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A heat flow problem from Ericksen’s
model for nematic liquid crystals with

variable degree of orientation

CHI-CHEUNG POON

We study a heat flow problem for nematic liquid crystals with
variable degree of orientation which is basically the harmonic heat
flow into the round cone with a lower order term.

1. Introduction

In Ericksen’s model for liquid crystal, the local molecular orientation is de-
scribed by a pair (s,n), where n is a unit vector in R3, called the director,

and s is a scalar, called the order parameter. The value of the order param-

eter s is usually restricted to the interval (—%, 1). After a choice of material

constants, the Helmholtz free energy is given by
1 1
(1.1) Wy = 5/<:1|vs|2 + §k232|Vn]2 + W (s),
where W (s) is a smooth double-well potential function satisfying

lim W(s) =00, and lim W(s) = oc.

s——217 s—1-
2

In this paper, we assume that 0 < ks < k1. An important observation is that,

if we let
u =/ il _kzsn
— o 7

then (s,u) is a point on the cone

k1 — ko
ky

C(K) = {(s,u) € R*R? : Ks? = [u|?}, with K=

Moreover, the energy function can be written as

k1 — ke
2

Wy (|Vs|2 + |Vu\2) + Wi(s).

411
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It has been shown that for any K > 0, any energy minimizer, (s, u), of the
functional

/Q @(vs\? V) + W(s)> dx

among maps into C(K) with Dirichlet boundary data is of C* and the dimen-
sion of the singular set {x : s(x) = 0} is at most m — 2, see [4]. The purpose
of the present paper is to study the corresponding heat flow problem. In the
absence of a flow for the liquid crystal molecules, the evolution equations
for s and n are

. Jom _ 19)4%! o
B(s)s; = div { Vs } s W'(s),

(s)ng x n = ( di WL _ oWy X
B A B 28 T

(1.2)

see [1] p 1035. As in [I], we set
Bls)=2 and  (s) = 2

Using ([1.1]), we may rewrite the system (|1.2)) as

2s; = k1As — ko|Vn|*s — W'(5s)

1.3
(1.3) sy = kadiv(s?Vn) + k3s?|Vn|*n.

In [1], it was proved that large time solutions for exist, if the di-
rector n is planar, i.e., n always takes the form n = (cos#,sin6,0). Here, we
would like to prove the existence of large time solutions without the planar
assumption. In order to simplify the computations, we let

(1.4) k1 — ko = ko.
After a scaling in time, we may assume that k1 = 2. Also, we let
(1.5) k1 = 2k3

so that the system ([1.3) is more or less the harmonic map equations into
the cone C, where

C=C(1) = {(s,u) € R*R?: s* = |u|?}.

This implies that ko = 1, by (1.4). As in the above, let u = sn. We note
that s2|Vn|? = |Vu|? — |Vs|?. From (1.3), the equations for s and u can be
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written as
Vul? — |Vs|?
L6 st:As——| ‘232‘ | s—W'(s)
| ur = Au + [Vul® - |vs’2u — W/(S)u
t 252 s '

We wish to find a solution of the system (1.6)) with initial-boundary condi-
tions

(1.7) (s(z,1), u(x, 1)) = (9(x), h(z)), =€, t>0,
(1.8) (s(z,0),u(z,0)) = (9(z), h(z)), =€,
where (g,h) is a Lipschitz map from Q to C, i.e., g(z) = |h(x)|? for all
x € Q. Due to technical reasons, we need to assume that W (s) = F(s?) for
s€ (—1,1), and

lim F(1) = 0.

T—1—

For detailed assumptions, see section 2 below. Our existence result is:

Theorem 1.1. Let ) be a bounded domain in R™ with smooth boundary.
Let (g,h) be a Lipschitz map from  into the cone C and max, |g(z)| <
1 for x € Q. There is a continuous map (s,u) : Q x [0,00) — C such that
at any point (xo,to) where tg > 0 and s(zo,to) # 0, (s,u) is a solution of
@ in a neighborhood of (xo,ty). Also, (s,u) satisfies the initial-boundary
conditions, and @, in the sense of trace. Furthermore, there is a
sequence t; such that t; — 0o as j — oo and (s(x,t;),u(x,t;)) converges a
map (so(z), uo(x)) uniformly on compact subsets in Q. For each point o €
where so(xg) # 0, in a neighborhood of xq, (so,up) is a stationary solution
of the system @, and (so,ug) satisfies the boundary condition in the

sense of trace.

We employ the penalization scheme in [2]. Let (sx,uk) be solutions of
the system

sk = Asge — 2K (5% — Jug|?)s — 2F sk,

O = Aug + 2K (5% — |uk|*)ux — 2Fur,

with initial-boundary data same as and . We will prove that the
maps (sx,ur) are equicontinuous on each compact subsets in Q x (0, 00).
Thus, a suitable sequence will converge to a map (s, u) with properties men-
tioned in the theorem. However, we do not obtain boundary regularity for
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(sk,ur). Theorem 1.1 is also true when assuming but without the
assumption . In that case, we need to consider maps into the cone C(K)
with I # 1. The method is the same. In [1], assumption is not needed
and the assumption on the potential function W is less restricted.

We will also prove the following:

Theorem 1.2. Letty > 0. Either s(xz,ty) = 0 for all x € Q, or s(x,ty) can-
not vanish of infinite order at any point in €.

The proof is a refinement of the arguments in [5]. We cannot eliminate
the possibility that s(x, t) may vanish identically on a time slice, even though
we assume that the function g(x) is not identically zero on 9. It is due to
the fact that we do not have the proper boundary regularity theory.

For the comparison between Ericksen’s model and Oseen-Frank model
for nematic liquid crystal, one may read [3]. The reader can also find the
introduction section in [I] very helpful.

2. Approximating solutions and monotonicity formulas

Our assumptions on the potential function W are:
(2.1) W(s) = F(s°)

for some non-negative, C? function F defined on [0,1), F(0) = 0, F'(7) and
F"(7) are bounded when 7 — 0" and

lim F(1) =00, lim F'(1)=o0.

T—1- T—1-

Also we assume that there is s, € (0,1) such that
F'(r)>0 and F"(r)>0 for 7€ (s41).

Let © be a bounded domain in R with smooth boundary. Let (g, h) be
a Lipschitz map from 2 to the cone C. We assume that there are constants
g« such that

lg(x)] < g« <1 for z €.
For each K > 0, we consider the heat flow problem

dsi = Asg — 2K (5% — |ug|?)s — 2F sk,

(2.2) B 5 ) ,
Oug = Aug + 2K (s — |ux|”)ux — 2Fur,
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with initial-boundary data same as ((1.7)) and (1.8]). Here, we write

Fj = F' <5%< +2|”K|2> .

Let (sk,ux) be a solution of the problem on Q x (0,7k). It is easy to
compute that

(23) sk + luxl®) = Ak + lux?) = 2 (|Vskl + [Vux )
AR (5% — uxc?)? — 4Ffe (5% + Juxc?).

by 1} we must have F’ ((SiH“Kg)(EK’{K)) < 0 and it implies that (s +

If s, + |uk|? attains an interior maximum at (Zr,tx) € Q x (0,Tk), then
!”;T:K,tK) < 2s,. Thus, we obtain

luk

(2.4) sup{(s% + |ux|?)(z,t) : (2,t) € Q x (0,Tx)}
< maX{Qs*,ng} = Mp.
It is easy to see that My < 2 and is independent of K. Hence, the solution

(sk,ur) can be extended to a solution in € x (0, c0). Furthermore, it is easy
to check that

d
(2.5) 7 (IVsk|* + |Vug|® + K(s; — |ux|*)? + 2Fk) dx
Q

_ _2/(@3;(;2 + 10 |2)de,
Q

where

It follows from that for t > 0,
(2.6) /Q (IVsxl + [Vugl? + K(s2 — |ux*)? + 2Fx) (. t)da
< [ (Vala)? + 1Vh@) +2F(6%(2)) da = Fo,
Fix xg € Q and tg > 0. Choose R > 0 such that B(xg;2R) C 2, where

B(zo; R) = {z : |vr — z0| < R}. Let £(z) be a cutoff function such that £ =0
outside B(xo;2R), and ¢ = 1 inside B(zo; R), and |V¢| < C/R, and |V3¢] <
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C/R?. For 0 < t < tg, we define
2.7) ex(z,t) = |Vsg(z,t)* + [Vug (z,1)[ + K(sk (2, 1) — |ug (z,1)[*)?,
(28)  Exc(tzo,to) = |t — o] / e1c(,)€2(2) G, ; 20, to)da,

Q

(2.9) Ik (t;x0,t0) = /Q(s%((x,t) + lugc(z, 1) [2)E2 (2)G (2, t; 20, to)dux.

Here, G(z,t; x0,1t0) is the backward heat kernel on R™: for t < ¢,

1 |z — z0|?
G(x,t; tg) = ———= —_— .
(.f? L0, 0) ’t—to‘m/Q exp <4(t—t0)
We write
P(xo,to;R) = {(:z:,t) : ]a: — 1’0’ <R, ty — R2 <t < to}.

Proposition 2.1. Suppose that P(xzg,tp;2R) C Q x (0,00). Whent € (tg —
R o),

(2.10) |t—t0‘ IK(t :Eg,to)
1
> 2Bk (t; to) — Clt — tollx(t) — o I ——
> 2B, 1) ~ Clt — olli(t) - Cowp ).
(2.11) |t—t0‘ IK(t :Eg,to)
1
< 4Bk (t; w0, t0) + Clt —to|Ik (1) + Cexp | —— |,
6(t — to)
d
2.12 —F :
(2.12) o K (t; 0, t0)
1 _ 2
§—|t—t0|/ <6tsK+VsK?t Z%) 52($)G(m,t:azo,t0)daﬁ
—tp

T — X

_ \t—to\/ <8t“K+V“K2(t—tO)> £2(2)G(x,t : 20, to)dx

1

and C' is a positive constant depending on R and m, My and Ey.

Inequality (2.12)) is a variation of the monotonicity formula in [2] and [7].
An important consequence of Proposition [2.1]is Corollary [2.2] below. Similar
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arguments can be found in [4] p458 and [6] pl177 when considering elliptic
problems.

Corollary 2.2. Let (xo,tg) be a point in Q x (0,00). Let R > 0 be a con-
stant such that B(xo;2R) x (to — (2R)?,tg) C Q x (0,00). Then there is a
positive constant C > 0 such that for 0 < r < R/2, we have

c
(2.13 r2_m/ ex(z,to)dr < ————-,
) ey OV Ry
C
2.14 T2m// sk + |0 2dxdt§7.
(2.14) gy (0L O} dndt < g s

where ex is the function in . The constant C' depends only on m, R,
My and Ey only.

We first prove Corollary

Proof. We first note that by (2.4), Ix(t;xo,t0) < My. By (2.12), for to —
RZ<t<t) < to, we have

Ek(t1;z0,t0) < Ex(t;z0,t0) + Clto — t],

where C is a constant depending on m, R, My and Fy. Hence, we see that

B (s pa t
/ Kt(’xot’o)dt > ln(RQ/(to —t1))Ek (t1; 0, t9) — C.
to—R2 0—

Also, by (Z.10),

B E(t: o)t 1
./ Mdt < =(Ix(to — R?; w0, t0) — Ixc (15 20, o)) + C
t

o—R2 to— 1t -2
My
< —+C.
=75 +
Thus, we see that
C
(2.15) B (t1; o, to) <

In(R?/(to — t1))

Let ty be fixed and R > 0 be a number as in the above. For any 0 < r < R,

by (2.15)), we have

C

Ex (to; o, to +1%) < s
K (to; wo, to +77) < (B2
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Again, C' is a constant depending on m, R, My and Ej only. We note that
. 2 c

(2.16) G(z,to; xo,to + 1) > o for |z| <.

This implies that

C

2—m 2
to)dx < CEk(to; zo,t < ——.
' /B< el toldn =GBz 077 = o)

By and , we see that for 0 < r < %R,

t(]f’l"2 _ 2
/ |t — to] / (8tsK + VSK;ZBO> E2(2)G(x,t 2 20, to)dadt
t Q

0—3r2 (t - to)
to—r? T — X 2
+ / |t — to| / (ékuK + VuK> E2(x)G(z, t : x0, to)dadt
to—3r2 Q 2(t — to)
C
< CE(ty — 3r?; i e —
< CE(ty — 3r*;xg, o) + Cr* < (217

Using (2.16) again, we have

to*’f’2 _ 2
2.17 r2m/ / (8 sk + vsKM’> dudt
( ) to—3r2 J B(zo;r) ! 2(t - to)

to=r? -z \°
+ 2 m / / <8 UK + VuK> dxdt
to—3r2 J B(zo;r) ' 2(t - t())
C

= In(R2/r2)

On the other hand, by (2.13)),

to—’/'z 2
r—x
r2_m/ / ’VSKO
to—3r2 J B(zo;r) (t - to)

Using this estimate in (2.17]), we obtain

C

2

(t —to)

+ ‘VUK

p2mm /to—” / (|8tsK|2 + |8tuK\2) dzdt < %
to—3r2 J B(zo;T) ln(R /T )

0

Now, replace to by t9 — r2, we conclude that (2.14) holds. O
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Now, we begin the proof of Proposition After a translation, we
assume that 2o = 0 and ¢y = 0 and we write Ex (t), [k (t), and G(z, t) instead
of Ex(t;0,0), Ix(t;0,0) and G(z,t;0,0). We observe that

Gi+AG=0, and VG = %G.

We first compute I}

(2.18) Iy (t) = /Q ((2skOisk + Quidug)E2G — (s% + |uK|2)§2AG) dz
_ x z 2
= 2/Q (sK (@SK + 2tVSK> + ug (atUK + QtVUK»g Gdx

+ 2/(32 + Jug[?)€ <£V£> Gdz.
o K 2t
By equations (12.2)), we have
I (t) =2 / (s Asg +ugAug — 2K (s% — |ug|*)?)E2Gdx
Q
xr z 2
+ Q/Q <SK (QtVSK> +ug <2tVuK>) &Gdr
_ 4/ Fl(s% + luxc [2)E2Gda + 2/(33( +JuP)e (2 v€) G
Q Q 2t
After integrating by parts, we obtain
(2.19)  Tj(t) = — /Q(|V3K|2 + |Vug|? + 2K (s — |lux|*)*)€2Gdx
~4 [ Filsk + lux )G
Q
2 2 T
+ 2/9(31( +ux|?)e (ztvg) Gdz
—4 / (SKVSK + UKVUK)SVdex.
Q

By (2.4), the term |F}| is bounded independent of K. Thus,

] / Fle(s + Ju[?)€2Gda
Q

< CI1).
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Furthermore, since

Vé&(x) =0 when |z| <R,
2

2.20
(2:20) G(z,t) <exp (Z) when |z| > R, t <0,

we have

‘ [+l e (5 v¢) G

< Cexp (6175) )

The last integral in (2.19)) can be written as

/ 4(SKV8K + uKVuK)§V§Gd33
Q
:/ V(s + |lug|?)VE2Gdx

Q

= / (s + lux[?) (A52 + 25%%) Gdz.
Q
Thus, using similar arguments as in the above, we also have

< Cexp (é) )

From (2.19)), we obtain inequalities (2.10) and (2.11)) easily.

Next, we compute E..

/ 4(8KVSK -+ UKVUK)fngda?
Q

Ey(t) =— / (IVsk|? + |Vug|? + K(s% — Jug|?)?) £2Gda
Q
+ 2“’ / (VSKvatSK + VuKV&guK) §2Gd$
Q
el [ K5k — ukP)(swethsnc — unduurc )G
Q

— |t /Q (IVsk|? + |Vug|? + K(s% — |uk|?)?) E2AGdx

Using integration by parts, the last integral in the above can be expressed
as
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—\t\/ (IVsxl? + [Vug > + K(s% — Jux)?) €AGda
Q
-9 2. T 2. TN 22
]t!/ﬂ <vsKv sk o; + VurV uK%)g Gdz
+ 4|t\/ K(s% — |uk|?) (SKVSKi —ugVug — )§2de
o 21
—|—4|t\/ (193 + [Vl + K (5% — luxe[)?) €96 2 Gl
_zyty/ vsKv (vsK >+Vqu (vuK ))§2de
+/ (’VSK’2 + ’VUK‘ )fQde
Q

] [ Kk~ fu?) (Vg — ueVunc g, ) €6
Q

—|—4|t\/ (193 + Vel + K (5% — luxe[)?) €96 2 G
Q

Thus, we see that

Bie(t) = = [ K(sk = lunl6Gua

+2l1] / (VsreV (s + Vsicy ) + VureV (e + Vurc, ) ) G
—1—4]75]/ K(s% — |ug|?) (sK (8,581( —I-V8K2t)
—UKR <8tuK + VuK2 )) £2Gdx
+ 4yty/ (IVsk|* + [Vuk|* + K (sk — [ug|?*)?) £V§2£de.
Q
We then do integration by parts for the second integral in the above
2’t|/ VSKV <8ts;< + Vsg— ) + VugV <8tuK + Vug— )) fZde
—Qﬂ/ ASK—FVSK ) (atSK+V5K >§2de
B x 2
2t]/Q AuK +VuK2t> <8tuK + Vug— )g Gdz

4t /Q <(6tsK + vsK%> Vsi + <8tuK + w[@) VuK> VEEGdr
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Next, we apply equation (2.2)) to have

o1 / ViV <(9tsK + Vg ) + VugrV <8tuK + Vg 2 )) 2Gdx
— 9 / < 8tsK n vsK7>2 + (atuK n VuK%) ) E2Gdx
—4|t|/K (52 — |ur|?) (sK <atSK+V8K2t)

2))
—4|t|/FK sk <atSK+VSK )+uK (8tuK+VuK2 ))§2Gd:z

—UK (at’LLK + VUK

4t / Bsx + Vg — ) Vsx + (atuK VL ) vuK) VEEGda

Now, we may write
(2.21)

Pie(t) == [ K(sk ~ lux)*6*Gida
T\ 2 T2
— Q‘t‘/ < 8t81( + VSK7> + (atUK + VUK%) ) fQde
—4\t\/FK SK <8tsK+VsK ) + ug <8tUK+VuK2 )>§2Gd90
i /Q atsK + VsKﬂ) Vs + (atuK + VuK%) VuK) VeEGdr

x
+ 4)t] / (IVsk|? + |Vug|® + K(s% — Jug|?)?) EVEs, G
Q
Using triangle inequality, we arrive at

’ 1 / X 2 2
<_7 —_
Bie(t) <= 5l | (8,58K+V8K2t> (6tuK+VuK2t) 2Gdx
el / FLl? (53 + |u?) €z
Q

+C|t|/ (IVsk|* + [Vuk|?) |VE[EGda

+4\t\/ (Vsil? + Ve + K (s = ure?)?) Vel G
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As before, since |Fj,| is bounded independent of K,
/Q |F? (s + |uk|?) €Gdz < CI(1).
By (2.6) and (2.20)), for —R? < t < 0, we have

1 2 1
/ (|VSK|2 + |VuK]2) |VEIEGdr < —— exp = Ey<Cexp|—=—].
Q |t|m/2 6t

At
Similarly,
x 1
/Q (IVsrl + [V + K(sg — |uxl*)?) f|vg|2‘\t|Gd‘T = Cow <6t> '

The constant C' depends only on R, m, My and Ej only. This proves ([2.12)).

3. Convergence of approximating solutions

We need the following proposition to prove the convergence of approximating
solutions.

Proposition 3.1. The maps {(sk,ur) : K > 0} are equicontinuous on each
compact subset of @ x (0,00). In fact, if P(xo,to;2R) C £ x (0,00), then for
(z1,t1) and (x9,t2) in P(xg,to; R/4), we have

c 1/2
sk (z1,t1) — sk (w2, t2)| + |uk (z1,11) — uk (w2, t2)| < <1n(R2/p2)) ,

where p = +/|r1 — 2|2 + |[t1 — t2|. The constant C depends only on m, R,
My and Ey.

Proof. The proof is basically the same as the proof for Morrey’s Lemma. Let
(xo,t9) and R > 0 be fixed such that P(xg,tp;2R) C Q x (0,00). Let (z1,t1)
and (z2,t2) be points in P(xq,to; R/4) and to < t1. Let

T = (r1+m22)/2, and  p=/|z; — 2|2 + [t1 — ta].
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We note that p < R. For each x € B(Z;r), we observe that

1
|si(x1,t1) — sk (x,t1)] = / (x1 —x) - Vsg(r1 + 7(x — 21),t1)dT
0

1
< 47«/ Vi (@1 + 7z — 21))|dr.
0

Let £(z) be a non-negative smooth function such that {(z) =1 when x €
B(Z;p/2) and £(x) = 0 when z lies outside B(Z;r), and |V&| < C/p. After
interchanging the order of integration, we obtain

1
— lsk(x1,t1) — sk (x, t1)]E(x)dx
P~ JB(z;p)
1
< — |sk(z1,t1) — sk (x,t1)|dx
P” JB(@;p)
4 1
< / / |Vsk(z1+ 7(x — x1),t1)|dTdx.
P B(z;p) JO

Lety =21 4+ 7(x — x1) and T, = x1 + 7(Z — x1). We note that if x € B(z; p),
then |y — z,| < 7p, and Z, € B(zo; R) for all 0 < 7 < 1. Thus, from ([2.13]),
we have

4
pn—l

1
< Cpl_”/ / |Vsk(y,t1)|dydr
0 B(Z+57p)
1 1/2
< Cpl_”/ (rp)"/? </ IVSK(y,t1)|2dy> dr
0 B(Z-57p)

S /01“”)”_1 <1n<R2/1<rp>2>>1/2 i
1/2
<< (wmrre)

1
/ / \Vsk(x1 + 7(x — x1), t1)|drdz
B(z;p) JO

Let




A heat flow problem from Ericksen’s model 425

The computations in the above implies that

1/2
’8[((.%‘1,751) — §K(.f',t1)’ <C <W> .

Similarly, we also have

1 1/2
to) — Sk (Z,t2)| < C | ——=+5< .
sk (2,t2) — 8K (T, t2)| < <1n(R2/p2)>
Since |t; — ta| < p?, by ,

t1
(o) = swlat)| <O [ [ (dusileduas
t2 J B(Z;p)

" 1/2
< Cpm/Q/ / |0ysxc|*dx dt
ta B(z;p)
e 1 1/2
~ \In(R?/p?)
This implies that
1 1/2
— < - - .
|8K(.’,U1,t1) 8K(£27t2)’ — C(ID(RQ/p2)>
Similarly, we can prove that
1 1/2
— < —_——r .
luk (z1,t1) — ug (v2,t2)] < C <ln(R2/p2)>
This completes the proof. U

By Proposition [3.1] and Arzela-Ascoli’s theorem, there is a sequence K;
such that K; — oo as i — oo, and (s;,u;) = (sk,, uk,) converges to a contin-
uous map (s, u) uniformly on each compact subset in © x (0, c0). Moreover,
if P(zo,to; 2R> C Qx (O, 00), and (.%'1, tl), (1‘2, tg) € P(.%'(), to; R/4), then

1/2
(3.1)  [s(w1,t1) — s(x2,t2)| + [u(w1,t1) — u(xe, t2)| < <ln(R621/p2)) ’

where p = \/\xl — 29?4+ [t1 — to|. Let 0 < to < t1. By || we may assume
that (Vs;, Vu;) and (9ys;, Oyu;) converge to (Vs, Vu) and (s, uy) respectively
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weakly in L?(Q x (t2,t1)). By (2.4), the maps (s;, u;) are bounded, we may
assume that (s;,u;) converges to (s,u) in L*(Q x (t1,t2)). By inequality

(2.6), we have

t1
/ /(3,2 = w2 2dadt < Bo(tr — 1)/ K.
to Q

When ¢ — oo, we see that

t1
/ /(s2 — |u®)?dzdt = 0.
to Q

Since the map (s,u) is continuous, for any (z,t) € Q X (t2,t1), we have
s2(x,t) = |u(z,t)|?, ie., (s(x,t),u(x,t)) lies on the cone C. Moreover, by
the lower-semi-continuity theory and ({2.5)), for each ¢ > 0,

/ (IVs(z,t)]* + |Vu(z, t) > + 2W (s(2, 1)) dz
(32) e

2 2
+/0 /Q (St (2, 7) + |ug(x, 7)| )da:dT < Ey.

Let (xo,t9) be a point such that |s(xq,to)| > 4 for some v > 0. We
choose R >0 such that P(xo,t0;2R) C Qx (0,00), and for (z,t) €
P(z0,t0; R), we have |s(z,t)| > 2v. It then implies that s?(z,t) + |u;(z,t)[? >
72 when (x,t) € P(xo,to; R) and when i is large enough. By straight-forward
computations, we see that

(=0 + A) (|Vsk > + [Vug|* + K(s% — |uk|*)?)
= 2|V2sk|? + 2|V2uk > + 2K|V (5% — Juk|*)|?
+ 8K (s — |uk [*)(IVsk|* — [Vur /)
+ 8K (s3 — |ukl?)?(sk + lur|?) + 8K (s} — |ux[?)* Fi
+ 8(|Vsk|? + |[Vur|?) Fj + 8(s%|Vsk|? + |uk|*|Vur|?)Fy.,

where Fj. = F'(s% + |uk|?) and FJ. = F"(s% + |uk|?). We recalled that
by (2.4), (sx,uk) is bounded independent of K. This makes Fj. and F}
bounded, independent of K. If |s% (z,t) + |uk (z,t)|* > +?, then there is a



A heat flow problem from Ericksen’s model 427

constant D, which may depend on ~ but independent of K, such that

(=0 + A) (Vs 2 + | Vug |* + K (s3 — Jux|?)?)

> 8y2K2(s% — Jurc[2)? + 8K (5% — luxc ) (I Vsic|2 = [Vux]?)
— O (Vs + |Vug [ + K(s% — |ux[?)?)

>_D (\VSK\Q + |Vug|? + K(s% — \UK|2)2)2
— O (Vsk? + |Vug* + K(s% — lux|?)?)

ie, (=0 +A)eg > —Cex — De%(. The constants C and D may depend on
~ but do not depend on K. By the small-energy-regularity theory, see [2]
Lemma 2.4, if

t07R2
(3.3) / /(\vsK\2+|vuK|2+K(s§(—|uK|2)2) G(x,t; x, to)ddt < e
to—4R? JQ)

and € is small enough, then for certain 6 € (0,1/8),

(3.4) sup (|V5K|2 + |Vug|? + K(s% — |uK|2)2) < C(6R)™%
P(z0,t0;0R)

The constants €y, § and C depend on ~, m, R, My and Ey but do not depend
on K. By , if we choose R small enough, then holds. Thus, by
choosing a subsequence if necessary, we may assume that (Vs;, Vu;) con-
verges to (Vs, Vu) strongly in L2(P(z¢,to;0R)). Due to the estimate ,
the small energy assumption is always true by choosing R small. By repeat-
ing the arguments in [2] p94-95, one can check that, inside P(zo,to;dR), the
map (s,u) is a weak solution of the system

2 2 2 2
st:AS_WS_QF/<S+W>S

252 2

2 2 2 2
= Au g VIV o (ST

252 2

Since 52 = |u|? and our assumption (2.1)), we have W'(s) = 2F'(s%)s. We
then see that (s,u) is a weak solution of (1.6) in P(xg,to;dR). Moreover,
from (3.4]), we see that

(3.5) sup  (|Vs]* +|Vu|?) < C.
P($0,t0;6R/2)
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The constant C' may depend on m, R, My, Ey, v and §. By standard argu-
ments, (s,u) satisfies the initial-boundary conditions and in the
sense of trace.

By and , we may choose a sequence t; such that t; — oo as
j — oo and

/Q (s?(m,tj) + |ut(m,tj)]2) dr —0 as j— oo,

and (s(x,tj),u(x,t;)) converges to a map (so(x), uo(x)) uniformly on com-
pact subsets in €. By choosing subsequence if necessary, by , we may
assume that (Vs(z,t;), Vu(x,t;)) converges weakly to (Vsg, Vug) in L%(€2).
This implies that (sg,u0) = (g,h) on 02 in the sense of trace. Suppose
that for some xg € €2, we have so(zg) > 2y > 0. When j is large enough,
we have s(xg,t;) > ~. We choose R > 0 such that B(z;2R) C Q. By (3.5)),
we may assume that (Vs(z,t;), Vu(z,t;)) converges strongly to (Vsg, Vug)
in L?(B(z0;0R/2)), for some § > 0. Thus, we see that (s, up) is a weak
solution of the system

2 2

As — WS_W/(S) =0
2 _ 2 /

put TUE=IVSE W),
2s S

inside B(zo;dR/2). This proves Theorem 1.1.

4. The vanishing order of the solution

In this section, we prove Theorem 1.2 stated in the Introduction. To do this,
we need to further refine the monotonicity formulas obtained in section 2. Let
(z0,t0) € Q x (0,00), such that P(xg,tp;2R) C Q, and Fx(t) = Ex(t; xo, to)
and Ik (t) = Ik (t;zo,to) be the functions defined in and (2.9). Again,
after a translation, we let (zo,to) = (0,0). From (2.21]), we have

Ble(t) = - /Q K (3, — Jurc|2) %G
N z / 2
21 /Q ((atsK + Vsk 275) €+ 2F ) sié + vsKvg) £Gdxr

x , 2
20t | (G + vuKﬂ) £ + 2Ffeuc + VukVE) €Gde
Q
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+ %\t\ / ((2F;(3K§ + Vs VE) + (2Fjuré + Vqug)Q) £Gda
Q

+4\t\/ (193 + Ve + K (5% — fuxe[?)?) €96 2 G
Q

By (2.4) and ([2.20)), we see that

2
(A1) Ei(t) < 21 / ((Brsxc + Vsiey. ) €+ 2Ffesscé + VxeVe) €Gida
— 2|t / 8tuK + Vug— > €+ 2FuKé + VuKVf> §Gdx

+ CI(t)+ Cexp (ét)

where C' is a constant depending on m, R, My and Ej only. By (2.10)),

1
—I(t) > —ClIg(t) — ‘f‘ exp <6t> for t<0.

Therefore,

LBk = (-1t + Co(t) + e () ) B

_ <CIK(t) a exp <61t)> Eixc(t)

< (-1;{@) + I (t) + ’C’exp <61t>> Exc(t).

Using (2.10) again, we have

o= 8 (e Son ()
= Ut~ e <CIK(t) |C|exp <61t>>

L (CIK() |(t7|exp (6175»2
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Then we apply (2.11) to obtain

< BUI(0)? + CExOIx(0) + OB e ()

4 C (Ix(t)? + Cexp (81t>

(4.2)  —Ix(t)Ek(t) <

Also, from (2.18)), we have

(4.3)
I (t) = 2/Q ((3tsK 4 Vsg— ) €+ 2F) spf + vsKvg) £Gda

+ 2/Q ((atuK + Vg~ ) €+ 2Fuké + vqug) ¢Gda
o /Q (sic (2Fjesicé + Vs VE) + uc (2Fjeurct + VugVE)) EGda

+2 [ (s + lucP)eVes, Gaa.
o 21

Again by ([2.4) and (2.20]), we see that

/ (sic (2Fjesicé + Vs VE) + urc (2Fju + VugVE)) EGda
Q

1
< CIk(t) + Cexp <6t>

‘ / (5% + Jux)EVEL Gda
o 2

1

< — .
< Cexp <6t>
Combining (4.2)) and (4.3)) and estimates in the above, we obtain
(4.4)  —Ix(t)Ex(t)

< 2t [/ <(8tsK + Vs ) €4+ 2F ) spb + vsKvg) €Gda

Q
2
+ / ((atuK t Vaug 2 ) €+ 2Fluct + vqug) §Gd1}
Q

+ CEk (t)Ik (t) + CEk(t) exp <8 > + CIk () + Cexp (8175)
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By (4.1)), (4.4) and Cauchy’s inequality, we see that
(4.5)

d [ Ek(t) Ex(t) Ex(t) 1 C 1
— <C+C C — — — .
i (7)< 250 + e (%) + o (s
Now, we are ready to prove Theorem 1.2.
Let to > 0 and s(x, tp) is not identically zero on 2. We claim that s(x, t)
cannot vanish in an open subset in €.

If it is not true, there is zg such that for some R > 0, B(z¢;2R) C €,
s(z,tg) = 0 when z € B(xo; R/8) and

/ (5% + ul?)(z, to)dz = 4¢g > 0.
B(wo,R/4)—B(w0,R/8)

After a translation, we assume that (xg, %) = (0,0). By continuity, there is
r1 such that for [t — to| < (271)?%, we have

/ (8% + [ul*) (2, t)dx > 2¢o > 0.
B(zo,R/4)—B(20,R/8)

Since (s;,u;) converges uniformly to (s,u) on compact subsets, we may as-
sume that for each i = 1,2,3..., for |t — to| < (2r1)?,

/ (52 4 ), > > 0.
B(zo,R/4)—B(w0,R/3)

It is easy to compute that

1
(4.6) Ik (t) > coCexp <20t> for —(2r)2<t<0,

and C' is a constant depending on m and R only. Then by (4.5) and (4.6)),

we have
d (Ex(t) Ek(t) 9
dt([K(t)>§C<l+IK(t) for ry <t <0,

where C is a constant depending on ¢y, r1, m, R, My and Fy only. This
implies that

> for —r?<t<O.

<
~—

I (=72
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By (2T5) and (T9)

Ek(-ri) c 1
< —s ] .
I(—r}) ~— In(R%/r?) P 20r?

Thus,
Ek(t)
I (1)
where Ny is a constant depending on ¢y, r1, m, R, My and Ej only. By
and , we have

Ity AN+ C
Ig(t) = |t

<Ny for —r?<t<O,

for —r? <t<0.

After integrating from —r? to t, we obtain

Ik (t) > I (=)t for —r? <t <0.
Thus, using again, we see that

I (to — rz;xo,to) > DM for 0<r <7y

Moreover, the constants N7 and D depend on ¢y, r1, m, R, My and Ey only.
We may replace tq by tg 4 2 in the above arguments to have

”

I (to; o, to +72) > Dr*M for 0<r< Zl
Since (s;,u;) converges uniformly to (s,u) on compact subsets, the same is
true for (s,u), i.e.,

(4.7) /(82 + [u|?)E2G(x, to; xo, to + r2)dx > Dr*M for 0<r < %
Q

It contradicts our assumption that s(x,tg) = 0 when x € B(xo; R/8) and the
claim is proved.

Finally, by our claim, for any xz¢ € Q and B(z¢;2R) C £, s(x,to) is not
zero somewhere inside B(xg; R/4), i.e., holds. By repeating the argu-
ments in the above, we see that is also true. This proves the Theorem.
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