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Almost graphical hypersurfaces become
graphical under mean curvature flow

ANANDA LAHIRI

Consider a mean curvature flow of hypersurfaces in Euclidean space,
that is initially graphical inside a cylinder. There exists a period of
time during which the flow is graphical inside the cylinder of half
the radius. Here we prove a lower bound on this period depending
on the Lipschitz-constant of the initial graphical representation.
This is used to deal with a mean curvature flow that lies in a slab
and is initially graphical inside a cylinder except for a small set. We
show that such a flow will become graphical inside the cylinder of
half the radius. The proofs are mainly based on White’s regularity
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1. Introduction
1.1. Overview
Setting. Let ¢; € Rand ty € (¢1,00]. Consider a (properly embedded) mean
curvature flow (Mt)te[tl,m) in some open set U C Rk By this we mean
the following: There exist a submanifold M of R*¥ and a smooth function

U : [ty,t2) x M — R*¥ guch that ¥, := W(¢,-) is an embedding with M; =

589
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U, [M] for all t € [t1,t2). Also U satisfies

for all (¢,p) € (t1,t2) x M, where H denotes the mean curvature vector.
Furthermore we assume there exists an open set V C R*¥ with U C V,
H™ (VN M) < oo and OM; NV =0 for all t € [t1,12).

Consider open sets 1 C R?, Q, C RK. The manifold M, is called graph-
ical inside the cylinder € x Qo, if there exists an f; : ©; — R¥ such that

(1.2) M; N (921 x Q2) = graph(f).

Let tg € [t1,t2), o € M, and € € (0,1). One can choose coordinates such
that xo is the origin and the tangent space is R® x {0}¥. Parametrizing
over the tangent space yields an r > 0 such that M, is graphical inside the
open cylinder B®(0,2r) x BX(0,2r) for all t € [to — r,to + ] N [t1,t2) and
some parametrization with sup |fz,| < er, sup |Df;,| < e. In particular (1.2)
always holds locally for small enough €27, 2,. Note that lower bounds on r
can be related to curvature estimates on (M).

Problem 1. Consider a mean curvature flow (M) 7). Assume My is
graphical inside the open cylinder B®(0,2) x B¥(0,2) for some graphical
representation fp. By continuity in ¢, M; will remain graphical inside
B?(0,1) x BX(0,1) for t € [0, x) for some x > 0. We are interested in lower
bounds on « that only depend on n, k and lip(fp).

Problem 2. Again consider a mean curvature flow (M;),c(o ). Assume Mo
is almost graphical inside the open cylinder B®(0,2) x B¥X(0,2) and also lies
in a narrow slab My C R™ x B¥(0,v). By almost graphical we mean that
there exist an £ C B(0,2) and an fy : B*(0,2) \ E — R¥ such that

Mo ((B™(0,2)\ B) x BX(0,2)) = graph( )

and FE is small in some sense. We are looking for conditions on My and E
such that M; is graphical inside B®(0,1) x B¥(0,1) for ¢ € [¢, x) for some
O<e<r<rT.

Note that if lip(fp) is small, there already exist satisfying statements for
both problems, see below. Hence we are especially interested in the case

hp(fO) € [17 OO)
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History and known results. The mean curvature flow was introduced
by Brakke [Bra78] in the setting of geometric measure theory. Starting with
Huisken’s work [Hui84] the smooth mean curvature flow came more into fo-
cus. Graphical mean curvature flow of hypersurfaces, was studied by Ecker
and Huisken in [EH89], [EH91]. Among other things, they proved a local
gradient bound [EH91, 2.1] and a local curvature estimate [EH91, 3.1, 3.2],
under the assumption that the flow is graphical over a period of time. These
estimates will be of importance for our results. Wang [Wan04] generalised the
estimates from Ecker and Huisken [EH91, 2.1, 3.1] to higher co-dimension in
[Wan04, 3.2, 4.1], where one additionally has to assume that the Lipschitz-
constant of the graphical representation is small. Wang observed, that such
an extra assumption should be necessary in view of the minimal cone con-
structed by Lawson and Ossermann [LO77, 7.1].

The local regularity theorem by White [Whi05] yields curvature bounds
in case the Gaussian density ratios are close to one. In particular it can
be used for initially not graphical mean curvature flows. Ilmanen, Neves
and Schulze used White’s regularity theorem to solve Problem 1 if lip(fy) <
lo(n, k), see [INS14, 1.5]. Changing the proof of [INS14, 1.5] a bit yields a
solution to Problem 2, if one assumes slab-height ~, lip(fy) and H™(My N
(E x B%(0,2))) to be bounded by some (e, n, k).

Curvature bounds by Chen and Yin yield a solution to Problem 1, if
sup |D? fo| < K and sup |Dfy| < I1(K,n, k), see [CY07, 7.5]. Moreover cur-
vature bounds by Brendle and Huisken yield a solution to Problem 1, if
| follcs < Bo for some constant [y, see [BH12, 2.2].

Results of the present article. In case the co-dimension is one, we will
answer Problems 1 and 2 without assuming small gradient of fy. Referring
to Problem 1 we prove the following:

Theorem 1.1. For every L € (0,00) exists an k1, = (L, n) such that the
following holds: Let (My),cjo,r) be a mean curvature flow in the cylinder
B®(0,2) x BY(0,2). Suppose there exists an fo : B*(0,2) — R with lip(fo) <
L and sup|fo| < 1
My N B"(0,2) x B*(0,2) = graph(fo)
Set I := (0,k1) N (0,7). Then there exists a g : I x B™(0,1) — R with
M; NnB"(0,1) x BY(0,1) = graph(g(t, -))

for allt € I. See also Theorem 3.3 for a more general version.
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Remark. 1) The local gradient and curvature estimates by Ecker and
Huisken [EH91, 2.1, 3.2(ii)] yield estimates on |Dg| and |D?g|.

2) See Example (3.7) for a mean curvature flow that is initially graphical
inside B®(0,2) x B1(0,2) with gradient 0, but becomes non-graphical
inside B®(0,2) x B'(0,2) arbitrarily fast. Also the flow becomes non-
graphical inside B®(0,1) x B(0,1) after finite time.

3) It is not clear if the dependency of k on L is necessary.

4) Also it is not clear, whether this result can be adopted to higher co-
dimension. In particular the cone constructed by Lawson and Osser-
mann [LO77, 7.1], has to be taken into account.

Referring to Problem 2 we prove the following;:

Theorem 1.2. There ezists a ko = ka(n) and for all L € (0,00), € € (0, k2)
exists a 2 = y2(L, €,n) such that the following holds: Let (My)ejo,r) be a
mean curvature flow in BRT(0,3). Assume

Mo N B™™(0,3) € R™ x B0, 72).

Suppose there exist a closed subset E C B*~1(0,2) x BY(0,72) and a func-
tion fo: B(0,2) \ E — R with lip(fo) < L such that

My ((B™(0,2) \ E) x BY(0,2)) = graph(fo),
H™ (Mo N (E x B'(0,2))) < 7.

Set I := [e,k2) N (0,7). Then there exists a g : I x B*(0,1) — R with
M; 1 (B™(0,1) x B'(0,1)) = graph(g(t. )

forallt € 1. See also Theorem 3.8 for a more general version, which includes
estimates for |g|, |Dg| and |D?g|.

Remark. As for Theorem 1.1 it is not clear, if the dependency of 5 on L
is necessary and whether the result can be adopted to higher co-dimension.

Outline of the proof of Theorem 1.1. First note that for arbitrary
8o > 0 we remain graphical inside B®(0,2 — &y) x B'(0,2 — &) for some pe-
riod of time [0, sg]. Let c¢f, denote values that only depend on L and n.
Suppose we have graphical representation inside B®(0, r) x B'(0,r) for some
period of time [0, s]. Using the curvature bound by Ecker and Huisken [EH91,
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3.2(ii)] we obtain that inside B®(0,7 — /s) x B(0,r — /s) the curvature
of My is bounded by (cp+/s)~!. This lets us cover My with balls of radius
crloy/s, such that we can parametrize over the tangent space inside each
of these balls with a parametrization with gradient smaller than [y. Here [
denotes a constant we obtain from the regularity result by Ilmanen, Neves
and Schulze [INS14, 1.5]. Hence we can use [INS14, 1.5] in each of the balls,
to maintain the graphical representation over the tangent spaces for a period
of time [s, (1 + ¢1)s]. Combining these graphical representations we see that
M, is graphical inside B2(0,7 — v/s) x BL(0,7 — /s) for all t € [s, (1 + c1)s].
Thus we can maintain graphical representation inside a shrinking cylinder,
where the shrinking is controlled by L and n. This yields the result. Note
that in the process we use that the gradient is uniformly bounded by 4L,
which is provided by estimate [EH91, 2.1] from Ecker and Huisken.

Outline of the proof of Theorem 1.2. Using Theorem 1.1 we see
that for some small s; € (0,€) the manifold M, is still almost graphical
inside B™(0, %) x B1(0, %), where the possibly non-graphical part has in-
creased to some E x B!(0, %) By our initial assumptions we can bound
H™(M,, N (E x BY(0, 3)) in terms of 5. Also, in view of the slab condition,
using the curvature bound by Ecker and Huisken [EH91, 3.2(ii)] yields, that
the gradient on the graphical part of Mj, is bounded in terms of 2 as well.
Thus choosing 2 small enough, we are almost in the situation to use the
regularity result by Ilmanen, Neves and Schulze [INS14, 1.5]. Modifying the
proof of [INS14, 1.5] a bit, yields the result.

Organisation of the paper. In Section 1.2 the notation is introduced.
This is followed by recalling some basic properties and an application of
White’s regularity theorem in Section 2.1. Then we show, in Section 2.2,
that the work of Ilmanen, Neves and Schulze [INS14] already solves Prob-
lems 1 and 2 in the case of small gradient. This also yields a solution to
Problem 1 for bounded curvature, presented in Section 2.3. Afterwards we
restrict ourselves to the case of one co-dimension. In Section 3.1 we prove
Theorem 1.1, which solves Problem 1 for bounded gradient. Finally in Sec-
tion 3.2 we prove Theorem 1.2, which solves Problem 2 for bounded gradient.

1.2. Notation and definitions

We set RT :={z e R,z >0}, N:={1,2,3,...} and (a)+ := max{a,0} for
a € R. We fix n, k € N. Quantities that only depend on n and/or k are
considered constant. Such a constant may be denoted by C or ¢, in particular
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the value of C' and ¢ may change in each line. We denote the canonical basis
of R*¥ and R® by (e;)1<ij<n+k and (&;)1<;<n respectively.

Let n,k € N. Let A : R® — RF be linear. We denote by A* the adjoint
of A and write A(v) = Av. We consider the following norms

|A]? := trace(A*A), ||A]:= sup |A(v)||v|7L.
veR™\{0}

Let T be an n-dimensional subspace of R"**. Set T+ = {x € R**F .
r-v=0Y €T} ByTj: R"* — T we denote the projection onto T, i.e.
if T = span(7;)1<i<n, T = span(v;)1< <) then T} is given by Tj7; = 7; and
Thvj=0forall 1 <i<n,1<j<Ek.

For R € (0,00) and b € R™ we set

B"(b,R) :={z € R": |z —b| < R}, B"(b,0):=0, B"(b,oo):=R",
For r,h € [0,00] and a = (@,a) € R™ x RX set
C(a,r, h) := B™(a,r) x BX(a,h), B(a,r) :=B"*(a,r).

Consider an open subset 2 C R™ and t1,t5 € R, t1 < t9. For a func-
tion ¢ : (t1,t2) X  — R we denote by 0;¢ the partial derivative in time (in
(t1,t2)), by D;¢ the partial derivatives in space 1 <i <n and set D¢ :=
(D1, ..., Dnob).

Submanifolds of R**X. Let M denote an (n-dimensional, C2-regular) sub-
manifold of R*K_ By this we mean that for each y € M there are open sets
U,V € Rk with y € U, 0 € V and a diffeomorphism 1« € C?(U, V) such
that ¢(0) = y and

Y(Q)=MNU, Q:=VNR*x {0}~
For p € Q and = = ¢(p) we define
7i(p) := Dith(p)

for 1 < i < n. The 7; are linearly independent vectors spaning the tangent
space T(M,z) = T, M := span(7;(p))1<i<n. The first fundamental form at
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p called g(p) € R™™ is defined by
9ij (D) == 7i(D) - ()
The inverse (g(ﬁ))f1 always exists and its components will be denoted by
9" (p)-
For ¢ € C*(U,R) and X € C'(U,R*k) we define

n

Vio(a) = 3 g Diloow)| 7i(6), VMolw) = Y VM o(a)i(i)

f;—L n+k .
divr X (z) = > (VM(e;- X(2))) -ei = Y (DX (2)7:(p)) - 7:(D)
i—1 i=1

We define the second fundamental form A(p) € Rpxnx(n+k) by
Aqj(p) == (T(M, wﬁ)ﬁ D; Dy (p) € Rk,

Moreover we define the mean curvature vector
n
H(M,z) = Y ¢(p)As;(p)
ij=1
and the norm
n
AM,2)|* =Y g"(B)g”(p)Aij (D) - Ayy(P)-
ijg=1

Note that these two quantities are both independent of the choice of .

M induces a Borel measure on R*¥ via p/(A) := H® (M N A) for all
ACRPE For I ¢ JCR, AcC R afamily (M;);cr of submanifolds and
a function ¢ : J x A = RN we set [, ¢ := [, ¢(t,2)dpn, (x), supposed
this expression exists. We will often just write p or u; instead of pps or pay, .

Graphical submanifolds. Let M be a submanifold of R®t¥. Consider the
special case

M N C(y, R,T") = graph(f)

for y = (9,9) € M, R,T" € (0,00) and some f € C? (B™(g, R),R¥). The first
derivative of f is bounded by the tilt of the tangent space tilt(M,y) :=
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H(R“ x {0}%), — T(M, y)hHg in the following way (see [All72, 8.9(5)])

tilt (M, y)

(1.3) 6il6(M,y) < [DFH)* < T tilb(M, y)’

The second derivative of f is related to the curvature A in the following way

D)
(1+ D7)

(1.4) 5 < [A(M,y)]* < CID*f(9)I*.

Consider Fec? (Bn(g) R),R*¥) given by F(%) := (&, f(2)). We denote
by JF(& \/DF YTDF (&) the Jacobian of F at Z. For a function ¢ :
C(y,R F) — RY we have

/ 6= / O(F(2))JF(2)dL™(2),
MﬁC(y,R,F) -1 [MﬂC(y,R,F)}

supposed this expression exists.
In the special case k = 1 the following holds: The normal space T(M, y)+
is spanned by the normal vector

(=Df(5),1)

o) W= A DR

The tilt is given by

_IDfGaP
L+ D@

[\

(L.6)  (R™ x {0}); = T(M,y)l* =1 = (v(y) - ent1)

Comments on the definition of mean curvature flow. By the smooth-
ness of U : [t1,t2) x M — R*"K we mean that there exist a tg € (—o0, 1),
an Q C R*K open and a ¥ € C*°((to, t2) x Q, R*¥) such that M C Q and
\Tf|[tht2)x v = V. In particular all M; are smooth submanifolds of R**% and
all graphical representations are smooth as well.

Actually we only use ¥ is smooth on (1, t2), Wy, is locally Lipschitz (Sec-
tions 2.1 and 2.2) or C? (Sections 2.3, 3.1 and 3.2) and fMtl ¢ =limpy, [y @

for all ¢ € C2(R™+K).
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2. Arbitrary co-dimension
2.1. Local regularity

The following integrated version of the mean curvature flow equation (1.1)
is from Brakke [Bra78, 3.5]. For smooth mean curvature flow this follows
from the evolution equations by Huisken [Hui84, 3.6] (see also Ecker [Eck04,
4.6]).

Proposition 2.1 ([Bra78, 3.5]). Consider an open, bounded subset U C
RK gnd let t; € R, to € (t1,00]. Let (Mi)icpt, t,) be a mean curvature flow
in U and ¢ € C? ((tl,tg) X Rn+k,R) with Uy (s, 1,y My N {¢y # 0} C U. Then
for all s € (t1,t2)

(2.1) %

t:s/ 4 P = / g <8t‘t:s¢t +divar, (Dés) — ‘HSP@) )

where ¢i(x) = P(t, ).

The above Proposition shows that if (0; — divys, D) ¢ < 0, the M; inte-
gral of ¢ is monotonically non-increasing. If a test function n satisfies the
inequality (0y — divz, D) n < 0, but does not have bounded support, we can

use the following Proposition to localize 7. See also [Bra78, 3.6], [Eck04,
3.17] and [EHS9).

Proposition 2.2. Let p € (0,00), L €[0,00), t1 €R, t9 € (t1,00], yo €
Rk and let (Mt)iept, t,) be a mean curvature flow in B(yo, 0). Consider a
function n € C%1 ((t1,t2) x B(yo, 0),[0,1]) N C? ({n > 0}) which satisfies
(2.2) (9 — divy, D) n(t,z) <0, |VMp(t,z)| <L

for all (t,x) € (t1,t2) x B(yo,0) N {n > 0} with x € M;. Define a function
T e COJ ((t17t2) X B(?/07 Q)a [07 1]) by

T(t,2) = ((¢® — |z —wol*) n(t,z) — 20+ 4Lo)(t — t1)) -

Then for all t € (t1,t2)

(2.3) pn /ka T3(t, x)dus(x) < 0.
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Proof. We may assume yo = 0. Set M := {(t,z)
Note that we have T3 € C? ((t1,t2) x B(vo, 0),
0} NB(0, p). Using divyy, (z) =n, n <1 and (2.

S (t1,t2) x Rotk . 4 e Mt}.
[0,1]) and {Y >0} C {n >
2)

we can estimate
(0y — divp, D) T3(t,x) < 372 (92 — \x|2) (0y —divp, D) n(t,z) <0

on M N{Y > 0}. Continuity of the derivatives of Y3 implies that this esti-
mate holds on all of M. Also we know Uye(y, +,){ Y (t,-) > 0} C B(0, 0). Using
Proposition 2.1 then establishes the result. O

In the very important special case n =1 and L =0 the T from above
proposition will be called . This test function already appears in [Bra78,
ch.3].

Definition 2.3. Let p € (0,00), o € R*X, t5 € R be fixed. Define ¢, €
C0’1 (R % Rn+k) by

(pp(t7x) = (1 - :0_2 (‘x’2 + 2nt))+7 W(tmxo),p(t’:E) = Sop(t —to,x — .2130)-

Applying Proposition 2.2 directly yields a monotonicity formula for ¢,,
which implies an a-priori measure bound for balls.

Corollary 2.4 ([Bra78, 3.7],[Eck04, 4.9]). Let o € (0,00), s1 € R, s9 €
(51,00), yo € R*K and let (M) te[s,,s5) be @ mean curvature flow in B(yo, 0)-
Then

d 3
% Rn+k (p(slvyo)vQ(t’ x)dﬂt($) <0
for allt € (s1,s2). Also we have
H™ (M N B(yo, 27 '0)) < 8H" (Ms, NB(yo, 0))

for all t € [s1,s1 + (8n)710?) N [s1, s2).

Proposition 2.2 also implies that a local height bound is maintained.
Though the bound is increasing linear in time.

Corollary 2.5. There exists a C € (1,00) such that the following holds:
Let R,rg € (0,00), t1 € R, ty € (t1,00), 2o € R®* and let (M), 1) be a
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mean curvature flow in B(xzg,2R). Suppose
M;, N B(zg,2R) C C(x0,2R, o).

Then for all t € [t1,ts) and r(t) := 1o+ C(t —t1)R™" we have
M; N C(zg, R, R) C C(xg, R, r(1)).

Proof. We may assume t; = 0, xg = 0 and R = 1. Use Proposition 2.2 with
0=2,L=2"1and

n(t, (2,7)) =271 (18] = o)y, C(a) = (4—|z*)+.

Then by (2.3) we have

| Camt@an=co,du < [ (C@mn0..2), du

Ro+k

By assumption the right hand side is zero. For z € C(0,1,1) we have ¢ > 2,
hence by definition of n we obtain the result. O

The main ingredient to obtain graphical representation, will be White’s
regularity theorem [Whi05]. The version stated here follows from the proof
by Ecker [Eck04, 5.6] and Huisken’s monotonicity formula [Hui90, 3.1].

Definition 2.6. Let zo € R*¥ ¢, € R be fixed. Define the heat kernel
(I)(to,xo) € C*>® ((—OO, to) X Rn+k) by

x — x|
B 0:2) 1= (40~ ) exp (L2200,

Remark 2.7. For every n-dimensional subspace T' of R*tK we have
/ CIJ(tOwO)(t,JJ)dH“(x) =1
T
for all t € (—o0, tp).

Theorem 2.8 ([Whi05]). There ezist C € (1,00) and do € (0,1) such
that the following holds: Let ro € (0,00), to € R, 1 € (—o0,tyg — 83, ta €
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(tg,00), o € R"* Ry = C\/tg — t1 and let (Mt)iept, 1) be a mean curva-
ture flow in B(xg, Ro). Suppose o € My, and

(2.4) / By (b1 y)dpue, (9) < 1+ do
B(Zo,RU)

for all (s,x) € [to — 4r, to] x B(xo,2r0). Then
(2.5) |A (M, x)| < C’ral
for all t € [ty — r%,tg] and x € My N B(xzg,10).

Proof. We may assume g = 0 and ¢y = 0. Consider p := R° . Note that p =
C\/=t1 > 2rg, for C large enough. Consider arbitrary (s x) € [—4r¢,0] x
B(0,2r0) and t € [s — 4r¢, 5). We can estimate 2n(s — t;) < Snp . This yields
SPtP(s,2),p(t1, ) C B(0, Ro) and sup (s q),,(t1, )| < 1+ do, Where we chose
C' large enough depending on dy. Hence using (2.4) we can estimate

/ D) P(ss)p < (1 + do)/ Do) < (1+do)? < 1+ 4do.
M,, NB(0,R,)

Let t € [s — 47“8, s), in particular t; < t. Hence Huisken’s monotonicity
formula [Hui90, 3.1] (see also Ecker’s localised version [Eck04, 4.8]) yields

/ ®(87m)80(37x)7p S /M Q(S,I) (S J?) p — < 1 + 4d0

1

Now we can proceed as in [Eck04, 5.6]. g

2.2. Stay graphical for small gradient

Here we give the proof of Theorem 2.9, which is the local version of Theorem
1.5 from Ilmanen, Neves and Schulze [INS14, 1.5]. Basically this section is
a slight variation of Section 9 of [INS14]. In particular we point out Propo-
sition 2.10, which can be easily obtained from the proof of [INS14, 1.5]. For
the convenience of the reader we include all the details.

Theorem 2.9 ([INS14, 1.5]). There exist constants C € (1,00) and ly €
(0,1) such that the following holds: Let p, 7 € (0,00), § € (0,1], I € [0,1o],
(M¢)¢efo,r) be a mean curvature flow in C(a,2p,2p) and let a = (a,a) € Mo.
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Suppose there exists an f : B®(a,2p) — RX with sup [Df| <1 and

(2.6) Mo N C(a, 2p, 2p) = graph(f).

Set I := (0,10p%) N (0,7). Then there exists a g : I x B®*(a, p) — RX with
(2.7) My N C(a, p, p) = graph(g(t,-))

and

sup |g(t,-) —a| < 2lp+ Cp~'t,
(2.8) sup |Dg(t, )| < C’{‘/l + p~2t,
sup | D?g(t, )| < Ct ™
forallt e 1.

Proposition 2.10 ([INS14, 1.5]). There exist C' € (1,00) and Sy € (0,1)
such that the following holds: Let 3 € (0, Bp), 0 € (0,00), s1 € R, 509 :=s1 +
B20%, 53 € (s0,00), 20 = (%0, Z0) € R™™™ and let (My)se(s, 5,) be a mean cur-
vature flow in C(z9,40,40). Set J := [so, so + 320?) N [s0, $2). Assume

(29) MS1 N C(Z0,4Q,4,(_)) C 0(2074976 Q)7
(2.10) M, N C(zo, 0,0) #

Suppose there exist an open set Dy C B®(%9,40) and an fo: Dy — R¥ such
that

(2.11) M, N Do x B¥(Z0, 0) = graph(fo),
(2.12) sup |D fol < Bo,
(2.13) H"™ (M, N So) < Bof™ 0",

where Sy := (B™(39,40) \ Do) x BX(Zy, 0). Then there exists a function g :
J x B™(%g, 0) — R¥ with

(2.14) M; N C(z0, 0, 0) = graph(g(t,-))

and

sup|g(t,-) — Zo| < Co™'(t - 51),
(2.15) sup [Dg(t,-)] < C+/ 0 2(t — s1),

sup |[D2g(t, )| < C(t — 1)~
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forallt e J.

Remark 2.11. 1) A similar result for Brakke flows can be found in the
author’s thesis [Lah14, 11.7].

2) Assumption (2.10) can be replaced by
(2.16) B" (g, /B0) C Dy for some o € B (%, o).

3) If My has bounded curvature and n > k + 1, assumption (2.13) follows
from B™(Zp,40) \ Do C B™ (90, S0), see Lemma A.5.

Proof of Proposition 2.10. We may assume s1 =0, zg =0 and o = 1. The
idea is, that the almost graphical representation implies (2.4). Hence The-
orem 2.8 yields curvature bounds. Combining these bounds with the slab
condition implies, that the flow has to be a union of graphs. Finally by con-
tinuity in time and assumption (2.10) we see, that we actually have exactly
one graph.

Let tg € J be fixed but arbitrary. In view of (2.9), Corollary 2.5 with
R =2, ry = % yields

(217) My 00(0,2,2) - C(O,2,Clt0)

for all ¢ € [0, to] for some constant C; € (1, c0).
Consider Fy(v) := (0, fo(0)). Assumptions (2.11)-(2.13) imply

(2.18) / 6 < (1+Cho) / O(Fo(6))dL() + sup [6]5o8"
MynB(0,4) Dy

for all bounded ¢ € C>°(R™*K). Here we used that by (2.12) we have JFy <
1+ Cpp. Also we used that by (2.9) the set My N B(0,4) is contained in
(Do x BX(0,1)) U S,.

Temporarily fix an arbitrary y € Mz, N C(0,2,2). We want to use Theo-

‘\/g, Ry =1 and t; = 0. Thus for arbitrary (s,z) €

[to — %),t()] x B(y, \/\g), we have to show

rem 2.8 with xo =y, 79 =

(2.19) / (I)(S’x) <1+4dy,
MonB(0,4)
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where dj is from Theorem 2.8. Here we used C'v/tg < C3y < 1 for 3y small
enough. Also we used B(y, 1) C B(0,4). By Definition 2.6 we have

/ By 0 (0, Fo(0))dL(3) < / B (5.0 (0, (0,0))dL™ (D) < 1.
Do B~ (0,4p0)

As well as sup |®(, ;) (0, )| < (47s) "2 < (27to) "2 < ™. Then for By small
enough, inequality (2.18) with ¢ = ®(, ;;(0, ) establishes (2.19). Thus The-
orem 2.8 yields

(2.20) |A(My,,y)| < Caty *

for all y € M;, N C(0,2,2) for some constant Cy € (1,00).

In view of (2.17) we can now apply Lemma A.4 with r = 1, K? = Cyt,, *
and &2 = Oty to obtain an mg € NU {0} such that

(2.21) M;, N C(0,1,1) = | graph(g;)
=1

for functions g; : B®(0,1) — R¥ that satisfy (2.15) for t = t,. Here we used
to < B3 and chose 3y small enough.
We want to show mg < 1. Consider ¢ from Definition 2.3 and set K :=

[ ©3(0, (,0))dL™(2). We have

mok < [ 0.0 2) < [t a)d (a) + Co
B(0,1) B(0,1)

< / ©3(0, 2)dpao(x) + CBo < (K + CBo),
B(0,1)

which implies mg < 2 for 5y small enough. Here we used (2.21) for the first
inequality, (2.17) and to < 82 for the second, Corollary 2.4 for the third and
(2.18) for the fourth. Now (2.21) yields a g, : B®(0,1) — RX which satisfies
(2.15) and such that

(2.22) M, N C(0,1,1) = graph(gs,) or M;, N C(0,1,1) = 0.
This statement holds for all ¢y € J. Thus by continuity of p; (C(0,1,1)) and

(2.10) we see, that always the first alternative has to be true, then (2.22)
implies the result. 0
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Proof of Theorem 2.9. We may assume a = 0 and p = 1. Then in particular
f(0) =0 and sup |f| < 2. Fix t € I. Let 2 € B"(0,1) be arbitrary and set

po =22/ (1 + )", z:= (3 f(3)).

Note that 4pg + |Z2] < 2 and 4pg + |Z| < 2. In view of (2.6) and by lip(f) <1
we see

(223) My N C(Z, 4p0, 2) = MynN C(Z, 4p0, 4lp0)

We want to use Proposition 2.10 with zg = z, s1 =0, so = 7, 8 = 21 and
0 = po. Note that C+/ly < 3y for Iy small enough depending on Byg. Then
there exists a function g : B®(2, pg) — R¥ with

(2.24) M; N C(z, po, po) = graph(gz) or M; N C(z, po, po) = 0.

Moreover we have

sup [gz| < sup|f|+ Ct <21+ Ct
(2.25) 1
sup|Dg:| < Cy/pyt < CVi+t, sup|D?gs| < Ct 2

where we used pg = 272,/(l +t)~1t. Here the height bound follows from
Corollary 2.5 combined with (2.6), lip(f) <1 and 0 € M.

As t < Clopg and [y can be chosen small, we can use Corollary 2.4
and (2.23), to see that (2.24) actually holds in the larger cylinder

M; N C((2,0), po, 1) = graph(gz) or M;NC((,0),p0,1) = 0.

Choosing different Z € B™(0,1) , we obtain a graphical representation g :
B?(0, 1) — R¥ which satisfies (2.8) and such that

(2.26) M; N C(0,1,1) = graph(g;) or M;NC(0,1,1) = 0.

Statement (2.26) holds for all ¢ € I. Thus by continuity of p (C(0,1,1))
and (2.6) we see, that always the first alternative has to be true, then (2.26)
implies the result. O

Proof of Remark 2.11.2. We may assume s; =0 and o = 1. Consider the
setting of Proposition 2.10 with (2.10) replaced by (2.16). Then Theorem 2.9
with 7 = s9, a = (ag, fo(ag)), I = lp and p = /B implies, that (2.10) holds
nevertheless. Here we used 8 < 8y and chose 5y small. O
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2.3. Stay graphical for bounded curvature

Consider an initial manifold that is graphical with possibly large gradient,
but bounded curvature. Then we can use Theorem 2.9 locally to obtain the
statement below.

Proposition 2.12. There exists a C € (1,00) and for all k € (0,1), K €
[1,00) there exists a o1 € (0,1) such that the following holds: Let o,T €
(0,00), T' € (£,00), to € R, 20 = (%0, 20) € R and let (My)seity 1o4r) be a
mean curvature flow in C(0,20,1" + o). Suppose there exists u : B™(Zp, 0) —
R¥ with sup [u — Zo| <T — £ and

(2.27) M;, N C(z0,20,I' + o) = graph(u).
Moreover suppose

(2.28) T (M, ) — (Rn X {O}k)u | <1-2x,
(2.29) |A(M;,,z)| < Ko !

forallx € My, N C(z0,20,T + 0). Set I := (to,to + 010%) N (to, to + 7). Then
there exists a v : I x B®(3p, 0) — R¥ with

(2.30) M; 1 C(z0, 0,T) = graph(v(t, -))
for allt € I. Moreover we have

(2.31) T, ) — (B < (0}F) 1 <1~ 5,
(2.32) [A(M;, )] < Ot — )2
forallt € I and for all x € M; N C(zp,0,T).

Remark 2.13. See Chen and Yin [CY07, 7.5] for a better curvature esti-
mate than (2.32).

A~

Proof. We may assume zp = 0, tp =0 and o = 1. Fix s € I. Let z = (Z,
M; N C(0,1,T") be arbitrary. Consider ¢ and z such that

) €

ro = (CIH)E)K_:[) z=(%,2) € MoNB(x,ro)

for some constant ¢; € (0, 1), which will be chosen below. Note that such a z
always exists, by Corollary 2.4 and s < o7 < erg. By (2.27) and for ¢; small
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enough we can estimate
. . 1
(2.33) |Z] < |Z| 4+ ro < sup|u| + 5 < I.

Let S € SO(n +k) be such that S[R® x {0}¥] = T(My, z). In view of
(2.27) and (2.29) we can apply Corollary A.2 with R = K~(c1x)?%, a = 2,
L=Cr " and a = (c1k)* to obtain a go : B®(0, K~ (c1x)*) — R¥ with

(2.34) My NB(z,8rp) C S(graph(go)) + 2z C M.

Here we estimated (c1x)* < ap and 8rg < (C’,«fl)f1 K~1(e1k)4, for ¢ small
enough. Also we used that by (1.3) and (2.28) we have sup|Du| < Crx~!.
Corollary A.2 then implies the following bounds

(2.35) sup|go| < CKY(e1r)® <ro. sup |Dgo| < (e16)* < lo,

where [ is the constant from Theorem 2.9. Here we used ro = (c1x)°K 1,
k < 1 and we chose c¢; small enough.

For t € [0,7) set N; := STY[M; — z]. In view of (2.34) and (2.35) we can
apply Theorem 2.9 with (M) replaced by (NVy), a = 0, p = 4rg, I' = 41y and
I = (c1k)*. Thus we obtain a g, : B®(0,2r¢) — R¥ with N, N C(0, 2rg, 2r¢) =
graph(gs)). In particular as z € My N B(x, ro), there exists av := (0, g5(0)) €
graph(gs)) such that x = Sv + z. Also g, satisfies

(2.36) sup |Dgs| < Cy/(c1k)* + s < Ceyk, sup ‘D2g5’ < Cs™ .

Here we used s < o1 < crd. By S[R"] = T(My, ), S[T(Ns,v)] = T(Ms, x),
(2.28), (2.36) and (1.3) we obtain

[T (M, 2); — (R®)g]] < | T(Ns,v)g — (R?)g]| + [[(R™)g — T(Mo, 2)q|l
<Cecik+1-2k<1—k,

where we identified R® with R x {0}* and we chose ¢; small enough. Sim-
ilarly using (2.36) and (1.4) yields

1

|A(M;, z)| = |A (N, v)| < Cs™2.

As s and z were arbitrary this already establishes (2.31) and (2.32). In view
of (2.33) and (2.31) we can use Lemma A.3 with [¢t;,t2) =[0,01), 7 = 1 and
I’y =T to obtain the existence of the desired v. Here we used that by (2.27)
the mo from Lemma A.3 has to be 1. Il
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3. Hypersurfaces

Here we consider mean curvature flows of hypersurfaces. In particular all
results from the first part carry over with k = 1. Having co-dimension one
allows the usage of the local estimates by Ecker and Huisken from [EH91].
We state the two theorems we need below.

Theorem 3.1 ([EH91, 2.1]). Let p € (0,00), t1 € R, t2 € (t1,00), zp €
R™ and let (My)iep, 1) be a mean curvature flow in B(zo, 0). Set o(t) :=

V(02 —2n(t — 1))+ and suppose

l/t(.’E) c€nt1 > 0

for allx € My N B(xo, o(t)) for allt € [t1,t2). Set v(t,x) := (v¢(z) - eny1) L
Then

v(t,z) (1—0 2 (Jz—zo)* +2n(t —t1))) < sup v(ty, )
2€BP(20,0)

holds for all x € B(xg, o(t)) for all t € [t1,t2).

Theorem 3.2 ([EH91, 3.2(ii)]). There exists a C € (1,00) such that the
following holds: Let o,T € (0,00), t1 € R, ty € (t1,00], o € R and let
(My)icpt, 1,) be a mean curvature flow in C(wo,20,T"). Suppose there exists
an f: (t1,t2) x B™(Zo,20) — R such that

Mt N C(J:Uv 2@7 F) = graph(f(ta ))
for all t € (t1,t9). Let s1 € (t1,t2). Then

|A(M, (2, f(t,2))? < C((s—s1) " +07%) sup sup (1+[Df(t,-)*)?
t€ls1,5] B™(20,20)

holds for all x € B™ (o, 0) for all s € (s1,t2).
3.1. Stay graphical for bounded gradient

In this section we show Theorem 3.3, which implies Theorem 1.1. The main
ingredient of the proof is Lemma 3.5, which originally appears in the author’s
thesis [Lah14, 12.11]. This Lemma combines the curvature bound from Ecker
and Huisken [EH91, 3.2(ii)] with Proposition 2.12, to maintain the graphical
representation of a mean curvature flow that has been graphical over a
period of time.
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Theorem 3.3. For every L € [1,00) there exists a A € (1,00) such that the
following holds: Let p, T € (0,00), 6 € (0,1], " € (20p, ), to € R, a € R™,
a:=(a,0) and let (M), to+r) be a mean curvature flow in C(a,p,T).
Suppose there exists an f : B™(a,p) — R withsup |f| <T — 2dp, sup |Df| <
L and

(3.1) My, N C(a, p,T') = graph(f).

Set o(t) := A/t —tg. Then for all t € (to,to + 7) such that o(t) < dp there
exists an g, : B™(a,p — o(t)) — R with sup |g:| < sup |f| + o(t), sup |[Dg:| <
4L and

(3.2) M, " C(a,p—o(t),I' —o(t)) = graph(gy).

Remark 3.4. 1) The curvature estimate by Ecker and Huisken [EH91,
3.2(ii)](see Theorem 3.2) can be used to obtain bounds on the curva-
ture and |D%g,| (via (1.4)).

2) The bounds on |g|, |Dg¢| may be improved if you are further inside
the graphical cylinder. Use Corollary 2.5 or the gradient estimate by
Ecker and Huisken [EH91, 2.1](see Theorem 3.1) respectively.

3) Fora=0,tp=0,p=T'=2and § = i this implies Theorem 1.1. Here
we use that for ¢ € (0, k1] we have o(t) < %, for kr, < (2A)72

4) See also Example 3.7, which shows, that it is reasonably that the set
where graphical representation is maintained shrinks in time.

The proof of Theorem 3.3 is based on the following Lemma which is
taken from [Lahl4, 12.11]. Here we give a much shorter proof.

Lemma 3.5 ([Lah14, 12.11]). For every L; € [1,00) there exists a A\ €
(0,1) such that the following holds: Let p1, Ry € (0,00), I'1 € (R1,00), sp €
R, and let (Mi)ic[s,—Rr2,s0+22R2) be a mean curvature flow in C(0,p1 +
R1,T1 + Ry). Set J := (s — R, 50). Suppose there exists u : J x B0, p; +
R1) — R with sup |u| < T'1 — Ry, sup|Du| < Ly and

(3.3) M;NC(0,p1 + Ri,I'1 + Ry) = graph(u(t, -))

for all t € J. Set I := (s, 80 + AiR?). Then there exists a function v : I x
B (0, R1) — R with sup |v| < sup |u| + R1, sup |Dv| < 4Ly and

(3.4) M; N C(0, p1,T1) = graph(v(t, -))
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forallt e 1.

Proof. We may assume so = 0 and R; = 4. Let z € B*(0, p1) x {0} be arbi-
trary. Note that 1 + sup |Du|? < 2L2, so (1.6) yields

1
<1-2(2Ly)72

(3.5) HT(MtO,l‘)h — (Rn X {O}k>u‘ T 11 |Du(to, z)|> ~

for all z € My N C(z,4,T"; +4) for all t € [-16,0].
Also by Theorem 3.2 with t5 =0, t; = —16, R=2and I' =11 +4 we
obtain

(3.6) [A (M, (2, f(t,2))] < OLY =: K

for all z € B"(2,2) and all t € (—1,0).

In view of (3.5), (3.6) and (3.3) we can apply Proposition 2.12 with
to=-2"1oy, 0o=1,T =Ty and k= (2L1)"2. As z € B*(0,p;) x {0} was
arbitrary, this establishes the result. Here we chose \? < 27 1o. O

Proof of Theorem 3.3. We may assume tg = 0 and a = 0. Let € € (0,2724].
For t € [0,7) set

pe(t) == p—ep—27AVA,

Le(t) ;=T —ep — 272AVA,

Ye(t) := sup | f| + ep + 2 AV,

A time t € [0,7) is called proper, if o(t) > dp, or there exists a function
fetr : B?(0, pe(t)) — R such that

(3.7) M; N C(0, pe(t), Te(t)) = graph(fe),
(3.8) sup | fei] < 7e(t), sup|Dfes| <A4L.

Note that if o(t) < dp, we have p.(t) > 0. We consider the set
I.:={s € (0,7] : tis proper for allt € [0,s)}.

For s € I. with o(s) < §p we have /s < A~1dp. Thus as € < ¢ and sup | f| <
I' — 26p we can estimate

) 30
(3.9) Ye(s) < sup|f|+ L <T = 2L <Ds) - AV

for all s € I, with o(s) < dp.
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By continuity in time and C(0,p —€,T' — ¢) CcC C(0, p,T") we have I, #
(). Consider s € I, with s < 7. We want to show, that there exists an sy €
(s,7] such that (0,ss] C I. If o(s) > dp we directly see (0,7] = I.. Thus
assume o(s) < dp. Let A; € (0,1) be from Lemma 3.5, chosen for L; = 4L.
Set

sp :=min {(1 + 2_3)\%)5,7'} . 80:= 89— 27 2\2s,

in particular 271s < 59 < 5 < 89 < 259 and /s — /30 > cA\3\/s. By defini-
tion of pe, I'c and . this yields

(3.10) pe(s0) — Vs > pe(s) + 4v/ns =: py,
(3.11) Tc(s0) > Te(s) + /s,
(3.12) Ye(s0) < 7el(s) — Vs,

where we chose A large depending on A;.
By (3.8) we have sup |Df¢| < 4L for all t € [0, so]. Also, by (3.8), (3.9)
and (3.12) we obtain

(313) s lJea@)] < 51 20(0) = 2els0) < 2e(s) = V5 <Tls) = V.

Combining (3.7) with (3.10), (3.11) and (3.13) we have

M; N C(0,p1 +V5,Tc(s) + +/s) = graph(fe;)

for all ¢ € (0, so], where we consider the restrictions of fc; to B*(7, p1 + /s).
Then by Lemma 3.5 with L; = 4L, Ry = 27'\/s and I'; = I'.(s) there exists
a ge: (0,s2) x B*(0, p1) — R with

(3.14) M; N C(0, p1,Te(s)) = graph(ge(t, -))

for all ¢ € (0, s2). Moreover sup |ge| < 7ve(s).
It remains to show that sup |Dg.| < 4L. Consider arbitrary t € (0, s2)

and 2o € B™(0, pe(s)). Set zg = (Zo, (ge(t2, 20)) and g := p1 — pe(s) = 4y/ns.
Then by sup |ge| < 7e(s), (3.9) and for A large enough we have

B(zp,0) C C(0, p1,Te(s)).

In view of (3.14), (3.1), (1.5) and /1 +sup|Df|? < 2L we can now use
Theorem 3.1 to obtain |Dg.(t2, )| < 4L. Thus we have so € I.. Note that
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s9 is either 7 or (1 4+ 273)\2?)s, so the amount by which we enlarge the time
interval is actually increasing with s. As s € I. was arbitrary and I, # () this
yields 7 € I.. Note that

pe(t) > p—ot) —ep, Te(t) >T —o(t) —ep, 7e(t) < sup|f| +a(t) +ep.

As € can be chosen arbitrary small we established the result. (I

Additionally assuming a height bound in Theorem 3.3, yields that the
graphical representation will have small gradient after some time.

Lemma 3.6. For every Ly € [1,00) there exist A1 € (1,00) and 71 € (0,1)
such that the following holds: Let v € (0,71], po € (0,00), t1 € R, 25 € R™,
20 := (%0,0), s1 := t1 +y*p§, ta € (s1,00) and let (My)yep, 1) be a mean cur-
vature flow in C(zg,4po,4po). Suppose there exists an u: B™(Zp,4pg) — R
with sup |Du| < Lo, sup |u| < v*po and

(3.15) M, N C(z0,4p0,4po) = graph(u).

Then there exists a v : B™(20, po) — R with

(3.16) M, N C(z0, po, po) = graph(v)

and

(3.17) sup [v] < A1y*po, sup |Dv| < Ary, sup|D%v| < Ay 2pgt

Proof. We may assume t; =0, 20 =0 and pg = 1. Let A be from Theo-
rem 3.3, chosen for L = Ly. Then we can estimate Ay/2s; < % and sup |u| <
%, where we used 7 < 1 and chose v; small depending on A. Hence we can
use Theorem 3.3 with p=0'=4,a=0,t1=0,7=1t2, L= Ly and § =
This yields a function g : [0,2s1] x B™(0,3) — R with sup |¢(Z)| < po,

1
i

(3.18) M; N C(0,3,3) = graph(g(t,-))

for all ¢ € [0,2s;1]. Now we can apply Theorem 3.2 with o =1, I' = 3 and
arbitrary xo € B™(0,2) x {0}, to obtain

(3.19) |A(Mj,,z)| < CL3s, > = CLgy 2

for all x € M, N C(0,2,3).
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As sup |u| < 44, Corollary 2.5 with rg = v*, R = 2 and x¢ = 0 implies
(3.20) M; N C(0,2,2) C C(0,2,C~)

for all ¢t € [ty, s1].

Let v be the restriction of g(s1, ) to B™(0,1). In particular (3.18) implies
(3.16). In view of (3.19) and (3.20) we can apply Lemma A.4 with r =1,
¢ =Cy? and K = CL3y ™! to see that (3.17) holds. Here we estimated K¢ <
CL3v < ;. Note that by (3.18) we have that mo = 1, so the function from
(A.17) has to coincide with v. O

In the following example we construct a mean curvature flow (actually a
curve shortening flow) that initially intersects the cylinder (—2,2) x (-2, 2)
in the straight line (—2,2) x {0}, but becomes non-graphical inside that
cylinder immediately and also becomes non-graphical inside the cylinder of
half the radius after finite time.

Example 3.7. Consider ¢ € (0,471), S! := 0B2(0,1) and A C R? with
[—2,2] X [0,2] CAC [—(2+¢€),24+ € x[0,2+ €]

and such that 9A = ¥,[S?] for a smooth embedding Wg. In particular My :=
O0A is graphical inside (—2,2) x (—2,2) with gradient zero. By the work
of Grayson [Gra87] there exists a unique mean curvature flow (My)ic(o,1)
starting from My and shrinking to a round point for ¢ /T By choice of A
and Brakke‘s sphere comparison results [Bra78, 3.7, 3.9] (see also [Eck04,
3.3]) we have

(3.21) B2((0,1),r(t)) "My =0, M, c B*((0,1), R(t))

for all t € [0,T'), where R(t) := /3 + 3¢ — 2t and r(t) := /1 — 2¢.

In particular % <T< % < 2. Statement (3.21) also yields that My, C
B2((0,1),/3 —€). Then My, cannot be graphical inside (—2,2) x (—2,2).
Moreover as (M;) shrinks to a round point, there exists an s € (0,7") such
that M C B%(a,€) for some a € R?. Then s < 2 and for any h € (0,2] the
manifold My cannot be graphical inside (—2¢, 2¢) x (—h, h).

3.2. Become graphical

In this section we show Theorem 3.8, which implies Theorem 1.2. The idea is
that for an initially almost graphical mean curvature flow that lies in a slab,
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the gradient on the shrinking graphical part is decreasing (by Lemma 3.6)
and the measure of the growing non-graphical part can be controlled. It turns
out that there is a time when both the gradient and this measure are small
enough to apply Proposition 2.10, which yields a graphical representation.

Theorem 3.8. There exist constants C € (1,00) and oo € (0,1) and for
every L € [1,00) there exist Ay € (1,00) and Ao € (0,1) such that the fol-
lowing holds: Let X € (0,Xo], p € (0,00), h,t1 € R, tg:=t; + AgA2p?, to €
(to,0), a = (a,a) € R™ and let (My)iep, +,) be a mean curvature flow in
C(a,2p,2p). Assume

(3.22) M;, N C(a,2p,2p) € C(a,2p, \2"p).

Suppose there exist an open subset D™ C B™(a,2p) and an f: D™ — R with
sup |Df| < L such that

(3.23) M,;, N (D™ x B'(a, p)) = graph(f),
and for E™ := B"(a,2p) \ D™

(3.24) E™ C (R™' x BY(h,\"p)) ,
(3.25) H™ (M, 0 (E™ x B'(@,p))) < A"p™

Set I := [to,to + cop®) N [to,t2). Then there exists a g: I x B™(a,p) — R
with

(3.26) My N C(a, p, p) = graph(g(t,-))

and

sup [g(t, ) — a| < Cpyt(t —t1),

(3.27) sup [Dg(t, )| < Cy/py(t —t1),

sup |[D?g(t, )| < C(t —t1) ">
forallt e 1.

Remark 3.9. Using this Theorem with a =0, p =1, h=0,t; =0,to =7
and \? = Aale implies Theorem 1.2 with v, = (Aale)n and kg := coy.
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Proof. We may assume a =0, t; = 0 and p = 4. Set

pr=2""A" B':=BY0,1)=(-1,1),
DY == B™(0,5) \ (R*~! x BI(h, 8A"))
EP := B™(0,5) N (R™ x BI(h, 8)\n)).

Consider z = (£,0) € D' x {0}. Then by (3.24) and A < g < 1 we have
C(z,4p1,4p1)) C D™ x BL.
In view of (3.22) and (3.23) we can use Lemma 3.6 with Lo = L, 29 = z,
po = p1, 7 = 4\1. Here we chose \g small enough such that 4\% < -, which
depends on L. Set
51 1= ytp? = A%,
Lemma 3.6 yields a v, : B®(Z, p1) — R with sup |Duv,| < 4N \5 and
Msl N C(Za 1, Pl) = graph(vz)'

Thus, as £ € D' was arbitrary, we can combine the v, to obtain a vy : D} —
R with

(3.28) M,, N (D} x BY(0, p1)) = graph(vs)
and
(3.29) sup | D] < AN N7,

By (3.22) we can use Corollary 2.5 with R =1 and zp € B"(0,6) x {0}
as well as R = 4 and zg = 0, to obtain

(3.30) M, N C(0,6,1) C C(0,6,r(t))
(3.31) M, N C(0,4,4) C C(0,4,r(t))

for r(t) := A\2® + Ct for all t € [0,t3). Note that r(s1) = CA?® < 274\ = py,
where we used A < )\g and ¢ small. Hence with (3.28) we can conclude

(3.32) Mg, N (D} x Bl) = graph(va).
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We want to use Proposition 2.10. In order to do so, the M -measure
in 7' x B! has to be small. The idea is, that by Proposition 2.2 the M, -
measure in EP x B! is bounded by the My-measure in some larger set Y x
B!. This set can then be estimated with (3.23) and (3.25).

By definition of E and the slab statement (3.30) we have

(3.33) M,, N (E? x BY) € B(0,6) N (R* x B((h,0), C1A"))
for some constant Cy € (1,00). Consider
Y™ :=B"0,8) N (R x B!(h,2C1A")) .
We want to show
(3.34) H™(M,, N (B} x B')) < CH™ (Mo (Y™ x BY)).

For (u,v) € R*! x R? set Q(u,v) :=v. Consider n,¢ € C% (R x B(0,8))
given by

n(t, ) == (1 - (2C1A")72(|Q(2)* + 2nt))
((t ) = C(@) o= (8% — [af2)., .
Note that 7 € C2({n > 0}) and {¢(-)n(0,-) >0} CY x B'. We also have

(0 —diva, D)n < 0on {n > 0}, as diva,, DQ < n. Then Proposition 2.2 with
yo =0, L = A7 and o = 8 yields

(3.35) /Rn+1 (C(z)n(s1,z) — 21[1/\*2n$1)3amSl < CH™ (Mo (Y™ x BY)) .

For x € Mg, N (E® x Bl) estimate ((x)n(s1,x) — 2nA"2"s; > 1, where we
used (3.33), 51 = A3™, A < \g and \g small. Hence (3.35) implies (3.34).

Let Cr, € (1,00) be a constant depending on L, which may increase in
each step. By sup |Df| < L we have JF < Cp. Then in view of assumption
(3.23) we obtain

(3.36) H™ (Mo (Y™ N D") x BY)) < CLL™(Y™) < CLA™

On the other hand as Y™ C B*(0,8) we see Y™\ D™ C E™. Thus by as-
sumption (3.25) we can estimate

(3.37) H™ (Mo ((Y™\ D™) x B')) < O™,
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Combining (3.34) with (3.36) and (3.37) we conclude
(3.38) H™ (M, N (B} x BY)) < CpA™

Set B := /tg — 51 = /A2 — A30 and pg := 273. In particular
(3.39) cAoX? < B2 < Ag)? < B2,

and I = [tg,to + 160¢] C (51 + BQp%, s1 + 53,0(2]), where [y is the constant
from Proposition 2.10. Here we used A < Ao, Ao small enough depending
on Ag and og small depending on fy.

Let z = (2,0) € B"(0,4) x {0} be arbitrary. We want to use Proposi-
tion 2.10 with zg = 2, s3 =t and Do = B®(2,272) \ EP. In view of (3.39)
and for Ag large enough, the slab statement (3.30) with r(s1) < CA? implies
(2.9). By choice of Dy and (3.32) also (2.11) holds. Choosing A\¢ small enough
depending on A; of Lemma 3.6 for Ly = L, we see that (3.29) implies (2.12).
Choosing Ay large depending on L we can use (3.39) and (3.38) to obtain
(2.13). At last we consider the points aF := 2 4+ 27%&,. Then

((af — ag) - €n| =272 > 42T\ 4273/,

where we used (3.39), A < A\g and chose )y small enough. Now by definition
of EP we see that (2.16) holds for Go = aj or G, . Proposition 2.10 then
yields a g, : I x B®(%,27%) — R with

(3.40) M; N C(z,27%,27%) = graph(g.(t,-)).

Note that for t € I we have t >t — 51 > % and 7(t) < 27%, where we esti-
mated A < A\g and we chose ¢ small enough. Hence (2.15) implies (3.27)
with g replaced by g, and by (3.31) we see, that (3.40) actually holds for
the larger cylinder C(z,27%,4). As z € B®(0,4) x {0} was arbitrary, the g,

can be combined to obtain the desired g. U

Theorem 3.8 naturaly implies a global result.

Corollary 3.10. For every L € [1,00) there exists a Ag € (1,00) such that
the following holds: Let o € (0,00), K € [1,00), to = A3K?%0?, T € (to, <]
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and let (My)yepo,ry be a mean curvature flow in R™!. Assume
(3.41) My c R™ x BY(0, o).

Suppose there exists a closed subset Eg C R*™1 x BY(0,0) and a function
f:R*\ Ey — R with sup |Df| < L and

(3.42) Mo 1 (B Ey) x R) = graph(J).
Also suppose

(3.43) H™ (Mo N ((Ep N B"(a,40)) x R)) < K"

for all @ € R*1 x {0}. Then there exists a g : [to,T) x R® — R with
(3.44) M, = graph(g(t,-)) for allt € [ty,T)

Proof. We may assume ¢ = 1. First note that by the comparison principle
and (3.41) we have M; C R™ x BY(0,1) for all ¢ € [0,T). This also follows
from Corollary 2.5 with R — co. Choose o9, Ag = Ag(L) and A\g = Ao(L)
according to Theorem 3.8. Set

A= min{\2, (2A0) o0}, pi= CoA\[ K

for some constant Cj € (1, 00) which will be chosen below.
Let & € R™ be arbitrary and set A := B"(&,5p) N (Z** x {0}). Then
#A < Cp™~! and B®(2,4p) N Ep C ;4 B™(a,4). Hence by (3.43) we have

H™ (Mo N ((Eg N B™(2,4p)) x R)) < Cp” LK < \#p™,
where we used A\; < 1 and chose Cj large enough. Using Theorem 3.8 with
t1 =0, ta = A3p%, 20 = (2,0), A=A, h =0 and D = B®(%,4p) \ Ey yields
a gz : B™(Z, p) — R with
M, N C(%, p, p) = graph(gs).

Here we used tg = A3K? = AgA2p? for Az = CgAO)\%*‘m. Asp>1land z €
R™ was arbitrary, we can combine the g; to obtain a g, : R® — R with

My, = graph(gy, ).

Now by [EH91, 5.1] we know there exists a unique graphical solution for all
times, which establishes the result. Il
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Appendix A.

This appendix contains some details on the relation between height, tilt,
curvature and graphical representation of a manifold M. In particular we
show, how curvature bounds combined with a slab condition yield graphical
representability. The main ingredient is the following result from Colding
and Minicozzi.

Proposition A.1 ([CM11, 2.4]). There exist C € (1,00) and ag € (0,1)
such that the following holds: Let o € (0, 9], R € (0,00) and let M be a
submanifold of R* with 0 € M and T(M,0) = R® x {0}%. Suppose

(A.1) M NB(0,2R) = 0,

(A.2) sup  |A(M,z)| <aR™'
z€MNB(0,2R)

Then there exists a g € C* (B™(0,2R),R*) with graph(g) C M and

(A.3) 9(0) =0, Dg(0) =0,
(A.4) max{R ! sup |g|,sup |Dg|, Rsup |D?g|} < Ca.
Corollary A.2. There exist C € (1,00) and ag € (0,1) such that the fol-

lowing holds: Let o € (0, 9], R € (0,00), L € [1,00), a € R™. Consider an
f€C?(B"(a,2R),R¥) with sup |Df| < L. Set M := graph(f) and assume

(A.5) sup |A(M,z)| < aR™ .
zeM

Set a = (a, f(a)). Consider S € SO(n+ k) with S[R® x {0}¥] = T(M,a).
Then there exists a local parametrisation g € C? (Bn(O,R),]Rk) such that

(A.6) Mn <B“(&, (2L)"'R) x Rk) C S(graph(g)) +a C M.
Furthermore g satisfies

(A7) 9(0) =0, Dg(0) =0,
(A.8) max { R~ " sup |g| + sup |Dg| + Rsup |D?*g|} < Ca.
Proof. Let ag be from Proposition A.1. As a < ag we can apply Proposi-

tion A.1 to the manifold S~![M —a] to obtain a function g € C?(B®(0, R), R¥),
which satisfies (A.7), (A.8) and graph(g) C S™![M — a.
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Set N := S[graph(g)] + a. We already know N C M and want to show
M n (B™(a, (2L)'R) x R¥) C N. It suffices to prove

(A.9) M N (B“(&, (2L)"'R) x Rk) NON = 9.

Suppose this is false and there exists a point yg in this set. Then we find

sequences (Wi, )men and (Jm)men With limy, oo Ym = Yo, liMyy 00 [0m| = R
and such that for all m € N we have 1, € B*(0, R), 9 € B"(a, (2L)"'R)
and

But for |wy,| we can estimate

[ |* < |8 (Wrm, 9(0m)) 1> = [Ym — al®> = |G — al* + | f () — f(@)[?

2
< QL) 2R+ Plj — af’ < (1 4+ L2)(2L) R < -

for all m € N. Here we used a = (a, f(a)), sup |Df| < L and L > 1. Thus we
obtain a contradiction. This proves (A.9) which establishes the result. O

We observe that, if for a family of submanifolds (M) the tangent space
T(M;,x) is never perpendicular to R™, then (M;) consists of a constant
number of sheets.

Lemma A.3. Let r,T'g € (0,00), ko € [0,1), t1 € R, t2 € (t1,00). Let M
be a submanifold of R*% and consider ¥ € C([t1,t2) x M,R*X) such that
U, = U(t,-) € CH(M,R™X) are embeddings for all t € [ty,t2). Set My :=
U, [M]. Suppose

(A.10) IT (M, 2); — (R x {0} < o < 1

forallt € [t1,t2) and all x € M; N C(0,r,Tg). Also suppose

(A 11) 6Mt N Bn(O,r) X Bk(O, Fo) = @,
' M, NB?(0,7) x 9B¥(0,Ty) = 0

for allt € [t1,t3). Then there exists an mo € NU {0} such that

(A.12) f {x e My N {} % Bk(O,Fo)} = mo

for all g € B™(0,p) and all t € [t1,t2).
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Proof. Fix t € [t1,t2). For & € B™*(0,7) set
A(#) = {a e M, N {#)} x Bk(o,ro)} . N(2) == tA(D).

Note that by (A.10) we can use the implicit function theorem to see that the
points in A(Z) are discrete. Thus, by (A.11) and as B¥(0,T'y) is bounded we
observe that N(z) has to be finite.

Consider arbitrary y € B™(0,r). We want to show there exists some § =
d(y) such that

(A.13) N(#) = N(§) = N

for all & € B"(¢,0). There exist N different a; = (y,h;) € A(y). In view of
(A.10) we can use the implicit function theorem, to obtain a é; € (0,7) and
g; € C? (B“(:%i, 261),Rk) with ¢;(9) = hi, such that

M, N B(a;,261) C graph(g;) € My N C(0,r,Ty)

for all i=1,..., N. Note that d; can be chosen such that the graph(g;)
are disjoint. In j partlcular this shows ”>”" in (A.13) for 6 < §;. Let W :=
({9} x BX(0,To)) \ UY, B(as, 1), 50 W N M; = (). Then by (A.11) and com-
pactness of W there exists a § € (0, ;] such that ”<” holds in (A.13), which
proves (A.13).

Set m(t) := N(0). By (A.13) we see {N(y) = m(t)} is open and closed in
B*(0,7). As B*(0,r) is connected this shows (A.12) for fixed ¢. By continuity
in time, this establishes the result. OJ

Combining this result with Proposition A.1 yields

Lemma A.4. There exist C' € (1,00) and ay € (0,1) such that the follow-
ing holds: Let K,r € (0,00), £ € (0, K| and let M be a submanifold of R*Tk,
Assume K& < aq

(A.14) M N C(0,2r,2r) C C(0,2r, %),
(A.15) OM N C(0,2r,2r) = 0.

Also suppose

(A.16) sup |A(M,z)| < K* 1
xeMNC(0,2r,2r)
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Then there exists an mg € NU {0} and g; € C* (B®(0,r),R¥) such that
(A.17) M N C(0,r,7) = graph(gy),
i=1

where the union on the right is disjoint and we set U?:1 G; = (0. Moreover
we have

(A.18) sup |g;| < C§2T, sup |Dg;| < CK¢, sup |D29i| < COK?%r2
foralli=1,...,mg.

Proof. We may assume r = 1. Let a € M N C(0, 1,1) be arbitrary. We want
to show

(A.19) H(R“ x {0}9), — T(M, a)hH < CKE¢.

Consider S € SO(n + k) with S(R® x {0}¥) = T(M, a). Set 7; := S(e;), i €
{1,...,n}. For & small enough we can apply Proposition A.1 with R :=
(2K)71¢ and o = K¢ to the manifold S~1[M — a], to obtain a function g €
C?(B™(0,2R),R¥) with g(0) =0, sup|g| < C&2 and S[graph(g) +a] C M.
Here we used K¢ < a7 and chose a1 < ag.

For i € {1,...,n} define v; € graph(g) and w; € R® x {0}* by

v; = (R€&;, g(R€;)), w; = Sv; — <{0}n X Rk>h (Svi)
Using S(e;) = 7; and (A.14) we can estimate

|R7; — w;| < |S(0,9(R&;)) |+ ‘({O}“ X Rk)h (Sv;)| < C€2.

Now set w; := R™lw; for i € {1,...,n}. As R = (2K)7¢, this yields |; —
;| < OKE. The (w;) lie in R® x {0} and the (7;) form an orthonormal
basis of T(M,0), so this establishes (A.19) (see [All72, 8.9(5)]).

In view of (A.19) and CK¢ < Cag < 1, we can use Lemma A.3 with
M; = M and I'y = r to obtain the g;. For the bounds in (A.18) use (A.14),
(A.16) and (A.19) combined with (1.3) and (1.4). O

We end the appendix by giving an alternative condition to (2.13) or
(3.25).



622 Ananda Lahiri

Lemma A.5. There exists a C € (1,00) such that the following holds: Let
p € (n,00), 0, K € (0,00), 7,6 € (0,1], yo € R*X and let M be a submani-
fold of R*X. Assume OM N B(yo, 20) = 0,

(A.20) M N B(yo,20) € C(yo,20,70)

and

(A21) ¢ "M (M1 Blus20)) + @ oy HOLDP (@) < K
B(yo,20

Then H™ (M N C(yo, 60, 0)) < C2°(p —n) LK (y 4 §)ko" ko,

Proof. We may assume 39 = 0 and ¢ = 2. Set A := C(0,26,2) N §Z K. Let
a € A, then B(a,1) C B(0,4). By (A.21) and Simon’s monotonicity formula
[Sim83, 4.3.2] with R =1, r = 2§ and I'’ = K we can estimate

Ki(l— 5p2")>p _ 2K

(26) "y (B(a,26)) < (w Blan)r+ = =) < T

By assumption (A.20) we have M N C(0,9,2) C (J,e4 B(a,26) and also §A <
C(y6~! 4 1)k, This establishes the result. O
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