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Cohomogeneity one coassociative
submanifolds in the bundle of

anti-self-dual 2-forms over the 4-sphere

KoTARO KAWALI

Coassociative submanifolds are 4-dimensional calibrated submani-
folds in G-manifolds. In this paper, we construct explicit examples
of coassociative submanifolds in A% S*, which is the complete G-
manifold constructed by Bryant and Salamon. Classifying the Lie
groups which have 3- or 4-dimensional orbits, we show that the
only homogeneous coassociative submanifold is the zero section of
A2 5% up to the automorphisms and construct many cohomogene-
ity one examples explicitly. In particular, we obtain examples of
non-compact coassociative submanifolds with conical singularities
and their desingularizations.
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1. Introduction

In 1996, Strominger, Yau and Zaslow [21] presented a conjecture explaining
mirror symmetry of compact Calabi-Yau 3-folds in terms of dual fibrations
by special Lagrangian 3-tori, including singular fibers. Analogously, fibra-
tions of coassociative 4-folds in compact Go-manifolds are expected to play
the same role as special Lagrangian fibrations in Calabi-Yau manifolds. In
this paper, we focus on the construction of coassociative 4-folds in a non-
compact Go-manifold. By constructing these examples, we will gain a greater
understanding of coassociative geometry and local models for coassociative
submanifolds in compact Go-manifolds.

In R7, Harvey and Lawson gave SU(2)-invariant coassociative subman-
ifolds in their pioneering paper [6]. Lotay [14] [I5] constructed 2-ruled ex-
amples and ones with the 72 x Rs( symmetries using evolution equations.
Fox [4] obtained a family of non-2-ruled, non-conical examples from a 2-
ruled coassociative cone. Ionel, Karigiannis and Min-Oo [I1] gave examples
in A2 R* = R7, which are the total spaces of certain rank 2 subbundles over
immersed surfaces in R*. Karigiannis and Leung [12] generalized this method
by twisting the bundles by a special section of a complementary bundle. Ka-
rigiannis and Min-Oo [I3] applied the method in [I1] to A2 .S* and A2 CP?
and obtained some examples. Here, A? $* and A2 CP? admit complete Go-
metrics constructed by Bryant and Salamon [2].

In this paper, we focus on the case of A2 S* and construct many explicit
examples of coassociative submanifolds in A% S*. There exists a family of
torsion-free Gao-structures { (¢, ga) }aso on A2 5% (Proposition. For each
A > 0, the automorphism group of (A2 5%, ¢y, gx) is SO(5) acting on A? S*
by the lift of the standard action on S* ([19]).

First, by classifying the Lie subgroups of SO(5) which have 4-dimensional
orbits in A2 S%, we obtain the following result.

Theorem 1.1. Let {(px, gr) }aso be the family of torsion-free Ga-structures
on A% S* in Proposition . For each A > 0, every homogeneous coassocia-
tive submanifold in (A%2.S%, ¢y, gy) is congruent under the action of SO(5)
to the zero section S* C A% S4.

Next, we prove that the Lie subgroup of SO(5) which have 3-dimensional
orbits in A2 % is one of the following (Proposition [4.15)).

SO(4) =S0O(4) x {1}, SO(3) x SO(2), U(2), SU(2) C SO(4) x {1},
SO(3) = SO(3) x {I2}, SO(3) acting irreducibly on R,
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We derive O.D.E.s which give coassociative submanifolds by the cohomo-
geneity one method of Hsiang and Lawson [10] in each case. In many cases,
0O.D.E.s are solved explicitly and we obtain the following new examples.

Let (w1,22, 73,74, 25) be standard coordinates of R® and regard S* as
the unit sphere in R®. Let (ay, as, a3) be the local fiber coordinates of A% S4
by choosing a local frame for A2 .S% as in Section

Theorem 1.2 (Case of SO(3) x SO(2)). Let SO(3) x SO(2) act on A% S*
by the lift of the standard SO(3) x SO(2)-action on S*. For any C € R, set

Mc = S0(3) x SO(2) - { <t(x1,0,0, \/1— x%,O),t(ah0,0)) ;

G(al,xl) = C, al € R,O <z < 1},

where G(ay, 1) is defined in . Then Mc is coassociative and it is home-
omorphic to

(8% x R?) U (5% x St x Rsy) for C #0,
SYLI(S? x ST xRog) LU (S? x St xRsg)  for C =0,
where S* is the zero section of A2.S%.

Theorem 1.3 (Case of SU(2) C SO(4) x {1}). Let SU(2) act on A%2S*
by the lift of the standard action of SU(2) C SO(4) x {1} on S*. For any
CeR andv e S? C R3, set

Mc, :=SU(2) - { <t(\/1 - x%,O,O,O,x5)7rv> ;
F(ryzs) =C,r >0,-1 <5< 1},

where F(r,x5) is defined in . Then Mc,, is coassociative and it is home-
omorphic to

R4 for C >0,
S41(S3 x Rsg) for C =0,
O(Cpl(—l) fOT C< 0,

where S* is the zero section of A%2.S* and Ocp:(—1) is the tautological line
bundle over CP! = 82,
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By using the stereographic local coordinates, the SU(2)-action is de-
scribed as in the case of R7. See . In this sense, the above example is
an analogue of an SU(2)-invariant coassociative submanifold in R” given by
Harvey and Lawson [6].

Theorem 1.4 (Case of SO(3) = SO(3) x {I5}). Let SO(3) act on A% S*
by the lift of the standard SO(3) = SO(3) x {I3}-action on S*. For C, D >0
and E € R, set

wi(A+1?) =C,
MC,D,E‘ = 80(3) . (t(xl,o, 0, x4, x5),t(a1,a2,0)); l’é(/\ + 7“2) = D,
a1xr1 = E

Then Mc p,E 1s coassociative and the topology of Mc p kg is given in Lemma
[5.13. In particular, we obtain examples of non-compact coassociative sub-
manifolds with conical singularities for (C, D) # (0,0), E = 0,v/C + VD =
VX and their desingularizations.

Theorem 1.5 (Case of irreducible SO(3)). Let SO(3) act on A2 S* by
the lift of the irreducible SO(3)-action on S*. Let x1(t), x5(t), a1(t), az(t),
as(t) be smooth functions on an open interval I C R satisfying 0 < z1(t) <
V3/2, |as(t)] < 1/2, 23(t) +2(t) = 1,

4 {(2\/§$1 + 4xs + 1).%5 + \/5(2.%'5 — 1)j31} al + 81‘1(—1‘1 + \/3%’5)&1

d
—(\/51'1 + a5+ 1)(1 — 21?5)01% log(A +17) = 0,

4 {(2\/§$1 —dxy — 1)i‘5 + \/3(2%5 — 1)1.‘1} az + 8:131(1‘1 + \/§$5)d2

d
+(—V3x + 25+ 1)(1 — 2x5)a2$ log(A +7%) =0,
4{— (x5 + 1)i5 + 3z1d1} ag + 2(2% — 322)as

d
+(1+x5)(1 — 21:5)a3£ log(A +7?) =0,

where r%(t) = 2221 a?(t) and 1 = dx1/dt, etc. Then
SO(3) - {("(z1(t),0,0,0,25(t)), (a1 (t), a(t), as(t)));t € I},

is a coassociative submanifold invariant under the irreducible SO(3)-action.

This paper is organized as follows. In Section 2, we review the funda-
mental facts of calibrated geometry and Gy geometry and introduce the



Cohomogeneity one coassociative submanifolds 365

cohomogeneity one method of Hsiang and Lawson [10]. In Section 3, we
introduce the Go-structure on A2 S* given by Bryant and Salamon [2]. In
Section 4, we classify the connected closed subgroups of SO(5), which is
the automorphism group of the Go-manifold A2 S*, and study their orbits.
Classifying Lie subgroups which have 3- or 4-dimensional orbits, we prove
Theorem In Section 5, according to the classification in Section 4, we
construct cohomogeneity one coassociative submanifolds and prove Theo-

rems [ [[3} [ and [CF

2. Preliminaries

Definition 2.1. Define a 3-form ¢ on R” by

(2.1) 0o = €123 | 145 _ 167 | (246 | 25T | 34T _ 356

where (e!,...,e") is the standard dual basis on R” and wedge signs are

omitted. The stabilizer of g is the exceptional Lie group Ga:
G2 ={g € GL(T,R); "0 = o}
This is a 14-dimensional compact simply-connected simple Lie group.

The Lie group G2 also fixes the standard metric gg = Zzzl(ei)g, the
orientation on R” and the 4-form

*(pg = 64567 + 62367 o 62345 4 61357 + 61346 + 61256 o 61247

)

where * means the Hodge dual. They are uniquely determined by g via

(2.2) —6g0(v1, v2)volg, = i(v1)po Ai(v2)eo A ¢o,

where volg, is the volume form of go, i(-) is the interior product, and v; €
T(R7).

Definition 2.2. Let Y be a 7-dimensional oriented manifold and ¢ be a
3-form on Y. A 3-form ¢ is called a Ga-structure on Y if for each y € Y,
there exists an oriented isomorphism between 7,Y and R7 identifying Py
with ¢g. From , @ induces the metric g on Y, volume form on Y and
xp € QHY).

A Ga-structure ¢ is called torsion-free if ¢ is closed and coclosed:
do = dx*p =0. We call a triple (Y, ¢, g) a Go-manifold if ¢ € Q3(Y) is a
torsion-free Go-structure on Y and g is the associated metric.
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Lemma 2.3 ([3]). Let (Y,¢,g) be a manifold with a Ga-structure. Then
the holonomy group of g is contained in Gs if and only if dp = d * p = 0.

Recall the notion of a calibration introduced by Harvey and Lawson [6].

Definition 2.4. Let (Y, g) be an n-dimensional Riemannian manifold. A
closed k-form ¢ on Y, where 1 < k <n, is called a calibration on Y if
¢ly < voly for each point p € Y and every oriented k-dimensional subspace
V C T,Y. We say that an oriented k-dimensional submanifold L of Y is a
calibrated submanifold of Y (or calibrated by ¢) if ¢|rr, = voly.

There are canonical calibrations on a (Gs-manifold.

Lemma 2.5 ([6]). Let (Y,¢,g) be a Go-manifold. Then the Ga-structure
@ and its Hodge dual x¢ define calibrations on Y.

Definition 2.6 ([6]). An oriented 3-dimensional submanifold is called an
associative submanifold of Y if it is calibrated by ¢. An oriented 4-
dimensional submanifold is called a coassociative submanifold of Y if it
is calibrated by *p.

Lemma 2.7 ([6]). IfL C Y is an oriented 4-dimensional submanifold, then
L is a coassociative submanifold of Y up to a possible change of orientation
for L if and only if ¢|rr, = 0.

This description is often more useful and easier to work with.

2.1. Cohomogeneity one method

Let L be a coassociative submanifold of a Ga-manifold (Y, ¢, g). The sym-
metry group K of L is defined to be the Lie subgroup of the automorphism
group which fixes L. If the principal orbits of K are of codimension one in
L, we call L a cohomogeneity one coassociative submanifold. The action
of K on L is called a cohomogeneity one action.

Coassociative submanifolds are defined by first order nonlinear P.D.E.s,
which are difficult to solve in general. By the cohomogeneity one action
of the Lie group, we reduce the P.D.E.s of the coassociative condition to
nonlinear O.D.E.s, which are easier to solve. This method was introduced
in [10] for minimal submanifolds. We give a summary in our coassociative
settings based on [§].
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Lemma 2.8. Let (Y, p,g) be a Ga-manifold and G be a Lie subgroup of the
automorphism group of (Y, p,g). Let X CY be a subset which is transverse
to the G-orbits and satisfies G- X =Y. Suppose that G has 3-dimensional
orbits on Y.

Then the solution of the first order nonlinear O.D.E.s ¢|g.image(c) = 0,
where ¢ : I — X is a path and I C R is an open interval, gives a G-invariant
coassociative submanifold G - Image(c).

Note that there is a similar construction by using evolution equations.
This method was introduced by Lotay [15] for associative, coassociative and
Cayley submanifolds.

3. Geometry in A2 S4
3.1. Ga-structure on A2 S*

We introduce the complete metric on the bundle A2 S* of anti-self-dual 2-
forms over the 4-sphere S* obtained by Bryant and Salamon [2]. We also
refer to [13, 20]. Since A2 S* has a connection induced by the Levi Civita
connection on S*, the tangent space T,,(A% S*) has a canonical splitting
T,(A2S%) =2 H, @V, into horizontal and vertical subspaces for each w €
A2 54,

Proposition 3.1 (Bryant and Salamon [2]). For A\ > 0, define the 3-
form py € Q3(A%2.8%) and the metric gy on A2 S* by

1 1
O\ = 28)\d7' + 73V01V, g\ = 28%\9’]—[ + 29V
53 S

where sy = (A + 7“2)1/4, r is the distance function measured by the fiber met-
ric induced by that on S*, T is a tautological 2-form and voly is the volume
form of gy on the vertical fiber.

Then for each A > 0, (A%2.S*, oy, gx) is a Ga-manifold and gy is the com-
plete metric with holonomy equal to G.

Remark 3.2. A complete holonomy (GGo metric is constructed not only on
A? S* but also on A2 CP? in [2]. Of course, we can also apply the method
in Section to A2CP? and construct examples in theory.

By using a local frame, o) is described as follows. Let {e!, €2, e3 et} be
a local oriented orthonormal coframe with respect to the standard metric
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and the standard orientation on S*. Define 2-forms w; on S* by

wy = el — &3, wy = 13 — 22, wy = Mt — 2,
Then {w1,ws, w3} is a local oriented coframe of A2 S*, which is orthogonal
but not normalized to unit length, and induces the local fiber coordinates
(a1, a2,a3) of A2S* Write Vw; = Z;’ 1%ij @ wj, where V is the induced
connection from the Levi-Civita connection of the standard metric on S*
and 7;; is a local 1-form. Let 7 : A25% — S be the projection. Denoting
b; = da; + Z?:1 a; 7, we have

3 3
r? = E a?, T= E a; T w;, dr = E bi A\ ¥ w;, voly = byog,
] =1 i=1

where b1a3 = by A ba A by. Thus the Ga-structure ¢y is described as
1
(3.1) _28)\21) ATt w; + b123

Remark 3.3. For A = 0, the metric gg is a cone metric on A% S* — {zero
section} =2 CP3 x Rsq. The metric gcps on CP? induced from gq is not the
standard metric, but a 3-symmetric Einstein, non-Kahler metric. The metric
go is not complete because of the singularity at 0, while its holonomy group
is equal to Gs.

3.2. Local frames of A2 S*

We use the following local frames of A% S* for the convenience of computa-
tions.

3.2.1. Local frame on S* — {x5 = +1}. Define a local oriented or-
thonormal frame {e1, 2, e3,e4} on S* — {z5 = £1} by

—T2 —3 —Tq —X1T5

1 T T4 —x3 —X2T5

(617 €2, €3, 64) = m —T4 ) X1 ) H) ) —I3T5
5 T3 —x2 1 —T4X5

0 0 0 1 — 2}

Let {e'} be the dual coframe of {e;}. Set the local orthogonal trivial-
ization {wy,ws, w3} = {e!? — &3 e!3 — 42 et — 231 of A2 §* and denote by



Cohomogeneity one coassociative submanifolds 369

(a1, az, a3) local fiber coordinates with respect to {w1,ws,ws}. Recall 1-forms
7ij and b; are defined by Vw; = Z?’:1 Vij ® wj, by = da; + Z;’:l a;m*j;. De-
note by V5" the Levi-Civita connection of the standard metric on S*. Then
we see the following by a straightforward computation.

Lemma 3.4.

rset  —e3 2 —zsel
(v54 ) = 1 3 xset —e!  —zse?
e, €)= 7\/72 2 1 4 .3 |
1 — a2 e e Tse T5e
0 0 0 0
0 —el €2
(’YZ]) = \/172 € 0 € )
— 5 —e?2 —e3 0
by day 1+ asel — ase?
— s o 1 3
by | = | daz |+ > arel — ase
b3 dasg 1 =3 are? + ase’

3.2.2. Frame at pp = %0,0,0,0,£1). Set an oriented orthonormal ba-
sis {f1, f2, f3, fa} of T,,,S* by

f1=141,0,0,0,0), f2 =1%0,1,0,0,0),
f3 =1%0,0,1,0,0), f1="10,0,0,41,0).

Note that the induced orientation on 11(070’0’071)84 is opposite to that of
Ti0,0,0,0,—1)S*. Let {f'} be the dual coframe of {f;}. Then a basis {1, Q,
Oz} = {f12 — 34, 13 — 22 f14 — 23} of A2.84|,, gives fiber coordinates
(A1, Aa, Az) of A2.S%),,. N

4. Orbits of closed Lie subgroups of SO(5)

For each A > 0, the automorphism group of (A2 5%, py,gy) is SO(5) acting
on A%2S* as the lift of the standard action on S* ([19]). We study the Lie
subgroups of SO(5) to obtain homogeneous and cohomogeneity one coasso-
ciative submanifolds. By the classification of compact Lie groups, we obtain
the following.
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Lemma 4.1. The k-dimensional connected closed Lie subgroup of SO(5),
where 3 < k < 10, is one of the following.

SO(5), SU(2) c SO(4) x {1},
it ol

acting irreduct on R>.
UE) S0 x (1}, DO acting arreducily on |

The proof is given in Appendix [B] According to Lemma we study
the orbits on A2 §* of Lie subgroups of SO(5) above.

4.1. SO(4) = SO(4) x {1} and SO(5)-actions

In this subsection, We consider both the SO(4) = SO(4) x {1} and the SO(5)-
orbits.

Lemma 4.2 (Orbits of the SO(4)-action). By the SO(4)-action, any

point in A2 S* is mapped to a point in the fiber of po = Y21,0,0,0,x5) where
x1 > 0. The SO(4)-orbit through py € AQ_S4|ZLO is diffeomorphic to

0(4)/S0(2) for x1 > 0,py # 0,

S3 for x1 >0,pg =0,
S? for x5 = +1,pg # 0,
* for x5 ==£1,pg = 0.

Corollary 4.3. Let O be an SO(5)-orbit. Then dim O <4 if and only if O

is the zero section S*.

Proof of Lemma[f.3 Tt is obvious that any point in A? S* is congruent to
a point in the fiber of py = {(x1,0,0,0,z5), where x1 > 0, by the SO(4) =
SO(4) x {1}-action.

Suppose that x1 > 0. Since the stabilizer of the SO(4)-action on S* at
po is SO(3) = {1} x SO(3) x {1} € SO(5), we consider this SO(3)-action on
A2 5%, Use the notation in Section Since xy = x3 = x4 = 0, the ac-
tion of g = (gi;) € SO(3) = {1} x SO(3) x {1} is given by

gx€; = Zgjiej fori=1,2,3, gx€4 = 4
=1
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at po. Then the induced action of g = (gi;) € SO(3) on A% S|, is described
as

ai 933 —g32 —g31 a
a2 = —g23  g22 921 a2
as —g13 912 g11 as

Thus the stabilizer of the SO(4)-action on A% S* at py = ({(z1,0,0,0, x5),
Ya1,az,a3)) is SO(2) when Y(ay, ag, as) # 0. It is SO(3) when (a1, as, az) = 0.

Next, suppose that x5 = +1. Then the stabilizer of the SO(4)-action
on S* at pg =0,0,0,0,+1) is SO(4). By using the frame in Section
the induced action of SO(4) on A2 84|, is equivalent to that of SO(4) =
(Sp(1) x Sp(1))/Zy on AZR* = R? = ImH, which is described as

[(p,q)] -a=qag  if pp=%0,0,0,0,1),
[(p,q)]-a=pap  if po =7%0,0,0,0,-1).

This is the standard action of Sp(1)/Zs = SO(3) on R?, and hence we obtain
the lemma. g

Proof of Corollary[{.3 It is obvious that any point in A% 8% is congru-
ent to a point in the fiber of py =%1,0,0,0,0) by the SO(5)-action. By
Lemma the subgroup SO(4) C SO(5) has 5-dimensional orbits on each
point of A2 S4|, — {0}. Hence O must be the zero section S*. O

4.2. SO(3) x SO(2)-action

Use the notation in Section B.2.11

Lemma 4.4 (Orbits of the SO(3) x SO(2)-action). By the SO(3) x
SO(2)-action, any point in A% S* is mapped to a point in the fiber of py =
{21,0,0,24,0) €S, where x1,24 > 0. The SO(3) x SO(2)-orbit through py=
((z1,0,0,24,0), a1, az,a3)) € A2S4|,, is diffeomorphic to

SO(3) x SO(2) for 0 <z <1,(az,a3)#0,
52 x St for 0 <z <1,(ag,a3) =0,
(SO(3) x SO(2))/SO(2) for x1 =1, (az,as) 7é 0,

S? for z1=1,(ag,a3) =

52 x St for x1 =0, (a1,a2,as) 75 0,
St for x1 =0, (a1,a2,a3) = 0.
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When x1 = 1, (ag,as) # 0, the dividing group SO(2) is identified with

{(( 1 , )h) €50(3) xSO(Q);heSO(Z)}.

Proof. A direct computation gives the following descriptions. When x5 #
+1, the action of g = (gi;) € SO(3) = SO(3) x {I2} is given by

(4.1)

g9+ ((21,0,0, 34, 25), (a1, az, az))

gi1 gi12 —4g13
t t
= | (91121, 92171, 93101, T4, ®5) , | g1 go2  —g23 | (a1, a2,a3)
—g31 —9g32 933

When z4 # +1, the action of

cosa —sino
= < sina cosa ) € S0(2) = {I3} x SO(2)
is given by
(42) h - (t(xla0707x470)7t(a17a27a3))
= <t($1,0,0,$4008067$4 sina),( ! A )t(al,a%a:s)),
where
1
A= —mF
1—2x4sina
o 73(1 — cosa) — z4sina + cosa z124(1 — cosa) — zysina
—z174(1 —cosa) +zysina 23(1 —cosa) — z4sina + cosa

At po =0,0,0,1,0), set the orthonormal basis {f1, fa, f3, fa} of T,, 5%
by B

fl :t(0,0,—l,0,0), f2:t(07170a0a0)7
f3:t(_170707070)7 f4:t(070707071)'
Let {f'} be the dual coframe of {f;}. Then the local trivialization

{01,00,Q3} = {f12 — f34, f13 — f42 f14 _ 231 of A2 S gives local fiber co-
ordinates (Aj, Aa, A3) of A2S%. The action of g = (g;;) € SO(3) = SO(3) x
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{2} on A2_S4]p70 is given by

Ay g1 912 —913 Ay
Ay | — 921 922 —g23 As
As —g31 —9g32 933 A

By these computations, we see the lemma as in the proof of Lemma O

Define the basis {E; }1<i<3 of s0(3) by

(4.3)
0 -1 0 0 0 -1 0 0 O
Ee=1 0 o), B,=|l00 0], Bs=(00 -1],
0 0 O 1 0 O 01 0
0 -1 . . . .
and set Fy = < 10 € s0(2). Via the identifications s0(3) = s0(3) ®

{0} and 50( {0}@50( ), {Eit1<i<a form a basis of s0(3) @ s0(2).
By and ( , the vector fields E on A? 8% generated by E; are de-
scr1bed as

. 0 0
Er = —ag—

1 z1(x1e1 + x4e2) a28a1 +a18a2
E3 = x1(—z4e +xe)+a—a —a—a

5 = T1(—x4€1 1€2 394y 16a3,

S L
ag@ag a28a3’

) ) )
E4 = x4€4 + 21 _a3872 +a Zaag

at pg = (t(xl, 0,0,24,0), a1, as, ag)) . A straightforward computation gives
the following.

Lemma 4.5. At py= (t(xl,0,0,m, a1, az,as ), we have
(W*wj(EfaE§)> =0, ( E;,E* ) (0 x1z4,—x1xi)
(W*WJ(E57E§)) =0, ( wi (B3, Ef) )
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—£C4(CL2$4 + CL3$1) .%4(—@21'1 + a3$4) 0 0
<bZ(E;)> = ala:?l a1xr1x4 as —aszxy
a1x1x4 —alxz —an agsxq

4.3. Action of U(2) C SO(4) x {1}

Use the notation in Section B.2.1] and [3.2.2

Lemma 4.6 (Orbits of the U(2)-action). By the U(2)-action, any point
in A2.S* is mapped to a point in the fiber of po = {(x1,0,0,0,25) for some
x1 > 0. The U(2)-orbit through po = ((21,0,0,0,25), a1, az,a3)) € A28,
1s diffeomorphic to B

(

U(2) for x5 # £1,(a1,a2) # 0,

53 for x5 # £1,(a1,a2) =0,

52 for x5 =1,py # 0,

St for x5 = —1,(Az, Az) # 0,

* for x5 =1,po =0, or x5=—1,(Az2,A3) =0.

Proof. Suppose that x5#+1. Denoting 21 = x1+ix2, 20 = r3+ixy, We have

1 121 —2Z9 —129 —T521
(e1,€2,€3,€4) = ———= izg |, Z1 |, = || —ws2e
1= a3 0 0 0 1— a2

cC?*gR.

We see that ej, e, e3 and eq are SU(2)-invariant. Namely, g.e; = e; for any
1 <i<4and g € SU(2). Then the 2-forms w; are all SU(2)-invariant, and
hence g € SU(2) acts on A2S* by

(4.4) g (21,22, 25), (a1, a2, a3)) = ((9'(z1, 22), w5), (a1, a2, a3)).

The action of k(0) = ( 1 o0 ) € U(2), where 6 € R, is given by

(k(0) e, k(0) e, k(0)wes, k(0)seq)

= (e1,eaco80 + e3sinf, —ea sinf + ez cos b, ey) ,
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which induces the action of k(#) on A% S* described as

al cosf) —sinf 0 al
(4.5) ay | — | sinf@ cosf O as
as 0 0 1 as

Since any element in U(2) is described as k(0)g for some 6 and g € SU(2),
we see the case z5 # 1.

Next, suppose that x5 = +1. Then the stabilizer of the U(2)-action on
S*at po = 0,0,0,0,+1) is U(2). By using the notation in Section the
induced action of k(f)g, where § € R, g € SU(2), on A2S4|,, is described as

Ay 1 0 0 Ay

Ay | = | 0 cos® sind |@'(g9)| A2 |,

As 0 —sinf cosé Az
where w’ is a a double covering w : SU(2) — SO(3) (resp. a trivial repre-
sentation) when x5 = 1 (resp. x5 = —1). This gives the proof in the case
Iy — +1. O

Note that the double covering w : SU(2) — SO(3) is given by

T lal? — |b|? 2Im(ab) —2Re(abd)
a —b
(4.6) w _ = | —2Im(@@) Re(a®+b?) Im(a®+0b%) |,
<< b4 >> 9Re(@b) Im(—a2 +b%) Re(a? — b2)

where a,b € C such that |a|> + |b]? = 1.
Define the basis {E;}1<i<a of u(2) by

a5 4) me(00)
ae(i0) we(i0)

By 1) and |D the vector fields E’~;* on A% S* generated by E; are de-
scribed as

(4.7)

o ~.
SO O .

Eik = —Zxi€eg, E; = T1€3, E; = XTi€1,
~ 0 0
EZ =x1e1 — 2a0— + 2a1—

6a1 8&2

at pg = (t(acl, 0,0,0,75), (a1, as, ag)) . A straightforward computation gives
the following.
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Lemma 4.7. At pg= (t(a?l, 0,0,0,z5), a1, as, ag)), we have
(7'wi(Bi B5)) = (0,0,23),  (m"wy(Bf, ED) = (23,0,0),

)) = @10,0),  (7wi(Bs BD) = (0,~23,0),
)) = (0.-a,0), (7B, E) =0,

3 (1+z5)as 0 (I+z5)az (—1+ws5)as
bi(E7)) = 0 ~(tas)as ~(1+as)ar  (1—a5)a
—(1+x5)ar (1 + z5)az 0 0

4.4. Action of SU(2) C SO(4) x {1}

The next lemma follows easily from the proof of Lemma [4.6

Lemma 4.8 (Orbits of the SU(2)-action). By the SU(2)-action, any
point in A2.S* is mapped to a point in the fiber of po = (21,0,0,0, z5) with
x1 > 0. The SU(2)-orbit through py € A2_S4\p70 is diffeomorphic to

S3 for x5 # £1,

SQ fOT' x5:17p07é07

* for x5 =1,p9=0 or z5=—1.

Define the basis {1, Eq, E3} of the Lie algebra su(2) of SU(2) by

(4.8) E1—<_01 (1)> E2—<? é) E?’_(é —OZ>

which satisfies [E;, Ej11] = 2Ej42 for j € Z/3. Note that via the inclusion
SU(2) < SO(4) x {1}, E4y, E2 and Ej3 correspond to

I J J
(4.9) iy , J : —J :

where J = 1 , respectively. Since FE; in (4.8)) agrees with FE; in

(4.7) for i =1,2,3, we have the same formula as Lemma
4.5. SO(3) = SO(3) x {I2}-action

Use the notation in Section [3.2.11
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Lemma 4.9 (Orbits of the SO(3)-action). By the SO(3)-action, any
point in A% S* is mapped to a point in the fiber of po = Yx1,0,0, x4, x5) for
some x1 > 0. The SO(3)-orbit through py = ({x1,0,0, 24, z5), (a1, as,a3)) €
A2 84\, is diffeomorphic to

80(3) fOT’ T > 07 (a27a3) ?é Oa
52 for x1 >0, (az,a3) =0 or x1 =0,py # 0,
* for x1=0,pg = 0.

Proof. We easily see the cases z1 > 0 and z1 = 0,25 # +1 from . Sup-
pose that z; = 0,75 = +1. Then the stabilizer of the SO(3)-action on S*
at po = 0,0,0,0,+1) is SO(3). By using the notation in Section the
action of g = (g;;) € SO(3) is given by

(9+J1, 9« f2, 9+ f3, 9 f4) = (f1, f2, [3, [4) ( g 1 >

at po. The induced action of g = (gi;) € SO(3) on A25%|,, is described as

Ay 933  —g32 —g31 Aq
Ay | = | —g23 922 g2 Ay |,
As -913 912 911 As
which gives the proof in the case x5 = +1. O

By Lemma an SO(3)-orbit through ({(z1,0,0, 24, 25), (a1, a2, a3)) is
3-dimensional when z; > 0, (ag, a3) # 0. By the fact that the stabilizer at its
point is SO(2) and (4.1)), its SO(3)-orbit contains a point ({z1,0,0,z4, z5),
Ya1,a2,0)), where z1 > 0,a2 > 0. Thus we may assume that x; > 0, as >
0, asz = 0.

Let {E;}1<i<3 be the basis of s0(3) in . At po = (1(21,0,0, 24, 25),
Yay, az, 0)), the vector fields E} on A? S* generated by E; are described as

Ej (w161 + w4e0) 0 | 42
= —F/——=\\T1€1 T X4€2) — Q25— T A1 7,
1 /1 _xg 8@1 8@2
- T 0
E} = —— 1%33%(—1’461 + x1€9) — alaiasv

~ 0
Ef = —a9g—

3 a26a37

by (4.1). A straightforward computation gives the following.
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Lemma 4.10. At py = (t(:z;l,0,0,x4,$5),t(a1,a2,0)), we have

= ()7
—14 2 )a — IZa g 0
1—xz5 2 1—x5 2
= 1— %) L1T4 0
1—%'5 1 1—$5 1
T1Xyg —1 + I% —

4.6. Irreducible SO(3)-action

The irreducible representation of SO(3) on R is described as follows.
Let V be the space of all 3 x 3 real symmetric traceless matrices, which is

isomorphic to R®

. Let SO(3) act on V by g- X = gXg~ !, where X € V,g €

SO(3). This action preserves the norm |X|* = tr(X?)/2, and hence induces
the action on the unit sphere $* = {X € V;|X| =1} C V. We identify V =

R by
A1
(410) | m
12
Remark 4.11.

M1 2 A \/g

A2 13 A+ 22—, iy i1, — =g ) -
2 2

13 —A1— A2

We can also describe the irreducible representation of

SO(3) = SU(2)/Zy on R® by the method in Appendix [Al We use the de-

scription above because it is easier to work with.

Use the notation in Section

Lemma 4.12 (Orbits of the irreducible SO(3)-action). By the SO(3)-

action, any point in A2S* is mapped to a point in the fiber of po =

Y21,0,0,0,x5) where z1 > 0, |x5| < 1/2. o
When |x5| < 1/2, the SO(3)-orbit through

bo = (t(xl,0,0,0,x5),t(a1,a2,a3)) € A2—S4’@
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s diffeomorphic to

SO(3) when ajazaz # 0 or one of {a1,az2,as} is 0,
0(3)/Z, when two of {a1,as,as} are 0,
SO(3)/(Za x Zs) when a; = as = ag = 0.

When x5 =1/2 (resp. x5 = —1/2), the SO(3)-orbit through po =
((x1,0,0,0,x5), (a1, az,a3)) € A2—S4|& is diffeomorphic to

SO(3) for az #0,(a1,a3) # 0,
S? for az #0,(a1,a3) =0,
0(3)/Z2 for a2 =0, (a1,as3) #0,
R P2 for a1 =as=a3=0.
SO(3) for ay #0,(ag,a3) # 0,
S? for ai #0,(az,a3) =0,
resp: 0(3)/22 fO?" al = 0, (CLQ, as 75 O
RP? for a1 =as =a3=0.

Remark 4.13. The SO(3)-orbit in S$* through {+/3,0,0,0,41)/2 is a su-
perminimal surface called a Veronese surface. For example, see [9].

Proof. The first statement is well-known. See, for example, [1]. Set
2 = {diag(A1, Ao, A3); A1 > A2 > Az, A1+ Ao+ A3 = 0,A7 + A5+ A3 = 2}

Since every symmetric matrix is diagonalizable by an orthogonal matrix,
unique up to the order of its diagonal elements, we see that every orbit of
the SO(3)-action on S* intersects ¥ at precisely one point. Via , Dy
corresponds to

1 1
{(1‘1,0001’5)65 $1>0—2<x5<2}

The stabilizer at pg = {x1,0,0,0,x5), where |z5] < 1/2, is given by

{diag(e1, €2, €1€2); €1 = £1,e0 = 1}
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Note that

€1 :t(0717070’0)’ €2 :t(070717070)7
ez = 40,0,0,1,0), e4 = (—25,0,0,0,27)

at pp. Then via the identification (4.10)), the action of k = diag(e1, €2, €1€2)
is given by

(k*el, k*ez, k*eg, k‘*€4) = (6261, €1€2, €1€2€3, 64),
which induces the action of k on A2 .S4|,, described as
t t
(a1, a2, a3) — (€1€2a1, €102, €2a3).

The stabilizer at pp = (/3/2,0,0,0,+1/2) is given by

(94 Joacom {(* s )acon)

respectively. The induced action of det A A ) (resp. < 4 dot A )),
where A = (ai;) € O(2), on A2—54|& is given by

all(a%l - 3“%2) 0 ‘112(36@1 - a%2)

det A 0 1 0
021(3a%1 - a%2) 0 a22(a%1 - 3“%2)
1 0 0

resp. det A | 0 ags a9
0 a2 an

Hence we obtain the statement. O

The irreducible representation of SO(3) on R® gives the inclusion
SO(3) < SO(5). Via this inclusion, the basis {E1, Eq, E3} of s0(3) in (4.3)
correspond to
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where J = ( 1 -1 ) , respectively. Let £ be the vector field on S4 gener-

ated by E;. Then we have at pg = (21,0,0,0,25) € S4 where x1 > 0, |z5]| <
1/2,

V3 —T5€2 T5e1 €4 —e3
([Ez*ﬂ ej]) = 0 \/§$1€3 —\/§ZE162 0 ,
1 —I5€3 —€4 Irs5eq €2
0 \/g(glcjr905)w3 . \/5(:11+I5)W2
(LErwj) = 3wa “ 3w 0
. \/5(1+x5)w3 0 \/§(1+x5)w

T 1

Hence at pg = (t(:cl, 0,0,0,75), (a1, as, a3)) €A? 5% wherez1 > 0, a5 < 1/2,
the vector fields E on A2 S* generated by E; are described as

\/§(1+x5)< o a>7

a3—— — ag——
das Odag

E;——2x161+3<a i—a 8),

E~ik = (x1 + \/§$5)€3 + -
1

28(11 18@2
- V3(1 + x5) 0 0
Ej = (v1 — V3z5)ea + — <—CL3al + al&“g) .

A straightforward computation gives the following.
Lemma 4.14. At py = (t(azl,O,O,0,x5),t(a1,a2,a3)), we have
(7*wi( B, E3)) = (0,201 (a1 + V335),0),
(w*wj(E;,E;)) — (0,0, 22 — 322),

(ﬂ-*wj(EN57 E~§)> = (21’1(—1’1 + \/3175), 07 0)’

~ 0 (1 — 2%5)@2 —(\/§x1 + x5 + 1)a3
(bi(E]’.*)) = | (V3a1—25—Daz (=14 2z5)a 0
(—\/gxl + x5 + 1)a2 0 (\/g:lll + x5 + 1)a1

4.7. Classification of homogeneous coassociative submanifolds

Summarizing the results in Section [, we obtain the following.
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Proposition 4.15. The connected closed Lie subgroup of SO(5) which has
a 4-dimensional orbit on A%2.S* is either SO(5), whose only 4-dimensional
orbit is the zero section, SO(3) x SO(2), or U(2).

The connected closed Lie subgroup of SO(5) which has a 3-dimensional
orbit on A% S* is one of the following.

SO(4) =S0(4) x {1}, SO(3) x SO(2), U(2), SU(2) € SO(4) x {1},
SO(3) =S0(3) x {12}, SO(3) acting irreducibly on R.

By Proposition we prove Theorem

Proof of Theorem[1.1. By Proposition [4.15] we consider the actions of
SO(5),S0(3) x SO(2), and U(2). A 4-dimensional SO(5)-orbit, which is the
zero section, is obviously coassociative.

Consider the SO(3) x SO(2)-action. Use the notation in Section By
Lemma [1.4] the SO(3) x SO(2) orbits through

po = ((21,0,0,24,0), (a1, a2,a3)) ,

where 0 < 21 < 1, (ag,a3) # 0, are 4-dimensional. By (3.1)) and Lemma

we compute

oA(E;, B3, E5) = ox(Ef, B3, Ejf) =0,
oA(EY, B3, EY) = 2syx124(ax1 — azxy),
ox(E5, B3, EY) = —2s x124(a2xs + azxy),

at po. Hence the orbit is coassociative if and only if x1 =0 or z4 =0 or
as = a3 = 0, which implies that the orbit is not 4-dimensional.

Consider the U(2)-action. Use the notation in Section By Lemma
the U(2) orbits through py = (t(xl, 0,0,0,z5), a1, as, ag)), where x5 #
+1, (a1,a2) # 0, are 4-dimensional. By and Lemma we compute

‘P/\(ENT’EN;EN;) = @A(ET’EN;ENZ) =0,
SO/\(ELE;:’EZ) = —48)\1‘%012,
SD/\(E%{) E;a EZ) = —43;@'?@1,

at pg. Hence the orbit is coassociative if and only if 1 =0 or a1 = as =0,
which implies that the orbit is not 4-dimensional. O
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5. Cohomogeneity one coassociative submanifolds

The connected Lie subgroups which have 3-dimensional orbits are classified
in Proposition We construct cohomogeneity one coassociative subman-
ifolds in each case. In this section, denote by I C R an open interval.

5.1. SO(4) = SO(4) x {1}-action

By Lemma an SO(4)-orbit through ({z1,0,0,0,z5),%0,0,0)), where
x1 > 0, is 3-dimensional. We may find a path ¢ : I — A% 8% given by

c(t) = ((21(¢),0,0,0,25(t)),0,0,0))

satisfying x1(t) > 0, ¥x|s0(4)-Tmage(c) = 0. However, since SO(4) - Image(c) is
contained in the zero section which is an obvious coassociative submanifold,
we cannot find new examples in this case.

5.2. SO(3) x SO(2)-action

We give a proof of Theorem [I.2] Recall the notation in Section .2} By
Lemma[4.4] an SO(3) x SO(2)-orbit through ({x1,0,0,z4,0),% a1, a2, a3)) is
3-dimensional when

1) 0<a <1, (ag,ag) =0,

2) x1 =1, (a2aa3) 7& 0, or

3) T = O, (al,ag,ag) 7& 0.

Consider case 1. Take a path c¢: I — A% S* given by
c(t) = ((z1(t),0,0,24(t),0), (a1 (t),0,0)),

where z1(t), z4(t) > 0. Note that Ef = 0 at c(t). We find a path ¢ satisfying
SO)\|(S~O(3)~XSO£2))-Image(c) = 0, where ) is given by (3.1)). We easily see that
ox(E], EY Ef)le =0 for 1 <4,j,k <4 by Lemma Since ¢ = (—d124 +

x1d4)e3 + ('116%1 and

) 0 0 0 —a ay
(m*wi(EY,¢)) = r1ty  —x424 00 ; (i) =1 0 [,
—.T4i'4 —.2613'34 0 0 0
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we have at c(t)

o\(Er, ES,¢) = 2s), (—2a124%4 + alx%) - s;?’dla%xi,
oA(Ef, B3, E}) = oa(E}, Ef, ¢) = oa(E3, B, &) = 0.
Thus the condition px[(30(3)x30(2))-1mage(c) = 0 is equivalent to
1

daix121 +
1 A+ a?

{—af+ 2\ + 3ai)z}} a1 = 0.

This equation is solved explicitly as
(5.1) G(ay,z1)=C

for C € R, where G : R x (0,1] — R is defined by

L[ z2+2)
_ 2\1/4 (0,2
(5.2) Glar,@1) = a1(A + af)/* (227 — 1) + 2/0 Wd”

This solution is obtained by Maple 16 [17].

Remark 5.1. We give some remarks on the domain of G. Since we take
a path ¢(t) = ({x1(t),0,0,24(t),0),%(a1(t),0,0)) satisfying 0 < z1(t) <1, G
is defined on R x (0, 1) in the first place. Though G extends to a map R x
[0,1] — R formally, it is not appropriate to define G on x; = 0.

In fact, by and ([4.2), the SO(3) x SO(2)-orbit through

(t(o’ 05 Oa ]-7 0)7 t(ah 07 O))

coincides with that through (t(O, 0,0,1,0),%—ay,0, 0)) Thus we should have
G(—a1,0) = G(a1,0). However, we easily see that G(—a1,0) = —G(aq,0).

Such a problem does not occur when 7 = 1. Hence we regard G as a
map R x (0,1] — R.

Set

Mc = S0(3) x SO(2) - { (t(xl,(),(), m 0),t(a1,0,0)> ;

G(al,xl) = C, al € R,O <z < 1},

MZ =80(3) x SO(2) - { <t(:c1,0,0, m 0),t(a1,0,0)> ;

G(a1,$1) = C, +a; > 0,0 <z < 1}.
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Then Mo is coassociative and Mg = Méf UM, when C #0 and My =
MU My U S

Lemma 5.2. The coassociative submanifold M¢ is homeomorphic to

(8% x R?) U (5% x St x Rsy) for C #0,
SU(S? x ST x Rog) U (S? x ST x Ryp) for C =0,

where S* is the zero section of A2 .S%.

Proof. Since we have

oG

8—“ = 4(11()\ + a%)1/451317

% =27 (A +a?) ¥ (22 — 1)(3a2 +2)) + a2 + 27},
1

G(a1,-) is monotonically increasing (resp. decreasing) on (0, 1] for a fixed
a; >0 (resp. a1 <0) and limg, 0 G(-, 1) (resp. G(-,1)) is monotonically
decreasing (resp. increasing) on R. We compute

G(0,-) =0, lim G(ai, 1) = £o0, lim lim G(ay,x1) = Foo,

a,—+oo a;—Fo00 ;1 —0

where we use the estimate

a 2
b2l 422
/0 de<a1{(>\+a%)l/4+>\l/4} forar =0

Thus for any C € R, there exists a unique o € R (resp. B¢ € R) such
that C' = G(a¢, 1) (resp. C = lim,, 0 G(Bc, x1)). Note that C' and a¢ (resp.
Bc) have the same (resp. opposite) sign. Now, define a function go : R —
{0} = R by

_ _ 1 [ 2?4+ 2)
soton) =iy (0 [ ).

Note that G(a1,71) = C is equivalent to 222 — 1 = gc(a;). We may find the
condition on a; so that —1 < gco(a;) < 1.
First, suppose that C' > 0.

Lemma 5.3. Whena; > 0, go(a1) > —1 holds and go(a1) < 1 is equivalent
to a1 > ag. When a1 <0, go(a1) <1 holds and go(a1) > —1 is equivalent
to a1 < Be.
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Proof. Suppose that a; > 0. Then gg(a;) > —1 is equivalent to C >
lim,, 0 G(a1, 1), which holds for any a; > 0 since lim,, ,0 G(a1,21) < 0.
The condition that go(ai) <1 is equivalent to C' = G(ag, 1) < G(a,1).
Since G(+,1) is monotonically increasing, this is equivalent to a; > a¢. We
can prove similarly when a; < 0. O

Set T'(C)* = {(a1,21) € R x (0,1]; G(a1,z1) = C,+a; > 0}. By Lemma

5.3} we have homeomorphisms [a, 00) 2 I'(C)* and (—o0, Bc) 2 T'(C)~ via
a1 — (a1, /(g9c(a1) + 1)/2. Then from (4.1)) and (4.2), it follows that

g11x1

0<z = +1)/2<1
. 92171 gria1 1 A E(g[cc;(céhio) )/2 <
MC = 93121 ) g210a1 5 (g) c 86(3)7 )
V1 — 2% cosa —g31aq K ’

s/l—x%sina ack
which implies that Mg is homeomorphic to
S?% % (S x [ac,00) /(ST x {ac})) = 52 x R?.

In the same way, we see that M is homeomorphic to 52 x ST x Rsg. We
can prove the case C' < 0 similarly.

When C' = 0, we see that |go(a1)| < 1 holds for any a; # 0 as Lemma
5.3l Then we have homeomorphisms (0,00) = I'(0)* and (—o00,0) 2 T'(0)~,
and by Lemma we obtain MOjE >~ 82 x S x Ryy. 0

Remark 5.4. When A = 0, the equation (5.1)) is given by

(5.3) a1|a1\% <2x% — ?,) =C.

We exhibit the graph of . The solid curve indicates the case C' > 0, the
dashed curve indicates the case C' = 0 and the dotted curve indicates the case
C < 0. We see that the solution is asymptotic to this graph as A —
0. The vertical line gives a coassociative cone in A% .S — {zero section} =

CP3? x Rs, which corresponds to a Lagrangian submanifold in the nearly
Kihler CP3.

Consider case 2. Take a path ¢: I — A2 S? given by
c(t) = (11,0,0,0,0), a1(t), az(t), az(t))) -

We may assume that ag > 0, a3z = 0 so that ¢(t) is transverse to the SO(3) x
SO(2)-orbit. We find a path ¢ satisfying px](s0(3)x50(2))-Image(c) = 0, where
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Figure 1: the graph of (j5.3).

©y is given by |D Since ¢ = Z?Zl aia%, we have at c(t)

(m*wi(E},¢)) = 0,
(bi(¢)) = (a1, a2,0),
oA(E, E3,¢) = 2s)a1,
oA(Es By ¢) = for (p,q) # (1,2),(2,1).

Thus the condition ¢x|g0(3)x$0(2))-Image(c) = 0 18 equivalent to a; = C for
C € R. Set Mc = SO(3) x SO(2) - {(%1,0,0,0,0),{C,r,0));r € R}. By (4.1
and (4.2), M¢ is explicitly described as
(5.4)

go1 g g12  —gi3 10 0 c (9i7) € SO(3)
Mc = 931 | 921 go2  —g23 0 u —w ro]; wr4ei=1

—g31 —g32 933 0 0 reR

<
<

= {("(z1,%2,25,0,0), (a1, a2,a3)) € S* x R¥; a1 + agxs — azrs = Cc}.

Thus M¢ is canonically identified with {(v,w) € S? x R3; (v, w) = C}, which
is homeomorphic to {(v,w) € 5% x R3; (v,w) =0} =TS? via (v,w)
(v,w— Cv).

Remark 5.5. Let X2 C S be an oriented 2-submanifold. Let L — ¥ be a
line bundle over ¥ spanned by voly, — xvoly, where voly is a volume form
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of ¥ and * is a Hodge star in S*. Denote by L+ the orthogonal complement
bundle of L in A2 §* and take a section 7 of L over ¥. By the argument in
[13] and [12],

n+ Lt = {(:):,17;,;4—0) €N Sz e, oc Li}

is coassociative if and only if 3 is superminimal and 7 € R(voly — *voly).
The submanifold M¢ is a special case of these examples. In fact, 7(M¢)
is a totally geodesic S% = {{(z1, x9,23,0,0) € S*} and define

e C®(5%, A2 5% s)

Ty = T1(w1)z + T2(w2)z — T3(W3) 2,

where x = {21, 12,23,0,0) € S?. Note that 7 is not the restriction of the
tautological 2-form to S%. We easily see that Mgy = C1 + (R7)* and 7 =
volgz — *volgz by the SO(3)-invariance of 7.

Consider case 3. Take a path c¢: I — A% S* given by
c(t) = (10,0,0,1,0), (a1 (t), az(t), az(t))) -

We may assume that a; > 0,a2 = a3 = 0 so that c(t) is transverse to the
SO(3) x SO(2)-orbit. Since Ef = ala%z, E; = —alai%, E;=0,E] =e4 at

c(t), we compute px(ET, E3,¢) = —a}ai/s3, which implies that a; is con-
stant. Hence we cannot obtain a 4-submanifold.

5.3. Action of U(2) C SO(4) x {1}
By Lemma [4.6] a U(2)-orbit through py = ({(x1,0,0,0,z5),%0,0, as)), where
x1 > 0, is 3-dimensional. At pp, the stabilizer of the U(2)-action is U(1).

Thus a U(2)-orbit through py agrees with an SU(2)-orbit through py. The
case of SU(2) is considered in the next subsection.

5.4. Action of SU(2) C SO(4) x {1}

We give a proof of Theorem Recall the notation in Section and
By Lemma an SU(2)-orbit through ({z1,0,0,0,z5), a1, az,a3)) is
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3-dimensional when x5 # 0. Take a path ¢ : I — A% S* given by

C(t) = (t(xl(t)v 07 07 07 $5(t))7 t(al (t)> a2(t)7 a3(t))) )

where x1(t) > 0. We find a path ¢ satisfying cpA\SU 2).Tmage(c) = 0, Where

) is given by . The condition goA(EiﬂE;,E*) =0 is always satis-

fied. In fact, since the Go-structure ¢, is preserved by the SU(2)-action,

we have d(gp,\(E~ik,E~§,E*)) =0 by Cartan’s formula. Since the action of

SU(2) is not free, we have Ef A E A E% =0 at some point. Thus we have
ox(Ef, B3, Ef) = 0.

Lemma 5.6. The condition ¢A|SU(2).1mage(C) = 0 is equivalent to

1—2125

5.5) 4aq;
( ) a11+.1‘5

al—{log/\+r)+8log(1+:r5)} 0 fori=1,2,3.

Proof. Since ¢(t) = (—ix5 + x145) €4 + Z?Zl aj52-, we have
J

N 0 —i5 0
(rare)=( 5 0 0 ).
Ts

bj(é) = Cij for ] = 1,2,3.
Then we compute
PA(Ef, B3, 6|
3 o 1 o
=255 )b A mwi(EY, ES,¢) + s (EY, B, ¢)
=1 A

(1 + x5)%a3 d(r?)
233)’\ dt

:iit (log(A +7%) + 8log(1 + x5))} .

= 25, (—2(1 + x5)s5a3 + d3x%) —

8)\(1 +.CL‘5)2 A 1— x5
2 14 a5

We compute ¢y (E], E}, |, ¢)|c in the same way and we see the lemma. [

By (5.5), we have

%t(al (t), az(t), as(t)) = f(t)"(ar(t), az(t), a3(t))
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for some function f(t). The solution is given by

t(al(t),ag(t),ag(t)) = exp (/t f(s)ds) v

for some v €R3. Thus we may assume that *(a;(t), as(t), az(t)) = r(t)v for a
smooth function 7 : I — R>g and v € S2 C R3. Then (5.5 is solved explicitly
as

(56) F(T, 335) =C
for C € R, where F : [0,00) x [-1,1] — R is defined by

N
B0 Fa) =00 [

This solution is obtained by Maple 16 [17]. Though the definition of ¢ im-
plies that the domain of F is [0, 00) x (—1,1), F extends to a map [0, c0) X
[—1,1] — R as in Remark [5.1] Thus we obtain the coassociative submanifold

Mc,, :=SU(2) - { <t(\/1 —22,0,0,0,5), rv) ;
F(ryzs) =C,r >0,—-1<ux5< 1},

where C' € R and v € S C R3. We study the topology of M¢, now.

Lemma 5.7. The coassociative submanifold Mc is homeomorphic to

R4 for C >0,
S41(S? x Ryyg) for C =0,
O(CPI(—]_) for C <0,

where S* is the zero section of A2.S* and Ocpi(—1) is the tautological line
bundle over CP! = 52,

Proof. Since we have

OF _
(9:]:5_
OF _
or

—3(\+ )8/,

4720 ) T (1 3a5) (3% 4 20) + 4A )
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F(r,-) is monotonically decreasing on [—1, 1] for a fixed r > 0 and F(-,—1)
(resp. F(-,1)) is monotonically increasing (resp. decreasing) on R>g. We
compute
F(0,-) =0, lim F(r,F1) = to0.
T—00
Thus for any C > 0 (resp. C' < 0), there exists a unique ¢ > 0 (resp. B¢ >
0) such that C = F(a¢,—1) (resp. C = F(B¢,1)).
Now, define a function fo : Rsg — R by

Jr
Je(r) = r2(x 4 92) 78 (o - /0 e f;)? - dac) .

Note that F(x5,t) = C is equivalent to 1 — 3zs = fo(r). Since —1 < x5 <1,
we may find the condition on a; so that —2 < fo(r) < 4.

Lemma 5.8. When C > 0, fo(r) > —2 holds for any r > 0 and fo(r) <4
is equivalent to r > ac. When C <0, fo(r) <4 holds for any r >0 and
fo(r) > =2 is equivalent to r > Bc. When C =0, =2 < fc(r) < 4 holds for
any r > 0.

Proof. Suppose that C' > 0. Then fo(r) > —2 is equivalent to C' > F(r, 1),
which holds for any r > 0 since F(r,1) < 0. The condition that fo(r) <4
is equivalent to C' = F(a¢, —1) < F(r, —1). Since F(-, —1) is monotonically
increasing, this is equivalent to r > a¢. We can prove similarly when C <
0. O

Remark 5.9. Set I'(C) = {(zs5,7) € [-1,1] x [0,00); F(x5,7) = C}. By
Lemmal5.8] we have homeomorphisms [a¢, 00) = T'(C) when C > 0, [8¢:, )
=T'(C)when C < 0,and (0,00) Z T'(0) N {r # 0} viar — ((1 — fo(r))/3,7).
Note that T'(C)N{xs =1} =0 when C >0, T'(C)N{z5 = —1} =0 when
C<0,and T(0)N{r #0}N{zs =£1} = 0.

Hence we see that

M07Uﬂ{7”>0}
_ _ 1=fo(r)
\/qa 1 <xz5 —>03 <1,
— 2 3. r )
- 4/11.—_%'§b v | €eCCdR PR abeC, ,
: a2 = 1

which is homeomorphic to 3 x Ryg.
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When C # 0, M¢, intersects with A2_S4|t(070,0,07:|:1). To study the topol-
ogy of Mc,, we use the stereographic local coordinates.

First, suppose that C' > 0. By Remark M¢,, does not intersect with
A2_S4’t(070707071). Take the stereographic local coordinates of ® : S* — {5 =
1} — R* given by

(961, x2,x3, —$4)
1-— Is
(201,242, 2y3, —2y4, —1 + |y|?)
1+ [yl?

@(xl,...,x5) =

q)_l(yb . '7y4) =

)

where |y|? = X}_ y?. The standard metric on S* is given by 4 Z?:l dyjz- /(14
ly|*)?, and hence we see that {2dy;/(1+[y[*)},_, , is a local oriented
orthonormal coframe. The trivialization o

4(1+ |y[*)*{dy12 — dysa, dyrz — dyaz, dyra — dyaz}

of A2 5% induces the local fiber coordinates (a1, a2, as). Setting ¢; = y1 +
1y2, C2 = y3 + iy4, the action of SU(2) is described as

( Z _ab ) ’ <t(C1,<2>7t(a17a27a3)) - (t(aC1 - @7%"’_ aC2)7t(O‘170‘270‘3)>7

where a,b € C such that |a|? + |b|> = 1. Then we obtain

€ ac,00), 1 = /5 — 1,
MC, = t(y1a7 ylb) 7TU/ € (Cz S R3; fe(r)+2 ’
h {( ) a,beC,la®>+ b2 =1

where v' € S? is a corresponding element to v under the change of local coor-
dinates. Then it follows that M, is homeomorphic to (5% x [a¢, 00))/(S? x
{ac}) = R4

Next, suppose that C' < 0. By Remark M¢,, does not intersect with
A% S4]t(0’0,070,_1). Take the stereographic local coordinates of ¥ : §* — {z5 =
—1} — R* given by

1+ x5
(2u1, 2ug, 2ug, 2ug, 1 — |ul?)

1+ |ul?

\Il(xl)"'vxfy) =

U (uy, ... uy) = ,
where |u|?> = ¥}, u2. The standard metric on S* is given by 4 Z?Zl du?/(l +

[ul?)?, and hence we see that {2du;/(1+ |ul?)},_, , is a local oriented



Cohomogeneity one coassociative submanifolds 393

orthonormal coframe. The trivialization 4(1 + |u|?)~2{du12 — dugs, duiz —
duga, duyy — dugs} of A%2.S* induces the local fiber coordinates (a1, a2, 03).
Setting (1 = u1 + iug, o = ug + iuy, the action of SU(2) is described as

(5.8) g (¢, ¢2), (a1, a2, 3)) = (91, C2), w(9) (e, a2, a3)),

where g € SU(2) and @ : SU(2) — SO(3) is a double covering given by (4.6]).
Then we obtain

(5.9)

R A —
Me,, = {(gt(m,()) r(g)) e C2 o R3; "€ o) i = m },

g €SU2)

where v' € S? is a corresponding element to v under the change of local
coordinates.

Note that the topology of M¢ , is independent of v. In fact, fix vy €
S? and let v be a corresponding element to vy under the change of local
coordinates.

For any v € S?, there exists go € SU(2) such that v' = w(go)vj. Then
Mey & Mey, via (g%(u1,0), rw(g)v’) = (990'(u1,0), 7w (g)v"). Thus we only
have to consider the case v, = ¥(1,0,0). Setting v, = (1,0,0) in , we
obtain

— 6 _
{(t(u1a,u1b),rt(a|2—|b2,2Im(ab),2Re(ab)); r € [Bo,00),um =/ impemy — L }

a,be C,la? + b =1

which is homeomorphic to

{(v,[w,r]) € 8% x (8% x [Bc,00)) /(S x {Bc});w € p~(v) }

where p : §3 — CP! = S? is the Hopf fibration. This is the tautological line
bundle O¢pi(—1) over CP?. O

Remark 5.10. When A = 0, (5.6) is given by

(5.10) (1 —3z5)r3/* = C.

We exhibit the graph of (5.10]). The solid curve indicates the case C' > 0, the
dashed curve indicates the case C' = 0 and the dotted curve indicates the case

C < 0. We see that the solution (5.6|) is asymptotic to this graph as A —
0. The vertical line gives a coassociative cone in A% S* — {zero section} =
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_

-1 -0.5 0 0.5 1

Figure 2: The graph of (|5.10).

CP3 x Rsq, which corresponds to a Lagrangian submanifold in the nearly
Kihler CP3.

5.5. SO(3) = SO(3) x {I>}-action

We give a proof of Theorem Recall the notation in Section [4.5 By
Lemma an SO(3)-orbit through (¥x1,0,0,z4,75), a1,az,a3)) is 3-
dimensional when x1 > 0, (ag,a3) # 0. Take a path ¢ : I — A% S* given by

C(t) = (t(xl(t)7 07 07 T4 (t)v Ts (t))7 t(al (t)v az (t)> O)) ’

where x1(t) > 0,a2(t) > 0. We assume that ag = 0 so that ¢(t) is transverse
to the SO(3)-orbits. We find a path c satisfying ¢x|so(3)-image(c) = 0, Where
@ is given by (3.1). We see that ¢y (E}, E%, E5) = 0 as in Section

Lemma 5.11. The condition px|s0(3)-image(c) = 0 5 equivalent to

d
(5.11) 4(2x1 1101 + alx%) —(1- x%)alﬁ log(\ + 7"2) =0,
(5.12)  4wxyd _ 4 (A+72) + ot dis + L1 A+7r?) ) =0
. 121 o og r 2 Ts g og r =0,
. T4 . i 2 o
(5.13) 434 + T <4x5 + 7 log(A+7 )> =0,
where 12 = a% + a%.
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3  — 7i1$4+1'1{i'4 i'g; b i b i
Proof. Since ¢ = o es + m&; + a1 5, + G25,;, we have

5

0 0 0
* . E* . _ . + 1‘1.%4.’i75 . + I?IS
(mwi(E},¢)) = | 2174 i mdit g ,
. TiTs 3 XT1T4Ts
T1T T T — 5T

ay
(bi(¢)) = o ap
—Ei 24+
xllxix:?lu’mcm

Then we compute

3 ~ o~ T1T4T4 .’L‘% + 1'421 105
> b Amtwi(BY, B, é) = 2w1a1 § — +(1-

; 1—1‘5 1—.@5 1—1‘5
=1
2
€T . .
+ <1 — 1 _1x5> xl} +a1$%,
2 2 2.2
= Sk s\ 5171 w1$4 . .
bioz(ET, E3,¢) = — { (1 — 1z $5> A= 2a)? } ar(a1a1 + azaz).

Since a;% + x?l + :c% =1, 2121 + 2424 + 2525 = 0, it follows that

3
> by Amtwi(BY, B, ¢) = 2z1d101 + a3,
=1
(1 —2%)ay d(r?)
2 dt ’

which implies (5.11]). In the same way, we compute

b123(E~>1k7 E~>2ka C) = -

3 ~ - 33
Zbi AT wi(EY, ES, ¢) = ag (931131 + L0 ) 5

, 1— s
=1
2 2
Tx Lk T ag d(r®)
bios(E*, E%,¢) = | -1 1 a2
123( 1> 3,6) ( —|-1_x5> 5 i ’
3 .
Z b A wi(ES, BS,¢) = —ag | a1d4 + T1Tats ;
i=1 1—x5

T1T402 d(r2)
2(1—335) dt ’

and obtain (5.12)) and ([5.13]). O

b123(E57 -E~§7 C) =
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Next, we solve (5.11)), (5.12)), (5.13]). Calculating (5.12)) 4+ x4 - (5.13), we

have

d
(5.14) dirs + x5, log(\ +72) = 0.

Substitution of (5.14)) into ([5.13]) gives

. d 2
(5.15) A4 + T4 log(A + ) =0.
From (5.14]) and (5.15)), we have

d d
(1- 90%)% log(A +1?) = (23 + 33%)% log(A + 77)
= —4(z4dy + T515)

= 41’1.%"1.

which implies that (5.11)) is equivalent to

d
(5.16) 1‘1@(&1331) = 0.

Equations (5.14)), (5.15)), (5.16] are solved easily and we obtain

A+ =0, O+ =D, az=E

for C;D > 0,F € R. Thus

Mcp.e=S0(3) < ({21,0,0,24,75), (a1, as,0)); za(A+1r?

is a coassociative submanifold for C, D > 0, F € R.
Next, we consider the topology of M¢ p k.

Lemma 5.12. Set N = (R> x SO(3))/({0} x SO(3)), which is the cone
over SO(3) with the apex. Then the topology of Mc,p g is given by the fol-
lowing.
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’ condition \ topology of Mc.p.E ‘
C>0,D>0,E=0,VC+vD#V\|TS>UTS>UTS?>UTS?
C>0,D>0,E=0,vV/C++VD=+Vx NUNUNUN
C>0,D>0,E+#0 TS2UTS?>uTS>uUTS?
C=0,D=0 TS?
C>0,D=0,E=0,VC#V\ TS?UTS?
C>0,D=0FE=0,V/C=+v\ NUN
C>0,D=0,E#0 TS?UTS?
C=0,D>0,E=0,vVD# VX TS2UTS?
C=0,D>0,E=0,vVD=+v\ NUN
C=0,D>0,E+#0 TS?2UTS?

Lemma 5.13. For any convergent sequence {(Cj, D;)} C (R>0)? satisfying
\/Cifj+\/Dij< VA for any j (orm+m>ﬁforanyj) and \/Cso +
VDo =V, where Coy = lim; o0 O, Doo = limj o Dj, Mc; p, 0 converges
to Mc_ p..o in the sense of currents.

Similarly, for any convergent sequence {C;} C Rso satisfying \/@ <
VX for any j (or \/@> VX for any j) and /Coo = VX, where Co =
lim; o Cj, Mg, 0,0 converges to Mc_ 00 and Mo c, o converges to Mo c__ o
in the sense of currents.

Proof of Lemmal[5.19 First, suppose that M¢c p g does not intersect with
A%S4|t(0’070’07il). Then by 1} we see that

(

gL zi(A+12) =C,
92171 a1g11 + a2912 i A +712) =D
Mcp.e= g31x1 |, a19g21 + a2922 ; P a1z, = E ’
T4 —a1931 — 2932 . ’
\ - (gm) € 50(3)
o zi(A+1%) =C,
T2 “ xi()\ +7r3) =D
= I3 5 a9 € 54 X R3, 52 3 N 2 ’
4 as (r* =21 af)
s a1x1 + asxro —azrs = K

We study the topology of Mc p g in the following cases:
1) C>0,D >0,



398 Kotaro Kawai

+vD <V, ¢) E=0,V/C+vVD =V,
++vD >V, d) E #0,

2) C=0,D =0, 3) C>0,D=0, 4) C=0,D > 0.

Consider case 1. Then M¢c p g does not intersect with A2_S4|t(0,070707:t1).
Set

Mg,’;,E = McprN{xzrs >0} N{zs >0},
Mg,B,E = Mc¢,p,p N {Fxs > 0} N {z5 < 0}.

Each Mé ’lj; p is a connected component of M¢ p g and is homeomorphic to

(5.17)
NC,D,EZ{(v,w)€R3XR3;<v,w> (1= |o]? m_\ﬁ+f}

We only have to consider the topology of N¢ p .

Consider case 1-(a). We have |[v|2 =1 — (VC + vD)/\/A+ |w> > 1 —
(v/C + v/D)/vA > 0. Hence there is an homeomorphism N¢ pg — {(v,w) €
S% x R3; (v, w) = 0} = TS? via (v,w) — (v/v],w).

Consider case 1-(b). We have |w|> = (/C ++vD)?/(1—[v]*)? -\ >
(v/C + v/D)? — X\ > 0. Hence there is an homeomorphism N¢ p o — {(w,v) €
S2 x R3; (w,v) = 0, |v| < 1} 2 TS? via (v,w) — (w/|w],v).

Consider case 1-(c). A map N = (R>¢xSO(3))/({0} xSO(3)) = N¢.,p.o
defined by [(r, (91, 92, 93)] = (f(r)g1,792), where g; € R?, (gi, g;) = dij, and

f(r)= \/1 — (V/C ++/D)/VA+ 12, gives a homeomorphism.

Consider case 1-(d). Since N¢ p. g = Nco,p,—g via (v,w) — (v, —w), we
may assume that F > 0. Since F # 0, we have v,w # 0 for any (v,w) €
Nec.p,g- Define ¢y € R and a function f : (¢, 00) = (f(co),1) by

B 0 when (vC ++vD)? — <0,
0_{\/<ﬁ+\/ﬁ)2—x when (vC + VD)2~ >0,
_VC+VD
T =\t nre

Then f is bijective and monotonically increasing. Note that for (v,w) €
Ne,p.g, we have f(|w|) = |v|. Since rf(r): (co,00) = (0,00) is bijective
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and monotonically increasing, there exists a unique dy > c¢g > 0 such that
dof(do) = E. Now define a function

g [do,00) = [0,00) by g(r) = /12 — (E2/f(r)2).

Note that for (v,w) € N¢,p g, we have |w — (Ev/[v|?)| = g(|w]).

Define a map ®: Nop g — {(v/,w') € $? x R (v,w) = 0} = T'S? by
®(v,w) = (v/|v|,w — (Ev/|v|?)). Then ® is a homeomorphism and the in-
verse map &1 is given by

(W, w') = (flg~ ([ D)o, w' + (B f(g™H ([w'])))-
Consider case 2. By definition, we have z4 = x5 = 0. Then
Moo,e = {("(z1,22,23,0,0),%(a1,a2,a3)) € S* x R* a121 + apxy — azxs = E},

which is obtained in (5.4)) and is homeomorphic to 7'.52.
Consider case 3. By definition, we have x5 = 0 and

4 2
N ) ¢ ) 4 3. ri(A+7%) =C,
Meco,E = {( (z1, %2, 3,24,0) ,"(a1, a2, a3)) € 5* x R?; P O

Set MC0 g = McoeN{£rs > 0}. Each MCOE is a connected component
of Mc e and is homeomorphic to N¢ i defined in (5.17).

Consider case 4. By (4 , < _01 (1) > € SO(2) = {I3} x SO(2) € SO(5)
gives a homeomorphism from Ny p g to Np o g. Hence this case is reduced
to case 3. [l

Proof of Lemma[5.13. We only have to prove that Ng, p, o converges to
Nec...p...o—{(0,0)} in the sense of currents. Note that sets differing only a
set of measure zero are identified in the theory of currents.

Suppose that \/@ + \/ﬁ] < v/ for any j. Then by the proof of Lemma
there is a homeomorphism

hC’jﬂDJ‘ : ch’D_770 - {('U,'U)) € 52 X R?)’ <U’w> = 0} = T52
via (v,w) — (v/|v|,w). Note that hajl p, s given by

(U/’ w/) = (ij,Dj (|wl|)vl7 w,)7

e J6,0,0) = /1~ (/G + VBNAT
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On the other hand, No_ p.. o — {(0,0)} is homeomorphic to T'S% — {0}
via he p.. @ (v,w) — (v/|v|,w) and hai p.. is given by

(U/, w,) = (fCQC,Doc(|wlelv w,)'

Then we see that for any compactly supported 4-form o on R? x R3

[ e[ e
ch,Dj,o T52—{0}

— (he p )*a:/ a,
T52—{0} e Neoo,Doo,0—{(0,0)}

which implies that N¢; p, o converges to Nc__ p._0 — {(0,0)} in the sense of
currents. We can prove the other cases similarly and obtain the statement.
O

Remark 5.14. Use the notation in [16]. By Lemma McpEg is a
coassociative submanifold with conical singularities when (i) C' > 0, D > 0,

E=0,V/C+vVD=+V\ (ii)C>0,D=0,E=0,vC =+ or (iii)C = 0,
D >0, E=0, VD =+ In each case, the tangent cone is modeled on
C(L) = Rsg x L, where L is given by

{ (0,21, 29,23) € R@Cg Zl —|-22 +Z3 —0,|21|2+ |2’2’2+ ‘23|2 = 1}
gSO( ).

We calculate the rate at singular points as follows. For simplicity, we only
consider the case of M)\ 0,0 Which is singular at py = ((0,0,0,1,0),%0,0,0)).

Let B(0,7) C R* be an open ball of radius r. Set D = {z, >0} c S*
and k = 27Y2)\"1/4 Define x : B(0,1/k) x R? — D x R3 by

(t(Uh uz, ug, ug), (a1, az, as))

— (t(—ku;;, kUQ, —kul, 1-— k2]u\2, kU4), )\1/4t(a1, as, a3)> y

where MQZZj 1 ] Since (dX) ( )U—k(el)pm(dX) ( ) )‘1/4 a pov
we see that (dx)§(ex)p, = ©0, Where o is a 3-form on R given by (2.1)).

Note that

_ 1— k2 22(1+ 3 2):1,
1(M>—\i:0,0) - {t(ul,UQ,Ug,O,al,ag,ag); ( |U| ) Z]_l a] .

—uszal + usas —ujaz =0
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Define ® : Rug x L — R7 by

(r, (0,21 + ty1, w2 + 1y2, T3 + Zys))
= t(f( )xlv f( )332’ f( )$370>7“y3»7“3/2» _ryl) )

where f(r) =24, /1 — ,/H%. This gives the diffeomorphism x o & :

Ry x L = My, ;= {po}. Since we see that f(r) = M4 O(r®) as r — 0,
we see that the rate at pg is equal to 3 in these coordinates.

5.6. Irreducible SO(3)-action

We give a proof of Theorem Recall the notation in Section .6 By
Lemma an SO(3)-orbit through (¥{z1,0,0,0,z5),%a1,az2,a3)) is 3-

dimensional when
1) —1/2 < 25 < 1/2,
2) x5 =1/2,(a1,a3) # 0, or
3) x5 = —1/2,(az,as3) # 0.

Consider case 1. Take a path c¢: I — A% S* given by

C(t) = (t($1(t)7 0,0,0, 335(75)), t(al(t)v a2(t)’ a3(t))) 3

where z1(t) > 0, |z5(t)| < 1/2 We find a path ¢ satisfying <P/\|So (3)-Image(c) =
0, where ¢y is given by (3.1). We see that py(E?, B3, E3) =0 as in Sec-
tion 5.4

Lemma 5.15. The condition <P/\’SO(3)~Image(c) = 0 is equivalent to

4 {(2\/5:::1 + das + 1)@ + V3(225 — 1)j;1} ar + 8z1(—z1 + V3z5)ay

(5.18) —(V3z + x5+ 1)(1 — 2m5)alj

4 {(2\/51‘1 — 45 — 1):1'25 + \/§(2$5 — 1)3'31} a2 + 8$1($1 + \f:r5)a2

log(A 4 r?%) =0,

d
(5.19) +(—V3Bxy + x5+ 1)(1 — 2w5)a - log(A + 7 H=o,
4 {—(.735 + 1)is + 3$1i:1} as + 2(%1 — 33:5)&3
d
(5.20) +(1 4 5)(1 — 2x5)az— log(A + 72) = 0,

dt
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2 _\3 2
where 7% =3 75, a;.

This lemma implies Theorem In general, it is hard to solve the
equations (5.18)), (5.19), (5.20) explicitly.

Proof. Since ¢ = (=125 + x145)eq + Z?:1 aj%, we have
J

) —i5+V3i1 0 0
(m*wi(EY, ¢)) = 0 0  d@5+V3i1 |,
0 — 245 0

b](C) = ay for j = 1,2,3.

Then we compute

3
Z b; A ﬂ'*wi(Eik, ENQ*, é) = {(2\/31‘1 —4xs — 1)ZE5 + \/§(2$5 - 1):1'71} a2
=1
+ 221 (71 + V3x5) 2,
d(r?)
dt ’

~ ~ . a
bios(E%, B, ¢) = — (V3ay — a5 — 1)(1 — 2:c5)52

which implies (5.19). In the same way, we compute

3
> b Amtwi(Br, B, é) = {—2(x5 + 1) + 62141} ag + (¢F — 323)ds,
1=1
d(r?)

dt

3
Z b; N 7r*w7;(E’~’2*, E~§, é) = {(2\/§£E1 + 4dxs + 1).@5 + \/3(21‘5 — 1):1'71} a1
=1

brag(E%, E5,¢) =(1 4 x5)(1 — 225)a3

+ 221 (V3x5 — 21)ay,

Sk Tk s a d(?“2)
5123(E1,E2,C) = — (\/gacl + x5 + 1)(1 — 2.%5)5 a
and obtain (5.18)) and ({5.20)). O

Consider case 2. Take a path ¢: I — A2 S* given by

c(t) = (t(\/ﬁ/z,o,o,o, 1/2),t(a1(t),a2(t),ag(t))) .

We may assume that ag = 0 so that ¢(¢) is transverse to the SO(3)-orbit.
We find a path c satisfying ¢ |so(3).tmage(c) = 0, Where @y is given by (3.1)).
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Since ¢ = Y7, di%, we have at ¢(t)

(w*wi(E}, ¢)) = 0,
(bi(¢)) = (a1,a2,0),
oA(Er, ES,¢) = 6sxag,
ox(E;, Ez¢) =0 for (p,q)# (1,2),(2,1).

Thus the condition ¢x|s0(3).tmage(c) = 0 i equivalent to az = C' for C' € R.
Then as Remark we see that

Mc =S0(3) - {(%(+v/3/2,0,0,0,1/2),(r,C,0));r € R},
where C € R, is a coassociative submanifold described as
Mg = C1 + (R7)*,
where 7 = volg — #volg and ¥ = SO(3)-%+/3/2,0,0,0,1/2) c S* is a

Veronese surface. In Case 3, we obtain the similar coassociative submani-
fold, and hence we cannot obtain new examples in Case 2 and Case 3.

5.7. Cohomogeneity two coassociative submanifolds

When A — 0, 09 = ¢x|a—o defines a Go-structure on A2.S* — {zero section}
=~ CP? x Ry by Remark On A% 8% — {zero section}, R~ acts by di-
lations preserving ¢g up to scalar multiplication. Thus by using the R<q-
action, we can apply the same method as the cohomogeneity one case and
we derive some systems of O.D.E.s. However, we can find no explicit so-
lutions which give new coassociative examples. In some cases, we obtain
some explicit solutions, all of which turn out to be congruent to examples
in Section [5| up to the SO(5)-action.
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Appendix A. Real irreducible representations

We give a summary about real irreducible representations in [5 [I§].

Definition A.1. Let G be a compact Lie group and (V p) be a C-irreducible
representation of G. We call (V, p) self-conjugate if V' has a conjugate lin-
ear map J on V satisfying

J? =41, Jop(g) =plg)oJ for geG.

This map is called a structure map. A self-conjugate representation (V, p)
is said to be of index +1 if J? = +1.

Proposition A.2. Let (V,p) be a C-irreducible representation of G. Then
one of the following is satisfied.

1) (V,p) is a self-conjugate representation of index 1. In this case, (V,p)
1s a complezification of a real representation.

2) (V, p) is a self-conjugate representation of index —1. In this case, (V, p)
18 a quaternionic representation.

3) (V,p) is not a self-conjugate representation.

Proposition A.3. Let (V,p) be a C-irreducible representation of G. As a

real representation, p is reducible (resp. irreducible) if and only if 1. (resp.
2. or 8.) in Proposition is satisfied.

Proposition A.4. All R-irreducible representations of G are given as fol-
lows.

o A R-irreducible component of a C-irreducible representation which is
reducible as a R-representation. This is an eigenspace of 1 or —1 of the
structure map J in 1. of Proposition . (Note that an eigenspace of 1
and that of —1 are mutually equivalent real irreducible representations

of G.)

e A C-irreducible representation which is also irreducible as a R-
representation. This corresponds 2. or 3. in Proposition [4.3.

In many cases, we know C-irreducible representations, from which we
can deduce R-irreducible representations by Proposition

All equivalence classes of finite dimensional C-irreducible representations
of SU(2) are represented by {(V,, pn)n>0, where V,, is a C-vector space of
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all complex homogeneous polynomials with two variables z1, zo of degree n
and p, is the induced action from the standard action of SU(2) on C2. By
Proposition we deduce the following.

Lemma A.5 ([18]). Let V be a R-irreducible representation of SU(2).
Then dimg V = 4m or 2n — 1, where m,n > 1.

For compact Lie groups Hy and Hs, any C-irreducible representation of
Hq x Hy is given by 01 ® o9, where o; is a irreducible C-representation of
H;. Thus in the same way, we obtain the following.

Lemma A.6. Let V be a R-irreducible representation of SU(2) x SU(2).
Then

, 2(k+1)(1+1) when k,1>0,k+1: odd,
dlmRV =
(k+1)(+1) when k,1 > 0,k + 1: even.

If k=0 orl =0, the representation reduces to that of SU(2).

Lemma A.7. LetV be a R-irreducible representation of SU(2) x SU(2) x
SU(2). Then

2+ 1)+ 1)(m+1) when k,l,m>0,k+1+m: odd,

d‘mRV:{ (k+1)(1+1)(m+1)  whenk,l,m >0,k +1+m: even.

If one of {k,l,m} is equal to 0, the representation reduces to that of SU(2) x
SU(2). If two of {k,l,m} are equal to 0, the representation reduces to that
of SU(2).

Appendix B. Proof of Lemma |4.1

First, we prove the following.

Lemma B.1. Let g C s0(5) be a compact Lie subalgebra with dimg g > 3.
Then g is isomorphic to one of the following Lie algebras:

50(5), s50(4), su(2) @ R, su(2).

For the proof of Lemma we need the R-irreducible representations
of compact Lie groups in Appendix [A] By Lemma and its proof, we
obtain Lemma .11
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Proof. By the classification of compact Lie algebras, the possible k-
dimensional Lie subalgebra g of so(5), where 3 < k < 10, is isomorphic to
one of the following;:

50(5) for k = 10, su(2)? for k = 6,
R @ su(3), su(2)® fork=09, R? @ su(2) for k=5,
su(3), R2@su(2)? for k=38, R®su(2) for k=4,
R @ su(2)? for k=7, su(2) for k = 3.

We check whether the Lie subalgebras in this list are actually contained in
s0(5).

First, we show that su(3),R @ su(3) ¢ so(5). By Theorem 5.10 of [7],
the dimension of the C-irreducible representation of su(3) is of the form

1
Q(ml + 1)(mg + 1)(mq + ma + 2),

where m; € Z>¢. Since any representation of the compact Lie algebra su(3)
is completely reducible, we see that su(3) ¢ so(5) by Proposition which
implies that R @ su(3) ¢ so(5).

Similarly, by Lemma we see that su(2)3 ¢ s0(5). By Lemma
the only inclusion su(2)? < so(5) is the standard inclusion su(2)? = s0(4) <

50(5). We may assume that so(4) = ( s0(4) 0 > — 50(5). Since

{Y € 50(5);[X,Y] =0 for any X € s0(4)} = {0},

we see that R? @ su(2)?,R @ su(2)? ¢ s0(5).
By Lemma we have 3 types of inclusions su(2) < so(5) given by

(B.1) su(2) =s0(3) — so0(b),
(B.2) su(2) — so(4) — so(h),
(B.3) su(2) < so0(5): irreducibly.

Note that the basis of su(2) of (B.1) is given by {< Ei 0 )}
2 123

where F; is defined in (4.3)). The basis of su(2) of (B.2) is given by ., and
that of (B.3) is given by (4.11]). We easily see that Z ={Y €s0(5);[X,Y] =
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0 for any X € su(2)} is spanned by

< s J) for (B1), Os for (B:3),
r —J J
_I/ ’ Jl ) J fOI' "

_ -1 , (1 , 1
vvhereJ(1 >,I< _1>andJ<1 >

From these computations, we see that R? @ su(2) ¢ so(5). In fact, for
(B.1)) and , we have dimg Z < 1, which implies that R? @ su(2) ¢ so(5).
For (B.2), we have Z = su(2), which has no nontrivial commutative Lie
subalgebras. O
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