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The eta invariant on two-step nilmanifolds

RUTH GORNET AND KEN RICHARDSON

The eta invariant appears regularly in index theorems but is known
to be directly computable from the spectrum only in certain exam-
ples of locally symmetric spaces of compact type. In this work, we
derive some general formulas useful for calculating the eta invari-
ant on closed manifolds. Specifically, we study the eta invariant on
nilmanifolds by decomposing the spin Dirac operator using Kirillov
theory. In particular, for general Heisenberg three-manifolds, the
spectrum of the Dirac operator and the eta invariant are computed
in terms of the metric, lattice, and spin structure data. There are
continuous families of geometrically, spectrally different Heisenberg
three-manifolds whose Dirac operators have constant eta invari-
ant. In the appendix, some needed results of L. Richardson and
C. C. Moore are extended from spaces of functions to spaces of

spinors.
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1. Introduction

The eta invariant was introduced in the famous paper of M. F. Atiyah,
V. K. Patodi, and I. M. Singer (see [5]), in order to produce an index theo-
rem for manifolds with boundary. The eta invariant of a linear self-adjoint
operator is roughly the difference between the number of positive eigenvalues
and the number of negative eigenvalues, which of course is undefined when
these numbers are both infinite. However, this quantity may be regular-
ized to make it well-defined for classical pseudodifferential operators, using
methods similar to the zeta-function regularization of the determinant of
the Laplacian and methods used by physicists to regularize divergent inte-
grals. The eta function is analogous to Dirichlet L-functions in the same way
that the zeta function of elliptic operators is analogous to the Riemann zeta
function.

Let D : C* (E) — C* (E) be an essentially self-adjoint elliptic classical
pseudodifferential operator of order d on sections of a vector bundle £ — M,
where M is a closed (compact, without boundary) Riemannian manifold of
dimension n. Let {A} be the collection of eigenvalues with multiplicity. The
eta function is defined as

n(s) =) sen (A"

A£0

This reduces to the zeta function if D has only nonnegative eigenvalues.
The eta function is holomorphic in s for large Re (s) and can be analytically
continued to a meromorphic function using heat kernel techniques. It is true
but not obvious that 7 (s) is regular at s = 0, and 7 (0) is always real; the eta
invariant is defined as 7 (0). See [5], [6], [22] for general information about
the eta invariant.

The eta function and its generalizations have been studied and utilized in
index theorems for noncompact manifolds and for families of operators and
in gluing formulas. The sign of the eta invariant of the boundary signature
operator on a 4-manifold with boundary has important geometric content; in
the case of a ball, it determines whether the conformal class of the boundary
metric contains a metric induced from a self-dual Einstein metric on the
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interior (see [27]). In physics, the eta invariant of the spin Dirac operators
has practical importance, for example in the regularization of Feynman path
integrals (see [40]). Recently, in the work of J. Briining, F. W. Kamber,
and K. Richardson, the eta invariant is utilized in a new equivariant index
formula for G-manifolds and an index formula for Riemannian foliations (see
[13], [14], [15]).

It is very difficult to calculate the eta invariant for a given operator such
as a Dirac operator on a Riemannian manifold; much work has been done
to calculate this invariant for space forms, lens spaces and flat tori (see, for
example, [19], [21], [I0]). More recently, S. Goette has calculated formulas
for the eta invariant and equivariant eta invariants on homogeneous spaces
of the form G/ H with G compact (see [23]). In [4], M. Atiyah, H. Donnelly
and I. Singer computed the eta invariant of the boundary signature operator
of a framed solvmanifold in terms of the signature defect of a manifold whose
boundary is that solvmanifold. In [I8], C. Deninger and W. Singhof com-
puted eta invariants of modified versions of Dirac operators on Heisenberg
manifolds and were able to compute the eta invariants up to local correction
terms. In [31], P. Loya, S. Moroianu and J. Park studied the spectrum of
the Dirac operator on a certain three-dimensional circle bundle over a non-
compact Riemann surface with cusps, that is, a noncompact manifold that
is a cofinite quotient of PSL (2,R). They also study the adiabatic limit of
the eta invariant as the fibers are collapsed. The first explicit computations
of eigenvalues of Dirac operators on homogeneous spaces corresponding to
noncompact Lie groups has been done by B. Ammann and C. Bér (see [,
[8]), where the eigenvalues of the spin Dirac operator on certain (rectangu-
lar) Heisenberg manifolds were computed explicitly. In [33], R. Miatello and
R. Podesta compute the eta invariant on compact flat spin manifolds with
cyclic holonomy of odd prime order (see also [34] for related work). While
different techniques are employed, the Miatello-Podesta result has a similar
flavor to our main result, in that the final statement relies on metric data,
spin structure data, lattice data and prominently exploits group actions.

A Riemannian nilmanifold is a closed manifold of the form (I'\G, g)
where G is a simply connected nilpotent Lie group, I' is a cocompact (i.e.,
I'\\G is compact) discrete subgroup of G, and ¢ is a left-invariant metric on
G, which descends to a Riemannian metric on I'\ G that is also denoted by
g. A Heisenberg manifold is a two-step Riemannian nilmanifold whose cov-
ering Lie group G is one of the (2n + 1)-dimensional Heisenberg Lie groups
(see, for example, [26]). The study of nilmanifolds and nilpotent Lie groups
has long been relevant to inverse spectral problems (see [25] for a survey).
Nilmanifolds play an important role in the study of Dirac eigenvalues, as
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was shown in a paper of Ammann and C. Sprouse (see [3]). They show that
if a Riemannian spin manifold with bounded sectional curvature and finite
diameter has scalar curvature bounded from below by a sufficiently small
negative number and if the smallest Dirac eigenvalue A is sufficiently close
to zero, then the manifold is diffeomorphic to a nilmanifold.

In this paper, we prove several results concerning the computation of the
eta invariant on closed manifolds. In Section [2.1] we discuss the interesting
relationships between the zeta and eta functions of operators, which can be
derived from [7, Proposition 2.10]. The main point is Proposition (1| the for-
mula %nc (s) = —S(( D)2 (%), where 7, is the eta function corresponding
to the operator D + ¢ = D + c1, where c is a real number, and where {p )
is the zeta function corresponding to the operator (D + 0)2. From this we
see that changes in the eta invariant of an elliptic first order operator on a
closed, odd-dimensional manifold is related to a particular residue of a pole
of the zeta function corresponding to the second order operator (D + ¢)%.
This residue is, up to a constant, a coefficient in the asymptotic expansion
of the trace of the heat operator exp (—t (D —1—0)2). In Section this
coefficient is computed explicitly as a function of c.

Using these general results about %Tk (0), if 1. (0) is known at a single
value of ¢, the heat kernel asymptotic formula and knowledge of small eigen-
values determine 79 (0), the eta invariant of D. In Theorem [5, we prove a
general formula for the eta invariant of a Dirac-type operator on a closed
manifold in the case that the spectrum of the operator is symmetric about a
certain real number A. We deduce from this formula a more specific formula
for Dirac-type operators on three-manifolds with spectral symmetry about A
in Section which calculates the eta invariant in terms of the volume, the
total scalar curvature, the total trace of the twisting curvature, and small
eigenvalues of the Dirac-type operator (notation defined in that section):

~73 v ~
_nA A [ W
n(0) = —@VOI(M) + 2 (12 /M Scal—l—/MTr (F )>

+sgn () (2# (0 (D) (0,3)) + # (o (D) N {0,X})) .

Using Kirillov theory, the spin Dirac operator on two-step nilmanifolds
is decomposed explicitly in terms of irreducible subspaces of the right quasi-
regular representation in Section [3.2] To that end, occurrence and multiplic-
ity conditions for Dirac eigenspinors are developed in Section in analogy
to Pesce’s known work [36] concerning the Laplacian. It is here that we
utilize analogues of the work of C.C. Moore [35] and L. Richardson [3§],
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developed in the appendix, Section [/l Explicit formulas for the Dirac oper-
ator are computed in terms of a special basis of spinors for each invariant
subspace.

For general Heisenberg three-manifolds, the spectrum of the spin Dirac
operator and the eta invariant are computed in terms of the metric, the
lattice and spin structure in Section [5.2] The formula for the eta invariant
has the form

21my,

n(0) = 962 A2 N (A, r,wa, My, My, €) ,
where N (A, 7, wa, my, my,€) is a nonnegative integer specified in terms of
A; 7 we, my, My; €, the metric, lattice, and spin structure data. In this sec-
tion, we exhibit continuous families of geometrically, spectrally different
Heisenberg three-manifolds whose spin Dirac operators have constant eta
invariant. Computations for a general Heisenberg nilmanifold are done in
Section [5.3} in particular, we show how to calculate the Dirac spectrum
for any example. We explore symmetries of the Dirac spectrum in higher-
dimensional Heisenberg manifolds in Section In Section [6] we compute
the Dirac operator of a particular five-dimensional non-Heisenberg nilmani-
fold, and we show that the techniques used in previous sections do not yield
explicit formulas for the eigenvalues in this case.

The authors would like to thank the referees for a very thorough reading
of the original manuscript.

2. The eta invariant
2.1. Eta and zeta functions of perturbed operators

In this section, we exhibit some general results relating families of eta and
zeta functions that may be well-known to experts. In particular, Proposition
2.10 in [7] relates the derivative of the eta invariant of a family of operators
to a trace that can be identified with the zeta function in our particular
application. Also, in [I1, Lemma 2.1] and in [12, Lemma 9], the researchers
use the same idea to relate the residues at the poles of the eta function to the
asymptotics of a heat kernel. For the sake of exposition and completeness,
we include the proofs of very specific results that have not been previously
stated in this form, which will be needed in later sections.

In this section and throughout the paper, we will often use the notation
(D + ¢) for an operator, where D is an operator and c is a scalar, and we
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regard c in this expression as ¢ times the identity. We also use the notation
o (D) to denote the spectrum of D, with multiplicities.

Proposition 1. Let D be any self-adjoint operator for which n (s) is defined
and analytic at s = 0. Suppose in addition that there exists an interval I C R
and a constant B > 0 such that for all c € I,
s+l
1) >y sgn(A+c) [A+c| ™ and >, (()\+c)2) * converge absolutely for
Re(s) > B, and

2) —c is not an eigenvalue of D.

Then the eta function 1. (s) corresponding to the operator D + ¢ satisfies,
on its domain,

d s+ 1

where €D+c)2 is the zeta function corresponding to the nonnegative operator
(D +c¢)”, that is

(Do (8) = Z/fs;

n>0

where the sum is over all positive eigenvalues with multiplicity {u} of the
operator (D+c)2. In particular, if D is a first-order, elliptic, essentially
self-adjoint differential operator, then %na (0) is the residue of the simple
pole of the meromorphic function C(D—i—c)Z (%) at s = 0. (If C(D+e)? (%) 18

reqular at s = 0, then £n.(0) =0.)

Remark: It is known that second-order essentially self-adjoint elliptic
differential operators such as (D + ¢)* on a manifold of dimension n yield
zeta functions with at most simple poles, and they are located at s = 7,
s=5—1,s=45—-2,...,fornoddandat s=5,s=35 —1,...,s=1forn
even. See [22] for specifics. Further, the residues at these poles are given by
explicitly computable integrals of locally-defined functions.

Proof. We know that for each eigenvalue A of D, sgn (A + ¢) does not vary
with ¢ € I. Then for large Re (s),
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—s/2

Ne (s) = Z sgn (A +c¢) (()\ + c)2>
A

%nc ()= sen(A+0) (-Z (3 +0?) _5/2_1) 2(\ +¢)
A

= —sngn A+ A+ 52 (A +¢)

s+1

A
- (A+02) " = sy <3;1> .

Since both sides are analytic in s for large Re (), the statement must remain
true after analytic continuation. O

We are interested in the eta invariant, which is 7. (0). By the formula
in the proposition above, the relevant information is the residue of the pole
of the zeta function (p . (2) at z= % For odd-dimensional manifolds,
this is a constant times one of the heat invariants. If the manifold is even-
dimensional, there is no pole at z = 1, so that %nc (0) =0.

Corollary 2. If the manifold is even-dimensional, then %nc (0) =0, so
that the eta invariant is constant with respect to ¢ on intervals where D + ¢
has trivial kernel, and then it changes by integral jumps in general.

We also have the following result about perturbations of zeta functions.

Proposition 3. With the assumptions of Proposition [l

d

%C(DJ’_C)Z (S) = *287]0 (25 + 1) .

Proof. For large Re (s),

—2s Z A+ 22 (A +0)
A

= —2s Z sgn (A +¢) A+ = —26m, (25 4+ 1).
A
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Since both sides are analytic in s for large Re (s), the statement must remain
true after analytic continuation. O

2.2. Heat Kernel Asymptotics

Because of Proposition [1} we will be interested in the residues of {(p .2 (s)
at its poles, which are determined by the heat kernel asymptotics (see Sec-
tion [2.3)). Specifically, we need the asymptotics as t — 0% of

Tr (exp (—t (D + 6)2)) = /M Tr K. (t,z,x) dvol,

where we assume D = )" (ej0) Ve, : O (E) — C*° (E) is a Dirac-type oper-
ator and ¢ € R. That is, the Leibniz rule Vx (vos) = (V¥v) os+voVxs
is satisfied for all vector fields X and v and sections s € C°° (E), where V¥
is the Levi-Civita connection. We will let n be the dimension of the manifold
M, and we will let 7 be the rank of the vector bundle E. Here and in what
follows, we use the ¢ symbol to denote Clifford multiplication. The element
K. (t,z,x) € End (E,) is

K. (t,x,z) = e~t(D+e)’ (x,2),

which satisfies

(aat +(D +c)2) K. (t,z,y) =0

tg%g_ K. (t7 xz, y) = 556:!/7

where &, is the Dirac delta distribution. To find the asymptotics as t — 07,
we need to solve for uy, (z,y) € Hom (Ey, E,), where

1

—r2/4t )
(4mty 2 M (g (2, y) + tus (z,y) + us (2,y) + )

(1) K. (tawv y) ~

where r = dist (z,y). Such an asymptotic expansion exists, since (D + ¢)? is
a generalized Laplacian (see [9], [22], [39]).

We will assume that we have chosen geodesic normal coordinates = =
(1,...,xy,) centered at y = 0 and that the frame field (ey, ..., e,) is parallel
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translated radially from the origin (i.e. y) such that

Then in these coordinates, we may map FE, to E, via radial parallel
translation, so that each ug (z,y) may be regarded as a matrix-valued func-
tion of x, with R” identified with E,. Observe that the Dirac operator may
be expressed as

D:Z€j<>vej :ngapovaq ;
J Dyq

where in the first case we are summing over an orthonormal frame, and in
the second case we are using the coordinate vector fields, with (gP¢) the
inverse of the metric matrix (g;;).

We have, using the Einstein summation convention,

Ve, +¢)?
Ve.) (ej0Ve,) —2c(e;0Ve,) — ¢
< (€j<>) Veivej
+ [ (€0) ((Vesej) ©) = 2¢(¢j0)] Ve, — &
= veivei - Z (eio) (6]’0) [Veiv vﬂj]
i<j

+ [ (€:0) (Ve,e) 0) = 2¢(ej0)] Ve, — ¢
= Veivei - Z (€i<>) (€j<>) (v[ei,ej])

+ [ (e:0) ((V ej) 0) — 2c(ej0)] Ve,

- Z €;¢ vﬁ’ ; Ve } - v[ei,ej]) -

1<j

@ D= (o

(
(e;
(

define this to be K;;

Further, let K =}, K;; € End (E;).
Next, let s be a bundle endomorphism, and let f be any function. Let

h = e tl)n/Qe*Tz/‘“ and let g = det (g;5), where r is the geodesic distance to

y = 0. Then from the formulas in [39 pp. 99-100] (extended, as is common,



280 R. Gornet and K. Richardson

to endomorphisms),

h
Vh = —Er&n
oh rho.g
o + Ah 191

D(fs)— fDs = (Vf)
D? (fs) — fD?s = (Af)s —2Vyys,

SO
(— (D + 0)2) (fs) = — (D? +2cD + ¢2) (f5)
— (fD?*s+ (Af) s — 2Vyys)
—2¢(fDs+ (Vf)os)—cfs
=—f(D+c)s—(Af)s+2Vyss —2c(Vf)os
Then
% (01 + (D + ¢?) (hs)
= ( %Ah Tafg) s+0s+ (D+c)s
+ <Ah> VVhS + Z (Vh)
— 0 +(D+ 0 s+ 10+ %Vrars o) es
Writing

s =g +tug + tPug + -,
we solve (8,5 + (D + 0)2) (hs) = 0 and get the equations

9,
(3) Vro,uj + ( d 499 (r@w)) uj = —(D+¢) i,
or
Jj , Og 1
(4) Vo, uj + (r P c (8r<>)> uj =~ (D +¢)*uj

This is an ordinary differential equation along a geodesic emanating from y,
the center of the geodesic coordinates.
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Note that for any smooth function f,

exp (f (1) (8,0)) = 3 %f (1) (9,0)%*

> (ZR)!
+ kz: 2]€ " 1 2k+1 (8r0)2k+1
>0
(—1)* 2Ut1
= (,; T ()™ ) (0r0)

=cos (f (7“)) 1+sin(f(r)) (0r0) .

We also have the operator equation

Vo, [cos (f (r)) 1 +sin (f (1)) (9r0)]

= —f'(r)sin(f (r)) 1+cos (f (r)) Vo, + f' () cos (f (r)) (o)
+sin (f (r)) (0r¢) Vo,
+sin (f (r)) (0r0)] Vo, + —f' (r)sin (f (r)) 1

(f
[COS(f( )1
f'(r)cos (f () (9r0)
= [COS( (r) 1+ sin (f () (9r0)] (Vo, + ' (1) (9r0)) -

Thus we multiply (4) by 77 ¢4 [cos (—cr) 1 + sin (—cr) (8,0)]. Then observe
that

Vo, <rjg1/4 [cos (—cr) 1 + sin (—er) (0y0)] uj)

= 19 g1/* [cos (—cr) 1 + sin (—cr) (8,0)] (v& + <i + i’j = c(aro)» u
1

= — 17 g % [cos (—er) 1+ sin (—cer) (8,0)] (D 4 ¢)* uj_1,
,

so the new recursion formula is
(5) Va, (rjgl/4 [cos (—er) 1+ sin (—cr) (0,0)] uj)
=~ g 4 [cos (—cr) 1 + sin (—er) (9,0)] (D + ¢)® uj_1 -

Substituting j = 0, we see that g'/*[cos (—cr) 1 4 sin (—er) (8,0)] ug is par-
allel along radial geodesics, which means that

(6) ug (r) = g4 [cos (—er) 1 — sin (—er) (9,0)]
= g~ /*[cos (er) 1 + sin (cr) (8,0)] .
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In other words, ug (r) is the linear map from E, to E, (with y being the
origin of the geodesic coordinate system and r being the distance from y to
x) defined by

s(y) — g Y4 [cos (er) 1 +sin (er) (8y0)] s (2)

where s (x) is the radial parallel translate of s(y) along the geodesic con-
necting y to x.
By writing

up =u1 (0)+0O(r),

from (3)) we see

up +r (Vaﬂh + (irgg - C(8r<>)> u1> = —(D+¢)’u

In particular,
w1 (0) = (= (D+ ¢ uo) (0).
We have 2 = xjxj , 10, = x;0; ,and g = 1—|—%Ripqixpmq + 0 (7“3) in geodesic

normal coordinates in terms of the Riemann curvature tensor ;s at x = 0
(see [39, p. 104]), using the convention that

Rijw = (Vv —vilvil 0;,0;) .
Using the binomial expansion,

uy = g~ /*[cos (er) 1 + sin (cr) (9,0)]

cr? 1 3
= 1+cr (0p0) — Tl — ERijkixj$k1+O (7“ )
2
= 1+cx; (8j<>) _ ¢ wzjxj — ﬁRijkixjxkl—i—O (7‘3) .

Then at 0,

(Duo) (0) = g™ (9p0) Vo, uo
= (9p°) Vi, uo
= (0p0) ¢ (0p0) = —ncl.
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At 0, Vg, 0, = 0 for all p,q ; thus, from and the above,

(DQUO) (0) = (—VapVap + K) uo

1 1
= <nC2+6Rijji + K> 1= <n02 — EScal + K) 1,
where Scal denotes the scalar curvature. Then

(7) up (0) = (- (D2 + 2¢D + 02) ) (0)
1
= — <n02 - gScal + K — 2cne + 02> 1

1
= <(n — 1)+ 6Scal> 1-K.
We have shown that the heat kernel for (D + ¢)? has the expansion

K. (t,2,2) = exp <—t (D + c)2> (z, )

:(47”51)n/2 <1+t<<(n—1)c2+é86a1>1—K> +0(t2)>7

Trexp (—t (D + 0)2) = (47#1)”/2 (ﬁvol (M)

~

+t [ﬁ (n — 1) vol (M) + % /M Scal — /M Tr (K)} + 0 (%) ) :

Here, n is the dimension of the manifold, and 7 is the rank of the bundle E.
The Clifford contracted curvature term K has the form (see [39), pp. 48—
49], [9, Thm. 3.52))

= >Al | pess
4
On a spin manifold, if S is the spinor bundle, then £ = S ® W with con-
nection VW = V"W @14+ 1® V®, and FP/% is the twisting curvature of
FE, meaning
FE/S = FW = ZFW (6’i,€j) (eio) (€j<>) 5

1<j
with FW the curvature of V. In particular, if D is the spin Dirac operator
on a spin manifold, then F" = 0 and



284 R. Gornet and K. Richardson

+t[ﬁ(n—1)czvol(M) ;2/ Scal]+0(t2)>

Observe that our first recursion formula for the heat invariant endo-
morphism u; corresponding to (D + ¢)? is

j  Ong 1 2
Vo, uj + <T + 4rg - C(3r<>)) uj=——(D+c) uj-1,
where 7 is the distance from the origin of the coordinate system, and the
differential equation holds along a geodesic from 0 to «. For j > 0, we expand

K
w= 3 g +0 (K,
k=0
where each u;; is independent of ¢ € R. For consistency we declare that

ujr = 0if either j or k is negative. Our recursive formula above implies that
(collecting powers of ¢)

Oy 1
(8)  Voujr+ < + 4g> W = (8r0) ) (k—1) — —=D*u(j_1)
g T
1

2
— S PG00 T UG-, (-2)-

Proposition 4. We have
wj = O <rmax{kf2j,0}> )
In particular,

uj,k (O) =0

if k> 27, so that u; is a polynomial in c of degree at most 2j.

Proof. Clearly, ujo = O (1) for all j > 0, as these refer to the standard heat
invariants (with ¢ = 0). Also, the formula holds for ug; by Taylor analysis
of the expicit formula @ We prove the general case by induction; assume
that the theorem holds for all (j, k) such that 0 < j < Jand k>0orj=.J
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and 0 < k < K, with J > 1 and K > 0. Then the formula preceding the
statement implies that

rorg
4g

Vo, ujK+1+ <J + > ws k1 =1 (0p0) usr — D*uis_1) (41)

= 2Du(y-1),K = U-1),(K-1)-
Note that, given A (r) = O (rP) is smooth in r, we have r0, A (r) = O (rP) if
p#0and rd,A(r) = O(r)if p=0. Similarly, r (9,0) A (r) = O (rP*!) since
Or¢ is bounded and has constant norm. Then, by the induction hypothesis,

usxsr =0 <rmax{K72J,0}+1> o) <Tmax{K72J+372,0}>
L0 (Tmax{K—2J—|—2—1,0}) o) (Tmax{K—QJ—i-l,O})

-0 (Tmax{K72J+1,0}) 7

since D (O (rP)) = O (rmax{p_l’o}) as long as the quantities are smooth in
r. ]

Because (9,0)% = (—1)7 and (9,0)* ! = (=1)? (9,0), from @ we have
1
Uk = Hg_1/4rk (aro)k )

Also, since all of the u; g are known (the standard heat invariants), we may
use to calculate u;y for all j > 0, k > 0. That is,

. , 1
Var (T]gl/‘luj’k) = T‘ng/4 ( (81”0) Uj (k—1) — ;DQU(j_l)’k

2 1
- ;Du(j_n,(k_l) - ru(j—l),(k—2)>a

and so the expression may be integrated along a radial geodesic to solve for
uj . We note that the formulas above and below for u; are well-known for
the case k =0 (see, for example, [39, pp. 101ff], [22]); they are not easily
found in the literature for general &k but may be known to experts. From the
formulas for ugj and we have

1
0,0 (0) = 1, U1,0 (0) = (6Scal> 1-— K, U1,1 (0) = 0, Uu1,2 (0) = (n - 1) 1.
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Let
aj —/ tr (ujk (@, x)) dvol ,
M

where u; j, (z,x) is the expression at r = 0 of u;j, found above. In particular,
if n is the dimension of the manifold M and 7 is the rank of the bundle E,

ap = nvol (M), aLo:n/ Scal—/ Tr(K),
6 M
a1 =0, a2=n(n—1)vol(M).

(9)

Then the heat invariants a; (¢) corresponding to (D + ¢)? satisfy

o
(10) a; (c) = /M tr (u; (z,z)) dvol = Z Fajy .

k=0

2.3. The eta invariant for arbitrary manifolds with spectral
symmetry

Suppose that M is a closed Riemannian manifold of dimension n. Recall
from Proposition |1, we wish to calculate lim —SC( Do) (%), at a particular
9 s—0

value of ¢ where dimker (D + ¢)® = {0}. From , ast — 0T,

1
Ze_t“ —/ tri (t,z,2) dV (z) ~ —— (ao + tay + t2ay + ),
m M (4rt)™

where {u} are the eigenvalues of (D + ¢)* with multiplicities. The standard
derivation of the analytic continuation of the zeta function is as follows. For
large Re (s),

1 o0
Cprep(8) =) p'= o ( etu) dt
37 ()= 2" = | 2

1 /1 s N
t* — (ap + a1t +--- +ant dt
s) Jo ((m)”/?(o ! vt)
+ ! /17551 Ze*t“—;(ao—kalt%—---—km\;t]\[)
I'(s) Jo (4mt)"™/?
1 > s—1 —tp
F(S)/l t <Ze )dt

r

—

+
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1 N 1
= . tsfl—L21+jdt
(4m)"2 T (s) ]Zoa]/o + o (s)
1 N o
= J
(477)n/2r(s) jgo sS— %+ + on (s),

where ¢ (s) is holomorphic for Res > § — N — 1, I' (-) is the Gamma func-
tion, and a; is the heat invariant corresponding to (D + 0)2:

a; = /M tr (uj (z,2)) dvol .

Then, since I' (%) =/,

or
%nc (0) = —21_”7r_(”+1)/2a%—1 (c).
Note that if n is even, %nc (0) =0.

Now, suppose that there is a point of symmetry, A < 0, in the spec-
trum o (D) of D, meaning that o (D) — X is symmetric about 0 in R. Then
n_x (0) = 0. We then integrate the formula above from ¢ =0 to ¢ = —X. We
have a discontinuity (a jump of +2) at each ¢ € (O, —X) that is an eigenvalue
of —D, due to the fact that ¢ — sgn (A + ¢) has a similar discontinuity near
¢ = —A\. Also, if either 0 or —\ are contained in the spectrum of —D, then
we will have a jump discontinuity of +1 at those points. Let ¢; < --- < ¢ be
the points of (O, —X) that are eigenvalues of —D. Let ng be the multiplicity
of 0 in o (D), n_5 be the multiplicity of X in o (D). Then the fundamental
theorem of calculus yields

C1 d
| e de=ne, (0= m(© ~ 1< m,
0 C

Ci+1
/ %TIC (O) dc = 7761'+1 (0) - an‘ (0> - 27

| dene0) de=n 50 = 0)=1=n_,
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which add to

-2
d
/ %nc (0) de = n_x (0) — 1o (0) — 2k — ng — n_s.
0

Therefore, since n_5 (0) = 0 and 79 (0) = 1 (0),

—-A
d
"7(0)_—/0 e (0) de =2k —ng —n_
0 d
= [ L0e(0) de— 2k —no—n_5
/_A ac(0) de 0Ty

In the case where the point of symmetry is positive (A > 0), the calculation
above may be adapted in the following ways. We integrate the formula for
%nc (0) from ¢ = =X to ¢ =0, and if ¢; < -+ < ¢ are the points of (=, 0)
that are eigenvalues of —D, we have

@
[ ene(© de=ne, (0) =50~ 1=,
A

Cit1
/cj %nc (0) de = Neja (0) — Te; (O) — 2,

0
d
/ %ﬁc (0) dC:??() (O) — Nk (O) — 1—n0,

which yields

0
d
no (0) = / —1c(0) de+ 2k +no +n_x,
_x dc
with ng, n_x defined above.

In general, if X is the point of symmetry of o (D),

0
m(O =50+ [ )

T sgn (3) (24 (0 (D) N I5) + # (0 (—D) n {0, ~x})
_ _glon_—(nt1)/2 /0

auz1 (c) de+sgn (A) 2# (0 (D) N I5)

+ sgn (X) # (a (D)N {O,X}) ,

where I5 is (O,X) or (X, 0), depending on the sign of X, and where the last
two terms include multiplicities.
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Thus, from the formula above and the expression for the heat invariant
coefficients a;y, in (10, we have the following formula for 1 (0) = o (0).

Theorem 5. Let o (D) — X be symmetric about 0 in R. Then the eta in-
variant satisfies

where I is the open interval between 0 and A, and where implicitly the last
two terms include multiplicities.

2.4. The zeta function and the eta invariant for three-manifolds
By Theorem [5] for n = 3 we have
_ 1— 1—
n (0) = 72—27.[.—2 <)\1a170 — 5)\26L171 + g)\3a172 )
+sgn (A) 2# (o (D) N I5) 4+ sgn (A) # (o (D) N {0,A}),
From @,

n(O)z—%ml( 4A< /Scal / ())
(D

+sgn (A) (2# (0 (D) N (0,A)) + # (0 (D) N {0,A})),

where implicitly the last two terms include multiplicities. Note that every
three-manifold is spin, and thus if we let " be the twisting curvature, then

/M Tr(K) = /M ﬁs:al + /M Tr (FV).

Then we have

(1) n(0) =—7g;vol(M)+rQ (Z/MScaH—/MTr (FW))
(o(D

—|—sgn( ) (2# )n (O,X))—F#(J(D)H{O,X})).
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3. Two-step Nilmanifolds and Dirac operators
3.1. Two-step Nilmanifolds and the Laplace-Beltrami operator

We review known results about the Laplacian on two-step nilmanifolds in
this section. A Lie algebra g is two-step nilpotent if its derived algebra
3’ =[g,9] #Z0 is contained in its center; i.e., [g,[g,g]] =0 but [g,g] Z0. A
Lie group G is two-step nilpotent if its Lie algebra is. Let G be a simply
connected two-step nilpotent Lie group of dimension n with Lie algebra g.
Let T" be a cocompact (i.e., I'\NG compact), discrete subgroup of G, and
denote M =T'\G. Fix an inner product (, ) on g, which corresponds to
a left-invariant metric on GG, and which descends to a Riemannian metric
on M. Note that left translation by noncentral elements is no longer an
isometry on M. Let {X;} be an orthonormal basis of left-invariant vector
fields of g.

All nilpotent Lie groups are unimodular [I7, Proposition 1.2.10], so that
the Laplace-Beltrami operator acting on smooth functions on G can be ex-

pressed as
A=-)"X7.

Denote by p the (right) quasi-regular representation of G on L? (I\G); i.e.,
for g € G, f € L? (T\G),

(p(9) f) ()= f(zg).

This is a unitary representation of GG, and p is the induced representation of
the trivial representation of I'. Denote by p. the associated unitary action
of gon C® (I'\G) C L? (T\G); i.e., for X € g, f € C° (I\G),

f(zexp(tX)).
0

(00 (X)) (@) = &

Because on smooth functions p, (X) f = X f, we may rewrite the Laplacian

A== (pX0)?

By expressing the Laplace-Beltrami operator in terms of the representa-
tion p, we see that irreducible subspaces of the representation are also invari-
ant subspaces of the Laplacian. By restricting A to an irreducible subspace
of L? (T\\G), Gordon, Wilson, and Pesce ([26], [36]) have been able in the
two-step nilpotent case to explicitly solve for its eigenvalues and eigenfunc-
tions. The Laplace spectrum of I'\ G is then the union over all irreducible
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subspaces of the spectrum of the restricted Laplacian. The multiplicity of
an eigenvalue is the sum over the irreducible subspaces of L? (I'\G) of the
eigenvalue’s multiplicity in the irreducible subspace times the multiplicity of
the irreducible subspace in L? (I'\\GG). The key ingredient that distinguishes
the nilpotent case in general, and the two-step nilpotent case in particular,
is that occurrence conditions, eigenvalues, eigenfunctions, and multiplicities
can be explicitly expressed in terms of logI' and (g,(, )) using Kirillov
theory. For more details, see [25].

Kirillov ([28], [29]) proved that equivalence classes of irreducible unitary
representations of nilpotent Lie groups G are in 1-1 correspondence with the
orbits of the coadjoint action of G on g*. The coadjoint action is defined by,
forx € G, a € g*,

x-a:ozoAd(:r_l).
Given a fixed representative a € g* corresponding to a coadjoint orbit, let 7,
denote the associated irreducible unitary representation of G with represen-
tation space W,. The possible dimensions of W, are either 1 (characters)
or infinite. L. F. Richardson ([38]) computed the decomposition of p into
irreducibles.

Notation: Given a € g*, let B, : g X g — R be defined by

B, (X,)Y)=a([X,Y]).

Let go =ker (By) ={X €g: B, (X,Y)=0forall Y € g}, let B, be the
nondegenerate skew-symmetric bilinear form induced by B, on g,/ g, and
denote by +i dy,...,+i d, the eigenvalues of B,. Note logI' generates a
lattice £ in g [26] proof of Thm 2.4]. Let Ay, = L (LN gn). Let

Ay = Al .

In the two-step nilpotent case, H. Pesce explicitly calculated the spec-
trum of the restricted Laplace-Beltrami operator A, as follows.

Proposition 6. ([36, Section II and Appendiz A]) We continue the nota-
tion above.

1) 7o occurs in the representation L? (I\G) if and only if
a(logT'Ngy) C Z.

2) If m occurs and « ([g,g]) = {0}, then m, is one-dimensional and oc-
curs with multiplicity mg = 1. The Laplace spectrum associated to this
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wrreductble subspace is

spec (Ay) = {4%2 ||a||2} :

3) If mq occurs and o ([g,g]) # {0}, then my is infinite-dimensional and
occurs with multiplicity

meq = y/det (Fa),

where the determinant is computed with respect to (any) lattice ba-
sis of Ao C 9/ 9a- The Laplace spectrum associated to this irreducible
subspace is

spec (Aq) = {p(a,p) : p € (Z20)"},

where

plop) =47 a(Z) +27 > (2p;+1)d;

with {Z1,...,Z} an orthonormal basis of go. The multiplicity of p in
spec (Ay) is the number of p € (Z>o)™ satisfying (o, p) = p.

Remark 7. In other words, the multiplicity of an eigenvalue X is the sum
of the multiplicity of A as an eigenvalue in each A, times the multiplicity of
7, in the representation L2 (I\ G).

3.2. The Dirac operator on two-step nilmanifolds

As we intend to calculate the eta invariant of the spin Dirac operator, we
now extend Pesce’s results to the Dirac setting. Recall that G is a simply
connected n-dimensional two-step nilpotent Lie group with Lie algebra g
and I' is a cocompact, discrete subgroup of G. We fix an inner product on
g, which corresponds to a left-invariant metric on G, which descends to a
Riemannian metric on I'\ G.

Let ¥,, be a standard irreducible spinor representation (see [9, Section
3.2]), also considered as a trivial bundle over G. A spin structure and the
corresponding spinor bundle Y. over I'N\G are determined by ¥, and a
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homomorphism ¢ : I' — {1} (see [9, Prop 3.34, p. 114]). We have
(12) L* (T\G, %) = L2 (P\G) @c S,
where L2 (I'\\G) is defined by

(13) 2(M\Q) = {fELIOC G): f(yx)=¢e(v) f (z) for all yeT,z€G}.

The isomorphism from L2 (I'\G) ®c X, to L?(I\G,X.) is f® s+ fs,
where 3, is identified with the constant sections G — G x %J,,. Clifford mul-
tiplication by elements of T (I'\NG) 2 I'\G x g is given by the standard
Clifford action o of Cl(g) on ¥,,. That is, £ € g acts on L2 (I\G) ®¢ X, by

§o(fs)=[(Eos).

By construction, (£¢) is a constant matrix on I'\NG for every left-invariant
vector field &.
Note that the (Clifford) connection on any spinor bundle is given by

according to the Ammann-Bér formula [I, formula 1.1], where {E;} is a
left-invariant orthonormal basis of the tangent space, Ffj are the Christoffel
symbols associated to the metric and frame, and Jg, is a directional deriva-
tive. In our case, we use the left-invariant metric on g, yielding a metric on
I'\\G. Then the Dirac operator D on I'\\G acts on L? (I'\\G) ® ¥,, by

D:Z (Ei0) Vi,

_E (Es0) Op, 4~ Zr (E; o Ej o Eyo)
1,5,k

If p. denotes right multiplication acting on L2 (I'\\G), we have

d
95, = | pe (0 (e0)

= Pex (Ez) .

Note that p. is the induced representation of ¢:T' — {£1} to G. The
Christoffel symbols are defined by

Ve Ej = ngEk,
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and the Koszul formula gives
20 = — (B3, [Ej, Bxl) + (B, [Ex, Eil) + (Bx, [Ei, ).

At this point, the formulas given above are completely general for any Lie
group G with a left-invariant metric.

We now assume G is 2-step nilpotent, so that (E;, [E;, Ey]) = 0 unless E;
is in the center of g. If g = 3 @ v with 3 the center and v = 3, its orthogonal
complement, then the inner product on g is determined by and determines
the map j : 3 — so (v) defined as

(15) (1(2) X, A) = (Z,[X, A])

for all Z € 3 and all X, A € v. See, for example, [20, p.618ff]. Note that if
(Z,]g,9]) =0, then j (Z) is the zero map.

Let kg be the dimension of the center and kg + mg the dimension of
g, and we choose the orthonormal basis {Z1,..., Zk,, X1,..., Xm,} so that
{Z;} is an orthonormal basis of 3 and {X;} is an orthonormal basis of v.
Then one easily verifies that

1. 1
V2. Xe =VxZi=—=j(Zi) X, Vx, Xj= 2

X, X 7. = 0.
5 2[ i» Xk, Vz,Z

We label E1 = Zl, e 7Ek0 = kaEko—O—l = Xl, P ,Ek0+m0 = Xmo- The
Christoffel symbols satisfy I'j,, = 0 if at least two of p,q,r are < ko or if
p,q, T > k()' Ifa < kOa b7q > kO;

Ty, = —2T', = 21, = 2Tt = —2r'%, = —2T'},
= <ZCL7 [Xb—km Xq—ko]> = <-] (Za) Xb—ko’ Xq—k0> .

Letting O, = 0;, C;j = (E;0), Capg = (Eq © Ep ¢ Ego), etc., the Dirac op-
erator is

1
b= actyric,
i 1,7,k
1 b
= Z aZCZ—i-Z Z (ngqua + I‘an’aqb + PgaCbaq)

a<ko; b,q>ko
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1
=Y 0047 D (TChaa + TihCusa + ThyCaas
7 a<ko; g>b>ko

+ Ty Cat + Ty Chag + ThaCaut)

_Zaicfri > TECabg

a<ko; g>b>ko
1
= Z (‘9,C’Z+Z Z <Za, [Xb—ko, Xq—k0]> (Za o Xp_p, © Xq_kuo) ,
i a<ko; q>b>ko

SO

(16) D:Z(Eio)a&% S (X0 X)) (Za o Xy 0 Xi0)

a<ko; b<i<mg

= Z (E;0) pex (E;) —|—é Z Zg0j(Za).

agk(,

In the expression above, we have used the fact that j(Z,) € so(mg) =
spin (mg) and have therefore identified j (Z,) with the operator

1 .
5 D (0(Za) Xy, Xi) Xpo Xio.

b<i<myg

The formula above works for any two-step nilmanifold.

Example 8. In the three-dimensional Heisenberg case, for some constant

A>0, we let {Xl = ﬁX, X9 = ﬁY, Z} be an orthonormal frame with

[X,Y] = Z. We choose a basis of X3 = C? so that

=5 %) we=() ) =) )

Then

<Zv [Xh X2]> = %7

(Z o X1 0 X90) = —1,
so the equation above becomes

1
D = 1 (Ei0) Oe, — R

3
1=
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as seen in [1, Equation 3.2], with d*T = % in their notation.

3.3. Analogue of Pesce’s theorem for spinors

In this section, we decompose L? (I'\\G) as a direct sum of irreducible repre-
sentations. Let a € g*. Recall B, (X,Y) := a ([X,Y]), go = ker By, so that
a ([ga,8]) = 0. Let g* be a maximal polarizer of o, meaning that it is a sub-
algebra of g such that « ([g%, g%]) = 0 and there does not exist a subalgebra
h with the same property such that g* C h C g. Note that for every a € g*
and every choice of g¢,

ga C g%

Given g%, let G* = exp (g%).

Lemma 9. (Lemma 4 from [36, Appendiz A]) Let o € g*, o ([g, 9]) # 0 and
B, (X,)Y)=a([X,Y]) €Z for all X,Y €logI'. Then there exists a basis
{Ui,.. ., Uy Viy ooy Vi, W, oo, Wi bof g formed of elements of logT', and

there exist integers ri,...,r, such that

1) We have

Ba (UHVYl) =« ([U27 V:L]) = T4,
B, (Ui, Uj) = Bo (V3,V;) = 0 for all 4, j.

2) {Wi,..., Wi} is a basis of go, {Wi,..., Wk, } is a basis of [g,9],
kl S k;

3) [gag] ﬁlOgF = Spaly, {Wla s 7Wk1}‘

Remark 10. It follows from Pesce’s proof of this Lemma that we may also
choose {W1,..., Wy, } to be a basis of 3, with k; < ko < k.

As before, logI" generates a lattice £ in g. Let Ay, = £/ (£ N go). When
7, occurs, this will be a lattice in g,/ gq.

Proposition 11. (Version of Pesce Occurrence Condition ([36, Proposi-
tion 9 of Appendiz AJ) for Dirac spinors) The representation 7, appears in
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L? (T\G) if and only if

1—¢e(v)

(17) a(logy) € Z + I

forally € T'NGy. In this case, the multiplicity of my is mo = 1 if a ([g, 9]) =

{0}, and otherwise
me = 4/ det (E),

where the determinant is computed with respect to (any) lattice basis of

Ao C 9/ 8a-

Proof. Ttems 4 through 8 in [30, Appendix A| apply in this situation.
If a([g,g]) =0, then g = g, = g“. Then condition is equivalent to
Theorem [22] In addition, using Theorem

m (ma, L2 (I\G)) = # ((G*\G), /T)
=#((G\G)./T)=1.

For the remainder of the proof, we assume « ([g, g]) # 0. First, we assume 7,
appears in L? (I'\\G). Then, by Theorem there exists o/ in the coadjoint
orbit of « such that (J, Ga/) is an e-integral point, where o/ = a@o I, (I, =
conjugation by z), o = acAd(z) and G* = I,-1 (G®) such that

Y/ if =1
o (logy) € ¢ ] 1 =)
5+7Z ife(y)=-1

for all v € ' N G¥. In the two-step case, G = G since I, (y)y~' € Z (G)
for all z,y € G, and Z (G) C G, € G*. Also in the two-step case, if o, o lie
in the same coadjoint orbit, then there exists X € g such that
o =ao(I+ad(X)). Thus

Z ife(y)=1

logy + ad (X)logy) €
a (logy +ad (X)log~) {%JFZ ife(y) = 1

for all v € I' N G“. This implies the same condition is met for all v € ' N G4,
in which case a (ad (X)logvy) = a ([X,logv]) = 0, by definition of G,.
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On the other hand, suppose

1—e(v)
4

for all vy € I'NG,. Note that if X, Y €logl', then [X,Y] € logI' since
[exp X,exp Y] = exp ([X,Y]) (since G is two-step). Therefore, a ([X,Y]) €
Z, since ¢ ([exp X, exp Y]) = 1. We can then use Lemma[J| to construct a ba-
sis{Ut, ..., Un, Vi, ., Vi, Wi, ... ,Wi} ClogT of g and integers 1, ...,7rm
such that a ([Uj, V;]) = rj. Set h = spang {V1,..., Vi, Wi, ..., Wi}. Then b
is a rational ideal of g, since [h,g] C 3 C b (two-step condition), and b is a
polarizer of . Set H = exp (h), which is a normal subgroup of G. Note that

a(logy) € Z +

m k
H={ ] exp V) [[ exp (W) : g2y € R
i=1 j=1

Define @ (exp (X)) = exp (2mia (X)) for all X € h. By Theorem [22] to prove
that m, occurs, we need only construct an e-integral point in the G-orbit of
(a, H). For x € G, define x;, y;, z; by the formula

m

m k
= H exp (zyUy) Hexp (yiVi) H exp (z;W;),
i=1 j=1

=1

and define p;, g;, n; by

o (Z w;Us + v; Vi + ijWj> = (piwi + qivi) + Y njwj,

for all u;,vi,w; € R, 1 <i<m,1<j <k By [36, Lemma 7, Appendix A],
[36, Theorem 8, Appendix A],

m k
HNT = [[exp (t:Va) [ [ exp (s;W;) : ti,s; € Z
i=1 Jj=1

We need to show that there exists x € G such that (ao I) (y) = ¢ (v) for
all v € H NT. First note that

(@o L) (exp (W) = (exp (W + [log (2), W)
= exp (2mic (W + [log () , Wj]))
= exp (2miac (W})) since W € gq
=a (exp (W;)) = € (exp (W)
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since W; € (logI') N gqo. Next,

(18) (@o I) (exp (V;)) = @ (exp (V; + [log () , Vj]))
= exp (2mia (V; + [log (z), Vj]))
= exp (2mic (V; + z; [Uj, Vj]))
= exp (27i (gj + x;75)) -

By setting z; = —% or _quj depending on whether € (exp (V})) = £1, we

conclude. ’
(@o 1) (exp (V;)) = € (exp (V) -

We have shown that for all v € HNI there exists x € G such that

(@oly) (v) = (7).

We now calculate the multiplicity with which 7, appears. In fact, for
x € G, the calculations above show that for all X € b, (@o I,) (exp (X))
depends only on the z; and not on y; or z;, 1 <7 <m,1 < j < k. Thus from
the orbit of (@, H) is the set of characters of H

{(x¢,H): ¢ €R™},

where where after a bit of calculation identical to [36, p.453, lines -8 through
_5]

m k m k
X | [Texp Vi) [Texp (s;W5) | = exp | 2mi | D aiti + ) mjs
i=1 j=1 i=1 J=1

Then (xq, H) is an e-integer point if and only if

q; € Z whenever ¢ (exp (V;)) = 1,

1
q; € 3 + Z whenever ¢ (exp (V;)) = —1.
Note also from that two e-integer points (x4, H) and (x4, H) are in
the same T'-orbit if and only if ¢} — ¢/ € r;Z, i = 1,...,m. So the number
my, of I'-orbits in the e-integer points is riro - - - 7. Next, it is clear that the
images of Uy,...,Upm, V1,..., Vi, form a basis of A,. So
det (Ba) = det (Ba (Ui, V;))? = (1172 -+ 1m)* = m?

o
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4. Decomposition of the Dirac operator on two-step
nilmanifolds

We continue with the notation of the previous section; recall that kg is the
dimension of the center 3 and n = kg + my is the dimension of g = 3 @ v, and
we will choose the orthonormal basis {E1,...,E,} ={Z1,..., Zk,, .., Zk,,
X1,..., X, } so that {Zj};?lzl is an orthonormal basis of [g, g], {Zj};?"zl is
an orthonormal basis of 3 and {X;} is an orthonormal basis of v. From
formula and this choice of basis, the Dirac operator is now

n

D = Z (EZO) Pex (Ez) +% Z Za©J (Za)a

=1 aSkzl

acting on
(19) H=L?(T\G,G x.%,) = L}(I\G) Q@ %,,

which we decompose using Kirillov theory.

Choose an element o € g*. Our strategy is as follows. We first construct
a subspace H,, of L? (F\G ,G X (Ck) that is invariant with respect to p. and
invariant by D. Once we have done this, by Kirillov theory, let H, be the
irreducible p.-subspace of L? (I'\\G) corresponding to the coadjoint orbit of
a, and let

Ho ZHo @,

through the isomorphism above. While H,, is p.-irreducible, H,, is not for
n > 2. We express D acting on H,, and because of the two-step structure,
we are able to solve explicitly the partial differential equation for eigenvalues
via Hermite functions.

Since Y, pex (E;) (Es0) is independent of the choice of basis {E1, ...,
E,}, the second term is similarly independent of choices and independent
of the representation p.. Define

n

D,, = Z (E:0) pes (E7)

=1
(20) M:%ZZaoj(Za)ZEZZaOJ.(Za)v

a<kg a<k

sothat D = D,_+ M with M a hermitian linear transformation independent
of invariant subspace. Note that p. and (Y¢) commute if (Y¢) is a constant



The eta invariant on two-step nilmanifolds 301

transformation — that is, if Y is left-invariant. Thus M commutes with p.
because each (Z,, [Xp, X;]) is constant on '\ G.

As before, we define the symplectic form on g by B, (U, V) := o ([U,V]),
and let g, =kerB, ={U € g: B, (U, ) =0}, k, =dimg,. We have two
cases.

4.1. Finite-dimensional H,-irreducible subspaces: ko, = n, i.e.
a([g,9]) = 0.

In this case, g, = ¢, and g* = g is a maximal polarizer of a. Then G¢ =
exp (g%) = G. Define

Ho={oc€H:0(hx)=a(h)o(z) forall h e Gz € G}
={oeHH:o(hx)=a(h)o(x) forall h € G,z € G}
:a(')®zna

where

a(h) _ e27ria(log h)‘
For o € H,, we have, since « ([g,g]) = 0, for p € T\ G,

o (p exp (tU) 1) _ i e2mia log(pcxp(tU))O_ (1)

pex (U)o (p) = £, it

e2m’o¢(log(p)+tU+ 2 [log(p),tU]) o (1)

e27ria(log(p)+tU)o_ (1) )

d
dt
d
dt
d
dt|,

We have pe« (Z,) 0 =0, and pey (X;) 0 = a%ia = 2mia (X;) 0. Thus,

(21) Dlyy. = 2mia (X;) (Xi0) + Y 2mia(Z;) (Z;0)
i=1 Z;¢9.0]
1 .
+5 >, Za0j(Z
a§k1

which is a constant matrix. The eigenvalues of D|,, are then the eigenvalues
of this Hermitian matrix.
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4.2. Infinite-dimensional H,-irreducible subspaces: ko, < 1, so
that a ([g, g]) is not identically zero.

Choose a new orthonormal basis of g:
{Wla"'7W/€(,7U17"'5U7TL7VY1’"'7Vm}a

where n = ko + 2m, {W;} is a basis of g, with W1 = Zy,... , Wy, = Zy, €3,
Wk‘o-i-lv .. ')Wka € fa mzL

B, (Ui, Vi) =a (U, Vi]) =d;i >0,0<dy <dp <+ <dp,

Note the similarity with Lemma |§|7 but we have replaced some of the V;
with their negatives in order to make d; positive. We may assume n — k,
is even, since the restriction of B, to gt is a symplectic form. Then the
polarizing subalgebra g* (meaning that g¢ is a subalgebra of g such that
a([g% g%]) = 0 and is maximal with respect to inclusion) will be chosen to
be

g% =span{Vi,..., Vi, Wi, ..., Wg_},
and again G* := exp (g%). We have, with @ (h) = exp (2mia (logh)),
Ho={c€H:0(hx)=a(h)o(z) forall he G* z € G}.

Let H, be the p.-irreducible subspace of L? (I'\\G) such that

1

Ho ZHo @2,

through the isomorphism . Let 8 : Hqo — L% (R™) be the unitary isomor-
phism defined by g (F) (t) = F (exp (t1U1) - - - exp (tmUpm)). Note that the
map

teRF — G¥exp (81U7) - - - exp (tmUp) € GN\G

pushes the Euclidean metric onto a right G-invariant metric on G*\G.
Note that Ho = 871 (L(QC (Rm)), and for z = hexp (t1U1) - - - exp (t,Uyn,) an
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arbitrary element of G with h € G%, and f € L4 (R™),

(6 1f)( ) = (ﬁ f) (hexp (t1U1) - - - exp (tmUnm))
=a((h) f(ty,...,tm).

Here 7, is the representation of G' on H,, induced from the character @ of
G%; we have for f € H,,

(T (2) f) () = (pef) (y) = [ (y2).
We define the representation 7/, of G on LZ (R™) by
o (2) = Boma (z) 0 57

for all x € G.

For any z,y € G, let [z,y] = zyz~'y~!. To compute the action of G on
L% (R™), recall that since G is 2-step (following [36], p. 447, proof of Prop. 9]),
for any hg € G%,

o [[exp(t;U;) ho =

[ exp (t;U;), ho] ho TT exp (t;U;)

j=1 j=1 j=1
o [] exp (tUe) H exp (s;Uj)
/=1 J=1
= exp (— > i<jce<m tesi Uy, Ue]) [T exp ((t; + ;) Uj)

j=1

o [ﬁ exp (t;Uj) , ho

j=1

= exp [Z;nzl t;Uj,log ho] .

For any x € GG, by the calculatlons above, there exists hg € G“ and real
numbers sy € R such that z = hg H exp (s;U;). For any f € LZ (R™), t,s €

Rm

(74, () f) () Bf) exp (teUy) hOHexp (s;U;)
7=1

Since (ﬁ_lf) (hg) =a( B lf) (g9), we see

hoexp [ — Z tys; [Uj, Ug]

1<j<t<m

(mo (2) f) (1) =@ [H exp (teUr) , ho

/=1
x f(t+s).
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We have used the fact that exp ([g,g]) C Z (G) C G* and the calculations
above. Since the restriction of B, to RU1 @ --- ® RU,,, x RU1 & --- ® RU,,
is zero, we have

(o () ) (8) = f(t+ ) e2mia(logho+[3272, t;U; log ho])

(67

Now, define the vector w € R™ by

Define the unitary isomorphism Ty, : L% (R™) — LZ (R™) by

(Twf) (t) = f(t —w),

and define
(1) =Ty om (x) o T,y

«

for all x € G. We claim that the representation 7/, = p.. is given by

" _ 0
Tow (Vi) [ (1) = 27”75 dif(t),
(22) Tow (W) [ (t) = 2miac (W) £ (2) .

To see this (see also [36, Section 3]), we have for r € R,

(Twmo(exp(rU;))T-w f)(t)
(me(exp(rU;))T—w f) (t — w)
= (T_wf)(t —w+rej)
f(t+rej),

Talexp(rU;)) f(t) =

with e; the j*! standard unit vector in R™. Also,

T (exp(rVy)) f(t) = (g (exp(rV;)) Tow f)(t — w)
_wf)(t —w)e 2mia(rVi+[(t;—w;)U;,V5])

(T
_ f(t) 2mi(ra(V;)+t;djr—w;d;r)
f(t)e27mtj djr'
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We have

ma(exp(rW))) f(t) = (mg, (exp(rW;)) Tow f)(t — w)
f(t) 2mio( rW)

With Wy = Zy,..., Wy, = Z,, equation becomes (see (20))

= (W50) pes (W5) + > (U0) pes (Uy) + > (Vo) pes (V) + M
j=1 j=1 Jj=1

= 2T (WJ) (WjO) + Z (UjO) % + Z 27T2tjd (V <>)
j=1 j=1 Joj=1

:i +22de (Vo) t; + M,

where M/, is defined as the constant Hermitian transformation

ko
(23) M), =M+ 2mia (W;) (W),
Jj=1

with M as in .
We have

(24) D|,, =M, +Z< aa + 2mid; (Vjo) t]-)

] 1

= M, + Z < 27T’Ld (Uj<>) (VJO) tj> s
so that

)
(25) D|,, =M, +Z (Uj0) <8tj+@jtj>,

7j=1
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where we define
(26) ©; = —2mid; (U;o) (Vjo),
a Hermitian symmetric linear transformation.

4.3. Matrix choices

We now make specific choices of the matrices (Ujo), (Vjo), where Uj, V.,
Wy are from the basis chosen at the beginning of Section relative to a
particular a. We continue to use the positive real numbers d; as defined in
that section as well. Note that any other choices would yield the same Dirac
spectrum. See [30, Part I, section 5] for details on the representations of
Clifford algebras, on which much of this material is based.

Let
(0 1 - 0 4
=\10) 2T\ =i 0
, (1 0 (1 0
L= < 0o -1 )’ 1= 0 1
We view %,, = C2™* = ®  C2. Observe that multiplication satisfies
[n/2] times
1 1’/ o1 09
1/ 1 —iO‘g iO‘l
(27) o1 | io9 1 —i1’
o9 | —ioy | i1/ 1

with multiplication on the left given by the column items.
Let

(Ulo):/io-1®1®"‘®1, (V1<>)ZZO'2®]_®®1’
and in general, for 1 < j <m,

(Ujo):i1'®'--®1/®01®1®...®17
(28) (Vio)=il'®-01'R0®01®- ®1,

where each (U;¢) and each (Vo) has j — 1 leading factors of 1’ and a total of
n' = L%J =m+ L%J matrix factors of size 2 x 2 . Continuing, each (W),
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1 <k <k, is chosen to be
(29) W) =il'®- - 1'001®- - 31,
with o being o1 or o9 according to whether k is odd or even, such that there
are at least m leading factors of 1’ in the above expression. If the dimension
ko is odd, then the last matrix is chosen to be
(30) (Wi 0)=il'®---®1".
With these choices, observe that from ,
©;=2md;(191®---0191'01®---1),
with 1’ in the j*" slot. We let
(31) v =ep ®e ® Qe

where each ey, is either e; = < é >, e_1 = (
{1,-1}", then {v;} forms a basis of %,. Then

" >,with£:(el,...,zn,) €

@j’[)g = 27de€j1}g,
(Uj<>) vp = ilily - - Lj_1vp = Fivg

with Ej = (61, ey —Ej, cee ,fnr).

We see that ©; commutes with every ©;/, and @? = 47r2d?1d. Note that
i‘(QTrdjEj, ve) 1 0 {1, —1}”/} is the set of eigenvalues and simultaneous or-
t

onormal eigenvectors of every ©;, j =1,...,m.
Let p= (p1,...,pm) € Z™. Welet hy (t) = hy, (t1) - - - hyp,, (tm) using the
Hermite functions

2 d p 2
(32) hy (t) = /2 <dt> e " for p >0,

hy (t) =0 for p < 0,
which satisfy

h;; (t) = thy (t) + hp+1 (1)
hpio () + 2thy1 (£) +2 (p+ 1) by () = 0.
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The first equality is just the chain rule. To see the second equality, note that
by the product rule and the binomial theorem,

d p+2 ) d p+1 )
(@) - (@) ()

A\t . d\? .

and the result follows. Combining the two
hy, (t) = thy (t) — 2thy, (t) — 2phy-1 (t) = —thy (t) — 2php—1 (¢) -

Note that {hp (t) : p € (Z>0)"'} is a basis of L% (R™, C).
For p € Z™, let

(33)  upy (t) = hy, (\/ﬂtl) R, <\/Et2> -y, ( 27Tdmtm> vy,

with vy as in . Observe that up , = 0 if any coordinate of p is negative.
Then, using the formulas above for Ay, (t),

0
o, et (1) = —2mdjtjupe (t) = 2pj/2mdjtp—c, 0 (1)
J

= 27detjup’g (t) + 27deup+e,-,€ (t) ’

0
(57 +1503 ) s (0 = 05 1) e (0) — 207 2yt 1)
J

= (2md;(¢; + 1)) tjupe (t) + /21djup e, ¢ (1)

Recall that p has dimension m, and ¢ has dimension n’ = L%J > m. Now,

from we have

. 9
(34) Dup,g (t) = | M, + JZ; (UjO) <8t] + tj@j) Up ¢ (t)

=2 Y pj\/2nd; (Ujo) tp—c, ¢ (t)

j§m7ej =1

+ ) /27 (Ujo) tpe, o () + Mup g (t)

]§m7£J:_1
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=-2 Z ipj \/ 27de€1€2 s Ej,lup,ej Nz (t)

jSm,ijI
+ Z ’L'\/27def1£2 .- -fjflup+ej7gj (t) + M(;upyg (t) .
jgmvgjzfl

Often the eigensections can be found as linear combinations of the up ¢ (%).
We modify the basis so that it is more convenient. For fixed p = (p1, ...,
pm) and £ = (01,... by, ..., 0y ), let E; be the m-tuple defined by

0 ife,=1
E =
(Ee) {—1 0, =—1.

Then
(35) Up¢ () = IT  V2ri | i (®).
Jj<m, £;=-1

Using the fact that p+Ey+¢e; =p+Ey if {; = —land p+ Ey —¢; =
p +Ey if £; = 1, we compute

Dy (t) = — Z 22’@6162 el T i (1)

jSm7€j:1
+ Z 2i\/7rdjpj€1£2 s Ej_lﬁp,zj (t) + M&ﬂpjg (t) ,
j<ml;=—1
so that
(36)  Dupy(t) =20 Y \/md;pjlily- - lip e () + Milip e (t).
Jj<m

5. Heisenberg examples

Heisenberg Lie algebras are the only two-step nilpotent Lie algebras with
one-dimensional center. Let n = 2m + 1; define the n-dimensional Heisen-
berg Lie algebra by g =span{Xi,..., X, Y1,...,Yn, Z} with [X;, Y] =
0;xZ and other basis brackets not defined by skew-symmetry equal to zero.
The n-dimensional Heisenberg Lie group G is the simply connected Lie group
with Lie algebra g. A Heisenberg manifold is a quotient of G by a cocompact
discrete subgroup I', where the metric comes from a left-invariant metric on
G. From [24, Proposition 2.16], we see that every Heisenberg manifold is
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isometric to one with the following metric and lattice. The metric may be
chosen for I'N\NG on (X1,..., X, Y1,...,Y,,, Z) to be

A0 0 0
0Aoz<gg‘1>
0 0 1

where A = diag (ay,...,an) is a diagonal m x m matrix with positive non-
decreasing entries.

We identify X; with the matrix Fj;41, which is the matrix with 1 in
the (1,7 + 1)-entry and all other entries zero. Similarly, we identify Y; with
Ej{1m+2 and Z with Ey,q9,m42. In this section, we define exp (X;) to be
the matrix exponential exp (E 1+1) = I + E1 41, and we define exp (Y;) and
exp (Z) in a similar way. For v € R?™ and z € R, we denote

Q
N
I

1 vy - vy z
0 1 tee 0 Um+1
(v,2) = S B 7
0 0 1 v
0 0 0 1
With this notation,
(37) exp(x1 X1+ +rpmXm+yiY1+ - +ymYm +272)

1
= <x17"')xmayla'°'aymvz+21“'y>a

log(m.lw"7xm7y17”'7ym72)

1
=$1X1+"'+9Eme+3/1Y1+"'+ymym+<Z—2$'y> Z.

To get from the matrix coordinates to the exponential coordinates, we use
the change of coordinate mapping

<U7 Z) — exp <U1X1 +o T+ Ume + Um—i—lYl +-+ vaYm
1
+ <z - §(v1vm+1 + -+ vmvgm)> Z>-

Every cocompact discrete subgroup I' can be generated by exp (£) and
exp (rZ), where L is a 2m-dimensional lattice in R?™ = span{ X7, ..., X,,,
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Yi,...,Y,}, and exp(rZ), r > 0, generates a one-dimensional lattice in
the center of G. We denote I' =T' (L, r); note (£,r) will yield a cocom-
pact discrete subgroup if and only if for all V, V' € L, [exp (V) ,exp (V)] =
exp (krZ) for some k € Z [26], proof of Theorem 2.4]. Two such Heisenberg
manifolds determined by (£,7,94) and (£',7',gas) are isometric iff gq =
gar, 7 =1', and there exists a matrix ® € Sp (m,R) N O (2m,ga) C May, (R)
such that

D(L)=L".

(See [24], Proposition 2.16]). Here, O (2m,ga) is the orthogonal group, and

Sp(m,R) = {8 € GL(2m,R) : B'J8 = £.J} , where J = ( _OI é )

5.1. Three-dimensional case

5.1.1. Eigenvalues. For our Heisenberg manifold, we choose {X,Y, Z} so

that [X,Y] = Z and {\fX \}Y Z} is an orthonormal frame, with A > 0.
With notation as in the general case, we choose an element a € g*, which
fixes a coadjoint orbit.

Finite-dimensional irreducible subspaces: If the one-form « (Z) =
0, then g, =g, and g* =g is the maximal polarizer of a. Then G* =

exp (g¢) = G. Let
Ho ={f:9— 2, | for some s € ¥,,all he G, f(h)=a(h)s },

where

a (h) _ eQm’a(log h) )

From ,

Dy, = %a (X) (Xo) + %a (V) (Vo)
+41W (Z,[X,Y]) (Z o X o Vo)
= %a (X) (Xo)+ %a (Y)(Yo) +@ (ZoXoYo),

which is a constant matrix. The eigenvalues of D|,, are then the eigenvalues
of this Hermitian matrix. We set
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ivVA VA 0
(Z<>):z'1’:<é _OZ_ )

The matrix is

Dl — ( -& 2% (@ (X) +ia () ) |

_%(Q(X)—ia(Y)) ~14

—m1 —la+ib)
~Fla=iB) - ’

eigenvalues: {16A2 ( 4A —32,/n2A3a2 + 772A3ﬁ2) if A#0

(Xo):i\/Z(n:(.O Z?), (YO)Zi\/Z@:( y _\/Z>7

The eigenvalues are

(39) vo={ g1+ Tl ~g5 — o el |-

Inﬁnite-dimensional irreducible subspaces: On the other hand,

suppose « g = d is nonzero.
From (3 , , and ,WlthU \F V:sgn()T,W Z, we
have, since d; = 'F,m =1, Z =+1,E, =

Upe (t) = hy ( 27rd1t) vy,

_ ) upy (t) (=1
Up (t) = {\/%Upl,é (1) £=—1,

Duy,, (t) = —21'5\/@%@( t)+ Mu,, (t).
M, = @ (Z,1X,sgn (d) Y]) (Z o X osgn (d) Yo) + 2mia (Z) (Zo)
o (o ) G ) (v 0 ) eema (G 5)

( —2md -4 0
B 0 2rd — 2 )

Then
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so that

1
M vy = — <27rd€ + 4A> Ve,

and, for £ € {—1,1}, p € Z>o ,

_ o dl 1
Duyy (t) = —2il TP, (t) + | —2mdl — 14 ) T (t).

The p = 0 case (g —1 = u—1,—1 = 0) is

1
’LL(),l (t) < 7Td 4A> UO,l (t)
The matrix for D restricted to the span of {1, %y 1} for p > 1is

—27rd—ﬁ 2i\/ T3 D

. d
-2 ﬂ%p 2nd — ﬁ
which has eigenvalues

1 7 |d|p
Y Rk

+ w242 .

Thus, the list of all eigenvalues for the o (Z) = d # 0 case is

1 1
aa:{——%d}u{—:ﬂ 71-|d|p—|-7r2d2 :le}.

4A 4A A

313

5.1.2. Occurrence conditions for lattice. Here, the lattice £ should
be a two-dimensional lattice, say spanned by v = (v1,v3) (corresponding
to the matrix element (vi,v2,0) ) and w = (w1, wz). The central lattice is
spanned by r (corresponding to (0,0,7) ). Let Sp(1,R) = {5 € GL(2,R):
BtJﬁN: +J}. The condition 8'JB = +J is equivalent to det 3 = +1, so in
fact Sp(1,R)N O (2,R) = O (2,R). This means we can rotate so that v =
(v1,0) with v1 > 0, and so that w = (wy, we) with wy > 0. Because v, w, and
r generate a cocompact discrete subgroup, we must have, for any hq, hs, h,
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kb k?a ke Z?

(h1v 4+ how, hr) (k1v + kow, kr)
= ((h1 + k1) v+ (ha + ko) w,r (h + k) + hikaviws + hokowiws) .

is an element of the lattice, by closure for multiplication. Thus, for any

choice of integers h1, ho, k1, ko, we must have hqkoviwg + hokowqwy € rZ, i.e.

rm
w; 0],

viws , wiwe € rZ. Letting viwe = rmy,, wiws = rm,, , we have v =

— Ty
w = ( Wa ,w2>. The parameters are

(39) A>0,r>0,ws > 0,my € Zsg, My € Z.

In our matrix coordinate system, from (37)) we have

log <va hy + TZ;Lw hg,Mghg,Th) = (va hi + M hg) X + (wah2) Y
2

w2 w2 w2

1 1
+ <hr — §Th1h2mv - 2rh§mw> Z.

The commutator satisfies

K’"m”hl g M hQ,wghg,rh> : <Tm” oy 4+ T kQ,wsz,er

w2 w2 w2 w2

= (0,0,va (hlkg — hgkl)) .

We now determine a spin structure by fixing ¢ : I' — {1, —1}. Let

51—€(v,0)—6<rmv,0,0>,

w2

gg =¢(w,0)=¢ (%,wg,()) ,
w2

ez =¢(0,0,7).

Since 616261_162_1 = (e3)™ =1 is the only relation, the values of £; and &5
are arbitrary (1), but it may be that e3 is restricted by 3™ = 1. If m,, is
even, there is no restriction, but

(40) if m, is odd, then e3 = 1.

Now we choose an arbitrary element « € g*, we may either choose a = a3 Z*
ora = a1 X* 4+ asY™, since all possible coadjoint orbits may be parametrized
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by such elements. The occurrence condition is calculated on v and w. In
particular, a(v) must be an integer or half integer depending on whether
= +1. Likewise for a (w). From Section |7} the occurrence conditions are:

(41) rmv €Z+1_4€1,

(42) aq M + aswy € Z + _462
1—

(43) asr € Z + 463.

The multiplicities corresponding to these representations are as follows.
If we choose a € g* such that o = a; X* + apY™, then my, =1 (see Sec-
tion . If we choose a € g* such that a = a3 Z*, then g, = 3. We have

- \/ det <Ba!span{X,Y}>

with respect to a lattice basis of £, chosen to be v = %X, w = %X +
woY , and thus

(ol g ) = (o ")

So
me = |a ([v,w])] = |as|rm, € Zso.

The conditions and confirm that m, is an integer.

Now we are ready to calculate the spectrum of the Dirac operator on a
general Heisenberg 3-manifold with spin structure. Such a manifold with spin
structure is given by (L£,7,g4,¢), and it is determined by the lattice basis

= Wg( w = ’"m‘wX + woY for L and e1,e9,e3 as above with conditions
.We nowglculate ’g part of the spectrum corresponding to each coad-
joint orbit in g*. There are two cases, a3 =0 and as # 0. If e5 = —1, the
condition does not permit a3 = 0. As a consequence, finite-dimensional
irreducible subspaces do not occur. If 3 = 1, condition is satisfied and
a= a1 X*+ agY™. The conditions and are satisfied if and only if




316 R. Gornet and K. Richardson

there exist j1, jo € Z such that
w, (. 1—¢
a1 = J1 + )
My 4

1 . 1—e9 My [ . 1—¢,
ag = — || J2+ — I+ ,
w9 4 My 4

with eigenvalues

and the multiplicity of this representation is m, = 1. If @ =0 is permit-
ted — i.e. e =1 — then H, is no longer irreducible, and the eigenspace
corresponding to —ﬁ is two-dimensional.

We now consider the case ag # 0. By we may choose a € g* in the
coadjoint orbit such that o = dZ* = % (Ii + 17%) Z* #£ 0 with k € Z, with
eigenvalues

1 1 m|d|p
2 42 202 . p > 1
{ 1A Wd}U{ 1A 1 +md* i p > },

or in other words

and the multiplicity of this representation is

1—53

K+ > 0.

Ma = My

A special case occurs in [I], with r =T, A = (d’)QT’, mey=7r,p=p,d=
%, my, = 0, where the primes indicate the notation used in [I].
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5.2. Eta invariant of three-dimensional Heisenberg manifolds

From (|11)), the eta invariant of the spin Dirac operator corresponding to a
spin structure on a three-dimensional manifold is (n = 3,7 = 2, W is trivial
so that tr (FV) = 0)

3
n(0) = —;\?vol (M)

* zﬁrz/MS(ﬁal—?# (o(D)N(X,0)) = # (o (D) N {0,X}),

where A < 0 is the point of symmetry of the spectrum, and where the last
two terms count multiplicities. (Recall the rank of the spinor bundle is two.)

We have
1

C4A
is the point of symmetry, and from ([20, Section 2]),

1 ey L 0 -1\ 1
Scal—4Tr<j(Z))—4Tr<<}1 0) =

=

Also,
vol (M) = rAdet < w, wy > — 12 Am,.
0 w9

From the expressions for the eigenvalues of o (D), we see that
#(a (D)N {—ﬁ} ) is nonzero only if the part of the spectrum correspond-
ing to @ = 0 € g* is nontrivial. This happens only if 1 = 9 = €3 = 1. Thus,

1 2 ife=1
# (U )N {_414}> - {0 otherwise.

To count # (0 (D)N (—ﬁ, O)), the toral eigenvalues, i.e. the ones from
the finite-dimensional irreducible subspaces, are (see )

1 a? + a? 1
———4T7:0<T=2 L2 —
{ 4A+T <T s 1 <414

:{1+TiT:27TM,O<|(XH< ! }
4A VA 8V A
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With fixed r > 0, we > 0, my, € Z~g, My € Z, by , the coadjoint or-
bit represented by o = a1 X* + aoY ™ has an associated irreducible represen-
tation that occurs with multiplicity one if and only if

QTMy 1—¢, My 1—¢,

, —a1 €Z
0o 1 aowsy + s aq + 1

The relevant nontoral eigenvalues, i.e. those from the infinite-dimensional
irreducible subspaces, are

1 2w 1—e3 T 1—e3
= == . 7 ——
Oa { 1A T(/ﬁ—i— 1 ) K € 2, 87TA<K+ 1 <0}

U{ 4A+2\/ ‘/{+153|+ (Ii+1_4€3)22p€Z>0,IiEZ,}

2

0<rp\m+%r+m4(m+1?>2<6zm

with multiplicity mq = m, ‘/43 + 1_453 ‘ > 0. Letting 4 = k + 17% eZ+ 17%,
the inequality 0 < rp|u| + TAu? < 64{% is equivalent to

1
0<!u!<2 A(\/mﬂﬂ —p)

so the relevant nontoral eigenvalues in the open interval (—ﬁ, O) associated
to Dl;, are

1 2w 1—e3 T
_J_ - _ .
Ua—{ 1 " weZ+ 134 <,u<0}

—ax T2\ TRl + P ip € Loo,p € T+ 1P,
0 < <ﬁ(\/%+p2—p>

with multiplicities mq = my, |p|.
In summary, summing over all coadjoint orbits whose associated irre-
ducible representation occurs in p;. ,

o)

= # (a1, 03) - 050w €2 -
- QoW + Tm“’ , 0< HO(H < \/Z
fm, Y |u|+mvz >
uez+“53 PEL>o0 ueZ—l—%

27rA ( \ ierQ*p)

81rA
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Likewise,
(a1, 9) : DI € 74+ 2,
#(o (D) {0}) = # R S S
awy + Tran € Z+ —2, |laf| = g
r 1—e3
ifu=———¢€Z
+my > || -

PEL~o HGZ“F%

=525 (/76 +p*—p)

We now show that the last line produces at most two nonzero terms. If
T

1, 2 EZ—F% both satisfy |uj| = 575 (\/1—16 —|—p§—pj> >0 and |u1| #

1al, solving for 5= yields
2mA

k <,/1+16p%+4p1> —h(,/1+16p§+4p§> =0

1—e
1, and

h? h h? h (h
1-— 12 + 32%p1p2 — 32ﬁp% = 8% (kpg — p1> \/16p% + 1.

If %pg = p1, then the equation above implies p; = p2. On the other hand, if
(%pg — pl) is not zero,

for some positive h, k € Z +

2 2
1— 2+ 320 pipy — 329503
88 (Lpy —p1)

16p3 + 1.

Since the left side is rational and the right side is irrational, this is impossible.
Thus, there are at most two nonzero summands in the expression below.

my Yy > |l

PEL~o HGZ"F%

lnl=5z ( V 11—6+p27p)

i (Vi +r2—p) ifok (Y +p —p) €Z+ 15

for some p € Z~q

0 otherwise
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Then

. 1—¢
{mHMﬁp——eZ+ 43}+mU§: > |

8mA
p€Z>o MEZJ’_I €3

27rA ( Vv 116 +p? —p)

e (Vis+02—p) i o5 (/55 + 02 p) €Z+17%

for some p € Z~g

3

e if £ €Z+ 152
0 othervvlse
In summary,
# (o (D) N{0})
. (a1, 02) ,
aowy + T ‘“Oél S Z+ H H = SWi/Z

= (Vs +P2—p) i QZSA (\/T%Tp?—p) €L+

for some p € Z~g

m,r : r l—e3
8TA 8TA €Z + 4
0 otherwise.

Putting these calculations together, we have

<3
1(0) = —gvol (M)
X ~ _
* W/M Scal — 24 (0 (~=D) N (X,0)) — # (o (=D) N {0,A})

_ﬂ r2 Am, (_ﬁ) <—1> (r?Am,)

B 32 2472 2 A2
— N (A, T, W2, My, My, 5)
2 2
My rmy
T 10272 A2 * 1927242 N (A, r,wo, My, My, €)
r2m,

= 96712 A2 - N(A7r7w27mmmw7€)>
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where N (A, r, wa, my, My, €) is the nonnegative integer defined by

(44) N() =2# (0 (D)N (X,0)) +# (0 (D) N {0,X})
(al,ag):%z“EZ—Fl_fl, }

=2 _
#{ OéQwQ-l-%OqGZ—FlfQ, 0<HaH<87r1/Z

+2my > |l 2my Y > 1

/LGZ-‘F% PEZ>o ueZ_&_%

— 5z <u<0 0<|pl<

-
871'A( 1+4+16p2 +4p)

o (ar, ag) + B € 7,4 S5
1—e _ 1
aowy + Tian € Z + 42,H04H—8m/Z

2 (Vi +r-p) g (Vi p) ez b

for some p € Z~g

+
My, T : r 1—¢
) if gz €Z+ =
0 otherwise

2 if€1:82:63:1
0 otherwise

All the sums above are finite.
We summarize this result in the following theorem.

Theorem 12. The eta invariant of the spin Dirac operator on a three-
dimensional Heisenberg manifold with parameters A,r,wo > 0, m, € Z~q,
My € Z with spin structure determined by € = (e1,e9,€3) € {il}?’ satisfies
B r21my, N(A

T,(O) - 96772142 - ( , T w27m’07m’w7€)7

where N (A, 1, wa, My, My, €) is the nonnegative integer given by the expres-

sion .

Remark 13. The expression above is consistent with the calculation of
W. Zhang in [41], who calculates the adiabatic limit of the modl reduction
of the eta invariant on circle bundles M — B, where the metric on the
base B is blown up (A — o0). The Zhang formula for the case of the spin
Dirac operator twisted by a line bundle L over the base (corresponding to
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a different spin structure) is

1
lim ﬁ(DM L) = — dim ker (DB L)
A—o0 ’ 2 ’
tanh (%) -5

+ <2(TB) ch (L) ——2 0

) [B]> modl,

where e is the Euler class of the circle bundle. In our case, the base is a flat
torus, and the fibers of the circle bundle are the Z-parameter curves. First,
we consider the right side of the equation. The integer dimker (Dp 1) is ei-
ther 2 or zero (depending on whether the line bundle L is trivial or not), so
that term is zero. The Euler class of the circle bundle is trivial, since it has
a section given by {(z,y,0) : z,y € R /Z}, and even the Euler form is zero
since the global angular form (constant) dz is closed. The relevant character-

istic forms are then A (TB) =1, ch (L) =1+ (2-form), ti:ﬁﬁ()_)? =—15=

0, so the second term is also 0. The left side of Zhang’s equation is

2
. my
lim modl | =0
A—o0 (967’(2142 )
in our case, so we see that our formula is consistent with this result.

Corollary 14. From the expressions for n(0), we may consider families of
Heisenberg manifolds with constant n (0). For example, if we let

A= blT
wy = ba/1

for some constants by, by > 0. Holding m,,, my, €, b1, ba constant and letting
r vary, we obtain a family of Heisenberg manifolds with constant n(0) yet
with different eigenvalues for D; even the point of symmetry —ﬁ varies

with r.

Corollary 15. Consider the “rectangular” Heisenberg 3-manifold (i.e.
my = 0). Suppose that the following conditions are met:

1) A>

2) 4;% < wy < AmVA
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Then if the spin structure is nontrivial (¢ # id),

7“277’Lv

UG yE

Otherwise,

szv

1) = gem2 a2 ~

5.3. Dirac Operator eigenvalues for general Heisenberg
nilmanifolds

We use the notation of Section [d] Suppose that ko = 1 is the dimension of
the center 3 and n = 1 + myg is the dimension of g = 3 & v, and we will choose
the orthonormal basis {Z, X1,..., X, }, with mg = 2m, so that Z is a unit
vector and {X;} is an orthonormal basis of v. From formula (16, the Dirac
operator is

n

1

D =" (Ei0) pes Ej)+35 > {Z (X, Xi) (Z 0 Xy 0 Xi0) |
i=1 b<i<my

acting on
H = L2 (F\G, G x. c’f) > [2(I\G) © Tn,

which we decompose using Kirillov theory. Using notation from Section [4]
the cases are:

Case 1: ko =n, i.e. a(Z) = 0.

As in ,

(45) Dly,. ZQma )ﬂll > {Z,[X, Xi]) (Z 0 X0 Xi0),

b<i<my

which is a constant matrix. The eigenvalues of D[, —are then the eigenvalues
of this Hermitian matrix.

Case 2: k, < n, so that a (Z) # 0.

For every noncentral vector v, there exists a vector w such that
B, (v,w) = a([v,w]) = a(Z) # 0; we must have g, =3 and k, = 1. From
, , , the Dirac operator may be expressed in terms of the basis
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{ﬁp,é } as

Dug o = — Z 2i\/mdjpjlils - - - gjﬂp’gj + Méﬂpl ,
J
where in this case

1 m
M. Ty = 2mice (Z) (Z0) Tpe + 1 > {Z (U, Vi) (ZoUj o Vio)Tip -
7j=1

We use the matrix choices of Section [4.3] and for convenience, we let

Z=illw -1,
——

m times

and thus, since (Z, [U;,V;]) = d; , the formulas and yield

1 ~
M ipe = | —2ma(Z) 0y Ly — i D dity byl | Ty

j<m

In summary,

(46) Dy o= — Z 2i/mdjpilila - - - Lip i
J

1 ~ _
+ —2m(2)£1..-£m—ZZdjzl.--fj--.em Up. 1,

js<m

and we have the following.

Proposition 16. The infinite-dimensional subspace Ho decomposes on any
Heisenberg manifold as a direct sum of finite-dimensional subspaces that are
tnvariant by the Dirac operator. In particular, the Dirac operator acts by the

formula (@) on the finite-dimensional invariant subspace

Up =span{tupe: L€ {—1,1}"}.

Remark 17. For any specific example of a Heisenberg manifold, the for-
mula allows us to calculate the eigenvalues of D restricted to the finite-
dimensional representations spaces H, with «(Z) =0, and the previous

proposition allows us to calculate all other eigenvalues of D explicitly.
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5.4. Symmetries of invariants subspaces of higher dimensional
Heisenberg manifolds

It is well-known (see [5, p.61, Remark 3al, [2, p.174, Cor. 2.19]) that the
spectrum of the Dirac operator on spin manifolds of dimension congruent
to 1 mod 4 is symmetric about 0. In following sections, we explore the
symmetry of the spectrum restricted to invariant subspaces.

5.4.1. Symmetry in the toroidal part of the spectrum for Heisen-
berg manifolds. Suppose that we are given a (2m + 1)-dimensional
Heisenberg manifold, and a € g* is chosen so that o (Z) = 0. Then we may
choose an orthonormal basis { A1, As, ..., Ay, By, Ba, ..., By} of 35 C g with
the following properties:

1) a(A4;)=0ifj > 2, a(B;)=0if j > 1
2) [Ai, Bj] = a;0;;Z for some real numbers a;.

(Simply choose A; orthogonal to ker & and continue to form a symplectic
basis of 31.) Then the restriction of D to the subspace H, is

Dl =3 2ricr (X,) (Xp)—f—i S (21X Xi) (Z 0 Xy o Xio)
=1

b<i<my

, 1 o
= 2mia (A1) (A10) +5 z;aj (Z o Aj o Bjo).
]:

If m is even, then observe that A; ¢ Ay o--- A,¢ anticommutes with
D’Ha and is also invertible. Thus, it maps the A eigenspace of D’HQ iso-
morphically onto the —\ eigenspace of D\HQ, and therefore the spectrum of
D, is symmetric about zero and does not contribute to the eta invariant.

A more complicated argument can be used to show that for all m > 2,
the spectrum of D|,, is symmetric about zero. Let

Lj:ZOAjOBjO

for 1 < j < m. Observe that L; is symmetric, LJZ =1, and L;Lj, = Ly L; for
all j, k. Also As¢ is invertible and anticommutes with L, and A;¢ anticom-
mutes with L; for j > 1. Thus, the dimension of the +1 eigenspace of L; is
the same as the dimension of the —1 eigenspace for L;, and there exists a ba-
sis of simulaneous eigenvectors of ¥, = C2". Let {v1, ..., vam-1} be the sub-
set of this basis consisting of +1 eigenvectors of Ls. Since Ao commutes with
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Ls and anticommutes with L, the +1-eigenspace of Lo is a direct sum of +1
and —1 eigenspaces of L in equal dimensions. Thus, we may further assume
that {v1,...,vom-2} are +1-eigenvectors of Ly and that {vom-241,...,vom-1}
are —l-eigenvectors of Lj. Then {vi,...,vom-1,iA101,...,iA109m-1} pro-
vides a basis of C2" for which D, corresponds to a block matrix with
2m=2_dimensional blocks of the form

Q+R 0 I 0
N 0 -Q+R 0 I
I 0 Q-R 0 ’
0 I 0 -Q-R

where x is a scalar and @ and R are (commuting) diagonal matrices. A
simple argument shows that the characteristic polynomial of such a matrix
is an even function, and thus the spectrum of D]Ha is symmetric about zero
and does not contribute to the eta invariant, if m > 2. We summarize the
results in the following theorem.

Theorem 18. On any Heisenberg manifold of dimension greater than 3, the
restriction of the Dirac operator to any invariant subspace Hq, with o (Z) = 0
has spectrum that is symmetric about 0.

Remark 19. No Heisenberg three-manifolds have this property; see .

5.4.2. Symmetry in the infinite-dimensional irreducible subspaces.
Next, suppose that « € g* is chosen so that a(Z) # 0. Let

U=span{tpe:p = (p1,...,Pm) € (Z>0)" , 0 € {-1,1}"}.
Let L : U — U be the linear map defined by
L (upe) = dgtip,—¢

where 6, = 1 according to an unspecified formula. Note that L~! (Upy) =
(5@574Lﬁp’g = 5,gﬂp7,g. Now, we have
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L 'DIL, = 6,L ' Du,

72]- 2i\/7rdjpj£1€2-~-€j (71)] Up, —¢i )

= (5 L_l m 7 m—
¢ ( + (—2m(2)£1-.-£m(—1) ~1 dily -0yl (1) 1) Tp_¢

j<m
5 —Zj 2i\/7rdjpj€1€2~--€j (—l)j (S@fﬂp,[j
‘“ oy (—2m (Z) 1l (1) =15ty ol (—1)’”*1) 3T 0

=0 | — Z 21 (—1)j dgi/mdipilila - - - Ll pi
J

m— 1 7. —
+ (=)™t 27104(2)@1---@,,1—1Zdjzl---ej-.-em Up.s-

Jj<m

Remark 20. For the case where m is even, we define 8 = (¢£1)% (£2)*---
()™, so that 8g0p (—1)7 = (=1 (=1)? = —1, and thus, the matrix
for L='DL is the negative of the matrix for D with « (Z) replaced by its
negative. Thus the spectrum o, satisfies 0_, = —0, if m is even. The sym-
metry of the eigenvalues about 0 follows from the fact that, « occurs if and
only if —a occurs; see ([17). This confirms in this case the known fact men-
tioned at the beginning of this section that the spectrum of the spin Dirac
operator on manifolds of dimension congruent to 1 mod 4 is symmetric.

Remark 21. For the case where m is odd and the dimension is 2m + 1,
we define 6 = (£1)* (€2)% - (€)™, so that 8,6, (—1)) = 1; we see in that
case that the matrix for L='DL is the same as the matrix for D with a (Z)
replaced by its negative. Thus the spectrum o, satisfies o_,, = o, if m is odd.
Moreover, the eigenvalues of the Dirac operator need not be symmetric about
0, and the eta invariant need not be zero, as can be seen from the m =1
case in Section[5.2] Therefore, for Heisenberg manifolds of dimension 2m + 1
with m odd and greater than 1, because of this remark and Theorem the
methods of Section do not apply and cannot be used to obtain a formula
for the eta invariant.

6. Example of a five-dimensional non-Heisenberg
nilmanifold

The purpose of this section is to exhibit an example of a two-step nilmanifold
for which the techniques used above fail to produce the Dirac eigenvalues as
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eigenvalues of finite-dimensional matrices. Because this manifold is (4(1) +
1)-dimensional, we know a priori that the eta invariant vanishes. We use the
notation of Section 4| with a specific class of examples. We have that kg = 2
is the dimension of the center 3 and mg = 3, and we have the orthonormal
basis {Z1, Z2, X, Y1, Y2} so that each Z; is a unit vector and {X,Y7,Y>} is an
orthonormal basis of v. The only nontrivial bracket relations are [X, Y]] =
Zy, [X,Ys] = Z,. From formula (16), the Dirac operator is

5
1
D =" pe. (Ei) (E0) +3 > Zio X oYe,
i=1 i=1,2

acting on
H=L*(T\G,G x.C*) 2 L2 (I\G) ® s,

which we decompose as follows. For a € g*, the subspace H, of L?(I'\ G,
G x. CF) is invariant with respect to p. and invariant by D. If H, is the
irreducible p.-subspace of L2 (I'\\G) corresponding to the coadjoint orbit
of a, we have Ho = Hyo @ 3,,. As before, define the symplectic form on g
by Bg (u,v) = a ([u,v]), and let go = ker B, = {u € g: By (u,-) =0}, ko =
dim g

6.1. Finite dimensional H,-irreducible subspaces: ko, = 5, i.e.
a(3) = 0.

As in ,

D, = 2mia (X)(Xo) + 421:2 2mia (Y)) (Y;0) + '21:2 ZioXoYio.
Jj=1, =5

The eigenvalues of D|Ha are then the eigenvalues of this constant Hermitian
linear transformation.

We make the specific choices of the matrices (F;¢) as in Section
Note X, = C% = C? @ C2. We have

(Xo)=il'® 1, (Yi0) =io1 ®1, (Yoo) =ioca ®1,
(Zl<>) =il ® o1, (Z2<>) =il'® 09,
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Recalling (27)), our matrix is (using basis v1,1, v_1,1, v1,-1, V—1,—1 )

1
D = 2mia (X) (Xo) + 2mia (Y5) (Yi0) +- Z;o X oYo
. () (X0) + 3 oo () (1) 42

= 2ra(X)1'®1 — Z ora (Y,

71=1,2
/)
- Y Ve (el)(gel)
J=12
= 2ma(X)1"®1 — Z 2 (Y, a]®1+4(01®02—02®01)
7j=1,2
—2na (X) —2ma (Y1) — 27 (Ya) 0 0
—2ra (Y1) + i2ma (Ya) 2ma (X) 5 0
0 —3 2 (X) =27 (Y1) — 27 (Ya)
0 0 —2ma (Y1) + 27 (Ya) 27 (X)

We may then determine that the four eigenvalues of D|HQ are:

1 1
1 + Z\/647T2Oé (X)? 4+ 167a (X) 4 64m2a (Y1)? + 64720 (Ya)? + 1,

1 1
-7* 1\/647#04 (X)? — 167 (X) + 64720 (Y1)? + 64n2a (V)2 + 1

Using the a — —a symmetry, for a typical nilmanifold, this portion of
the spectrum will be symmetric about zero.

6.2. Infinite-dimensional #H,-irreducible subspaces: k, < 1, so
that « (3) # 0.

In this case, a typical coadjoint orbit has an element of the form a = baY5" +
Q127 + g2Z5, with g1, g2 not both zero.
Choose a new orthonormal basis of g:

Wy = 9121 + g2 Zo Wy — —9221 + 122
Vo +a Vi +93

—g2Y] Y- Y Y-
Wi = g2Y1 + g1Ys U:szgl 1+ 92 2}

NCET ’ VI + g3

where {W7, Wy, W3} is a basis of go, Bo (U, U) = B, (V,V) =0, and

>=\/g§+g§~

Y] Y-
Xgl 1+ g2Y2

d:= B, (U, V) =a(U,V]) = ( NrET
1 2
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Then the polarizing subalgebra g® will be chosen to be
g% = span {V, Wy, W, W3},

and again G* := exp (g%).
Equation becomes

D = (Us) gt + 2mid (Vo) t + M,

where M/ is the constant Hermitian matrix (using X; = U, Xo =V, X3 =
W37W1)W27k0 = 27m0 = 37ka = 37m = 1)

3
M=~ > (Wa,[Xp, Xi]) (Wao Xyo Xp0) + > 2mic (W) (W),
a<2; b<i<3 j=1

from , .

We calculate
(X1, X0 = [U, V] =Wi, [X1,X3] =Wa, [Xa, X3] =0,
so that

M= > (W [ X, Xi]) (Wa 0 Xp 0 Xi0)

a<2; b<i<3

1
Wi o Xy <>X2<>+1W2<>X1 o X30.

N N N

Again we make the specific choices of the matrices (F;¢) as in Section
with

(X1<>) =101 ® 1, (XQO) =109 ®1, (X3<>) =il ® 1,,
(W1<>) =il ® o1, (WQO) =il ® 09,

Then, since o (Ws) =0, o (X3) = 91;2 (W) =d=+/g?+ g3, we use

to obtain



We need to determine what A}, does to the basis {@,}. We have

Then
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1 1
M(; = ZWI o X10X90 +ZW2 o X1 0 X30+2ma (Wl) Wio

+ 2mia (X3) (X39)

_1 (i1 ® 01) (io1 ® 1) (iop ® 1)

4
1
+3 (i1 ® 03) (i0y ® 1) (i1’ ® 1') + 27id (i1’ ® 01)
+ 2m‘% GR=FY
1 1 g1bo

= —11 ® oy + 10 ®oyp —2mdl’ @ o1 — 271'71/ ®1.

_ Up 0 if 51 =0
U =

PET N\ VBup_ry il = —1,
Up e = hy <V 27rdt) )

y

_ Uy ¢ if fl =0
1®01)Tpe = (1® “”
( 01) Pt ( 01) {\/%Up—l,ﬂ if fl = -1
_ Up,02 if fl =0
B \/%U’P*Lp if 51 =—1

= ﬂp,fzv

Up,e if fl =0
V2pup_1e if b = -1
B {ung if El =0

(01 ®01)TUpye = (01 ® 01) {

\/2pup_17_g if El = -1

—4,
= (\/%) Up+0,,—0,

(1/ ® ‘71) Upe =1 (1@ 01) Upp = L1y 2,
(1 @1") Uy = Crloy .

Substituting,

331
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1 1 b
M&ﬂp,g = (—41 ® o1 + 101 ®op —27dl’ ® o1 — 271'9%;1' ® 1’> Up, ¢
1 1 —l
= gte Ty (v 217) Upttr,—¢
g1b2

— 27Td€1ﬂpyg2 — 2WT€1€2HP’K
1 1
= (—4 — 27Td€1> ﬂpfz + Z (\/ 2p)

From , we have

—h_ giba
Uptpy,—0 — 27T7€1€2up7g.

Dﬂpvg = —Qi\/ﬂ'dpglﬂp’gl + M(;ﬂpj

1
= —2i+/ ﬂ'dpg]_ﬂp’el + <—4 - 27Tdfl> Up 2

1

—t b
_ 192 _
+ 1 (\/ 2p) Upig,,—0 — 27‘('9751521{@74 .

There are no apparent invariant subspaces for D spanned by a finite number
of the u,, . The matrix for D is an infinite band matrix. This shows the
difficulty of computing the Dirac eigenvalues for a general nilmanifold.

7. Appendix: CCMoore/LenRichardson Papers and
Adaptations

7.0.1. Occurrence and Multiplicity Condition. Let I' be a cocom-
pact (i.e., I'\\G compact) discrete subgroup of the simply connected nilpo-
tent Lie group G. Let ¢ : I' — {£1} C GL (C*) be a homomorphism. Denote
by U, the representation of G induced by ¢; in particular,

U= LE(NG) = {f: G5 C": f(19) =(1) [ (9) forall g€ G,y €T},

where the (left) action of G on U, is given by interior right multiplication.
Note that if e = 1, then U. = L? (I'\\G) is the direct sum of k copies of the
quasi-regular representation U = L? (I'\\G). As in the quasi-regular case,
standard results in representation theory imply in general that U, can be
decomposed into the direct sum of irreducible representations of G, each
with finite multiplicity. A good reference for the standard representation
theory used in this appendix is [17].
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Our motivation for this construction is that spin structures over nilman-
ifolds I'\G correspond exactly to homomorphisms ¢ : I' — GL ((Ck), where
the image of ¢ lies in the set {1}, and k = 2l"/2]. The resulting spinor
bundle is

Y. =G x.CF :Gka/{(g,v) 1 (g,v) = (vg,e (y)v) for all v € T'};

see [9, Prop 3.34, p. 114]. The sections of this bundle are elements of U, on
which the Dirac operator acts.

In the quasi-regular case (¢ = 1), L. Richardson and R. Howe, building on
work of C. C. Moore, independently proved an exact occurrence condition
and multiplicity formula; they determined the irreducible representations
7 of G that occur in U = L? (I'\\G) and the corresponding multiplicities
m (m,U). The purpose of this appendix is to generalize their occurrence and
multiplicity formula from the quasi-regular to the case of general €.

Before stating the main results, we require the following definitions and
observations.

Denote by G the set of equivalence classes of irreducible unitary repre-
sentations of G. The Kirillov Correspondence is the bijection between the
set of orbits of the co-adjoint action of G on g* and G. In particular, Kir-
illov Theory proves that to each o € g* corresponds an irreducible unitary
representation m, of GG, every irreducible representation of G is unitarily
equivalent to such a m,, and two such irredicuble unitary representations
o and 7, are unitarily equivalent if and only if o/ = aoAd (x_l) for some
x € G. Kirillov Theory applies mainly to nilpotent Lie groups, with gener-
alizations to some solvable groups.

Choose « € g* and let h be any subalgebra of g. Let H = exp (h) be
the unique simply connected Lie subgroup of G with Lie algebra h. The
subalgebra b or the subgroup H is subordinate to o iff a([h,h]) =0. If in
addition h is maximal with respect to being subordinate, then § is called a
mazximal subordinate subalgebra for a, or a polarizer for a.

The explicit mapping between elements of g* and G is as follows. Since G
is nilpotent and simply connected, the exponential map is a diffeomorphism
with inverse log. For a € g*, let ) be a maximal subordinate subalgebra of
. Define @ (-) = e2™(°8()) which is a character on H — i.e., a (complex)
one-dimensional representation. The irreducible unitary representation
is the representation of G induced by the representation @ of H.

Recall that we have fixed a cocompact, discrete subgroup I' of G. We
call the pair (@, H) rational (with respect to I') if it can be constructed with
respect to a rational covector a, i.e. a (logT') C Q.We call the pair (a, H) a
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special mazimal pair if log H = b is a maximal subordinate subalgebra for
« that is special in the sense that it is algorithmically and inductively con-
structed from « and T" as described in [38], pp. 176-178]. As Kirillov theory
dictates that the representation m, is independent of the maximal subor-
dinate subalgebra (up to unitary equivalence), and as Richardson’s paper
shows that any covector a has a special maximal subordinate subalgebra,
this additional property is not a restriction. We call (@, H) an e-integral point
if and only if for all y € T N H, @ () = e2™(08(") = ¢ (). The equivalent
condition on the Lie algebra level is, for all y € I'N H,

a(logy) € {Z . e(n =1
ZA5 ife(y) = -1
Let m € G be induced from o € ¢g* under the Kirillov correspondence.
Let F' be the family of special maximal characters of 7, that is all possible
pairs (@, H) that induce 7 with h = log (H) a special maximal subordinate
subalgebra. Now L. Richardson proved that z € G acts on F via

1

(a,H) -z = (af”,m_ H) ,

where I, denotes conjugation by z, the function @ = @o I, and *  H =
v 'Hx = I, (H). Note that (@, H) - x is an e-integral point if and only if
a’(v) =e(v)
for all y € TN (* " HY if and only if @ (7) = ¢ (7) for all v € x“r) nH.
We may now state the following main results of this Appendix.

Theorem 22. If7 is induced by the special maximal character (a, H) under
the Kirillov correspondence, then m (71, L? (F\G)) > 0 if and only if there
is an e-integral point in the orbit (a, H) - G.

Lemma 23. Assume that m (7, L2 (I\\G)) > 0, and let the special mazi-
mal character (a, H) induce m under the Kirillov correspondence. The action
satisifes (a, H) -x = (a,H), iff z € H, so that we may identify the G-orbit
of (@, H) with H\G. If (&, H) is an e-integral point and if vy € T', then
(@, H) - 7o is also an e-integral point.

Let (H\G). be the set of e-integral points in H\G. As a result of the
Lemma, I" acts on (H\G)..
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Theorem 24. If the special mazimal character (&, H) induces m under
the Kirillov correspondence, then the multiplicity of m in the e-quasi regular
representation U. = L? (T\\G), denoted m (7r, L? (F\G)), is the number of
I'-orbits in the set (H\G). of e-integral points in the G-orbit H\G of
(@, H). That is,

m (m, L2 (I\G)) = # (H\G). /T).

7.0.2. Proof of Occurrence and Multiplicity. The proofs of the Lemma
and Theorems follows the outline in L. Richardson’s paper closely. We verify
that a few key Lemmas of C. C. Moore extend to the e-quasi-regular setting,
and from there the proof primarily follows that of L. Richardson verbatim,
after substuting our Lemmas for those of Moore, and replacing “integral
point” with “e-integral point.”

For any w € CA?, suppose there exists 79 € I" such that N = exp (Rlog (7))
is a one-dimensional rational normal subgroup of G and 7 (V) = 1. Let ¢ be
the natural projection of G onto Go =G,/N,soTy=1-N,/N = () is
a cocompact discrete subgroup of Gy. Then the representation my of Gg de-
fined by mo (» (g)) = 7 (g) is well-defined and irreducible, hence an element
of Gy (see [35, Lemma 2.1]).

Lemma 25. Generalized e-Reduction Lemma. (generalization of [35,
Lemma 2.2], quoted as [38, Lemma 2.6])

Note that e induces a homomorphism of Ty iff € (yv9) = 1. With no-
tation as above, denote by Uy, the representation of Gy induced by the
e-homomorphism of T, if it exists. If m (m,U:) # 0 then € () =1, and
the multiplicity m (7w, U:) of w in Us is equal to the multiplicity m (g, Uge)
Of ) m U05~

Proof. By normality, N C Z(G). This follows from the Campbell-Baker-
Hausdorff formula, since for vectors A € log G, and X € log N, we have

exp (A) exp (X) exp (A_l) = exp (rX)
=exp(X 4+ [A4, X]+ 2[4, [AX]]+---).

Let ad (A)F (X) be the first zero element of the sequence
(X,[A, X],[A A, X]],...,).

Because G is nilpotent, {X, (A, X],[A,[A, X]],...,ad (A)F! (X)} is lin-
early independent. Since rX = X +[A4, X|+ 2 [A,[A, X]] +---, we have
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[A, X] = 0. Note that since 7 (N) =1, if m (7,U:) # 0, U (n) f = f for all
n in N and f in the corresponding invariant subspace H,. This means
that while f (vg) = e () f (g) for all g € G, v € T', it must also be true that
(Uz(n) f)(g) = f(gn)=f(ng) = f(g) for alln € N. If n € ' N, then in
addition we have f (gn) = f(ng) = f(g9) =¢(n) f (g9), which implies that
€ (7y) is the identity and € induces a homomorphism of I'g. Thus ¢ restricted
to ' N N acts trivially on the image of the sections of H,. Let M = I'\G.
We can project M onto My = I'g\ Gp, and M becomes a fiber bundle over
My with circle T'= (I' N N)\ N as fiber. Let

”HN:{f:G%Ck:f(vg)Ze(v)f(g)
for all v € I" and f (gn) = f(g) for allneN},

which is the set of sections on M that are constant on the fibers of M — My,
i.e. such that U (n) f = f for all n € N. This is an invariant subspace of U,
because for such f, Us (n) Uz (g9) f = Uz (9) Uz (n) f = U:(g) f for all g € G,
n € N. The projection of the space of all sections onto H* lies in the center of
the commuting algebra of U,; that is, the projection of U, onto an invariant
subspace must commute everything that commutes with U., because if L
commutes with U,, then H" is also an invariant subspace of L, and thus the
projection onto HY commutes with L. Let Uy be the restriction of U, to
HN, and we define Uy, (¢ (n)) = Uy (n), the corresponding representation
of Gy. Using the realization of Uy, on sections of M that are constant on the
fibers, we can also realize Uy, on the space L% (My, X.). It is clear that U,
is equivalent to Up.. We also have m (m,U:) = m (7,Uy), since 7 is trivial
on N, and m (7,Un) = m (mo, Un,) = m (7o, Upe), as desired. O

Lemma 26. (Pukansky, as stated in [38, Lemma 2.2]) Let g be a nilpotent
Lie algebra with one dimensional center 3 =RZy, with G and I' as above.
Theng =RX; ®RY; & RZ; & g/, where [Xl, Yl] =Z1.Letggr =RY1 & RZ;1 &
g ={X eg:[X,Y1] =0}. The elements Y1,Z1 may be chosen to lie in
logT'; i.e., g1 may be chosen to be rational with respect to the cocompact
discrete subgroup T' of G.

Theorem 27. Kirillov’s Theorem (as quoted in [38, Theorem 2.3])

If G has one dimensional center, then every irreducible representation
7w of G such that 7 is non-constant on the center is induced by a necessar-
ily irreducible representation of G1 = exp (g1), with g1 as in the previous
Lemma.
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Definition 28. We call the subgroup G; from the previous theorem a
Kirillov subgroup.

Theorem 29. e-Generalized Moore’s Algorithm (generalization of Moore’s
Algorithm, quoted as [38, Moore’s Algorithm 2.7]).

Let w be an irreducible representation of G, where G has a one dimensional
center Z (G), and |z # id. Let w1 be an irreducible representation of
G1, a rational Kirillov subgroup of G having codimension one, such that
w1 induces 7. Define 7] (x1) = m (a:a:lel) for x in G and x1 in Gy. Let
Ui be defined for G1 and 't =T'N Gy as Ug is defined for G and I". Let é\l
denote the dual space of equivalence classes of unitary irreducible representa-
tions of G1. Let A’ = {pl €G: m (p1,Ute) > 0 and p1|zq) # Id}. For all
v €T, since Gy is normal and ATy~ =T, U]. = Us.. Thus m(p],Urc) =
m (p1,Uic), or {p] : p1 € A’} = A'.Let A be a subset of A" that meets each
[-orbit in A" in exactly one element. Then

m(’/T,Ua) = Z m(PlyUls)'

prETENA

Proof. The proof closely follows that in [35, pp. 151-153].

Let Z3 (G) be the subgroup of G such that Z3 (G) /Z (G) is the center
of G /Z (G). The group Z, (G) is a rational subgroup of G (with respect to
any lattice), see for example [I7, Chapter 5], and we may choose a rational
subgroup W of Z3(G) (and G) of dimension 2 that contains Z (G). The
centralizer Gy of W then has codimension 1 in G and is a rational normal
subgroup (see [38, Lemma 2.2], quoted from [28§]). Finally, since Gy is codi-
mension one and normal, we can find a rational one-parameter group S such
that G = Gy x S.

We now use the following, whose proof can be found in any book on
Kirillov theory. Denote by Ug.the representation of GGy induced by the ho-
momorphism ¢.

Lemma 30. If7 e G and if ™ is nontrivial on Z (G), then 7 is induced by
some Ty € (/JB. The set of all representations of Gy that induce w s the orbit
of mo under G; that is, {n¥ : 2z € G} and 7§ = n§ iff * = ymodGy, where
5 = mo 0 ig. If T is the restriction of m to Go, then T = fG/Gg my dr =
fS Wg/ dz', where dx and dx’ refer to Haar measure in G,/Gy = S.

Now let (U:)® be the subspace of U. complementary to the stabilizer of
Uelz(e)- The projection onto the subspace corresponding to (U:)” is in the
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center of the commuting algebra of U, (see similar argument in the proof of
Lemma [25)). Thus if 7 is nontrivial on Z (G) and occurs in Uy, then it occurs
in (U.)® just as often. Thus,

UEZZW(F,UE)TI'

el

(U6>S = Z m (7, Ue) ,

TeB

where B is the subset of G consisting of those 7 that are nontrivial on Z (G)
and such that m (7, U;) > 0. For each m € B, choose a my € Gy that induces
w. If (U.)? is the restriction of (U:)® to Gy,

(47) U =) m(nU)T

= m(W,UE)/ 7o dx.
weEB G/ Go

On the other hand, we can decompose U, the restriction of U, to Gg, by
using Mackey’s subgroup theorem. Indeed, let Uj. be the representation of
Gy induced by the e-representation of 2Tz ! NGy =z (I' N Gy) z~! (since
Gy is normal). Note that as z is fixed, we can extend the definition of &
to zlz~!. Tt is clear that UL is the conjugate by x of Up; i.e., UL (n) =
(Uoe)” (n) = Uge (zna™1). Then by Mackey’s Theorem ([32, Theorem 12.1}),
Ug. depends only on the double coset I' - - G of x. But G is normal, and
I''x-Gog=T"-Gp-xis a coset of the subgroup I'Gyg. We know that I'Gg is
closed ( basic fact about nilpotent groups: I' is cocompact discrete, Gy is
normal in G ), and thus the double cosets fill out the group, allowing us to
apply Mackey’s Theorem.

Finally, (also by Mackey)

U, = / U(?)JE dy.
T-Go\ G

Now, if (ﬁg)s is the part of U, that is orthogonal to the stabilizer of Z (G),
then (75)5 = (U:)?, since the center is in Gy. Finally, if (Up.)® is the similar
subrepresentation of Uy, on which Z (G) acts nontrivially, then one imme-
diately deduces from the above that

Y

@ =0 = [ () an

‘Go\G
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We write

(Uoe)® = Z m (Ao, Uoe) Ao,
Ao€A’

where A’ is the set of elements of G that do not vanish on Z (G) and for
which m (A, Upe) > 0. We are using the fact that m (Ao, Up:) = m (Mo, (Upe)?)
for Mg € A

If veT, then Y[y ' NGy =TNGy, and from this it follows that
((U0:)*)" = (Upe)®. Therefore, we have m (A, Upe) = m (Ao, Upe), and thus
v-A"= A" Now let A be a subset of A" such that A meets each orbit of T'
on A’ in exactly one element. Since Gy acts trivially on Gy and hence on A’,
a I'Gg-orbit in A" is just a T-orbit in A’. Moreover, G (by Kirillov) is the
subgroup of I'Gq leaving any point in A’ fixed. Therefore, we can write

(Uoe)® = Z m (Ao, Uoe) Z D

Ao€EA sel-Go\ Go
and thus
y
() = 3 mOnti) | [ S ox| a
Ao€A DGoNG \ ser.ao\ G

But since G Gy is equivalent as a Borel space and measure space to I'-
Go\G x (Go\I' - Gy) by choosing a Borel cross section, the representation

in square brackets is just
/ g dz.
G/ Go
Thus,
(48) @) = 3 m (o, Uo.) / X de.
A EA G/ Gy

Now, since Gq is type I and direct integral decompositions are essentially
unique, we may equate coefficients in and . We find then that the
family of orbits {Wg :mp € B} and {\§ : Ao € A} are the same. Moreover,
the orbits of 7§ are all distinct, whereas some of the orbits of \§ may
coincide. Thus, we can equate the multiplicities as follows:

m(m,U)= > m(Xo,Une).

A() Eﬂ'oc ﬁA

(End of generalized Moore Algorithm Proof) U
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Corollary 31. Under the conditions of Moore’s algorithm, m (w,U.) > 0 if
and only if there is an irreducible representation w1 of the rational Kirillov
subgroup G such that m (m1,Uic) >0 and ™ = Indg1 (71).

Remark 32. Abelian case:

Suppose I' is a lattice in G = R"™, given by generators y1,7v2,...,7n. The
coadjoint orbit of any a € g* is {a}, and the maximal abelian subalgebra
is h = g = R™. By the Kirillov correspondence this implies that irreducible
representations of G are characters z — e2™*®)of G determined by elements
a € g* = (R™)*. Such an a occurs as a representation induced by ¢ if

627ria(7) —¢ (’Y)

for all v € T.

This condition occurs exactly when « () € Z whenever ¢ (y) = 1 and
a(y) € Z+ 1 when £ () = —1; ie., the pair (@, H) is an e-integral point.
This means that there exists k;, [; € Z such that

o = Z kj'y; + Z <; + lj) ’)’;,

7 5(77):1 J» 5(77):_1

where {7],75,...,7,} is the basis of g* dual to {y1,72,...,7n}.- S0 T can
be written as

7o (£) = H 2kt H i)t

Js 8(’YJ):l J» S(VJ):il
with t = th’}’j e C".

We now prove Theorem [22] the e-generalized Richardson occurrence con-
dition.

Proof. Forward Direction:
Suppose H has codimension zero. This implies that « ([g, g]) = 0, by the def-
inition of maximal subordinate subalgebra. By possibly repeated application
of Lemma we can factor out [g, g], and the occurrence and multiplicity
remain unchanged. This reduces the problem to the abelian case, which is
proved in Remark

We now proceed inductively on the codimension of H: assume that the
theorem is known for codimension k — 1 or less. Now suppose m € G and
that m (m, U;) is greater than zero. Let 7 be induced from (@, H ), where the
codimension of H is k.
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Cases:

1) Suppose that 7 = 1 on Z (G). Since the center is always a rational sub-
algebra (for nilpotent groups, for any cocompact lattice), then we pick
a one-dimensional rational subgroup N C Z (G) on which 7 is trivial.
Then we can apply Lemma and we have reduced the codimension
of H by one.

2) Suppose that = acts nontrivially on Z(G)# G and that
dim (Z (G)) > 1. We have that U.(z) is multiplication by e (z) for
all z€ I'NZ (G) by the definition of U.. Write m = m) for some ra-
tional A € g*. Since the kernel of A restricted to 3 is rational and at
least dimension one, we can pick a one-dimensional rational subgroup
N C Z(G) on which = is trivial. We now apply Lemma [25 and reduce
the codimension of H by one.

3) Suppose that 7 acts nontrivially on Z (G) # G and that dim (Z (G)) =
1. Let G1 be the rational Kirillov subgroup of G corresponding to T,
and note that the codimension of G is 1 and H C G, by construction.
Let Ui. be the restriction of U, to G1. By Corollary there is an
irreducible representation m of Gy such that m (w1, Uiz) > 0 and m
induces 7. Let 7} = Indgla, which then induces 7, and 7} is also an
irreducible representation of G; by the Kirillov theory. But 71 must
be equivalent to 7{ (-) = (71)” (-) := m (z (-)2~!) for some z € G by
the Kirillov correspondence. Since m (7], U) > 0, there exists g1 € G4
such that f o Ad(z)oAd(g1) :log(I' N G1) — Q (again, see [35], Cor.
2, p. 154]). Note that we do not know that (@, H) - = is maximal. Write
log (zg1) = aX1 + P1, where P; € g1 and X is the first external vector
for b, as in the construction of the special maximal subordinate subal-
gebra in [38, Section 3]. Note that Y; € log (T") from the construction
satisfies [X1,Y1] = Z1 € log (T), which generates Z (G). Since g; is the
centralizer C (Y1, g), we have

aoAd(x)oAd(g) (Y1)
1
= <Y1 + [a X1+ P, Y1)+ 3 [aX1 + P, [aX) + P, Y1]] >

=aYi+a[X,Y1]+04+0+--)
:a(Y1+aZ1),

by the Campbell-Baker-Hausdorff formula. Since Y; € log (T'), a(Y1 +
aZ1) =a (Y1) +aa(Z1) € Q, but since Y1, Z; € log (I') we have a € Q.
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Let go = exp (aX1). Then (@, H) - go induces p; on G1, which induces
m on G, where (@, H) - go is a rational maximal character on G; and
m (p1,U1:) > 0. By construction, (@, H) - go is maximal.

By the induction hypothesis, there is an e-integral point in (&, H) -
go - G1, so that (@, H) - G has an e-integral point.

Converse:

Suppose (@, H) - G has an e-integral point (@, H) - go. As above, we re-
duce to the case where the dimension of the center is 1 and 7 restricted to
Z (G) is nontrivial. We know that the Kirillov subgroup G is normal in G,
so our e-integral point (@, H) - go induces 7{°, which induces 7%, which is
equivalent to m. Also, (@, H) induces 71, which induces 7, and (@, H) - go
is a maximal character in G1. It follows from the induction hypothesis that
m (7{°, U1c) > 0 which by Moore’s induction implies that m (7, U.) > 0. O

Assume that m (7, L2 (\\G)) > 0, and (@, H) induces 7, where log (H)
is a special maximal subordinate subalgebra to a with respect to I'. See [38],
Section 3] for the construction for the special subordinate subalgebra.

Lemma 33. Ifzx=exp(X), and if (@, H) -z = (a,H), then x € H.

Proof. See [38, Section 5|, Lemma 5.1. The proof holds verbatim. O

As a result, we may identify the G-orbit of (@, H) with H\ G.

Lemma 34. If (@, H) is an e-integral point and if yo € ', then (a, H) - vo
18 an e-integral point.

Proof. Consider (a, H) - 79. Note that I' W% H =% (I' N H) since %' T =
T. But if 4y 'y €l N Hllthen ar (70_1770) :a(’z)lzs (v)=¢ (70_1770)
for every y e ' H. Also, % (I'N H) is uniform in % H. O

Let (H\G). be the set of e-integral points in H\G. As a result of the
second Lemma, I' acts on (H\G)..
We now prove Theorem

Proof. The proof of [38, Theorem 5.3] goes through, replacing the refer-
ence to Lemma 2.6 with Lemma 25 and the reference to Lemma 2.7 with
Theorem and replacing the phrase “integral point” with “e-integral
point”. O



The eta invariant on two-step nilmanifolds 343

References

[1] B. Ammann and C. Bér, The Dirac operator on nilmanifolds and col-
lapsing circle bundles, Ann. Global Anal. Geom. 16 (1998), no. 3, 221—
253.

[2] B. Ammann, E. Humbert, and B. Morel, Mass endomorphism and
spinorial Yamabe type problems on conformally flat manifolds, Comm.
Anal. Geom. 14 (2006), no. 1, 163-182.

[3] B. Ammann and C. Sprouse, Manifolds with small Dirac eigenvalues
are nilmanifolds, Ann. Global Anal. Geom. 31 (2007), no. 4, 409-425.

[4] M. F. Atiyah, H. Donnelly, and I. M. Singer, Eta invariants, signa-
ture defects of cusps, and values of L-functions, Ann. of Math. (2) 118
(1983), no. 1, 131-177.

[5] M. F. Atiyah, V. K. Patodi, and I. M. Singer, Spectral asymmetry and
Riemannian geometry. I, Math. Proc. Camb. Phil. Soc. 77 (1975), 43—
69.

[6] M. F. Atiyah, V. K. Patodi, and I. M. Singer, Spectral asymmetry and
Riemannian geometry. II, Math. Proc. Camb. Phil. Soc. 78 (1975),
405—432.

[7] M. F. Atiyah, V. K. Patodi, and I. M. Singer, Spectral asymmetry
and Riemannian geometry. III, Math. Proc. Cambridge Philos. Soc.
79 (1976), no. 1, 71-99.

[8] C. Bar, Das Spektrum von Dirac-operatoren, Dissertation, Rheinische
Friedrich-Wilhelms-Universitat Bonn, Bonn, 1990. Bonner Mathematis-
che Schriften, 217, Universitdt Bonn, Mathematisches Institut, Bonn,
1991.

[9] N. Berline, E. Getzler, and M. Vergne, Heat Kernels and Dirac opera-
tors, Grundlehren der mathematischen Wissenschaften 298, Springer-
Verlag, Berlin, 1992.

[10] B. Botvinnik and P. B. Gilkey, The eta invariant and the equivariant
spin bordism of spherical space form 2 groups, New developments in
differential geometry (Debrecen, 1994), Math. Appl. 350 (1996), 213—
223.

[11] Thomas P. Branson and Peter B. Gilkey, Residues of the eta function
for an operator of Dirac type, J. Funct. Anal. 108 (1992), no. 1, 47-87.



344

[12]

[13]

[19]
[20]
[21]

[22]

[23]

R. Gornet and K. Richardson

Thomas P. Branson and Peter B. Gilkey, Residues of the eta function
for an operator of Dirac type with local boundary conditions, Differential
Geom. Appl. 2 (1992), no. 3, 249-267.

J. Briining, F. W. Kamber, and K. Richardson, The equivariant index
theorem for transversally elliptic operators and the basic index theo-
rem for Riemannian foliations, Electronic Research Announcements in
Mathematical Sciences 17 (2010), 138-154.

J. Briining, F. W. Kamber, and K. Richardson, The eta invariant and
equivariant index of transversally elliptic operators, preprint, arXiv:
1005.3845v1 [math.DG].

J. Brining, F. W. Kamber, and K. Richardson, Index theory for basic
Dirac operators on Riemannian foliations, Contemporary Mathematics
546 (2011), 39-81.

P. Castro-Villarreal, Brownian motion meets Riemann curvature,
J. Stat. Mech. (2010) P08006. DOI:10.1088/1742-5468/2010/08/
P08006.

Lawrence J. Corwin and Frederick P. Greenleaf, Representations of
nilpotent Lie groups and their applications. Part I. Basic theory and ex-
amples, Cambridge Studies in Advanced Mathematics, 18, Cambridge:
Cambridge University Press, 1990.

C. Deninger and W. Singhof, The e-invariant and the spectrum of the
Laplacian for compact nilmanifolds covered by Heisenberg groups, In-
vent. Math. 78 (1984), 101-112.

H. Donnelly, Eta invariants for G-spaces, Indiana Univ. Math. J. 27
(1978), no. 6, 889-918.

P. Eberlein, Geometry of 2-step nilpotent groups with a left invariant
metric, Ann. scient. Ec. Norm. Sup., 4° série, 27 (1994), 611-660.

P. B. Gilkey, The eta invariant and the K-theory of odd-dimensional
spherical space forms, Invent. Math. 76 (1984), no. 3, 421-453.

P. B. Gilkey, Invariance theory, the heat equation, and the Atiyah-Singer
index theorem, second edition, Studies in Advanced Mathematics, CRC
Press, Boca Raton, FL, 1995.

S. Goette, Fta invariants of homogeneous spaces, Pure Appl. Math. Q.
5 (2009), no. 3, part 2, 915-946.



The eta invariant on two-step nilmanifolds 345

[24] C. S. Gordon, Riemannian manifolds isospectral on functions but not
on 1-forms, J. Diff. Geom. 24 (1986), no. 1, 79-96.

[25] C. S. Gordon and R. Gornet, Spectral geometry on nilmanifolds, in:
Trends. Math., Progress in inverse spectral geometry, Birkh&user, Basel,
1997, 23-49.

[26] C. S. Gordon and E. N. Wilson, The spectrum of the Laplacian on
Riemannian Heisenberg manifolds, Michigan Math. J. 33 (1986), no. 2,
253-271.

[27] N. J. Hitchin, Finstein metrics and the eta-invariant, Boll. Un. Mat.
Ital. B (7) 11 (1997), no. 2, suppl., 95-105.

[28] A. A. Kirillov, Unitary representations of nilpotent Lie groups, Uspehi
Mat. Nauk 17 (1962), no. 4 (106), 57-110.

[29] A. A. Kirillov, Lectures on the orbit method, Graduate Studies in Math-
ematics, 64. American Mathematical Society, Providence, RI, 2004.

[30] H. Blaine Lawson, Jr. and Marie-Louise Michelsohn, Spin geometry,
Princeton Mathematical Series, 38, Princeton University Press, Prince-
ton, NJ, 1989.

[31] P. Loya, S. Moroianu, and J. Park, Adiabatic limit of the eta invariant
over cofinite quotients of PSL(2,R), Compos. Math. 144 (2008), no. 6,
1593-1616.

[32] G. W. Mackey, Induced representations of locally compact groups, I,
Ann. of Math. 55 (1952), 101-139.

[33] Roberto J. Miatello and Ricardo A. Podesta, Eta invariants and class
numbers, Pure Appl. Math. Q. 5 (2009), no. 2, 729-753.

[34] Roberto J. Miatello and Ricardo A. Podestd, The n invariant of the
Atiyah-Patodi-Singer operator on compact flat manifolds, Ann. Global
Anal. Geom. 42 (2012), no. 2, 171-194.

[35] C. C. Moore, Decomposition of unitary representations defined by dis-
crete subgroups of nilpotent groups, Ann. of Math. 82 (1965), no. 1,
146-182.

[36] H. Pesce, Calcul du spectre d’une nilvariété de rang deux et applications,
Trans. Amer. Math. Soc. 339 (1993), no. 1, 433-461.

[37] A.S. Petrow, Einstein-Rdume, Akademie-Verlag, Berlin, 1964.



346 R. Gornet and K. Richardson

[38] L. F. Richardson, Decomposition of the L?-space of a general compact
nilmanifold, Amer. J. Math. 93 (1971), 173-190.

[39] John Roe, Elliptic operators, topology and asymptotic methods, second
edition, Pitman Research Notes in Mathematics Series 395, Longman,
Harlow, 1998.

[40] E. Witten, Quantum field theory and the Jones polynomial, Comm.
Math. Phys. 121 (1989), no. 3, 351-399.

[41] Weiping Zhang, Circle bundles, adiabatic limits of n-invariants and
Rokhlin congruences, Ann. Inst. Fourier (Grenoble) 44 (1994), no. 1,
249-270.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TEXAS AT ARLINGTON
ARLINGTON, TEXAS 76019-0408, USA
E-mail address: rgornet@uta.edu

DEPARTMENT OF MATHEMATICS, TEXAS CHRISTIAN UNIVERSITY
Box 298900, FOrRT WORTH, TEXAS 76129, USA

FE-mail address: k.richardson@tcu.edu

RECEIVED FEBRUARY 18, 2015



	Introduction
	The eta invariant
	Two-step Nilmanifolds and Dirac operators
	Decomposition of the Dirac operator on two-step nilmanifolds
	Heisenberg examples
	Example of a five-dimensional non-Heisenberg nilmanifold
	Appendix: CCMoore/LenRichardson Papers and Adaptations
	References

