
| fr N fel (fe - f) '

Proof. Use Lemma[3.2]in the expression for the geodesic curvature integrand

nr(t) = kgler ()] =

(C” . RQOC/)
nr(t) = %
r

with X = f, and U =Y = f;.

This leads to the following upper bound for 7, (t):

Lemma 3.4. The geodesic curvature integrand of the curve c.(t) = f(r,t)
has the upper bound
< fe A ful

In-(t)] < IR
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Proof. By the Binet-Cauchy identity,

|(fr - fo)(fer - fr) — (fe - fo)(fr - frr)]
Lfr N Jel(fe - ft)
[(fe A fr) - (fe A fur)
|fe N el (fe - f)
< \fe N fellfe A fuel
= fe N el (S fe)
e A Sl
RP

[n:(8)] =

4. Holomorphic change of coordinates

In this section, we will normalize wy using a holomorphic change of coordi-
nates in D*.

For a meromorphic 1-form, the order of its pole and its residue are
invariant under conformal diffeomorphisms. It is probably well known that
these are in fact the only invariants, but due to a lack of a reference, we
supply a proof below. Here is the precise statement:

Proposition 4.1. Let « and 3 be meromorphic 1-forms in the unit disk,
with a poles (if any) only at the origin. Assume that the orders of o and (3
are the same, as well as their residues. Then there is a holomorphic diffeo-
morphism ¢ defined in a neighborhood of the origin with ¢(0) = 0 such that

o a = f.
The proposition follows from the next three lemmas, each of which treats
a special case. The first two provide explicit descriptions of ¢, while the third

uses the implicit function theorem.

Lemma 4.2. Let a be a holomorphic 1-form with zero of order n > 0 at 0.
Then there is a holomorphic diffeomorphism ¢ near 0 such that

a=¢*(2"dz).

Proof. The function
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is well-defined near 0 and has a zero of order n + 1 at 0. Thus we can solve

1

ﬁ¢(z)n+1 = a(z)

for ¢(z) as a single valued function with a simple zero near the origin. The
claim follows, as

6 (" d2) = d— ()"

0

Lemma 4.3. Let o be a meromorphic 1-form with simple pole of residue
1 at the origin. Then there is a holomorphic diffeomorphism ¢ near 0 such

that
1
a=¢* ( dz> .
z

o= (i + a(z)) dz

with a holomorphic function a(z) defined near 0, and define

Proof. Write

f(Z) _ efz a(z)dz.
Then f is holomorphic and non-vanishing near the origin, so

¢(2) = z- f(2)

is a holomorphic diffeomorphism near the origin. Then

¢" (i dz> = (i - j}’((;)) dz = (i + a(z)> dz

as claimed. O

Lemma 4.4. Let a be a meromorphic 1-form with pole of order n > 1 and
residue 1 at 0. Then there is a holomorphic diffeomorphism ¢ near 0 such

that
1 1
a=¢" <n—|—) dz.
2"z
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1 h
o= < + (Z)> dz
z z"
with a holomorphic function h such that h(0) # 0. Note that the meromor-
h(z)

Proof. Write

phic form =% dz has no residue at 0, by assumption.
To find ¢, write ¢(z) = z - f(z) with a function f to be determined that
satisfies f(0) # 0. It suffices to prove that

<1 + h(z)) dz = ¢* <1 + 1> dz
z FAl FAl z

f+zf 1 f
= -+ =) dz.
( o fn + 2 + 7 z
This is equivalent to
Me) _ I+l S
Let H(z) a primitive of hz(f). This is a meromorphic function of pole

. h .
order n — 1, since, as we noted, Z(f) dz has no residue at 0.

Observe that the right hand side of the previous equation has an explicit
primitive, it thus suffices to solve

1 1 n—1

Write f = e!” for some holomorphic function F' do be determined. This is
possible as we require f(0) # 0. Then we get to solve

1 1\t
1_n<zeF> =4

or,

Le(l—n)F +an—1 — I~{
1—n
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where H is holomorphic and does not vanish near 0. To solve this equation
using the implicit function theorem write
1

T(w,z) = me(k")w + w2t — H(2).

Then T'(w,0) = 0 is equivalent to

1

1—n

e(lfn)w _ H(O)

which has a solution wp, as H(0) # 0. Furthermore,
Tp(w, z) = ed7w 4 5=l

which is non-zero for any w and z = 0. Thus there is a unique function
w = F(z), holomorphic at 0, with wy = F'(0) that solves our problem. [

5. Case II: Different Top Exponents, ng # 1 — Notation

To evaluate the geodesic curvature integral in Lemma we will proceed
in several steps.

We first use the normalized 1-forms to compute the integrand in polar
coordinates z = re', sorted by powers of r so that the coefficients of the
highest powers of r are not identically vanishing in t.

We will see that away from certain explicit values of ¢, this integrand
converges uniformly to 0 for » — 0. At the remaining special values of ¢
where the integrand becomes singular, we use a blow-up argument f(r, r"t)
with a suitable power n to evaluate the limit of the total curvature integral.

As noted in Section 2, we will assume that ng_1 < ng. Before analyzing
the geodesic curvature for this case, we illustrate the procedure with an end
of type (0,1, 3).

Example 5.1. Consider the end of type (0,1,3) with

101 1
(w1, w2, ws) = <z, 3 + 22> dz.

Analyzing the geodesic curvature is easier after normalizing the one-forms.
Applying the holomorphic diffeomorphism

P(2) = 22 — 2/ 1 + 22
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to the above one-forms, we obtain the normalized one-forms

. 9 .4
Y1 = ¢*(wy) = <—i+2iz— 32724_5% +O(z)5> dz

2 4
W = " (wn) = C‘“Z —3§+o<z>5> i

s = 6" (ws) = Sy

Figure 5.1: Normalized end of type (0,1, 3).

The geodesic curvature integrand is given by
M () = kg(t)]cr.(t)]
_ —13 (4costsin®t + (1 + 3cos(4t))r + O(r?))
V/sin?(2t) + (= cost + cos(5t))r + 2 + O(r3) (sin?(2t) 4+ r6 + O(r7))

This is bounded for » — 0 unless sin(2t) = 0. Away from open neighbor-
hoods of sin(2t) = 0, the geodesic curvature integrand converges uniformly
to 0 for » — 0. We use a blowup to evaluate the improper integral of the
geodesic curvature at each singularity.

If o € {0,7/2,m,37/2} then

-2+ 0(r)
14+ O(r)(4t2 + 14 O(r))

(s 4+ o) =
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]
N3
N

Figure 5.2: Graph of n,(t) for small r.

and
2w a+te€
li t)dt = li t)dt
sy [ o= 3w [t
= lim / 30, (r3s + a)ds
r—0t J_

=Y lim / T (1% + Q)X (—e/ro /o) (5)ds

r—0+
e}
[e o]
-2
= Z/ 2108
—~ ) 452+ 1
= —4n

where x(q) is the characteristic function on (a,b).

Now, consider general examples with ng_1 < ng and ng # 1. Using Propo-
sition [4.I} we can normalize the last coordinate 1-form wy. Thus, we will
assume that the d coordinate 1-forms are given by

o0

wr(z) = ZThjeit’“*jz]’*l*"’“dz, 1<k<d-1
j=1
wq(z) = (z*”d + —rd’nd) dz
z

where ny < ngqq for k=1,2,...,d—2, ng_1 < ng.
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Additionally, we can assume that
o
hi(z) = 2™ wi(z)/dz = Zrk,je”’“]’ P
j=1

is a convergent power series in the unit disk for 1 < k < d — 1. Thus, there
is a constant M > 0 such that 7, ; < M for j > 1land 1 <k <d—1.

We also assume that sin(tg,,) =0 for k=1,2,...,d —1 so that the
residues of wy, are real as required for a well-defined harmonic map in D*.
Then we have power series expansions

o0

S M (t) + o, logr
j:]-vj?énl

frt) =

Z I g () + a1, , logT
J=Lj#na—1
rIB(t) + T p, log T

where for k=1,...,d—1,

Tk,5 €08 ((J—ni)t+tk,;) :
. , n
o j(t) = { j—n J#

T'k,n, COS (tk,nk)7 Jj=ng

and

cos((1 — ng)t)
() = <=,
Observe that oy (1) = —(j — ng) 2oy ;(t) and B”(t) = —(1 — ng)?B(t). Also
note that |oy, ;(t)] < M.
Our next goal is to derive similar expansions for the relevant terms in
ny(t) from Lemma To simplify the notation, we abbreviate a few sums
as follows:
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Definition 5.2. For k=1,...,d—1, let

0o
Sk(r,t) = Z Tjila;c,](t)
J=Lj#nk
oo
Ti(r t) = =Si(r,t) = > 971G = ng) e (1)
0o =
Rk(’l", t) = Z Tj_l(] - nk)ak](t) + lak ng
7j=1

Then we have by straightforward computation:

Lemma 5.3.

1 —n Ng—n
ft = ey (r”d LSy(ryt), .. TSy (r t),ﬁ'(t))
fit = T (r”d_"lTl(r, U)o, r™ Ty (), (1 — nd)zﬁ(t))
1
fr = o (T.?’Ld—anl(,’,"t)’ o ,rnd—ndqu_l(r’ t), (1 _ nd)ﬁ(t) + Tnd_lrd,nd) )

6. The Blow-Up Argument

Recall from Lemma that the geodesic curvature integrand is bounded
above by

| ft A\ fil

By Lemma this is bounded for r — 0 unless f'(t) = 0. Moreover, the
formula for 7,(t) in Lemma together with Lemma shows that away
from open neighborhoods of /(t) = 0, the integrand converges uniformly to
0 for r — 0.

We will now analyze the singular behavior of the geodesic curvature in-
tegrand. Suppose 3'(to)? = 0. Then B(ty)? = ﬁ # 0, and again Lemma
and Lemma 5.3 imply that our integrand does indeed have a singular-
ity at tg when r — 0. We will cope with these singularities using a blow-up
argument.

Since B'(t) = —sin((1 — ny)t), these singularities are explicit. It will turn
out that in our choice of coordinate they all will contribute the same amount
to the total curvature integral. We will consider the case tg = 0. The other
cases are notationally more complicated but are treated the same way.
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The idea is to make a substitution of the form (r,t) — (r,r"t) for a
suitable exponent n. Our next goal is to determine that exponent by the
power of r by which the Sy terms possibly converge to 0 when r — 0.

Definition 6.1. Let 1 < k < d — 1. Define my, as the first integer such that
Tkmy SIN(tk,m, ) 7 0. That is, my — 1 is the order of the zero of Si(r,0)
at r=0.

Then we expand

mk—l

(6.1)  Sk(r,t) =— Z Iy i sin (5 — ng)t) cos(ty, ;)

=1
o

J=mu,j#Enk
X [sin (§ — ng)t) cos (tx, ;) + cos ((j — ng)t) sin (tx ;)] -

If my = oo then

o0

(6.2) Sk(r,t) = — Z 77 ey i sin (5 — ng)t) cos(ty ;).
J=Lj#n

This allows us to determine the critical exponent n as well as to introduce
abbreviations which will be used in our estimate of the geodesic curvature
integrand:

n= mkin{nd —ng +my — 1}

E*={ke{l,....d—1} :ng—np+mp —1=n}
nd—l

Vb

a =

with
b= Z r,%ymk sin? (tg.m, )-
kek*
Note that as f is assumed to be an immersion, not all of the my can be
infinite, so that n is finite.

Proposition 6.2. With the notation introduced above,

a

lin 0, (574) =
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Proof. The terms from Lemma can be estimated using

Si(r,r""t) = {_rmk_lrkvmk sin (t,m, ) + O(Tm"’)l, my < 00
i1 (g — 1) cos(tg1)r"t + O(r™ ™), my, = oo
B (r"t) = r"t(ng — 1) + O(r" )
Typ(r,r""t) = (1 — ng)r.1 cos(tg1) + O(r)
Ry (r,r"t) = 1y, 1 cos(tx,1) + O(r)
t)

st oy Fom):

Then, by straightforward computation,

r2n

fofe= s [b+ (1 —ng)*t* + O(r)]
o fu = =gy L= na + O0)]

o fr= = oy [(1 = ma)t + O()]

fie fo = gy [(1 = nat 4 0()]

oo fo= 1[+o<n

r

Combining everything gives

(Fr - ) et~ £ = (Fe- FO s fi) = 5 [(1 = na)b+ O(r)]
(Fr - e ) = (- $0)* = —mg [0+ O(r)]

and so

" s (1= na)b+ O(r)]
Vi b+ O] i b+ (1= na)?# 4 O(r)]
(I —=ng)b+O(r)
b+ O(r) [b+ (1 na)?2 + O(r)
(ca+O()
1+ O0(r) [1 4 a?t? + O(r)]

e (r''t) =
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Hence,
a

ll_r)% T"Ur(rnt) = - 1+ a2t?
as claimed. O

To finish the proof of Theorem we will need to use that that total
curvature integrand of an end is bounded by an integrable function. This is
accomplished below.

’ 2(nd — 1)
Lemma |8.1] can be applied. Then there is a constant M depending only on
the forms wy such that with

Lemma 6.3. Let ¢ < min ij W} and small enough such that

M n-ngtng_1
9s) = = (575 +1)

we have
" ’nr(rnsﬂ X(—e/r",e/r”)(s) < g(S)
Jor all r <1 and s € R. Here x(,) denotes the characteristic function of

the interval [a, b].

Proof. We combine Lemma and Lemma (8.1} which are proven in Sec-
tions [7] and [8, where we deal with the numerator and denominator of the
geodesic curvature integrand separately. They yield that there is a constant
M such that for small r,

M ([t 4 o7)

(o) < S
If ng_1 < ng and |t| < e <1 then

n—ng+ng__

R

and so
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Substituting r™s < € for t,

r" M <\r”s]%r”d*“—l + r")
e (rs)| <

r2n 4 (rrs)?
n—ngtng_1
r2n M (|s| n + 1)
- r2n (14 s2)
nondtnd—1
M (Js| =5 1)

<
- 1+ s2

which is integrable on R. With

M (ysyi"‘”di"“ i 1)

1+ s2

g9(s) =

we have
" |777'(rn5>‘ X(—e/r’ﬂe/r")(s) < g(S)

for all r < 1 and s € R, as claimed.
This given, we can now prove:

Proposition 6.4. Let e be as in Lemma[6.3. Then

€

lim [ n(t)dt = —m.

r—0+ J_

Proof. Using the blow-up substitution ¢t = s, we obtain

€ e/rm
/ 0y (t) dt:/ r"n.(r"s) ds

—€ —e/rm

= / Tnnr(rns)X(fe/r",e/r")(S) ds.

—0o0

By Lemma the estimate

" ‘nT(Tns)‘ X(—E/r",s/r")(s) < g(s)
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holds for all r < 1 and s € R. Hence, by Proposition [6.2] and the dominated
convergence theorem,

€ 00
lim ny(t) dt = / lim 7“nn?’(rns)X(—e/T’”,e/r”)(5) ds

r—0t J_ — oo T—0T
00
a
= — —F—ds
o 1+ (a5)
= —T.

7. Numerator estimate

The purpose of this and the following section is to prove the integrability
Lemma [6.3] In this section, we will estimate the numerator of the geodesic
curvature from above.

We begin by providing estimates for the individual terms in the numer-
ator:

Lemma 7.1. There is a constant M such that for r < 1 we have

[Sk(r,t)] < M(|sint|+ rm’“_l)
[Ty (r,t)| < M
1
() < ——
16'()] < (na — 1)|sint|

Proof. We choose M > 1y ; as before and will absorb any constant terms
into M as well.
Using equation (6.1)), we obtain

mkfl 00
1Se(r )] < S MrI Y sin(t(ny — )] ™0 S Mpdm
7=l Jj=ma
M(1 — ™) sint]  Mrm—1
< +
N 1—r 1—r

< M(|sint| + ™).
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From Definition we get

o0
To(r, )] <Y M]j — nglr? ™!
j=1

o0 oo
< ZMnkrj_l —l—ZMjrj_l
=1 j=1
<Mnk+ M
“1-r (1-r)?
<M.

The bounds for |3(t)| and |5'(t)| are immediate. O
The main estimate of this section is contained in
Lemma 7.2. Ifr <1 then
POV A ful < Mt 4 ")
where M is a constant depending only on the wy.

Proof. Using Lemma a simple calculation produces the following ex-
pression for the left hand side in the claim of Lemma

A= (| B2 ful® = (fe - f2)?)

d—1
( T2(nd Nk SQ—Fﬁ ) <ZT2 g —"Nk T2 (1—nd)45(t)2>
k=

1
d—1 i
B (Z 2= 6 T 4 (1 — nd)2ﬁ(t)/8/(t)>
k=1

= p2Cnammeng) (RT2 — 28 Ty STy + S7T7)
k<j
d—1
+ P (1= ng) B(1)2SE + B/(0° T} — 29k Ti(1 — na)*B(1) 5 (1))
k=1
d—1
=P (ST — ST 4 Y e (L= na)?B(1)Sk — B/(OT)”

k<j k=1
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Thus we obtain the following upper bound:

P20 D21 ful2 = (fr - fue)?

< S (ST + 1951 )
k<j

d—1
+ 3 (1= na)? B[Skl + 18/ (0|Te)
k=1

Then, by Lemma

p2na=m=ns (15T + | S5 Tel)

<M (T2nd—nk—nj‘ Sint‘ + r2nd—nk—nj+mk—1 + r2nd—nk—nj+mj—1)
< M (,rnd_nd—l,rnd"l‘nd—l_nk_nj | Sint| + PaL (Tnd—nj + Tnd—mc))
<M (T"d_"d*l\t\ + r")
and
(1= ng)?[B(0)]Sk] + |5 (8)]|Tkl)
< "7 ((ng — 1)M (| sint| + ™Y o M (ng — 1) sint|)
<M (r”d_”"’ |sint| 4+ r"‘l_””m’“_l)
< M (et ™).
Thus,
P22 ful? = (fr - fue)?
d—1
S OM (P e ) Y DM (e ] )
k<j k=1
<M (|t|7""d_"d*1 + 7“")
which proves the claim. Il

8. Denominator estimate

In this section, we will prove the following lower bound for the denominator
term | f;| of the geodesic curvature:

Lemma 8.1. There is a constant p > 0 such that for |t| and r small enough
we have

P2 D) £12 > g (r2 4 7).
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We begin the proof by setting up the terms that need to be estimated.
Recall from Lemma [5.3 that

1 _ _
ft = rnd—l (Tnd nlSl (T7 t)a s ’Tnd ndilsd—l(’r? t)’ /Bl(t))
where
mk—l )
Sp(rt) == > /7 gy sin((j — me)t) cos(t, )
=LA
> .
— Z /g (sin((5 — ng)t) cos(tr ;) + cos((j — ng)t) sin(ty ;)
=M, jFEn,
and
cos((1 — ng)t)
t) =
ot =
Abbreviate
(o] .
A= Y —rgsin((j - m)t) cos(tg)r! !
J=2,j7nk
= > —rrgsin((j —n)t) cos(ti )
J=2,5#n
0 .
+ > g sin(( —n)t) cos(t, )
J=mat L
00 .
Bi= Y —rigeos((j - n)t) sin(t )

Notice that by Definition [6.1] of the numbers my,

A+ By =" (f)p — (= reasin((1 — ng)t) cos(tr,1)

— Tk.my COS((My; — ng)t) sin(tkmk)rm’“*l).
Generically, we expect ry 1 sin(t;;) = 0, which is what we will assume
for the rest of the proof. If ry, ; sin(t; 1) # 0, then my;, = 1, and the first sum
in Ay is empty. This will mean that there is no |¢| term in the estimates
below, simplifying the argument.
Our first goal is to estimate the components of f; from above and below:
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Lemma 8.2. There are nonzero constants Cy, Dy, C}, D). that depend on
Tk and Thm, Sin(tgm, ) such that Cy, > 0,C. < 0 and Dy, and D) have the
same sign and so that

Crlt| + D;rm"*l < pre—l (f) < Cilt| + Dpr™e 1

Proof. We begin by showing that A; and By are relatively small:
my ) oo )
Al < >0 Mlj—mlftlr ™+ >0 My
J=2,j#nk J=mp+1,j#ne

mp

< MCO—"—|t| + M-
1—r

1 _
<& (Jt] +r™ 1)

for r small enough. Secondly,

o0

Bel< > Myt

J=my+1j7n,

rmE
- 1—r
< &yl
Thus,
r™ () < —reasin((1— ng)t) cos(tx1)
— Tkmy, OS((my, — ng)t) sin(tkﬁmk)rm’fl
+ &'|t| + 26"r™ L
< Oyt + Dypr™ 1
and

el (fe)e 2 =7k sin((1 — ng)t) cos(te,1)

— Thkmy, OS((My, — ng)t) sin(tkmk)rm’“*l
— &'|t] — 20"rm L

> Cy|t| + Djr™ L.

]
Since we really want to estimate | (f;), |?, we will need the following
simple consequence of Young’s inequality (see [4]) which we state without
proof.
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Lemma 8.3. For any nonzero constants C, D, N, &, the following inequality
holds for all t and all r > 0:

|Ct + DrV|? > <1 — ;2) C** + (1 - &) D*r*V.

Now we apply this lemma to obtain the desired bound for all indices
except k = d.

Lemma 8.4. For any 0 < |¢] < 1, there exists nonzero constants C” and
D" such that

7’2(nk_1) ’(ft)k|2 > (1 N ;2> C//2t2 + (1 _ 52) D/12r2(mk—1)

fork=1,2,...,d—-1
Proof. We first consider the case when Dy, Dj > 0. Let

Q= {(r,t): CLlt| + Djr™ < 0},

and denote by ¢ the complement.
By Lemma [8.2] we have on Q¢

P (f) > Chlt] + D™ > 0.

Thus Lemma [8.3| implies

PO 2 (1 5 ) OB+ (1- ) DRrm Y.

Now, on €2, we have 0 < Djr™~1 < —(Cj|t| which implies that

Dpr2me) < Ot

1
051—§2<£—2—1

for all nonzero £ # +1 we obtain

1
(1 — &) D2r2me=1) < (52 — 1) P2t
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which is equivalent to our claim

(1 - 52) CPRt2+ (1 - &%) Dp2r2tm=h <.

Therefore,

r2<”k—1>|<ft>k|2>0>(“f?)c + (1) Dy,

This proves the result when Dy, D}, > 0.
Next we consider the case when Dy, D) < 0. Let

Q = {(r,t) : Cyx|t| + Dpr™ 1 > 0}.

By Lemma [8.2] we have on Q°

P (f), < Clt] + D™t <0,

which gives the trivial lower bound
D | 2 (1= ) G+ (1= €2) DRy
Now, on €, we have 0 < —Dyr™~! < C|t| and so
D2p2mi=b) < C2¢2.
As above, this implies
(1 52) CH? + (1 —¢2) DEr2m=b) < g
as long as 0 < |¢] < 1. Therefore,

PO 20> (1= g ) B+ (1-€2) DR,

We finish the proof by considering the last coordinate. Here,
20D |(f) g = sin®((ng — 1)t)

4
> (ng — 1)%2
= 7_‘_2(nd )

for t small enough.
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Now, choose £ so that 0 <[] < 1 and

1 12 1 2
(1-5) e 2 ~gopmtn

Then for small r,

d—
Tz(nd—l)‘ft|2 > Z (na—nk) [( g2> O"242 4 (1 . 52) D2y2(mi—1)

4
" (g -1
+7r(nd )*t?

> (1 _ 52)D2T2n 4 %(nd _ 1)2t2

which is a good enough lower bound since the coeffficients are positive. This
concludes the proof of Lemma

9. Case III: Different Top Exponents, ng = 1

This last section deals with the case that the end is given by coordinate 1-
forms that are all holomorphic except for the last, which has a simple pole.
The simplest case is the graph given by

1
(w17w2aw3) = (1717 ) dz

which has a horn end of type (0,0,1) at 0. We will show that the Gauss
curvature of a horn end is always 0. When ng 1 < ng and ng # 1, each
singularity of the geodesic curvature integrand contributed —7 to the Gauss
curvature. The Gauss curvature behaves differently when ng = 1. Either the
geodesic curvature integrand has no singularities and converges uniformly
to 0 as r — 0 or the contributions from the singularities cancel.

Example 9.1. Before analyzing the total curvature when ng = 1, consider
the an example of a horn end of type (—1,0,1) with figure eight cross sec-
tions, given by

1
(w1, w2, ws) = (iz,i, > dz.
z
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Applying the holomorphic diffeomorphism ¢(z) = ize* and an affine trans-
formation to the above one-forms, we get the normalized one-forms

Y1 = (—iz — 3iz® —4i2® + O(r')) dz

1 322 223 4
Py = (;—QZ—T—F?—FO(T ))dz

Figure 9.1: Normalized end of type (—1,0,1).

The geodesic curvature integrand 7,(t) is given by

r(4 sin® t4Z (8 cos t—9 cos(3t)+3 cos(5t))-|-0(r2))
\/sin2 t(148r cos t)+r2(5—5 cos(2t)—2 cos(4t))+O(r?) (sin2 ®)+ ; (5-3 cos(4t))+0(r3)) )

This is bounded for r — 0 unless sint = 0. Away from open neighborhoods
of sint = 0, the geodesic curvature integrand converges uniformly to 0 for

r— 0.
If o € {0, 7} then

1+0(r) 7 a=0
rip(rt + ) = { VAFEHOQEERO0D Y

V24210 (14£240(r))’
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-0.051

-0.10[

Figure 9.2: Graph of n,(t) for small r.

and
2 a+e
1 = 1
i [ wttai =3 i [ o
= lim/ e (rs + a)ds
r—0+ J_¢

=Y tim [ (s )X (o)
—0o0

o0 1 o0 -1
:/ ds—l—/ ds
oo V24 s2(1 4 s2) oo V24 52(1 4 s?)

s
2

S ol

The curvature contributions from the singularities are /2 and — /2, yield-
ing the desired curvature of 0.

We now return to the general discussion of the case that ngy = 1. As in
case II, after applying an orthogonal transformation, we can assume that
ng <1 for 1 <k <d-—1. Then we can apply Proposition to normalize

the last coordinate 1-form wy(z) = — dz. Now, we use an additional orthogo-

nal transformation on the first d — 1 forms to further simplify the expression.
Consider the two vectors v and w that consist of the real and imaginary parts
of the coefficients of terms of order ng_;1. If v and w span a plane (over R)
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then we can rotate the surface so that the plane is parallel to the x4_oxg_1-
plane, i.e. ng_3 < ng_go = ng_; with tg_o; ¢ {0,7}, and t4_1 1 € {0, 7}. Oth-
erwise v and w are linearly dependent and we can rotate these vectors to be
parallel to the z4_;-axis, i.e. ng_g9 < ng_; with t;_1, € {0, 7}. Note that to
ensure t4_11 € {0, 7} in either case, we may need to apply a rotation in the
domain but this will not affect wy.

In this case, we will assume that the d coordinate 1-forms are given by

oo
wr(z) = Zrk,jeitk’fzj*k”’“ dz, 1<k<d-1

J=1

1
wa(z) = 2 dz

with ng_1 < ny for 2 < k < d — 2, where either

ng—2=nq-1 <1, tgo1 ¢{0,7}, tg11€{0,7}
or
Ng—2 <ng—1 <1, tg_11 € {0,7}.

As in case II, there is a constant M > 0 such that ry; < M for j > 1 and
1<k<d-2.
We have power series expansions

s .
D T Man(t)
j=1

f(T’,t) =

D ori a4t

J=1

log r
where for k=1,...,d—1,

Tk, €08 ((§ — np)t + tr ;)
ay,;(t) = —* F— .
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Here, we use the same definitions for S; and T}, see Definition The
definition of Ry is almost the same:

Se(rit) = D 7l (1)
J=1j#ny
(91) Tk(r7t) = - l/c(ra t) = er_l(j - nk)2ak7j(t)
j=1
Rk(?”,t) = ZTj 1(] — nk)oz;w (t)
j=1

Then we have by straightforward computation:

Lemma 9.2.

fp = plna (r”d*_mSl(r, t),...,rtarT=2 Gy o (ryt), Sqoq (1, t), 0)

fop = —riMe (r”d*ﬁ"lTl(r, t), ... et a2y o (e t), Ty—q(r, t),O)
1

fr= - (rl_"lRl (r,t), ..., 172 Ry_o(r,t),r 7 Ry (r, 1), 1)

or 2 S r e Ry T) — (3 r "k Su R ) Q01— 2"k Sy T )
(Z r2(1—nk)Ri+1) Zr—znkSz_r2(1+nd_1)(ZT—2nkSkRk)2 S 2k S,%

ne(t) = r\/

If ng_g =ng_1 <1, t4_21 ¢ {0,7}, and t4_1; € {0, 7} then there are
no singularities for i, when r = 0 since they would occur when

r5_918I0%((1 = ng—1)t + ta—21) + rg_1 1 sin®((1 = ng_1)t) =0

which would force t4_2; € {0, 7}. Hence, n,(t) converges uniformly to 0 as
r — 0, and

2
lim n:(t) dt = 0.

r—0+ 0

If ng_2 <mng_1 < 1it is useful to apply another normalization, utilizing
the holomorphic diffeomorphism ¢(z) = ze*. If ng_1 = 0 then it will be nec-
essary to do an orthogonal transformation to ensure that ng_; < 0. We can
do this since in this case, wy_1(2) = (£1 + h.o.t)dz and wy(z) = (1 + 1) d=.
This gives us the one-forms
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o0
wr(z) = Zrkdeit’”zj_l_”kdz, 1<k<d-1
Jj=1

1 o
wa—1(z) = ;—i—g rd_Lje’td*l’sz*l*"d*l dz

j=1
1
wq(z) = ( + 1) dz
z
where ny < ngyq for k=1,2,...,d —2 and ng_1 <0.

Then we have power series expansions

o0

D)

J=1

o0
D oriTrezag (1)
j=1

oo
logr + Z rj*”dflad,l,j(t)
j=1

logr + rcost

Again, using Ry, S, and T}, as defined in[9.1] we have by straightforward
computation:

Lemma 9.3.

fe=r ('I“*nl Sl(r7 t)7 . ,r*ndflsdil(r, t), —sin t)
fu=-r (T_anl(T, t), ... ,r_”dfle_l(r, t), coSs t)

1
fr=- (rl_"lRl(r, t), ..,z Ry o (), 14 T Ry (r, t), 147 cos t) i
r

Recall from Lemma [3.4] that the geodesic curvature integrand is bounded
above by

< |fe A fil

()] < IR
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By Lemma this is bounded for r — 0 unless sint = 0. Moreover, the
formula for 7,(t) in Lemma together with Lemma shows that away
from open neighborhoods of sint = 0, the integrand converges uniformly to
0 for » — 0.

We will now analyze the singular behavior of the geodesic curvature inte-
grand. Suppose sint = 0. Then cost # 0, and again Lemma [3.3] and Lemma
[0.3]imply that our integrand does indeed have singularities at 0 and 7= when
r — 0. We use the same blow-up argument from Section [] to deal with the
singularities in this case. With this normalization, the curvature contribu-
tion from the singularities at ¢ = 0 and ¢t = 7w will have opposite signs and
thus cancel. They can be computed as w/2 and —m /2, respectively, instead
of a contribution of —7 from each singularity.

First, we deal with the blow-up near the singularity at ¢t = 0. Using the
slightly adjusted terms

n= mkin{—nk. +my — 1}
k*:{ke{l,...,d—l}:—nk+mk—1:n}
b = Z rlzc,mk Sin2 (tkymk)7 c= Tdflymd—1 Sin(tdflymd—1)
kek*

for the blow-up near the singularity at t = 0, the terms from Lemma [9.3| can
be estimated as

Sl r) = {_ka_lrk,mk sin (tg,m, ) + O(r"™), my < oo
T (ng — 1)r"t 4+ O(r™th), my = 00
Typ(r,r"t) = (1 — ng)ry.1 cos(te1) + O(7)
Ry (r,r"t) = rp 1 cos(ty,1) + O(r)
cosrt =1+ O(TQ”)
sinr™t = r"t + O(r”“).

Then

for fr =72 b £2 4 O(r)]
fr’ftt: —1+O(T)
fre fr=—1" [r‘”d*ﬁmd*l_l_"c%— t+ O(r)]

feo- fr=r*"[t+0O(r)]

fr o= 52400,
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Combining everything gives
(fr - Je)(fee - fo) = (e f) (fr - fur)
= p2(ntl) [b — e tma—lengg O(T)] ,

(fr : fr)(ft ) ft) - (fr : ft)2

_ 7,271 {Qb o QT—nd,l-l—md,l—l—nct - T2(—nd,1+md,1—1—n02 + t2 + O(T’)

and so
r'n(r't) = b—r_ a1 1T et4-0(r)
V/2b—2r a1 a1 1= g2 na ¥ ma 1= 1-n 2 142 1 O () (b+£24-0(r)
Hence,
b—ct

. —— ) —ng-1+mg1—1=n

lim ,rnn(,r_nt) _ ) v 2bct c2+t2(b+t2)

Y VIR ) “hd-1tma-r = 1>m

When we do the blowup centered at t = 7 instead of at ¢ =0, after
employing the substitution ¢ — (—1)"t + 7, we get

_ b—ct _ 1 —
lim Tnn(T‘nt) _ V2b—2ct—c2+t2(b+t2)’ ng-1+mg1—1=n
o b
—0 — — —
' V2012 (b+12)” ng—1+mg-1—1>n

We are in a setting in which we can directly apply the arguments in
Sections and [§ to show 7, is uniformly bounded by a L! function. So,
the curvature contributions from the two singularities at t =0 and t =7

will cancel, giving zero curvature.
This concludes the proof in case III of Theorem
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