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Profile expansion for the first nontrivial
Steklov eigenvalue in
Riemannian manifolds

MOUHAMED MOUSTAPHA FALL AND ToB1AsS WETH

We study the problem of maximizing the first nontrivial Steklov
eigenvalue of the Laplace-Beltrami Operator among subdomains of
fixed volume of a Riemannian manifold. More precisely, we study
the expansion of the corresponding profile of this isoperimetric (or
isochoric) problem as the volume tends to zero. The main difficulty
encountered in our study is the lack of existence results for maxi-
mizing domains and the possible degeneracy of the first nontrivial
Steklov eigenvalue, which makes it difficult to tackle the problem
with domain variation techniques. As a corollary of our results, we
deduce local comparison principles for the profile in terms of the
scalar curvature on M. In the case where the underlying manifold
is a closed surface, we obtain a global expansion and thus a global
comparison principle.

1. Introduction

Let (M, g) be a complete Riemannian manifold of dimension N > 2, and
let Ayf = divg(Vf) denote the Laplace-Beltrami operator on M. For a
bounded regular domain 2 C M with outer unit normal 1 on 02, we con-
sider the Steklov eigenvalue problem

(1) Agf =0 in Q, (Vfm),=vf on o

The corresponding set of eigenvalues, counted with multiplicities, is given
as an increasing sequence

0= Vl(Q7g) < VQ(Qag) <-4 o0,

In the case where M = RY endowed with the euclidean metric g.,.;, it has
been proved by Brock [2] that, among domains €2 of fixed volume v > 0,
balls with volume v are the unique maximizers of v5(2) = 12(Q, gove)- In
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the planar case within the class of simply connected subdomains of R2, this
result had been derived earlier by Weinstock[14]. The result also extends to
the class of simply connected subdomains of a complete Riemannian surface
with constant scalar curvature, see [7, Theorem 7]. We point out that, in
the euclidean case, Brock [2] actually proved the stronger inequality

(2) Jgf 1 SN for every domain 2 having the same
5 vi(Q2) — volume as the unit ball B C RY,
1=

with equality if and only if Q= B. Note that 1»(B)=v3(B)="--=
vyn+1(B) =1, and the corresponding eigenfunctions on the unit ball are

simply the coordinate functions z — z*, i =1,..., N. Xia and Wang (see
N+1

[15, Theorem 2.1]) also proved a related lower bound for ﬁ in the
1:2 (2 9,

case where (M, g) is a Hadamard manifold.
In the present paper we study the geometric variational problem of maximiz-
ing 1/5(£2, g) among domains with fixed small volume in a general Riemannian
manifold (M, g). For 0 < v < |[M|y, we define the Weinstock-Brock profile
of M as

WB (v, g) == sup v2(€2, g).

QCM, [Q],=v

Here and in the following, we assume without further mention that only
regular bounded domains 2 C M are considered, and we let ||, denote
the N-dimensional volume with respect to the metric g. For open subsets
AC Mand 0<v<|Alg, we also define

WBA(’U,Q) = sup V?(Qag)a
QCA7 |Q|Q:v

assuming again without further mention that only regular bounded domains
) C A are considered. By Brock’s result [2] mentioned above and the scaling
properties of 1o, we then have

o= ()

In our first result we analyze the local effect of the scalar curvature of M
on the vp-profile. For this we let By(yo,7) denote the geodesic ball in M
centered at a point yg € M with radius r. The following result contains a
global asymptotic lower bound for WB(v) and a sharp two-sided bound
for WBp, (y,r)(v) if 7 > 0 is small.

Z|=
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Theorem 1.1. Let M be a complete N -dimensional Riemannian manifold
with N > 2, and let S denote the scalar curvature function on M. Moreover,
let yo € M. Then we have:

(i) Asv—0,

1

(3)  WBum) > Q;)N ; m‘%v% (&) " 4 olw

z|=

).

(ii) For every yo € M and every € > 0 , there exists r. > 0 such that

) ) (5)

(4)  WBg, () (v a1
) )

forv e (0, |Bg(yo»7”€)|g)'

2|~

2|~

We note that S(yp) in (3) can be replaced by sup,, S if the supremum
is attained on M (e.g. if M is compact). The result naturally leads to the
question whether a sharp upper bound can also be obtained for WB(v).
The main problem which arises here is the fact that almost maximizing
domains of small volume v do not necessarily have small diameter if N > 3.
However, we are able to control the diameter in the two-dimensional case,
and thus we have the following result.

Theorem 1.2. Let (M,g) be a closed Riemannian surface. Then we have

o= ()7 20 () 4ot

where Saq denotes the mazximum of the scalar curvature function S on M.

=

) as v — 0,

We conjecture that a similar global expansion holds in closed Rieman-
nian manifolds of higher dimension, but for now this remains open. As we
will explain below in more detail, our proof of Theorem 1.2 does not extend
to higher dimensions.

An immediate consequence of the asymptotic estimates given in Theo-
rem 1.1 and 1.2 are the following comparison principles.

Corollary 1.3. Let (M1,g1), (Mg, g2) be two N-dimensional complete
Riemannian manifolds, N > 2 with scalar curvature functions Si, So re-
spectively.
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(i) Lety; € My and ya € Ms such that S1(y1) < S2(y2). Then there exists
r > 0 such that

WBg,, (y.r)(v) < WBg,, (y,r) ()
fOT any v € (Oamin{’Bgl (y17r)‘gl7 ‘392(y27r)’92})‘

(ii) If N =2 and (M1,91), (Ma, g2) are closed Riemannian surfaces with

max S7 < max So, then there exists v > 0 such that
1 2

WB M, (v) < WB, (v) forany 0 <v <r.

Our results should be seen in comparison with our recent work [8] on
the Szego6-Weinberger profile in Riemannian manifolds, which arises from
the corresponding maximization problem for the first nontrivial Neumann
eigenvalue of —A, on M. In this work we established an analogue of The-
orem 1.1 for the the Szegé-Weinberger profile. Similarly as in [8], the first
step in the proof of Theorem 1.1 is the derivation of expansions for o for
small ellipsoids with small eccentricity centered at a point yg € M. For the
special case of small geodesic balls By(yo, ), we show in Corollary 2.3 below
that

1 2r
(5) v2(By(yo,7),9) = - + mRmin(yo) + o(r) asr — 0
with Rpin(v0) == min Ricy, (A, A). Hence there is an anisotropic

AeT, M, |Al,=1
curvature effect on the expansion which suggests that small geodesic balls
are not optimal up to linear order in r for the maximization problem. We
therefore construct a family (depending on r) of small ellipsoids E(yg, )
which are choosen such that the eccentricity balances the anisotropic curva-
ture effects, so that the resulting expansion

2r

(6) va(E(yo,7),9) = % + ms(yo) + o(r)

depends only on the scalar curvature S(yo), see Corollary 2.4 below. The
computations of these expansions bear some similarities with the corre-
sponding ones in [8], although some differences arise due to the fact that
boundary integrals have to be expanded in the present case. On the other
hand, we note that the simple form of the eigenfunctions corresponding to
v2(B) leads to a nicer expansion than in the Neumann eigenvalue case. We
shall see that, by combining (6) with the volume expansion for E(y,r), we
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already obtain the lower bound for the profile given in Theorem 1.1(i). The
proof of the local upper bound in Theorem 1.1(ii) is more involved and pro-
ceeds eventually by a contradiction argument. For this, some care is needed
to construct, for given subdomains of Bg(yp,r) with > 0 small, suitable
vector fields which can be used in combination with the variational princi-
ple for v5 in order to control the symmetric distance of these domains to a
suitably chosen geodesic ball with the same volume. Within this step, the
key tool is a quantitative weighted isoperimetric inequality proved recently
by Brasco, de Philipps and Ruffini see [1, Theorem B].

We point out that, in the proof of the local upper bound for the profile
given in Theorem 1.1(ii), the arguments differ significantly from the ones in
[8] for the Neumann eigenvalue case. We also remark that, at least up to
now, Theorem 1.2 has no analogue for the corresponding Neumann eigen-
value profile. The proof of this global expansion is technically involved, but
the strategy is easy to explain. We will show that almost maximizing do-
mains for v, of small (fixed) volume must also have small diameter. There
is no hope to prove this in dimension N > 3, since in this case one may
increase the diameter of the domain by adding a long cusp of small volume
and perimeter. By the variational characterization, this will only result in a
small change of 1. In contrast, as remarked before, in the two-dimensional
case we will be able to deduce bounds on the diameter with the help of the
variational characterization of v and suitably constructed test functions.
To close the introduction, we mention the earlier work in [5, 9] on the small
volume expansion for the Faber-Krahn profile, which is related to the mini-
mization of the first Dirichlet eigenvalue A; (€2, g) of —A, among subdomains
Q of fixed volume. One important difference between A1 (€2, g) and v5(€2, g) is
the degeneracy of v in the case of the unit ball and possibly also in the case
of maximizing domains on Riemannian manifolds. This degeneracy makes it
difficult to apply domain variation arguments to the maximization problem.

The paper is organized as follows. Section 2 contains some preliminaries
and the proof of local expansions of v, for small ellipsoids with small eccen-
tricity. In particular, as already remarked above, we shall see that suitably
chosen ellipsoids provide the optimal lower bound in Theorem 1.1(i). In Sec-
tion 3 we then complete the proof of Theorem 1.1 by providing the upper
bound in (ii). Finally, in Section 4, we focus on the two-dimensional case
N = 2 and give the proof Theorem 1.2.
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General notation. Throughout the paper, we let B denote the open unit
ball in RY and put rB := {x € RN : |z| < r} for r > 0. Moreover, we write
x - y for the euclidean scalar product of z,y € RY.

2. Local expansions of v, for small geodesic ellipsoids

Let (M, g) be a complete Riemannian manifold of dimension N > 2. For a
smooth bounded subdomain Q of (M, g), we write v = 15(€2, g) for the first
nontrivial eigenvalue of (1). The variational characterization of (€2, ¢) is
given by

(1) 10(,9) —inf{/ﬂvmgdvg cu € HY(Q),

/ uzdagzl,/ udag:O}.
o0 o0

Here v, denotes the volume element of the metric g, and o, denotes the
volume element of the restriction of g to an N — 1-dimensional submanifold
of M. For a Borel subset A C M, we let |A|; denote the N-dimensional
volume of Q and o,4(A) denote the N — 1-dimensional Haussdorff-measure,
both with respect to the metric ¢g. If M =R and g is the Euclidean met-
ric, we simply write dx in place of dvg, |-| in place of |- |4, do in place
of dogy and v5(€2) in place of v5(€2, g). We recall that the minimizers of the
minimization problem (7) are precisely the eigenfunctions corresponding to
12(9, g). As noted already, in the case of the unit ball B C RY we have that
v9(B) =1 is of multiplicity N with corresponding eigenfunctions given by
x—ai=1,...,N.

In the following, we assume that (M, g) is complete, and we fix yy € M

and an orthonormal basis E1,..., Ex of Ty, M. We will use the (somewhat
sloppy) notation

X :=2'F; € T,;M for z € RY.
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Here and in the following, we sum over repeated upper and lower indices as
usual. We consider the map

(8) U:RNY - M, ¥(x):=Exp, (X),

which gives rise to a local geodesic coordinate system of a neighborhood
of yg. A geodesic ball in M centered at yy with radius r > 0 is given as
By(yo,r) = ¥(rB). We need local expansions for the associated metric co-
efficients

9ij(x) = (d¥(z)e;, d¥(z)e;) = (dExp, (X)E;,dExp, (X)Ej),
zeRY ij=1,... N.

Here and in the following, e;, 7 = 1,..., N, are the usual coordinate vectors
in RN, Welet Ry, : TyyyM x TyyM x Ty M — T, M denote the Riemannian
curvature tensor at yo and

N
Ricy, : Ty M x Ty M - R, Ricy,(X,Y) ==Y (R, (X,E;)Y, Ej),
i=1
the Ricci tensor at yo. Moreover, we let S : M — R denote the scalar cur-

N

vature function on M, so that S(yo) = > Ricy,(Ej, Ex). It will be useful
k=1

to put

(9) Rijkl = <Ry0 (El, E]’)Ek, El>g and Rij = Ricyo (Eu Ej)
fori,j=1,...,N.
Without changing the value of these constants, we sometimes raise lower to

upper indices in the following. We then have the following well known local
expansions as |z| — 0 (see e.g. in [4, §IL.8]):

1
(10) 9ij () = 8ij + 5 (Ryo (X, Ei) X, Ej) + O(|z[?)
1

=6 + ng‘lﬂkﬂEl +O0(|z*);
1
(11) dvy(z) = <1 ~5 Ricy, (X, X) + 0(\x|3)) dx

1
= <1 — glemlxk + O(]a:|3)> dx.
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As a consequence of (11), the volume expansion of metric balls is given by

02 Byl =18 (1- 25(m) + 0r*))

6(N +2)

In the following, we let » > 0 be smaller than half of the injectivity radius
of M at yp, so that By(yo, s) is a regular domain for s < 2r. Moreover, we
consider the pull back metric of g under the map 2B — M, = +— U(rz),
rescaled with the factor %2 Denoting this metric on 2B by g,., we then have,
in euclidean coordinates,

(13)  lgrlij(2) = <aaxi’ 8(;>gr

which implies that, as a consequence of (10),

= (dV(rz)e;, d¥(rx)e;) = gij(rx),

xT

2
(14) [grlij(z) = 6ij + %Rm’l]’xkxl +0(r?) asr — 0
and
.. .. 2 . .
(15) gi() = 9 = S RiaM +O0F) asr 0

uniformly in 2 € B. Here, as usual, (gij )ij denotes the inverse of the matrix
(grlij)ij. Setting |gr| = det([gr]ij)ij, we also have

2
(16) Vgrl(@) =1 — %Rklsckxl +OE3)  asr—0

uniformly in o € B by (11). Since this expansion is valid in the sense of
C'-functions on B, it follows that

(17)

o 2
55 Vel (@) = —%Rkixk +0(0®) asr—Ofori=1,...,N

uniformly in # € B. The expansion (16) obviously yields
2
(18) dvg, (x) = <1 - glexlxk + 0(7“3)> dx asr — 0

uniformly in 2 € B. We will also need the following expansion for boundary
integrals with respect to subdomains of B.
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Lemma 2.1. For every smooth domain U C B and every f € C'(0U) we
have

(19) (2) doy, = /8 Ha)do +0(r*) / f(@)ldo,

f
ouU ou

where 057;2) remains bounded uniformly in U and f as r — 0. Moreover, for
every f € CY(OB) we have

( - ”lexlxk) f@)do+00) [ |f)ldo

6 OB

20) [ () dog, () = /

0B 0B

O(r?)

where =5~ remains bounded uniformly in f asr — 0.

We note that (20) follows from the computations in [12, Appendix 4.1].
Here we provide a different short proof, based on integration by parts. We
now prove Lemma 2.1.

Proof. Let 7, denote the unit outer normal vector field on QU with respect
to g. and 1 the unit outer normal vector field on OU with respect to the
euclidean metric. We first claim that, for fixed r > 0,

(21) / fdoy, :/ A \grlnr-ndo for evernyCl(GU),
oU oUu

where, as before, - denotes the euclidean scalar product. To show this, we
may first extend fn, : O0U — RN to a C'-vector field ¢ on RV. Applying the
divergence theorem with respect to the metric g,, we then have

@) [ divg& Vigldo = [ divygdu, = [ (€ doy = [ fdo,.
U U oUu oUu

On the other hand, applying the divergence theorem with respect to the
euclidean metric, we find that

. 0 1.
[ i Viglio = | 2 [evigal] do
U U or
:/ \/@f-ndaz/ Fgr | mem do.
oU oU

Hence (21) follows. In order to expand the term 7,-n in r, we consider a
point ¢ € OU and let v;, i =1,..., N — 1 be an orthonormal basis of T;,0U
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with respect to the Euclidean metric. For simplicity, we will write n, and n
instead of 7,-(¢) and 7(q) in the following. We then have that

(23> = [771"77]77 + [nr'vi}vi

Since v; € T,0U, we have, by (14),

(24) 0= (777':")2'>g = MU + O(TQ)’WH'UZ" =N vi + 0(7"2)\7%\-

r

Moreover, (14) also implies that

@) 1=l =l + 5 Ry indaial + 00 nf? = (1 + 06
and hence

(26) ] =1+ 0(2)

Consequently, (24) implies that 7, - v; = O(r?) independently of U C B, q

and the choice of the orthonormal basis v;. Taking the euclidean scalar
product of (23) with 7,, we now find that

(27) e ? = Ine-n]? + O(r%).

Together with (26) this implies that [1,-7]?> = 1+ O(r?). Since both 7, and
n are defined as outer normal vector fields, we conclude that

(28) =1+ 0(r?) uniformly on 0U and independently of U.

Combining this with (16) and (21), we obtain (19).

To see (20), we consider the special case U = B, and we note that, as a
consequence of Gauss’ Lemma (see e.g. [11, Corollary 5.2.3]), we have that
nr(q) = ¢ =n(q) for every q € 0B. Together with (16) and (21) this im-
plies (20). O

We now wish to derive an expansion of vo on small geodesic ellipsoids
centered at yo € M. For this we assume in the following that the orthonor-

mal basis F;, i =1,..., N of T, M is chosen such that

(29) Rz‘j =0 for 4 75 ]
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Moreover, we consider numbers b; = b* € R, i = 1,..., N such that
N

(30) > bi=0.
i=1

For r > 0 small, we then consider the geodesic ellipsoids
(31) E(yo,r) == F(B) C M,

where
F.:B— M, Fy(r) = Exp,, (r(1+ r2bi)xiEi).

We then have the following asymptotic expansions.

Proposition 2.2. Asr — 0, we have

(32) va(E(yo,7),9) = %%— 2T27131n <3(]\I;Z_2) bl-) + o(r)

and
(33) |E(yo,)lg = |Bg(yo, 7)lg + O(rN ™)

= rN|B] <1 — 6(Nl+2)'r25(yo) + 0(7“4)) .

441

Proof. We consider the pull back metric h, on B of g under the map F;

rescaled with the factor T% Then we have

x)e;, dFy(x)e;)

(dF(
+ 720 (1 + 7%b;)[gr)i; (1 + r2be)z"ey,)
] :L‘) + T2(b¢ + bj)éij + O(’I”4)

(34) )i () = 5 {dF
=(1
_p

= 51']' + r? <3Rkilj$kxl + 2bi5ij> + O(TS)

uniformly in x € B (where g, is defined in (13)). Setting |h,| = det([hr]i;)ij,

we deduce the expansion

N
(35)  |hel(z) = |grl(z) + 20> bi + O(r*) = |g,|(2) + O(r*) for x € B

=1
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by (30). Consequently,
|E(yo,7)lg = V| Bln, = ™ (|Blg, + O(")) = |By(yo, 7)lg + O(r™™1),

as claimed in (33). We now turn to (32). For this we first note that, denoting
by (h?)i; the inverse of the matrix ([h,]i;)ij, we have

(36) hfnj (ac) =69 — 2 <:13Rkilj$k$l -+ 2[%(5@‘) + O(T’g)

by (34), whereas (16), (17) and (35) yield

2

(37) Vqﬁ;Kx)::1——2§fh%kaz+—CKr3)

0
oxt

2
(38) VIR (@) = =S Ria® + O(%)  fori=1,..,N.

All these expansions are uniform in z € B. Since vo(B, h,.) = 1v2(E(yo,7), 9),
the asserted expansion (32) is equivalent to

9 2
i min_(Ry — b;) + o(r?).

Bhy) =14 ot
(39) va(B, hy) + 3N(N +2) i=1,..N

To prove (39), we let @, be an eigenfunction for vs(B, h,), normalized such
that [, @7 dvy, =1 with dv,, = /|y |dz. Then we have

(40) Ap.®, =0 in B, (VO m4,)p, = v2(B,hy) @, on dB,

where

1 0 i 0Py
Ahrq)r - \/Waxl <\/’hirhr 81'])
and 7y, denotes the unit outer normal on 0B with respect to the metric
h,. Since h, converges to the Euclidean metric in B, we have that n,, — 71
uniformly on 0B, and it follows from the variational characterization of v
that vo(B, h,) — v2(B) = 1. Moreover, by using standard elliptic regularity
theory, one may show that, along a sequence r; — 0, we have ®,, — & in
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H!(B) for some function ® € C?

loc

(B) N C(B) satisfying
(41) A®=0 in B, V®-n=& ondB, and / d*do = 1.
oB

Hence there exists a vector a = (a1, ...,ay) = (at,...,a’") € RY with |a| =
1 and such that

for = € B.

(42) B(x) =

For matters of convenience, we write r instead of r; in the following. Mul-
tiplying the identities in (40) by ® and integrating by parts with respect to
the metric h,., we observe that

i 0P 0P,
7"8 81

|hur|

VQ(B,hr)/ PP dO’h =
0B

Similarly, by (41) and integration by parts, we have

/\/|hr|V<I>~V<I>Td:1::/ \/|hr|<I><I>rda—/ &,V /|hy| - VO da.
B 0B B

Using these identities together with (36), (37), (38) and integrating by parts
again, we find that

(43)
i 0P 09,
VQ(B,hT)/a P, doy, = W 5% B

0P 0P, 0D 0O
- - 1] k l i r
/\/\h <V<I> VO — 7 [ Ry atal o= =% 4 2b' o axiDdx
+0(r?)
:/ \/|hT]<I><I>rda—/<I>rV\/\hr|-V@dm
oB
—7«2/ ( Ry aba! 0 00, | oy 02 aq)’f) dx + O(r?)
B

oxt dxJ ox' Ox'
= / P, doy,,
0B

0P 0P 09, 0P 09,
2 ] i zy k l
+T/B( R oxi R ¥ 0z 99 2b8$’61>d +0(r7).

|hr
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Since [, ®®, doy, — 1 and @, — @ in H'(B) as r — 0, we infer from (42)
that

va(B,hy) =1 +r2/

<(I)R<j 0% 1 0000 00 aq>>d$

i -R g
5 T ori T 3T T i 0g T % B4t 0a
—1-0(1"2)
1 1 2
=1 J ] l ; o 71)1 2 da.
+7’/<3’B|akm a:R —3|B‘Rkla:a:aa] 5| > T
Recalling that
(44) / 2iad dx = 5ijﬂ fori,j=1 N
B N+2 ) PR b}
we calculate, using (29),
(45) /Bak;.’L' X R ](1] dr = mR ]akaj = mR”(a )2
and
1Bl i | B i
(46) /BRkl aPa! a;a; dr = —mR]aiaj = —mRii(a )2.
Therefore
(47) vo(B,hy) =1+ 2r2(ai)2 L —b; )+ 0(r2)
) T 3(N + 2) 7 .

We now need to recall that — more precisely — here we consider a sequence
r = r, — 0. Nevertheless, the argument implies that

(48)  wvo(B,h,) > 1+ 22 l:rlnmN (3)(]\]]%:1_2) — bl-> + 0(r2) as r — 0.

Indeed, if - arguing by contradiction - there is a sequence r; — 0 such that

B,g,)—1 . Ry
(49) lim sup W(ég’;) < min <3( - b¢> + o(r?)

k00 Tk i=1,...,N N +2)
) R
. N2 i
= " _p
e {(a ’ (3<N+ 2) )] |
al=

then, by the above argument, there exists a subsequence along which the
expansion (47) holds with some a € RY, |a| = 1, thus contradicting (49).
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Hence (48) is true, and it thus remains to prove that

(50)  va(B,hy) <1+ 212 i:rflr} <3(]\]:L+ 2) — b ) + o(r?) as r — 0.

Without loss of generality, we may assume that

min L—b- — L—b
i=1,.N\3(N+2) ) \BW+2) ')’

and we define ® : B — R as in (42) with a = e; € R, the first coordinate
vector. Moreover, put ¢, := W Jop ®doy, for r > 0 small. Then, by (37),

1 2 Lo ki 3
= — &(2)1 - =
o= (g + 00" ([ 2@ - gRuataiota) + 06
1 3) — (3
~ (5 + 0 06*) = 0
since the function z — ®(z)[1 — ¢ Riz*2!] is odd with respect to reflection

at the origin. Hence, using the variational characterization of vs(B, h,), we
find that

V(P — 2 d
va(B, hy) < fB’ ’hr Oy
faB — ¢ )2 dop,
[5 V[ dop, [5 IV} dup,
B T . B r

- 3
 Jop(®2+ 003 don,  [y5 92 doy, o)

and therefore
I/Q(B,hr)/ ®doy, < / |V‘I>|;2ly dvp,, + O(r%)
oB B
0P 9P
= h,|h%
[ VI 5 5 e+ 00%)
It is by now straightforward that very similar estimates as above — starting

from (43) with both ®, and ® replaced by ® and a = e;, give rise to the
inequality

Rip
< 2 /= _ 2 .
vo(B,hy) <1+ 2r <3(N—|—2) b1) + o(r?)

in place of (47). We thus obtain (50), as required. O

We now derive two corollaries from Proposition 2.2.
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Corollary 2.3. We have

1 2r
(51> V2(Bg(y0; 7")79) = - + mRmin(yo) + 0(7“) asr — 0
with Rpin(yo) := min Ricy, (A, A) and therefore

AeTyoMJA‘g:l

v \"V  ANRpin(yo) — S(yo) (v \ ¥
(52) VQ(Bg(yo,r),g)=<|B|) + GN(]\;’+2) 0 (|B|) +o(v

as v = |By(yo,7)|, = 0.

z|=
2=

)

Proof. The expansion (51) follows immediately from Proposition 2.2 by con-
sidering b; = 0 for ¢ = 1,..., N. By the volume expansion (12) of geodesic
balls we also have

1 1

)= () =1 vy S o0

v (57) + ()’
=1- — ol —
6NN +2)” Y\ B |B]
as v = |By(yo,7)|, — 0. Combining this with (51), we get (52). O

Next we consider the special case where

; 1 S(yo) .
53 bj=b"=——— | Ry — fori=1,...,N.
( ) 1 3(N n 2) ( i1 N or 17 s s
N N
Note that > b; = 0 since S(yo) = >_ Ri;. Moreover, this choice maximizes
i=1 i=1
] ] Ri; . 1
the quantity erlnlnN (m — bl) among numbers by,...,by € R with

N
> b; = 0, and it gives rise to the following asymptotic expansions depending

i=1
only on the scalar curvature at yq.

Corollary 2.4. Letb;,i=1,...,N be given by (53). For E(yo,T) as given
in (31), we then have

2r

mS(yO) +o(r) asr —0

(54)  (Ewo.r).0) = -+
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and

(55)  va(Eyo,r),g) = (W n mfjv% (|B|) T o(v¥)

as v = [E(yo,7)|, = 0.

z|~

Proof. The expansion (54) follows immediately by inserting (53) in (32).
Moreover, (55) follows by combining (12), (33) and (54). O

3. A local upper bound for v,

The aim of this section is to complete the proof of Theorem 1.1. We note
that Theorem 1.1(i) follows immediately from Corollary 2.4, and the lower
bound in (ii) is a direct consequence of (i). Hence it remains to establish
the upper bound (ii). For this we fix g > 0 less than the injectivity radius
of M at yg. Throughout this section, we consider a sequence of numbers
i € (0, %) such that rp — 0 as k — oo, and we suppose that we are given
regular domains €, C By(yo, ), k € N. In this setting, we will show the
following asymptotic upper bound.

Theorem 3.1. We have

0 it (3] S0 ()

z|~

as k — oo.

This result obviously implies the upper bound in Theorem 1.1(ii), so the
proof of Theorem 1.1 is finished once we have established Theorem 3.1.

The remainder of this section is devoted to the proof of Theorem 3.1. In
order to keep the notation as simple as possible, we will write r instead of
rg in the following. As in the previous sections, we rescale the problem, but
we first need to identify suitable center points for the rescaling procedure.
For this, we need the following observation.

Lemma 3.2. There exists a point p, € By(yo,2r) with

(57) /{99 Exp;?(q) dog(q) =0 €T, M.
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Proof. Consider the function
J : Bg(yo,2r) = R,
I0) = [ B, @ dog(a) = [ disty(p,0)* doy o)
o0, 00,

Since r < 19 and Q, C By(yo,r), the function J is differentiable with

dJ(p)[v] = =2 /8(2 <Expg1(q),v>g dog(q) for all v € T, M.

Since J(yo) < 7204(99;) and
J(p) > 7’209(897«) for p € 0Bg4(yo, 2r),

there exists a point p, € By(yo,2r) with J(p,) = min{J(p) : p € By(yo,2r)}.
Hence p, is a critical point of J, and this implies (57). O

Next we note that, for r > 0 small enough, we have |By(p,,2r)|y >
|Bg(yo,7)|g > |€2]4, and thus there exists a unique p, € (0,2r) with

’Qr|g = ‘Bg(pmpr)‘g-

Since p, — yo as 7 — 0, we have, similarly as in (12), the volume expansion

AP | By(prs pr)lg N ( S(yo) 5 2 )
— = 1 S i S—

and thus

(58) ('?l;‘f) T pr (1 - (Wi(\,yﬂ)rz)p? + 0(p3)> :

Consequently, Theorem 3.1 is proved once we establish the following:

1 2p,
< — 4 — .
(59) VQ(QT’79) = Dr +3N(N+2)S(y0)+o(pr) asr — 0

We now consider a rescaled version of (59). For this we note that
By(pr, pr) C By(pr,2r) C Bg(yo,4r) and Q. C By(yo,r) C By(pr,3r),

and we let
yHEgJETyM, i=1,...,N
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denote a smooth orthonormal frame on Bg(yo, ro). We consider the maps
T, RY = M, U, (z) = ¥(pya) = Exp, (pra'E).
Moreover, we set
(60) B" = “ZTB and U, :=", Q) cCB",
r

and we consider the pull back metric of g under the map B" - M, z —
U, (p,), rescaled with the factor . We denote this metric on B” by g,., and
we point out that this definition differs from the notation used in Section 2.
Nevertheless, since dist(p;, y9) = O(r), we have, in C'-sense,

(Ry(E}", B )EY E{") = Rijr + O(r)
asr — 0 with Ry := <RyO(E$/°,E;’°)Ez“,E§J°>

for 4,7,k 01 =1,...,N. We also set R;; := Rz’cyo(E;ZJO,E;J“). As in Section 2,
we freely vary the (upper or lower) position of the indices of R;ji and R;;
without changing the value of these constants. We then infer from (10) and
(11) that

2
(9:)ij () = b + 5 Ruaja*a’ + O(rp}),
g’ (x) = 8" — éRk’lja:k:z:l + O(rp?),

(61) )
1, (0) = Vi@l e = (1 2 Ruala¥ + O(2) ) d

0 :
o V19r(@)] = =5 Riia + 0(rp?)

uniformly on B" as r — 0, where (g,inj )ij denotes the inverse of the matrix
([gr)ij)i; and |gr| is the determinant of g,. In particular

(62) (gr)ij(x) = 035 + O(r?) and dvg, (z) = (1 + O(r?))dx

uniformly on B".

Moreover, by the same arguments as in the proof of Lemma 2.1 we have

(63) @ doy, = | fae+06d) [ |f@)in

r

S
au,
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for every f € C'(9U,). Moreover,

2
0 [ swo, @)= [ (1% Rt fario + 002 [ If(oldo

oB
for every f € C'(0B). Here, similarly as in Lemma 2.1, the bounds for the

terms O(p?) and O(rp?) are uniform in f. Observe also that vs(U,,g,) =
W, and thus (59) is equivalent to

207

2
73N(N+2)S(yo)+o(pr) as r — 0.

(65) V2(Urvgr) <1+

The remainder of this section will be devoted to the proof of (65). By con-
struction we have |Uy |y, = p, ||y = pr =N |By(pr, pr)|g = | Blg,, and thus

(66) |Uslg, = |Blg, = (1+0(*))|Us| = (1+0(r%))| B]
by (62) and the fact that U, C B" and B C B". Setting
fi:RY =R, fi(z) =2,

we also find that faUr fidog, =0fori=1,...,N by (57). Moreover,

4 0Ji O s |
2 k ? 2 X
V12 du, = [ gL g, d fori=1,...,N.
/UT’ Flgdva. /U I owd ok /U gr @gr - or

T

Hence the variational characterization of vy yields

N 2 N it
6) U g) < 2o Vil i Ju 97 v
> i1 faUT fidog, faUT |[z[2dog,

In the following, By := 2B C R denotes the euclidean ball centered at the
origin with radius 2. Moreover, we let |U,AB| = |U, \ B| + |B\ U,| denote
the symmetric distance of the sets U, and B with respect to the standard
Lebesgue measure on RV,
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Lemma 3.3. In the above setting, we have

B 2
69 [ laPdo, > N8I - B s00) + 02U, B)
ouU,.
N +1
+ SN0 Baly, + o),
and
N
; (N 28] ,
iidy, = N|B| —
©) 3 [ obden = N8I~ GRS )
+ O(p; U AB) + O(r*|U; \ Baly,) + o(p})
asr — 0.

Proof. We first note that, by (62), the symmetric distance |U,AB
Bl,, + |B\ Uy, with respect to the metric g, satisfies

g = |Ur \

(70) \U.AB|,, = (1+0(*)|U.AB|.

Next we consider the C''-vector field V : B” — R, V(z) = |z|z. Using (61),
we have

(1) O = divg, (V) = ——— (|l [ (x))

\/|g_T|(x) oz’
Y P v\/rm(x)]
|gr| ()
- -(N 1) - %’%Ricyo(X, X) + O(rp?)
I |g+|(2)

r 2
:m|w+n—gm%axymmﬁﬂ

. 2
=|z| [(N+1)-— %Ricyo(X,X) + O(rpf)]
uniformly for z € B" as r — 0.

In particular, G(z) = |z| [(N + 1) + O(r?)] for z € B" asr — 0, so for r > 0
sufficiently small we have

N +1

(72) G(z) > || for z € B".
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We also recall that, as a consequence of Gauss’ Lemma (see e.g. [11, Corol-
lary 5.2.3]), the unit outer normal on 0B with respect to the metric g, is
simply given by n,(z) = = for every small » > 0 and = € dB. Using the di-
vergence formula with respect to the metric g, and (64), we therefore find
that

(73) / Gduv,, — / do,
B OB

2
= / <1 - erlkaclxk> do + O(rp?)
OB 6

Bl
= N8~ B g0) 4 o),

6
Here we used the fact that [, 2'a% do = (51’“@ = 6'*|B| in the last step.
Moreover, using again that |z|, = |z| and thus |V (2)|, = |z|? for x € B"

by Gauss’ Lemma, we find that

(74) / G dvg, :/ v 777’>grd0.gr < / Vg, dog, :/ ‘$|2dagm
U, ou ouU.,. ou,

T T

where 7, is the outer unit normal of JU, with respect to g,. Next we estimate

(75) / G duy, —/ G duvy,
U, B
= / Gdvg, — / G dvy,
U, \B B\U,

1
_ / (1 - > Gdu, + / C oy — [ v,
U\B |z uA\B |7 B\U,

1
2/ (1—>degr+/ degr—/ gdvgr.
U \B |z U\B |z B\U, |z|

Here we note that, by (72),

1 1
(76) / <1 — ) G dvg, > / <1 - ) G duy,
U\B |z U\Bs |z|

G N+1
> [ Edu, = T B,
U\B. 7] 2
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and, by (66) and (71),

(77) / “ dvg, — / “ dvgr
U \B |z
= / <G (N + 1)) dvg, —/ <G (N + 1)) dvg,
U \B 2] B\U, ||

2
—br / (Rijacimj + O(r)) duvg, —/ (Rijwixj + O(r)) dng]
3 |/mw, U.\B

2 . . . .
_ P / Ryjaiad du,, — / Ryaiad dvg, + O(r|BAU,,,)
3 |/mw, U\B

2
Pr i,.J
=3 —/ Rijz'a? dvg, + O(|BAU,|,, )
| JUA\B:
= O(r*|U; \ Bzly,) + O(p|U AB)) + o(p7)

where in the last step we used (70) and the fact that U, C B". Combining
(75), (76) and (77), we obtain that

N+1
/ Gdv, 2/ G vy, +O(R|UAB) + 12U, \ B,
U,
for » > 0 sufficiently small.
Combining this with (73) and (74), we get the inequality

| Blp; N+1
@) [ el doy, = NB| = S 0) + S0\ Bl

+ O(p|U.ABJ) + o(p?)

as r — 0, which is (68). Next, using (66), we estimate similarly as in (77),

2 . .
Z / gldv,, = / [N+’;:Riszxa+0(rpz) dvg,
:/ <N+ &R"xixj + o 2)) dv
3 1t Pr g
B

2 ..
4 Pr / (Rijxlxj + O(T)) dvgr + O(p%‘UTAB‘Qr)
3 U, \B>

= N1B1 = G S ) + o) + 021U\ By

= NiB| - G s ) + 061U\ B

gr) + O(P%’UrAB

a)

97) + O(pr’U ABD + O(pr)
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as r — 0, as claimed in (69). O
We may now complete the

Proof of Theorem 3.1. As noted before, it suffices to prove (65), since (65)
is equivalent to (59) and (59) is equivalent to (56) by the volume expansion
(58). To prove (65) for r =rp — 0 as k — oo, we argue by contradiction
and assume that there exists €p > 0 and a subsequence — still denoted by
(rk)ken — such that

(79)  va(Up,,9r,) > 1+ < S(yo) + 50> Pz, for all k£ € N.

2
3N(N +2)
We first claim that
(80) |Ur, \ Balg,, = O(pzk) as k — oo.
Indeed, (67) and the expansions (68) and (69) yield that

U ) < N|B| + crp|Up, \ Balg,, + cpp,
129} T’kﬂgT’k = NIB Nl U 5 - 5
|B| + 7 |U;, \ 2|ng cpi,
("7 =) Uy, \ Balg,, — 2cp},
N|B|+ %|Urk \BZ|gr,c - Cp%k
<1 — %‘Um \B2|grk
= N|B|+ YR U\ Bag,,

+0(p2)

as k — oo with a constant ¢ > 0. Combining this inequality with (79), we
see that (80) holds. From (80) and (69) it then follows that

N
(81) Z/ giidvgrk = N|B| + O(r?).
i=1 7 Ury
Since also va(Uy,, gr,) = 1+ O(r2) by (79), it follows from (67) that

/8 «?do,, < N|B| +O(r).

U,

and thus also

(82) / 22do < N|B|+ O(ri2)
0

U,
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as a consequence of (63). On the other hand, [1, Theorem B] implies that

2
(83) / z[2do > N|B| + 8 (W)
6' ‘UM‘

Tk

with a positive constant 5 > 0. Hence, by (66) and (82),
(84) Up, AB| = O(|Uy, |re®) = O(r®)  as k — oo.

Inserting this in (68) gives

B
(35) [ oy, = N1BI - st + ot

"k

Moreover, inserting (80) and (84) in (69) gives

N
i (N =2)[B| 2 2
86 E " d = N|B| — S .
( ) p /Urk 9r, Ugrk | | 6(N+ 2) (yO)prk + O(prk)

Combining (85), (86) and (67) finally yields

2 2
l/z(Urk,grk) <1+ Pr,, )S(yo) + o(pzk) as k — 00,

3N(N +2

contrary to (79). The proof is finished. O
4. Precise global asymptotics in the two-dimensional case

In this section we give the proof of Theorem 1.2. We shall see that most of
the argument works for NV > 2 except at the end of the proof of Lemma 4.2
below where we had to assume that N = 2. For convenience, we repeat the
statement of the theorem.

Theorem 4.1. Let (M, g) be a closed Riemannian surface. Then we have

WBm(v) = (;)‘3 y B (;)i + o

=

) as v — 0,
where Syy denotes the maximum of the scalar curvature function S on M.

The remainder of this section is devoted to the proof of this result. In
view of Theorem 1.1(i) and the remarks after this theorem, we only need to
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prove that
;S 3 1
(87) WBM(v) < (E> + % (E> + o(vz) as v — 0.
T T

We argue by contradiction and assume that there exists € > 0 and a sequence
of regular domains Q) C M such that vy := |Q| — 0 as k£ — oo and

(88) vo(Qu, g) > (1;1_{); + [SM + 5] (Uk); for every k € N.

™

We will show that
(89) diam () — 0 as k — oo.

Once this fact is established, we arrive at a contradiction as follows. By
the compactness of M, there exists yg € M such that, after passing to a
subsequence,

for every r > 0 there exists k, € N such that Q C By(yo,r) for k > k.

Fix ¢ < &, and let r. be given by Theorem 1.1(ii) corresponding to these
choices of yp and €. Then, for £ > k,_, we have

it <o < () [ (5)

m\: S (vk>
< -
) 5+ G
as a consequence of the upper estimate in Theorem 1.1(ii). This contradicts
(88), since € < &, and thus the proof of Theorem 4.1 is finished. Hence it
remains to prove (89), and the remainder of this section is devoted to this

task. Since M is closed, it is easy to see that there exists a number K > 0
such that

(90) for every r > 0, p € M there exist p1,...,px € M

with By(p,4r) C UB Di, T

To prove (89), we now argue by contradiction and assume that there exists
d > 0 such that, after passing to a subsequence, diam(Qy) > d for all k € N.
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In the following, we let ¢ denote the injectivity radius of M, and we put
7o := min{ ", 41, We also let ¢ € C3°(R,R) be a function such that

1
p=2on (=000l rg) =1, ¢((2r0)") = 77
¢ < 0on (0,(4r9)*) and ¢ =0 on [(4r9)?, o0),

where K has the property in (90). For p € M and v € T, M we consider the
function

¢'(dist(p, ¢)*)(Exp, ' (q),v), ¢ € By(p,4ro);

fpﬂ] S Coo(./\/l)7 f’p,v<Q) = {0 q & By(p,4ro)
) g\t :

Since M is compact, we find that
(91) co :=sup{|Vfpu(q)lg : ¢,p € M, v e THM, |v|g =1} < o0.

Lemma 4.2. There exists points p, € M and vectors v, € T, M, k€ N
with |vg|g = 1 and the following properties:

(i) 0% N By(pg,2r0) # @ for all k € N.
(ii) Setting fi. == fp.m € (M), we have [y, frdog =0 for all k € N.

Moreover,

(92) c1 := liminf fido, > 0.
k—o0 0

Proof. We fix k € N and consider the functional

JMoR )= [ eldisp.af) doyto)

Since M is compact, there exists a point py € M such that J(py) = mf\z/ilx J.
We claim that

(93) dist(p, 0Q;) < 2rp.
Indeed, suppose by contradiction that dist(pg,d€) > 2r9. Then

J(pr) < @([2r0]*) 09 (0% N [By(pr, 4r0) \ By(pr, 2r0)))
- 04(0, N By(pg, 4r0))
- K+1
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On the other hand, by (90) there exists a point p € M such that o,(9€, N
By(p,r0)) > ag(an%(pkAro))’ and thus

04(0Q N By(pg, 410))

J(D) > @(r§)og (0% N By(p,0)) > I~

> J(pr),

contradiction. Hence (93) is true, and thus (i) follows. By the maximization
property of pg, we have

0=dJ(px)[v] = -2 /asz ¢/ (dist (pr, 0)*)(Expy,,' (), v), dog

=-2 Tpewdog for all v € T,,, M,
0

hence the first part of (ii) follows independently of the choice of vg. To prove
(92) for suitable vy, € T),, M with |v;|, = 1, we choose orthonormal vectors
Uk, , Uk, € Tp, M (with respect to g) for every k € N. With « := inf{[¢/]*(r)
r € [2rg,3r0]} > 0 and

Iy := 0, N [By(pk, 3r0) \ Bg(pk, 270)] for k € N,

we then have

(99 Z B gz Y [ B0, 0 oo

—x 1B, (03 doy (o)

—x /F dist? (s, g) doy(g) > (2r0)% 0y(T).
It now remains to show that
(95) liminf o4 (I';) > 0.

Indeed, once (95) is established, we may combine it with (94) to see that,
without loss of generality,

lim inf

dog >0 with vy := vy, for k € N.
k—o0 90

2
fpk YUk

Hence (92) holds, and the proof is then finished. To show (95), we put
Sy = 0By(pk,r) for k € N, r > 0. Since diam(§2;) > d > 6r¢, the domain
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2, is not contained in By(py,3ro). Hence, by (i) and since €, is connected,
we have

(96) QNS # 9 for every r € (2rg, 3r9).
Next, we let
Ty, :={r € (2r9,3r0) : Srp C Q} and Ry, := (2r9,3r9) \ Tk.
We claim that, after passing to a subsequence,
(97) T| — 0 as k — o0.

To see this, we may, by the compactness of M, pass to a subsequence such
that pr, — po € M and py € By(po, o) for all k£ € N. We let

y— E! e T, M, i=1,...,N
denote a smooth orthonormal frame on B, (pg, 70), and we consider the maps

U RY > M, Uy(z) =Exp,, ('EP*)  for ke NU{0}.
We note that ¥, converges locally uniformly in C'-sense to ¥ as k — oo.
Moreover, since rpq > 579, V), maps 3roB diffeomorpically onto By(po, 3ro)
for every k € NU {0}, and there exists a constant o > 1 such that

(98) < det(gfj(az))ij <a for every x € 3roB, k € NU {0}.

SEES

Here gfj denote the metric coefficients associated with local parametrizations
\I/k, i.e.,

gfj(az) = (dVy(2)e;, dVg(2)e;), forz € RN, i,j=1,...,N,

where ¢; € RN, i =1,...,n denote the coordinate vectors. We set Uj, :=
U1 (% N By(py, 3r9)) for k € N. Since |Q], — 0 as k — oo, we also have
that |Ugy| — 0 as k — oo as a consequence of (98). Moreover, T}, is given
as the set of 7 € (2rg,3rg) such that x € Uy for every x € RV with |z| = r.
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Hence we estimate that

3ro

|Uk| > le/ TN_llTk (r)dr > wN,1(2ro)N_1|Tk|.
2

To

where wy_1 denotes the euclidean surface measure of the unit sphere in RN,
Thus (97) holds, as claimed. From (97) we deduce that

(99) |Ry| — 10 as k — oo.
Moreover,
(100) SrNOQy, # & for every r € Ry,

as a consequence of (96). Next we claim that
(101) o4(T'x) > |Rg| for every k € N.

Here we shall need the assumption N = 2. To derive (101), we fix k € N,
€€ (0,%) and set

Fpe:={x €0y : 2rg+e <dist(x,p) < 3rg—e} C T

Since €, is smooth and I'y, . is compact, only finitely many (disjoint) path
components F,lg, .., IV of I'y, intersect I'y, .. Let

BJ‘." := max{dist(pg,q) : ¢ € Fi NIy}
By = min{dist(px,q) : ¢ € T}, N Tk}

for j =1,..., k. By construction and (100) we then have

Ry N [2rg+¢e,3rg —e] C {r € [2ro+¢,3rg —¢| : dist(x,pg) =7
for some z € Fi N Tk and some j}
C{rel2ro+e3drg—¢l:8; <r< B;r for some j}

and therefore

(102) |Ri N [2r0 +£,3r0 — €] | <D (8] = B7).
j=1
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Moreover, for every j € 1,...,m there is a smooth curve v; : [0, 1] — I‘i such
that

[4lg >0 on [0,1],  dist(py,7(0)) = B; and  dist(pg,v(1)) = B}

Consequently,

La
57 =87 = | 4 st (s) ds

1
1
=— | —————(Exp /. (pr),¥(s))gds
/o Bxp L (oe)ly !

1 .
< /0 5(3)]g ds < ('),

the last inequality being a consequence of the fact that Fi is a 1-dimensional
submanifold of M. Here the assumption N = 2 enters. Combining this esti-
mate with (102), we deduce that

m
|Ri 0 [2r0 +,3r0 — ]| <D 0y(T}) < 0g(T).
7=1

By considering the limit ¢ — 0 we conclude that |Rj;| < 04(I';), as claimed
in (101). Combining this inequality with (99) gives (95). The proof is thus
finished. ]

We may now complete the proof of Theorem 4.1 as follows (by contra-
diction):
By (91), Lemma 4.2(ii) and the variational characterization of v5({, g) we
have that

lim sup ka |ka:|52; dvy 0(2) lim Qg
imsup va (%, 9) < —— 5 < =0,
k—s00 thglnf fBQk [ doy c1

pos ,

which contradicts (88). The proof of Theorem 4.1 is thus finished.
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