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Mean curvature flow of pinched
submanifolds of CP"

G. PrpoL1 AND C. SINESTRARI

We consider the evolution by mean curvature flow of a closed sub-
manifold of the complex projective space. We show that, if the
submanifold has small codimension and satisfies a suitable pinch-
ing condition on the second fundamental form, then the evolution
has two possible behaviors: either the submanifold shrinks to a
round point in finite time, or it converges smoothly to a totally
geodesic limit in infinite time. The latter behavior is only possible
if the dimension is even. These results generalize previous works
by Huisken and Baker on the mean curvature flow of submanifolds
of the sphere.

1. Introduction

Let Fp : M — CP" be a smooth immersion of a closed connected manifold
in the complex projective space. We denote by A the second fundamental
form and by H the mean curvature vector associated with the immersion.
The evolution of My = Fy(M) by mean curvature flow is the one-parameter
family of immersions F' : M x [0, T, [ — CP" satisfying

0

7F(p7t):Ha pEM,tZO,
(1.1) ot
F(-,0) = Fy.

We denote by My = F(M,t) the evolution of My at time t. It is well known
that this problem has a unique smooth solution up to some maximal time
Trnaz < 00. Moreover, if 1,4, is finite the curvature of M; necessarily be-
comes unbounded as t — Ti,4, and we say that the flow develops a singu-
larity in finite time. The main theorem proved in this work is the following.

Theorem 1.1. Let My be a closed submanifold of CP™ of real dimension
m and codimension k = 2n —m. Suppose either n >3 and k=1, orn>7

799
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and 2 <k < 2"—5_3 (equivalently, 2 < k < mT—z%) If at every point of Mg the
inequality

1
4——ﬂHﬁ+2 if k=1,
—

(1.2) |A]? <

1 —-3—-4
B B B Y
m—1 m

1s satisfied, then the same holds on My for all 0 < t < Ty4.. Moreover, one
of the two following properties holds:

1) Thaw < 00, and My contracts to a point as t — Tinax,

2) Tinax = 00, and My converges to a smooth totally geodesic submanifold
ast — Thae-

Case 2) can only occur if m is even, and the limit submanifold is isometric

m

to CP>.

An inequality of the form (1.2) above is usually called a pinching con-
dition on the second fundamental form. For instance, in the case k =1 it
gives a bound on how much each principal curvature of the submanifold can
differ from the others.

The above statement says in particular that in odd dimension a sub-
manifold satisfying our assumptions necessarily shrinks to a point under
mean curvature flow. We remark that this property is not proved directly:
we show that the only alternative to a round point is the behavior in 2),
but such a behavior is excluded for odd dimension because the only totally
geodesic submanifolds of CP"™ with small codimension as in our hypotheses
are isometric to a complex projective space.

When M, shrinks to a point in finite time as in case 1) above, one can
show that, after an appropriate rescaling, it converges to an m-dimensional
sphere, a behavior which is usually described as “convergence to a round
point”, see e.g. [H1, §9-10], [LXZ, §6]. As a consequence, we obtain the
following classification result.

Corollary 1.2. Let My satisfy the hypotheses of Theorem 1.1. Then, if m
s odd, My is diffeomorphic to an S™, while if k is even, My is diffeomorphic
either to an S™ or to a CP% . In every case My is simply connected.

The behavior of submanifolds evolving by mean curvature flow has been
studied by several authors in the last decades, especially in the case of codi-
mension one. The first fundamental result was obtained by Huisken [H1],
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who showed that any closed convex hypersurface in Euclidean space shrinks
to a round point in finite time. He later proved [H2] that the same holds for
hypersurfaces in general Riemannian manifolds satisfying a stronger convex-
ity condition which takes into account the geometry of the ambient space.
A similar analysis has then been carried out by several authors for flows
driven by speeds different from the mean curvature, and many convergence
results to a round point are known for hypersurfaces satisfy suitable convex-
ity requirements, see [AMZ, AM] and the references therein. More recently,
Andrews and Baker [AB] have considered the mean curvature flow in the
case of higher codimension, and proved the convergence to a round point
for submanifolds of arbitrary codimension of the Euclidean space satisfying
a suitable pinching condition. Similar results have then been obtained by
Liu, Xu,Ye and Zhao for submanifolds of hyperbolic spaces [LXYZ] and of
general Riemannian manifolds [LXZ].

By contrast, very few authors have considered cases where the mean
curvature flow converges to a stationary limit. In the context of weak solu-
tions, there is a quite general result by White [W, Theorem 11.1], asserting
that a mean convex solution either disappears in finite time or converges
to a finite collection of stable minimal submanifolds. For classical solutions,
results of this kind are known only in special cases. For the curve shortening
flow, Grayson [G] showed that an embedded curve in a Riemannian surface
either shrinks to a round point or converges smoothly to a geodesic. When
the dimension of the evolving submanifold is larger than one, other kinds
of singularities can occur and an analogous statement can only be expected
under suitable restrictions. Until now, a higher dimensional analogue of the
results of [G] has only been obtained for submanifolds of the sphere, which
have been studied by Huisken [H3] for codimension one and by Baker [Ba] for
arbitrary codimension. The results in the two cases can be stated together
as follows.

Theorem 1.3. [H3, Ba] Let Mg be a closed n dimensional submanifold of
S™tRwith n > 2, and suppose that we have on My

]A|2<ﬁ|H\2+2, ifn>4, orn=3 and k=1,
(1.3) AP < 3|HP + 4, ifn=2and k=1,
AP < L HP 4+ 20 =23 and k> 1.

Then one of the following holds:

1) Tohax is finite and the My’s converge to a round point as t — Tiax,
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2) Tinax 1S infinite and the My’s converge to a smooth totally geodesic
hypersurface Moo, isometric to S™.

As underlined in the above statements, a key ingredient in all these re-
sults is the invariance under mean curvature flow of a pinching condition of
the form |A|? < a|H|? + b, for some a > 0 and b € R. The values of a, b such
that the invariance holds depend on the properties of the ambient manifold.
If the ambient manifold is flat [H1, AB], or hyperbolic [LXYZ], or general
[LXZ], the invariance can only be obtained for suitable values of b < 0, so
that the condition rules out the possibility of a stationary limit. In the case
of the sphere, it is possible instead to have invariance with some b > 0,
which allows the two possible behaviors of the above statements. In addi-
tion, a pinching condition with b > 0 is substantially weaker: for example,
in the case of codimension one it allows for some nonconvex hypersurfaces.
Although the special structure of the sphere is used in an essential way in
[H3, Bal, it is natural to expect that similar results should hold for more
general ambient spaces of positive curvature.

The results of this paper confirm this expectation in the case of the com-
plex projective space, showing that suitably pinched submanifolds evolving
by mean curvature flow exhibit similar properties to the ones of the sphere.
The complex projective space is a natural ambient space to consider beside
the sphere, since it is a symmetric Einstein manifold with positive, but no
longer constant, sectional curvature. The different structure of the Riemann
curvature tensor complicates the study of the evolution of the curvature
quantities with respect to [H3, Ba], and forces us to restrict our analysis to
submanifolds with suitably small codimension.

The paper is organized as follows. After recalling some notation and
preliminary results, we prove in Section 3 the invariance of the pinching
condition. In this part, in order to efficiently estimate the reaction terms in
the evolution equations, it is crucial to choose normal and tangent frames
strongly linked with the geometry of CP". In Section 4 we study the be-
havior of the norm of the traceless part of the second fundamental form,
which is used to measure the improvement of pinching as the maximal time
is approached. Since our estimates have additional lower order terms com-
pared with [H3, Bal, to prove our main theorem we have to treat separately
the cases of T}, finite and 1,4, infinite, which we do in Sections 5 and
6 respectively. The former case is more technically involved, and the con-
vergence is obtained by integral estimates as in the previous papers, while
for Tyuq, infinite the result follows from a more direct argument. Finally,
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in Section 7 we show that in the case of hypersurfaces our main result also
holds for the mean curvature flow in quaternionic projective spaces.

2. Preliminaries

The ambient manifold CP" is a Ké&hler manifold of complex dimension n
with complex structure J. It can be regarded as a real Riemannian manifold
of dimension 2n endowed with the Fubini-Study metric grpg. We denote the
curvature tensor and the Levi-Civita connection of (CP", gpg) with R and
V respectively. Then R has the explicit form, for all tangent vector fields
XY, Z,W,
(21) R(Xa }/a Za W) = gFS(X7 Z)gFS(Y7 W) - gFS(Xa W)gFS(Yv Z)

+9rs(X, JZ)grs(Y, JW)

- gFS(Xa JW)gFS(Y7 JZ)

+ 29F5’(X7 JY)gFS(Z7 JW)

In particular, the sectional curvature of a tangent plane spanned by two
orthonormal vector fields X and Y is

(2.2) K(X,Y) =1+ 3grs(X,JY)?,

therefore 1 < K <4and K = 1 (resp. K = 4) if and only if JY is orthogonal
(resp. tangent) to X. Moreover (CP", grs) is a symmetric space, so VR = 0,
and is an Einstein manifold with Einstein constant 2(n + 1).

Let now M be a closed submanifold of CP", with induced metric g,
curvature tensor R and connection V. The tangent and normal space to
M at a point p are denoted by T, M and N, M respectively. Throughout
the paper we denote by m the dimension of M and by k = 2n —m its

codimension. Unless specified otherwise, Latin letters 4, 7,[,... run from 1
to m, Greek letters a, 5,7, ... run from m + 1 to m + k.
Let eq,...,en1k be an orthonormal frame tangent to CP" at a point of

M, such that the first m vectors are tangent to M and the other ones are
normal. With respect to this frame, the second fundamental form can be
written

A:Zho‘@)ea,
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where the h® = <h§’3) are symmetric 2-tensors. The trace of the second fun-
damental form with respect to the metric g is the mean curvature vector H:

H = Ztr h%, = ZZgijh%ea.
« a i

The traceless part of the second fundamental form is defined as A=A—

— H ® g, and its components are ;L% =h{; — %agij, where H* =" g"*hf,.
m

° 1
In particular, the squared length satisfies |A|* = |A|* — — |H|*.

If M is a hypersurface, then the mean curvature vector is a multiple of
the unit normal vector v and satisfies

H=—M+-+ ),

where A\ <--- <\, are the principal curvatures. In addition, we have
JA? = A2+ .-+ A2 and

° 1 1
2. AP = AP = = [H]? = => (M=)’

so that smallness of \fi|2 implies that the curvatures are close to each other.

The evolution equations of the main curvature quantities of a subman-
ifold evolving by mean curvature flow in a general Riemannian space have
been computed in [AB] and [Ba]. In our case, they take a simpler form
because the ambient manifold is symmetric. We recall here the equations
satisfied by |H|?,|A|* and by the volume form dp; associated with the im-
mersion at time t.

Lemma 2.1. On a submanifold evolving by mean curvature flow in a sym-
metric ambient space we have

2
o _
) o |HI> = A|H? = 2|VH? +2) <Z H%;?;) +2)  RipH*H”,
2 a Lo,
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ij'vij

2) 88t|A|2 =AJAP —2|VAP +2) " [ D henl

+2 >

2
Z thhjp o thth]

i,5,0,
4 5 R (S5 ) <43 A S
,7,0,q Jibip

+2 ZRlalﬁ Zh%hzﬁ] -8 Z R]paﬂ <Z h%,hz’b;)

l a7/8 7p7 75

0
oA = IH\Qdut-

T

When the codimension is one these equations have a simpler form.

Lemma 2.2. On a hypersurface evolving by mean curvature flow in a sym-
metric ambient space we have

1) gt \H|> = A|H)? - 2|VH)> + 2 |H|? (|A|2 + Ric(v, y)) :
%) gt AP = AJAP — 2)VAP + 2|41 (A + Ric(v,))

— 437 (igh "Ry — WIRP Ry )

,J,p,l

where Ric is the Ricci tensor of the ambient manifold.

3. Invariance of pinching

In this section we prove that the pinching condition (1.2) is invariant under
the flow. To obtain the desired estimates, it is important to perform the
computations using special tangent frames with suitable properties, which
we now describe.

A first kind of frames, which was also considered in [AB, LXZ], can
be defined at any point where H # 0 in the following way. We choose a
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privileged normal direction setting

H
(31) Cm+1 = 75777

|H|
Then we can choose €49, ...,€emntk such that {em41,...,€mir} is an or-
thonormal basis of N, M; and choose any orthonormal basis {e1, ..., en} of

T,M;. Any tangent frame obtained in this way will be called of kind (B1).
With such a choice of tangent frame, the second fundamental form and
its traceless part satisfy

tr At = |H|,
trh® =0, a>m+2
and
}Zm—&—l _ hm+1 o @
fza:ho‘, a>m+ 2.

When using a basis of kind (B1), we adopt the following notation:

|h1|2 = ‘hm+1’2, |}OL1|2 = |l;m+1}2,
(3.2) ) - 2n -
WP == S R
a=m-+2

A second kind of frames, more linked with the geometry of CP", is
useful when we have to compute explicitly the components of the Riemann
curvature tensor of the ambient manifold. The properties required in this
case are described in the following lemma.

Lemma 3.1. Let M be a submanifold of CP™ of dimension m and codi-
mension k. If k < m, then for every point p € M there exist {e1,...,emn}

an orthonormal basis of T,M and {en1,...,emntr} an orthonormal basis
of NyM such that:

1) for every r < % we have

(3.3)

Jemior—1 = Tre2r_1 + Vremyar,
Jemior = Tr€2r — Vr€mior—1,

with 7., vy € [0,1] and 72 +v2 = 1.
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2) If k is odd then Jepik = €.

3) The remaining vectors satisfy
(3.4) Jepi1 = €kra, Jeri3 = €kiay .-y JCm_1 = Em.

Proof. For every point p € M the function

o: NpMxNM — R
(X,Y) = p(X,Y) =g(JX,Y)

is a skew-symmetric bilinear form. It is a well-known fact that there is an

orthonormal basis {€n+1,. .., €mntr} of NpM such that ¢ is represented by
the matrix
0 1240
o 0 0 0
0 0 1 0
0 Vs
0 0 v 0
0 141
v 0 0 0 0
0 0w 0 0
—U9 0
M, = . ] . . if k=2s+ 1.
0 Vs
0 0 v 0 0
0 0 0 0

Using the property that |p(X,Y)| < |X||Y|, we find that || <1 for any r,
and after possibly reversing signs we can have v, € [0, 1].

Observe first that if k is odd statement 2 follows easily. When we consider
the other vectors of the basis, the above construction implies that, for every
r < %, the normal component of Je,,o,—1 is given by v.en, o, while the
normal component of Je,, o, is given by —v,€,,49,—1. Now let us distinguish
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the cases v, < 1 and v, = 1. In the first case, we have
(35) {J€m+2r1 = 7 Tor—1 + Vremaar,

J€m+2r = 7,19 — Vrem+-2r—1,

where the T; are unit vectors of T, M and 7,,7, € R. The above relations
imply
Tf—i—Vf:l:%f—l—yf,

so, up to changing the sign of 75,1 and Ty, we can obtain 7, = 7, € (0, 1].

If instead v, = 1, this means that Je,,12,—1 coincides with e,,9,. In this
case, we choose T5,_1 to be any unit tangent vector which is orthogonal to
T1,...,T5_92 and which is also orthogonal to Jeg+1,. .., Jenti. It is easy
to see that such a vector exists because of the assumption k£ < m. We then
define Ty, = JT5,_1. By construction, 75, is a tangent unit vector orthogonal
to T1,...,To.—1. Observe that equations (3.5) hold also in this case, with
7 =T = 0.

In general, since {€p+41,...,€em+k} is an orthonormal basis, from equa-
tions (3.5), we have for any i # j

9(1;,T;) = 0.
Then we define e; = T; for i = 1, ..., k, and we complete the basis of 7T, M in
an orthonormal way by choosing ey 1, ..., e in such a way that requirement
3 is satisfied. O

Any basis satisfying the properties of the previous lemma will be called
of kind (B2). Since J? = —id, from (3.3) it follows easily that such a basis
also satisfies

(3.6)
Jegr = Vp€or_1 — Tr€mior.

{J62r1 = —Ur€2r — Tr€m42r—1,
If k£ is odd, it is convenient to define . = 1, v, =0 for r = k—;l In this way,
the first equations in (3.3) and in (3.6) hold also for this value of r.

In general, the requirements for (B1) and (B2) are incompatible and the
two kinds of bases are different. Thus when we use frames of type B2, we
have H =) H%,, with H® not necessarily zero for a > m + 1.

Observe that when k£ =1 these constructions are trivial: there is an
unique (up to sign) normal unit vector es,, H is a multiple of such vector
and e; = Jeg, is a tangent vector. Then for a hypersurface we can choose a
basis that is at the same time of type (B1) and (B2).
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When k > 2, we introduce the following notation taken from [AB]

2 2
Ry = Z Z h%hfj + Z [Z h%hfp o hiﬁph?P] ’

aB \ ij g Lop
2
R 3 (o)
2,] @
If we use a frame of kind (B1), it is easily checked that
o 1
b [P H[? + —|H[* if H #0
(3.7) Ry = m
0 it H=0.

The following result, proved in [AB, §3] and in [Ba, §5.2], is useful in
the estimation of the reaction terms occurring in the evolution equations
of Lemma 2.1. It only uses the algebraic properties of Ry and Ry and is
independent on the flow.

Lemma 3.2. At a point where H # 0 we have, for any a € R

> 2 ° 2 1
2Ry — 2aRy < 2‘h1|4 -2 (a— > ‘h1|2‘H‘2 — <a_ ) |H|4
m m m

+ 8|kt 2| h_|? + 3|h| .

In addition, if a > 1/m and if b € R is such that |A|> = a|H|? + b, we have

2R) — 2aRs < (6 - ) AP h_|? — 3|h_|*
ma — 1
2mab

ma — 1

- 4b o 2%
* [P +ma—1|h_| S ma-—1

We now derive a sharp estimate on the gradient terms appearing in the
evolution equations for |A|* and |H|* which will be used many times in the
rest of the paper. Observe that the results are independent of the flow. Our
starting point is the following inequality, first proved in Lemma 2.2 of [H2]
in the case of hypersurfaces, and then extended to general codimension in

Lemma 3.2 of [LXZ].
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Lemma 3.3. Let M an Riemannian manifold and M a submanifold of M
of dimension m and arbitrary codimension. Then

3 2 2 m
, AP > [ —— — HP - —— [yt — 2
(38) VA" = (m—|—2 77> VH] m+ 2 <m+2n m—1 I

holds for anyn > 0. Herew = |
to eq.

i Rajijei ® wa, where wy is the dual frame

Note that if the ambient space is Einstein, like CP", and if M is a
hypersurface, then w = 0. So we can let n — 0 in inequality (3.8) and find

3
m—+ 2

(3.9) |VA]? > IVH|?.

For submanifolds of higher codimension, w is in general nonzero. How-
ever, using the special properties of CP", we can prove the following estimate.

Lemma 3.4. Let M be a submanifold of CP™ of dimension m and codi-
mension k < m. Then we have, at any point of M,

2

VAR > Z(m + 1) wf?.

Proof. We first compute explicitlyﬁ\w|2 using a basis of type (B2). The rela-
tions (3.6) and the expression of R give

Rajij = 39rs(ea; Jej)grs(ei, Jej)
31V ifa=m+2r—1,i=2r, j=2r—1,
= 3nv. ifa=m+2r, i=2r—1, j=2r,

0 otherwise.

We recall that if k£ is odd then v, =0 for r = % Thus we have, for a
general k,

(3.10) w? =18 " 727,

k
r<s;

Next we recall a lower bound on |V A| for general submanifolds M of
CP™ which was proved in [Ko]. Following the notation of that paper, for any
vector field X tangent to M, we write JX = PX + FX, where PX and
FX are the tangent and normal component of JX respectively. Similarly,
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for a normal vector field V' we write JV =tV + fV where tV is tangent to
M and fV is normal. Then Lemma 3.6 of [Ko] asserts that, at any point of
M, we have

(3.11) VAP > 2 (\P\Q 1t[? + \FPP) .

In a given orthonormal basis, the above norms are

m 2n m
PP =Y 1P, [t = Y [tea® and |FP* =3 |FPerf.
i=1 a=m+1 =1

We choose again a basis of type (B2) and estimate the above expressions
in the cases k even and k odd separately, using the relations (3.3), (3.6). If
k = 2d we have

PP=(m—k)+ 2> ] =m—[2> 7],

r<d r<d

t?=2> 7.

Therefore, using the property v? + 72 =1 and the assumption m > k, we
find

(3.12) PP =2m> 77 =4 77
r<d r,s<d
22m27}2—22(7’f‘+7’f)
r<d r,s<d
:2mZTT2—2kZTT4
r<d r<d
>9 2 4 :@’ 2
> 2m Y (7 ) = Tl
r<d

If instead k = 2d + 1 we find

PP=(m—k)+ 2> ] =m—-1-[2> 7],

r<d r<d

P =1+2> "7

r<d



812 G. Pipoli and C. Sinestrari

Therefore,

|PP[t]? >m — 1+ 2(m — 2) zr —2(k-1)) 7

r<d r<d

>m—142(m —2) Z
r<d

Since for every r we have 12 + 72 = 1, we deduce that 272 < i. Therefore,
using that m — 1 > k — 1 = 2d, we find

(3.13) PP > 2d +2(m —2) > 720}
r<d
m+ 2
2(m+2) Z = —"|w%
r<d

Finally, we have for any k

2
(3.14) FPP =23 722 = “"’

r<’”

Putting together inequalities (3.11), (3.12), (3.13) and (3.14) the conclusion
follows. O

The previous result allows us to obtain an estimate similar to (3.9) for
general codimension.

Lemma 3.5. For any submanifold M of CP"™ with dimension satisfying
the assumptions of Theorem 1.1, we have

- 16
~9(m+2)
Proof. If the codimension is 1, then the result follows directly from (3.9). In

the case of higher codimension, the trick is to combine the estimates from
Lemma 3.3 and Lemma 3.4 as follows:

IV A|? IVH?.

3|VA? =2|VAP + |VA)?
3 2
>2 —— — H
- <m+2 77> VH]|

2 4 2 m
Z o _* (2 1 _m 2
+[9(m+ ) m+2<m—|—2n m—1>]|‘”’
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Now we choose n = 1/3(m + 2) to obtain

16 1 2 24
3IVAP > —— |VH]* + | = 1) — ——||w?
VA 2 55 [VH + |5 (m+1) = —=— | o,

and the term inside square brackets is positive for m as in our hypotheses.

O

We are now ready to prove the invariance of the pinching condition

of Theorem 1.1. We treat separately the case of hypersurfaces, where the

analysis is simpler, and the case of higher codimension, where the two kinds

of bases introduced before are essential. However, the strategy of proof is
the same in the two cases: we consider the function

Q= AP —alH> = b

for suitable a,b, and we analyze its evolution equation showing that, if
0
Q(x,t) = 0 at some point (z,t) € M x [0, Tjpaz[, then g@t —A)Q <0 at
ol

this point. By the maximum principle, the result will follow.

Proposition 3.6. Let Mg be a closed hypersurface of CP™, with n > 3.
Then the pinching condition

1
(3.15) |A]? <

——|H*+2(1 -
_m—1+5| F+20-e)

is preserved by the mean curvature flow for any e € [0,1).

Proof. Let us set Q = |A]* —a|H|* —b with a=(m—1+¢)"! and b=
2(1 —¢). Lemma 2.2 gives
9, 2 2 2 2 2 -
(3.16) 5.Q=AQ~2 (1IVAP - a|VH]?) +2 (141 - o [H[?) (14P +7)
_
—4 (hijhijpli — hn'P Rm'lj>
= AQ - 2(IVAP —a|VH]?) +2Q (|AP +7) + 2 (|AP +7)
_
—4 <hijhijpli — hn'P sz‘lj) :
where we have set

(3.17) 7 = Ric(v,v) = 2(n+1).
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By Lemma 3.5 the gradient terms in equation (3.16) are non-positive and it
suffices to consider the contribution of the reaction terms. Fix an orthonor-
mal basis tangent to M, that diagonalizes the second fundamental form and
call Ay < \p < --- <\, its eigenvalues. Recalling that any sectional curva-
ture Kw satlsﬁes Kw > 1, we find

(3.18) —4 (high PRy, — WO Ryty ) = —4 (2613010 Ryt — \y\idisip )

:-42 (A2 = \iN) Ry

AN
ig
>/
|
2’
|
|
=
3
-

Since 2/a > 2m — 2 > m + 3 = 7, we have
1 4 4
2 <\A\2 + F) —4m (yA\Q - ]H]2> == <\A\2 —alH? - gbf) <-2o.
m a 2 a
By the maximum principle, the assertion follows. ]

Proposition 3.7. Let My be a closed submanifold of CP™ of dimension m

2n —
and codimension 2 < k < n . Then the pinching condition
1 m—3 —4k
3.19 AP < —— HP+—2 (-
(319) AP < P+ T 1

is preserved by the flow for any ¢ € [0, 1).

Proof. Again, let us set Q = |A|* — a|H|* — b, where

1 m — 3 — 4k

= b= ———(1—¢).
“ m—1+¢’ m (1=¢)

By Lemma 2.1 we have

(3.20) th = AQ —2(|[VAP —a|VH*) + 2R, — 2aRy + P,,
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where P, = I+ I1 + 111, with

=43 Ripjq <Z haqh;;) —4) Ry [ D B5RS |,
7,8,p (e

4,7,054

IT=2" Ryasp Zh;;hg —2a Y RyqspH"H",
s,a,f3 5,a,3

IT=-8 )" Rijpas (Z h;;,h@)

Jsp,a,3

By Lemma 3.5 the gradient terms in equation (3.20) are non-positive and it
suffices to consider the contribution of the reaction terms. Let us divide the
analysis into two cases: H = 0 and H # 0. Consider first a point where (Q = 0
and H # 0. To estimate I, we fix a and choose a tangent basis {€1,...,€n},
not necessarily of kind (B1) or (B2), that diagonalizes h®, i.e. hi; = Ad;;.
Like in estimate (3.18), we have

4 Z Ripjqhf,hds — 42 Rjsp (Z h;‘ﬁ%)

4,J,P,q J»S:p
= 4> Ripip(AAY — (A7)
,p
= 23 Kip(A8 — A2 < —4m|hof?.
i,p

Hence we obtain
(3.21) 1< —4m|AP%.

A basis of type (B2) is useful for estimating the terms I7 and IT1. We
recall that the curvature tensor of the Fubini-Study metric, for every X, Y,
Z and W tangent vector fields of CP", is

(322)  R(X,Y,Z,W) = grs(X, Z2)grs(Y, W) — grs(X, W)grs(Y, Z)
+ 9rs(X, JZ)grs(Y, JW)
— 9rs(X, JW)grs(Y, JZ)
+29rs(X, JY )grs(Z, JW).
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In order to study the term I, note that, with our choice of the basis, we
have that Ry,s3 = 0 for any s if o # 3. Otherwise we have

Rsasa - _sa =1+ 39FS(657 Jeoc)27

which implies that 1 < Kq, < 1+ 305,a—m- Therefore, since a > %, we have

(3.23) I1=2% K <,ha|27ayﬂa‘2)
:2§:Km<%92_<a_>LHﬂ)
<23 (1 +3050-m) |h® ’

= 2(m + 3)|A.

The most difficult term is I/I. Since ija5 is anti-symmetric in j,p,
while hJ, is symmetric, we have

IIT=-8 Y Rjpas (th},h@) =-8 Y Rjpas (Zh;;h@)

Jpya, B Jspye, B

We now analyze the possible values of ija,@- First fix a and B coupled by
(3.3), meaning that min{a, 5} =m +2r — 1 and max{a, f} =m + 2r for
some r < k/2. By symmetry, it suffices to consider the case where o < 3.
We find

Rjpap =77 (652r-10p2r — 65200p2r—1) — 2rgps(ej, Jep),

and
—v, if j = 2s, p=2s—1, sgg;
ve ifj=2s—1, p = 2s, Sﬁg;
grs(ej, Jep) =q 1 if j =k +2s, p=k+2s—1, s<mk
-1 ifj=k+2s—1, p=Fk+2s, SSmT_k,
0 otherwise.

If a and S are not coupled by (3.3), there are two indices r # s such that
a is (or is coupled with) e,,12,—1 and (3 is (or is coupled with) €,,125—1. In
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this case we have

Using what we have just found and summing all similar terms we have

=167 (a0t o) Y (s — b )

i 2r
i

.
7 m—+2r 7 m—+2s 7 m+2r 7 m—+2s
-8 E:TTT3§:<hi28 Rl hi?s)

r;ﬁsgg i
I m—+2r 7m+2s—1 7 m4+2r7m+2s—1
— 16 Z TrTs E : (hi 2511 27 — hi'9, " hi 9 >
rfsr<kahy i
Im—+2r—17 m+2s—1 Im—+2r—17 m+2s—1
-8 Z TrTs Z <hi 251 M a1 —hi 91 higey )
rpeckp
I m+42r—17 m+2r 7 m—+2r—17 m+2r
+ 32 Z VrVs Z (h’i D A R )
T#sgg i
Pm4+2r—1 7m+2r i m+2r—17m+2r
+32 Z Vr Z Z (hi ri2s 17 kros — Nikios P k+25—1) :
e

Obviously 111 < |I11|. Using repeatedly the triangle inequality and Young’s
inequality, and taking into account that for any r and s

‘21/3 —77,2| <2,

ITr7s| <1,
|V1"Vs| < 1)
v <1,
we have
7 m—+2r—1 2 7 m42r 2 7 m—+2r—1 2 7 m42r 2
IIISlGZZ hz 2r ‘ + h‘z 2r—1 + h’L 2r—1 ‘ + h‘z 2r
TS% (
7 m4-2r 2 7 m+2s 2 7 m+2r 2 7 m+2s 2
+4Z Z h’i2s +h’i2r +hi2r +h‘i2s
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D S N

rsr<h ekl i

I

k+1 ;
rEsS !

2
+

2

;’Lm+2r +

7 m-+2r
i 2s—1 h;

° 2
m—+2s—1
h; ‘ + i 2r

i 2r

;Lm+2$—1 2
i 2s—1

;lm+2r—1 ‘2 +

° 2
2s—1
i 2s—1 hm+ i ‘ +

° 2
—1
i 2r—1 hm+2r ‘ +

i 2r—1

;lm—i-Zs—l 2
i 2s—1

o 2 o 2 o 2 o 2
m+2r—1 m+2r m+2r—1 m+2r
+1622<hi25 ‘+hi2s—1 + 17951 ‘+hi25 >
r#sgg 7
7m—+2r—1 2 7 m—+2r 2 I m—+2r—1 2 7 m—+2r 2
+16 Z Z hi k+2s—l‘ 1 ras| R kg2 ) + | k+2s—1‘ :
r<ks<mek

Note that, if k =2, there are no indices r # s < % Then, some of the
sums in the expressions above are empty and we easily find that

111 < 16|A[%.

If k£ > 2, by collecting similar terms we find

e ® | gp

° 2
m—+2r
i 2r hz 2r—1 + 8k 1 2r

ilm+2T—l ’2 + 16

;Lm+2r—l 2
i 2r—1

;Lm+27'71 2
i 2s—1

IIT < Z (16

2
+

2

;Lm+2r +

7 m—+2r
1 2s h;

1 2s—1

o 2
m+2r—1
hi 2s ) +

o 2
m+2r
i k+2s—1 hz k+2s +

o 2
m+2r—1
h; ‘ + i k+2s

o 2
+16 Z < hm“”*l‘ +

1,7, s <

< 8k|A[%.

;Lm+2r 2
i k+2s—1

So we can say that in any case
(3.24) 111 < 8k|A)%.
By (3.21), (3.23) and (3.24), we conclude that

Py=TI+1I+1II <—2(m—3—4k)|AP.
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Now let R = 2Ry — 2aRs + P,. If we again consider a frame of type (B1),
Lemma 3.2 says that at any point with () = 0 we have

o o 2 b o o
R§<6— 2 >]A2]h_\2+< e —2(m—3—4k))\h1]2—3\h_]4

ma — 1 ma — 1
4b ° 202
—2(m —3—4k) ) |h_|" — .
+<ma—1 (m -3 )>| | ma — 1

Observe that, for our choice of @ and b, the coefficient of |A[2|fz, |? is negative,
while the one multiplying |h1\2 is zero. In addition, the assumptions @Q =0

and a > 1/m imply that [A]* > b. Using this, we obtain

o 2 4 )
Rg—syh_|4+[<6— >b+ b = 2(m — 3 - 4k) |h_|?

ma — 1 ma —
2b2
ma — 1
= —3|h_|* + 4b|h_|* + 2b(b — m + 3 + 4k).

Using 4b|fz,|2 < 3|fz,|4 + 3b?, we deduce
)
R<2b <3b—m+3+4k‘> .

Our choice of b then implies that R < 0.

Finally, let us consider the case of a point where @ = |H|* = 0. Then
we have |A]* = |A|2 = b, Ry = 0. Moreover, using Theorem 1 from [LL], we
find that 2R; < 3|A[* = 3b2. As before, we obtain that P, < —2(m — 3 —
4k)\/i|2 = —2(m — 3 — 4k)b. Therefore,

R < 3b* — 2(m — 3 — 4k)b,

which is negative for our choice of b. By the maximum principle, the assertion
follows. O

4. The traceless second fundamental form

Following an approach which goes back to [Ha, H1|, the description of the
asymptotic behavior of M; will be obtained analyzing the traceless part of
the second fundamental form and showing that it becomes small in a suitable
sense if the curvature becomes unbounded.
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Since our initial manifold My satisfies the assumption (1.2), it also sat-
isfies inequality (3.15), respectively (3.19), for some ¢ > 0. We know from
the results of the previous section that these inequalitis are preserved by the
flow for all ¢ > 0.

As in [H3, Bal, we introduce the functions

2 A
W :=a«a|H|" + 5, fo = Wi

Here o is a suitably small non-negative constant, while «, 8 are defined by

2

if k=1
o= m—=1+e)(2+7—2¢) '
m — 10 .
(4.1) 3m2 k=2
2 ifk=1

A= M if k> 2.

The main result of this section is the next proposition, which gives a
differential inequality satisfied by f,.

Proposition 4.1. Under the assumptions of Theorem 1.1 there is a o1
depending only on My that for all 0 < o < gy

a(l—o)

0
(4.2) e S Al - (Vi VIHP)

— 200 WY VH|]? + 20 |A)? fo — 2Cs f,,

for some constants C; > 0 and Co > 0 depending only on m and the initial
data.

Proof. Let us analyze the evolution equation for f,. A straightforward com-
putation gives

(4.3) Af, = WHAMF —a(l —o) Jo

1o W
20(1 — o 9
—T<Vfa,V|H| >
+ a?0(1 —0)%

AlH[?

2
V|H|2’ .
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Therefore
Q . _ yrro—1 Q°2_ 112 . fo .
i d = Ay =Wt (SUAR - ALAR) (1= e (1P - Al
2a(1 - o) 2 fcr 2
+T<VfU,V|H| >—a o(1-0):% |V |H| ‘ .

Let us first consider the case of hypersurfaces k = 1. Using Lemma 2.2,

and neglecting the negative ’V |H | ’ term, we have

2&(1 — U) 2 o—1 2
S (Vi VIHP ) = 2w V4]

1
42wt [m + fo(l — J)a} IVH|?

@ Lhcans

+ 25(1;[/0)]@. (\A|2 + F) +20f, (yA|2 + f)
— AW (high PRy ' = IR Ry )

Our choice of o and 8 gives 0 < fp < 1. Hence, by Lemma 3.5,

(4.5) — VAP + [; + fo(1 - o*)oz] IVH|?

1
< (m + a> IVH> — |[VA]> = —C, |[VH|?,

where Cq = %H — % — « is positive for our choice of @ and m > 5. It re-

mains to estimate the reaction terms. Let us set

. (1 - U) 2, 2 . _
Ri=28—222f, (\A| +r) Y20 f, (1A| +r)
— 4w (hish P Ry ' = BB Ry )
Using inequality (3.18) we have

2 _
Rgzﬁlﬁu—aﬂA%fr+aqm2+m—am].

From (3.15) and the definitions (3.17), (4.1) of 7, a and /3, we obtain

1 2 2—1—77_25
H 2(1 — Fr=—
HP 20 -0 b= 2T

AP +7 <
m— 1+
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Since m > 5 and ¢ is small, we have

R<2f,[(1—0)(B+TF—2) + 7o —2m| + 20 f, |A]?
= 2f,[5 —m — 2+ 0(2e — 2)] + 20 f, |A]* < —def, + 20 f, |A]*.
This inequality, together with (4.4) and (4.5), implies the assertion for the
case of hypersurfaces, with Cy = 2¢.
Let us now turn to the case k£ > 2. From Lemma 2.1 and the properties

of the curvature tensor R, arguing as in the estimation of term I7 in the
proof of Proposition 3.7, we find

0 _
(4.6) a|H|2 =A|H? = 2|VH|? + 2Ry +2 ) K |[H*[?

> A|H|? —2|VH|*> + 2Ry + 2m |H|?.
Moreover, by Lemma 2.1, we have
%pﬁﬂ? BN <|VA|2 - % |VH|2> 42 (R1 - ;RQ> P
where, like in the proof of Proposition 3.7,
Pi < —2(m— 3 — 4k)| A"

Then
0 o—1 112 2 1 2
—fe <W AlA|" =2 |VA|" — — |VH|
ot m

1 o
+we! (2 <R1 - mR2> —2(m—3— 4k)]A\2>

fo

—a(l-0)3Z <A \H|> = 2|VH|> + 2Ry + 2m |H|2) .

Using the expression found previously for Af,, we obtain
20(1 — o)
w

1
+ 2wt [m + fo(l — 0)04] |VH|?

(4.7) gtf(, < Af, + <Vfg,V \H\2> — oW VAP

_ 1 -
+ 2wt <R1 — mRQ> —2a(1 — a)fWRg

~ oma(l - a)% H2 = 2(m — 3 — 4kYWo 1A
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To estimate the gradient terms, we use Lemma 3.5. Let us set

o — 16 4m — 10
" 9m+2)  3m?

which is positive for all m > 0. Then we have, using again 0 < fy < 1,

4dm —

1 1 10
[+fo<1 —a)a] VH? < (+a) v = 10 g2
m m 3m

16
= —-— - H]? < |VA]? - H|?
(573 - €1 ) IVHE < V4P - Gy 0P,

which yields the desired estimate. Let us now analyze the reaction terms.
We can write them as

R=2W"2R + 20012 R
+ 2a0 2
where

1 o o o
R = <R1—mR2) W —alA*Ry—am(1—0)|A? |H|> — (m—3—4k)|A]*W.

We first estimate

(4.8) 2aafW“Rg < 2aa~iv; |A|? |H|?
=201, |AP ~ 20612 |H < 207, 141

The rest of the proof is devoted to the estimation of R’. By Lemma 3.2
B L p <t R S22, Sf M
1 — — Ry <[] + —[ha|* [H]" + 4|ha || [* + S [h-[".
m m 2
Moreover ]fi|2 = |;L1|2 + |f;_|2 and Ry = |1011|2 \H|” + 1 |H|*, so
o o 3 o o
(4.9) R < 3alm[’|h-*|H* + §Oé|hf|4 = - a5
m
o o o 3 o
+ Blha [+ 4Blhal* b |* + S plA-[*
+ (5 —ma(l—0)—alm—3— 4k)> 7 |? | H|?
m
—a(m(l—0o)+m—3—4k) |h_|*|H|?
— B(m — 3 — 4k) (|fny? + \fi_y?> .
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Since the pinching condition (1.2) holds, we have that

1 1 2 L2 ° 2
(g o ) 1= (i i ).

m—1
Then we have
o 2/8
hoPP|H* + —22
IR 1H[" + m(m — 1)

28 ° 002 2
— | |h h_ H
m<m_1>(| 12+ |h-?) |H]
3a

o 2/3
<R+ —"— | P|H'+ ——"—
+m(m—1)| "IH] +m(m—1)
=3a(|m|* +|h-* = B)|h-|* |HI?

=28 (|l * + |h-*) (1fa? + 15— = 5)

3a
R/:R/
* m(m — 1)
_ 370";;42 H|* —

m(m — 1)

(1l + 10 ?) (12

(1> + 1) 1P

m—4 e 9 4
< —amVlJ |H|
w8 () —etm@ o) =3

2 2 0
- [ﬁ (_ - m) —a(m(2—o0)—3—4k — 36)] \h_|? |H|?
+B(28 —m+ 3+ 4k) (|i21y2+ ui_|2) .
Our hypotheses give 5 < i(m — 3 —4k). We can further assume that o is

small, say o < i. Using these inequalities, the condition m > 4k + 3 and the
inequalities

28 _ Bm+1) _m—3—4k
m(m—1)  m(m—1 dm
we obtain
+1 o °
< BT S tm—12-1 2\H|?
R < [pottts = § (w12 - 160 i A1
2 7 ° 2 772
P o (fm—3—ak— PH
+[m(m—1) a(4m 3 —4k 3ﬁ>} |h_|"|H|

+B(28 = m+3+4k) (Jlnf* + A )
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[m—3—4k a
< | = - _ =
- dm 4
m—3—4k [0 ° 9 2
- T (4m-3-4 _P?|1H
| S m s - an)] P
=282 (Jin* + |n-?)

_ 11 3 o o
< [m - ma] (hal? + 52 |HP

(Tm — 12 — 16k)] 7 )? | H|?

4m 4
=268 (Jlnf* + |n-?)
< —ColAPW,

for some positive constant Co depending only on m. Together with (4.8),
this implies that

R <20f, |AP? 4+ 2W 2R < 20f, |A]* — 2Csf,,

which concludes our proof. [l
We now prove some other estimates which will be needed in the following.
Lemma 4.2. We have the estimates:

1) ;M’Q < A‘fi|2 — 205 |VA|* +4|A |fi|2, for some C3 >0 only de-
pending on m,

0 4
2) E\H!A‘ZAIH\4—12IH\2\VHI2+E\H\6-

Proof. In the case of hypersurfaces, inequality 1) follows easily from
Lemma 2.2, inequality (3.9) and estimate (3.18). For higher codimension
we use Lemma 2.1:

o o 1
%ym? < AJAP? -2 (|VA|2 — yvmz)
m
1
+ 2 <R1 — R2> + P
m m

By Lemma 3.5, we have that —2 <\VA\2 - L ]VH]2> < =203 |V AJ? for some
positive constant C'5. Moreover, using Lemma 3.2,
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1 o o o 3 o 1 o
Ry — —Ry < |h|* + 4h*[h-? + S|h-[* + — || |H?
m 2 m
o o 2 2 o o o
<2 (bl + [h-?) + = [H] (Jhaf + [h-[?) = 2/ AP |47,
Finally, like in the proof of Proposition 3.7,
Pi < —2(m—3—4k)|A]? < 0.

This proves inequality 1). To prove the second part, we use again Lemma
2.2 and (2.1). For hypersurfaces we obtain

0 2

o I = AH[ = 2|V HP| = 4|HP [VHP + 4|1 (AP +7)
4
> A|H|* = 12|HP?|VH]> + — |H|S.
m

For higher codimension we use the inequality

o 1
2ty =211 (il + o 1) > 2 1o’

2
m
and we find

2
O H|t = alH 2|V B[ - a1mP AP

+2|H|? (232 +2) K |Ha|2>

s,

4
> A|H|* = 12|H?|VH> + — |H|%.
m

0
Finally, we consider the evolution equation for |[VH[* With the same
proof of Corollary 5.10 in [Ba], we have the following result.

Proposition 4.3. There exists a constant C4 depending only on Mg such
that

0
o \VH|? < A|VH]> + C4(|HP + 1) VAP,
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5. Finite maximal time

In this section we consider the case that our flow develops a singularity in
finite time and prove convergence to a round point as stated in Theorem 1.1.
Since M is compact, there is also an € > 0 small enough such that

(5.1) A <a|H” +0,
where
1 2(1 —¢) if k=1
5.2 a=—"— b= _3_
(52) m—1+e mZ37AR G o) o
m

We know that inequality (5.1) with the above choice of constants remains
preserved during the flow. As in the previous section, we let W = « ]H]z + B,
where a, 8 are chosen according to (4.1). We observe that

1
(5.3) 2mW > 2m (a—> |H|? + 2mb
m
1—
—2 " |HPt2mb>alH*+b>|AP.
m—1-+¢

Theorem 5.1. Let the assumptions of Theorem 1.1 hold. If Tyax 1S fi-
nite, there are constants Cy < co and o9 > 0 depending only on the initial
manifold Mg such that for all 0 <t < Tyae we have

A]? < Co(|H|? + 1)1

To prove this result we will bound from above the function f, introduced
in the previous section. For o > 0, the positive term 20 f, |A[2 in (4.1) pre-
vents us from using the maximum principle. Therefore, as in Huisken [H3]
and Baker [Ba], we will obtain integral estimates on f, exploiting the good
negative [VH|? term by the divergence theorem. These estimates allow to
deduce the desired sup-estimate through a standard iteration procedure.

The starting point of our proof is the contracted Simons identity com-
puted in [AB], formula (23). Using this we easily obtain

AJAP > 2 VAP +2 {hsj, ViV, H) +27 — c| AP,
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where ¢ > 0 is a suitable constant only depending on m, k and

2
— BB B
Z= Y Hhihyhg = | D hih;
1;7j7p7a75 a75 i7j
2
B B
- 5 (S (-
i7j7a7/6 p
Using our pinching assumption we also deduce
(5.4) AJAP > 2|v£y2+2<ﬁij,vivjﬂ> £ 27 — AW,

where v only depends on m, k.

To understand the properties of Z in the case of hypersurfaces, it is
interesting to relate the pinching condition (1.2) to the positivity of the
intrinsic sectional curvature of the submanifold Mj.

Proposition 5.2. There exists a constant ¢ = ¢(m) such that if k =1 the
intrinsic sectional curvature of My satisfies at any point

K >ecW > 0.

Proof. Let eq, ..., e, be a orthonormal tangent basis that diagonalizes the
second fundamental form. For any ¢ # j the Gauss equation gives

Kz’j = Rz‘j + )\i)\j-

Like in [H3], we can use the following algebraic property: for any i # j

55) AP - P = ooy (- LY
m—1 B ’ Tom -1
H| \*
+Z.<l_m—1
l#1,j
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Then we have

1
2K;; > 2 —|A? + —— |H?

m—1
1
> (—a) |HI* +2—b
m—1
=¢ ! |H|* +2
T \(m=D(m—1+¢)
> ec(a|HP +5) >0,
for a suitable ¢ = ¢(m). O

We cannot use the same argument in higher codimension because we
cannot diagonalize simultaneously the tensors h®, for a =m+1,...,2n.
However, as a consequence of our other estimates, we will prove at the end
of this section that also in this case the sectional curvature of the evolving
submanifold becomes positive for time large enough.

Lemma 5.3. There exists p > 0 depending only on m,k such that Z satis-
fies

Z+ 2mb\fi[2 > pe[/i\zVV.

Proof. Let us first consider the case of hypersurfaces. Choosing a basis that
diagonalizes the second fundamental form, using Gauss equations, Proposi-
tion 5.2 and K < 4, we have

- (24 (5)- ()

=D A (i =)

1<J
=D K (N = A7 = Y Ky (i = )
i<j 1<J

> ec(m)W|A[]? — 4m|A[? = ec(m)W|AJ? — 2bm|A[.

For k > 2 we need to distinguish the cases H = 0 and H # 0. Let us examine
first the case H # 0. We use an estimate proved by Andrews and Baker, see
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page 384 in [AB], which gives

m + 2
Z>—*|h1! —*Ih * —7!h|\h ?

+2(ml_1)<|h1| + - ?) |HP.

—_— 1 o o
Since (5.1) and (5.2) hold, we have | H|* > m(mle—i—s) (|h1|2 + |h_* - b).
Then

m + 2
Z>—*|h1\ _,| |t —7\’1 RIS

+—§C§§43—0h1|-+|h,|> th|-+|h,F<—b)
m—3+3e ¢ |4

2(1— )|hl| 2(1—5) A
m—2+e(m+2) o

We may assume that € > 0 is small enough in order to have 2m > 57".
Then the above estimate shows that there exists p; = pi(m) > 0 such that

Z + 2mb|AP? > epr| A

On the other hand, using the definition of Z and estimating various terms
with Peter-Paul’s inequality, we find

Z > pol AP |HP — psl AL,

for po and p3 depending on m. Combining these two inequalities we obtain
forany 0 <c¢ <1

Z 4+ 2mb|A]2 > ¢ (pQ\jiF \H|? — psl A]* + 2mb|/i|2> + (1) (5ply2£|4) .

EpP1

piip; Ve have

Choosing ¢ =
Z + 2mblA? > & (p2 \H|? + 2mb) A=,

The assertion follows for p small enough.
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When H = 0 we have |A|* = ]A\Q < band W = 8 = b. Using Theorem 1
in [LL] we find

3 3., ¢
Z > =2 A > —Zb|AP
2 2
Hence we have

Z + 2mb|A)? > (Qm - ;) bl A = (Qm - 2) |APW > ep| AW,

provided p > 0 is small enough. O
Next we derive a Poincaré-type inequality on f,.

Proposition 5.4. There exists a constant Cs depending only on m,k and
My such that, for any p > 2,0 <o < 1/4 and n >0, we have

oo [ W< o+ 1) +5) [ W v d
M, M
p+1 _
e P
n M,
1
+ 4mb/ fPdp+ =C?.
M, p
Proof. Plugging equation (5.4) into (4.3), we find

Afy 2 2W VAP + 2w (hy, ViV, H)
fo

+2Wo L Z — AW — a1l — o)A |H|?
20&(1—0’) 2 2 fa 2 2
— P (Vifo Vil HP) + a2 (1 = o) 2% |V | HP[

o 2
The terms 2W° 1V A[* and o20(1 — o) V{,"Q ‘V |H|2‘ are positive, so we can
omit them. Thanks to Lemma 5.3, we have

Afy = 2w (hiy, ViV H)
& 2 20[(]. — O') 2
ol = o)A H = =522 (Vf,. V| H)
+ 2epWO|A]* — dmbf, — yWO.

We multiply the above inequality by fg_l and integrate on M;. All
terms, except the last two negative ones, can be estimated as in Lemma 2.4
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in [H3] and Proposition 5.5 in [Ba]. In this way we obtain, for any n > 0,

26/)/ fEWdp < (n(p+1)+5)/ Wl =t | VH|? dp
M,
+1
A / 22V L, d

+ 4mb / fPdu+~ / We P tdp.
M, M,

In order to estimate the last term we use Young’s inequality:

D -1 __»
,YWafczf)—l < 7W (;W(O’—l)p + p r -1 fg) ,  Vr>0.

Choose r such that 2= - = T = = ep. Observe that r is uniformly bounded
from above for large p. Moreover (0 — 1)p+1<0 and W > 3 > 0. Then
We—Dptl < gle=Dp+l and we have

;”Wp/ wle—brtlg, < ;*Vrpﬁ(g_l)p+1vol(ﬂ/lt)

< ;yrpﬁ(a_l)pﬂvol(/\/lg) < ;Cg

for a suitable C5 > 0 depending on M. O

We can now bound high LP-norms of f,, provided o is of order p_é.
This is the step where the hypothesis T;,4,; < 00 is used in an essential way.

Proposition 5.5. If Tyee < 400, there is a constant Cg depending only
on m,k, Mg, Tnaz such that for all

p2£+2 o< = G1p 2
Cie 27m\f

we have the inequality

(/ ff,’d,u) ’ < Cs, for allt < Thaz-
M,
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Proof. We multiply inequality (4.2) by p fg_l, integrate and obtain

d _
o[ g0 [ s
M, M,
+201p/ \VH?wo=tp=Ld,
M,
<tpa [ HIWTHVH| [V fo| £
M,

+20p [ AP frdp - 2Cap [ fra
M, M,
Using that o |H| < Wz and f, < W, we have

dpa / WY [V H| [V f,| 2 dp
M

<22 [ () v

8p o|H| —Lop1 2
Wz fb=2 |\VH|" d
+P—1/Mt 7 fe IVH[  dp
-1
<P R
M,

+ [ et v dp.
P—1Jm,

With our choice of p, we have Cip < 2C1p — %. In addition, (5.3) shows
that [A|* < 2mW. Therefore

d -1 _
e A
Mt Mt

+01p/ IVH> weo=tr=Llay,

M,

<20p [ AR fpau— 20w [ pan
M, M

<topm [ Wirdn-20ap [ frdp.
M, M
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Thanks to Lemma 5.4, we obtain for any n > 0

d -1 _
R A
M M,

—I-Clp/ |VH|> W=t r=1lqy,
M,

4opm

[(n(p+ 1) +5) /M wo Lt |\ VH? du

+1
LpHl
n

~ 20w [ fran
M

1
/ JE72 |V fo* dp + 4mb / fPdu + cg}
Mt Mt p

Choosing n = ﬁa and using our assumptions on m, p and o, we have
dopm dop(p+1 -1
P2 (n(p +1) +5) < Cap, plptl) cplp=1)
Ep epn 2
Then
d - _
o pan<c [ panecs
M, M,
where

Since T},q. is finite, we obtain the assertion for a constant Cy independent

of p.

To prove Theorem 5.1, we can now proceed as in [H3] via a Stampacchia

_ 32m?pb -8
CQZM_chp7 05207m0§-

iteration procedure to uniformly bound the function f, when T},4. < 00.

Next we establish a gradient estimate for the mean curvature flow. This
estimate is required to compare the mean curvature at different points of
the submanifold. First we need some technical inequalities. As before, we

denote by C; constants only depending on m, k and the initial data.

Lemma 5.6.

a o o
En |H? |A” < A(H? |A]?) — C3 |[H? VAP + C7 |[VAJ]?
+2[H2|AP(3|A) + 4m)

for some constant C7 > 0.
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Proof. By Lemma 2.1 and 4.2,
8 o o o
S [HIP AP < A(HP[AP) = 2(V |, VIAP) — 203 |H[* |V AP
—2lAP VH? + 2|AP? [H|? (3|A]% + 4m).
Furthermore we have
~2(V|H[, VIAP) < 4|H|(IVH|, VIAP)
<S|H||[VH||A]|VA]
< 6|H|vm+2|VAP?|A]%

We can estimate the last term using Theorem 5.1 and Young’s inequality,
to find that there exists a constant C7 > 0 such that

1—o

6 [H|vVm +2|VAP?|A]> < 6|H|vVm + 2 |VA?\/Co (|H|2 + 1) B
< Cs|H* VAP + C7 VAP,

Now we consider the function

o C o
(5.6) g=|HP AP + (7 T 1>\A|2.
C3

Using Lemma 4.2, Lemma 5.6 and |H|* < m |A|* we obtain

(5.7) gtg < Ag— Cs [H[* VAP + O VAP + 2| AP |H|? (3| AP + 4m)
Cr 2 2 %12
(Cg—l—l) <—203\VA] +4]A] ]A\)
< Ag—Cy |H? VAP — 405 |VA]> + 2| A]? |H|? (3] A + 4m)
C7 $120 412
4211|474
4G 1)ldpial
< Ag— C3(|H? +1) VAP +2|AP* |A? (3m|A]” + Cs),

where Cg = 4m? + 28—; + 2.
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Proposition 5.7. If Ty.: < o0, for every n > 0 small enough there exists
a constant Cy, > 0 depending only on n such that the inequality

2 4
IVH[" <n|H|" 4+ C,
holds for all times.

Proof. Let f = |VH|? + & (04 +1)g —n|H|* with > 0. By Lemma 4.2,
Proposition 4.3 and 1nequahty (5.7) we have

0
ol SASFCU(HP + 1) VAP = (Co+ (" +1) [VAP

2 o
+ 53(04 + 1)[A]? |AP? (3m |A]” + Cs)

4
—o (o - a21mP VAP
m
We can use Lemma 3.5 to find

2
- (]H!Q + 1) VA + 129 |H? |VH]? < <— \H)? — 1+ {(m + 2)77) VA2,

and therefore the gradient terms are non-positive for n sufficiently small.
The remaining terms are

o 4
R:= = (Cy+ VAP |AP 3m|AP? + Cs) — En \HIS.

2
53(
Using the pinching condition (5.1) we have

2 112 2 2 4n 6
R < 6(04—1—1)]14\ a|lH|”+b) (3ma|H|" + Cy _E‘H’ ,
3

where Cy9 = 3mb + Cg. Hence, thanks to Theorem 5.1, we obtain

R< (€t G (HE+1) " (ol +b) (smal [ + o) - P
Ci<04 £ 1)00 (w1~ o) (JHP +1) +op"")
< (alHP +0) (3maHP + o) - fnﬁ Ttk
< Cho,
for some constant Cg if p is small enough. Putting these estimates together,

0
we have af < Af 4 Cho. Since Thpae < 00, we conclude that there exists a
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constant ;) depending only on 7 such that f < (). Then, from the definition
of f, we have

1
rVHP§WHP+ayz+ngsmHﬁ+%.
J

As we have mentioned at the beginning of this section, when the codi-
mension is greater than one we cannot repeat the proof of Proposition 5.2.
However, using Theorem 5.1 and Proposition 5.7 we can prove that, if time
is large enough, the sectional curvature of the evolving submanifold becomes
positive.

Proposition 5.8. There are constants p > 0 and 9 > 0 such that, for any
time ¥ <t < Tyae < 00, the intrinsic sectional curvature of M, satisfies

K> uW > 0.

Proof. From Gauss equation we have that

2n
(5.8) 2Kij = 2K + 2 Z <hzoi 3~ (h%)2> ’

a=m+1

where Kj;; is the sectional curvature of M; of the plane spanned by two
orthonormal vectors e;,e;, and f(z-j is the sectional curvature of the same
plane, but in CP". The idea is to use (5.5) restricted to the normal direction
parallel to H. To this purpose, we fix an orthonormal basis of type (B1)
with the additional requirement that e, ..., e, diagonalize h™*1, and let
)\TH < .-+ < AMFL be the eigenvalues of A1, Recalling that K > 1, (5.8)
becomes

2n
o o o 2
(5.9) 2Ky =2+ 2l pg 3 (hg;h;g. - (hg) )
a=m-+2

1 o
> 24— |HP ~ || 2k
m—1

1 2 D2 ° 2
=24+ ——|H|" — |M|" = 2|h_
oy = Il = 200
1 2 112
>24+ —— |H|" — 2|A]".
+m(m—1)| | 4]
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By Theorem 5.1 we have

l-0
(5.10) 2K > 2+ \H|? — 2C, (|H|2 + 1)
m

1
m—1)
Fix some 0 < pu < min{Wlm_l)7 %} Then there exists H* such that, if
|H| > H*, then

1

\H|* — 2C, (\H\Q + 1)1 "> 0uW = 2u(a |H|? + B).
Let H(t) = maxpg, |H|. Since Trnar < +00, we know that H(t) — +oo as
t — Thnaz, and so there exists ¥ such that H(t) > H for all ¥ <t < Tiap-
Fix some 0 < n < . By Theorem 5.7, there is a constant C,, with |[VH| <
%772 |H ]2 + (). By choosing larger H* and 9 if necessary, we can assume
that C,, < in?(H*)? and so |[VH| < n?H(t)* on M, for t > 9. Now fix any
t €9, Tinas| and let = be a point on M; where |H| assumes its maximum.
Along any geodesic starting from x of length at most r = [nH (t)] !, we have
|H| > (1—n)H(t) > LH(t). By inequalities (5.10) and (5.11) we find that
H(t)®
4

K> uW > pa|H)? > po >0

holds in all B,(z), with x4 independent on the choice of 5. Then in B, (z) we
have Ric;j > (m — 1)%[?(2&)29”. Applying Myers’ theorem to geodesics in
B,(z) we have that, if such a geodesic has length at least 2 (H (t),/nc)
then it has a conjugate point. So if 7 is small, precisely such that

_ <= —

H(t)y/pa nH(t)
then B, (x) covers all M,. O

To conclude the proof of the convergence of M; to a round point we
use the main result of [LXZ], which states the following: given any Rieman-
nian manifold with bounded geometry (in particular, the complex projective
space), there is a constant by > 0 such that if a submanifold of dimension m
satisfies

1

5.12 Al?
(5.12) | Al <

‘H‘Q — bo,

then the mean curvature flow of this submanifold contracts to a round point
in finite time. Our pinching condition (1.2) on My is weaker than (5.12),
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but our analysis implies that (5.12) holds on M; for ¢ sufficiently close to
Tinaz, as the next result shows.

Proposition 5.9. For every by > 0, there exists a time 0 < ¥ < Tynae Such
that inequality (5.12) holds on My for all 9 < t < Thaz-

Proof. By Theorem 5.1 we have

1 o
|A’2—H\H\2+50:\A’2— |H|? + by

m(m — 1)

l1—-o 1
< Co (JHF+1) " = oy 1+ b

m—1)

which is negative at the points (z,t) where |H|? (z,t) is big enough. Using
Myers’ theorem as in the the proof of Proposition 5.8 we obtain the assertion.
O

6. Infinite maximal time

Throughout this section we assume T},4, = 00. In this case, the argument
is simpler than in the case of finite maximal time, because the improvement
of pinching can be obtained directly from the maximum principle, as shown
in the next result.

Proposition 6.1. There are positive constants Cy and oy depending only
on the initial manifold Mgy such that

AP < Co (JHP +1) "
holds for any time 0 <t < Tyqe = 0O.

Proof. Using Proposition 4.1 with ¢ =0 and the maximum principle, we
have that

! _—dot
fOSC’O6 0,

for some positive constants C{; and dy that depend only on the initial data.
Recalling that

AP
o= P+ 8

we obtain the assertion for an appropriate constant Cj. Il
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Note that the above result is trivial for small values of ¢, while it be-
comes significant when t is arbitrarily large. As a first consequence of this
estimate, we can prove that the intrinsic sectional curvature of the evolving
submanifold becomes positive for time large enough, similarly to the case of
finite maximal time.

Proposition 6.2. There are constants p > 0 and 9 > 0 such that, for any
time ¥ < t < Tyae = 00, the intrinsic sectional curvature of My satisfies

K> uW > 0.

Proof. As in the proof of Proposition 5.8, we have 2K;; > 2 4 m |H|2 —

2\15]2. By the exponential decay of \A|2 proved in Proposition 6.1, we have

1
2K > 2+ ——
Y= +m(m—1)

for p > 0 small enough and ¢ sufficiently big. O

\H|* — 20, (|H|2 + 1) et > 2, W > 0,

Now we can follow a procedure similar to the previous section.

Lemma 6.3. There exists C7 > 0 such that

8 o o
5 |H? AP < A(JH? |A]?) — C3 [H? VAP + C7 |[VAJ?
+2[HP|APB|AP + 4m).

Proof. We proceed like in the proof of Lemma 5.6, but this time we use
Proposition 6.1, to find that

6|H|vm + 2|VAP|AP < 6|H|vVm + 2|VA* \/Co(|H|? + 1)e%t/2
< C|H* VAP + C7 [VAP?

if C7 is chosen large enough. In fact, for ¢ large enough this follows from the
exponential decay of |A|?, while if ¢ varies on any compact interval of [0, 0]
it follows from the boundedness of |H|?. O

Now we consider the function g defined in (5.6). Using Lemma 4.2 and
Lemma 6.3, we can repeat the computations of the previous sections to
conclude that inequality (5.7) holds also in this case. We can now prove a
gradient estimate for the curvature.
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Theorem 6.4. For everyn > 0 small enough there exists a constant Cy, > 0
depending only on n such that for all times we have the estimate

|VH|2 S (77|H|4+C17) 6_60t/2.

Proof. The proof is similar to Proposition 5.7. Let us define
1
f=ebt/? <|VH|2 + 6(04 + 60m)g> —n|H|*.
3

By Proposition 4.3, Lemma 4.2 and inequality (5.7) we have

0

0 90 2 21412 112 Sot/2
— < _— 0
8tf_Af+[2 |VH| +203 (Cy+dom) <|H\ |A|"+2(C7 + 1)|A] ) e

+ [ Som(|H* +1) |[VAJ?
2 o
+ G (€t Bl AR AP (3 AR + )|
3
2
(2 1m0 - a2imP vaE).
m
By Lemma 3.5, the gradient terms satisfy

)
5 (VHE = dom (1 4 1) VAR | 7 4 129 | [ 27

< [(50 _ 16(50771

——(|H|* + 1) + 12n |H|*| |[VH|? ¢%!/?
Y S (A + 1)+ 12 ] VP

and therefore they are non-positive for n sufficiently small. We call R the
remaining terms. Using condition (1.2) and Theorem 6.1, we can find a
constant A such that

2
R < CoA <|H|2 + 1) (|H|4 + 1) e=00t/2 _ E” |H|S
2
< {COA<|H\2+1) (|H|4+1) e~00t/4 _ %IHW e~dot/4
< Crpe %4,

for a suitably large constant Cpo. Note that this is true, because e %!/4
is small, for ¢ big enough, and because |H ]2 is bounded, for ¢ small. Then
there exists a constant (), such that f < C). Recalling the definition of f

we conclude the proof. O
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We now show that, if T;,,, = 00, the curvature is uniformly bounded.
Lemma 6.5. If T, = oo, then |H|2 s bounded uniformly for all t.

Proof. Let by the constant which appears in the main theorem in [LXZ].
From Proposition 6.1 we have

b
m(m — 1)

gchHP+1)eﬁﬂ—

1 o
\A|2—m’H’2+50:’A\2— |H|? + bo

|H|* + by.

m(m — 1)

Observe that the right-hand side is negative if ¢ and |H|? are big enough.
Using Proposition 6.2 and Theorem 6.4, we can apply Myers’ theorem like
in the proof of Proposition 5.9 to show that, if the curvature is sufficiently
large at some point, then it is large everywhere. Therefore, if |H ]2 becomes
arbitrarily large as ¢ — oo we obtain that, for ¢ big enough,

1

AP — —— |H]? + by <0
m—1

everywhere on M;. Then the main theorem in [LXZ] implies that the mean

curvature flow with initial value M, shrinks to a point in finite time, giving

a contradiction. O

Now we have all the ingredients to prove the convergence in the case
Tnaz = 00. Since |H \2 stays bounded, Proposition 6.1 and Theorem 6.4 give
that there is a constant C' such that

A2 < Ce ™, |VH|? < Ce /2,
Applying once again Myers’ theorem, the diameter of M; is uniformly
bounded and so |H|iwx - |H\3nm < Ce= %2, Moreover |H|3mn = 0 other-

wise the evolution equation for [H|* from Lemma 2.1, together with (3.7),
would imply by a standard comparison argument the finite time blow up of
|H|?, in contradiction with the assumption Tye, = +00. Then |H|? decays
exponentially fast and

oy 1
|A‘2 _ ‘A|2 4+ = ‘H’2 S Ce—5ot/2’
m
for some C' > 0. We deduce

/ ggz‘j dt:/ |H||A]dt < \/ﬁ/ |A|? dt < \/ﬁc/ e~00t/2 < @
o |0t ; i 0
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for some C' > 0. So we can apply a result by Hamilton [Ha, Lemma 14.2] to
obtain that there is a continuous limit metric g;;(c0). By the same method
used in [H1, §10], we can show that the exponential decay for |A|* gives
the exponential decay for all derivatives V¥ A by means of interpolation in-
equalities. This finally gives C°°-convergence to a smooth totally geodesic
submanifold M. By our smallness assumption on the codimension k, the
only possibility is that My, = CP" for some n’ < n as implied by Theo-
rem 3.25 of [Bel]. Therefore, if k is odd this possibility cannot happen and
we can only have a singularity in finite time. This concludes the proof of
Theorem 1.1.

7. Extensions to quaternionic projective spaces

In this last section we show that in the case of hypersurfaces our main result,
Theorem 1.1, can be easily extended to the flow in a quaternionic projective
space. Let K be either the field C of complex numbers or the associative
algebra H of quaternions, and let ¢ be a positive constant. We denote by
KP"(4c) the projective space over K with sectional curvature ¢ < K < 4c,
and we consider the mean curvature flow of a real hypersurface of KP"(4c).

Theorem 7.1. Letn > 3, ¢ > 0, and let Mg be a closed real hypersurface of
KP™(4c¢). Let m be the real dimension of Mg and suppose that M satisfies

1
m—1

(7.1) A2 < |H|? + 2¢.

Then the mean curvature flow with initial condition Mg has a smooth solu-
tion My on a finite time interval 0 < t < Ty < 00 and the flow converges
to a round point as t goes to Tpaz.

The proof is the same exposed in the previous sections for the case of
hypersurfaces of CP" = CP"(4). The constants used are

2n —1 if K=C, 2(n+1)e if K=C,
m = and
dn—1 if K=H, 4n+2)c if K=H.

=i
Il

As we have observed in the complex case, the proof that the flow develops
a singularity in finite time is in some sense indirect and is related to the
global structure of the projective spaces we are considering. Namely, we show
that a solution defined for all times would converge to a totally geodesic
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hypersurface, but this is excluded because in KP"(4c¢) there are no such
hypersurfaces.
Theorem 7.1 implies the following classification result.

Corollary 7.2. Letn >3 and ¢ > 0.

1) If My is a closed real hypersurface of KIP™(4c) satisfying the pinching
condition (7.1), then My is diffeomorphic to a sphere.

2) For any minimal closed real hypersurface of KP"(4c), |A|*> > 2¢ holds.

Theorem 7.1 is the generalization of the main theorem of [H3| about pinched
hypersurfaces of the sphere to all CROSSes (compact rank-one symmetric
spaces) with sufficiently large dimension. Unfortunately, these techniques do
not allow to find an analogous result for the Cayley plane CalP?.

The next example shows that Theorem 7.1 is not a trivial consequence
of the general result in [H2], because there are non-convex hypersurfaces in
the class considered.

Example 7.3. Consider for simplicity ¢ =1 and let Mgy be a geodesic
sphere in CP". In [NR] it is proved that My has two distinct principal cur-
vatures: A\ = 2 cot(2u) with multiplicity 1 and Ao = cot(u) with multiplicity
2(n — 1), for some 0 < u < §. For any u > 7, we have Ay < 0 and A2 > 0, so
M is not convex. Moreover, it is easy to compute that in this case condition
(7.1) is equivalent to

2(2n — 3) cot?(2u) — 2(n — 1) cot*(u) < 0.

Hence, there are non-convex examples in our class for every n. In the same
way, a geodesic sphere in HP™ has principal curvatures \; = 2 cot(2u) with
multiplicity 3 and A2 = cot(u) with multiplicity 4(n — 1), for some 0 < u < 3
(see for example [MP]). Condition (7.1) in this case becomes

3(4n — 5) cot?(2u) — 4(n — 1) cot?(u) + 4n — 5 < 0,

so we have non-convex examples in our class for K = H too. We remark that,
even if the initial hypersurface is not convex, it becomes convex approaching
the maximal time, as a consequence of the convergence to a round point.
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