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Invariant distributions and tensor

tomography for Gaussian thermostats

Yernat M. Assylbekov and Hanming Zhou

In this paper we consider the Gaussian thermostat ray transforms
on both closed Riemannian surfaces and compact Riemannian sur-
faces with boundary. We establish certain results on the injectivity
of the thermostat ray transform and the surjectivity of its adjoint.
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1. Introduction and statement of results

1.1. Gaussian thermostats

Let (M, g) be a compact oriented Riemannian manifold (with or without
boundary) and E be a smooth vector field on M (called the external field).
A parameterized curve γ(t) on M satisfying the equation

(1) Dtγ̇ = E(γ)− 〈E(γ), γ̇〉
|γ̇|2 γ̇.

is called a thermostat geodesic. Here and in what follows Dt denotes the
covariant derivative along γ. This differential equation defines a flow φt =
(γ(t), γ̇(t)) on SM (the unit sphere bundle of M) which is called a Gaus-
sian thermostat (or isokinetic dynamics, see [20]). The flow φ reduces to
the geodesic flow when E = 0. As in the case of geodesic flows, Gaussian
thermostats are reversible in the sense that the flip (x, v) �→ (x,−v) conju-
gates φt with φ−t. We denote the Gaussian thermostat by (M, g,E) and the
generating vector of the thermostat flow by GE , which is a vector field on
SM .

In this paper we will consider the case when M is a surface (i.e. 2-
dimensional manifolds). Then for (x, v) ∈ SM we can write

E(x) = 〈E(x), v〉v + 〈E(x), iv〉iv,

where i indicates the rotation by π/2 according to the orientation of M .
Thus on surfaces, the equation (1) can be rewritten as

(2) Dtγ̇ = λ(γ, γ̇)iγ̇,

where

(3) λ(x, v) := 〈E(x), iv〉.

Notice that for Gaussian thermostats, λ corresponds to a 1-form on M .
If λ is a smooth function on M , (2) defines the magnetic flow on surfaces
associated with the magnetic field Ω = λ dVolg, where dVolg is the area form
of M . One can consider a general function λ ∈ C∞(SM), we call the induced
flow a generalized thermostat.

In dynamical systems, Gaussian thermostats provide interesting models
in non-equilibrium statistical mechanics [16, 17, 37]. Gaussian thermostats
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also arise in geometry as the flows of metric connections with non-zero tor-
sion; see [44].

1.2. Thermostat ray transforms

Given a Gaussian thermostat (M, g,E), we define the thermostat ray trans-
form of a smooth function ϕ on SM to be

Iϕ(γ) :=

∫ T

0
ϕ(γ(t), γ̇(t)) dt.

When M is closed, γ is a closed thermostat geodesic with period T . A
basic question of integral geometry is whether the ray transform is injec-
tive. Of course, this question makes sense only in the case when the flow
has sufficiently many closed orbits. Anosov flows constitute wide class of
flows with sufficiently many closed orbits. Recall that a Gaussian thermo-
stat (M, g,E) is said to be Anosov if there is a continuous invariant splitting
T (SM) = RGE ⊕ Eu ⊕ Es in such a way that there are constants C > 0 and
0 < ρ < 1 < η such that for all t > 0 we have

‖dφ−t|Eu‖ ≤ C η−t and ‖dφt|Es‖ ≤ C ρt,

where norms are taken with respect to the Sasaki type Riemannian metric
on SM .

There is a natural obstruction to the injectivity of the ray transform,
i.e. the functions of the type ϕ = GEu with u ∈ C∞(SM). However, in ap-
plications one often needs to invert the ray transform of functions on SM
arising from symmetric tensor fields. Therefore, we consider this particular
case which is known as the tensor tomography problem.

Let ϕ = ϕi1...im dxi1 ⊗ · · · ⊗ dxim be a smooth symmetric m-tensor field
on M . ϕ induces a smooth function ϕ̂ ∈ C∞(SM) defined by

ϕ̂(x, v) := ϕi1...im(x) v
i1 · · · vim , (x, v) ∈ SM.

In what follows we will drop the hat, and we hope that it will be clear from
the context when we mean the function on SM induced by the tensor. By
C∞(Sm(M)) we denote the bundle of smooth symmetric m-tensor fields on
M .

We say that Im (I acting on m-tensors) is s-injective if Imϕ ≡ 0 im-
plies that ϕ = GEh for some h ∈ C∞(Sm−1(M)). The tensor tomography
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problem asks under what conditions Im is s-injective. The tensor tomogra-
phy problem on Anosov surfaces was studied in [7, 13, 18, 19, 29, 39], and
[2, 9] for magnetic Anosov surfaces. In this paper, we will focus on the ten-
sor tomography problem for Gaussian thermostats. In [11] Dairbekov and
Paternain proved the s-injectivity of Im for m = 0, 1, but considering more
general Anosov thermostats. In [5] Assylbekov and Dairbekov extended this
result to the case when the Riemannian metric is replaced by a Finsler met-
ric. They showed that for m = 0 injectivity results hold even when the flow
is not Anosov, but simply has no conjugate points. When m = 2, Jane and
Paternain [24] proved s-injectivity under the assumption that the external
field is divergence free and the surface has negative Gaussian curvature.

Similarly there is a tensor tomography problem for Gaussian thermostats
on compact Riemannian surfaces with boundary. In this case, the ray trans-
form is along thermostat geodesics joining boundary points. For the bound-
ary case, the tensor tomography problem for geodesic flows has been exten-
sively studied, see e.g. [3, 22, 23, 28, 32, 34, 38, 40, 41] and the references
therein. The case of magnetic flows was considered in [1, 12]. We will study
the boundary case in the last section of the paper.

1.3. Injectivity results for Im

For the case of Gaussian thermostats we obtain several injectivity results of
the thermostat ray transform under various assumptions. In order to state
these results we need to introduce some notations.

Since M is assumed to be oriented there is a circle action on the fibres
of SM with infinitesimal generator V called the vertical vector field. Let X
denote the generator of the geodesic flow of g. We complete X,V to a global
frame of T (SM) by defining the vector field X⊥ := [V,X], where [·, ·] is the
Lie bracket for vector fields. In this global frame, the generating vector field
GE for a Gaussian thermostat (M, g,E) equals X + λV .

Define the thermostat curvature to be the quantity K := K − divg E,
where K is the Gaussian curvature of the surface (M, g). The quantity K

can also be written as K +X⊥λ+ λ2 +GEV λ. Notice that K is a smooth
function on M . Following [29], we introduce a definition involving a modified
thermostat Jacobi equation.

Definition 1.1. Let (M, g,E) be a Gaussian thermostat on a closed ori-
ented Riemannian surface. We say that (M, g,E) has no β-conjugate points
if for any thermostat geodesic γ, all non-trivial solutions to the β-Jacobi
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equation along γ

(4) ÿ − V (λ)ẏ + (βK−GEV (λ))y = 0

vanish at most once. The terminator value of (M, g,E) is defined to be

βter = sup{β ∈ [0,∞] : (M, g,E) has no β-conjugate points}.

It is clear that 1-conjugate points are the same as usual conjugate points
for thermostat geodesics (see [4, 26] for more details on the thermostat Jacobi
equation).

Theorem 1.2. Let (M, g,E) be an Anosov Gaussian thermostat on a closed
oriented Riemannian surface. Assume that βter ≥ (m+ 1)/2 for some inte-
ger m ≥ 2, then Im is s-injective.

Theorem 1.2 generalizes the corresponding injectivity result in [29] which
is for the geodesic ray transform. In particular, [29] showed the s-injectivity
of I2 on Anosov surfaces, before which it was only known for Anosov sur-
faces without focal points [39]. Recently Guillarmou [18] settled the tensor
tomography problem on Anosov surfaces for tensor fields of any order. It
was proved that s-injectivity of I2 also holds on 2D Anosov magnetic sur-
faces [2]. The problem of proving s-injectivity of I2 for 2D Anosov Gaussian
thermostats without the assumption on terminator values is still open. The
difficulty comes from the fact that in general V (λ) is nonzero for Gaussian
thermostats, see Section 2 for details.

The condition on βter is closely related to the works [8, 33] where absence
of β-conjugate points also appears in the case of geodesic flows on manifolds
with boundary. When the thermostat curvature is non-positive, i.e. K ≤ 0, it
is not difficult to see that βter =∞. We get the following result as a corollary
of Theorem 1.2, and it generalizs an earlier result [24] which is for m = 2.

Corollary 1.3. Let (M, g,E) be an Anosov Gaussian thermostat on a
closed oriented Riemannian surface of non-positive thermostat curvature.
Then Im is s-injective for any integer m ≥ 2.

According to the result of Wojtkowski [44, Theorem 5.2] a Gaussian
thermostat on a closed surface with negative thermostat curvature is always
Anosov.
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Corollary 1.4. Let (M, g,E) be a Gaussian thermostat on a closed ori-
ented Riemannian surface of negative thermostat curvature. Then Im is s-
injective for any integer m ≥ 2.

At the end of the paper, we apply the ideas from Anosov Gaussian ther-
mostats to study the injectivity of the thermostat ray transform on compact
surfaces (M, g) with smooth boundaries. We will focus on a class of Gaussian
thermostats which are called simple Gaussian thermostats (see Section 8 for
precise definition). Roughly speaking, simple Gaussian thermostats are the
analogues of Anosov Gaussian thermostats for manifolds with boundary.

Simplicity is related to the boundary rigidity problem [21] which is a
motivation for the tensor tomography problem. It was shown by Pestov and
Uhlmann [35] that simple surfaces are boundary rigid. Later this rigidity
result was generalized to 2D simple magnetic systems [12] and 2D simple
systems involving magnetic fields and potentials [6].

Theorem 1.5. Let (M, g,E) be a simple Gaussian thermostat on a compact
oriented Riemannian surface with boundary. Assume that βter ≥ (m+ 1)/2
for some integer m ≥ 2, then Im is s-injective.

In particular, βter =∞ when the thermostat curvature is non-positive.

Corollary 1.6. Let (M, g,E) be a simple Gaussian thermostat on a com-
pact oriented Riemannian surface with boundary of non-positive thermostat
curvature. Then Im is s-injective for any integer m ≥ 2.

The tensor tomography problems for simple surfaces [28] and 2D simple
magnetic systems [1] were proved without curvature assumptions, using a
different method which was developed for the boundary case. It is an in-
teresting problem to show s-injectivity of Im,m ≥ 2 for simple Gaussian
thermostats on surfaces.

For manifolds with boundaries, there are also local tensor tomography
problems, i.e. whether one can determine a symmetric tensor near a bound-
ary point, up to the natural obstruction, from its integrals along curves near
this point? For manifolds of dimension three and higher, there are recent
works by Uhlmann and Vasy [43], Stefanov, Uhlmann and Vasy [42] for the
geodesic case, and Zhou [43, Appendix] for general smooth curves, including
the thermostats. However, the local problem for surfaces is still open.
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1.4. Invariant distributions

One key ingredient in the proof of the s-injectivity of I2 for the case of
Anosov surfaces by Paternain, Salo and Uhlmann [29] was the surjectivity
of the adjoint of the geodesic ray transform acting on 1-forms. The problem
of the surjectivity of the adjoint is interesting in its own right. We also
investigate the surjectivity of the adjoint of the thermostat ray transform.
However, in the case of thermostat flows the surjectivity of I∗1 seems not
enough for proving the s-injectivity of I2. In general, thermostats do not
preserve the Liouville measure on SM unless E ≡ 0 (see [10, 11]). This is
a crucial difference from the case of geodesic flows and magnetic flows, and
this makes the problem much harder.

Since the thermostat ray transforms I0 and I1 are s-injective for two-
dimensional Anosov thermostats, one can consider the surjectivity of I∗0 and
I∗1 . One of the aims of the current paper is to show that I∗0 and I∗1 are indeed
surjective. To study the adjoints, we pause to briefly introduce distributions
on SM .

Let γ be a closed thermostat geodesic and δγ denote the measure on
SM which corresponds to integrating over (γ, γ̇) on SM . We can define the
thermostat ray transform by the distributional pairing

Iϕ(γ) = 〈δγ , ϕ〉.

Denote by D′(SM) the space of distributions on C∞(SM). Both of these
spaces are reflexive, so the dual of D′(SM) is C∞(SM). Any differen-
tial operator P can act on a distribution μ ∈ D′(SM) via duality, that is
〈Pμ, ϕ〉 := 〈μ, P ∗ϕ〉 for any ϕ ∈ C∞(SM). SinceGE = −(GE + V (λ))∗ (see
Section 2), we define the following subspace of D′(SM):

D′inv(SM) := {μ ∈ D′(SM) : (GE + V (λ))μ = 0}.

Hence a distribution μ is in D′inv(SM) if and only if 〈μ,GEϕ〉 = 0 for all ϕ ∈
C∞(SM). This agrees with the definition of the thermostat ray transform
given by the distributional pairing.

Without loss of generality we can consider the thermostat ray transform
I as the map

I : C∞(SM)→ L(D′inv(SM),R), Iϕ(μ) = 〈μ, ϕ〉 for μ ∈ D′inv(SM).
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By L(F,R) we mean the space of continuous linear maps from a locally
convex topological space F to R. Equip this space with the weak* topol-
ogy, then I becomes a continuous linear map from a Frechét space into
L(D′inv(SM),R) which is locally convex. Since D′inv(SM) is a closed sub-
space of a reflexive space D′(SM), it is also reflexive. Therefore, the dual
of L(D′inv(SM),R) is the space of invariant distributions D′inv(SM). This
implies that the adjoint of the thermostat ray transform I is the map

I∗ : D′inv(SM)→ D′(SM), 〈I∗μ, ϕ〉 = 〈μ, Iϕ〉 for ϕ ∈ C∞(SM).

On an oriented surface any u ∈ C∞(SM) admits a Fourier expansion u =∑
m∈Z um (see Section 2) where

um(x, v) :=
1

2π

∫ 2π

0
u(ρt(x, v))e

−imt dt,

and ρt is the flow generated by V . One can use duality to decompose
a distribution into its Fourier components. That is, if μ ∈ D′(SM) then
〈μk, ϕ〉 = 〈μ, ϕk〉 for all ϕ ∈ C∞(SM). Now we can give the statements of
our results which express the surjectivities of I∗0 and I∗1 in terms of the
existence of some invariant distributions.

Theorem 1.7. Let (M, g,E) be an Anosov Gaussian thermostat on a closed
oriented Riemannian surface. Given f ∈ C∞(M), there exists w ∈ H−1(SM)
with (GE + V (λ))w = 0 and w0 = f .

As was explained in [29], by the ergodicity of Anosov flows, the only L2

solutions to Xw = 0 on geodesic flows are constants. Therefore, the optimal
regularity that we can expect for solutions to (GE + V (λ))w = 0 is H−1.

Theorem 1.8. Let (M, g,E) be an Anosov Gaussian thermostat on a closed
oriented Riemannian surface. For a given solenoidal 1-form α (i.e. diver-
gence free), there exists w ∈ H−1(SM) with (GE + V (λ))w = 0 and w−1 +
w1 = α.

One can consider the surjectivity of I∗m for m ≥ 2, however the con-
straint on m-tensors may not have explicit geometric meanings as that in
the geodesic case. One can also derive surjectivity results on surfaces with
boundaries by similar techniques. For the boundary case one should expect
to show the existence of smooth invariant functions. This is known for I∗0 and
I∗1 on simple manifolds of any dimension, see [35] and [14]. For I∗m, m ≥ 2,
there are results on simple surfaces [30].



Tensor tomography for Gaussian thermostats 903

Finally, it’s also worth pointing out that recently Paternain, Salo and
Uhlmann generalized the techniques for the study of I and I∗ on Anosov
surfaces to higher dimensional Anosov and simple manifolds [31].

2. Pestov identity

Note that we have a global frame {X,X⊥, V } for T (SM), which satisfies
the structure equations given by X = [V,X⊥], X⊥ = [X,V ] and [X,X⊥] =
−KV where K is the Gaussian curvature of the surface. Using this frame
we can define a Riemannian metric on SM by declaring {X,X⊥, V } to be
an orthonormal basis and the volume form of this metric will be denoted by
dΣ3.

Recall the generating vector field of a Gaussian thermostat (M, g,E) is
GE = X + λV . The fact that X,X⊥, V are volume preserving implies the
following lemma which was proved in [11, Lemma 3.2].

Lemma 2.1. Let (M, g,E) be a Gaussian thermostat on a closed oriented
Riemannian surface. Then the following hold:

LGE
dΣ3 = V (λ) dΣ3, LX⊥ dΣ3 = 0, LV dΣ3 = 0,

where LZ denotes the Lie derivative along the vector field Z.

For any two functions u, v : SM → C define the L2 inner product:

(u, v) :=

∫
SM

uv̄ dΣ3,

the corresponding norm will be denoted by ‖ · ‖.
The space L2(SM) decomposes orthogonally as a direct sum

L2(SM) =
⊕
k∈Z

Hk

where Hk is the eigenspace of −iV corresponding to the eigenvalue k. A
function u ∈ L2(SM) has a Fourier series expansion

u =

∞∑
k=−∞

uk

where uk ∈ Hk, then ‖u‖2 = Σ‖uk‖2 with ‖u‖2 = (u, u)1/2. We denote the
subspace Ωk := Hk ∩ C∞(SM).
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Consider the isothermal coordinates (x, y) on the surface (M, g) such
that the metric can be written as ds2 = e2ρ(dx2 + dy2) where ρ ∈ C∞(M,R).
This gives coordinates (x, y, ϕ) on SM where ϕ is the angle between a unit
vector v and ∂

∂x . In these coordinates, the elements in the Fourier expansion
of f = f(x, y, ϕ) are given by

fk(x, y, ϕ) =

(
1

2π

∫ 2π

0
f(x, y, ϕ′)eikϕ

′
dϕ′

)
eikϕ.

In particular, for a given symmetric tensor field f of order m, fk = 0 for
|k| ≥ m+ 1.

We define the H1-norm of a function u ∈ C∞(SM) as

‖u‖2H1(SM) := ‖GEu‖2 + ‖X⊥u− V (λ)V u‖2 + ‖V u‖2 + ‖u‖2.

Notice that ‖u‖2H1(SM) is equivalent to the standardH1-norm ‖u‖2 + ‖∇u‖2,
where ∇u = (Xu,X⊥u, V u).

Lemma 2.2. Let (M, g,E) be a Gaussian thermostat on a closed oriented
Riemannian surface. For any two functions u, v ∈ C∞(SM,C) the following
hold

(V u, v) = −(u, V v), (X⊥u, v) = −(u,X⊥v)
and

(GEu, v) = −(u,GEv)− (V (λ)u, v).

Proof. We will use the following consequence of Stokes’ theorem. Let N be
a closed oriented manifold and Θ be a volume form. Let X be a vector field
on N and f ∈ C∞(N). Then the following holds

(5)

∫
N
X(f)Θ = −

∫
N
fLXΘ.

Now, the statement of the lemma is the consequence of Lemma 2.1 and
(5). �

In particular, Lemma 2.2 implies the following expressions for the ad-
joints

X∗
⊥ = −X⊥, V ∗ = −V, G∗

E = −(GE + V (λ)).

The following integral identity will play a fundamental role in our argu-
ments. Its proof can be found in [11, Theorem 3.3], which is valid for more
general thermostats.
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Theorem 2.3 (Pestov identity). Let (M, g,E) be a Gaussian thermostat
on a closed oriented Riemannian surface. If u ∈ C∞(SM,C), then

‖GEV u‖2 − (KV u, V u) = ‖VGEu‖2 − ‖GEu‖2.

Remark 2.4. The Pestov identity above also holds for Gaussian ther-
mostats on a compact oriented surfaces with smooth boundaries provided
that u|∂SM = 0.

3. α-controlled thermostats

For α ∈ [0, 1], we say that a Gaussian thermostat (M, g,E) on a closed
surface is α-controlled if for any u ∈ C∞(SM) ( u ∈ C∞0 (SM) for compact
surfaces with boundaries) the following holds

‖GEu‖2 − (Ku, u) ≥ α‖GEu‖2.

It is obvious that if K ≤ 0, then (M, g,E) is 1-controlled.

Theorem 3.1. Let (M, g,E) be an Anosov Gaussian thermostat on a closed
surface. Then there is an α > 0 such that

‖GEϕ‖2 − (Kϕ,ϕ) ≥ α
(‖GEϕ‖2 + ‖ϕ‖2

)
for all ϕ ∈ C∞(SM).

Proof. Consider the following Riccati type equation

GE(r − V (λ)) + r(r − V (λ)) +K = 0.

It was shown in [11] that for Anosov thermostats there are real-valued con-
tinuous solutions r± (on SM) to this equation, which are differentiable along
the thermostat flow and satisfy r+ − r− > 0. We prove that the following
integral identity holds

(6) ‖GEϕ‖2 − (Kϕ,ϕ) = ‖GEϕ− rϕ+ V (λ)ϕ‖2,

where r = r±.

|GEϕ− rϕ+ V (λ)ϕ|2 = |GE(ϕ)|2 + |rϕ|2 + |V (λ)ϕ|2 − 2Re(rGE(ϕ)ϕ)

+ 2Re(V (λ)GE(ϕ)ϕ)− 2rV (λ)|ϕ|2.
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Since r satisfies the Ricatti equation,

|GEϕ− rϕ+ V (λ)ϕ|2 = |GE(ϕ)|2 −K|ϕ|2 + |V (λ)ϕ|2
−GE((r − V (λ))|ϕ|2)− rV (λ)|ϕ|2.

Integrate this over SM and use (5) together with Lemma 2.1 to derive (6).
LetA := GEϕ− r+ϕ+ V (λ)ϕ andB := GEϕ− r−ϕ+ V (λ)ϕ, the equa-

tion (6) implies ‖A‖ = ‖B‖. We obtain the following expressions for ϕ and
GEϕ

ϕ = (r+ − r−)−1(A−B),

GEϕ = (1− c)A+ cB,

where c := r+−V λ
r+−r− . From these equations one concludes that there is an α > 0

such that

2α‖ϕ‖2 ≤ ‖A‖2, 2α‖GEϕ‖2 ≤ ‖A‖2.
Combining above inequalities with (6), this completes the proof. �

Remark 3.2. The proof of Theorem 3.1 shows that the following more
general statement holds: if there is a bounded measurable function r : SM →
R such that

GE(r − V (λ)) + r(r − V (λ)) + βK ≤ 0,

then the Gaussian thermostat (M, g,E) is (β − 1)/β-controlled.

4. Surjectivity of I∗0

This section is devoted to the surjectivity of the adjoint of the thermostat
ray transform acting on functions, i.e. I∗0 . To prove the surjectivity of I∗0 , we
need to study the properties of the operator P := VGE . Appling Lemma 2.2,
it is easy to see that P ∗ = (GE + V (λ))V . If F is a subspace of D′(SM),
we denote by F� the subspace of those v ∈ F such that 〈v, 1〉 = 0.

Lemma 4.1. Let (M, g,E) be an Anosov Gaussian thermostat on a closed
oriented Riemannian surface. Then there is a positive constant C such that

‖u‖H1(SM) ≤ C‖Pu‖

for all u ∈ C∞� (SM).
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Proof. Apply Pestov identity and Theorem 3.1 for u ∈ C∞(SM)

‖VGEu‖2 = ‖GEV u‖2 − (KV u, V u) + ‖GEu‖2(7)

≥ ‖GEu‖2 + α(‖GEV u‖2 + ‖V u‖2).

Recall the commutation relation [GE , V ]u = X⊥u− V (λ)V u, which implies
that

‖X⊥u− V (λ)V u‖2 ≤ 2(‖GEV u‖2 + ‖VGEu‖2).
Therefore,

(8) ‖GEV u‖2 ≥ 1

2
‖X⊥u− V (λ)V u‖2 − ‖VGEu‖2.

Thus, there are constants C ′, C ′′ > 0 such that

C ′‖∇u‖2 ≤ ‖GEu‖2 + ‖X⊥u− V (λ)V u‖2 + ‖V u‖2 ≤ C ′′‖Pu‖2,

here ∇u = (Xu,X⊥u, V u). By the Poincaré inequality, there are constants
D,D′ > 0 satisfying

‖u‖2 ≤ D(‖GEu‖2 + ‖X⊥u‖2 + ‖V u‖2) ≤ D′‖∇u‖2

for all u ∈ C∞� (SM). Hence, there is C > 0 such that

‖u‖H1(SM) ≤ C‖Pu‖

for all u ∈ C∞� (SM). �

Lemma 4.1 implies a solvability result for the adjoint P ∗.

Lemma 4.2. Let (M, g,E) be an Anosov Gaussian thermostat on a closed
oriented Riemannian surface. For any f ∈ H−1� (SM) there is h ∈ L2(SM)
such that

P ∗h = f in SM.

Moreover, ‖h‖ ≤ C‖f‖H−1(SM) with C > 0 being independent of f .

Proof. Consider the subspace PC∞� (SM) of L2(SM). By Lemma 4.1, any
element w of PC∞� (SM) has the form w = Pu for some u ∈ C∞� (SM). For
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a given f ∈ H−1� (SM), consider the linear functional

L : PC∞� (SM)→ C, L(Pu) = 〈u, f〉.

Lemma 4.1 implies that the functional L satisfies

|L(Pu)| ≤ ‖f‖H−1(SM) ‖u‖H1(SM) ≤ C‖f‖H−1(SM) ‖Pu‖.

This says that L is continuous on PC∞� (SM). Therefore, by Hahn-Banach
Theorem, the operator L has a continuous extension

L : L2(SM)→ C, |L(v)| ≤ C‖f‖H−1(SM) ‖v‖.

Now, we apply the Riesz Representation Theorem to find h ∈ L2(SM) sat-
isfying

L(v) = (v, h), ‖h‖ ≤ C‖f‖H−1(SM).

If u ∈ C∞� (SM), we have

〈u, P ∗h〉 = 〈Pu, h〉 = L(Pu) = 〈u, f〉.

It follows that P ∗h = f , since f is orthogonal to constants. �

Now, we are ready to prove the surjectivity of I∗0 . Actually Theorem 1.7
is a particular case of the next result (let a = 0).

Theorem 4.3. Let (M, g,E) be an Anosov Gaussian thermostat on a closed
oriented Riemannian surface. Given a ∈ H−1� (SM) and f ∈ L2(M), there
exists w ∈ H−1(SM) with (GE + V (λ))w = a and w0 = f .

Proof. For a given f ∈ C∞(M), by Lemma 4.2, there is h ∈ L2(SM) satis-
fying

P ∗h = a− (GE + V (λ))f in SM.

Setting w := V h+ f , we get

(GE + V (λ))w = (GE + V (λ))V h+ (GE + V (λ))f

= P ∗h+ (GE + V (λ))f = a

and it is easy to see that w0 = f . �
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5. Surjectivity of I∗1

Let (M, g,E) be a Gaussian thermostat on a compact oriented surface. Con-
sider the following first order differential operators introduced by Guillemin
and Kazhdan [19]

η+ =
1

2
(X + iX⊥), η− =

1

2
(X − iX⊥).

It was shown that η± : Ωk → Ωk±1 for k ∈ Z, and that these operators are
elliptic. We introduce the following differential operators μ± : Ωk → Ωk±1
for k ∈ Z, corresponding to the Gaussian thermostat (M, g,E), given by

(9) μ+ = η+ + λ1V, μ− = η− + λ−1V,

where λ = λ1 + λ−1 (notice that λ corresponds to a 1-form). Thus μ+ +
μ− = GE = X + λV .

For fixed m ≥ 1, we define the projection operator Tm : C∞(SM)→⊕
|k|≥m+1Ωk by

Tmu =
∑

|k|≥m+1

uk.

We also consider the operator Qm : C∞(SM)→⊕
|k|≥m+1Ωk defined by

Qmu := TmVGEu.
The next proposition will be the key ingredient for the proofs of the

main results.

Proposition 5.1. Let (M, g,E) be an α-controlled Gaussian thermostat on
a closed oriented Riemannian surface, and let m ≥ 1 be an integer. Then for
any given u ∈⊕

|k|≥mΩk the following holds

‖Qmu‖2 ≥ (1− (m− 1)2 + αm2)(‖μ−um‖2 + ‖μ+u−m‖2)
+ (1−m2 + α(m+ 1)2)(‖μ−um+1‖2 + ‖μ+u−m−1‖2)
+ ‖v‖2 + α‖w‖2,

where v = TmGEu and w = TmGEV u.

Proof. Let u ∈⊕
|k|≥mΩk. Since GE = μ+ + μ−,

‖GEu‖2 = ‖μ−um+1‖2 + ‖μ−um‖2 + ‖μ+u−m−1‖2 + ‖μ+u−m‖2 + ‖v‖2.
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Similarly

‖GEV u‖2 = (m+ 1)2‖μ−um+1‖2 +m2‖μ−um‖2
+ (m+ 1)2‖μ+u−m−1‖2 +m2‖μ+u−m‖2 + ‖w‖2.

Since VGEu =
∑
|k|≤m ik(GEu)k +Qmu, we have

‖VGEu‖2 = m2‖μ−um+1‖2 + (m− 1)2‖μ−um‖2
+m2‖μ+u−m−1‖2 + (m− 1)2‖μ+u−m‖2 + ‖Qmu‖2.

By the Pestov identity and the hypotheses, we get

‖VGEu‖2 ≥ α‖GEV u‖2 + ‖GEu‖2.

Making the appropriate substitutions we obtain our result. �

Lemma 5.2. Let (M, g,E) be an Anosov Gaussian thermostat. Suppose
that there is a constant C > 0 such that

‖GEu‖ ≤ C‖Qmu‖

for all u ∈⊕
|k|≥mΩk. Then there exists another constant D > 0 such that

‖u‖H1(SM) ≤ D‖Qmu‖

for all u ∈⊕
|k|≥mΩk.

Proof. Let u ∈⊕
|k|≥mΩk. By the definitions of Tm and Qm we have

‖Pu‖2 =
∑
|k|≤m

k2‖(GEu)k‖2 + ‖Qmu‖2 ≤ C1‖GEu‖2 + ‖Qmu‖2

for some constant C1 > 0. The hypothesis guarantees the existence of a
constant C2 > 0 such that

‖Pu‖ ≤ C2‖Qmu‖

for any u ∈⊕
|k|≥mΩk. Now we apply Lemma 4.1 to finish the proof. �
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Lemma 5.3. Let (M, g,E) be an Anosov Gaussian thermostat which is
α-controlled, for some α > (m− 1)/(m+ 1) then there is a constant C > 0
such that

‖u‖H1(SM) ≤ C‖Qmu‖
holds for any u ∈⊕

|k|≥mΩk.

Proof. By Proposition 5.1, for α > (m− 1)/(m+ 1), there is a constant C >
0 satisfying

(10) ‖Qmu‖ ≥ C‖GEu‖.

Now, one can conclude the proof by applying Lemma 5.2. �

Remark 5.4. As an immediate corollary of Lemma 5.3 and the smooth
Livsic theorem [25], one obtains that on an Anosov Gaussian thermostat
which is α-controlled for α > (m− 1)/(m+ 1), Im is s-injective. In particu-
lar, an Anosov Gaussian thermostat with non-positive thermostat curvature
is 1-controlled, this is enough for proving Corollary 1.3.

However, in Section 7 we will prove Theorem 1.2 which is a stronger
version of the injectivity of Im, namely α = (m− 1)/(m+ 1).

Lemma 5.5. Let (M, g,E) be an Anosov Gaussian thermostat which is
α-controlled for some α > (m− 1)/(m+ 1). For any f ∈ H−1(SM) with
fk = 0 for |k| ≤ m− 1, there is h ∈ L2(SM) such that

Q∗mh = f in SM.

Moreover, ‖h‖ ≤ C‖f‖H−1(SM) with C > 0 being independent of f .

Proof. Consider the subspaceQm
⊕
|k|≥mΩk of L

2(SM). By Lemma 4.1, any
element v of Qm

⊕
|k|≥mΩk has the form v = Qmu for some u ∈⊕

|k|≥mΩk.

For a given f ∈ H−1� (SM), we consider the linear functional

L : Qm

⊕
|k|≥m

Ωk → C, L(Pu) = 〈u, f〉.

Lemma 5.3 implies that this functional satisfies

|L(Qmu)| ≤ ‖f‖H−1(SM) ‖u‖H1(SM) ≤ C‖f‖H−1(SM) ‖Qmu‖.
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This means that L is continuous on
⊕
|k|≥mΩk. Therefore, by Hahn-Banach

theorem L has a continuous extension

L : L2(SM)→ C, |L(v)| ≤ C‖f‖H−1(SM) ‖v‖.

Now, we apply the Riesz representation theorem to find h ∈ L2(SM) satis-
fying

L(v) = (v, h), ‖h‖ ≤ C‖f‖H−1(SM).

If u ∈ C∞(SM), we have

〈u,Q∗mh〉 = 〈Qmu, h〉 =
〈
Qm

⎛⎝u−
∑

|k|≤m−1
uk

⎞⎠ , h

〉

= L

⎛⎝Qm

⎛⎝u−
∑

|k|≤m−1
uk

⎞⎠⎞⎠
=

〈
u−

∑
|k|≤m−1

uk, f

〉
= 〈u, f〉.

The last equality holds because fk = 0 for all k satisfying |k| ≤ m− 1. �
Now, we give the proof of our main result on the surjectivity of I∗1 .

Proof of Theorem 1.8. Set a := −(GE + V (λ))α. Since δα = 0, by [29] this
is equivalent to η+α−1 + η−α1 = 0. On the other hand, (λ1V + V (λ1))α−1 =
(λ−1V + V (λ−1))α1 = 0, which implies a0 = 0. By Theorem 3.1, an Anosov
thermostat is α-controlled for some α > 0. Therefore, we can apply
Lemma 5.5 with m = 1 to find h ∈ L2(SM) such that

Q∗mh = (GE + V (λ))V Th = −(GE + V (λ))α.

Set w := V Th+ α, then (GE + V (λ))w = 0 and w−1 + w1 = α. �

6. Injectivity of operators μ+, μ−

The following result on the injectivity of μ+, μ− is one of the crucial com-
ponents in the proof of Theorem 1.2. It does generalize the corresponding
result obtained in [19].

Proposition 6.1. Let (M, g,E) be a Gaussian thermostat on a closed ori-
ented Riemannian surface of genus ≥ 2. Consider the operators μ± : Ωk →



Tensor tomography for Gaussian thermostats 913

Ωk±1 defined as in (9), then μ+ : Ωk → Ωk+1 is injective for k ≥ 1 and
μ− : Ωk → Ωk−1 is injective for k ≤ −1.

This is a consequence of the following lemmas. The first lemma says that
the kernel of μ± is invariant under the conformal change of the metric and
the Gaussian thermostat: (g,E) �→ (e2σg, e−2σE).

Lemma 6.2. Let (M, g,E) be a Gaussian thermostat on an oriented sur-
face, and let u ∈ Ωm be such that μ+u = 0. Then ũ = emσu satisfies μ̃+ũ = 0
for any smooth function σ ∈ C∞(M,R). Here μ̃+ denotes the operator de-
fined as in (9) for the Gaussian thermostat (M, g̃, Ẽ) with g̃ = e2σg and
Ẽ = e−2σE.

Before giving the proof we introduce some conventions. If A is a notation
for some object in the context of the thermostat (M, g,E), by Ã we denote
the same object but in the context of the thermostat (M, g̃, Ẽ). For example,
since SM denotes the unit sphere bundle with respect to the metric g, then
S̃M denotes the unit sphere bundle with respect to the metric g̃. Another
example, by α we denote the 1-form dual to the external vector field E with
respect to the metric g. Then α̃ denotes the 1-form dual to the external
vector field Ẽ with respect to the metric g̃.

Proof. Consider the isothermal coordinates (x, y) on (M, g) such that the
metric can be written as ds2 = e2ρ(dx2 + dy2) where ρ ∈ C∞(M,R). This
gives coordinates (x, y, ϕ) on SM where ϕ is the angle between a unit vector
v and ∂

∂x . In these coordinates, we have V = ∂
∂ϕ and

X = e−ρ
(
cosϕ

∂

∂x
+ sinϕ

∂

∂y
+

(
−∂ρ

∂x
sinϕ+

∂ρ

∂y
cosϕ

)
∂

∂ϕ

)
,

X⊥ = −e−ρ
(
− sinϕ

∂

∂x
+ cosϕ

∂

∂y
−
(
∂ρ

∂x
cosϕ+

∂ρ

∂y
sinϕ

)
∂

∂ϕ

)
.

Consider u ∈ Ωm and write u(x, y, ϕ) = h(x, y)eimϕ. Then a straightforward
calculation, using these formulas, shows that

(11) η+(u) = e(m−1)ρ∂(he−mρ)ei(m+1)ϕ,

where ∂ = 1
2

(
∂
∂x − i ∂

∂y

)
.
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In order to write μ+ we set αz :=
1
2(E

1 − iE2) where E1 and E2 are
coordinates of the vector field E, i.e. E = (E1, E2). A straightforward cal-
culation shows that

α+(x, y, ϕ) = αz(x, y) e
ρeiϕ.

Combine this with (11) and (9), we obtain

(12) μ+(u) = e(m−1)ρ(∂ −me2ραz)(he
−mρ)ei(m+1)ϕ.

The same coordinates (x, y) will be isothermal on (M, g̃) and the metric
g̃ can be written as ds̃2 = e2ρ+2σ(dx2 + dy2). Then the coordinates on S̃M
will be (x, y, ϕ) where ϕ is as before. In these coordinates we have

(13) μ̃+(ũ) = e(m−1)(ρ+σ)(∂ −me2ρ+2σα̃z)(h̃e
−m(ρ+σ))ei(m+1)ϕ

for any ũ ∈ Ω̃m written as ũ(x, y, ϕ) = h̃(x, y)eimϕ.
Assume that μ+u = 0, where u ∈ Ωm is written as u(x, y, ϕ) =

h(x, y)eimϕ. Then from (12) we conclude that (∂ −me2ραz)(he
−mρ) = 0.

Now consider ũ = emσu. Then ũ = h̃eimϕ with h̃ = emσh, and α̃z =
e−2σαz. Therefore, by (13), we have

μ̃+(ũ) = e(m−1)(ρ+σ)(∂ −me2ρ+2σα̃z)(h̃e
−m(ρ+σ))ei(m+1)ϕ

= e(m−1)(ρ+σ)(∂ −me2ραz)(he
−mρ)ei(m+1)ϕ.

Thus, we conclude that μ̃+ũ = 0. �

Lemma 6.3. Let (M, g,E) be a Gaussian thermostat on an oriented sur-
face. If (M, g̃, Ẽ) is the conformal Gaussian thermostat, that is g̃ = e2σg and
Ẽ = e−2σE, then divg̃ Ẽ = e−2σ divg E.

Proof. The proof follows by straightforward computations in isothermal co-
ordinates (x, y) on (M, g). The Christoffel symbols are

Γ1
11 = −Γ1

22 = Γ2
12 =

∂ρ

∂x
, Γ2

22 = −Γ2
11 = Γ1

12 =
∂ρ

∂y
.

If E = (E1, E2) in coordinates (x, y), then the expression for divg E is

divg E = ∇1E
1 +∇2E

2 =
∂E1

∂x
+

∂E2

∂y
+ 2

(
∂ρ

∂x
E1 +

∂ρ

∂y
E2

)
.
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Note that the metric g̃ can be written as ds̃2 = e2ρ+2σ(dx2 + dy2). Therefore
the Christoffel symbols for g̃ are

Γ̃1
11 = −Γ̃1

22 = Γ̃2
12 =

∂(ρ+ σ)

∂x
, Γ̃2

22 = −Γ̃2
11 = Γ̃1

12 =
∂(ρ+ σ)

∂.
y,

Since Ẽ = (e−2σE1, e−2σE2) in coordinates (x, y), the expression for divg̃ Ẽ
is

divg̃ Ẽ = ∇̃1E
1 + ∇̃2E

2 = e−2σ
(
∂E1

∂x
+

∂E2

∂y
+ 2

(
∂ρ

∂x
E1 +

∂ρ

∂y
E2

))
= e−2σ divg E.

�

Lemma 6.4. Let (M, g,E) be a Gaussian thermostat on a closed oriented
surface of genus ≥ 2, then there exists a function σ ∈ C∞(M,R), such that
the conformal Gaussian thermostat (M, e2σg, e−2σE) has negative thermo-
stat curvature.

Proof. Let K, K̃ be the Gaussian curvatures of (M, g) and (M, e2σg) respec-
tively. It is well known that K̃ = e−2σ(K −Δgσ), here Δg is the Laplacian
under the metric g. On the other hand, a straightforward calculation shows
that the thermostat curvature of (M, g,E) has the form

K = K − divg E.

Above discussion together with Lemma 6.3 implies that the thermostat cur-
vature of (M, e2σg, e−2σE) is

K̃ = K̃ − divg̃ Ẽ = e−2σ(K −Δgσ − divg E).

To prove the lemma, we need to find a real-valued smooth function σ
and a constant c < 0 for the following equation

(14) K −Δgσ − divg E = c < 0.

Notice that on a closed connected Riemannian surface, the solvability con-
dition for (14) is

0 =

∫
M

K − c− divg E dVolg =

∫
M

K − c dVolg.
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By the Gauss-Bonnet theorem and the assumption that the genus ≥ 2 (i.e.
the Euler characteristic χ(M) < 0), we can choose

c =

∫
M K dVolg

Volg(M)
=

2πχ(M)

Volg(M)
< 0,

where Volg(M) is the volume of M under the metric g.
Thus there exists σ ∈ C∞(M,R) such that

K̃ = e−2σ
2πχ(M)

Volg(M)
< 0.

�

Lemmas 6.2 and 6.4 imply that to prove Proposition 6.1, we only need
to show that it’s true for the case K < 0.

Lemma 6.5. Given a Gaussian thermostat (M, g,E) on a closed oriented
surface with K = K − divg E < 0, where K is the Gaussian curvature of
(M, g), then μ+ : Ωk → Ωk+1 is injective for k ≥ 1 and μ− : Ωk → Ωk−1 is
injective for k ≤ −1.

Proof. Let u ∈ Ωk, since GE = μ+ + μ−, the following expressions hold

GEu = μ+u+μ−u, GEV u = ikμ+u+ ikμ−u,
VGEu = i(k + 1)μ+u+ i(k − 1)μ−u.

Substituting these into the Pestov identity, we obtain an integral identity

2k‖μ−u‖2 = 2k‖μ+u‖2 + k2(Ku, u).

According to our hypothesis K < 0, we come to the following inequality

(15) 2k‖μ−u‖2 ≤ 2k‖μ+u‖2.

Consider the case k ≥ 1 and assume μ+u = 0, we get

0 ≤ ‖μ−u‖2 ≤ 0,

Thus u ≡ 0 as desired. Using similar ideas for the case k ≤ −1 one can prove
that μ−u = 0 implies u ≡ 0. �
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7. Injectivity of Im

Before giving the proof of the s-injectivity of Im, it is worth pointing out
that if the terminator value of a Gaussian thermostat (M, g,E) is βter,
then (M, g,E) is free of βter-conjugate points. Indeed assume that (M, g,E)
has βter-conjugate points, i.e. there exists a thermostat geodesic γ and
a non-trivial solution y(t) to the βter-Jacobi equation along γ such that
y(0) = y(T ) = 0 for some T > 0. Notice that ẏ(T ) �= 0, thus there is a small
neighborhood U of βter, such that for all β ∈ U there are β-conjugate points.
This contradicts the definition of the terminator values.

Since (M, g,E) has no βter-conjugate points, by Remark 3.2, it is (βter −
1)/βter-controlled. Notice that for Anosov Gaussian thermostats, there are
no conjugate points in the usual sense, which means that βter ≥ 1 (actually
one can get βter > 1 for Anosov Gaussian thermostats).

The following injectivity result will imply Theorem 1.2.

Theorem 7.1. Let (M, g,E) be a Gaussian thermostat on a closed surface
of genus g ≥ 2 which is (m− 1)/(m+ 1)-controlled. Let ϕ be a symmetric
m-tensor and suppose that there is a smooth solution h to the transport
equation

GEh = ϕ.

Then h is of degree m− 1.

Proof. Let u =
∑
|k|≥m hk, thenGEu has degreem and Qmu = 0. By Propo-

sition 5.1 and the assumption α = (m− 1)/(m+ 1), we get that

μ−um = 0 and μ+u−m = 0.

Thus

GEu = μ−um+1 + μ+u−(m+1)

and

GEV u = i(m+ 1)μ−um+1 − i(m+ 1)μ+u−(m+1).

Therefore,

X⊥u− V (λ)V u = [GE , V ]u = i(m+ 1)μ−um+1 − i(m+ 1)μ+u−(m+1)

− imμ−um+1 + imμ+u−(m+1)

= iμ−um+1 − iμ+u−(m+1).
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It is known that X⊥u− V (λ)V u = iμ−u− iμ+u. Hence μ−u = μ−um+1 and
μ+u = μ+u−(m+1), in particular, μ+uk = 0 and μ−u−k = 0 for k ≥ m. Then
Proposition 6.1 implies that u ≡ 0, thus h is of degree m− 1. �
Proof of Theorem 1.2. Let ϕ be a symmetric m-tensor, such that Imϕ ≡ 0.
By the smooth Livsic theorem, there is h ∈ C∞(SM) such that GEh = ϕ.

On the other hand, a closed oriented surface whose unit sphere bundle
carries an Anosov flow must have genus ≥ 2. Indeed, by a classic result of
Plante and Thurston [36], if an S1-bundle over a closed oriented surface
carries an Anosov flow, the fundamental group of the bundle must grow
exponentially. However the fundamental group of any S1-bundle over a 2-
sphere or torus only has polynomial growth.

Finally, by Remark 3.2 and the discussion about terminator values at
the beginning of this section, (M, g,E) is (m− 1)/(m+ 1)-controlled.

Now Theorem 1.2 is a direct consequence of Theorem 7.1. �

8. Results for surfaces with boundary

As mentioned in the introduction, some of the arguments above also work
for compact surfaces with boundary. The main change when dealing with
the boundary case is that the functions need to vanish on the boundary
whenever appropriate.

In this section we assume that (M, g) is a compact oriented Riemannian
surface with smooth boundary ∂M , we will prove Theorem 1.5 which is
an injectivity result for Gaussian thermostats (M, g,E) on surfaces with
boundary. Let Λ denote the second fundamental form of ∂M and ν(x) the
inward unit normal to ∂M at x. We say that ∂M is strictly thermostat
convex if

(16) Λ(x, v) > 〈E(x)− 〈E(x), v〉v, ν(x)〉

for all (x, v) ∈ S(∂M), here E is the external field.
For x ∈M , we define the thermostat exponential map by

expEx (tv) = π ◦ φt(v), t ≥ 0, v ∈ SxM

which is C1-smooth on TxM and C∞-smooth on TxM \ {0}.
We say that (M, g,E) is simple if 1) ∂M is strictly thermostat convex

and 2) the thermostat exponential map expEx : (expEx )
−1(M)→M is a dif-

feomorphism for every x ∈M . These two conditions guarantee that every
two points on M are connected by a unique thermostat geodesic and there



Tensor tomography for Gaussian thermostats 919

is no conjugate points. In this case, M is diffeomorphic to the unit ball of
Rn, which is simply connected.

Results in Section 2 are still valid in the boundary case if the trace of u
or v vanishes. The Pestov identity also holds:

Theorem 8.1. Let (M, g,E) be a Gaussian thermostat on a compact ori-
ented surface with boundary. If u ∈ C∞(SM,C) and u|∂SM = 0, then

‖GEV u‖2 − (KV u, V u) = ‖VGEu‖2 − ‖GEu‖2.

Notice that the estimate of Theorem 3.1 plays an important role in the
arguments for the case of closed surfaces. To establish our result for the
boundary case, we need a similar estimate. Given a Riemannian surface M
with boundary, denoting ∂SM the boundary of SM , we define a subset of
∂SM ,

∂+SM := {(x, v) ∈ ∂SM : 〈v, ν(x)〉g ≥ 0}.
Note that ν(x) is the inward unit normal to ∂M at x. We start with the
following existence result of distinct solutions to the Riccati equation on 2D
simple Gaussian thermostats.

Lemma 8.2. Let (M, g,E) be a simple Gaussian thermostat on a com-
pact oriented surface with boundary. Then there exist smooth nowhere equal
solutions r+ and r− to the Riccati type equation

(17) GEr + r2 − V (λ)r +K−GEV (λ) = 0.

Proof. We embedM into larger compact surfaces M̃ , M̃ with boundary such
that M ⊂ M̃ int ⊂ M̃ ⊂ M̃ int ⊂ M̃ , and extend g and E smoothly onto M̃
such that (M̃, g, E) and (M̃, g, E) are simple too.

We consider a maximum thermostat geodesic γz : [0, l]→ M̃ with z =

(γz(0), γ̇z(0)) ∈ ∂+SM̃ . Let yz be the solution to the thermostat Jacobi equa-
tion

ÿz − V (λ)ẏz + (K−GEV (λ))yz = 0

along γz satisfying yz(0) = 0, ẏz(0) = 1. By the simplicity of (M̃, g, E), γz
has no conjugate points, thus r(z, t) = ẏz(t)

yz(t)
is a solution to the Riccati

equation on (0, l] with limt→0 r(t) = +∞. Notice that r(z, t) smoothly de-

pends on z ∈ ∂+SM̃ . We do the same thing for all the thermostat geodesics
on M̃ , which can be parameterized by z ∈ ∂+SM̃ , to get a well-defined
smooth solution r+(x, ξ) = r(z(x, ξ), τ−(x, ξ)) to the Riccati equation (17)
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on SM̃ int, where (x, ξ) = (γz(τ
−(x, ξ)), γ̇z(τ−(x, ξ))), τ−(x, ξ) is the length

of the unique thermostat geodesic segment connecting π(z) and x with

ξ ∈ SxM̃ tangent to γz at x. It is not difficult to see that z and τ− smoothly
depend on (x, ξ) ∈ SM̃ int. Moreover lim

(x,ξ)→∂+S˜M
r+(x, ξ) = +∞.

Notice that by our definition of M̃ and M̃ , the restriction to M̃ of
a thermostat geodesic γ of (M̃, g, E) (if nonempty), γ|M̃ , is a thermostat

geodesic of (M̃, g, E). By a similar approach as above with the initial condi-
tion yz(0) = 0, ẏz(0) = 1 at z ∈ ∂+SM̃ for the thermostat Jacobi equation,
one can get a smooth solution r− to the Riccati equation (17) on SM̃ int

with lim(x,ξ)→∂+SM̃ r−(x, ξ) = +∞.

Since SM̃ ⊂ SM̃ and ∂+SM̃ is compact, there exists K > 0 such that
sup(x,ξ)∈∂+SM̃ r+(x, ξ) ≤ K. We can find a smaller compact surface U , whose

boundary ∂U is uniformly, sufficiently close to ∂M̃ , with M ⊂ U ⊂ M̃ int

and (U, g, E) is still simple. Then there exists c > 0 such that sup∂+SU r+ <
K + c and inf∂+SU r− > K + c, i.e. r+ and r− never coincide on ∂+SU .

Now we claim that r+ �= r− on SM (Actually r+ �= r− on SM̃ int). We
prove by contradictions, assume that there exists (x, ξ) ∈ SM such that
r+(x, ξ) = r−(x, ξ). Consider the restrictions of r+ and r− onto the thermo-
stat geodesic γx,ξ : [−l−, l+]→ U , l−, l+ > 0, with (γx,ξ(0), γ̇x,ξ(0)) = (x, ξ)
and γx,ξ(−l−), γx,ξ(l+) ∈ ∂U . Notice that the zeroth order term of the Ric-
cati equation (17) is a polynomial with respect to r. Moreover, [−l−, l+] is
compact, thus the zeroth order term of (17) is Lipschitz continuous in r when
it is restricted on γx,ξ. By the Picard-Lindelöf theorem of first order ODEs,
one has the global existence and uniqueness of the solution to the Riccati
equation on γx,ξ with r(0) = r+(x, ξ) = r−(x, ξ). This implies that r+ ≡ r−

along γx,ξ. In particular, there is z ∈ ∂+SU such that r+(z) = r−(z). How-
ever, since r+ and r− are never equal on ∂+SU , we reach a contradiction.
Therefore, r+ and r− are two distinct solutions to the Riccati equation (17)
on SM . �

The following is an analogue of Theorem 3.1 on compact surfaces with
boundary.

Theorem 8.3. Let (M, g,E) be a simple Gaussian thermostat on a compact
oriented surface with boundary. Then there exists an α > 0 such that

‖GEϕ‖2 − (Kϕ,ϕ) ≥ α
(‖GEϕ‖2 + ‖ϕ‖2

)
for all ϕ ∈ C∞(SM,C) with ϕ|∂SM = 0.
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Proof. Applying Lemma 8.2, the proof is almost identical to the proof of
Theorem 3.1. �

Applying Theorems 8.1 and 8.3, the results of Sections 4 and 5 also hold
for the boundary case. To prove Theorem 1.5, we need the following lemma
on the injectivity of μ± which is an analogue of Proposition 6.1.

Lemma 8.4. Let (M, g,E) be a Gaussian thermostat on a compact oriented
Riemannian surface with boundary. Consider the operators μ± : Ωk → Ωk±1
defined as in (9). Let k ≥ 1, if μ+u = 0 where u ∈ Ωk, u|∂SM = 0, then u =
0; if μ−u = 0 where u ∈ Ω−k, u|∂SM = 0, then u = 0.

Proof. Notice that M can be embedded into a closed surface of genus ≥ 2.
By Lemma 6.4, we only need to show the injectivity of μ± for Gaussian
thermostats of negative thermostat curvature, which is straightforward by
applying Theorem 8.1. �

With the help of above Lemma, we obtain the following injectivity result
whose proof is similar to that for Theorem 7.1.

Proposition 8.5. Let (M, g,E) be a Gaussian thermostat on a compact
oriented surface with boundary which is (m− 1)/(m+ 1)-controlled. Let ϕ
be a symmetric m-tensor and suppose that there is a smooth solution h,
h|∂SM = 0, to the transport equation

GEh = ϕ.

Then h is of degree m− 1.

To prove Theorem 1.5, we need a version of Livsic Theorem for sur-
faces with boundary. Given a 2D simple Gaussian thermostat (M, g,E), let
τ(x, v), (x, v) ∈ SM be the time that the thermostat geodesic γx,v starting
at x in direction v exits M . The simplicity assumption implies that τ is
finite for all (x, v) ∈ SM and it is smooth on SM except S(∂M), the unit
sphere bundle of the boundary ∂M .

Given f a smooth function on SM , it is easy to see that

(18) uf (x, v) = −
∫ τ(x,v)

0
f(γx,v(t), γ̇x,v(t)) dt

solves the transport equation

GEu = f
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in SM . Moreover, if If ≡ 0, we obtain uf |∂SM = 0. The ingredient is the
following regularity statement.

Proposition 8.6. Let (M, g,E) be a simple Gaussian thermostat on a com-
pact oriented surface with boundary. Given f ∈ C∞(SM) with If ≡ 0, let
uf be the function defined by (18), then uf ∈ C∞(SM) too.

The proof of Proposition 8.6 for simple surfaces can be found in [27], a
similar argument works for simple Gaussian thermostats, thus we leave it to
the reader. Now Theorem 1.5 follows from Propositions 8.6 and 8.5.
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[43] G. Uhlmann and A. Vasy, The inverse problem for the local geodesic
ray transform, Invent. Math. 205 (2016) 83–120.

[44] M. P. Wojtkowski, W-flows on Weyl manifolds and Gaussian ther-
mostats, J. Math. Pures Appl. 79 (2000), 953–974.



926 Y. M. Assylbekov and H. Zhou

Department of Mathematics, University of Washington

Seattle, WA 98195-4350, USA

Current address:

Department of Mathematics, Northeastern University

Boston, MA 02115, USA

E-mail address: y assylbekov@yahoo.com

Department of Mathematics, University of Washington

Seattle, WA 98195-4350, USA

Current address:

Department of Mathematics, University of California Santa Barbara

Santa Barbara, CA 93106-3080, USA

E-mail address: hzhou@math.ucsb.edu

Received November 7, 2014



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


