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The purpose of this paper is to prove Kiinneth formulas for homology groups
of digraphs (=directed graphs). We use the notion of path homology of di-
graphs that was introduced in [9] and [10]. A digraph G is a pair (V, E) where
V is a set of vertices and FE the set of edges that is a subset of V' x V'\ diag.

An n-path on G is a formal linear combination of sequences vy, . .
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n + 1 vertices. If in any sequence, involved in the linear combination, all
pairs (v, v41) are edges, then the n-path is called allowed.

There is a natural definition of the boundary 9 of an n-path that is
an (n — 1)-path. However, the boundary of an allowed path does not have
to be allowed. Those allowed paths whose boundaries are also allowed, are
called 0-invariant. The linear space of J-invariant n-paths is an element of
the chain complex whose homologies are called the path homologies of the
digraph.

An undirected graph can also be considered as a digraph by replacing
each undirected edge by two oppositely directed edges. In this way we obtain
path homologies of undirected graphs.

There has been a number of attempts to define the notions of homology
and cohomology for graphs. At a trivial level, any graph can be regarded
as an one-dimensional simplicial complex, so that its simplicial homologies
are defined. However, all homology groups of order 2 and higher are trivial,
which makes this approach uninteresting.

Another way to make a graph into a simplicial complex is to consider all
its cliques (=complete subgraphs) as simplexes of the corresponding dimen-
sions (cf. [5], [15]). Then higher dimensional homologies may be non-trivial,
but in this approach the notion of graph looses its identity and becomes a
particular case of the notion of a simplicial complex. Besides, some desirable
functorial properties of homologies fail, for example, the Kiinneth formula
is not true for Cartesian product of graphs.

Yet another approach to homologies of digraphs can be realized via
Hochschild homology. Indeed, allowed paths on a digraph have a natural
operation of product, which allows to define the notion of a path algebra of
a digraph. The Hochschild homology of the path algebra is a natural object
to consider. However, it was shown in [14] that Hochschild homologies of
order > 2 are trivial, which makes this approach less attractive.

More recently there have been a number of attempts to define singular
homologies of graphs [2], [17]. In these theories one uses predefined “small”
graphs as basic cell elements and defines singular chains using maps of the
basic cells into the graph. However, simple examples show that the homology
groups obtained in this way, depend essentially on the choice of the basic
cells and, moreover, lack some the functorial properties of homologies. Not
to say that computation of singular homologies for the graphs beyond the
trivial ones is very hard.

The path homologies of digraphs that are dealt with in this paper have
many advantages in comparison with other notions of graph homologies.
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Firstly, the homologies of all dimensions could be non-trivial. Also, the
chain complex may have a rich structure. It contains not only cliques but
also binary hypercubes and many other interesting shapes. Besides, path
homologies can be relatively easily computed, by definition for small graphs
and by means of any conventional linear algebra computing package for
larger graphs.

Secondly, there is an independently developed notion of homotopy of
digraphs [10] (similar to homotopy theory on graphs [1], [3]) that is compat-
ible with path homology. For example, homotopy equivalent digraphs have
the same homology groups, and the first homology group is abelization of
the fundamental group.

Thirdly, there is a dual cohomology theory with the coboundary oper-
ator that arises independently and naturally as an exterior derivative on
the algebra of functions on the vertex set of the digraph. This approach
to the cohomology of digraphs, that is based on the classification of Bour-
baki [4] of exterior derivations on algebras, was introduced by Dimakis and
Miiller-Hoissen in [6], [7] and further developed in [13]. Here we do not touch
cohomologies of digraph and refer the reader to [9] for details.

Finally, the notion of path homology has good functorial properties with
respect to graph-theoretical operations. The main result of this paper goes
exactly in this direction: we prove the Kiinneth formulas for the path ho-
mologies of the Cartesian product and of the join of two digraphs.

We feel that the notion of path homology of digraphs has a rich mathe-
matical content and hope that it will become a useful tool in various areas
of pure and applied mathematics. For example, this notion was employed
in [12] to give a new elementary proof of a theorem of Gerstenhaber and
Schack [8] that identifies simplicial homology as a Hochschild homology. A
link between path homologies of digraphs and cubical homologies was re-
vealed in [11]. On the other hand, it is conceivable that the notion of path
homology can be used in practical applications such as coverage verification
in sensor networks (cf. [16]), and many others.

Let us briefly describe the structure of the paper. In Section 2 we define
the notion of the boundary operator, path homology and give some simple
examples.

In Section 3 we introduce the operation join of two digraphs and state
a Kiinneth formula for it (Theorem 3.3). Particular cases of join are op-
erations of building a cone and suspension over a digraph, which behave
homologically in the same way as those in the classical algebraic topology.
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In Section 4 we introduce the notions of cross product of paths and
Cartesian product of digraphs. We state a Kiinneth formula for Cartesian
product (Theorem 4.7) and give some examples.

In Sections 5, 6 we prove both Theorems 3.3 and 4.7 in a unified way.
Note that in the both cases of join and Cartesian product we prove not
only Kiinneth formulas for homologies but also similar formulas for chain
complexes that have no analog in the classical algebraic topology.

The main difficulty in the proof lies in distinction between the notions
of allowed paths and O-invariant paths. This difficulty does not occur in the
classical algebraic topology and in order to overcome it we have developed
a new tool of homological algebra that is stated in Theorem 5.1.

2. Path homologies
2.1. Paths on finite sets

Let V be an arbitrary non-empty finite set whose elements will be called
vertices. For any non-negative integer p, an elementary p-path on a set V'
is any sequence {i}f_, of p+ 1 vertices of V' (the vertices in the path do
not have to be distinct). For p = —1, an elementary p-path is an empty
set (. The p-path {i;}}_, will also be denoted simply by ig. . .14, without
delimiters between the vertices.

Fix a field K and consider a K-linear space A, = A, (V') that consists of
all formal linear combinations of all elementary p-paths with the coefficients
from K. The elements of A, are called p-paths on V. An elementary p-path
ip...1p as an element of A, will be denoted by e;,..;,. The empty set as an
element of A_; will be denoted by e.

By definition, the family {eio._,ip 200y 0p € V} is a basis in A,,. Hence,
each p-path v has a unique representation in the form

(2.1) v= ) vee

G0y sip €V

where vio-i» € K are the components of v. For example, Ay consists of all
linear combinations of elements e; that are the vertices of V', Ay consists
of all linear combinations of the elements e;; that are pairs of vertices, etc.
Note that , A_q consists of all multiples of e so that A_; &£ K.



Homologies of digraphs and Kiinneth formulas 973

Definition 2.1. For any p > 0, the boundary operator 0 : A, — Ap_1 is a
K-linear operator that acts on elementary paths by

p
(2.2) Deig.iy = (D)€, o .,

q=0
where the hat iAq means omission of the index i,.
For example, we have
(2.3) de; = e, aeij =e; — €4 8eijk = €ji — € + €.

It follows that, for any v € A,

(2_4) (81} ]0 Jp—1 ZZ vjo...jq,lqu...jp,l.

keV q=0

Set also A_9 = {0} and define 9 : A_; — A_5 to be zero.
Lemma 2.2. We have 8*v =0 for any v € A, with p > 0.

Proof. For p = 0 this is trivial. For p > 1 we have by (2.2)

p
Peiy..i, = Z (=17 de; 0.,

q=0
P q—1 P
-1
= Z (_1)‘1 Z (_1)T ezo...zr..‘zq...lp + Z (_1)T ezo.‘.zq...zr...zp
q=0 r=0 r=q+1
_ + +
= Z Y e s = Y, (FDTTe oo
r<q 0<q<r<p

After switching ¢ and r in the last sum we see that the two sums cancel out,
whence Bzeio.,,ip = (. This implies 0?v =0 for all v € Ap. O

Definition 2.3. For all p,¢q > —1 and for any two paths v € A, and v € A,
define their join uv € Ajpiq41 as follows:

(2.5) (w)io--ivdo-da — yjioipgydo-da,
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Clearly, join of paths is a bilinear operation that satisfies the associative
law (but not commutative). It follows from (2.5) that

(2.6) Cig...ip€o..jg = Cio...ipfo-a-

Let us extend the definition of uv to the case when either p = —2 and ¢ > —1
or ¢ =—2and p > —1, just by setting uv =0 € Apyg41.

Lemma 2.4. (Product rule for join) For all p,q > —1 and u € Ap, v € A,
we have

(2.7) 9 (uwv) = (Qu)v + (—1)P ! udw.

Proof. Assume first that p, ¢ > 0. It suffices to prove (2.7) for u = e;,. ;, and
v = €j,..4,- We have

0 (uv) = 0€iy..i,jo...j
= €iy..iyj0...jq — Cioiaeipjo.jg T
p+l,
+ (_1) (ezo...zpjl...]q €io...ipjofo---Jq + - )

1
= (9eiy...i,) €jo..j, + (1P eiy. i, 0€0.. 5,5

whence (2.7) follows. If p = —1 then it suffices to prove (2.7) for u = e. In
this case uv = v, (Ou)v = 0, and udv = v so that the both sides of (2.7)
are equal to dv. The case ¢ = —1 is similar. O

2.2. Regular paths

Definition 2.5. An elementary p-path e;,.;, on aset V is called regular if
i # ipy1 for all k =0,...,p— 1, and non-regular otherwise.

For any p > —1, consider the following subspace of A,
Rp =R, (V) :=span {Gio..,ip 210 ... 1p 1S regular} ,

whose elements are called regular p-paths. We would like to consider the
operator O on the spaces R,. However, in the present form 0 is not invariant
on the spaces R,,. For example, e;;j; € R for i # j while Oe;j; = ej; — ey + e€ij
contains a non-regular component e;. The same applies to the notion of
join of paths: the join of two regular path does not have to be regular, for
example, el-jeji = eijji.
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To overcome this difficulty, consider the complementary subspace
7, =1, (V) := span {eion_ip 210 ... dp 1S non—regular}
and observe the following property of Z,,.
Lemma 2.6. Letu € I,. Then Ou € I,_1 and uv € Lyiq41 for any v € Ay.

Proof. It suffices to prove both claims for u = e;,..;,. Since this path is non-
regular, there exists an index k such that iy = ix41. Then we have

(2.8) 8610.,_% = €jy..i, — Cigiy..ip, T "
k k1
+ (_1) Cio...ik—1iksrinsanip T (_1> " Clo..dk—1ininra-dp
4t (71)p €ig..ip_1 -

By ix = ix+1 the two terms in the middle line of (2.8) cancel out, whereas
all other terms are non-regular, whence de;,..;, € I, 1.
If v = ej,..;, then uv = e;,.; j,...;, is obviously non-regular. ]

It follows from Lemma 2.6 that the both operations 9 and join are well
defined on the quotients A,/Z,. On the other hand, it is clear that A, =
Ry @ I, and, hence, R, = A, /Z,, where each element of A,/Z, has a unique
representative in R,,.

Definition 2.7. Define the regular operations 0 and join on the spaces
R, as pullbacks of those from A,/Z, using the natural linear isomorphism
Rp = Ap/Z, . The previously defined operations 0 and join on A, will be
then referred to as non-regular.

Of course, Lemmas 2.2 and 2.4 remain true for the regular operations.
When applying the formulas (2.2), (2.4) for the regular boundary operator 0
and (2.5), (2.6) for regular join, one should make the following adjustments:

(I) all the components v of v € R,, for non-regular paths iy .. .4, are
equal to 0 by definition;

(II) all non-regular elementary paths e;,.;, , should they arise as a result
of an operation, are treated as zeros.

For example, for non-regular operator 0 : Ao — Ay we have de;j; = ej; —
ei; + e;; whereas for the regular operator 0 : Ro — R1 we have de;j; = ej; +
ei; since e;; is set to be zero. Similarly, for non-regular join we have e;je;; =
eijji whereas for the regular join e;je;; = 0.
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Hence, we obtain the reqular chain complex of the set V:
(2.9) 0K+ Ry Ri < Rp1 < Rp -+~

where all the arrows are given by regular operator 0. We will need also the
truncated reqular chain complex

(2.10) 0+ RoRi+ Ry 1 Ry -

where we follow a different convention for R_1, by setting R_; = 0. In this
case v for v € Ry is redefined by dv = 0. Note that for the latter definition
the product rule (2.7) for join breaks down if p = 0 or ¢ = 0. However, (2.10)
will be useful when dealing with cross product of paths in Section 4.

In the rest of this paper d means always the regular boundary operator
acting on R, although in two modifications: (2.9) and (2.10), depending on
the context. More precisely, in Section 3 we use (2.9) whereas in Section 4
— the version (2.10).

2.3. Paths on digraphs

A digraph is a pair G = (V, E) where V is an arbitrary set, called the set of
vertices, and E C V x V' \ {diag} is the set of directed edges. For vertices
a,b € V the fact that (a,b) € F will be denoted by a — b. Note that a — b
excludes a = b. The set V' will always be assume finite.

Let n > —1 be an integer.

Definition 2.8. An elementary n-path ig...4, € A, (V) is called allowed
on (V,E)ifig_q1 —ipforall k=1,... n.

Denote by E,, the set of all allowed n-paths on (V, E). We have E_; =
{e}, By =V and E; = E.
For any integer n > —1 denote by A,, the K-linear space that is spanned
by all the paths from F,, that is
A, = A, (G) =span{e;, i, 0.1, is allowed} .
Set also A_p = {0}.
Definition 2.9. The elements of A,, (G) are called allowed n-paths.

By construction, A,, is a subspace of R,. For example, A, = A, =R,
for p <0, while A; is spanned by all the edges from E and can be smaller
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than R1. Sometimes we will need also the space
(2.11) N, =N, (G) =span{e;, i, :ip...iy is regular and non-allowed} .

Clearly, we have R,, = A, ®N,,.

We would like to restrict the regular boundary operator 0 to the spaces
A,,. For some digraphs it can happen that 0.4, C A,_1, so that the restric-
tion of O to A, is straightforward. However, in general 0.4, does not have
to be a subspace of A, _1. For example, this is the case for a digraph

where the 2-path eg12 is allowed, while degi1o = €12 — g2 + €p1 is non-allowed
because ego is non-allowed.

For a general digraph G = (V, E) and for any n > —1, consider the fol-
lowing subspaces of A,:

(2.12) 2, =0,(G):={veA,:0ve A,_1}.

Set also Q_o = {0}. Note that Q,, = A,, for n < 1; in particular Qg consists
of all K-linear combinations of the vertices and €21 consists of all R-linear
combination of the edges, so that

dim Qg = |V| and dim; = |[E].

For n > 2 the space §2,, can be actually smaller that A,,.
Claim. We have 00, C Q,_1 for all n > —1.

Proof. Indeed, if v € Q, then dve A, 1 and 9 () =0%*v=0¢€ A, o
whence it follows that dv € ,,_1, which was to be proved. O

Definition 2.10. The elements of Q,, (G) are called 0-invariant n-paths.
Thus, we obtain the chain complex of J-invariant paths:
(2.13) 0+ K Qo Q- Q1 Q¢ Qg -+

where all arrows are given by 0, which is a subcomplex of (2.9). Consider
also its truncated version

(2.14) 0+ Qo+ Q¢ Q1 Q¢ Qpug -+
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that is a subcomplex of (2.10). In the case (2.13) we have Q_; = A_; =K,
whereas in the case (2.14) we redefine Q_; = {0} .

Definition 2.11. The homology groups of (2.14) are referred to as the path
homology groups of the digraph G and are denoted by H,, (G,K),n > 0, that
is,

H, (G,K) = kerd|q, /Imd|q,,, -

The homology groups of (2.13) are called the reduced path homology groups
of G and are denoted by H, (G,K),n > —1.

We will also use short notations H,, (G) and fIHN (G) since the field K is
usually fixed. Clearly, H, (G) = H, (G) for n > 1, Ho (G) = Ho (G) /K and
H_1 (G) ={0}. Although we have assumed from the very beginning that K
is a field, the notion of path homology can be defined in the same way when
K is a commutative unital ring. However, the main theorems of the present
paper are proved under the assumption that K is a field.

The notion of path homologies of digraphs is the main object of this
paper. It is easy to prove that dim Hy (G) is equal to the number of (undi-
rected) connected components of the G. In particular, for connected digraphs
dim Hp (G) = 1 and, hence, Hy (G) = {0}.

Example 2.12. Consider a digraph on Fig. 1. A direct computation shows
that Hy (G) = {0} and H (G) = K; moreover, Hy (G) is generated by

e124 + €234 + €314 — (€125 + €235 + €315) ,

which will be proved in Example 3.8. It is easy to see that GG is a planar
digraph but nevertheless its second homology group is non-trivial.

2.4. Cyclic digraphs

To give an example of computation of Q, (G) and H, (G), we consider here
a class of cyclic digraphs. We say that a digraph G = (V| E) is a cycle if it
is connected (as an undirected graph), every vertex had the degree 2, and
there are no double edges. We refer to G as an n-cycle if the number |V| of
its vertices is m. For an n-cycle we have dim Qy (G) = dim Q (G) = n and
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<A

Figure 1: An example of a planar digraph GG with non-trivial Hs.

Consider two specific examples of cycles. Let us call by a triangle the
following digraph

2
(2.15) 0 7N
e — ©

1
Note that the triangle contains a 2-path egi1s € 29 as eg12 € Az and
Oeg12 = e12 — ep2 + eo1 € As.

Let us called by a square the following digraph

20 — o3

(2.16) 1 1

o® —— o)

The square contains a 2-path v := eg13 — epa3 € 29 because v € Ay and

Ov = (e13 — o3 + eo1) — (e23 — €03 + €n2)
=e13+ep — ez — ez € Ai,

where the non-allowed path eg3 cancels out.
Proposition 2.13. Let G be a cycle. Then

Q,(G)={0} forallp>3 and H,(G)={0} forallp>2.
If G is a triangle or a square then

dimQy (G) =1, dimH; (G)=0
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whereas otherwise

Proof. Let G be a triangle (2.15). For p > 3 there are no allowed p-paths,
in particular, 2, = {0} and H, = {0}. Obviously, A; is spanned by a sin-
gle 2-path eg12, and this path is also O-invariant, so that Qo = span {eg12}.
Since Odegia # 0, we see that kerd|g, = 0 and, hence, Hy = {0}. Clearly,
0y = span {eq1, €02, €12} and it is easy to see that kerd|qg, is spanned by
e12 — €p2 + €p1, which coincides with Im 0d|q,; hence, H; = {0}.

Let G be a square (2.16). As above, we obtain for p > 3 that Q, = {0}
and Hy, = {0}. The space Ay is now 2-dimensional:

Az = span {6013, 6023} .
A 2-path v = aegi13 + Begog € Ao has the boundary
Ov = a(e13 — eg3 + €o1) + B (e23 — ep3 + €n2)

that is allowed if and only if the terms eg3 cancel out, that is, when oo + 5 = 0.
Hence, €2 is one-dimensional and

Qy = span {eg13 — €23} -

As in the case of a triangle, we obtain kerd|g, =0 and Hy = {0}. Also,
ker J|q, is spanned by ejs + eg1 — ea3 — ep2, which coincides with Im d)|q,;
hence, H; = {0}.

Assume first that GG is neither triangle nor square. Then G contains nei-
ther triangle nor square as subgraph. Let us show that €, = {0} for any
p > 2. Indeed, let v be a O-invariant p-path. Consider one of the elemen-
tary paths e;,. ;, that enters v with non-zero coefficients. Then we have
1o — i1 — 19 — - -+ but iy 4 i2 because otherwise igi1ia would be a trian-
gle. Note that Je;,. ;, contains the term Ciotriz.. iy that is not allowed. Hence,
the latter term should cancel out with a similar term that comes from an-
other elementary path e; 4, ;, path being also a part of v. But then we
have ig — i} — i2 so that the vertices ig,i1,],72 form a square, which is
impossible. Consequently, we have H, = {0} for p > 2.

Finally, let us compute Hy = ker d|q,. Set n = |V|. By the definition of
a cycle, the set of vertices of G can be identified with Z,, so that there is an
edge between i and i + 1 for any i € Z,. Denote this edge by v;, that is, v;
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is either e;(; ;1) or e(;y1);- Then we have
v = o (eir1 — €i) ,

where

(2.17)

1, ifi—(i+1)
g; =
—1, if (i+1) =1,

For any allowed (=0-invariant) 1-path v =) . o;v; we have
ov = Z a;0; (€41 — €;) = Z (Qi—10i-1 — 0404) e;,
i i
which vanishes if and only if for all ¢
(2.18) Q_10i—1 = Q;0;.

Hence, H; = ker 0|, is one-dimensional. The condition (2.18) is, in par-
ticular, satisfied if o; = o; for all 4, which implies that H; is spanned by
v =), 0v;. An example of such a path is shown on Fig. 2. U

Figure 2: The 1-path v = —eg; — e12 + €23 + €34 — €45 + €50 spans Hj.

3. Join of digraphs
To simplify notation, we denote the set of vertices of a digraph by the same
letter as the digraph itself. In this section we always use the version (2.13) of
the chain complex {€2,} - | and, hence, the reduced homologies {Hp},>_1.

3.1. Join of two digraphs

Definition 3.1. Let X,Y be two digraphs whose sets of vertices are dis-
joint. Consider the digraph Z with the set of vertices X UY and with the
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set of edges, that consists of all the edges of X and Y, as well as of all the
edges of the form x — y for all x € X and y € Y. The digraph Z is called
the join of X and Y and is denoted by X *Y.

Figure 3: Join of two paths (left) and join of two digraphs (right).

An example of a join of two digraphs is shown on Fig. 3(right). The
operation * on the digraphs is obviously non-commutative but associative.

Since X and Y are subgraphs of Z = X %Y, every (regular) path on
X or Y can be considered as a (regular) path on Z. In particular, we can
consider the operation join uv of regular paths u on X and v on Y, so that
the result wv is a regular path on Z (see Fig. 3(left)). Clearly, if u € R, (X)
and v € Ry (Y) then uv € Rptq41 (Z).

It is clear from construction that an elementary path e, on Z is allowed
if and only if it has the form e,e, where e, is an elementary allowed path on
X and e, is that on Y. Moreover, z and y in the representation e, = e e,
are uniquely defined.

Proposition 3.2. Letp,q> —1 andr=p+q+ 1.

(a) Ifue Ay (X) and v e Ay (Y) then wv € A, (Z). If ue A, (X) and
v e Ny (Y) then wv € N, (Z), and the same is true for u € N, (X) and v €
Ay, (Y) (where N, is defined in (2.11)).

(b) If ue Qy(X) and v € Q4 (Y) then uwv € Q.. (Z). Moreover, the op-
eration u,v — uv extends to that for the homology classes u € I;Tp (X) and
UNS fIq (Y) so that uwv € H, (Z).

Proof. (a) For u = e,, v = e, the both claims are obvious, for general u,v
they follow by linearity.
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(b) Ifu € Q, (X) and v € Q4 (Y) then by (a) the path uv is allowed. Since
Ou and Ov are allowed, by (a) also (Ju)v and u (Jv) are allowed, whence
0 (uv) is allowed by the product rule (2.7). It follows that uv is O-invariant.

If u, v are representatives of homology classes, that is, closed paths, then
by (2.7) the join uw is also closed, so that uv represents a homology class of
Z. We are left to verify that the class of uv depends only on the classes of
u and v. For that it suffices to prove that if either u or v is exact then so is
uv. Indeed, if u = dw then

0 (wv) = (Qw) v + (=1)P w (dv) = wv

so that uv is exact. O

One of our main results is the following theorem. Here we denote by .
the full chain complex (2.13) and deal with its homologies H,. Set also, for
any p > 0,

Q;, =0y

so that Q. is the same chain complex as €, but with the shifted index p.

Theorem 3.3. Let X,Y be two finite digraphs and Z = X xY. Then we
have the following isomorphism of the chain complexes:

(3.1) 0 (2) =22 (X)® Q. (Y),

which is given by the map u @ v — uv with u € Q, (X) and v € Q. (V). In
particular, for any r > —1,

(3.2) 0 (2) = D (€2 (X) @0y (Y)) -

{p,q>—1:p+q=r—1}

Consequently, we have, for any r >0,

(3.3) o= @ (B,xeHY)

{p,q>0:p+q=r—1}

(a Kiinneth formula for join).
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The proof will be given in Section 6. It follows from (3.2) that €, (Z)
has a basis

(3.4) | | {uol, 5,

{p.a>—Lip+g=r—1}
where {ugp )} is a basis in 2, (X) and {vj(.q) }is a basis in Q, (Y); in particular,

dimQ, (Z) = > dim ©, (X) dim €, (V) .
{p,q>—1iptq=r—1}

In the same way one expresses a basis in H, (Z) via the basis in ﬁp (X) and
Hy (V).

Example 3.4. Consider the digraph Z = X x Y as on Fig. 3(right). In this
case we have by Proposition 2.13 that all the homology groups H,, (X) and
H, (Y) are trivial except for

H, (X) =span{ep +e12+ e},
Hy (Y) = span{ess — eg5 + €64 — €34} -

It follows from (3.3) that all H, (Z) are trivial except for Hs (Z), and the
latter is generated by a single element

€0135 — €0165 T €0164 — €0134 1 €1235 — €1265
+ €1264 — €1234 + €2035 — €2065 T €2064 — €2034

that is the join of the generators of Hy (X) and Hy (Y).

Given a digraph X, the digraph Cone X is obtained from X by adding
one more vertex a and all the edges of the form z — a for all z € X. The
vertex a is called the cone vertex. Clearly, we have Cone X = X %Y where
the digraph Y consists of a single vertex a. Observe that Q1 (Y) =K,
Qo (Y) =span{eq}, Q,(Y)={0} for ¢ > 1 and H, (Y) = {0} for all ¢ >
—1. Hence, applying Theorem 3.3 with ¥ = {a}, we obtain the following
statement.
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Proposition 3.5. For any digraph X and for any r > 0, we have
(3.5) Q, (Cone X) = Q, (X)® Q1 (X),

where the isomorphism is given by the map u, v — u + ve,, where u € Q. (X),
v € 1 (X) and a is the cone verter. Furthermore, all the reduced homolo-
gies H, (Cone X) are trivial.

Example 3.6. Let us define for any n > 0 a simplex-digraph Sm,, as fol-
lows: its set of vertices is {0,1,...,n} and the edges are i — j for all i < j.
For example, we have
2
Sm; = Ye — !, Smy= _ ~* |

Oe N ol

and Smg is shown on Fig. 4.

Figure 4: A simplex-digraph Smj.

Clearly, we have Sm,, = Cone Sm,,_1. Since )y (Smg) = span {ep} and
Q, (Sm,_1) = {0}, we obtain by induction from (3.5) that €, (Sm,) =
span {eg1.. n}. Of course, all the reduced homologies of Sm,, are trivial.

A suspension over a digraph X is a digraph Sus X that is obtained
from X by adding two vertices a,b and all the edges x* — a and x — b for
all x € X. The vertices a,b are called the suspension vertices. Clearly, we
have Sus X = X %Y where Y is a digraph that consists of two vertices a, b
and no edges. Observe that Q_; (V) =K, Q (Y) = span{eq, ey}, Qy (Y) =
{0} for ¢ > 1, Hy (Y) = span (e, — €,) and flq (Y) = {0} for ¢ > 1. Applying
Theorem 3.3 with Y = {a, b}, we obtain the following statement.
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Proposition 3.7. For any digraph X and for any r > 0, we have
(3.6) Q- (Sus X) = Q. (X)® Q1 (X) D Q1 (X),

and the isomorphism is given by the map u, v, w — u + ve, + wey, where u €
Q. (X), v,w € Q1 (X) and a,b are the suspension vertices. Furthermore,
we have

(3.7) H, (SusX) ~ H,_1 (X),
and the isomorphism is given by the map u—u (e, — ep), where ueﬁr_l (X).

Example 3.8. Let S be any cycle that is neither triangle nor square, so
that by Proposition 2.13 dim H; (S) = 1. We regards S as an analog of a
circle. Define S), inductively by S; = S and S,,+1 = Sus Sy, so that S, can be
regarded as an analog of the n-dimensional sphere. Proposition 3.7 implies
by induction that dim H, (S,) = dim H; (S) = 1, which gives an example
of a non-trivial H,, with an arbitrary n. In the same way one shows that
H, (S,) ={0} for all p > 1,p # n.

Let v be an 1-path on S that spans Hp (S) (see the proof of Proposi-
tion 2.13). Denoting by a,, b, the suspension vertices of S,,+1 = Sus S, we
obtain by induction that H, (S,,) is generated by the path

v (eal - ebl) (eaz - eb2) U (eanfl - ebn—l) .

For example, the digraph G on Fig. 1 is an S5 based on 3-cycle S with the
vertices 1,2, 3. Since by Proposition 2.13 v = e13 + e23 + €31, we obtain that
H, (G) is generated by

v(es —e5) = (e124 + €234 + €314) — (€125 + €235 + €315) -

Another example of an Ss is shown on Fig. 5 in two ways.

Indeed, denoting by S the 4-cycle with vertices {0, 1,2, 3}, we see that
the digraph G on Fig. 5 is SusS = S,. Hence, we obtain that Hs (G) is
generated by

€024 — €025 — €034 + €035 — €124 + €125 + €134 — €135.
3.2. Some auxiliary results

Given a digraph G, set E, (G) = ,>_; Ep (G), that is, E, (G) is the set
of all allowed elementary p-paths on G with p > —1. Denote by A, (G) the
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Figure 5: An octahedron digraph.

union of all A, (G) with p > —1 and define in A, (G) the K-scalar product
as follows: for all u,v € A, (GQ)

[u,v] := Z u®v”.

rEE.(X)
In particular, if u € A, and v € A, with p # p’ then clearly [u,v] = 0.
As before, let Z = X * Y for two digraphs X, Y. Let us prove some sim-

ple properties of join of paths that we will need later for the proof of Theo-
rem 3.3.

Lemma 3.9. Any path w € A, (Z) admits a representation

(3.8) w = Z cegey

z€E.(X),yeE.(Y)

where ¢ € K.

Proof. By construction of join, any allowed elementary path on Z has the
form eye,, where x € E, (X) and y € E, (Y'). Hence, any path w € A, (2)
has the form (3.8). O

Lemma 3.10. IfucA,(X),peAy (X) and ve Ay (Y),veAy (Y) with
p:q,p'sq > —1 then

(3.9) [uv, ] = [u, @] [v, 9] .
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Proof. Set r =p+q+ 1. If p’+ ¢ + 1 # r then then both sides of (4.22)
vanish. Assuming p’ + ¢’ + 1 = r we obtain

[wo, 0] = > (uv)* (pih)*
2€E,.(Z)

= Z uvY Y.

2€E,(X),yeEq(Y)

If p’ # p then ¢* =0 and then both sides of (4.22) vanish. If p’ = p and,
hence, ¢’ = ¢, then we obtain

[wo, o] = D w0 =[u, ¢ [v, Y],

2€E,(X) yEE,(Y)

which finishes the proof. U
4. Cartesian product

In this section we use the truncated chain complexes {Ry} - and {Q}
(cf. (2.10) and (2.14)) and the homologies {Hy} - of the fatter.

4.1. Step-like paths

Given two finite sets X,Y, consider their Cartesian product Z = X x Y.
Fix r > 0 and let z = 2927 ... 2z, be a regular elementary r-path on Z, where
2z = (g, yr) with 2, € X and yp € Y. We say that the path z is step-like
if, for any k =1,...,r, either xx_1 = x} or yr_1 = yi. In fact, exactly one
of these conditions holds as z is regular.

Any step-like path z on Z determines regular elementary paths x on X
and y on Y by projection. More precisely, x is obtained from z by taking
the sequence of all X-components of the vertices of z and then by collapsing
in it any subsequence of repeated vertices to one vertex. The same rule
applies to y. By construction, the projections x and y are regular elementary
paths on X and Y, respectively. If the projections of z are x = zg ..., and
Y=1Yo...Yq then p+q =r (cf. Fig. 6(left)).

Every vertex (z;,y;) of a step-like path z can be represented as a point
(i,7) of Z? so that the whole path z is represented by a staircase S (z) in
7?2 connecting the points (0,0) and (p, q).

Definition 4.1. Define the elevation L (z) of the path z as the number of
the cells in Z2 below the staircase S (z) (cf. the shaded area on Fig. 6(right)).
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v 2=(5Yg)  (0.9) 9)
q T
S(z)
7;=(x3,y;) i)
Vi
L(z)
2=(X0,Y0) X; X, (0,0) P.0)

Figure 6: Left: a step-like path z and its projections x and y. Right: a
staircase S (z) and its elevation L (z) (here L (z) = 30).

By definition, any p-path u on X is given by
U= Z u’ey,
x

where the summation is taken over all elementary p-paths x on X and u* € K
are the components of u. It will be convenient to extend the summation
here to all elementary paths x with arbitrary length, by setting «* = 0 if the
length of x is not equal to p.

Definition 4.2. For any paths u € R, (X) and v € Ry (Y) with p,q >0
define their cross product u x v as a path on Z by the following rule: for any
step-like elementary path z on Z, the component (u x v)® is defined by

(4.1) (ux v)? = (=1)FE yrey,

where x and y are the projections of z onto X and Y, while for the rest
paths z set (u x v)* = 0. Hence, we have u X v € Rp14(Z).

In the context of this section we use the truncated regular chain com-
plex (2.10), that is, the convention that R_; = {0}. Let us extend the defi-
nition of the cross product u x v to the case when either p = —1 and ¢ > 0
or p >0 and ¢ = —1 simply by setting u x v =0 € Rp4q.

For any regular elementary p-path z on X and ¢-path y on Y with
p,q > 0 denote by 11, , the set of all step-like paths z on Z whose projections
on X and Y are x and y respectively. Clearly, we have [II,,| = (p;q). It
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follows from (4.1) that, for all regular elementary paths z,y,

eax ey =3 (exxe) ez =3 (-1)" ()" (e)" e,
z z
where 2’ and y' are projections of z, whence
(4.2) eaxey= Y (-1)"e,.

z€ell,

It is not difficult to see that cross product is associative.

Example 4.3. Let us denote the vertices of X by letters a, b, c etc. and
the vertices of Y by integers 0, 1,2, etc. Then the vertices of Z =X x Y
will be denoted as chessboard fields, for example, a0, bl etc. Here are some
examples of cross products:

1) eq X €01 = €q0al, €ab X €0 = €q0b0

2) eqp X €01 = €q0bobl — €alalbl

3) €abe X €01 = €4q0b0c0cl — €a0bOblel t €a0alblcl

4) €egbe X €012 = €q0b0c0clc2 — Cabblele2 + €a0bobib2c2 + €a0alblcle

— €40a1b1b2c¢2 1 €a0ala2b2c2
(cf. Fig. 7).

a2 b2 2
al bl 1
a0 b0 0

Figure 7: The staircase a0b0blclc2 has elevation 1. Hence, eqopop1c1c2 €nters
the product egpe X egr2 with the negative sign.

Proposition 4.4. (Product rule for cross product) If u € R, (X) and v €
Ry (Y) where p,q > 0, then

(4.3) 0 (uxv)=(0u) xv+ (=1)Pux (dv).
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Proof. It suffices to prove (4.3) for the case u = e, and v = e, where x =
xo...xp and y =y ...y, are regular elementary p-path on X and g¢-path
on Y, respectively. Set r = p + ¢ so that e, X e, € R, (Z).

If p = ¢ = 0 then all the terms in (4.3) vanish. Assume p =0 and ¢ > 1.
Then II, , contains the only element z = 2. ..z, where z; = (20, ;). Since
L (z) = 0, we obtain by (4.2) that

er X €y = €. 2,
By (2.2) obtain
0(ex X ey) = 0ezy..2, = €z X Oty y.,
which is equivalent to (4.3), because du = 0. In the same way (4.3) is proved

ifg=0and p>1.
Consider now the main case p,q > 1. We have by (4.2) and (2.2)

(44)  Feaxey) = > (-D"Poe.= > Y (-1)FEtre,
z€ell, z€ll, , k=0

where we use a shortcut

~

Z(k) =20+ Zh-oBr =20 Zh—1Zk+1 - - Zr

Switching the order of the sums, rewrite (4.4) in the form
(4.5) (ex X ey) Z Z 1)L+ €z -
k=0 2€1l, ,
Given an index k = 0,...,r and a path z € Il ,, consider the following four

logically possible cases how horizontal and vertical couples combine around
2

(H) : ol s T W (V) : )

Zk—1
[
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(R) : o (L): o — o
Zk—1 Zk Zk—1
[ — L] [ ]

Here (H) stands for a horizontal position, (V') for vertical, (R) for right and
(L) for left. If k =0 or k = r then z;_1 or zx+1 should be ignored, so that
one has only two distinct positions (H) and (V).

If z €I, and z; stands in (R) or (L) then consider a path 2’ € IL,
such that 2] = z; for all i # k, whereas zj stands in the opposite position
(L) or (R), respectively, as on the diagrams:

Z.,/c N zk._'.l Z.k Zk:»l
t t f f
Zk—1 2k Zk—1 Z;;
— [ ] [} — [ ]

Clearly, we have L (2') = L (z) &1 which implies that the terms e,  and
ez, in (4.5) cancel out.

Denote by Hk the set of paths z € I, , such that zj stands in position
(V) and by II, the set of paths z € Il , such that 2, stands in position
(H). By the above observation, we can restrict the summation in (4.5) to

those pairs k, z where z;, is either in vertical or horizontal position, that is,

(4.6) (e X ey) Z > (-t

k=0 z€Il% LI, &

Let us now compute the first term in the right hand side of (4.3):

(-1 ewxey—z Z Hew.

=0 wGH,(l) Y

(4.7) (Deg) x €y =

Mﬁ

l

I
o

Fix some [ =0,...,p and w € Il , 4. Since the projection of w on X is
Ty =20 T1—1T141 - - - Tp, there exists a unique index k such that wg_
projects onto z;—1 and wy projects onto z;y1. Then wi_; and wy have a
common projection onto Y, say y,, (cf. Fig. 8).

Define a path z € H%fyC by setting

w; fori<k-—1,
(4.8) zi = | (z1,ym) fori=k,
W;—1 fori >k + 1.
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Yq
y 2 =(X1,Ym)
m
Wt =Crnym) | wi= (e, ym)
Yo
X0 X1 X Xix Xp

Figure 8: Step-like paths w and z. The shaded area represents the difference
L(z)— L(w).

By construction we have z() = w. It also follows from the construction that

Since k = [ + m, we obtain that

L(z)+k=L(w)+1+2m.

We see that each pair [,w where [ =0,...,p and w € Il , gives rise to a
pair k, z where k =0,...,r, 2z € Hmj, and
L L
(_1) (2)+k Cz) = (_1) (w)+ Ew-

By reversing this argument, we obtain that each such pair k, z gives back
[,w so that this correspondence between k, z and [, w is bijective. Hence, we
conclude that

P T
(49) Oex)xey=1 > (D" Meu=3" 37 (- e,
=0 z€ll,,

1=0 well, , y k P
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The second term in the right hand side of (4.3) is computed similarly:

q q
L
(1P eaxdey=> (1) Peyxey, = > (~)HImIre,
m=0 m=0 weHz,y(m)
Each pair m, w here gives rise to a pair k, 2z where k =0,...,r and z € H’;y

in the following way: choose k such that wg_1 projects onto y,,,—1 and wy
projects onto ym,+1. Then w1 and wy have a common projection onto X,
say .

Yq
W= Y1)
ym+ 1
Ym Z=(x1Ym)
-1
Ym Wit =X Ym-1)
Yo
Xo X xp

Figure 9: Paths w and z. The shaded area represents L (z) — L (w).

Define the path z € Hljj,y as in (4.8) (cf. Fig. 9). Then we have w = 2y,
and

L(z)=L(w)+p—1

Since k = [ + m, we obtain
L(z)+k=L(w)+p+m

and

r

q
(1 e xdey=3 > (-, = (—) e,

m=0 well k=0 zell% |

Y (m)

Combining this with (4.6) and (4.9), we obtain (4.3). O
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4.2. Cartesian product of digraphs
Definition 4.5. Given two digraphs X and Y, consider the digraph Z with
the set of vertices X x Y and with the set of edges defined by the following
rule: for z,2’ € X and y,y/ €Y,

(z,y) = (2/,y') if either - 2’ and y =y orz=2"and y — ¢/

The digraph Z is called the Cartesian product of X and Y and is denoted
by XOY.

A fragment of the graph Z is shown here:

, (z.y") (')
y [ [ ] — [ ]
) ) )
(z,y) (z,y)
ye —
Y/ x e — e

It is not difficult to see that the Cartesian product of digraphs is associative.
Clearly, any regular elementary path on Z = XY is allowed if and only
if it is step-like and its projections onto X and Y are allowed.

Proposition 4.6. Let p,g >0 andr =p+q.

(a) If ue A, (X) and ve Ay (Y) then uxv e A (Z). If ue N, (X)
and v e Ay (Y) then uxv € N, (Z), and the same is true if u € A, (X)
and v e Ny (Y).

(b) If ue Q,(X) and v e Qy(Y) then uxve Q. (Z). Moreover, the
operation u,v — u X v extends to that for the homology classes u € Hy (X)
andv € Hy(Y) so thatuxv € H, (Z).

Proof. (a) It suffices to prove the both claims for v = e, and v = e,. By (4.2)
ez X ey is a linear combination of e, with z € Il ;. If x and y are allowed
then any z € Il , is allowed, which implies that e, x e, € A, (Z).

Let = be non-allowed. Since the projection of z € 1I,, onto X is z, it
follows that z is non-allowed. Hence, e, X e, is a linear combination of non-
allowed paths, that is e, x e, € N, (Z).

(b) The proof is based on the product rule (4.3) and goes the same way
as the proof of Proposition 3.2(b). O
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The next theorem gives a complete description of d-invariant paths on
Z. We denote by €, = {Qp} ., the truncated chain complex (2.14) and by
H, = {H,},, its homologies.

Theorem 4.7. Let X,Y be two finite digraphs and Z = XOY. Then we
have the following isomorphism of the chain complezes:

(4.10) 0. (2) 20, (X)® Q. (Y),

which is given by the map u®@ v +— u X v with u € Q. (X) and v € Q, (V).
In particular, for any r > 0

(4.11) 022 P QX)) (Y).

{p,q>0:p+q=r}
Consequently, we have
(4.12) H,(Z)®H,(X)® H,(Y),

that is, for any r >0,

(4.13) H.(2)= @ (H(X)eH,(Y))
{p,a>0:p+q=r}

(a Kiinneth formula for product).

Example 4.8. Consider the digraph Z = XY (shown on Fig. 10), where

b 20 —— @3
X= ~° and Y= 1 0
CL. _> .C

o® —— o]

For r = 4 we obtain from (4.11) that
Q4 (2) =0 (X) @22 (Y)

because on both digraphs X,Y we have Q, = {0} for p > 3. By the proof
of Proposition 2.13, Q9 (X) = span (eqp:) and Qs (Y') = span (eg13 — €p23),
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£ b
2 = 3
a2 o a3
b bl

0

a0 1

Figure 10: Cartesian product of a triangle and a square.

whence it follows that Q4 (Z) is spanned by a single 4-path

€abe X (6013 - 6023) = €4q0b0c0cle3 — €a0bObleled T €a0boblb3c3
+ €a0albleled — €a0alblb3e3 T €alala3b3c3
— €40b0c0c2¢3 1 €a0b0b2c2¢3 — €adbob2b3c3

— €40a2b2c2c3 T €a0a2b2b3c3 — €ala2a3b3c3-

Similarly one can compute €2, (Z) for other values of r. For example,
03(2) =0 (X) @ % (Y)EP % (X) 0 (Y),
which implies dim Q3 (Z) =3-1+1-4 = 7 and the generators of Q3 (Z) are

€ab X (6013 - 6023) ; €ac X (6013 - 6023) y €be X (6013 - 6023)

€abe X €01, €abe X €13, €abe X €02, Cabe X €23

Since all the homology groups of X, Y are trivial except for Hy, we obtain
that the same is true for homologies of Z.

Example 4.9. Consider Z = XY where X, Y are cyclic digraphs:

b 1® — @3
X= ° | Y= 1 il
e — o

0® <— o3
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By Proposition 2.13 all the homologies Hy, (X) and H, (Y') are trivial for
p,q > 2 whereas

Hl (X) = span (6ab + €pe + eca)

Hy (Y) = span (eo1 + e12 + ea3 + €30) -

It follows from (4.12) that
Hy(Z)= D (Hy(X)®@H,(Y))=Hi(X)@ Hi (Y),
{p,q>0:p+q=2}

in particular, dim Hs (Z) = 1. The generating element of Hs (Z) is
(€ab + €be + €ca) X (€01 + €12 + €23 + €30) -
For any digraph X, define the cylinder over X by
CylX := XOVY with Y = (Yo — o').

Assuming that the vertices of X are enumerated by 0,1,...,n— 1, let us
enumerate the vertices of Cyl X by 0,1,...,2n — 1 using the following rule:
(x,0) is assigned the number z, while (z, 1) is assigned z + n.

Define the operation of lifting paths from X to Cyl X as follows: for any
regular path v on X, the lifted path v is defined by v = v x eg1. For example,
ifv= €ig...ip then

P
(4.14) U= €j..i, X €01 = (_1)172 (1" €ip...ix (ix+n)...(ip+n)"
k=0
Since eg; € Q1 (Y), we see that if v € Q, (X) then v € Q,4; (Cyl X).
Example 4.10. Let us define n-cube Cube, inductively as follows: Cubey =
{0} and
Cube,, = Cyl Cube,,_1 .

For example, Cubey is

e — o0
Cubes is a square
2 .\ &3
T T
lg s ol

and Cubes is shown on Fig. 11.
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Y

Figure 11: A 3-cube.

Since Cube,, = Cube,,_; XY, where Q, (Y') is non-trivial only for ¢ =
0,1, and €, (Cube,_1) = {0}, we obtain from (4.11)

Q,, (Cube,) = Q,_1 (Cube,—1) @ Q1 (V).

Since Q1 (Y) is generated by a single element v; = eg;, we obtain by induc-
tion that dim,, (Cube,) = 1. A generating element v,, of €, (Cube,) can
be computed inductively by

Up = Un—1 X €01 = Up—1-

By (4.14) we obtain successively

)

I
S

U2 1 = €013 — €023,

U3 = U3 = €p457 — €0157 + €0137 — €0467 + €0267 — €0237,
etc. In general, v, is an alternating sum of n! elementary paths that corre-
spond to partitioning of a solid n-cube into n! simplexes.
By (4.13) all homology groups of Cube,, are trivial except for H.

4.3. Some auxiliary results

For any digraph G denote by E, (G) the union of all £, (G) with p >0,
where E, (G) is the set of all allowed elementary p-paths. Note that the
notation E, here is different from that in Section 3.2 where p = —1 was also
allowed.

Denote by A (G) the union of all A, (G) with p > 0 and by Q. (G) the
similar union of all €, (G) with p > 0. We will use the K-scalar product in
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A, (G) defined by for all u,v € A, (G) by

[u,v] := Z u v”.

z€E,(X)

As in Section 4.2, we work with two digraphs X, Y and their Cartesian
product Z = XUY. Here we prove some auxiliary results.

Lemma 4.11. The family of paths {e; x ey} where x € E, (X) and y €
E. (Y) is linearly independent.

Proof. Set for some ¢*¥ € K

w = E ey X ey

z€E.(X)yeE.(Y)

and prove that w = 0 implies that ¢*¥ = 0 for all couple z,y as in the sum-
mation. Fix such a couple 2/, y" and choose one z € Il ;. By (4.1) we have

(€2 X €y)7 = ()", ifr =2’ and y =y,
‘ v 0, otherwise,

which implies that w® = (—1)L(Z) V' Hence, w = 0 = ¢*¥ = 0, which was
to be proved. O

Lemma 4.12. Any path w € Q. (Z) admits a representation

(4.15) w = Z c™ (ez X ey)

z€E.(X), yeE.(Y)

with some coefficients ¢*¥ € K (note that ¢* are uniquely defined by
Lemma 4.11).

Proof. Fix w € Q, (Z) for some r > 0. For any x € E, (X) and y € E,. (Y)
choose some z € 1l , and set

(4.16) = (=1)LE) 7,

Let us first show that the value of ¢*¥ in (4.16) is independent of the choice
of z € Il . Set z =ig...%.. Let k be an index such that one of the couples
ik—10k, ikigs1 18 vertical and the other is horizontal. If ix_y = (a,b) and
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ik+1 = (', V') where a,a’ € X and b, b’ € Y, then i, is either (a’,b) or (a,b’).
Denote the other of these two vertices by i}, as, for example, on the diagram:

b/ Zk ik+1
[ ] [ ] — [ ]
b ip—1 n
° — °
[l
Yy
r= [ ] — [ ]
a a’

Replacing in the path z =ig...4, the vertex i by 7}, we obtain the path
2/ =1g...ig—19}ik41 - - - ir that clearly belongs to Il , and, hence, is allowed.
Since the (r — 1)-path ig...7k—1ik+1 ... %, is regular but non-allowed (as it
is not step-like), while Jw is allowed, we have

(4'17) (aw)io...ik_lik+1...ir — O.

On the other hand, we have by (2.4)

k—1
(418) (8w)i0-..ik—1ik+1---ir — Z <Z (_1)771 wio,..im,1jim...ik,1ik+1.,.i7.

j€Z \m=0
(4.19) + (=1)F ottt
r+1
(4.20) n Z (_1)m—1wi0...ik1ik+1...im1jim...ir)'
m=k+2

All the components of w in the sums (4.18) and (4.20) vanish since they cor-
respond to non-allowed paths, while w is allowed. The path g ...75_1Jik+1
... 1, in the term (4.19) is also non-allowed unless j = i;, or j = i}, (note that
ir, and 7). are uniquely determined by ix_1 and i51;). Hence, the only non-
zero terms in (4.18)—(4.20) are wiorik—1iikiidr — g% and qylo-te-1lileri e —
w? . Combining (4.17) and (4.18)-(4.20), we obtain

0=w”+w.
Since L (2') = L (z) £ 1, it follows that
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The transformation z — 2’ described above, allows us to obtain from a
given z € Il , in a finite number of steps any other path in II, ,. Since the
quantity (—1)L(z ) w* does not change under this transformation, it follows
that it does not depend on a particular choice of z € 11, ,, which was claimed.
Hence, the coefficients ¢™¥ are well-defined by (4.16).

Finally, let us show that the identity (4.15) holds with the coefficients
™ from (4.16). By (4.2) we have

ey X €y = Z (_1)L(Z) €,

z€ll, y

Using (4.16) we obtain

Z ™ (ex X ey) = Z Y Z (—1)L® e,

zeE.(X), yeE.(Y) r€E.(X), yeE.(Y)  2€lly

which finishes the proof. O

Lemma 4.13. If uc A, (X),p€ Ay (X) and ve Ay (YY), € Ay (Y),
where p,q > 0, then

(4.22) [ v, x ¥] = (P1) [u, o] [, ¢].-

Proof. Set r = p+ q. If p’ + ¢’ # r then the both sides of (4.22) vanish. As-
sume further that p’ + ¢’ = r so that w := ¢ x ¢ € A, (Z). We have then

(4.23)  [uxv,w| = Z (u x v)*w?
z€E,.(Z)

= Z (-1 )L(Z) uvYw® (x,y are projections of z)
z€E,.(Z)

_ Z Z Z L(z vV w?

2€E,(X)yeE (Y) z€ll,

By definition of cross product, we have
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where z and y are the projections of z. In (4.23) we have x € E, (X) and
y € E4(Y). Therefore, if p’ # p then ¢” = 0, w* = 0 and the sum in (4.23)
vanishes. In this case, the both sides of (4.22) are equal to zero again.

In the main case p’ = p and, hence, ¢’ = ¢, we obtain

uxvexygl= Y > > (=)D umel (-1)H ) gy

2€E. (X) yeE. (V) z€ll, ,,

:ZZ .y

z€E, (X)yeE.(Y)

- (p;q) [, ) [0, 9

where we have used [IL, | = (* ;q). O

5. O-Invariant elements on abstract products

The main part of the proof of Theorems 3.3 and 4.7 is contained in Theo-
rem 5.1 below. This theorem will be stated in terms of an abstract chain com-
plex. Fix some integer f and let {R,} o>/ be a sequence of finite dimensional
K-linear spaces, that together with a boundary operator 0: R, — Rp—1
forms a chain complex

0+ R« Rpp1 ¢ < Rp 1+ Ry

Fix a basis {e;} in R, where the index x varies in a finite set R,. For any
u € R, we have then a unique expansion u =) . R, u”e, where u® € K.
We extend the notation u”® to any = € R, = Up2 ¥ R, by setting u* = 0 if
x € Ry with ¢ # p. Define in R, = Up>f R, a K-scalar product by

v] = Z uv”.
TER.

Fix a subset E), of R, and denote by A, the subspace of R, spanned by
{e;} with € E,. The elements of A, = Up> 7 Ap are called allowed Define
also

N, =span{e, :z € R, \ E,}

so that R, = A, ® N,. The elements of N, are called non-allowed.
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Define for any p > f a subspace 2, of A, by
Q={uecA,:0uecAy_1}.

Obviously, we have 0§}, C 1 so that {€,} -, is a chain complex. The
elements of 2, are called J-invariant.

Of course, the above definitions represent abstract version of the con-
struction of J-invariant paths. If we start with a digraph G then R), is the set
of regular elementary p-paths on G and £, — the set of allowed elementary p-
paths. The value of f is a flag that distinguishes the full chain complex (2.13)
from the truncated one (2.14). Therefore, f = —1 in Theorem 3.3 and f =0
in Theorem 4.7.

Assume now that we have three sets of the structure {R., A, Q. }, which
we will distinguish by adding to these notations (X),(Y),(Z). Of course,
in application X,Y, Z will be digraphs where Z = X xY or Z = XUY, but
abstractly X, Y, Z are nothing else but indices to distinguish the three struc-
tures. This convention makes the notation in the abstract setting identical
to those for the digraph setting. Therefore, the reader who is interested only
in digraphs may safely assume that X,Y, Z are digraphs.

Assume that there exists a K-bilinear operation

UERL(X),veERL(Y)—~u-veR(2)

with the following properties (everywhere p,q > f).

1) fueR,(X)andve Ry (Y)thenu-ve R, (Z) withr=p+q—f.
2) fue A, (X)and v e A, (Y) then u-v € A, (Z2).
(

3) If u e Ay (X) and v € N, (Y) then u-v € N, (Z); the same is true if
ue N, (X)and v e A (Y).

4) The sequence {e; - ey}, B (X) weE. (Y) is linearly independent in A, (7).

5) f u e Ry (X) and v € Ry (Y) then
(5.1) O(u-v)=adu-v+ Pu- v,

where « and 8 are non-zero scalars depending on p, ¢. In the case p = f
we understand Ou - v as zero, and the same convention applies to u - Ov
in the case ¢ = f.
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6) fuec A, (X),pe Ay (X),ve A (Y), ¥ € Ay (Y) then

(52) [u "0, w] =7 [u7 90] [Uv 1/’] s

where 7 is a scalar depending on p,p’, q,q .

7) For any w € Q, (Z) there is a representation

(5.3) w = Z ey ey

z€E.(X), yeE.(Y)

where ¢” € K (¢* are unique by 4).

Note that for the both operations of join (with f = —1) and cross prod-
uct (with f =0) all the above properties 1-7 are satisfied as they were
proved in the previous sections:

- for join: in Lemma 2.4, Proposition 3.2, Lemmas 3.9, 3.10;

- for cross product: in Propositions 4.4, 4.6, Lemmas 4.11, 4.12, 4.13.

The next theorem is our main technical result.

Theorem 5.1. Under the above hypotheses, any element w € Q. (Z) ad-
mits a representation in the form

k
(5.4) w = Z Ui - U;
i=1

for some finite k, where u; € Q, (X) and v; € Q, (V).
For the proof we need some lemmas.
Lemma 5.2. Ifue Q. (X) andv e Q. (Y) thenu-v € Q,(2).

Proof. Indeed, we know by hypothesis 2 that u-v € A, (Z). Since du and
Ov are allowed, we see that the right hand side of (5.1) is allowed, whence
0(u-v) € A (Z) and, hence, u-v € Q, (Z). O
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Lemma 5.3. Any w € Q. (Z) admits a representation

(5.5) w = Z u? - ey,

yeE.(Y)

where u¥ € Q, (X). Similarly, there is a representation

where v* € Q. (V).
Proof. 1t follows from (5.3) that

(5.6) w = Z u’ - ey,

yeEE.(Y)

where

u’ = Z Ve, € Ay (X).

z€E,(X)

It is obvious that ¥ are uniquely determined as so are the coefficients ¢*¥.
Let us show that, in fact, u¥ € Q. (X). Since the operator 0 : R, (Y) —
R. (Y) is linear, for any y € R, (Y') there is an expansion

_ y'
Oe, = E 0y ey,

y'ER.(Y)

where (55/ € K. Using (5.6) and by the product rule (5.1) we obtain (here
Qy, By are scalars):
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ow = Z (ayou? - ey + Byu? - dey)

yEE. (Y)
= Z ay0u? - ey + Z E Byéyuy ey
yeE.(Y) yeE.(Y) y'€R.(Y)
= Z ayou? - ey + Z Z By y,uy
yeE.(Y) yeR.(Y) y'€E.(Y)
(5.7) = Z ayou? + Z By/éz/uy/ - ey
yeE.(Y) Y EE.(Y)

(5.8) + Z Z By 6g,uy/ “ey.

YER.(Y)\E.(Y) \y€EE.(

Note that the whole term in (5.7) belongs to A, (Z) by hypothesis 2, while
(5.8) consists of products of elements of A, (X) and N, (Y), which by hy-
pothesis 3 lie in N, (Z). Since Ow € A, (Z), it follows that the whole term
(5.8) vanishes. On the other hand, since dw € Q. (Z), we have a represen-

tation
Z Weey,

yeE.L(Y)

where u¥ € A, (X). Comparison with (5.7) yields

W=oy0ul+ > Bydlu?
Yy EEL(Y)

Since u¥’ € A, (X), it follows that duY € A, (X), which proves that u¥ €
O (X).
The second claim is proved similarly. O

If u,v € Ay and [u,v] = 0 then we write u_Lv. More generally, we write
ulV where V is a subspace of A, if ulv for allv e V.

Lemma 5.4. Fizp,q>f and setr =p+q—f. Ifu e A, (X) andulQ, (X)
then (u - v) LQ, (Z) for allve Ay (Y). Similarly, ifve Ay (Y) and vL1Q, (Y)
then (u-v) LQ (Z) for any u € A, (X).
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Proof. To prove the first claim, we need to show that, for any w € Q, (Z),
(5.9) [u-v,w] =0.

By Lemma 5.3, w is a sum of the terms ¢ -1 where ¢ € Q, (X) and ¢ €
A, (Y), so that it suffices to prove (5.9) for w = ¢ - 9. Observe that [u, p] =
0. Indeed, if ¢ € Q,, (X) then this follows from u L, (X). If ¢ € Q, (X) with
p' # p then [u,p] = 0 holds trivially. Finally, we conclude [u- v, 1] =0
by (5.2). The second claim is proved similarly. O

Proof of Theorem 5.1. Given two subspaces U C A, (X) and V C A, (Y),
denote by U - V the subspace of A, 1, ¢ (Z) that is spanned by all the prod-
ucts u - v with w € U and v € V. For any r > f set

(5.10) 0 (Z)= > Q(X)-Q (),
p+q—f=r

that is, €, (Z) is the subspace of A, (Z) that is spanned by all the elements
of the form u - v where u € Q, (X) and v € Q, (Y') with some p, ¢ such that
p+q— f=r.By Lemma 5.2 we have u - v € Q,. (Z) for all such u, v, whence
it follows that

0 (2) Cc (2).

The existence of the representation (5.4) is equivalent to the opposite inclu-
sion, that is, to the identity of the two spaces. For that, it suffices to prove
that

(5.11) dimQ, (Z) < dimQ, (2).
Consider also the space

(5.12) A (Z)= Y A ) A ).
prq—f=r

w»

By the properties of the operation we have

A (Z) C A (Z).

By (5.3) any element from €2, (Z) is a linear combination of e, - e, with
allowed z,y, which implies

(5.13) 0, (Z) C A, (Z).
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If Q,(X)=A,(X) and Q4 (Y) = A, (V) for all p,q > f then we obtain
from (5.10) and (5.12) that Q, (Z) = A, (Z2). Clearly, (5.13) implies §2, (Z) C
Q. (Z), which finishes the proof in this case. However, the main difficulty in
the present proof lies in the fact that in general €, ;Cé A,

In the general case consider the spaces:

. QIJ; (X) — the orthogonal complement of €2, (X) in A, (X), that is,

(5.14) Q) (X) ={ue Ay (X): [u,0] =0 for all v € Q, (X)}.
o QqL (Y) — the orthogonal complement of €, (Y') in A, (Y).
e Q1 (Z) - the orthogonal complement of €, (Z) in A, (Z).

Lemma 5.4 implies that

uer;(X), veEA(Y) =u-veQ(2),

(5.15) we Ay(X), veQ(Y) = u-veQt(2),

where 7 = p+ ¢ — f. Indeed, we have by (5.12) u-v € A, (Z), whereas by
Lemma 5.4 (u-v) 1LQ, (Z).

Consider first a simple case when the field K is R. In this case [-,-] is a
proper inner product in A, and Qﬁ is a proper orthogonal complement of
Q, in A,; in particular, we have!

(5.16) A, (X) =9, (X)®QF (X)

(cf. Fig. 12)
For each u € A, (X)) consider a decomposition

(5.17) U =ug+u

where ug € Q, (X) and v, € Q; (X)), and a similar decomposition v = vg +
vy for v € Ay (Y'). Then we have

U-V=uq v t+ug-v, +u vg+u -v].

Here we have uq - vg € Q, (Z), while by (5.15) all other terms in the right
hand side belong to Q:- (7). It follows that

u-veQ (2)+Qr(2).

'For a general field K, the decomposition (5.16) is not true, because ©, and Qlf
may have a non-trivial intersection.
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A A(2)

0,1 AyX)

Q,(X)

Q,(X)

Q1)

Figure 12: Decomposition of the spaces A, (X) and A, (Y).

Since A, (Z) is spanned by the products u - v where u,v are allowed, we
obtain that

A, (2) Cc 0, (2) + Q- (2).
Comparing with the decomposition
“Zr (Z2)=0-(2)® Qi_ (Z2),

we obtain (5.11).
Consider now the most general case of an arbitrary field K. Let us in-
troduce the following notation:

ap =dim A, (X), ag=dimA,(Y), a =dimA, (2),
wp =dimQ, (X), wy=dimQ,(Y), w,=dimQ, (2),

and observe that, by the rank-nullity theorem,

dim Qlf (X) = ap — wy, dimeI‘ (Y) = aqg — wy,

5.18
(5.18) dim Q- (2) = ap — w,

(cf. Lemma 6.1 below). Let us also observe that

(5.19) ay = E apy.

prq—f=r
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Indeed, by (5.12) A, (Z) is spanned by all the products e,é,, where x €
E,(X),y€ E;(Y)and p+ q— f =r. The number of such products e, - e,
is equal to the right hand side of (5.19), so that the identity (5.19) follows
from the linear independence of the family {e, - e, }. The latter implies also

(5.20) dim (A (X) - Ag (V) = apag,
whence it follows that the sum in (5.12) is direct, that is,

(5.21) A2 = @ (AX) A ()).

ptq—f=r
Let us show that, for arbitrary subspaces U C A, (X) and V C A, (Y),
(5.22) dim (U -V)=dimUdim V.

Indeed, let uy, us,...,u; be a basis in U and v1,...,v; be a basis in V. Then
U -V is spanned by all the products u; - v;, so that

(5.23) dim (U - V) < kl.
Let us complement the basis {u;} to a basis in A, (X) by adding additional

paths u},...,u},, and similarly complement {v;} to a basis in A, (Y) by
adding vy, ..., v},. Set U’ = span {u;} and V' = span{v}}, so that

(5.24) Ay (X)=UasU" and A, (Y)=VeaV.
Then
(5.25) Ay (X) - A, (Y)=(U+U) - (V+V)

U - V4+U -V +U - V+U -V,
whence by (5.20) and (5.23)

(5.26) apag < dim (U - V) +dim (U - V') +dim (U’ - V) +dim (U’ - V')
<Kkl+ k' +K1+KT.

However, the right hand side here is equal to (k + k') (I + ') = apaq, which
implies that all the inequalities in (5.26) are equalities, in particular,
dim (U - V') = kl, which proves (5.22).
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It follows from this argument (or directly from (5.22)) that the sum at
the right hand side of (5.25) is direct and that

U-AXY)=U-(VoV)=U-V)& (U-V')
and
Ay (X)) V=(UaU)- V=U-V)a U V).
Consequently, we obtain
(5.27) U-A,(Y)N(Ap(X)-V)=U-V.
By (5.15) we have

Q5 (X) - A (V) C QF (2)

T

and

Ay (X) -Qp (V) € 9 (2),

q T

whence it follows that
(528) Y [(Q; (X) - A, (Y)) + (Ap (X) -0t (Y))] c Qb (2).
p+q—f=r

Note that the space in the square brackets under the summation sign is a
subspace of A, (X) - A, (Y). It follows from (5.21) that the sum in (5.28) is
direct, hence

(529) > dim [(Q; (X) - A, (Y)) + (Ap (X) -0 (Y))} <dim Q- (2).
pt+q—f=r
The intersection of Q; (X) - Ag (V) and A, (X) - Qg (V) is sz (X) - QqL (Y)
(cf. (5.27)), which implies that
dim [ (24 (X) A, (7)) + (4 (X) - 0F (V)]
— dim (Q; (X) - A, (Y)) + dim (Ap (X) - 0F (Y))
— dim (Q; (X) -0k (Y))

= (ap — wp) ag + ap (ag — wq) — (ap — wp) (ag — wq)

= Qplq — WpWy-
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Hence, (5.29) yields
Z (apag — wpwg) < ap — wy.
ptq—f=r
Finally, we are left to observe that, by (5.10), (5.21) and (5.22),
dim Q, (Z) = Z WpWy,
ptq—f=r

whence (5.11) follows. O
6. Proof of Theorems 3.3 and 4.7

In the next proof €2, denotes the truncated chain complex (2.14), that is,
Qe ={Qp} 50

Proof of Theorem 4.7. By definition, the chain complex €, (X)® Q. (Y)
consists of the spaces

QL XY)= P (X))
{p.q>0:p+q=r}

for all 7 > 0 and the boundary operator 0 : Q, (X,Y) — Q,_1 (X,Y) is given
by

(6.1) d(u@v)=(0u)@v+ (-1)’uwv
for all uw € Q, (X) and v € Q4 (Y) (set also Q_; (X,Y) = {0}).

Denoting by H, (X,Y) the homologies of Q. (X,Y), we have by the
abstract Kiinneth theorem that

H,(X,)Y)2H,(X)® H.(Y).

Therefore, all the statements of Theorem 4.7 will be proved if we show the
isomorphism of the chain complexes

0. (X,Y) = Q.(2).
Consider for any r > 0 the space

AXY)= P (AEeA(Y)

{p,q>0:p+q=r}
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and define a linear map
oA (X,)Y)— A (2),

by

D (e; @ey) =€z X €y
for all z € E, (X) and y € E, (Y) with p+ ¢ = r, and then extend ® to full
A, (X,Y) by linearity. Note that e, x e, € A, (Z) by Proposition 4.6. By
Lemma 4.11 the family {e, x e,} is linearly independent, which implies that

the map @ is injective.
For u € , (X) and v € Qg (Y') we obtain by Proposition 4.6

S (u®v)=uxveQ(2),
which implies that the restriction of ® to Q, (X,Y’) is a monomorphism
(6.2) o0, (X,Y)— Q. (2).

By Theorem 5.1, any w € €, (Z) admits a representation
w = Z Uu; X vg,
i

where u; € Q,(X) and v; € Q4 (Y) with p+¢=r. It follows that w =
P (>, u; ® v;), that is, the map (6.2) is surjective. Hence, ® is isomorphism,
which was to be proved.

It remains to observe that ® commutes with 0, which immediately fol-
lows from the identical form of the product rules (6.1) and (4.3). O

In the next proof €, denotes the full chain complex (2.13), that is,
Q. ={Q},- ;- Recall that 2, = {Qzlv}p>0 where (), = Q1.

Proof of Theorem 3.3. The chain complex ), (X) ® Q, (V') consists of the
spaces

Q (X,Y) = b (0, (X) ®Qq(Y))
{p'20,g>~1:p'+q=r}

= D (€2 (X) @ Q2 (V)

{p,q>—1:p+q=r—1}
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for all » > —1, and the boundary operator 9: 2, (X,Y) — Q,_; (X,Y) is
given by
(6.3) d(u®v)=(0u)@v+ (-1 uewv

for all u € Q, (X) = Q1 (X) and v € Qg (V) (set also Q5 (X,Y) = {0}).
The isomorphism (3.1) is equivalent to

(6.4) 0, (2) =20, (X,Y).

Let us first show how (6.4) implies (3.2) and (3.3). Indeed, (6.4) and the
Kiinneth theorem yield

H. (. (2)) 2 H. (. (X,Y)) 2 H, (2, (X)) & H, (2 (V)).
More explicitly this means that, for any r > —1,

H, (. (2)) = D (Hy (2, (X)) ® Hy (4 (Y)))
{p'>0,¢>—1:p'+q=r}

) (Hp (2 (X)) @ Hy (2 (Y))) -

{p,.q>—1:p+q=r—1}

Since the homology group H_; (€2) is always trivial, the condition p,q >
—1 can be replaced here by p,q > 0. Finally, observing that H), (2, (X)) =
H,(X), Hy(Q.(Y))=H,(Y) and H, (Q (Z)) = H, (Z) are the reduced
homologies, we obtain (3.3).

Now we concentrate on the proof of (6.4). Consider for any r > —1 the
space

A (X,Y) = D (Ap (X) @ Ay (V)
{p.a=—Lip+q=r—1}

and define a linear map

A (X,)Y)—= A (Z)
by
(6.5) P (e, ® ey) = epy,
for all x € E, (X) and y € E, (Y) with p+ g =7 — 1. Note that e, is the

join of e, and e, on Z = X x Z. Since the family {e,,} of paths is linearly
independent, we see that ® is a injective.



1016 A. Grigor’yan, et al.

For v € Q, (X) and v € Q4 (Y) we obtain by Proposition 3.2
O (u®v)=uve (Z),
which implies that the restriction of ® to Q, (X,Y’) is a monomorphism
(6.6) D:Q, (X,Y) > Q0 (2).

By Theorem 5.1, each w € Q,(Z) admits a representation w =), u;v;,
where u; € Q, (X) and v; € Q4 (Y) with p+ ¢ =r — 1. It follows that w =
P (>, ui ®v;), that is, the map (6.6) is surjective. Hence, ® is isomorphism,
which was to be proved.

It remains to observe that ® commutes with 9, which immediately fol-
lows from the identical form of the product rules (6.3) and (2.7). O

In conclusion, let us prove a statement justifying (5.18) for an arbitrary
field K. The subtlety is that this identity does not hold for arbitrary bilinear
form [u,v] and requires an additional condition that replaces the positive
definiteness in the case of K = R.

Lemma 6.1. Let A be a vector space over K of dimension n. Fix a basis
{e1,...,en} in A and define on A a bilinear form [u,v] =" | ujv;, where
w=> " uie; andv =y, vie; are arbitrary elements of A. Then, for any

subspace Q2 of A,
dimQ*t =n —dimQ,
where O = {v € A: [u,v] =0 Yu € Q}.

Proof. Set dim Q = k and fix a basis {u1,...,u;} in Q. Set u; = > | wije;
so that the matrix (u;;) has the rank k over K. The condition [u,v] = 0 for
v = Z?:l v;€; amounts to k linear equations Z?zl u;;v; = 0 for n unknown
v;. By the rank-nullity theorem, the dimension of the space of solutions v of
this linear system is equal to n — k, which was to be proved. U

References

[1] E. Babson, H. Barcelo, M. de Longueville, and R. Laubenbacher, Ho-
motopy theory of graphs, J. Algebr. Comb. 24 (2006), 31-44.

[2] H. Barcelo, V. Capraro, and J. A. White, Discrete homology theory for
metric spaces, Bull. London Math. Soc. 46 (2014), 889-905.



Homologies of digraphs and Kiinneth formulas 1017

[3] H. Barcelo, X. Kramer, R. Laubenbacher, and Ch. Weaver, Foundations
of a connectivity theory for simplicial complexes, Advances in Appl.
Mathematics 26 (2001), 97-128.

[4] N. Bourbaki, Elements of mathematics. Algebra I. Chapters 1-3, 1989.

[5] B. F. Chen, S.-T. Yau, and Y.-N. Yeh, Graph homotopy and Graham
homotopy, Discrete Math. 241 (2001), 153-170.

[6] A. Dimakis and F. Miiller-Hoissen, Differential calculus and gauge the-
ory on finite sets, J. Phys. A, Math. Gen. 27 (1994), no. 9, 3159-3178.

[7] A. Dimakis and F. Miller-Hoissen, Discrete differential calculus:
Graphs, topologies, and gauge theory, J. Math. Phys. 35 (1994), no. 12,
6703-6735.

[8] M. Gerstenhaber and S. D. Schack, Simplicial cohomology is Hochschild
cohomology, J. Pure Appl. Algebra 30 (1983), 143-156.

[9] A. Grigor’yan, Y. Lin, Yu. Muranov, and S.-T. Yau, Homologies of path
complexes and digraphs, preprint, arXiv:1207.2834v4 (2013),

[10] A. Grigor’yan, Y. Lin, Yu. Muranov, and S.-T. Yau, Homotopy theory
for digraphs, Pure Appl. Math. Quaterly 10 (2014), no. 4, 619-674.

[11] A. Grigor’yan, Yu. Muranov, and S.-T. Yau, Graphs associated with
simplicial complexes, Homology, Homotopy and Appl. 16 (2014), no. 1,
295-311.

[12] A. Grigor’yan, Yu. Muranov, S.-T. Yau, On a cohomology of digraphs
and Hochschild cohomology, J. Homotopy Relat. Struct. 11 (2016), 209—
230.

[13] A. Grigor'yan, Yu. Muranov, S.-Y. Yau, Cohomology of digraphs and
(undirected) graphs, Asian J. Math. 19 (2015), 887-932.

[14] D. Happel, Hochschild cohomology of finite dimensional algebras, in:
Lecture Notes in Math., Springer-Verlag, 1404 (1989), 108-126.

[15] A. V. Ivashchenko, Contractible transformations do not change the ho-
mology groups of graphs, Discrete Math. 126 (1994), 159-170.

[16] A. Tahbaz-Salehi, A. Jadbabaie, Distributed coverage verification in
sensor networks without location information, IEEE Transactions on
Automatic Control 55 (2010), 1837-1849.

[17] M. E. Talbi and D. Benayat, Homology theory of graphs, Mediterranean
J. of Math 11 (2014), 813-828.



1018 A. Grigor’yan, et al.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BIELEFELD
33501 BIELEFELD, GERMANY
E-mail address: grigor@math.uni-bielefeld.de

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WARMIA AND MAZURY
OLSZTYN, POLAND
E-mail address: muranov@matman.uwm. edu.pl

DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY
CAMBRIDGE MA 02138, USA
E-mail address: yau@math.harvard.edu

RECEIVED NOVEMBER 15, 2015




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


