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The Schwarzian derivative and Mobius

equation on strictly pseudo-convex
CR manifolds

DuonGg NGoc SoN

The notion of Schwarzian derivative for locally univalent holomor-
phic functions on complex plane was generalized for conformal dif-
feomorphisms by Osgood and Stowe in 1992 [27]. We shall identify
a tensor that may serve as an analogue of the Schwarzian of Os-
good and Stowe for CR mappings and then use the tensor to define
and study the CR Mobius transformations and metrics of pseudo-
hermitian manifolds. We shall establish basic properties of the CR
Schwarzian and a local characterization of the CR spherical mani-
folds in terms of the fully integrability of the CR M&bius equation.
In another direction, we shall prove two rigidity results for the
Moébius changes of metrics on compact CR manifolds.
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1. Introduction

In [27], Osgood and Stowe introduce a (0,2) symmetric traceless tensor
associated with a C? function on a Riemannian manifold as follows. Let
(M™, g) be a Riemannian manifold of dimension m. If ¢: M™ — R is a C?
function, then the Schwarzian tensor of ¢ is defined to be

(1.1) By(p) = Hess () — dp ® dp — L{Ap — ||grad ¢|*} g,

where Hess (¢) is the Hessian computed with respect to Levi-Civita connec-
tion and A is the Laplacian. For a conformal local diffeomorphism f: (M, g)
— (M',¢') with g = e2>?g = f*¢', the Schwarzian derivative of f is defined
to be

(1.2) Sg(f> = BQ(SO)'

This tensor is a generalization to higher dimension of the Schwarzian deriva-
tive for conformal mappings in the complex plane. Its basic properties in-
clude:

(i) Suppose that h: (M,g) — (M',¢') and f: (M',¢') — (M",4"), the
“chain rule” holds:

(1.3) Sg(f oh)= Sg(h) + h*Sg/(f);

(ii) Sy(f) =0 if and only if f preserves the traceless component of the
Ricci tensor. This means that if R;; and R;; are the Ricci curvatures
of g and g := h*¢’, respectively, then

A~

(1.4) R;; — R;; is a functional multiple of the metric g;;.

As explained in [27], when M = M’ = C is the complex plane with Eu-
clidean metric and f is a locally univalent holomorphic mapping, then the
Schwarzian derivative tensor Seue(f) can be represented, in the standard
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coordinates, by a 2 x 2 matrix

(1.5) Senc(f) = B(log|f']) = [_%%SS({}) :;ﬁﬁj@] !

where S(f) is the “classical” Schwarzian derivative:
By

. so=1 (1)

Therefore, Seuc(f) =0 if and only if S(f) =0. Hence, the vanishing of
Seuc(f) characterizes the Mobius transformations of complex plane, i.e.,
those of the form

(1.7) f(z) = ‘C‘jifl, ad —be # 0,

where a,b,c and d are constants. Diffeomorphisms between Riemannian
manifolds satisfying Sq(f) = 0 are also termed Mobius transformations in
[27]; these transformations of a manifold into itself form a subgroup of the
conformal group. Likewise, a conformal metric § = e*#g satisfying By(p) = 0
is called a Mébius metric (with respect to g). We remark that conformal
changes to Mobius metrics preserve the traceless Ricci tensor as in .
They have been studied by many authors (see, e.g., [3, 18, [19] and the ref-
erences therein).

The first purpose of this paper is to introduce and study a notion of
Schwarzian derivative for CR mappings between pseudo-hermitian mani-
folds. Let (M, T M, ) be a strictly pseudo-convex pseudo-hermitian man-
ifold of CR dimension n in the sense of Webster [30]. For a C? smooth
function ¢: M — R, we define the CR Schwarzian tensor By(p) to be

(1.8) Bo(9)(Z,W) = V?p(Z,W) + V>o(W, Z) — 4(Dpp @ Dpp
+ Obp @ ) (Z, W) — + (D) Go(Z, ).

where App is the sub-Laplacian, Gy is the complexified Levi metric, and
Z,W € TYOM @ T%' M. That is, for real vectors X,Y in H := R(TOM),

(1.9) Go(X,Y) = (dO)(X, JY).

The linear connection V is the Tanaka-Webster connection which always
has torsion and thus V2p(Z, W) is not necessary equal VZp(W, Z).
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Suppose that f: (M,0) — (M',8") is a CR (local) diffeomorphism such
that

(1.10) o = e*0.

In analogy with Osgood and Stowe [27], we define the CR Schwarzian deriva-
tive of f to be

(1.11) S(f) = Sa(f) = Ba(y).

We shall say that a CR diffeomorphism f: (M,6) — (M’',0") is a Mobius
transformation if either (i) n > 2 and Sp(f) = 0; or (ii) n = 1, Sp(f) = 0 and
¢ is CR-pluriharmonic (the reason why in the case n = 1 we require ¢ to be
CR-pluriharmonic will be clear). Here a function ¢ is CR-pluriharmonic if
locally v is the real part of a CR function. We say that a pseudo-hermitian
structure 6 = €220 is a Mobius pseudo-hermitian structure with respect to 0
(or M6bius metric) if either (i) n > 2 and By(p) = 0, or (ii) n =1, By(yp) =
0, and ¢ is CR-pluriharmonic. In any dimension, 0 is Mobius with respect
to 6 if and only if the identity mapping id: (M,0) — (M, é) is a Mobius
transformation.

In Section 3, we shall establish basic properties of the CR Schwarzian
derivative which are much similar to those of the Riemannian counterpart.
In particular, we shall establish the “chain rule”, and the relation between
the vanishing of the CR Schwarzian and the pseudo-conformal changes of
metrics preserving the torsion and traceless Webster Ricci tensor.

The second purpose of this paper is to study the Mobius equation, i.e., the
equation By(p) = 0, whose solutions give rises to the Mdbius metrics with
respect to 8. For this purpose, we first study the equation on the Heisenberg
manifold with its standard pseudo-hermitian structure © (see Section 4).
In this situation, the equation Bg(p) = 0 was essentially solved by Jerison
and Lee in their study of the Yamabe problem on CR manifolds [16], [17]. In
fact, since © is pseudo-Einstein and the pseudo-hermitian torsion vanishes,
a Mobius metric 6 on the Heisenberg manifold must have constant Webster
scalar curvature (see Theorem [3.3); all such 6 were found in [16] and [17]
by solving the Md&bius equation. It turns out that, on (H™,©), the equa-
tion is fully integrable, in the sense that it admits solutions with arbitrary
prescribed horizontal gradient at a given point (see Definition .

Our next result thus obtained is a complete characterization of the
pseudo-hermitian manifolds for which the Mobius equation is fully integrable
(Theorem . As a corollary, we obtain the following characterization of
the locally CR spherical manifolds.
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Theorem 1.1. Let M be a strictly pseudo-conver CR manifold of dimen-
sion at least 5 and p € M. Then M is CR spherical near p if and only if
the CR Mébius equation By(p) = 0 is fully integrable at p for some pseudo-
hermitian structure 0 defined near p.

In Example[7.2] we shall construct a family of nonspherical manifolds for
which the Mobius equation admits nonconstant local solutions. The example
thus shows that the fully integrability assumption in the theorem above,
although rather strong, is essential; it also shows that the corresponding
statement in three-dimension does not hold.

In Riemannian geometry, a similar result was also obtained by Osgood
and Stowe in [27, Theorem 2.3]. The result says that the (Riemannian)
Mobius equation is fully integrable at a point if and only if the manifold is
of constant curvature near that point. Despite the similarity in the state-
ments, the proof of Theorem shares little similarity with its Riemannian
counterpart.

We now turn to the rigidity problem for the Mobius equation on compact
pseudo-hermitian manifolds. We shall give two conditions for (M, @) so that
the solutions to the equation are the constants. Namely, in Section 5, we
shall prove the following theorem. (Observe that the required condition only
involves the CR structure of M).

Theorem 1.2. Let (M,0) be a compact pseudo-hermitian manifold. If for
any p € M, the stability group Aut(M,p) has zero dimension, then the CR-
pluriharmonic (global) solutions to the Mdbius equation By(p) =0 are the
constants.

Here the stability group Aut(M,p) is the group of germs of CR dif-
feomorphisms of M fixing p. This theorem seems to have no Riemannian
counterpart.

Our final result stated in this introduction is the following theorem whose
proof will be given in Section 6.

Theorem 1.3. Let (M,0) be a compact pseudo-hermitian manifold with
non-positive Webster’s Ricci curvature. Then the CR-pluritharmonic solu-
tions to Byg(p) = 0 are the constants. The group of Mdbius transformations
coincides with the group of homotheties.

This theorem is a CR analogue of Xu’s theorem [31], and should be
compared with Jerison-Lee theorem on the uniqueness of constant curvature
metric on CR manifolds with nonpositive CR Yamabe invariant [16]. In fact,
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a special case of Theorem (when M is pseudo-Einstein with vanishing
torsion) follows from Jerison-Lee’s theorem.

As explained in Section 3, in the case n > 2, By(y) = 0 if and only if the
change of metric 0 = e290 preserves the pseudo-hermitian torsion and the
traceless Ricci tensor. Thus, Theorem 1.2 and 1.3 say that, under the condi-
tions given in either one of the theorems, if # and 0 are two pseudo-hermitian
structures having the same pseudo-hermitian torsion and the same trace-
less Ricci tensor, then 6/ must be a constant. We remark that (pseudo)-
Riemannian conformal transformations preserving traceless component of
Ricci tensor have been studied by many authors (see, e.g., [3, [18] [19] and
the references therein).

Let us conclude this introduction by discussing the relation between the
CR Mobius equation considered in this paper and several PDEs already
appeared in the literature. We begin by converting the nonlinear system
By(¢) =0 to a linear system as follows. By a well-known characterization
of CR-pluriharmonic functions [21], if n > 2, then By(y) = 0 implies that
@ is a CR-pluriharmonic function; locally, we can find a CR-pluriharmonic
function v such that ¢ + it is CR. If we set u = e~ ¥ cos(¢)), then we can
check by direct calculation that u satisfies

(1.12) V*u(Z, W) + V2u(W,Z) = \yGo(Z, W), Z,W € TYOM @ T M,

where Gy is the Levi metric, V is the Tanaka-Webster connection, and A, =
%Abu. Note that since 1 is not unique, neither is u. Conversely, if a solution
u to exists, then locally we can find a CR function G such that u =
R(G). Locally, we can choose G to be non-vanishing. Then ¢ := —R(log G) =
—log |G| is a well-defined CR-pluriharmonic and satisfies Byg(¢) = 0 there.
Therefore, each solution to gives rise to a local solution of the Mobius
equation and a local Mobius change of the pseudo-hermitian structure.
Now we remark that PDEs similar to have already appeared in
several papers regarding the Obata-type problem of characterizing the CR
sphere related to a Lichnerowicz-type estimate of the first positive eigenvalue
of the sub-Laplacian (see, e.g., [13, 14, 25, 26] and the references therein).
In [13], Ivanov and Vassilev consider in connection with this prob-
lem and prove that if it has a nontrivial solution v with A\u = Ku, K < 0,
then M must be CR equivalent to the CR sphere in C"*! (of appropriate
radius) with the “standard” pseudo-hermitian structure, provided that M
is complete and has divergent-free torsion. In [26], Li and Wang also prove
the CR equivalence to sphere of compact manifolds admitting nontrivial
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solution u of , A = Ku, K <0 without any assumption on the tor-
sion. A partial result on this problem is also obtained by Chang and Chiu
[6]; we refer the readers to [6, I3, 26] for more details. We also mention
[25] in which Li, the author, and Wang prove a similar characterization
of the CR sphere, in connection with eigenvalue estimates for the Kohn-
Laplacian, in terms of the existence of a nontrivial complex-valued solution
to the system V2f(Z, W)= K fGy(Z, W), where K <0, Z € T"'M, and
W e TYOM @ T%' M (Observe the similarity between this system and
above.) Therefore, this study, in which we consider with general func-
tion u rather than an eigenfunction, is motivated by, and can be regarded
as a natural continuation of [I3, 25, 26]. In particular, Theorem can
be regarded as a local version of global characterizations of the CR sphere
obtained there.
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2. Preliminaries

Throughout this paper, we use notations and terminologies similar to those
n [21]. For basic notions of CR geometry that are not explained here, see
[T, O 21]. Suppose that M is a CR manifold of hypersurface type of CR di-
mension n (real dimension 2n + 1), i.e., M is endowed with a formally inte-
grable complex sub-bundle T1YM c CT M of complex dimension n such that
TYOM NTYOM = {0}. The real bundle H := R(T"°M @& T%' M) is then a
sub-bundle of the real tangent bundle T'M and carries a complex structure
J, J? = —1, for which T"°M is the eigenbundle of the complexification of J
corresponding to eigenvalue i. Clearly, H has real codimension one in T'M.
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Let 6 be a real 1-form that annihilates H. Once chosen, 6 determines a
symmetric bilinear form on H, the Levi-form, by

(2.1) Lo(X,Y) = dO(X, JY).

The Levi-form is extended by complex linearity to a bilinear form on H ® C
which is Hermitian on T1°M x T%' M. We only consider the case when the
Levi-form is positive definite and so 6 is contact. We say that M is strictly
pseudo-convex and (M, #) is called a pseudo-hermitian manifold.

On a pseudo-hermitian manifold, the Levi-form yields a norm on real or
complex tensor bundle over H. The Reeb vector field T' is uniquely deter-
mined by T30 =1 and T_.df = 0. We use T to extend J to T'M by setting
JT = 0; this extension depends on 6 and sometimes denoted by Jy. The
Levi-form can also be extended to the Webster metric by

(2.2) 90(X,Y) = dO(X, JoY) + 0(X)0(Y).

For local computations, we often choose a complex local frame {Z,, Zs,
T}, where {Z,} is a local frame for TVOM, and Z5; = Z,,. Here we use Greek
indices as in [21]; the indices «, 8,7 run from 1 to n (n = dimgg M).

Suppose that {6, 6%, 60} is the local admissible coframe dual to {Z,, Za,
T'}. We can express the Levi-form as

(2.3) df = ih,z0° 1 6°.
Then the component of Levi-form k5 is a Hermitian matrix. We use h,3

and its inverse A% to lower and raise indices in usual way. The connection
1-form wg® and torsion 1-form 7 is determined by

(2.4) 6> = 6° Aws® + A%560 A 6
(2.5) 0="0 AO*
dhaB = We3 T Wiq

where A%z is the components of the Webster torsion; 7% = AO‘BGB . The
connection forms determine the covariant derivatives on C ® T'M by

(2.7) VZo=ws" ® 25, VZs=ws’®2Z5 VT =0.
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The curvature form of the Tanaka-Webster connection can be expressed as

(2.8) dwg® —wg” ANwy® = Rg®,50° N 67 + W5*,0° N0
— W07 N0 + iz AT —iTg A O

where the coeflicients satisfy
(2.9) Rgaps = Rojop = Rapsp = Bpaps,  Wpay = Wyags-

The tensor Rg®,s is called Webster curvature tensor. Webster [30] shows
that the Chern-Moser tensor [§] can be computed as

Rg®hos + Ry®hss + 0§ Rg + 82 Rso

(2.10) Sg 16 = Rg%5 — "2

R(55h,s + 8%hss)
(n+1)(n+2)

Here R, := R,7,5 is the Webster-Ricci curvature tensor. -
Given a smooth function f. A choice of 0 allows us to define Oy f as a
genuine 1-form on M. Namely,

(2.11) = fab" Obf = fub"
so that
(2.12) df = Opf + Of + (Tf).

In local calculation, we repeatedly use the following commutation rela-
tions established in [21], reproduced here for reader’s convenience.

) fap = fsa =0
) fap = f3a = ifohag
) foa — fao = Aapf?

2.16) foupy = fazp = i far0hps + Ra’ g3 fs
) Jo08 = Jaspo = JayAT5 + [y A7 5o
) fa;ﬁw - fa;vﬁ = iAanﬁ - iAaﬁfv

We use indices preceded by a semicolon to indicate covariant derivatives,
however, we often omit the semicolon as it poses no danger.
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Let us write

(2.19) By(p) = Bap 0™ @ 6° + Bag 0% @ 0°
+B,30°®0° + Bag0® ©6° mod 6.

It is immediate from (1.8) that

(2.20) Bag = 2008 — 40atpp, Bas = Bag
(221) BaB = Pap + PBa — % (Ab(p) haﬁ_7 Bdﬁ = BaB’

The tensor By(y) is trace-free, i.e.,
(222) A(By()) = ™ By(¢)(Za, Z5) = 0.

We say that a real-valued function w is CR-pluriharmonic if locally u =
RF for some CR function F. Observe that if By(p) = 0 then from ({2.21]),

we see that

(2.23) Poj — %gpﬂhag =0.

By [21], when n > 2, ¢ is CR-pluriharmonic function whenever By(yp) = 0.
Following Graham and Lee [I1], 21], we define the operator

(2.24) Pof = 70 +inAay [,

which satisfies

(2.25) PPt = (Fap = 21, ha)

Therefore, in case n > 2, Py = 0 whenever ¢ is CR-pluriharmonic. In di-
mension three, it is also proved in [21I] that ¢ is CR-pluriharmonic if and
only if Pyp = 0.

3. Elementary properties of Schwarzian tensors
and Mobius transformations on CR manifolds

In this section, we discuss several elementary properties of Schwarzian for
CR mappings. The discussion is much similar to [27, Section 2], in which
the authors proved several properties for Schwarzian tensor on Riemannian
manifolds.
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Proposition 3.1. Let ,0: M — R be smooth functions on (M,8). Then
(3.1) By(e +0) = By(p) + By(o),
where 6 = e2#4.

Proof. Let {Z,} be a local holomorphic frame and {6} its dual admissible
coframe for #. For 6 = e*#6, we put

(3.2) 0° = e?(0° + 2i°0).
Then {#*} is an admissible coframe for 0, with the same Levi matrix, i.e.

haﬂ hag, and dual to the holomorphic frame {Z5 = e ¥Zs}. Lee proved
in [20] that the connection form &z for  is given by

W% = wg™ +2(ppf" — ) + 55 (107 — 070,)
(3.3) +i(p%s + p™ + dppp™ +4550407) 0.

We get the following transformation rules for Christoffel symbols (see also
[9, p. 137])

(3.4) fga = e (T}, —2¢"haz — 835)
(3.5) 7, = e #(T), + 26000 + 5105).

Here, fg ., are the Christoffel symbols of the Tanaka-Webster connection \Y
of é, evaluated with respect to the frame Do =€%Z,. Therefore,

(3.6) @g@aa = e 2 {V5Va0 — 20,5 — 20500} -
We then compute (modulus 6)

(3.7)  By(0)apb® ©6”
= 2(VVao — 2(Va0o) (Vo)) 6%  6°
=2(0ap — 20008 — 20048 — 208¢a) 0% ® 0% mod 0,



248 Duong Ngoc Son

where ¢, etc., indicate derivatives with respect to V. Consequently, mod-
ulus 6,
(3.8)  Bo()ap0® 0% + By(0)as 0 © 0°
=2(pap — 20app + 0ap — 20008 — 20008 — 208pa) 0% ® 6°
=2{(p+0)ap — 2(p + 0)alp + 0),5} 0 © 07
= By(p +0)ap 6 @ 6°.

To calculate By(o),3, we note that

(3.9) ViVao = e {05+ 2070 h, 5}
Consequently,

(3.10) Ayo = e % (Ayo + 4n ploy).
Therefore,

(3.11)  By(0)ap 0 & 6° = {@B§aa + @Q@BJ —1 (Aba) iLaB} 0 © 6°
= 62“"{0&5 + 050 T 4970y
— - (Ap0) hyj — 4@707ha5}éa ® 6°

= By(0),50" @ 6% mod 6.

Hence,
(3.12) By()a3 0% ® 0° + By(0) 50" ® 6°
= By(p+0) 30" ®0° mod 0.
From (3.8)) and (3.12), we easily obtain the (3.1]), as desired. O

We consider compositions of CR mappings. Suppose h: (M,0) — (M',§)
and f: (M',0") — (M",0") are CR mappings such that

(3.13) 'Y = e?0, F0" = %0
Then

(3.14) (f o h)*g" = e2lpFochg,
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Therefore, by Lemma 3.1
(3.15) So(foh)=Bg(p+ocoh)=By(p) + Beeg(c oh).

On the other hand, h: (M,e?#6) — (M’',0") is a pseudo-hermitian diffeo-
morphism and therefore,

(3.16) Be2og(0 0 h) = h* By (o).
We then obtain the following “chain rule”:
(3.17) So(foh)=3S8p(h)+ h*Se(f).

This identity is the CR analogue of (2.2) in [27]; the identity immediately
implies that composites of CR Mobius transformations are Mobius. Put
h = f~!into (3.17)), we obtain, since Sy (id) = 0, that

(3.18) S(fH=-(1s()

This implies that the inverse of a CR Mdbius transformation is M&bius.
It can be proved that if 6 is a Mobius metric with respect to 6, then

(3.19) So(f) = S3(f),

Detail is left to the reader.
We therefore obtain the following theorem, which is an analogue of
Theorem 2.2 in [27] for CR geometry.

Theorem 3.2. Composites and inverses of Mébius transformations are
Moébius. The Mobius transformations of a pseudo-hermitian manifolds (M, 6)
into itself form a group MOb(M, ). If § = €270 is a Mébius metric with re-
spect to 0, then Mob(M, 0) = Mob(M, 6).

The Moébius group is then a (closed) Lie subgroup of the CR automor-
phism group Aut(M) and contains the group of homotheties. Therefore,

(3.20) Psh(M, 6) C Hty(M, ) C Mob(M,6) C Aut(M).

Here the subgroups Psh(M, 0) and Hty (M, #) are the pseudo-hermitian dif-
feomorphisms (those f € Aut(M) such that f*6 = 0), and the homotheties
(those f such that f*6 = A\, \ being a positive constant).
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When n > 2, a pseudo-hermitian manifold (M, 6) is said to be pseudo-
Einstein if the traceless Ricci tensor R 5= R.5— %Rhaﬂ* vanishes. This
vanishing condition is vacuous when n =1. A three-dimension pseudo-
hermitian manifold is pseudo-Einstein if

(3.21) W := Ry — idas” = 0.

The form W, was introduced by Hirachi in [12] in connection with the Szegé
kernel on three-dimensional manifolds. The definition of pseudo-
Einstein structure in three-dimension above was introduced recently in [5].
In all dimension we say that 0 is Finstein if 0 is torsion-free and pseudo-
Einstein (cf. [23] 29]). Observe that if 6 is Einstein, then the Webster scalar
curvature is constant.

A geometric interpretation of M&bius change of metrics is the following
“well-known” proposition.

Proposition 3.3. Suppose that (M, 0) is a pseudo-hermitian manifolds and
6 = e2¢6. Then 0 is a Mobius metric with respect to 0 if and only if either

(i) n> 2, AagZAaﬁ, R ——R
(ii) n=1, Apg = A, Wo = 6*39"Wa.

Here Aag and Ro are the torsion and traceless Ricci ofé evaluated with

respect to cofmme {HC“ = 0% + 2ip*0}. In particular, suppose that 0 is Ein-
stein, then 0 is Mdébius with respect to 0 if and only if 0 is also Einstein.

Proof. Standard formulas for transformations of Webster Ricci and torsion
are established in [21]. Namely, for 6 = €20,

(322)  Ru5=Raz — (n+2)(pap + ¢5a) — (Dp +4(n + 1)06pl) hos
(3.23) Aag = AQB + 2ipag — 4ipaps,

These equations can be rewritten as

(3.24)  iAys =iAap — Bo(9)ap

(325) ﬁ“)oz,é = RaB - (n + Z)BQ(QO)QB - 2nni+2 (AbQO + 2”’5%0‘2) ha7

Note in passing that in term of the CR Schouten tensor, the 2nd equation
can be written as

(3.26) P25 = P25 — Bo(9) -
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where Zsag is the CR Schouten tensor P, 3, i.e.,

(3.27) P = (55) (Bas — 5tz Rhas)

and P? 5 is the traceless component of P, 3. Then (i) immediately follows.
When n = 1, it was proved in [12] that

(3.28) Wo = 3% (W, — 6Pay) .

where P, is the Graham-Lee operator characterizing the CR-pluriharmonic
functions in three-dimension. In particular, W, = e 3°W, is equivalent to
that P, = 0, which in turn, is equivalent to ¢ being CR-pluriharmonic by
[21]. Then (ii) follows immediately. O

From Theorem [3.3] we see that finding an Einstein metric on a CR manifold
amounts to solving the nonhomogeneous Mobius equation. In fact, consider
the equation

(3.29) By(p) = E,

where F is a traceless tensor of the same type. Suppose that 6 is a pseudo-
hermitian structure on M and F is given by

(3.30) Eop = —iAap, E.3= 75 (Raj — s Rhaj)
then a solution to By(y) = E gives rise to an Einstein metric on M.

Corollary 3.4. Let (M,60) be a pseudo-hermitian manifold. Suppose that
By(p) = E is solvable by a function ¢, where E is given by . Then
0 = e290 is Finstein; and (M, 0) is locally equivalent to a unit circle bundle
in a Hermitian line bundle over a Kdhler-Einstein manifold.

Similar to Riemannian case in [27], Proposition shows that if ¢ is
a particular solution of the nonlinear equation , then determining all
solutions reduces to solving the homogeneous equation Bé(gp) = 0, where
0 = €226. From now on, we focus on the homogeneous equation By(p) = 0.
Also, following Osgood and Stowe, we introduce the following definition.

Definition 3.5. We say that (3.29) is fully integrable at p € M if for every
(1,0)-form w near p, there exists a local solution ¢ satisfying wl|, = Jp¢|p.
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We observe that the fully integrability is an open condition: if By(p) = 0
is fully integrable at p, then it is so for all points near p. To see this, we

can instead consider the (locally) equivalent linear system (1.12)). If (1.12))

is fully integrable at p, then we can find n solutions u',u?, ..., u" such that

{Oyu]p | j =1,2,...,n} forms a basis of (I"")* M. There is a neighborhood
V' of p such that u’ is defined on V for all j, and for all ¢ € V, {0yt |
j=1,2,...,n} is a basis (TI’O)ZM. Therefore, for any (1,0)-form w near ¢,
the equality w|, = dyul, is satisfied for a suitable linear combination u of u/.
That w is a solution of follows from the linearity of .

4. Mobius metrics on Heisenberg manifold

It is helpful to have explicit formulas for the solutions to the M&bius equa-
tion on some model manifolds, e.g., Heisenberg manifold. In this model, the
solutions were essentially found by Jerison and Lee in their celebrated paper
[16] on the Yamabe problem on CR manifolds.

The Heisenberg group H" is the set C" x R with coordinates (z,t) and
group law

(4.1) (z,0)(¢,7)=(z+(t+7+232-().

For a holomorphic frame, we take the left-invariant vector fields

0 0 0
+ 1z —

(42) Za = g TG

which make H" a strictly pseudo-convex CR manifold. The “standard” con-
tact form is

(4.3) O = gdt + 1 (iz"dz” —iz%dz").

Observe that the Levi matrix is the identity (i.e., h,5 = dap) and the Reeb
vector field is T'= 9/0t.

Proposition 4.1. The equation Bg(yp) = 0 is fully integrable on H". The
set of CR pluriharmonic solutions consists of functions of the form

(4.4) o(z,t) = —log |kt +ir|z|* + 2 - u+ A+ C.

where kK, A € C, p € C", and C' € R. Consequently, the Mdbius group of H"
is equal to the group of CR automorphisms.
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Proof. The proof is essentially given in [I7, p. 10]. We will follows the same
calculation. Suppose that ¢ is a CR pluriharmonic solution to Bg(y) =0
(when n > 2, all solutions are automatically CR pluriharmonic); we can find
a real-valued function 1 such that ¢ + i) is CR. This implies G := e %¥~%
is CR. By direct calculation

(4.5) Gaﬁ = e_cp_iw(llgpagpﬁ — 230115) = fGB@(go)a/B =0.

Since G is CR, one has

(46) GQ@ — ad —
Therefore,
(4.7) Goa = —2(Gs’a — G5P0) = —1(Gga” — iGap) = — LG

Therefore, Goo, = Goa = 0 and thus Gy is a constant. Let w =t + i|z|? and
consider the CR function K = G — Gow. Then direct calculation shows that
0K /0t =0 and so K is a holomorphic in {z*}. Moreover,

K

(4.8) 9020028

Kag = Gag - Gowag =0.
Hence, K is a linear polynomial in z and so
(4.9) G=Gow+z-pu+ A
Therefore,
(4.10) o(z,t) = —log |G| = —log |kt +ik|z|> + 2 - u+ N, &= G,
as desired.
It is well-known (see [16]) that then for any CR automorphism ¥ of H",
U*O = ¢, where ¢ is in the form (4.4) with 43(&)\) > |u|?. In particular,

VU is a Mébius transformation of (H", ©).
To see that the Mobius equation is fully integrable, we compute,

(4.11) Qo =—G7 (ik2%+ Lp*).

It then follows that the solution ¢ can be chosen so that the Oy at a point
for which G # 0 equals any prescribed value. O
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The solutions thus obtained can be transferred to the CR sphere via the
Cayley transform (see [16] for detail). We remark that a related result on
the sphere was obtained in [24]. Namely, Li and Luk determined all ¢ for
which e?#6 has vanishing pseudo-hermitian torsion. Here 6 is the standard
pseudo-hermitian structure on the sphere. Those ¢ are for which e=2¢ are
harmonic quadratic polynomials [24, Theorem 1.2].

Corollary 4.2. Suppose f: (M,0) — (S***1,6y) is a CR (local) diffeomor-
phism. Then

(4.12) So(f) = Sp(¥ o f)
for all ¥ € Aut(S?"*1).

If © is of the form (4.4]) and 6 = 2¢O, then 0 is Einstein. Moreover, we
show in Theorem [4.3] below that 6 has Webster curvature tensor of the form

(413) R,Bﬁ/a& = 7]((5@7(550 -+ 5040—(567),
where
R

Here R is the Webster scalar curvature, which can be computed using
(4.15) R=—2e"*(n+1) (App + 2n|0pp|?) .

By direct calculation, one get

(4.16) Pof = —iliG_15a5.
Therefore,
(4.17) R =n(n+1)43(R&N) — |p?).

Observe that if R > 0, then 43(&A\) — |u|?> > 0 and ¢ is defined on all H";
this is the case considered in [16].
Our main finding in this section is the following theorem.

Theorem 4.3. Let (M, 0) have dimension at least 5 and p € M. Then the
CR Modbius equation By(p) = 0 is fully integrable at p if and only if (M,0)
is locally equivalent to a pseudo-hermitian space form of vanishing pseudo-
hermitian torsion near p.
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The pseudo-hermitian space forms of vanishing torsion were described in
[30] as hypersurfaces in C*™! (see [9, Section 1.5]). There are three models:

(4.18) Qo: ro(z,w) = h,z2%z +g<w—w) =0,
(4.19) Q+(c): r4(z,w) = h,z2" 2P + lw|? — ¢ =0,
(4.20) Q—(c): r—(z,w) = hogz"2" — |w|* + ¢ =0.

Here the pseudo-hermitian structures 6 is given by 6 = L*%(ér — 0r). Note
that each M € {Qo,Q+(c),Q—-(c)} is locally CR spherical. Thus, Theo-
rem follows from Theorem In strictly pseudo-convex case, 3 is pos-
itive definite; () is equivalent to the Heisenberg manifold descrlbed above.
Also, if M is torsion-free, then M is a pseudo-hermitian space form if and
only if M has constant sectional curvature (see [2), 30] for details).

For the proof of Theorem we need the following lemma.

Lemma 4.4. Suppose that (M,0) is a pseudo-hermitian manifold of di-
mension at least 5.

(i) Suppose that ¢ is a solution to By(p) = 0. If p is a regular point of ¢,
then rank(Ayg) < 1 near p.

(ii) Suppose that p1, 2 are two solutions to Byp(p) = 0. If p is a regular
point of (p1,¥2), i.€, Opp1 A Oppa # 0, then Ang = 0 near p.

Proof. We use similar idea as in [25], [26]. We remark that the paper [13] also
contains various formulas (e.g., in the proof of Lemma 4.1 in that paper)
leading to a proof of this lemma.

Suppose that By(y) = 0 then,

(4.21) Paf = 2Qapp-

Taking derivative, we obtain

(4'22) Papy = 290047()0,8 + 2@0{@/57 = 89001905‘107-

Therefore, pagy = Pays. Using commutation relation (2.18f), we deduce that
(4.23) Aappy = Aaypp

This implies that whenever Oy # 0,

(4.24) Aap = Cpapp,
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where the function ( is given by

(4.25) ¢ = |0hp| * Ayo 0505

Therefore, the matrix (A,g) is a scalar multiple of the rank-1 matrix () ®
(pg). This completes the proof of (i). The proof of (ii) also follows, as un-
der the assumption of (ii), (A.g) must be a scalar multiple of two linearly
independent (in the space of matrices) rank-1 matrices. O

Proof of Theorem [{.3. We first prove the necessity condition. Suppose that
By(p) = 0is fully integrable at p and hence on a neighborhood of p. Applying
Lemma (i), we see immediately that the torsion A,g must vanish near p.

Suppose that ¢ is a nonconstant solution to Byp(¢) =0. Let u =
e~ ¥ cos(v), where 9 is a function such that ¢ 4 i) is CR. Then u is CR-
pluriharmonic and satisfies u,3 = 0. There is a function v defined near p
such that

(4.26) Uyg = Viap.

Moreover, since AaB =0,

(4.27) 0=Pyu= uBB;a = NUq.

Thus v is CR. Therefore,

(4.28) 0008y = (Uyg = Upy)ia = 0y (V = V)ia = 0pyUa
Consequently, since Aag =0,

(4.29) Vo = U = 1Uas0 + iAaBuB = (Uq.0-

On the other hand, from u,g = 0, we have

(4.30) 0= Uapy = Uag;p + 1Ua00py + Rpgastio
= ’U/g(scw + va(s/g,y + R/g:yagug.

Taking the trace over 8 and -, we obtain
(4.31) 0=(n+ vy + Rasto.
Let f = |Opul?, then

(4.32) fa = (upug)ia = ugug,, = Vuq.
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Therefore,
(4.33) faB = (Eua);g_ = Vglla + ’U|2(5a5.
Taking conjugate and changing the role of a and [, we obtain,

(4.34) f3a = Vaug + [0]*6as-

From (4.33)) and (4.34)), we obtain

(4.35) 110008 = fap — f3a = Vpla — Valj.

We need the lemma below, whose proof is deferred to the end of this section.
Lemma 4.5. Suppose that U and V are two vectors in C*, with n > 2. If
(4.36) UV -VeU=Axn

where I, xn 1S the identity matriz, then A = 0.

Applying Lemma we find from (4.35) that fo = 0 and Vzua = vaug.
Hence

(4.37) Vo = Nula,

where the function 7, is given by

(4.38) Ny = |5bu|_2(275u5).
Consequently, from (4.31)),
(4.39) Rosus = —(n+ 1)vg = —(n 4+ 1)nyuq.

This holds for all solution ¢. Therefore, by the fully integrability assumption,
at each point p’ near p, the matrix [R,z[,/] must have a single eigenvalue of
multiplicity n. Therefore,

(4.40) chB

p = —(n+1)n()das

near p, where 7(p’) = n,(p’) that does not depend on the choice of u. Con-
sequently, 6 is pseudo-Einstein near p.

We shall show that 1 must be a constant. In fact, it is known that
a pseudo-FEinstein structure with vanishing pseudo-hermitian torsion must
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have constant scalar curvature (see, e.g. [9]). Indeed, since R, 5 = %%g, we
obtain

(4.41) Ru5p = R

On the other hand, from the Bianchi identity (see [9, page 311] or [21])
(4.42) Ro=R,55+ i(n — 1)Aa575,

we deduce, since Ayg = 0, that R., = %R;a, and therefore, R., =0 (as n >
2). This implies that R, being a real-valued CR function, must be a constant.
Therefore, from (4.40)), we see that n = —— R __ is a real constant that does

(n+1)
not depend on the choice of .
On the other hand, from (4.30) and (4.37)), we deduce that

(4.43) Rpya5te = n(ugday + Ualpy).

For each fixed o, by fully integrability again, we can choose a solution ¢
such that u, = 6,, at any given point near p. Plugging this into (4.43), we
obtain

(444) Rﬂ’?a& = 7’](5(17550- + 6050—557).

This is precisely which in particular implies that the Chern-Moser
tensor S3%,5 vanishes near p, i.e., M is CR spherical near p (by Cartan-
Chern-Moser theory [§], see also [9, Section 1.5]).

We have three cases depending the sign of 7.

(i) If n=0, then (M, 0) is locally equivalent to Heisenberg manifold (H", ©).
(ii) If » > 0, then (M, 0) is locally homothetic to the model Q_(c) above.
(iii) If » < 0, then (M, 0) is locally homothetic to (S™, 6y).

The proof of sufficiency follows similar idea in [27]. Suppose that (M, )
has constant curvature and vanishing pseudo-hermitian torsion. Then the
Chern-Moser tensor of M vanishes; M is CR equivalent to an open set
in Heisenberg manifold. Let F': H" — M be a local CR diffeomorphism,
F(0)=pe M. Put 6 = F*0 = ¢290O. It suffices to show that the equation
By(o) = 0 is fully integrable. Since 6 has constant curvature and vanishing
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pseudo-hermitian torsion, Bg(¢) = 0. By Lemma
(4.45) Be(p + 0) = Be(p) + By(a) = By(o).

Then the fully integrability of Bj; follows immediately from that of Be,
which was established in Proposition The proof is complete. O

Proof of Lemmal[{.5 Observe that the matrix appearing on the left-hand
side of the equation is of rank at most two, as it is the sum of two
rank-1 matrices. Therefore, if n > 3 then both sides of must be zero;
in particular, A = 0, as desired. If n = 2, we write U = [a,b]” and V = [c, d]”
and rewrite the equation as

(4.46)

ac — ca ac_i—cl__) A0
be—da bd—db| |0 M|’

If at least one of a,b,c or d is zero, then clearly A = 0. Otherwise, from
equalities of off diagonal entries in (4.46), one has a/c="b/d := k, for some
k € C, so that a = kc and b = kd. From the equalities of diagonal entries

(4.47) A =ac —ca = |c]*(k — k),
(4.48) A=bd—db=|d?*k—k).

We deduce that (|c|? + |d|?)(k — k) = 0. Therefore, k — k= 0and A =0. O

5. Mobius equation and the stability group;
Proof of Theorem [1.2]

In this section, we prove Theorems We shall need several lemmas.

Lemma 5.1. Let (M, ) be a pseudo-hermitian manifold of CR dimension
n. Suppose that ¢ is a nonconstant CR-pluriharmonic solution to By(¢) = 0.
Let f = e 2%|0p0|? and X = H? — [T, where ch s the contact Hamilto-
nian with potential f and T is the Reeb field. Then X is an infinitesimal CR
automorphism which vanishes precisely at the critical points of ¢. If in ad-
dition, n > 2, then X is infinitesimal pseudo-hermitian transformation and
Xf=0.
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Here by contact Hamiltonian with potential f, we mean the unique vec-
tor field va satisfying

(5.1) Hf.0=0 and Hf.d6=df — (Tf)6.
In terms of local frame,
(5.2) H} =if"Za —if**Za.

It is well-known that X := H](f — fT is an infinitesimal contact transforma-
tion. In fact, by Gray’s theorem, any such transformation arises in this way.
Moreover, X is an infinitesimal CR automorphism if and only if the potential
function f satisfies

(5.3) fiap +ifAap =0,

where A, is the torsion of 6 (see [22]).

Proof of Lemma[5.1. As ¢ is CR-pluriharmonic, we take 1 such that G :=
e~?~" is CR. Let u = e~¥ cos(¢)) = R(G). Then, u is CR-pluriharmonic and
satisfies

(5.4) Uap =0, U,z ="100ap, FPou=0.

We deduce that

(5.5) 0= Pou = us57 o +inAypu’.
Consequently,
(5.6) Vo = 2uz) o = —iAgpu”.

By direct calculation,

(5.7) f=e"10pp|* = |Opul?,
and thus
(5.8) fa = (upug)ia = ugug, = vuq.

On the other hand, from u,3 = 0, we see that

(5.9) Aapuy = Aayug.
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Therefore,

(6.10)  fiap = (VUua);p = VUa = —1Agyuyug = —iAgpuyu, = —iAqsf,
Hence,

(5.11) fiap + 1Aagf = 0.

Therefore, X is an infinitesimal CR automorphism.
Suppose that n > 2. We shall prove that X f = 0. The argument is sim-
ilar to that in the proof of Theorem Observe that that from (/5.8)

(5.12) faB = (ﬁua);g = Vgllq + VU3 = Vgla + |U|25a5.
Taking conjugate and changing the role of a and , we obtain,

(5.13) f5a = vaug + V]2 005-

From (5.12)) and (/5.13)), we obtain

(5.14) 1f000s = fap — f3a = Vpla — Valj.
Applying the Lemma [4.5] we have fo = 0 and thus

(5.15) Xf=(H] - fT)f=fTf=0,

as desired. Next, from fy = 0, we obtain

(5.16) Lx0=X_.di+dX 0)=—(Tf)0 =0,

where Lx is the Lie derivative. Therefore, X generates a local flow of pseudo-
hermitian isometries, as desired.

Finally, observe that X, = 0 if and only if f(p) = 0 if and only if p is a
critical point of ¢. The proof is complete. [l

Remark. (i) In a recent paper [14], the authors consider the vector field
defined (in our notations) by @ := H? — oT, o = $d(e=2)(T). It is proved
in Section 5.2 of [I4] that @ is also an infinitesimal CR automorphism,
provided that the torsion vanishes (i.e., Ays = 0). We point out here that @
and X have different geometric behaviors: on compact manifolds, (6, Q) = o
changes sign (unless @ vanishes identically), while (8, X) = e=2?|9y¢|?> > 0
does not. The last fact implies in particular that the angle between X and
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T (measured using the Webster metric) is less than 7/2 at most points. We
thank an anonymous referee for drawing our attention to this interesting
paper.

(ii) One can show, using this lemma, that near a regular point of ¢ the
Webster metric gg is a warped product metric, and hence, this lemma is
similar to Brinkmann’s in [3]. We leave the detail to the reader.

Proof of Theorem[1.3. Suppose, for contradiction, that Bp(¢) =0 had a
nonconstant CR-pluriharmonic solution ¢. Then X (as defined in Lemma
is an infinitesimal CR automorphism which vanishes precisely at the critical
points of . Since M is compact and ¢ is real-valued, the critical points of
 must be nowhere dense and nonempty. If p is such a critical point, then
Aut(M, p) has positive dimension. This is a contradiction. O

6. Manifolds with non-positive Webster’s Ricci curvature
and Proof of Theorem [1.3]

An essential ingredient for our proof of Theorem |[1.3]is the following Bochner-
type identity discovered in [7]. We remark that one can also use Greenleaf’s
Bochner formula (see [13], 26]) in the proof.

Proposition 6.1 (Chanillo et al. [7]). Let f be a smooth function on
M, then

(6.1)  —Op|0f|* = Z (If351° + [ fapl®) = S (Do f)g fo — L fa (Ouf),
a,p

+ Roglafs — % foPaf + "2 fa(Paf).

Here, O, is the Kohn-Laplacian acting on functions by O, f = — f57, and P,
is the third order operator defined in ([2.24]).

Proof of Theorem[I.3. Suppose that ¢ satisfies By(p) =0 on M. We need
to show that ¢ is a constant. Locally, we can find a real-valued function
such that G :=e ¥~ is CR, i.e., G5 = 0. Let u = R(G) = e ¥ cos(¢)) as
before. We compute,

(6.2) Ug = 3(Ga + Go) = 3G(—¢a — ith) = —Gepa.
Therefore, uq5 = —%GBg(go)ag = 0. We also compute, using G5 = 0,

(6.3) Uag = (=Gpa) g = —Gp,5 = —%G(m)dag.
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Thus,

2 _
(6.4) D luasl =1 (2)7 |G |Ohpl* = e |0yl
a7ﬁ

Also, taking the trace of (6.3)),

(65) Dbu = é‘:’btp.
Therefore,
(6.6) (Opu).a = Galpp + G(Opp) a-

From this, we easily deduce that

(6.7) (Opt);aua = (é&Db@ + G(DbSO);&)(_GSOa)
= —(GGalve + |G (Oh9).a) Par
= —(IGP|Dvp):a0
= —(e”*0pp).afa-

On the other hand, from ([6.2))

(6.8) |Obul? = |GI? |Oppl* = 27| Bbip|.

Plugging all into the Bochner-type identity (6.1)) (notice also that u is CR-
pluriharmonic and thus Pyu = 0).

(6.9) —Oy(e?|0pp|*) = —0|Dpul?
= Lle72¢|0,p? — 2tL (672@5&0);07 Do
— n¢a (e7¥Dhe) , + e ¥ Rogparp.

Taking integral both sides on closed manifold M, we obtain

1
(6.10) 0= _n + / 672¢|Dbg0|2 —l—/ 67290Ra54pag05.
n M M

Since the Webster Ricci tensor is supposed to be nonpositive, it must hold
that Uy = 0. This implies that ¢ is a real-valued CR function and therefore
must be a constant. O

Corollary 6.2. Let M be a compact strictly pseudo-convexr CR manifold
of dimension at least 5. Suppose that 0 and 0 are two pseudo-hermitian



264 Duong Ngoc Son

structures on M such that Aag = A.p and ﬁé;ﬁ— = RZB' Suppose further that
one of the following holds,

(i) For any p € M, the stability group Aut(M,p) is of zero dimension.

(ii) Either 60 or 0 has nonpositive Webster Ricci curvature.

Then 6/ is a constant.

Here we remind that Rz 3 denotes the traceless Webster Ricci tensor.

A recent related result [I5] shows that if @ and 6 are two pseudo-hermitian
structures on M such that satisfies Raﬁ = R,3 on a compact manifold, then
0/0 is a constant.

In Theorem the nonpositivity of the Webster Ricci tensor is essen-
tial. In fact, we have seen that in the standard CR sphere, the solutions
of By(¢) = 0 contains nonconstant solutions [16], 17]. On the other hand,
among Einstein CR manifolds, the CR, sphere is the only one admitting a
nonconstant solutions to By(¢) = 0, as a recent result by Wang [29] shows.
For the sake of completeness, we state

Theorem 6.3 ([17, 29]). Let (M,0) be a compact Einstein pseudo-
hermitian manifold and 6 = €*%0. Then the following hold.

(i) The pseudo-hermitian structure 0 is Mdbius with respect to 0 if and
only if the Webster scalar curvature R of 0 is a constant.

(i1) If Bop(v) = 0 then ¢ is a constant, unless (M,0) is the CR sphere in
C™tL. In the latter situation, ¢ must be of the following form

(6.11) ¢(z) = —log|cosht + (sinht)z - | + ¢

where t,c € R, and p € S>"1. Moreover, (S?"+1, é) 1s locally equivalent
to a pseudo-hermitian space form with vanishing torsion.

Proof. If 0 = €20 is a Mobius structure with respect to 0, then 0 is also
Einstein, and hence of constant scalar curvature. The converse was proved
by Jerison-Lee in [I7] (see also [29]). Part (ii) follows from Wang’s theorem
in [29). O

7. Examples

Lemma [5.1]implies that the CR-pluriharmonic solutions to the Mobius equa-
tion on a generic real hypersurface (e.g, a generic ellipsoid) are the constants,
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since there is no infinitesimal CR automorphism on such a hypersurface. A
more interesting example is the following one, which is motivated by our
recent work [I0] on CR umbilical points.

Example 7.1. Consider the family of compact, homogeneous three dimen-
sional CR manifolds given by

(7.1)

o = {[20: 211 22) € CP? | |20 + |21* + |22]® = a|2f + 27 + 23]}, a > 1.

Observe that p, and its covers are the only nonspherical compact strictly
pseudo-convex homogeneous manifolds in Cartan’s classification [4]. In par-
ticular, every point on p, is a nonumbilical point (in CR sense) and thus the
local stability group Aut(uq,p) has zero dimension [8] (see also [10]). There-
fore, for any global pseudo-hermitian structure 6 on p, (or on any cover
of 1a), global CR-pluriharmonic solutions to By(¢) = 0 are the constants.
On the other hand, since u, is CR homogeneous, it is locally CR equiv-
alent to a rigid hypersurface in C?; there exists a locally defined pseudo-
hermitian structure 6 near every point such that By(y) has nonconstant
CR-pluriharmonic solutions (see Example [7.2| below.)

Example 7.2. Consider the rigid real hypersurface M?"*+! c C"*! defined
by

(7.2) F(Z.2) + j(w - ) =0,
where F' has the following form

F(Z,2) = ®(2,2) + |22]> + - + |2|%,

7.3
(7.3) O(2,2) = |2+, Z=(2,20,...,20).

We first choose the pseudo-hermitian structure
(7.4) n=1 (ds +1 z:(F@dzaY - Fadzo‘)> ,  w=s+it,

a holomorphic frame

0 0

. T = —— —%F, 2
(7.5) 0z® ! ow

and its dual coframe 0% = (*dz®. Clearly,

(7.6) df = iF,5d=" A d2P = iF,56% A 6°.
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Therefore, the Levi metric is given by
hi1 = ®::(2,2), and h,5=F,5=0.3 otherwise.

Observe that all Christoffel symbols vanish except I'l; and its conjugate:

(7.7) T} = .z /0. = 9, log(®2), T =T,
Let 6 = €27, where
o=—1log®.:(z,2).
Suppose (z) is a harmonic function near the origin in C,. Then ¢ can

be lifted to a CR-pluriharmonic function @' on M via the parametrization
(Z,t) = (Z,t+iF(Z,2)):

o(Z,t+iF(Z, Z)) = ¢(z2).
Direct calculation shows that
1
BQ(SOT) =2 (SDZZ - 2(90z)2)T01 ® 6! = ES(f)Ttgl X 0.

Here S(f) is the Schwarzian derivative of a holomorphic mapping f in C
such that

=
Therefore, By(p") = 0 if and only if f is a (classical) Mobius transformation
of complex plane, and hence,

o(z,z) = —loglaz + b| + c.

This example shows that the existence of a nonconstant solution to By(y) =
0 does not implies that (M, #) has vanishing pseudo-hermitian torsion, nei-
ther does it implies M is CR spherical (note, however, that M N {z = 0} is
the Heisenberg hypersurface in C".)
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