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Scalar curvatures of Hermitian metrics on
the moduli space of Riemann surfaces

YuNHUI WU

In this article we show that any finite cover of the moduli space
of closed Riemann surfaces of g genus with g > 2 does not admit
any complete finite-volume Hermitian metric of non-negative scalar
curvature. Moreover, we also show that the total mass of the scalar
curvature of any almost Hermitian metric, which is equivalent to
the Teichmiiller metric, on any finite cover of the moduli space is
negative provided that the scalar curvature is bounded from below.

1. Introduction

Let S, be a closed surface of genus g with g > 2, Mod(S,) be the map-
ping class group and 7y be the Teichmiiller space of S,. The space T} is a
contractible complex manifold of complex dimension 3g — 3, which carries
various Mod (S, )-invariant metrics which descend into metrics on the moduli
space M, of S, with respective properties. For examples, the Teichmiiller
metric, Kobayashi metric and Caratheédory metric are complete and Finsler.
The Weil-Petersson metric is Kédhler [1], incomplete [6, 21| and has neg-
ative sectional curvatures [22]. The Asymptotic Poincaré metric, Induced
Bergman metric, Kéhler-Einstein metric, McMullen metric, Ricci metric,
and perturbed Ricci metric are complete and Kéhler. In [13, 14, 17, 25],
the authors showed that the metrics listed above except the Weil-Petersson
metric are equivalent.

It is shown that the perturbed Ricci metric [13, 14] has pinched negative
Ricci curvature. So does the scalar curvature of the perturbed Ricci metric.
The McMullen metric [17] has negative scalar curvature at certain points
since the metric, restricted on certain thick part of the moduli space, is the
Weil-Petersson metric. The Kahler-Einstein metric on 7}, constructed by
Cheng-Yau in [4], has constant negative scalar curvature. However, in [8]
Farb and Weinberger show that any finite cover M of the moduli space M,
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(9 = 2) admits a complete finite-volume Riemannian metric of (uniformly
bounded) positive scalar curvature. They also show that this metric is not
quasi-isometric to the Teichmiiller metric. And they conjecture (see Conjec-
ture 4.6 in [7]) that

Conjecture 1.1 (Farb-Weinberger). Let S, be a surface of genus g with
g = 2. Then any finite cover M of the moduli space My of S, does not admit
a finite volume Riemannian metric of (uniformly bounded) positive scalar
curvature in the quasi-isometry class of the Teichmdller metric.

Let M be any finite cover of M. The natural complex structure on the
Teichmiiller space descends into a complex structure on M. In this paper we
will focus complete Hermitian metrics on M with this complex structure.
Our first result is

Theorem 1.2. Let S, be a surface of genus g with g > 2 and M be a finite
cover of the moduli space My of Sy. Then for any complete finite-volume
Hermitian metric || - || on M, the scalar curvature Sca of (M, || -||) satisfies

inf  Sca < 0.
pE(M,|I-|I) »)

The infimum of the scalar curvature can be arbitrary close to zero if we
take a rescaling of any metric in the theorem above provided that the scalar
curvature has a lower bound. As introduced before there is a list of canonical
metrics which are equivalent (or quasi-isometric) to the Teichmiiller metric
| - |7 (see [13, 14, 17, 25]). Our second aim is the following uniform negative
upper bound on the infimum of the scalar curvature of a Hermitian metric
on a given class.

Theorem 1.3. Let Sy be a surface of genus g with g > 2 and M be a finite
cover of the moduli space My of Sy. Given two constants ki, ks > 0, then for
any Hermitian metric || - || on M with k1| - || < || - ||l < ko|| - ||, there exists
a constant K(k1,g9) > 0 only depending on ki and g such that the scalar
curvature satisfies

inf Sca(p) < —K(k1,9) <0.
pe(M]|) N ’
Both Theorem 1.2 and Theorem 1.3 tell that the scalar curvature of
any Hermitian metric, which is equivalent to the Teichmiiller metric, on the
moduli space is negative at certain points. It is natural to ask whether the
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total mass of the scalar curvature could be positive. Our last result tells that
this is impossible if we assume the metric is almost Hermitian and its scalar
curvature has a lower bound.

Theorem 1.4. Let S, be a surface of genus g with g > 2 and M be a finite
cover of the moduli space My of Sy. Assume that || - || is an almost Hermitian
metric on M satisfying || - || < || - || and the scalar curvature of (M, || -|)
is bounded from below, then the total curvature satisfies

/ Sca(p) dVol(p) < 0.
PE(M,|I]])

Theorem 1.4 applies to the Asymptotic Poincaré metric, Induced
Bergman metric, McMullen metric and Ricci metric, which is new. Actually
it also applies to any metric in the the convex hull of the Kéahler-Einstein
metric, perturbed Ricci metric and the four metrics above.

It is interesting to know whether there exists a Hermitian metric || - || on
a finite cover M of M, such that || - || is equivalent to the Teichmiiller met-
ric and (M, | - ||) has non-negative scalar curvature outside some compact
subset of M. We hope the method in this paper is helpful for this question.

Remark 1.5. Recently in a joint work [12] with K. Liu, we confirm Con-
jecture 1.1. Moreover, we use some recent accomplishments in [3, 13, 14, 17]
on the geometry of Teichmiiller space as bridges to prove the following re-
sult, which is analogous to Gromov-Lawson’s theorem in [10] for nonpositive
curved Riemannian manifolds.

Theorem 1.6 (Liu-W). Let S, be a closed Riemann surface of genus g
with g = 2 and M be a finite cover of the moduli space My of Sy. Then for
any Riemannian metric || - || on M with || - || = || - ||z we have

inf  Sca(p) < 0.
PE(M|I-I1) ®)
Where | -|| > -|lr means that |-| >k-| |z for some constant
k> 0.

1.1. Plan of the paper

In Section 2 we review some recent developments on the canonical metrics
on the moduli space of surfaces and recall one formula of S. S. Chern which is
crucial for this article. In Section 3 we establish Theorem 1.2. Theorem 1.3 is
proved in Section 4. And we will finish the proof of Theorem 1.4 in Section 5.
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2. Notations and Preliminaries
2.1. Surfaces

Let Sy be a closed surface of g genus with g > 2, and M_; denote the space
of Riemannian metrics with constant curvature —1, and X = (S, o|dz|?) be
an element in M_;. The group Diffy of diffeomorphisms of S, isotopic to
the identity, acts by pull-back on M_;. The Teichmiiller space T}, of S is
defined by the quotient space

T, = M_,/ Diffy.

Let Diff | be the group of orientation-preserving diffeomorphisms of S,.
The mapping class group Mod(S,) is defined as

Mod(S,) = Diff  / Diffy .
The moduli space M, of S, is defined by the quotient space
My = T,/Mod(S,).

The Teichmiiller space has a natural complex structure, and its holo-
morphic cotangent space T Ty is identified with the quadratic differentials

QD(X) = {(2)d="}

while its holomorphic tangent space is identified with the harmonic Beltrami

differentials L
HBD(X) = { 9(2) dz} .

o(z)dz

Recall that the Teichmiiller metric || - |7 on Ty is defined as

#(2)
o(z)

The Weil-Petersson metric || - ||wp is the Hermitian metric on Ty arising
from the the Petersson scalar product

o(2) dz Ndz
()

= sup e
;o vd2eQD(X), [y lwl=1  Jx o(2)

[ ele)- 9 de A dz
<= /X o(2) —2i

via duality.
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Both the Teichmiiller metric and the Weil-Petersson metric are Mod(.Sy)-
invariant.

Let | - ||+ and || - ||2 be any two metrics on Ty. We call | - ||1 is controlled
above by || - ||2 if there exists a positive constant k such that
- [l < Kl fl2

which is denoted by || - [|1 < || - [|2-
The Cauchy-Schwarz inequality and the Gauss-Bonnet formula tell us
that

- llwe <1 llz-
We call the two metrics || - || and || - ||2 are equivalent (or quasi-isometric)
if
-l <Al fl2 and [~ fla <[+ {1

We denote it by || - [[1 < || - [|2-
It is not hard to see that || - ||y p is not equivalent to || - ||z because the
Weil-Petersson metric is incomplete and the Teichmiiller metric is complete.

2.2. Kahler metrics on M,

In this subsection we briefly review some properties of the following three
Kahler metrics M: the McMullen metric, the Ricci metric, and the per-
turbed Ricci metric. They will be applied to prove Theorem 1.3 in Section 4.

2.2.1. McMullen metric. In [17] McMullen constructed a new metric
| - ||ar on My, called the McMullen metric. More precisely, let Log : Ry —
[0,00) be a smooth function such that

(1) Log(z) = log(x) if x > 2;
(2) Log(z) =0if z < 1.

For suitable choices of small constants €, > 0, the Kahler form of the
McMullen metric is

— €

= —i5 ) Log—

Wn ww P 1 00 oggv
0, (X)<e

where the sum is taken over primitive short geodesics v on X. Restricted on
certain thick part of M, the McMullen metric is exactly the Weil-Petersson
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metric. McMullen in [17] proved that this metric is Kéhler hyperbolic and
has bounded geometry. He also showed that

Theorem 2.1 (McMullen). On the moduli space My, | - ||p < || - |7

2.2.2. Ricci metric and perturbed Ricci metric. In [19, 22] it is
shown that the Weil-Petersson metric has negative sectional curvature. The

negative Ricci curvature tensor defines a new metric || - ||, which is called
the Ricci metric on M. Trapani in [20] proved || - ||+ is a complete Kahler
metric.

In [13] Liu-Sun-Yau perturbed the Ricci metric along the Weil-Petersson
direction to give new metrics on M, which are called the perturbed Ricci
metrics denoted by || - ||Lsy. More precisely, let w; be the Kéhler form of
the Ricci metric, for any constant C' > 0, the Kéhler form of the perturbed
Ricci metric is

WLSYy = Wy + C- wwp.

In [13] the authors showed that both || - ||; and | - ||Lsy have bounded
geometry. By using Yau’s generalized Schwarz Lemma [24] they also showed
that

Theorem 2.2 (Liu-Sun-Yau). On the moduli space M,
I llzsy <0 -ll= =1 llar-
Furthermore, in one of their subsequent papers [14] they showed that

Theorem 2.3 (Liu-Sun-Yau). With a suitable choice of the constant C,
there exists two positive numbers Cv, Cy such that the Ricci curvature of the
perturbed Ricci metric || - ||Lsy satisfies

- < RiC||,||LSY <—-Cy <.

Moreover, they also showed in [14] that the perturbed Ricci metric
Il - ||zsy has negatively pinched holomorphic sectional curvatures, which is
known to be the first complete metric on the moduli space with this prop-
erty. And they use this property and the Schwarz-Yau lemma to prove a list
of canonical metrics on the moduli space are equivalent.
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2.3. The ratio of intermediate volume elements

In this subsection we briefly review a formula of Chern in [5] which is crucial
for this article. For the notations and computations one can also refer to [16]
for more details.

Let M and N be two 2n-dimensional Hermitian manifolds and f : M —
N be a holomorphic mapping. Let {0;}1<i<n, {wa}i<a<n be the unitary
coframe fields of M and N respectively. There exists complex numbers aq;
such that

(21) f*wa = Z amﬂi.
i=1

A direct computation gives that

n

(2.2) f*(wa A wa) = Z i aaiaajé?,- AN gj.

i=1 j=1

By raising equation (2.2) to the n'* power, the ratio of intermediate
volume elements v is defined as

FH(Cmy o ATa)"

(2.3) v i= 5L 6in A

Linear algebra gives that

f*(dVoly) —
2.4 =L "7V _D.D
where
(2.5) D = det(aqp).

Now we are ready to state Chern’s formula which is crucial for this
article.

Theorem 2.4 (Chern). Let A be the Laplace operator of M. Then we
have

Av - — W _ =
< = Z Dy - Dy, + 5 Sca — Z aakaﬁkRZCag
k=1 1<a,B,k<n
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where > ;| Dy, - Dy, is a nonnegative function on M, Sca is the scalar
curvature of M and ]/%\i/cag is the Ricci tensor of N. For the the proof of
Theorem 2.4 one can refer to [5] (or Corollary 4.4 in [16]) for details.

We remark here that the Ricci tensor Rz’cag in Chern’s formula is the first
Chern-Ricci curvature which may be different from the standard Riemannian
Ricci curvature of N if N is not Kéhler. One can see a recent paper of
K. Liu and X. Yang [15] for more details in this direction. However, in the
remaining part of this paper we will choose N to be the a finite manifold
cover of the moduli space M, endowed with the Liu-Sun-Yau metric || - ||Lsy
which is Kéhler. So the second Chern-Ricci curvature of || - || Lsy agrees with
the Riemannian Ricci curvature of || - || Lsy, which is negatively pinched by
Theorem 2.3.

3. Proof of Theorem 1.2

In this section we will prove Theorem 1.2. Let M be any finite cover of the
moduli space M. If necessary we take a finite cover of M again, still denoted
by M, such that M is a manifold. We lift the perturbed Ricci metric || - ||Lsy
in Theorem 2.3 onto M. Let || - || be a complete finite-volume Hermitian
metric on M. We consider the identity map

i (M- )= (M, -|lLsy)-

It is clear that ¢ is holomorphic. We let v be the ratio of intermediate
volume elements for 7 as in equation (2.3).

Lemma 3.1. For anyp € (M,| -||),
v(p) > 0.

Proof. For any pe (M, -]|), v(p) >0 follows from the fact that i:
(M, | -|) = (M,]| - ||Lsy) is biholomorphic. O

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Assume that inf,¢ .|y Sca(p) = 0. We will argue it
by getting a contradiction. Let A be the Laplace operator on (M, || - ||).

Claim 1: Av(q) > 0 for any q € (M, || - ||).
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Proof of Claim 1. First by Theorem 2.3 we know that there exists a constant
C9 > 0 such that

(3.1) Ricy sy < —C2 <0.

From Lemma 3.1 we know that v > 0. Since inf,c 5/ . ) Sca(p) = 0, by
Theorem 2.4 we have

(3.2) Av > —2v Z aakd/gkﬁz?ag
1<a,B,k<n

Since v > 0, inequalities (3.1) and (3.2) lead to

(3.3) Av > 2Ch0 - Z |ao|*
1<a,k<n
> 2C5(3g — 3)1)?*?37:12* (by the AM-GM inequality)
> 0.
O
The remaining argument is inspired by the proof of Theorem 9.1 in [2]
and Section 8.12 in [18]. We remark that it is not known that v is bounded
from above, so the following Claim (2) can not directly follow from the
results in [23] or method (2) in the proof of Theorem 1.3 in Section 4.

Claim 2: v is a constant on (M, | - ||).

Proof of Claim 2. Let g; denote the flow generated by the vector field Vo.
Since (M, || - ||) is complete, g; is defined for all ¢ > 0.

Assume that v is not a constant and let pg € M such that Vou(pg) # 0.
Along the flow line of ¢; starting at pg, v is increasing since for all so >
s1 20,

(3.4) g o0)) = vl (o0) = [ [V 0anom) e > 0.
That is
(3.5) v(gs,(P0)) = v(gs, (po)) Vsa > s1 > 0.

Since we assume that Vu(pg) # 0, let s = 1 and s; = 0 we have

(3.6) v(g1(po)) > v(po) > 0.
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Therefore there exists a small enough constant rg > 0, depending on py,
such that

(3.7) inf  v(gi(q)) > sup  w(q)
q€B(po,ro) q€B(po,ro)

where B(pg,ro) is the geodesic ball centered at py of radius rg.
In particular we have

(3.8) B(po,70) N g1(B(po,r0)) = 0.
Inequality (3.4) and equation (3.8) give that

(3.9) B(po,70) N gn(B(po,m0)) =0 VYn € Zt.
Which also implies

(3.10) 9n(B(p0;70)) N gm(B(po,10)) =0 Yn#m e Z*.

Otherwise there exist two positive integers ng>mg>1 and q1, g2 € B(po, 70)
such that gn,(q1) = gm,(g2). Since g; is a flow, gn,—m,(q1) = g2 which con-
tradicts equation (3.9).

On the other hand, for any ¢ty > 0 (we use Proposition 18.18 in [11]), we
have

dVol(g:(B(po,r d N
(3.11) (gt(d (bo;r0)))) =/ =97 (dVol)
t B(po,?”o) dt

_ / 4;. (Lo (dVol))
B(Poﬂ"o)

= / gr,(div(V(v)) dVol)
B(po,ro)

/ AvdVol.
Jtg (B(po 71”0))

From Claim (1) we have

d Vol(g¢(B(po,m0))) ‘
dt t=to

(3.12) >0, Vto> 0.

That is the flow ¢; is volume increasing.
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Thus, equation (3.10) and inequality (3.12) give that
(3.13) Vol((M, || - 1)) = Vol(UpZ, gk (B(po, 10)))

— ZVol(gk(B(poﬂ’o)))

Z Vol(B(po, r0))

= 0

which contradicts our assumption that (M, || - ||) has finite volume. O

It is clear that Claim (1) and Claim (2) can not simultaneously hold.
Therefore, the proof is completed. O

4. Proof of Theorem 1.3

As the same in Section 3 we let M be any finite manifold cover of the moduli
space My and || - ||Lsy be the perturbed Ricci metric in Theorem 2.3. Let
k1, k2 be two positive constants and || - || be a Hermitian metric on M with

k- IF < - Nl < Rafl -l

From Theorem 2.1 and Theorem 2.2, up to some uniform constants, we
may assume that

(4.1) kil - < - llzsy < kel -]

Use the same notations in Section 3 we let v be the ratio of intermediate
volume elements for i as in equation (2.3).

Lemma 4.1. For anyp € (M, | -|), we have

v(p) = kY70 > 0.

In particular, (M, || - ||) has finite volume.
Proof. Since k1| - || < || - |lzsy, linear algebra gives that

The conclusion follows from equation (2.4) and inequality (4.2).
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Since (M, || - [|Lsy’) has finite volume, inequality (4.2) tells that (M, | - ||)
also has finite volume. O

Lemma 4.2. (M, || -|) is complete.

Proof. 1t directly follows from our assumption that || - |7 < k2| - || and the
fact that the Teichmiiller metric is complete. OJ

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Theorem 2.3 tells that there exists a constant Cy > 0
such that

(4.3) Ric)|,sy < —C2 <0.

Set k3 := inf,c(pr.) Sca(p). We may assume that k3 # —oo otherwise
we are done. From Lemma 3.1 we know that v > 0. Thus, from Theorem 2.4
we have

Av > 20 - kg — 2v Z aakﬁgkﬁizag
1<a,B,k<n

> 2v(ks + Ca(3g — 3)1}391*3) (by the AM-GM inequality).

From Lemma 4.1 we have
(4.4) Av > 20 - (kg + Ca(3g — 3)k3).

We choose K (k1,g) = M < 0.
Claim : infpe(M,||-||) Sca(p) < —K(khg) < 0.

Proof of Claim. Assume it is not. That is

4.5 inf  Sca(p) > —K(k1,9).
(4.5) peint (p) (k1. 9)

From Lemma 4.1, inequalities (4.4) and (4.5) we have
(4.6) Av = Cy-(3g—3)- k¥ >0.

There are more information coming from the conditions of Theorem 1.3.
We provide two different methods to finish the proof of the claim.
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Method (1). Since (M,]| - ||) is complete and has finite volume, it follows
from inequality (4.6) and the same argument as in the proof of Claim (2) in
Section 3 that v is a constant which contradicts inequality (4.6). O

Method (2). First from the right side of inequality (4.1) and by using a same
argument in the proof of Lemma 4.1 there exists a positive constant Cs such
that

(4.7) sup  v(p) < Cs.
PE(M,|I]])

Fix po € M and let B(po,r) be the closed geodesic ball of (M,]| - ||)
centered at pg of radius r. Then for any ¢ > 0 there exists a bump function
f(z): (M,]-]]) = [0,00) which is a Lipschitz continuous function and a
constant Cy > 0 such that

(i) f=1on B(po,t) and f =0 on M — B(py, 2t).
(i) [|[Vf]| < & a.e. on M.
(

For the existence of such bump functions one can refer to [23]).
First since v > 0 and Av > 0 we have

(4.8) Av? > 2| V2.

Let <, > be the Riemannian inner product associated to the metric || - ||.
The Stokes’ theorem and inequality (4.8) give

0= / div(f2V (v2))
B(p0,2t)
24/ f-v-<Vf,Vv>+2/ 2|Vl
B(po,2t) B(po,2t
The Cauchy-Schwarz inequality leads to

[ pawepe-2 [ fe<vives
B(po,2t)

B(p0,2t

)
< 2\// f2 (V]2 \// v IV 2.
B(po,2t) B(po,2t)
That is

(4.9) / £Vl < 4 / 2 IV FI2
B(po,2t) B(po,2t)
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Since f =1 on B(po,t) and ||V f| < % a.e. on M, we replace inequality
(4.9) by

2
(4.10) / Vol < 46;4/ o2,
B(po,t) t B(po,2t)
By inequality (4.7),
4 2,2
(a.11) [ IR < S Vol B, 20)
B(po.t) t

Since we assume that (M, || - ||) has finite volume, there exists a constant
C5 > 0 such that

(4.12) / Vo2 < %”
B(po,t) t

Since (M, ] -||) is complete and open, we let ¢ — oo, it follows from
inequality (4.12) that Vv =0 on M. That is, v is a constant on M which
contradicts inequality (4.6). O

Then the claim follows by any one of the arguments above. For the second
method above, we use the same argument as in [23]. O

It is clear that the conclusion follows from the claim. O

5. Proof of Theorem 1.4

Recall that a Hermitian manifold (M, <,>) is almost Hermitian if there
exists an almost complex structure J on M such that

<JoV JoW >=<V,W >

for all tangent vectors V and W. It is clear that a K&hler manifold is almost
Hermitian.

If we assume that both M and N in Subsection 2.3 are almost Hermitian,
Goldberg and Harél in [9] proved that the term > j_; Dy - Dy in Chern’s
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formula (see Theorem 2.4) satisfies
n
_ Voll2
ZDk'Dk: [Vl ‘
4v
k=1

Thus, a direct computation for Theorem 2.4 gives that

(5.1) Alog(v) =2 - | Sca— Z aa/ﬁrgkﬁz@aﬁ
1<a,B,k<n

(One can see formula (10) in [9] for details.)

Before we prove Theorem 1.4 let us recall a theorem of S.-T. Yau (see
Theorem 1 in [23]) which is crucial for this section.

Let N be a complete Riemannian manifold and A be the Laplace op-
erator of N. Assume that u and h are two functions on N satisfying the
following equation

(5.2) Alogu = h.
Then the following theorem says that

Theorem 5.1 (Yau). Suppose h is bounded from below by a constant and
0 < [y h(p)dVol(p) < oo. Then [y u™(p) dVol(p) = oo forn > 0, unless u is
a constant function.

Let M be a finite cover of the moduli space and |- | be an almost
Hermitian metric with || - || < || - ||7. We use the same notations here as in
Section 3. In our setting we let

N:(Mv”H)7 u="v

and
h=2-| Sca— Z aakdgk}/%z\zag
Since the perturbed Ricci metric || - ||rsy is Kéhler and (M, |- ) is

almost Hermitian, formula (5.1) exactly tells us that
(5.3) Alogv = h.

Now we are ready to prove Theorem 1.4.
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Proof of Theorem 1.4. First since || - || < || - ||z, From Theorem 2.1 and The-
orem 2.2, we may assume that

(5.4) kil - <[+ sy < kel - |

where ki, ko are two positive constants.
The proof of Lemma 4.1 gives that

(5.5) k9970 Lo < RS9,

By using a similar argument in the previous proofs, from Theorem 2.3
we have, for any p € (M, ] - |]),

h(p) =2+ [Sca(p)— > aar(p)as(p)Rics(p)
1<, B,k<(39—-3)
>2- inf Sca(p) + 2C a 9
pE(M|I)) ») 2 Yo laas()l

>2- inf Sca(p) +2C2(3g — 3)1}39%3 (by the AM-GM inequality)

pEM,|-11)
>2- inf Sca(p
pEM|I-11) ®)
> —00
where we apply the assumption that the scalar curvature of (M, ] -||) is
bounded from below for the last step. That is, h is bounded from below on
(M ]| - 1])-

We finish the proof through the following two cases.

Case (1). v is a constant on (M, || - ).
If v is a constant, by equation (5.3) we have h = 0. That is,

(5.6) Sca = E kg ltic,s.
1<, B,k<n
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It follows from Theorem 2.3, equation (5.6) and the AM-GM inequality
that for all p € (M, || - |]),

(5.7) Sca(p) < —Cs Z |aas(p)|?

< —Ca(3g = 3)o(p)=
< 0.

Then it is clear that the total curvature satisfies

/ Sca(p) dVol(p) < 0.
PE(M,||-|})

Case (2). v is not a constant on (M, || - ||).
Since (M, || - ||Lsy) has finite volume, from inequality (5.5) we have
(5.8) / v"(p) dVol(p) < oo Vn > 0.
pe(M|]))

We already show that A is bounded from below on (M, || - ||). Thus, from
Theorem 5.1 we know that

(5.9) / h(p) dVol(p) < 0.
pe(M )

That is,
/ Sca(p) dVol(p)
PE(M,|I]])

< / Z aak<p)aﬂk(p)]§\iéa3(p) dVol(p).
PE(M,||-[]) 1<a,B,k<(3g—3)

By Theorem 2.3 and the AM-GM inequality we have

Sea(p) dVol(p) < — ¢ aas(p)” | dVol
/pe(M,u.) (p) dVol(p) / 2 Y. lacs(®)l (p)

pE(MI|I) 1<a,B<(3g—3)

< / C5(3g — 3)v(p) ¥ dVol(p)
PE(M,]I-II)

<0

where we apply the fact that v > 0 for the last step. O



482 Yunhui Wu

6. Acknowledgement

The author would like to thank Kefeng Liu, Michael Wolf and Scott Wolpert
for their interests. He thanks Benson Farb for his encouragement for writing
this article. This work was partially completed during a reading seminar at
Rice university, organized by Michael Wolf and Robert Hardt. The author
would like to thanks for their consistent help. He would also like to express
his sincere gratitude to referees for numerous corrections and helpful com-
ments. Finally he would like to acknowledge support from U.S. National
Science Foundation grants DMS 1107452, 1107263, 1107367 “RNMS: Geo-
metric structures And Representation varieties” (the GEAR Network).

References

[1] Lars V. Ahlfors, Some remarks on Teichmiiller space of Riemann sur-
faces, Ann. of Math. 74 (1961), no. 2, 171-191.

[2] R. Canary, Ends of hyperbolic 3-manifolds, J. Amer. Math. Soc. 6
(1993), 1-35.

[3] M. Bestvina, K. Bromberg, and K. Fujiwara, Constructing group actions
on quasi-trees and applications to mapping class groups, Publ. Math.
LH.E.S. (2014), 1-64.

[4] S. Y. Cheng and S.-T. Yau, On the existence of a complete Kdahler met-
ric on noncompact complex manifolds and the reqularity of Fefferman’s
equation, Comm. Pure Appl. Math. 33 (1980), no. 4, 507-544.

[5] S. S. Chern, On holomorphic mappings of hermitian manifolds of the
same dimension, Entire functions and related parts of analysis, Ameri-
can Mathematical Society, Providence, R.I., 1968, 157-170.

[6] T. Chu, The Weil-Petersson metric in the moduli space, Chinese
J. Math. 4 (1976), no. 2, 29-51.

[7] B. Farb, Some problems on mapping class groups and moduli space,
Problems on Mapping Class Groups and Related Topics, Proc. Sympos.
Pure Math., Vol. 74, Amer. Math. Soc., Providence, R.I., 2006, pp. 11—
55.

[8] B. Farb and S. Weinberger, Positive scalar curvature metrics on the
moduli space of Riemann surfaces, in preparation.



9]
[10]
11]
12)
13)
[14]
15)
16)

[17]

Scalar curvature of Hermitian metrics 483

S. I. Goldberg and Z. Harél, Mappings of almost hermitian manifolds,
J. Differential Geom. 14 (1979), 67-80.

M. Gromov and B. Lawson, Positive scalar curvature and the Dirac
operator on complete Riemannian manifolds, Publ. Math. .LH.E.S. 58
(1983), 83-196.

J. M. Lee, Introduction to smooth manifolds, Springer, 2003.

K. Liu and Y. Wu, On positive scalar curvature and moduli of curves,
to appear in J. Differential Geom, arXiv:1506.03006.

K. Liu, X. Sun, and S.-T. Yau, Canonical metrics on the moduli space
of Riemann surfaces I, J. Differential Geom. 68 (2004), no. 3, 571-637.

K. Liu, X. Sun, and S.-T. Yau, Canonical metrics on the moduli space
of Riemann surfaces II, J. Differential Geom. 69 (2005), no. 1, 163-216.

K. Liu and X. Yang, Ricci curvatures on Hermitian manifolds, Trans.
Amer. Math. Soc. 369 (2017), no. 7, 5157-5196.

Y. Lu, Holomorphic mappings of complex manifolds, J. Differential
Geom. 2 (1968), 299-312.

C. McMullen, The moduli space of Riemann surfaces is Kahler hyper-
bolic, Ann. of Math. (2) 151 (2000), no. 1, 327-357.

W. Thurston, The geometry and topology of 3-manifolds, Lecture notes,
Princeton University.

A. J. Tromba, On a natural algebraic affine connection on the space
of almost complex structures and the curvature of Teichmiiller space
with respect to its Weil-Petersson metric, Manuscripta Math. 56 (1986),
no. 4, 475-497.

S. Trapani, On the determinant of the bundle of meromorphic quadratic
differentials on the Deligne-Mumford compactification of the moduli
space of Riemann surfaces, Math. Ann. 293 (1992), no. 4, 681-705.

S. Wolpert, Noncompleteness of the Weil-Petersson metric for Te-
ichmiiller space, Pacific J. Math. 61 (1975), no. 2, 573-577.

S. Wolpert, Chern forms and the Riemann tensor for the moduli space
of curves, Invent. Math. 85 (1986), no. 1, 119-145.

S.-T. Yau, Some function theoretic properties of complete Riemannian
manifolds and their applications to geometry, Indiana Univ. Math. J.
25 (1976), 659-670.



484 Yunhui Wu

[24] S.--T. Yau, A general Schwarz lemma for Kdhler manifolds, Amer.
J. Math. 100 (1978), no. 1, 197-203.

[25] S. K. Yeung, Quasi-isometry of metrics on Teichmiiller spaces, Int.
Math. Res. Not. (2005), no. 4, 239-255.

DEPARTMENT OF MATHEMATICS, RICE UNIVERSITY

Houston, TEXAS, 77005-1892, USA

Current addrsss:

YAU MATHEMATICAL SCIENCES CENTER, TSINGHUA UNIVERSITY
HAIDIAN DisTrICT, BELJING 100084, CHINA

E-mail address: yunhui_wu@mail.tsinghua.edu.cn

RECEIVED APRIL 30, 2015




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


