COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 26, Number 3, 461@ 2018

Logarithmically spiraling helicoids

CHRISTINE BREINER AND STEPHEN J. KLEENE

We construct helicoid-like embedded minimal disks with axes along
self-similar curves modeled on logarithmic spirals using PDE meth-
ods. The surfaces have a self-similarity inherited from the curves
and the nature of the construction. Moreover, inside of a “logarith-
mic cone”, the surfaces are embedded.

1. Introduction

In this article we construct helicoid-like embedded minimal disks with axes
modeled on a class of embedded self-similar curves called logarithmic spirals.
Logarithmic spirals are solutions v(z) to the initial value problem

k(2) = koe %%, T(2) = T0e”

where 7 and k denote the torsion and curvature of the unknown curve,

respectively, and where the constant & controls the rate of exponential prop-

agation. We emphasize that such surfaces can be constructed using the an-

alytic methods of Meeks-Weber [13]. The purpose of our article is to apply

the PDE based methods pioneered by Kapouleas in his work on singular

perturbation to the construction of minimal laminations on curves in R3.
Our main theorem can be roughly stated as:

Theorem 1.1. For each § > 0 sufficiently small, there exist minimal disks
Ss such that

1) Up to rigid motion, the surfaces Ss exhibit a discrete dilation invari-

ance (see (1.7))).
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Figure 1: Two examples of logarithmic spirals with the boundaries of the
corresponding surfaces Sjs.

2) The surfaces Ss are embedded inside an open set T containing v(z)
independent of §. As & — 0 the surfaces Ss converge smoothly away
from v(2) to a foliation of T' by planes orthogonal to v(z).

This result will follow from a more precise statement of the theorem which
we record below.

A motivation for applying PDE methods in this context is the following
more general question: Given a singly periodic minimal surface 3, a smooth
curve v, and a non-negative function X : ¥ — R, can one obtain a minimal
surface in a tubular neighborhood of « by bending ¥ along + and scaling
by A? If so, what are the restrictions on the scale function A? This and
related problems arise in several contexts, including gluing constructions for
minimal surfaces and the theory of Colding-Minicozzi type laminations, and
in certain special cases is well understood. One of the simplest non-trivial
cases is that of a constant scale function A = ¢ and a periodic curve ~, which
arises naturally in highly symmetric gluing constructions such as [9], where
Kapouleas has developed the theory extensively. In this case, the candidate
surface can be constructed with the same periodicity as the underlying curve
and the problem descends to a compact quotient of the periodic minimal
surface 3 which simplifies the analysis considerably.

There are several constructions in the literature which are not com-
pact in any quotient. Meeks and Weber in [I3] use the Bjorling theorem to
construct helicoidal minimal surfaces in tubes along embedded C! curves
where A scales like the curvature of the curve. In [6], Hoffman and White em-
ploy variational techniques to construct minimal laminations in tubes with



Logarithmically spiraling helicoids 463

singularities on prescribed compact subsets of curves. The second author,
in [I2], uses the Weierstrass representation to prove the same result as in
[6]. For additional constructions in the same spirit, see also [3] 4, [IT]. All of
the above constructions fall short of answering the general question posed
above.

In this paper, we consider only curves v that satisfy a self-similarity
condition which allows us to descend to compact quotients. Therefore, the
PDE methods employed in this article do not shed light on the more general
question. However, our expectation is that PDE methods may have the
potential to do so, and this is our primary motivation for using them here.

1.1. Precise statement of the main theorem

We perform the gluing construction on initial surfaces that are self-similar
bendings and rescaling of the helicoid. The axes of the surfaces are spiraling
curves that lie in a three parameter family of logarithmic spirals. We give a
complete description of this family, denoted by £, in Subsection|3.1{and note
here that the parameters for the space £ are given by (o, 70, &) € RT x R2.
Because we are interested in a lamination, the curves will also depend upon
6 > 0 where § is the parameter used to describe the family S5. Every v €
£ has a self-similar property that implies that curvature and torsion are
completely determined by the equations k(z) = dkoe %%, 7(z) = drpe %=,
Notice that z € R is the parameter for the curve ~.

It will be convenient to denote the matrix of transformation of the Frenet
frame {T, N, B} for the unscaled (§ =1) curves by T (see (3.3)) and to

denote its norm by

(L.1) I T|:= /K3 +7¢.

Note that for § # 1, the matrix of transformation simply has the form dT.

The global isometry group of the curve 7 is generated by the action
6559R5|T g where R; corresponds to a rotation in the zy-plane by angle t.
The isometry of v thus implies a periodicity of the form

(1.2) (0 +27/(8[T]) = e/ 1Ty (6) or 7(6 + 2m) = ™ Romsr(6).
We use v € £ to define a map M : R? — R3 given by

(1.3) M(z,y,2) == v(2) + % {xN(z) + yB(2)}
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where here N (z), B(z) are the normal and binormal vectors along y. We then
construct helicoid-like minimal surfaces as graphs over a surface obtained
by composing M with the conformal parameterization of the helicoid

(1.4) F(s,0) = sinh(s) sin(#)e, + sinh(s) cos(f)e, + be,.

When § > 0 is sufficiently small, the map M is a diffeomorphism of a tube
along the z-axis, with radius comparable to 1/J, onto its image. Proper-
ties of v and the diffeomorphism imply that as kg — 0,79 — 0,9 — 0, the
embedded component of M o F' about v converges to a rigid motion of the
helicoid.

The geometry of the immersion M o F' possesses a periodicity inherited
from properties of the curve v and by ,

(1.5) M o F(s,0 + 2m) = e*™ Ryp57 M o F(s,0).

Since we solve the problem on periodic function spaces, the normal graphs
over surfaces satisfying the previous property will exhibit the symmetry
we denoted discrete dilation invariance in Theorem A more precise
statement of the theorem is the following:

Theorem 1.2. Given kg, 70,& € R with kg > 0, there exist e > 0 and dy >
0 so that: For any 0 < 0 < dp/|&| and £ > 16 satisfying 6(1 + |T|+ |£])¢ <
€1, there exists a curve v € £ and a periodic function u(s,0): A C R? = R
where A := {(s,0) : cosh(s) < £/4} such that for M given by v € £ and

(1.6) G(s,0) :== M o F(s,0),
the normal graph over G by w(s,0) := e%%u(s,0) is an immersed minimal
disk with boundary.

The surface Gy, satisfies a discrete dilation invariance of the form

(1.7) Gu(s,0 + 2m) = ¥ Ryg7/Gu (s, 0).

Moreover, the surface is embedded if

m¢/|TI _ 2 4 2
(< 1 (e 1 Ty +§ .
5¢ \emé/ITl + 1 IT|? 4 &2
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1.2. Structure of the article

In Section |2, we introduce various preliminary notions that will be needed
throughout the article. In Subsection [2.I] we introduce notation for norms
and function spaces, and in Subsection [2.2] we formalize the process of ob-
taining weighted C*® estimate for a broad class of homogeneous quantities.
This formalization is extremely useful and helps streamline the presentation
since almost every geometric quantity we estimate—the mean curvature, e.g.—
is such a quantity. The discussion generalizes a similar one in [2].

In Section[3| we estimate local perturbations of geometric quantities on G,
where here we heavily exploit the group action on «v. We completely describe
the three parameter family of curves £ by giving an explicit parameterization
for each curve in Subsection 3.1} The curves are determined by an initial
curvature g > 0, torsion 7y, and rate of exponential parameterization &.
We demonstrate the self-similarity properties for these curves by explicit
computation. In the case of vanishing torsion, the traces of these curves
constitute the family of logarithmic spirals, and in accordance with this
terminology we refer to the whole family as logarithmic spirals. The maps
M in are locally, after modding out by dilations and rigid motions,
the identity map plus an exponentially growing perturbation term. In this
normalization the perturbation term is periodic, which allows us to consider
the problem on one fundamental domain of the helicoid. Roughly speaking,
if u is 27 periodic in 6 and H[u] is the mean curvature of a normal graph over
G by the function u, then the function Q[u] := %% cosh?(s) H[e?¢%u] is also
a 27 periodic function in #. In this way, the analysis descends to cylinders
of finite (but not uniformly bounded) length.

We solve the linear problem in Section 4] where the main result appears
in Proposition This result proves the invertibility of the stability oper-
ator Lr on flat cylinders, A, of length arccosh (¢), for appropriately modified
inhomogeneous terms. The strategy is motivated by the work of Kapouleas
in various gluing problems [7H9]. A novel feature of this work is the de-
composition of the inhomogeneous term FE into a 6-independent function
and a function E, which has “zero average on meridian circles” (see Defini-
tion . The #-independent function can be inverted via direct integration,
so the main work is to invert E. We first prove, in Proposition that the
operator has a bounded inverse in exponentially weighted Hélder spaces X'*
supported on A, as long as E is “orthogonal” to a three dimensional kernel
which is spanned by the translational Killing fields. The weighting allows for
a rate of exponential growth of power 3/4 though, in fact, any growth rate
less than 1 also works. Here orthogonal means L?-orthogonal with respect



466 C. Breiner and S. J. Kleene

to the pull-back of F' to the sphere under the Gauss map. The Gauss map
for minimal surfaces is conformal with conformal factor @ and in the case
of the helicoid descends to the quotient as a conformal diffeomorphism onto
the sphere minus the north and south pole (corresponding to the asymp-
totic normal along both ends of the helicoid). In this way, the study of the
stability operator Lr on the helicoid in #-periodic function spaces can be
understood as the study of Agz + 2 on the sphere.

To modify E , we define functions wu, and u,, which we can control ge-
ometrically, and whose graphs over F' can be used to prescribe the kernel
content of the mean curvature. In this way, we orthogonalize the error terms
for which we are solving and are able to apply Proposition to the gen-
eral setting. In articles by Kapouleas and his many coauthors (see [1I, [5, [10]
among others), the functions Lpu,, Lpu, are referred to as the “substi-
tute kernel”. Notice that while the space of translational Killing fields is
three dimensional, the space of modifications is only two dimensional. The
f-independence of the third translation function and the averaging prop-
erty of E immediately guarantee the projection of E in this direction is
always zero. The functions u,, u, grow exponentially at a rate proportional
to cosh (s), which is faster than the allowable growth rate in the space X'*
(cosh®/4(s)), so that a bounded inverse does not extend to the full Holder
space X*.

In Section |p| we define a map from an appropriate Banach space and
show the estimates are sufficient to invoke Schauder’s fixed point theorem.
Every point in the Banach space corresponds to a triple (v, by, b,) where
v € X% and b, b, € R. For a fixed point, setting f = %% (v + byuy + byuy),
in Section |§| we demonstrate that G is an embedded minimal disk. We
define the Banach space so that

lba| + [by| < COITIEY, v~ CO|T|EV* cosh® 4 (s)

where ( is a fixed constant which we must choose sufficiently large. Since
|s| < arccosh (¢/4) on A, v is then bounded by a constant uniformly propor-
tional to ¢J|T|¢, which we can keep arbitrarily small by taking § small. As
Ug, Uy grow exponentially, the estimates for these functions are of a weaker
form:

sup |bpuz| & CO|T[€V/4 cosh(s) < ¢8| T|¢%/2.
A

This bound and the previous give some indication of the constraints that fix
an upper bound 9.
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With these estimates in hand, we use properties of the map M and the
helicoid embedding F' to prove embeddedness in Section [} We first prove
that the map M in is a diffeomorphism from a tubular neighborhood
of the z axis, with radius proportional to § !, onto its image, which we call a
logarithmic cone. The symmetry recorded in gives an indication of the
symmetry possessed by these logarithmic cones, which is inherited from the
curves . We next prove that graphs over F' by (v + byu, + byu,) vp + x are
small on A, if the norms on v, b., b, are sufficiently small and x has small C' 1
norm. The smallness depends only on properties of the helicoid. We then use
properties of M to prove that G; can be locally described as such a graph
over F'. The diffeomorphism property for M then implies embeddedness.

2. Preliminaries
2.1. Notation and conventions

Throughout this paper we make extensive use of cut-off functions, and we
adopt the following notation: Let 1 : R — [0, 1] be a smooth function such
that

1) %o is non-decreasing
2) o =1 on [1,00) and g = 0 on (—oo, —1]
3) 1o — 1/2 is an odd function.

For a,b € R with a # b, let ¥[a,b] : R — [0, 1] be defined by v[a,b] = g o
Ly where Ly p : R — R is a linear function with L(a) = —3, L(b) = 3. Then
¥[a, b] has the following properties:

1) ®[a,b] is weakly monotone.

2) ¢[a,b] = 1 on a neighborhood of b and [a,b] = 0 on a neighborhood
of a.

3) Yla,b] +[b,a] =1 on R.

Definition 2.1. Given a function v € C¥%(D), where D C R™, the (j, a)
localized Hélder norm is given by

lullja(p) = llu: C7(D N Bi(p))]-

We let C’ljo’j (D) denote the space of functions for which || — ||« is pointwise
finite.
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Definition 2.2. Given a positive function f: D — R, we let the space
C3%(D, f) be the space of functions for which the weighted norm |— :
CH¥(D, f)|| is finite, where we take

lu: CT(D, f)] = sup f(p)H|[ulljalp)
peD

Definition 2.3. Let X and ) be two Banach spaces with norms ||— : X||
and ||— : )|, respectively. Then X N} is naturally a Banach space with
norm ||— : X N Y| given by

If X0Vl =f: X[+ 7Dl

Let X be a Banach space with norm ||— : X|| and suppose S C X. For
convenience, throughout the paper we will sometimes write ||— : S||, where
for any f € S we simply let

1Sl = 11f = &
2.2. Estimating homogeneous quantitites

Let E be the Euclidean space E := EMV) x E?) = R3*2 x R3*4. We denote
points of E by V = (V, V?), where

V = (V1,Vs), v?= (V%hv%%v%%v%l)'
We then consider functions ®(V) on E with the property
(V) = lo(V)
for real numbers ¢ and d. We call such a function a homogeneous function of

degree d. It is straightforward to verify that a homogeneous degree d function
has the property that its j* derivative DW® is homogeneous degree d — j.

Remark 2.4. We will assume throughout this section that all functions
® : F — R refer to smooth functions which are homogeneous of degree d.
We also presume such ® are uniformly bounded in any C* on compact
subsets of the space

Ey:={Y € E:a(V) #0}.
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Notice F is just a Euclidean space so for any V € E, we make the
identification Ty, F = E. We extend this for each k € ZT and observe that
DW®®(V) : E¥ — R. For clarity we provide the following definition.

Definition 2.5. Let k € Z*, V,Wq,..., W}, € E. Then
D®) & , V@@ Wy) = DHO(VYW, @ --- @ Wy).
For brevity, we denote the k-th tensor product of W with itself by
W =We- oW

Definition 2.6. Given an immersion ¢: D C R? — R3, we set V[¢] :=
(Vp,V2¢). A homogeneous quantity of degree d on ¢ is then a function
of the form ®[¢] := ®(V][¢]) for some homogeneous function ¢ on E.

Examples of such functions are the mean curvature, unit normal, compo-
nents of the metric and its dual, the Christoffel symbols and the coefficients
of the Laplace operator for ¢ in the domain D.

We want to estimate the linear and higher order changes of homogenous
quantities along ¢ due to addition of small vector fields. To do this concisely,
we refer to a map V(s,0) : D C R? — E as an immersion if the quantity

(2.1) a(V) = a(V) := 2Vdet VIV/|V|?
is everywhere non-zero, and otherwise we refer to it simply as a wvector field.

Lemma 2.7. For a map ¥V : D — E, |a(V)| <1 with equality if and only
if V1| = |Va| and V1 -V = 0. In particular, a(V¢) = 1 if and only if ¢ is
a conformal immersion.

Proof. Since a is homogeneous degree 0 it suffices to consider the case that
V1| =1, |[Va| :=r for r € [0,1]. We can then write

2 2 ) 2
aQ(V) _ |V1| ‘V2|2 (V12 2V2)
(V]2 + [V2]?)
r? — cos?(0)r? 9 r2
TR S A pwry

For each 6, the right hand side achieves a unique maximum at r = 1 with
value (1 — cos?(#)), which gives the claim. O
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Definition 2.8. Given an immersion V and a vector field &, we set

11 _ Ak
(2.2) RYL(v) ;:/ (A=9)" L pk+D) (@* ) do
’ o K V(o)

where ®¥E denotes the k-fold tensor product of & with itself and where

V(o) =V +0€.
When V and £ are of the form V = V¢ and £ = VV we write

RY)(¢) = Ry £(V).

Note that Re ¢(V) is simply the order k Taylor remainder so that:

Proposition 2.9. We have

(2:3) OV +E) — (V) — DIy (E) — - — % D(%‘v (a¢)
= Ry (V)

Proof. Set f(o) := ®(V(0)). Recall the integral form of the Taylor remainder
theorem implies

1

L] _ gk
1) = 10 = 100 = [ ESTE 0 o)

The claim then follows by computing explicitly the derivatives of f in terms
of . O

Since we are interested in immersions, we provide a quantitative statement
that well controlled variations of immersions remain immersions.

Proposition 2.10. Let V and £ be points in E, with V € Fy, satisfying
€] < €la(V)][VI.
Then for € sufficiently small, independent of V and &,

la(V+E)—a(V)| < CIE|/IVI.
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Proof. The definition of a implies there exists C' > 0 independent of V such
that

This then gives

(1+Ca®)|Val < |V < (1+ Ca2) |V,
(1+Ca?)[Vi[* < |V]* < (14 Ca™?)| V1,

so that for 0 < e < (4a? +4C)_1/27
1
&% < a?(1+ Ca™?) V12 < Z‘Vllz
1
1&2]? < Z|v2\2.
Set V(o) :=V + 0€. Then

1 3
2IVal < [¥2(0)] < 5194|

1 3
— < <= .
V1] £ [9i(0)] £ 5|V

It is then straightforward to check that [V| Dalg, is uniformly bounded

for o € [0,1], so that using (2.2)), (2.3)

a(V +€) = (V)| = |ROH(V)| < CIEl/IV . .

Using the previous estimates and the scaling properties of homogeneous
functions, we record here an estimate we use with great frequency. In par-
ticular, this estimate allows us to control appropriately weighted Holder
estimates on the remainder terms of a homogeneous function by Holder es-
timates on the variation field £.

Proposition 2.11. There exists € > 0 such that if V: D — E is an im-
mersion and £ : D — E is a vector field satisfying

|€ : CT*(D,a(V)|V)])|| < C(j,)E, and

(V) =V : C7*(D,|V|)]| < o0,
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then

|BL(2): (0,191 < C®,tas0.) € 070 (D, 19|
Proof. Since D**t1® is homogeneous degree d — (k4 1) we can write

RPL(V) = [v|t-k+D) / Aot Dottt (@) do
PE o K Y(0)/|V] ’

where as before we have set V(o) := V 4+ 0£. We then have

k+1
Ja

1€

j?a

,

ey |rR®@| <ot

D(k+1)¢‘

Y(o)/IV]

With C(j,«)é < € from Proposition the hypotheses imply V(o)/|V]|
remains in a fixed compact subset of Ey and

H D(k“)@’ < O, a, k).
Y(@)/1VIl},a
Additionally,
IVIlla /1VI(s,0) < Cljq.
Dividing both sides of (2.4) by |V|¢ then gives the claim. O

3. Geometric quantities on G

In this section we record estimates of the relevant geometric data for the
immersion G. In the first subsection, we give an explicit parameteriza-
tion for each curve in £. To get good estimates, throughout this section
we presume that for a given kg, 79,&, we choose 0 < & < dy/|¢| such that
(1 +|T| +|&]) < €& We then define G by using any curve vy € £ defined by
the parameterization for v[0ko, d70, 6.

3.1. A family of logarithmic spirals

We give an explicit parameterization for any v € £. For any triple (kg, 79, &) €
R* x R? we define the following two quantities

7o
b(ko, 10,&) == &—Oy//ﬁ% —|—7’02 + &2 c(ko, 10,&) == \/K(Q) +702.
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Given constants ro >0, £, 79 €R, let y[ko, 70, £](2) : R—R? be a smooth
curve determined by

ot
(3.1) ol = s <er<ct> T Z)

where we have abbreviated e,(t) := (cos(t),sin(t),0) and e, = (0,0, 1).
We demonstrate that such a curve satisfies the properties that

(1) ds = eftdt where s is the arclength parameter.

(2) curvature x(t) and torsion 7(t) are described by
k(t) = e kg, T(t) = e Sl

We first calculate derivatives and note that

et
(3.2) ) P — (ger(ct) + be, + ce,%(ct))

VEE+ 12+ 2
1

where of course e;,-(t) := (—sint, cost,0).
The arclength calculation follows immediately from (3.2)) and thus the
unit tangent has the form

T—i— e, (ct) + be, + ce;(ct)

od VE+ 12+ 2

It follows that
ar ot Ece(ct) — cPeq(ct)

ds VE + 0%+ 2

and
ds NZEN

Since one can directly verify that Cg\/j ;i};ﬁ; =Ky, we have demonstrated the

appropriate formula for k.
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To find 7, note first that

T &cef(ct) — cPey(ct)

N=_—- =
T"| c\/ &2 + 2
and thus
_ C be2el 2 3
BoTAN— Ebcey(ct) — bete,-(ct) + (E°c+ ¢ )ez.
/€2 + 2\ /E2 + b2 + 2

Since

dB  —¢&bcPe;(ct) + bcle,

E_ C\/§2+02\/§2+b2+62

we observe that

dB _ ot —¢bcte(ct) + bcle, - be N
ds V/E2+ 2\E2 412 + 2 VE2 + b2 + 2

The result for 7 now follows by observing that 7y = ﬁ.

We point out the Frenet-Serret equations may be written

d T 0 ko O T
% N = —KQ 0 T0 N
B 0 —19 O B
and we let
0 Iave) 0
(33) T:= —KQ 0 T0
0 —10 O

3.2. The normalized derivatives VG*)

In order to conveniently estimate geometric quantities on G such as the
mean curvature, we want to normalize G and its derivatives in a way that
controls for rotations and dilations, whose effect on quantities such as the
mean curvature and unit normal are easily extracted.
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Definition 3.1. We let R(#) be the rotation given below:

R(O):=N()®e, +B0) e, +T(0) ®e;

z

where {e,e;,e;} is the dual basis in R? to the standard basis. We then
define the normalized derivatives of G as:

VFG(s,0) := e P R(O)VHFIG(s,0),
and we set
VI[G] = (@G,WG) .
Proposition 3.2. The following statements hold:

1) The normalized derivatives VG (s, ) are 2m-periodic in 6.

2) Letting v == v(V[G]),
va =v(VG) = R71(0) (i)
3) For Hg = H(NG),
Hg = e H(V[G)).

Proof. Ttem follows directly from the definition of F'in ((1.4). Items
and follow from the fact that v and H are homogeneous degree 0 and —1
quantities, respectively, and their behavior under rotations and dilations. [J

3.3. Comparing immersions on spirals with straight lines

In [2], we considered immersions of the form:
1
(3.4) Gos(s,0) = <669 sin(0) sinh(s), €%’ cos(6) sinh(s), 5669> .

Theorem 3.3 (Theorem 1 from [2]). There are constants €y, dp > 0
sufficiently small so that for any 0 < d < dg, there is a function ugs(s) :
[—e0d ™14, €06~ 1/4 = R such that:

1) The normal graph over Gos by the function wos(s,0) = e*Pups(s) is
an embedded minimal surface with boundary.

2) wugs(s) is an odd function.
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3) There is a constant C' > 0 sufficiently large so that ugs satisfies the
estimate

[ugs = CF2([0, 00~ 4], 5%)|| < C4.

Notice that for any £ # 0, we can apply this theorem to immersions G s¢
as long as 0 < 0|¢] < dp and all domain bounds and estimates then have o
replaced by ¢|¢|. Moreover, as & — 0, an appropriate translation of Gy se
converges to the helicoidal embedding by F'. Thus, when £ = 0, it will be
natural to replace estimates for Ggg by estimates for F'.

Throughout, we will take the liberty of suppressing the dependence of
these immersions and maps on ¢, £ from the notation and instead write

Go := Gose, o = Ugse, Wo = Wos¢.

As a first approximation to our solution we wish to compare the geometry
of G with that of Gy. To do this we normalize the derivatives of Gg by taking

(3.5) VG (5,0) = e %0V Gy(s,0).

Lemma 3.4. For all k € Z" there exists C independent of k so that
VEG(s,0) — VP Go(s,0)| < C8|T|cosh(s).

Proof. Notice first that 6|T| < 1. By definition,

o ok

R0)55C = 5%

Go

so any differentiation only in s will vanish in the difference. Let e, :=
sinON + cos B and e;- := cos N — sin §B. Then
(Go)o = €Y R()es + **? sinh(s)R(A)e; + 66e°? sinh(s)R(0)e,
Go = e*%es + %% sinh(s)e; + 6£e%¢Y sinh(s)e, + 6e**? sinh(s)Te,
and thus
e %Y (R(0)Gg — (Go)y) = dsinh(s)R(A)(Te,).

This immediately proves the estimates for kK = 1. The higher order estimates
follow inductively since 0 < §|T| < 1. O
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From Lemma [3.4] we can obtain a good estimate for the mean curvature of
G, , the normal graph over G by the function wy. Since (G)y, is @ minimal
surface, we expect that the failure of G, to be minimal is controlled by
the geometry of the modeling curve for G and the scale . We first need to
compare the unit normal field along along the immersions.

To demonstrate that we may use Proposition [2.11] to estimate geometric
quantities of small graphs over G we record the following lemma.

Lemma 3.5. The following statements hold:
(1) There exists C > 0 independent of G such that
C ! cosh(s) < |V[G]| < C cosh(s)

(2) Recalling the definition of {; from Proposition

ta(V[G]) < C(j,a)

(3) There exists C > 0 independent of G such that

1= [a(VIGD] < Co(IT] + [£])

Proof. Ttems (1) and (2) are direct consequences of Lemma and the
corresponding estimates for F'. To prove item (3), first note that

VR Gy — VR E| < C6|¢] cosh(s).

The result now follows from the triangle inequality, Lemma [3.4] Proposi-
tion and the fact that a[F] = 1. O

Lemma 3.6. For any j € Z*
|76(s,0) — v, (s, 0) : CP*(R?)|| < C(4, )| TI6.

Proof. First note that 6(1 + |T| 4 &) < € of Proposition Thus for v, we
can apply Proposition with & = 0 and d = 0. The result then follows by
Lemma and Proposition with V = VG and £ = VG — VGy. U

We will exploit the periodicity of the helicoid and consider graphs over
G = M o F that are periodic in . To that end, we define the appropriate
quotient space of R2.
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Definition 3.7. Let Q be the quotient of R? by the translation (s, ) >
(s,0 4 27).

Given an immersion G, we look for functions u : @ — R such that G +
uV¢ is minimal. Because of the homogeneity of H and its invariance under
rotations, we consider variation fields of the following form.

Definition 3.8. Given a function u : Q2 — R, we set
(3.6) Es[u] := e R(O)V (P urg).

The self-similarity of v allows us to consider the mean curvature up to
the natural localized rotation and dilation of G' by e %?R(f). To that end,
we define the map Q).

Definition 3.9. The map Q[u] : C*(D) — C°(D) is given as follows:

(3.7) Qu] := €% cosh?(s)H(V[G] + V[e* (u + uo)va))
= cosh?(s)H(V[G] + Es[u + ug)).

An important consequence of the definition is that Q) preserves the pe-
riodicity property.

Lemma 3.10. Q maps the space C?(2) into C°(Q).

Proof. Since we have already verified in Proposition item (1), that VG
is periodic, the preservation of periodicity follows once we verify that Es(u)
maps periodic functions to periodic functions. Item (1) of Proposition
also implies Vg is 27 periodic in € and thus, all derivatives of U are 2w
periodic in #. By direct calculation, it is enough to show that R(0)0,v¢ is
27 periodic for a = s, 0, ss, s6, 60.

First, note that the vector R(6)e; is independent of #. Since T is fixed,
and

(3.8) R (0)e; = (R(0)e;) — R(0)6Te; = —R(0)Te;,

we note that R/(f)e; is independent of #. A similar calculation with second
derivatives immediately implies R”(6)e; is also 6 independent. Since we will
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need an estimate on |R”(9)| later, we record here

(3.9) 0= (R()e;)” = R"(0)e; + 2R (9)e, + R(0)e!
= (R"(0) + 2R'(0)0T + R(0)6°T?) e

Now, suppose vg = ), a;€;. Then since vg = R(0)vg, the «o; are all 27
periodic in 8. Moreover, one quickly calculates

(T6)s — R(0) (va)s = (Da)ss — R(0) (vG)ss = 0
(TG)g — R(O) (va)y = Z%‘R/(@)ei

(76) g9 — R(O) (vG)yg = Y _(ci)s R ()e;

(0G) g — R(0) (V&) g = Z (2(a)g R (0)e; + 204 R (0)6Te; + i R"(0)6Te;) .

i

i

tz

Since all terms on the right are 27 periodic in 6 and all derivatives of Dg are
27 periodic in 0, Q preserves periodicity. O

We use the estimates of Lemmas , and to determine es-
timates for the mean curvature of GGy, which by definition correspond to
estimates on [0]. This bound will appear again in the fixed point argument
of Section [Al

Proposition 3.11. For Q* :==QnN{s:|s| < 6(55)_1/4},
(3.10) |Q[o] : Ch(Q*, cosh(s N < C(F, )é[T|.

Proof. Define Eys[u] := e%9V (e?up, ). To prove the norm bound, we first
write

QI0] = cosh®(s)H(V[G] + Es[uo))
= cosh?(s (H i G] + Esluo]) — H(NGo + Eos [UO])>
= —coshQ(s) © (&),

where ¥ := V[G] + Es[uo] and € = V[Go — G + (Ensluo] — Esluo]) := T1 +
Ty. Recall that T} has been estimated in Lemma [3.4

(3.11) |IT1]j,0 < C(j, @)0|T|cosh(s)
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SO we fOCUS on the term
Ty := Eosluo] — Esluo] = e~V (" ugre,) — e ' R(O)V (™ upre).

By direct computation, we determine the components of 75. Projected
onto E(l),

((uo)s (R(O)vG — va,) +uo (R(0)(va)s — (VG,)s) »
6¢uo (R(O)vg — va,) + uo (R(0)(va)o — (va,)e) )

and onto E?)

((UO)SS (R(O)va — vG,) +2(uo)s (R(0)(va)s — (va,)s)
+uo (R(0)(va)ss — (VGy)ss) »
6&(uo)s (R(O)ve — va,) + 0&uo (R(0)(va)s — (Va,)s)
+ (u0)s (R(0)(va)o — (V6o )e) + uo (R(0)(va)so — (V6o )so) »
(68)*uo (R(B)ve — va,) + 26&uo (R(0)(va)o — (va, )a)
+ uo (R(0)(va)oo — (va,)eo) )-

From Lemma since g = R(0)vg
IR(0)ve — va, : C°|| < CH|T|.

For the projection onto E(!), we use Lemma the triangle inequality,
and (3.8)) to get, for i € {s,0},

(3.12) [R(0)(va)i — (va, )il < COIT|.
For the projection onto E(), we observe first that for i, € {s, 6},
(Ta);; — R(O) (va);; = (R(9));; ve + (R(9)); (va); + (R(0)),; (va); -

Appealing to Lemma the triangle inequality, (3.8) again coupled
with (3.9)), we observe that, since 6|T| < 1,

(3.13) [R(0)(va)ij — (vG, )il < CO[T].
Combining (3.11)), (3.12) and (3.13)), and noting further that 0 <4|{| <1,

1€]lj.00 < C (5, @)8[T| (cosh(s) + [luol|j+2.a)
< C(j,)d|T| (cosh(s) + s712) .
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Using the estimates from Lemma/[3.5] we apply Proposition with H = ®
and d = —1. ]

4. The linear problem

The goal of this section is to prove Proposition which shows that, mod-
ulo a two dimensional space of exponentially growing functions, the linear
operator cosh2(s)£ r is invertible in appropriately weighted Holder spaces.
These weighted spaces will be defined on subsets of 2.

Definition 4.1. Set
(4.1) A= QN {|s| <arccosh (£)}

where £ € (2, cosh(eo(5]€])~1/*)) is a constant to be determined and where €
is as in the statement of Theorem[3.3] The upper bound for ¢ is the maximum
scale on which the functions ug of [2] are defined. The main theorem does not
allow such a generous upper bound for ¢, though ¢ should be considered as
a large constant. The weighted spaces on which we solve the linear problem
now take the following form.

Definition 4.2. Let X*, k=0, 2 be the space of functions f(s, ) in CZ’SM(A)
such that

(4.2) If: XF| = ||f - CP34(A, cosh®(s))|| < oc.

Note that the spaces X* are Banach spaces with norm |— : X¥||. Our
main result will follow from the fact that linearized problem on the surface
F is invertible in the spaces X*, and the fact that we can treat the linearized
problem on G as a perturbation of the linearized problem on F.

For a locally class C? immersion ®(s,6) : D — R3, we recall the stability
operator of the immersion:

(4.3) Lo :=Ag + |Aq>|2.

Here Ag and |Ag|? respectively denote the Laplace operator and the squared
norm of the second fundamental form of the immersion.

4.1. Obstructions to the linear problem

In the spirit of Kapouleas, we will solve the linear problem on F' by modifying
an inhomogeneous E € X so that the modified function is L? orthogonal to
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the obstructions to invertibility. We first record some relevant properties and
then discuss the obstructions. The modifying functions will be determined
and understood in Subsection

Let gr, v and Ap be the metric, the unit normal, and the second
fundamental for F', respectively. Then

gr(s,0) = cosh?(s)(ds® + db?)
(4.4)  wvp(s,0) = —cosh™!(s) cos(f)e, + cosh™!(s) sin(f)e, + tanh(s)e,
Ap(s,0) = —2dsdf

cosh?(s)Lr = Aq + 2 cosh™2(s).

Note that if u : £ — R then the periodicity of F’ and vg imply that u can
be extended to a graph over the full helicoid. Moreover, to understand the
behavior of Lpu, it is enough to understand its behavior on a fundamental
domain of the helicoid. That is, we can consider the problem only on 2
rather than on all of R2. In the same spirit, we can analyze the Gauss map
vp: F — S? on . On this subdomain, v is a conformal diffeomorphism
with conformal factor |Ar|?/2 onto the punctured sphere % \ {(0,0, £1)}.

Definition 4.3. Let K be the space of bounded functions x : {2 — R such
that Lrpx = 0. Then standard theory implies that K is spanned by the func-
tions

Kz = cos(f) cosh™'(s), K, =sin(f)cosh™*(s), k. = tanh(s).

The functions K, £y and k. are (up to sign) the z, y, and z components
of the unit normal for F'. Indeed, if we lift k., x, and k. to the sphere via
the Gauss map of F', then the lifts correspond respectively to the restriction
to S? of the ambient coordinate functions z, y and z.

4.2. Inverting the stability operator in the spaces X* modulo K

We first demonstrate that we can invert the operator cosh?(s)Lr over the
space of functions orthogonal to .

Definition 4.4. Let
(xF)+ = {fEXk:/fﬁdug}:OforallnelC}.
A

We find it convenient to solve the linear problem for inhomogeneous F
with E|pp = 0 as a few technical arguments are made easier. As a trade-off,
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we have to be a bit more careful in applying the linear theory to the fixed
point argument in Section

Proposition 4.5. Let (X)) C (X)L be the subspace of functions that
vanish on OA. Then there is a bounded linear map

R (A9)" — &
such that for E € (X0)*,
coshQ(s)Epr[E] =F on A.

The proof of Proposition follows in three steps which will take up
the entirety of this subsection. We first show that Aq can be inverted over
the space of Holder functions that satisfy a convenient averaging property.
In the second step, we show that there is a sufficiently large constant sy so
that on A N {s > sy} the operator cosh?(s)Lr can be solved in the spaces
XF* as a perturbation of Aq. In this way, we reduce to the case that the
error term has large but fixed compact support. In the third step, we solve
for the error term by lifting the problem to the sphere using the Gauss map
of vr, where the problem reduces to an eigenvalue problem for the stability
operator on the sphere.

Step 1: Inverting over the space of inhomogeneous terms with
“zero average”.

Definition 4.6. Let

loc

(45) CFY(X):= {EGCk’O‘(X) o[ E(s,0)dd=0 for all (s,0) EXCQ} .

—T

We say that any function in the space (4.5)) has zero average along merid-
ians. Given a positive weight function f, we then denote

Che(X, f) = CP(X, f) N O (X).

loc

We will prove the invertibility of Ag over C%*(A) by first considering
the invertibility of the local problem.

Lemma 4.7. Let Ag C A be the annulus
Ag == QN {|s| <5/8}

and let ég’a(Ao) be the space of Coe functions on Q with support on Ag.
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Given a compact set K containing Ay and k > 0, there is a bounded
linear map

Rol—] : CI*(Ag) = C2¥(Q) N CF(Q\ K, cosh™(s))
such that
AqRo|E] = E.

Proof. Lemma [£.7] can be established several ways. We choose the following
approach. Let €27, be the domain

(4.6) Qp:=Qn{s| < L.

In other words €2 is just the flat cylinder of length 2L centered at the

meridian {s = 0}. Standard elliptic theory gives the existence of functions
2, . .

ur, € C; (1) satisfying:

(4.7) Aup, =FE, wup(xL,0)=0.

We now integrate both sides of the first equality in (4.7)) in 6 to obtain the

equality
</ uL(s,G)dG) =0.

The boundary conditions in (4.7)) then imply that

/ ur(s,0)do = 0.

—Tr

That is, uz, € C>*(Qy).

loc
Using the zero averaging property and the Poincare inequality for K we

determine that

(4.8)  supfur| < C(K)|E: CONEK)|| < C(K)||E : CO(Ao)].

We then define the map

(4.9) Ro[E] = uso(s,0) := nggo ur(s,6).
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From (4.8)), the limit in (4.9)) exists in C>%(Q) and by continuity ., solves
s
Aqus = F, Uoo(S,0)dO = 0.

—T

The exponential decay of us, in both the positive and negative s directions
then follows directly. O

We are now ready to prove the invertibility of Aq over Co’g’a (A). Follow-
ing standard arguments, we will sum up the solutions to the local problem
found by Lemma [4.7] and show that the estimates are sufficient to establish
convergence.

Proposition 4.8. Given p € (—1,1)\ {0}, £ >0, a € (0,1) and a compact
set K containing A, there is a bounded linear map

Rpal—]: é’g’a(A, cosh?(s)) = C?*(Q, cosh?(s)) N C*(Q\ K, ¢° cosh ™ (s))
such that
AR, o|E] =E.

Proof. Fix E € Co’g’a(A,coshp(s)) and set 3 := ||E : Co'g’a(A, cosh”(s))||. For
each integer 7, let A; be the annulus A; := Ay + i. Note that the set {A;}icz
is a locally finite covering of Q such that A; N A; = 0 if |[i — j| > 1. Let {¢;}
be a partition of unity subordinate to {4;} such that ¥;(s+ 1) = ¥it1(s).

o

Setting Ei(s,0) :=;(s)E(s — i,0), it is straightforward to verify that E; €
Cg "“(Ap). The decay assumption on E further implies that

1B+ C3°(Ao) | < CBeoshe (i),
We now define the functions
(s, 0) = RolEi|(s +i,6).
From Lemma [£.7, we determine the estimates

lit; : C**(A)]| < CBeosh® (i) cosh™ (j — i)

- e de(ltmi <.
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Taking finite sums, we determine that

<

zn: i : C**(A;)
1=0

Thus, the partial sums converge to a limiting function % with zero average
along meridians satisfying

Agi=E, |lu:C**(4;)] <

cosh”(j).
T )

In other words u satisfies the estimate

i : €299, cosh”(s))|| < fwué : € (Q, cosh(s))] .

By setting R [E] := % we prove the proposition. O

Step 2: Solving cosh™2(s)Lr as a perturbation of Agp. We now
proceed with the second step in the proof of Proposition [4.5] Notice that
the following technical lemma is stated much more generally than we will
need. The reader may find it helpful to reduce the statement to when p = 3/4
and k = 3.

Lemma 4.9. Let L := Aq + P(s) be a second order linear operator defined
on 2, and assume that

(4.10) | P(s) : CO%(Q,1)| <.
Given p € (=1,1)\ {0}, £ >0, a € (0,1) and a compact set K containing
A, there exists €, > 0 such that for all 0 < e < €, there exists a bounded
linear map
Rpall, —] : Co®(A, cosh?(s)) — C2%(Q, cosh?(s)) N CF(Q\ K, £° cosh™(s))
such that

LR,a[L,E] =FE on A.
Proof. Let E € é’g’a(A, cosh”(s)). We proceed by iteration. Set ug := R, [E]

so that Lug = £ + P(s)ug. In order to apply Proposition we introduce
the cutoff function ¥ (s) := v[arccosh (¢) + 3, arccosh £ + 2](|s|). Set Ey :=
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—1/;Pu0. Then 9 E; is supported in a fixed neighborhood of A and we can
apply the previous proposition on that neighborhood and get corresponding
estimates. It follows that E; € C%%(A) and satisfies the estimate

1By = C¥(A, cosh?(s))|| < Cla, p)e]| E = Cy (A, cosh®(s))].

For simplicity, let A; :={(s,6) € Q: |s| < arccosh (¢) + 3} denote the
neighborhood of interest in this proof. Taking e, sufficiently small we can
achieve the estimate,

0.0 1 °0.a
| B Co™ (A, cost?(s))]| < 5| E = Cp*(A, cosh ()|
Inductively define the sequence (Ej,ug) by
ur = RpalEk], Eri1 = Ep— D Luy.

We continue to use the cutoffs so that Ej € Co** (A1, cosh?(s)) for each k.
Appealing to the modified version of Proposition 4.8 we get the estimates

l|us : C2%(Q, cosh?(s)) N CF(Q\ K, £° cosh ™ (s)))]|
< C||E; : CO* (A1, cosh?(s))|| < €27

The partial sums v, := Z?:o u; satisfy 1/;/:1)” =F —F,+; on A and

v : C2*(9, cosh?(s)) N C*(Q\ K, ¢° cosh ™ (s))]
< G| E : C9 (A, cosh?(s))|

where Cj is a uniform constant independent of n. The limit u := lim,,_ o vy,
then exists in 012 - and by continuity satisfies

VLu:=E, Yu(s,0)dd =0 on A.

—Tr
Moreover, u satisfies the appropriate weighted Holder estimates. Since

L(u) —pLu on A, the conclusion therefore follows by setting tu :=
RpalL, E. O

As the operator cosh?(s)Lr does not satisfy the condition (.10, to use
a perturbation technique we must modify this operator by cutting off the
curvature term for s near zero.
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Definition 4.10. Given a € R, we define the operator L, as follows:
Lra:=Aq+2la—1,a](|s]) cosh™2(s).
From the definition and the properties of L, it immediately follows that

Lemma 4.11. 1) Lra = cosh®(s)Lr on QN {|s| > a}.

2) For any € > 0 there exists an a sufficiently large so that
|£Fa — Aq, C¥(9, cosh™(s))| < e.

3) The operator Lra preserves the class of functions with zero average
over meridian circles on Q2. In other words, given f € C**(Q), Lpof €
Cka,a(Q)'

We are now ready to quantify the error induced by inverting L, rather
than cosh?(s)Lp. We describe the error via the following map. Note that
throughout what follows, in all applications we will use p = 3/4, a« = 3/4.

Definition 4.12. The map T[—]: XF — C*3/4(Q, cosh®/4(s)) is given as
follows:

T[E](s,0) := E — (s) cosh?(s)Lr(s)RpalLF a, E(s,0).

Here the function 4(s) := t[arccosh (£) 4 2, arccosh £ 4 1](|s|) is a fixed

cutoff function. We choose 1(s) so that 1) = 1 on A and supp(¢) C {(s,6) €

A1 : ¢ =1}, Such a choice of ¢ removes from ¥ the small error induced in
Lemma that comes from the cutoff . In fact 1& cuts off the second term
in a neighborhood where that term is identically zero. Thus, derivatives of
1& will not contribute to the estimates below in any way.

Proposition 4.13. The following statements hold:
(1) For a sufficiently large, T[—] is well-defined.
(2) TIE] is compactly supported on the set AN{|s| < a}.
(3) There is a constant C(p) depending only on p = 3/4 so that
IT[E] : ™A N{|s| < a}, 1) < ClIE: X7

(4) T maps (?E(?)J- into (226))1- where E € ()Eé))J- if E € (X))t and E has
zero radial average along meridian circles.
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Proof. Statements (1) and (2) are obvious from Definition Statement
(3) follows directly from Lemma and the definition of the maps R, [L, —].
To see (4), note first that the zero average condition on meridians is pre-
served by the definition of T[—], Lemma and the definition of Lp,. We
then immediately get that

/ T[E)k.dug = 0,
A

since K, = k,(s) is f-independent. Additionally, we have that

/T[E]ﬁxd;m:/Eﬁxdug—/EFRpa[ﬁFa,E]ﬁxduF
A A A

Note that by assumption the first term above is zero when E is in (X*)+.
Considering the support of F and the definition of A, for L > arccosh (¢),
A C Qp. (Recall the definition of €, in (4.6).) By our choice of ¢ and the
properties of the function Rpa[ﬁpa, E], we note that

/A»CFRpa[ﬁFaa E]RxdﬂF = Ll m TZJ»CFRpa[ACAFaa E]"iccd/JF

i
— 00 QL

= lim LFRpa[ﬁpa,E}ﬁxd,up
L—oo QL

— lim (,{x(L, O)ViRpallra, E|(L,0)

L—oo J_,

— Rpallra E)(L,0)Vsra(L, 9))d9,

where we have used that Lpr; =0. Considering the growth rates of
Rpa[ﬁFa,E] and k,, we see the right hand side above is equal to zero.
The claim then follows immediately. O

Step 3: Solving for the error term by lifting to the sphere. We
are now ready to finish the proof of Proposition .5 Let E be a function in
(AL and set B := || E: (X9)1. Set

Bls) = [ B(s,00d0, B(s,0) = E(s,0) — F(s).

T o -
It is then straightforward to verify that E is in (?2(?)1- and

|E: (5)*]| < Cp.
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The equation
cosh?(s)Lpu = T[E]
on A is equivalent to
(4.11) (Agz + 2) u = 2%[E)/(|Ap|? cosh?(s))

on the sphere, where we have abused notation slightly and identified func-
tions with their lifts to the sphere under the Gauss map of F'. Since T[E] is
supported on the set QN {|s| < a},

ITIE)/ (|AF | cosh®(s)) : L*(S?)|| < CIIT[E]/|Ap [ : (X)) < OB.
Moreover, by Proposition m (4), TIE)/(|Ap|? cosh?(s)) is orthogonal to
the kernel of Ag> + 2. (Recall that the kernel is spanned by the coordinate
functions restricted to S.) Thus, there is a solution u to (4.11)) satisfying

lu = W22(8%)]| < CB.

Standard elliptic theory then implies that

20 < C|E]oa-

[l
Define the function
b= u+Rypallra, E.
Then © satisfies cosh?(s)Lpd = E on A and the estimate
o X% < CYIE : (X))

We then solve for the function E by direct integration. In particular, in [2]
we proved that the expression

(4.12)
v(s) = ) anh™2(s ) anh(s”) cosh™2(s)E(s")ds"ds' | tanh(s
() (/ot ()/ot () ()() d>t ()

satisfies cosh?(s)Lpo = E. Moreover, by Lemma 8 of [2], making the appro-
priate modifications for the norms of interest here, we establish there exists
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a uniform C' > 0 such that
lo: X2 < CIE: 7).

We conclude the proof of Proposition by setting

4.3. Solving the linear problem on Xg

We now solve the more general linear problem by decomposing any E € X}
into a € independent function and a function E‘, with zero average along
meridian circles. We invert the 6 independent function directly using .
To invert E, we modify the function by its projection onto the space K.
The resulting function is orthogonal to K and thus can be inverted via
Proposition [£.5]

To begin, we define functions that, as graphs over the helicoid, will induce
linear error that can be used to modify the inhomogeneous term.

Definition 4.14. Let ¢(s) be the cutoff function (s) := ¢[1,2](|s|) and
set

(s, 0) = ﬁd)(s) cos(6) cosh(s),
uy(s,0) = %w(s) sin(f) cosh(s), wu,(s,0) = %w(s) |s].

We denote the linear error in the mean curvature due to adding the graphs
of ug, uy and u, by

Wy = coshZ(s)[,Fuw, Wy = COSh2(S)[,FUy, W, 1= cosh2(s)ﬁpuz.

Note that we chose the functions w;,w,,w, so that the projection of
onto I can be captured by linear combinations of the functions w.

Proposition 4.15. Fori,j € {z,y,z},

/ R{W; d,LLQ = (5”
Q
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Proof. Let N be a large constant and set D := Dy = QN {|s| < N} and
0 =0p = F(|s| = N). Then

(4.13) / Kiwj dpg = / kilpujdup = / /ﬂin;uj dus — ujvfjm dug
D D aD

where VI denotes the surface gradient on F and where 7 is the outward
pointing conormal at dD. We do not write in the cosh?(s) term in the
second integral since cosh?(s)duq = dup. Notice that dD consists of four
components. From (4.4)), on the components (+N, 6), Vﬁ := 4 cosh™}(IN) 0,
for +£5s >0 and duy = cosh(N)df. On the components (s,=m), Vﬁ =
+ cosh™! ()9 for £6 > 0 and djuy = cosh(s)ds.

We first consider the case ¢ = j. Observe that for 8 = &7, w;0gk; =
kiOpu; = 0 for i € {x,y, z}. Thus, we are only concerned with the bound-
ary components s = =/N. Thus

™

47r/ /izwxd,u,gz:/ cosQ(G)tanh(N)dH—/ — cos?(6) tanh(N)d#
D

—T —T
™

+/TF cos?(0)(— tanh(—N))d6 —/ cos?(#) tanh(—N)dh

- —T
™

= 4tanh(N)/ cos?(0)dh — 4.

—T

The same estimate follows for fQ kyWwy dpp. For w=w, and kK = k;, on
s = =N we have that

F,. _ -3
V, k2 = cosh™(N).

In this case, the second term on the right hand side of (4.13|) converges to
zero as N goes to infinity, and we note that

471'/ /@szd,ugz/ tanh(N)dG—/ tanh(—N)df — 4.
D

—T —T

For the case i # j, one can easily show that the boundary curves de-
fined by s = + N will not contribute to the integral. Indeed ffﬂ w05k dO =
ffﬂ k;jOsu; dff = 0 for all instances of ¢ # j since the integrand will contain
either sinfcosf, sinf, or cosf. We demonstrate why the other integrals
vanish for the case i = x,j = y and leave further cases to the reader.
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Using again (4.4)), the formulas imply that

N
477/ KyWy dptg = / (- sin 0 — cos® 0) ¢(s) ds
D -N

N
+/ — (—sin® @ — cos? ) 1(s) ds = 0

Now that we understand the modifying functions, we can solve the linear
problem for inhomogeneous F with non-trivial projection onto K.

Proposition 4.16. There is a bounded linear map
R[] &Y = &% x R?
such that for E € XY and (v,bs,by) := Rp[E],
cosh2(s)ﬁpv =FE — byw, — byw, on A.

Proof. Given E € XY, we set

T

B(s) = / B(s,0)d0,  E(s,0) = E(s,0) — B(s).

—T

Then F is in /ﬁ?. Since k, is 6-independent and E has zero average along

meridians,
/ E Ky dug = 0.
A

Moreover, the definition of the function space X° and the definition of A

together imply
‘/ Eofixd,ug + ‘/ E/iyd/m
A A

Thus, there exist constants b, and b, with

< C|E: x°.

be],  |by| < C|E: X

so that B+ = E — byw, — bywy lies in (XY)+. Using Proposition |4.5{ we de-
fine the function

vt = RE[EL).
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We then use ([#.12)) to determine a function . We now define v := v + %.
By definition, v satisfies

cosh?(s)Lpv = E — byw, — byw, on A
and the estimates imply that

b+ X2 + [ba + [by] < CIIE : o O

5. Finding exact solutions

Recall that finding a graph over G so that the resulting surface has H = 0
is equivalent to finding a function u € C*% with Q[u] = 0. We will solve this
problem via standard gluing methods, invoking a fixed point theorem for a
given map ¥ from some Banach space we designate. Estimates for the map
will require a strong understanding of Q[u] and to that end we first consider
a natural decomposition of Q.

Definition 5.1. Let Lg[u] denote the linearization of the operator @ at 0,
and set

Ralu] := Qlu] = Q[0] = Lg][u].

We first record linear estimates, which are controlled by properties of
the immersions F' and G.

Lemma 5.2. Given 19,§ € R and ko > 0, choose § >0 such that C(1+
IT| + £)d < € where € is from Proposition[2.11] and C is a universal constant
arising from the norm bounds in the linear problem. Then for any G defined
according to a curve y[0kg, 079, 0§] € £,

(5.1) Q0] : X°|| < Cae /T
and for u € X2,

(5.2) | Lo[u] — coshz(s)ﬁpu : XDH < COL+|T|+ |€])||w X2H.
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Proof. Proposition [3.11] implies
1QIO][]j,3/4(s, ) < CO|T|cosh(s)
and thus
cosh 4 ($)]|Q[0]]5/4(s, 6) < COT| cosh!3/4(s) < Co0/4T].
For the second estimate, recall that
Qlu] = cosh?(s)H (V[G] + Es[uo + u])

Then for V,, := V[G] + Es[uo],

Lo[u] = Q[u] = cosh®(s) DH|y (E5[u))
Lru= DH|gp (V[uvp]).

We then write

Lgu] — cosh?(s)Lpu = cosh?(s) {DH|ZO (&s[u]) — DH|yp (6'5[u])}
— cosh?(s) DH|gp (N[uvp] — &slu])
=1+11I.

Lemma (3.4) and (3.5)), and the triangle inequality imply
(5.3) IV[G] — VF : C*(A, cosh(s))|| < C§ + C3[T]|.

Moreover, the estimate for ug in Theorem (with 0¢ replacing 0) and
Definition [3.8] imply

(5.4) [€sluo] : OO (A, cosh(s))]| < ]
Combining (5.3)) and ([5.4)), we note that
IV — VF : C¥(A, cosh(s))| < Co(1+|T| + €] < &

Thus we may apply Proposition with V=VF and £ =V, - VF. No-
tice here that a(V) =1, |V| = cosh(s), and d = —2. Thus

oo < € cosh™ (s)[[€loallullza < Cacosh™ (s)(1 + [T] + €] [ul2,a-
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Again using Definition [3.8|and estimates on the derivatives of v, we observe
that

IV[uvr] = Eslullloa < CH(1+ [T])ull2a

and it follows that || I1]|g.a < C5(1 + |T])|lu]l2.q. 0

We now define the Banach space on which we will solve the fixed point
theorem.

Definition 5.3. For ( > 1, set
== {(u, by, b)) € X2 X R?: |Ju - X2 < O T, |bal, |by] < COO/4|TIY.

Notice that by definition, Z is a compact, convex subset of X2 x R2. Thus, we
are in a setting where it is natural to apply Schauder’s fixed point theorem.

Now we control the higher order terms of Q[u] where u = v + byu, + byuy
with (v, bz, by) € E.

Proposition 5.4. Given( > 1, 179,& € R and ko > 0, choose any 0 < 6|¢] <
So and £ > 16 such that C5(1 + |T| + |£[)>/* < min{1/(4¢),é/C}. Here C is
a uniersal constant arising from the norm bounds in the linear problem and
8o comes from Theorem [3.3. Consider any G defined according to a curve
v[6Ko, 070, 6] € £. Given (v,by,by) € E, and f := v+ byuy + byu,

| Rglf] : X% < O TP/,
Proof. The definition of Rg[f] implies that

Rolf] = cosh®(s) Ryy. (Vo).

From Definition
€5 llo < Cllf 2 < Cllvllza + (bl + [by]) cosh(s)
< CColTIeMA <C08h3/4(8) + cosh(s))
< CCO[TIeM4 cosh(s).

Applying Proposition with V=V, and £ = &[f], = H and d = —1
implies that

cosh(s) | Rg[f]llo.a < CC262|T|26Y/2 cosh?(s).

As |s| < arccosh (£) on A, the estimate immediately follows. O
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Using all of the previous estimates, we define a map W that takes Z into
=. As previously mentioned, because we chose to simplify the linear problem
by considering only inhomogeneous terms with zero boundary data on A,
we now have a small amount of technical work to do. In particular, to invert
Q[u], we need to first cut it off by a function ¢

Proposition 5.5. For ¢(s):=1[arccosh (¢/2),arccosh (£/4)](|s|), and ¢'(s)
:= t[arccosh (¢), arccosh (¢/2)](|s]), set

\I’[U, bl, bg] = (1/)7), bl, bg) — RF[le[w’U + blux + bg’u,y]]
Given ¢ > 1, 19,£ € R and kg > 0, for any 0 < || < dy and £ > 16 such

that CS(1 + |T| + |€))€/? < min{1/(4¢),€/¢}, W(E) C E. (Again, we con-
sider any G defined according to a curve y[dkg, 079, 0&] € £.)

Proof. We begin by noting that

QY + brug + bl“y] = Q[0] + Lq [Yv + brug + b2uy}
+ RQ [ZZJU + blug; + bguy]
= Q[0] + cosh?(s) Ly (v + byug + bouy)
+ RQ [ZZJU + bluz + bguy]
+ (Lg — cosh?(s)Lp) (Yv + biug + bouy).

First define (u®,b2,8Y) := Rp[’Q[0]]. Proposition the estimate

’x?y

(5.1)), and the uniform bounds on ¢’ imply that
(5.5) [ = X2 + 2] + [b)] < Cll¢'Q[0] : APl < Co|T|eH*.

Set (v, b, b,) = Rr['Rolthv + biug + bauy]]. Then, Propositions
and imply that

(5.6) [+ X2+ [0 | + [by|
< Ol R + brug + bauy) « AF|| < CC262|T[263/.

Finally, set

R":= (Lq — cosh?(s)Lrp) (Yv + brug + bouy)
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and (u”, b, by) := Rr[¢'R"]. By Proposition (5.2)), the estimates for
v, b1, ba, and the decay control on v,

(5.7) [l X2 + By + || < CIIR - A7)
< CE(1+ [T| + |€))¢|TIEV? < co¢|T|er/2.

The definitions of wu,,u, imply that Lp(biuz + bauy) =0 for all |s| > 2.

Moreover, as 1v = 0 for all s with cosh(s) > ¢/2, /L (v + biug + bauy) =
L (Yv + biug + bauy). In other words,

RE[(' Lp(v + brug + bauy)] = (v, by, by).
Therefore
U (0, b1, by) = (—u® — ' — ", —bY — by, — bif, by — b, — b))

Combining (5.5)), (5.6) and (5.7)), as long as ¢ > 4C, the hypothesis on §

allows us to conclude that

(5.8) || —uo—u —u": X2 < CH|T|O* + CC8?| T3/ + CcolT|er?
< 3¢CO0MA|T]/4

Similar estimates hold for the coefficients of u,,u,:

0 1/4 0 1/4
(5.9) b0 — b, — bl < 3COCYATI/4, |6 — b, — b < 3¢oCVAT| /4
O

6. The Main Theorem

We prove the main theorem via a fixed point argument and all of the nec-
essary estimates have now been recorded. We require two further technical
propositions which allows us to prove embeddedness in the main theorem.
The first proposition demonstrates the size of the neighborhood of + on
which M acts as a diffeomorphism. The second proposition demonstrates
that we may consider graphs over G as coming from graphs over F.
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Proposition 6.1. Given 6 >0 and v € £ given by [0ko, d70,E] as in
(13.1), for any « satisfying

/T g
< -
SOS g1

recalling |T|? = k3 + 78, the map M defined in (L.3)) is a diffeomorphism of
the tubular neighborhood

2 2
T (o) := {(:r,% 2) a4y _5352%21552}

onto its image.

Proof. Note that

(6.1) DM| (. =€ (et @ N +e) @B
+ei®@T+dzel @ N +dyel ® B).
Thus, det DM \ (@,2) = = 3% and M is a local diffeomorphism at each point.

We now show M is a global diffeomorphism. First note that for each
z=c¢, M(z,y,c) is a disk contained in a plane through the origin with
normal direction T'(¢). Now suppose that M (z1,y1,21) = M(x2,y2,22) = Pp.
Then p-T(z1) = p-T(z2) = 0. The definition of v implies that T'(z) - e, is
constant and thus p- (7'(z1) —T(22)) =0 is a condition on radial values
(i.e., the values in the directions e,,e,). We immediately conclude that
T(z1) = £T(22). Thus, the periodicity for 4’ coming from implies that
up to reordering z; and z9,

21 — 29 = n/(8|T|) for n € Z7.

Using the properties of the embedding ~ described in (3.1)), we observe that

oy 2 O [+ €
M(0,0,2) = h(2)] = g \/mi+€ .
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Therefore

IM(0,0, 2 + nr /(8] T[)) — M(0,0,2)| > (emf/lTl _ 1) 1M (0,0, 2)]

o6&z 2
> (emrf/|T| o 1) € ¢ T +§2
o8\ T2+ &2

|M(2,y,2) — M(0,0,2)] = €% \/22 + 2.

Presuming that /22 + y2 < 5 &‘Tz%; for some « to be determined, we
note that

|M (21,41, 2 + nm /(8] T|)) — M(zo, Yo, 2)|

> —|M(z1,y1,2 +nn/(8|T|)) — M(0,0,z + nn /(5| T|))|
— | M (0,0, 2) — M(0,0, 2)|
F1M(0,0, 2 + n/(8]T])) — M{(0,0, 2)|

S
N nee/IT)_ 1Y) — net/IT]
= Se\ ey e (e 1) - a1+ e/

Thus, requiring that

(ems/m _ 1) — a1 4 €Ty 5 g

gives that the points M (z1,y1,2z + nw/(8|T|)) and M (zg, yo, z) do not inter-
sect. This completes the proof. O

Proposition 6.2. There is a constant ep > 0 so that: Given constants b,
and by and a vector field v : R? — R3, satisfying

b2, byl < €p, v CHR)| < ep,
the surface F 4+ v + (byug + byuy)vr is an embedded surface in R3.

Proof. In the following, we refer to the angle that the projection of a vector
onto the plane {z = 0} makes with the vector e, as the argument, and for
a vector v we denote it by Arg(v). Recall that

(6.2) F(s,0) = sinh(s)e,(0) + fe,
vr(s,0) = —cosh™(s)e (A) + tanh(s)e,



Logarithmically spiraling helicoids 501

where we have denoted e, (0) := sin(f)e, + cos(f)e, and el (h) = cos(f)e, —
sin(f)e,. Set F':= F + v + (byuy + byuy)vp. Then it follows from ((6.2) that

(6.3) |Arg(F(s,0)) — Arg(F(s,0))| < Ce.

Let 2; = (s;,0;), i = 1,2 be two points such that F(x1) = F(x3) and assume
first that s; > 0, so < 0. Then it follows from (6.3 that |6, — 6y — (2k +
1)m| < Ce. We can write

uzvp(s,0) = —ﬁz/)g(s) cos(f)e;(0) + iwo(s) cos(f) sinh(s)e,,
1

uyvp(s,0) = 751/}0(5) sin(f)e () + i@bo(s) sin(@) sinh(s)e..

This then gives that

2
(6.4) ‘(bggux—kbyuy)yplif < O (1 + (sinh(sy) + sinh(s))?)

Moreover, from (6.2]), we have
(6.5) |F(x9) — F(21)]* > (1 — Cé)(sinh(sq) + sinh(s1))? + (7 — 2¢)?

Combining (6.4]) and (6.5)) implies

|F(z2) — v(z2) — F(z1) + v(z1)| > 7 — Ce.

Here C is just a universal constant depending on F'. Now suppose |s; — s3] <
10. Then the uniform C! bounds on v imply

|F(x2) = F(x1)| > |F(w2) — v(z2) — F(21) 4+ v(21)| = [v(22) — v(21)]
> 71— Ce.

On the other hand, if |s; — s3] > 10, then the C° estimate on v is enough
as in this case,

|F(x2) = F21)] 2 |F(x2) — v(22) — Fla1) + v(@)] = |[v(@2) = v(a1)]
>m—Ce—|v(z)| — |v(z2)| > 7 — Ce.

Since C depends only on F', we can choose 0 < € < ep so that 1 — Ce > 0
and thus no self-intersections exist. A similar argument gives the same result
when both s; and s are positive. The result then follows immediately. [J
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We now gather all of the estimates from the previous section in combi-
nation with the previous proposition to prove the main theorem.

Theorem 6.3. Given 19, € R, kg >0, and (> 1, choose any 0 < § <
do/I&| and € > 16 such that Co(1+ |T|+ [¢])¢ < min{1/(4(),€/(,er/(4C)}.
Here C' is a universal constant arising from the norm bounds in the linear
problem and 8y comes from Theorem[3.3. Consider any G defined according
to a curve y[0kg, 07y, 0&] € £. Then there exists (v, by, by) € = such that the
surface G + % (v + byu, + byuy + uo) va

1) is an immersed smooth surface with boundary.
2) is minimal on the domain {(s, )| cosh(s) < £/4}.
3) is embedded when

m&/|T| _ 2 4 g2
/< 1 e 1 T +§ .
=5\ 1)\ T2+ &
To conclude the theorem found in the introduction, simply set e¢; <

min{1/(4CC), &/(CC), er /(4CC)}.

Proof. To prove embeddedness, note that for |z| < %, extending the calcu-
lation of (6.1]) to consider also D2M implies

IM (2, y,2) = (z,9,2) : C'({|2] < 1/6})[| = O(8(2* + w2 + y=) (1 + [TI)).
Thus for |8] < 47 and Aux == {(s,0)[(5,6) € A, |8] < 47},
1G(s,0) — F(s,8) : C1(Agr)|| < 6O(1 + cosh(s)(1 + [T])).
Let v := e fug and w = e f (vg — vp). Then
G + % fre — (F €0 fyp) L O (A

=|G+v—(F—-v)+w: C’l(A47T)H
< 8O(1 4 cosh(s)(1 + [T|) + ||w : CH(Aur)]|-

Taking f of the form f = v + ugzb, + uyby, + ug for (v,b,,b,) € E, and using
the estimate of ([5.3)),

[w : CM(Aur) || < [If : CH(Aun)llve — ve : CH(Auz) |
< COC(|T| 4 [T|2)eo/4.
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Thus, the graph over G can be viewed as a graph over F by (byu, +
byuy)vp + W where w = (v + ug)vp + W + (G — F'). The definition of = im-
plies

|b2] + [by| < €r/2.

As 6f < 1, the perturbation vector field has the bound

W : CH(Adn)l| S (|IG = F + w : CH(Aa)[| + [|(v + wo)vr : O (Asr) |
< C (8001 +[T]) + 6¢(1 + [T + a¢[TIe/4)
< €ef.
The self-similarity of the curve implies that, up to some translation, the
same argument can be done for any domain of A with 6 € [0 — 27,6 + 27].
Applying Proposition [6.2], we conclude the surface is locally an embedding.
We appeal to Proposition to get global embeddedness.
The minimality will follow from a fixed point argument. Namely, since

®(Z) C E and = is a compact, convex subset of a Banach space, there exists
(v, bz, by) € Z such that

(v, be, by) = (Yv, b, by) —Rr WQWU + byug + byuy“-
This implies Rp[¢)/'Q[Yv + byuy + byuy]] = ((1 —1)v,0,0) and thus on the
region where ¥ =1,
Qv + byug + byu,] = 0.
The definition of @, see (3.7)), implies

H(VG + Es[v + byug + byuy +ugl) =0

and thus G 4 €% (v + byu, + byu, + ug) vg has H = 0. O
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