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p-harmonic coordinates for Holder metrics
and applications

VESA JULIN, TONY LIIMATAINEN, AND MIKKO SALO

We show that on any Riemannian manifold with Holder continu-
ous metric tensor, there exists a p-harmonic coordinate system near
any point. When p = n this leads to a useful gauge condition for
regularity results in conformal geometry. As applications, we show
that any conformal mapping between manifolds having C“ metric
tensors is C'T® regular, and that a manifold with W™ N C* met-
ric tensor and with vanishing Weyl tensor is locally conformally flat
if n > 4. The results extend the works [LS14, LS16] from the case
of C'* metrics to the Holder continuous case. In an appendix,
we also develop some regularity results for overdetermined elliptic
systems in divergence form.
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1. Introduction

Various regularity results in Riemannian geometry can be achieved via the
use of harmonic coordinates. If (M, g) is a Riemannian manifold, a local

395
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coordinate system x = (z',...,2") is called harmonic if

Angzo, 1<j5<n,

where A, is the Laplace-Beltrami operator. The notion of harmonic coordi-
nates goes back to Einstein [Eil6], and these coordinates have the property
that the Ricci and Riemann curvature tensors become elliptic operators
when written in harmonic coordinates [DK81]. The Ricci and Riemann ten-
sors are invariant under diffeomorphisms, and fixing a harmonic coordinate
system may be thought of as a gauge condition which makes these opera-
tors elliptic. Harmonic coordinates are useful when studying regularity of
isometries or flatness of low regularity metrics [Ta06]. Also, the DeTurck
trick for local wellposedness of the Ricci flow [CKO04] is related to harmonic
coordinates, see [GLI1].

Harmonic coordinates are well suited to studying regularity results in
Riemannian geometry, due to the fact that harmonic functions are preserved
by isometries. In this paper we are interested in regularity results in confor-
mal geometry. For this purpose it is useful to have a gauge condition which
is preserved by conformal transformations. Such a condition was introduced
in the recent work [LS14], which established the existence of p-harmonic
coordinates on any smooth manifold with C®, s > 1, Riemannian metric.
If p = n, the corresponding n-harmonic gauge condition is conformally in-
variant, and [L.S14] applied n-harmonic coordinates to give a new proof of
certain regularity results for conformal mappings. The subsequent article
[LS16] showed that n-harmonic coordinates provide a gauge condition for
ellipticity of conformal curvature tensors, and characterized local conformal
flatness of manifolds of dimension > 4 having C*, s > 1, metric tensor.

The aim of the present article is to extend the results of [LS14] to C*¥,
s > 0, metric tensors and the local conformal flatness characterization of
[LS16] to W1m N C*%, s > 0, metric tensors. Let us state the desired results
in more detail.

In this paper M will be a smooth (= C°) manifold of dimension n > 2,
and g will be a Riemannian metric on M with finite regularity. If 1 < p < oo,
the p-Laplace operator on (M, g) is the operator u +— —§(|du|P~2du) where
d is the exterior derivative, § is the codifferential and |du| is the g-norm of
the cotangent vector du. This operator is given in local coordinates by

(11) = 8(|dulP~2du) = |g|~28;(|g|"/2¢"" (9™ Duudyu) "= Bju)
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where (g;x) is the metric in local coordinates, (¢/%) is the inverse matrix of
(gjx), and |g| = det(g;x). Throughout the paper we use the Einstein sum-
mation convention, where a repeated index in upper and lower position is
summed from 1 to n. If p = 2, (1.1) is the usual Laplace-Beltrami operator,
whereas for p # 2 the p-Laplace operator is a quasilinear degenerate elliptic
operator. We refer to [HKM93, Lin06] for more details on p-Laplace and
more general A-harmonic operators.

We will state our results in terms of C® spaces for s > 0. If s is a non-
negative integer, we understand that C*(R™) is the space of functions in R™
whose derivatives up to order s are bounded and continuous. If s =k + «
where k£ > 0is an integer and 0 < a < 1, then C® = C*T is the usual Holder
space with norm

Iflloere = S 107 fll gy + S sup (07 f(x) = 9" f ()|

— (03
<k askery [Tyl

We will also consider the Zygmund spaces CZ(R"™) for s € R, which are
defined via the norm

/]

oz = 5up 2 [4(D) f | 1 ar
>0

where (¢;(£))72, is a Littlewood-Paley partition of unity. One has
C®=Cy, s > 0 not an integer,

and C* C CF if k is a nonnegative integer. Most often we will use local
versions of the above spaces, and in local coordinate statements will write
C? instead of C} _ etc. See [Ta96] for more details on the above spaces.
The first main theorem states that whenever (M,g) is a Riemannian
manifold with C® metric tensor where s > 0, then near any point of M there
exist local coordinates all of whose coordinate functions are p-harmonic. This

extends a result from [LS14] from the case s > 1 to s > 0.

Theorem 1.1 (p-harmonic coordinates). Let (M, g) be a Riemannian
manifold whose metric is of class C®, s >0, in a local coordinate chart
about some point xqg € M. Let also 1 < p < oco. There exists a local coordinate
chart near xo whose coordinate functions are p-harmonic and have C$1
reqularity, and given any € > 0, one can arrange so that metric satisfies
|9k (x0) — 51| <€ for j,k=1,...,n. Moreover, all p-harmonic coordinates
near xo have C5T1 regularity.
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The next result states that if ¢ is a l-quasiregular map between two
manifolds with C* metric tensors where s > 0 (in particular ¢ could be a C!
conformal map), then ¢ is in fact a C**! local conformal diffeomorphism.
This gives a new proof of certain results in [Re78, Iw82, Sh82, LS14]. The
earlier result [Le76] considered C'*° Riemannian metrics, and [Ta06, CL16,
MT17] give analogous results for Riemannian, subRiemannian and Finsler
isometries.

Theorem 1.2 (Regularity of conformal maps). Let (M,g) and (N, h)
be Riemannian manifolds, n > 3, where g, h € C% for some s >0, s # 1. Let
¢: M — N be a non-constant mapping. Then the following are equivalent:

¢ is a Riemannian 1-quasiregular mapping,

¢ 1s locally bi-Lipschitz and ¢*h = cg a.e.,

¢ is a local C' diffeomorphism and ¢*h = cg,
¢ is a local C5*1 diffeomorphism and ¢*h = cg.

[ T o S =N
[ S NN )
S— N N N

(
(
(
(

The third result states that the vanishing of the Weyl tensor on a mani-
fold with W™ N C“ metric tensor is equivalent with local conformal flatness.
The Weyl tensor W (g) of (M, g) is the 4-tensor

Wabed = Rabed + Pacgvd — PocGad + PodGac — Paagoe

where Rgpeq = g(R(0q, 0p)0e, 94) is the Riemann curvature tensor, and P
is the Schouten tensor given by

1 R
Pa: ab — 57 1 Ya
b n—2<Rb 2(n—1)gb>

where Ry = ¢ Rypeq is the Ricci tensor and R = ¢"* R, is the scalar curva-
ture. If n = 3 the Weyl tensor is always zero, and if n > 4 the Weyl tensor
is conformally invariant in the sense that

W(cg) = cW(g)

if ¢ is a smooth positive function. It is a classical result that for C® metrics,
the vanishing of the Weyl tensor is equivalent with the manifold being locally
conformally flat in dimensions n > 4 (see for instance [Au88, Chapter 4]).
The question of having a low regularity counterpart for this result has been
raised in [IMO1, Section 2.7] and [Mal4, Section 1]. Such a result was proved
for C* metrics with s > 1 in [LS16]. Here we improve it to W1 N C* metrics
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with s > 0, where W*? is the usual (local) Sobolev space of functions whose
derivatives up to order k are (locally) in LP.

Theorem 1.3 (Local conformal flatness). Let M be a smooth n-
dimensional manifold with n > 4, and let g € W™ 0 C® in some local coor-
dinates near ro € M where 0 < a < 1. If W(g) = 0 near xg, then g = cap
for some positive WL N C® function ¢ in some n-harmonic coordinates
near xg.

In three dimensions, local conformal flatness of sufficiently regular met-
rics is characterized by the vanishing of the Cotton tensor. An analogue of
Theorem 1.3 for n = 3 was proved in [LS16] for C* metrics with s > 2. It is
likely that the regularity assumption could be improved slightly, but we will
not consider this here.

We also remark that there are alternative gauge conditions for ellipticity
of conformal curvature tensors, based on solving the Yamabe problem lo-
cally to achieve constant scalar curvature and using harmonic coordinates.
This procedure may require more regularity than the method of n-harmonic
coordinates presented in this paper, see [LS16] for further discussion.

This paper is organized as follows. Section 1 is the introduction. In Sec-
tion 2 we prove Theorem 1.1, and more generally we show the existence of
A-harmonic coordinates for any 4 satisfying certain structural assumptions
including Hoélder continuity in 2. The main point in extending the result of
[LS14] from s > 1 to s > 0 is that instead of working with strong solutions
and nondivergence form equations, we keep the equations in divergence form
and apply Campanato and Schauder estimates in order to show regularity of
weak solutions. In Section 2 we also give an additional W29 N C'+* regular-
ity result for the p-harmonic coordinates if g is W14 N C® where 0 < o < 1
and g > 2.

Section 3 considers the regularity of conformal mappings and establishes
Theorem 1.2. Given Theorem 1.1, the argument is analogous to [L.S14] and is
based on representing the conformal map locally in n-harmonic coordinates
in the target manifold. We also supply some details related to integer values
of s that were missing in [LS14].

In Section 4 we discuss the Weyl tensor for low regularity metrics and
prove Theorem 1.3. This uses the fact proved in [LS16] that the Weyl tensor
becomes elliptic in n-harmonic coordinates after a conformal normalization.
The vanishing of the Weyl tensor can be interpreted as a quasilinear overde-
termined elliptic system involving a nonlinearity with quadratic growth, and
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to deal with this we will require regularity results for overdetermined elliptic
systems.

There are many regularity results for square elliptic systems available
in the literature, see for instance [Gi83, GM12]. In the case of sufficiently
smooth coefficients, a linear overdetermined elliptic system Pu = f can be
reduced to the square system P*Pu = P*f, and regularity results will fol-
low from the corresponding results for square systems. Some results for
overdetermined systems with nonsmooth coefficients (mostly in nondiver-
gence form) are given in [Ta96, Ta00, LS16]. However, we need to deal with
certain systems in divergence form which do not seem to be covered by these
results. For this reason, in Appendix A we establish the basic Calderén-
Zygmund and Schauder regularity results for linear overdetermined elliptic
systems in divergence form. Complete proofs for these results are included,
based on freezing coefficients and Fourier arguments.
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2. p-harmonic coordinates

In this section we will prove Theorem 1.1. Since this theorem is a local
statement, it is sufficient to consider a corresponding result in R™. Locally,
p-harmonic functions in (M, g) are solutions of the A-harmonic equation

(2.1) div A(z, Vu) =0
in some open subset 2 C R"™ where

(2.2) Al(z,€) = ()2 g7* (2) (9™ ()€ats) T &
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The next result shows the existence of A-harmonic coordinates for any .4
which satisfies the following structural assumptions for some M, > 0:

) Az, t&) = P71 A(x, €) for t > 0,

) |0, A* (2, €)| < M|¢[P2,

) |A(z, &) — Ay, §)| < Mz —y|*[¢[P~,

) (A, &) — Az, Q) - (€ = ¢) = 6(1€] + [¢)P 21 — ¢

Theorem 2.1 (A-harmonic coordinates). Let 2 be an open set in R"
andletl <p<ooand0 < a < 1. Suppose A : Q x R™ — R" is a vector field
which satisfies (2.3)—(2.6). Given any point zo € Q, there is an C1** diffeo-
morphism U from some neighborhood of x¢ onto an open set in R™ such that
all coordinate functions of U are A-harmonic. Moreover, any C* diffeomor-
phism whose coordinate functions are A-harmonic has this regularity. Given
any tnvertible matriz S and any € > 0, there is U defined near xo such that

| DU (x0) — S| < e.

We remark that (2.3)—(2.6) imply the conditions (for z € Q and &, h €
R™)

A, €) - € > 3le]”,
e, A (w, W'h* = l¢[~2|nf?,

which appear in the C'P regularity results for the A-harmonic equation
(2.1) [Ma86].

We follow the argument of [LS14] except for one part of the proof. In
[LS14], we used the fact if A4 is C* in the = variable where s > 1, then an A-
harmonic function whose gradient is nonzero must be C**!. The assumption
s > 1 was used to first show that the A-harmonic function is W22 by a dif-
ference quotient argument, and then the A-harmonic equation was brought
into nondivergence form where Schauder estimates could be applied. In this
paper, we will work under the assumption s > 0 and apply Campanato type
estimates and a frozen coefficient argument to the divergence form equation
instead.

We recall the following classical result by Campanato. To that aim we
denote the mean value of w in a ball B(xo, ) by g, ,. The proof can be
found in [Gi03].
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Proposition 2.2. Suppose that v € L?(Q) satisfies
/ lu — ugm«|2 < CorntH for every B(x,r) C Q, r < ro,
B(zr)

for some v € (0,1) and ro > 0. Then u € C7(1).

We will also need the following standard algebraic lemma (see [Gi03,
Lemma 7.3]).

Lemma 2.3. Let ¢ be a nonnegative and nondecreasing function on [0, o]
such that

P(p) < A (g)a ¢(r) + BrP for every 0 < p <r <y,

where A, B, a, B are nonnegative constants such that 5 < «. Then for every
v € (B, ) there exists a constant C' such that it holds

o(p) SC(<£)7¢(T)+Bpﬁ> Jor every 0 < p <r <.

The next result concerns C'# regularity of A-harmonic functions, and
requires the assumption that A is C* with respect to x for some « > 0.
We recall that even in Euclidean space, solutions of the p-Laplace equation
always have C11# regularity for some 8 > 0, but 3 could be very small and,
in particular, solutions are in general not C? regular.

We write B, = B(0,r) for the‘ o(p)en gof;m‘ll of radius r > 0 centered at the
J(@)—f(y

origin in R", and [f]cs = sup,, P
Proposition 2.4. Suppose u € WHP(B(zo,7)) is a weak solution of

div A(z, Vu) =0
in B(xg,r) and A satisfies (2.3)—(2.6). Then there are constants C' > 0 and
B € (0,1) only depending on n, p, o, & and M such that u is C'8 regular

in B(zo,r) and

IVl L (Baor/2) + TP VUl (Blaor/2) < Cr 7 PIVUll Lo (B0 )

Proof. We may assume that xo =0 and u solves div.A(z,Vu) =0 in B,.
Define scaled coordinates & = z/r and a scaled function @(%) = r~tu(rz).
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Then @ € WYP(By) is a solution of
div A, (#, Va(z)) = 0 in B

where A, (Z,€) = A(rz, €). Now A, satisfies (2.3)-(2.6) with the same con-
stants 0 and M (this uses that r < 1).

We define
U — TUo,1

v = — — .
| — o1 lwrr ()

Then v € WYP(B;) is a solution of div.A,(#,Vv(Z)) =0 in B; with
llvllw1r(B,) = 1. It follows from [Ma86] (see also [Se64], [DiB83]) that there
are C' > 0 and 8 > 0, only depending on n,p, «,d and M, such that

[ollcres(B, 0y < C-

In particular, this implies that
||VUHL°°(B1/2) + [VU}CB(BI/Q) S C

The Poincaré inequality yields || — o 1llw1r(5,) < ClVal|Lr(p,). Conse-
quently

IVl Lo (B, ) + [Vles (s, ) < ClIVillLes,)-
Undoing the scaling proves the result. O

The following lemma will be useful for the Schauder estimate that we
use later. We will apply it in the case where either the solution of the A-
harmonic equation or the solution of the equation with frozen coefficient has
nonvanishing gradient, and L? estimates will be natural in this context.

Lemma 2.5. Suppose A satisfies (2.3)~(2.6) and uy,ug € WP(B(zo,7)),
r <1, are such that uy —ug € Wol’p(B(xo,T)) and uy s a weak solution of

div A(x,Vuy) =0

and ug is a weak solution of the equation with coefficients frozen at xg,
div A(zo, Vug) = 0.

If either uy or ug satisfies the condition

(2.7) co < |Vui| <1/eco in B(xo,r)
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for some ¢y > 0, then we have the two estimates

(2.8) IVur — Vol 12 (B a2y < O3 1,
2ap8

(29) ||VU1 — VUOHL“’(B(JDO,T/4)) S Crn+2s,

The constants C' and B depend on cg, n, p, o, & and M.

Proof. Without loss of generality we may assume that xg = 0. We prove the
result by assuming that ug satisfies (2.7) since in the other case the argument
is similar. Write A; = A and Ag(z, &) = A(zo,§).

Let us first prove (2.8). We use the assumptions on A and the fact that
we may use u; — ug as a test function in the equations for u; and ug to
conclude that

1;:/ ([Vur| + [Vuol)P2 [V — Vuo|? dz
B,

< (5_1/3 (Ay(z, Vuy) — Ai(x, Vug)) - (Vur — Vug) dz

r

= —(51/ (A1 (z, Vug) — Aoz, Vug)) - (Vuy — Vug) dz
B,
1/

2
<ot |:/ (IVuy| + ’VUQ|)27P‘A1(:C,VUO) - Ao(w,Vuo)lzdw 12,

T

Thus by (2.5)

(2.10) I< 6_2/3 (|Vur| 4 |[Vuo|)* 7P| AL (z, Vug) — Ao(z, Vug)|?

2

M
S 5 7“h/ (IVur] + [Vuo|)* 7P| Vuo[*P~2.
B,

Assume first that p > 2. Then (2.7) and (2.10) imply

/ |V — Vaug|* < C’TZ"‘/ Vg P
B2 B,

which is (2.8).
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Let us assume 1 < p < 2. We estirnate the right hand side of (2.10) by

Holder inequality with exponents ¢ = 57— and qd = 210—2 and obtain

(2.11) / (V| + [Vuo|)> P | Vug P2

r

s(/]37(|vU1\+yvU0| ) (/ yvu0|P>

< (IVaallzo(s,) + IVuoll Logs,))* I Vuoll o5

2p—2

By)
Moreover, since fBr Ai(x,Vuy) - V(ug —up)dx =0, we have
5/3 |Vuq|Pdx < / Ai(z,Vuy) - Vuy de = / Ai(z,Vuy) - Vug dz
<M / Va1 Vgl e < M{Vur [0, V0] 205,
Hence
(212 IVrllzoqsy < 51 9u0llie(s,

Therefore the right hand side of (2.10) can be estimated by (2.11) and (2.12)
@) [ (Va4 Tul T < o [ [Ful
B, B,

To estimate the left hand side of (2.10) we use Proposition 2.4 and (2.12)
show that on B, /5

|[Vugl + |[Vui| < 1/co+ C’rfn/pHVulHLp(B
< 1/co+ Cr="?||Vug| o5,
<C.

Therefore (2.10) and (2.13) yield
/ |\Vuy — Vu0|2 < CTQO‘/ |Vugl?
B/ B.

and we again have (2.8).
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It remains to prove (2.9) assuming (2.7) for ug. We first invoke Proposi-
tion 2.4 which shows that

rﬁ[vuj]cﬁ(Br/z) S Crin/pHvujHLp(B,,.ﬁ .7 - 07 1.
Using (2.12) and the fact that |Vug| < 1/¢o in By, we obtain

TB[VUJ']CB(B ) < C, j = 0, 1.

r/2

Combining this with (2.8) and increasing the constant slightly gives the two
estimates

[P (Vur — Vuo)los(p, ) < C4217,

177 (Vur — Vo) || 12, ) < 04%”37”;,,

Interpolating these two estimates by [LS14, Lemma A.1] (with the choices
Q= DB, K=DB,, M = C4:%8 and f = rP(Vuy, — Vug)) gives

||rB(Vu1 — Vo)L= (B, )

23

< g (CHHH) 75 (Ve = Vuo) |33,
< ot
This proves (2.9). O

The next result shows that if A is C“ with respect to z, then one can
upgrade the C'*7 regularity of a weak solution u (recall that 8 could be
very small) to C'*® regularity in any open set where Vu is nonvanishing.

Proposition 2.6. Suppose u € WYP(By) is a weak solution of
div A(z, Vu) =0

and A satisfies (2.3)~(2.6). If Vu is nonvanishing in some open set U C By,
then u is C1T in U.

Proof. Assume that Vu is nonvanishing in U C By. Our aim is to show
that « is C'T® near any zg € U. Fix 29 € U and choose R > 0 so that
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B(x0,8R) C U. We will show that for some small 79 > 0 one has
e [ s (Fu)e Ry < O Ty
zZ,r

whenever B(z,r) C B(xg, R) and r < ro. This implies u € C'**(B(x¢, R))
by Proposition 2.2.

By Proposition 2.4, u is C'*P regular in B; and thus there is a constant
co > 0 such that

(2.15) co < |Vu| <1/cy in B(zo,8R).

Fix z and r with B(z,7) C B(xg, R), and let v = v, € WYP(B(2,8r)) be the
weak solution of the frozen coefficient equation

div A(z,Vv) =0 in B(z,8r), v=u on 0B(z,8r).
By Lemma 2.5 we have (with C' independent of z and r)

(2.16) HVu - VUHL2(B(Z,4T)) S CT%JFQ,
2ap

(2.17) HVu - V'I}HLW(B(ZQT)) S Crn+2s

The bounds (2.15) and (2.17) imply that there is 79 > 0 depending on ¢y
such that

(2.18) Vol > ¢o/2 in B(z,2r)

when r < rg. Now v is the solution of an A-harmonic equation in B(z, 2r)
with constant coefficients and Vv is nonvanishing by (2.18). A standard
argument (see for instance [LS14, Proposition 2.3]) implies that v is C* in
B(z,r). Thus arguing as in [Gi03, Theorem 7.7] we have the estimate

5 p n+2 2
(2.19) / Vv — (Vv),,|°dz < C (7) / Vo — (V)" do
B(z,p) r B(z,r)
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for every p < r < rg for some small ry. We use (2.16), (2.19) and the estimate
fB(z olf = fopl? < fB(Z olf = A|? for any X € R to conclude that

/ |[Vu — (Vu),,,
B(z,p)

32/ \w—(vu)z,p?dmw/ V(= 0)|? dz
B(z,p) B(z,p)

2 dx

n+2
<c(? Vo = (V). [* da + 2 V(u— ) de
r B(z,r) 7 B(z,r)
n+2
<C (8) / Vu — (V)| do + C IV (u— )| da
r B(z,r) B(z,r)
n+2
SC(B> / |Vu—(Vu)ZT|2dx+Crn+2a
B(z,r) 7

r

for every p < r < rg. The estimate (2.14) then follows from Lemma 2.3. [

We continue to study the regularity properties of A-harmonic functions
and prove a Calderéon-Zygmund type result which will be needed later in
Section 4. We denote the partial derivatives of = — A(x, &) by 9., A(z, )
and of £ — A(x,§) by 0O A(x,§). Let us assume that in addition to the
structural assumptions (2.3)—(2.6) the vector field A satisfies

(220) |0, AW )| < f@)EPY,  for some f € L1(9),

where ¢ > 2 and

(2.21) (x,€) = Og, Az, §) is continuous.

Proposition 2.7. Suppose u € WYP(By) is a weak solution of
div A(z, Vu) =0

and A satisfies (2.3)—(2.6) and (2.20), (2.21). If Vu is nonvanishing in some
open set U C By, then u € W2(U).

loc

Proof. Assume that Vu is nonvanishing in B(xg,2r) C B;. Without loss of
generality we assume that zg = 0. By the previous theorem we have that
u € CH¥(Bsr). We show first that u € W22(B,).

Let us fix a direction e; and choose a cutoff function (e C5(B %) such

that 0< (<1 and (=1 in B,. For a small h > 0 denote the difference



p-harmonic coordinates for Holder metrics 409

quotient by Apu(z) = £ (u(x + he;) — u(z)). We use the test function ¢ =
Apu(x)¢? and integrate against the equations

—div A(z, Vu(z)) =0
—div A(x + he;, Vu(z + he;)) = 0.

By rearranging terms, this gives that

(2.22) /B (A(z+he;, Vu(z+he;)) — A(x+he;, Vu(z))) - (VA u) ¢ da

4ar
3

< / | A(z + he;, Vu(z)) — Az, Vu(a:))HVAhu]CQ dx
B

Aar
3

+ 2/ |A(z+he;, Vu(z+he;)) — A(z+he;, Vu(z))| | Apul¢|VE| do
B

ff

+ 2/3 Az + hes, V(@) — Az, Va())] |Apul¢| V] da.

Aar
3

We use the assumption (2.6), the C%* regularity of u and the assumption
|[Vu| > ¢ > 0 to estimate the left hand side of (2.22)

(2.23) /B (A(z + hei, Vu(z + he;)) — A(x + he;, Vu(x))) - (VARu)C? dx

> ch/ |V Apul?¢? da
Bay

for some constant ¢ > 0. Next we use (2.20) and Young’s inequality to esti-
mate the first term on the right hand side of (2.22)

(2.24) / | A(z + hei, Vu(z)) — Az, Vu(z))||VARu|¢* da
Bay
< ch |V Apul?¢? da
1 Jp,
a 2
+ h/ |A(z + he;, Vu(x)) — Az, Vu(x))|” d
By
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h
< VAP

BS
+5 [
h g,

‘ h
By 0 JBa,

4ar
3

2

h
/ g/l(a: + te;, Vu(z))dt| dz
g Ot

gfﬁ |VAu>¢? de + Ch
4 Jp B

4r
3

f?dzx.

SN

Similarly we have

(2.25) /B A + hes, V() — Az, Va(@))| |Apul¢| V] da

4r
3

5§Ch/j (IVul® + f?) da.
B

3r
2

Moreover by the assumption (2.4), the C1® regularity of v and |Vu| > ¢ > 0
we have that

(2.26)
/) |A(z + hei, Vu(z + he;)) — Az + heg, Vu(z))| [Apul¢| V| da
B

4ar
3

< 0/ V(e + hei) — Va(@)| | Apulc|V¢| da
B

4ar
3

h
<2 VA dx+Ch/ Vu|? da.
4 JBa, B,

3 2

We divide (2.22) by h and deduce from (2.23), (2.24), (2.25) and (2.26)
that

/ |VApul|? de < C/ (% +|Vul?) dz.
B, Bs,

By letting h — 0 we obtain that u € W2(B,.).
We may thus differentiate the equation

—div A(z, Vu(z)) =0



p-harmonic coordinates for Hélder metrics 411

with respect to x; and conclude that v = 0,,u is a solution of
(2.27) —div (0¢, A(z, Vu(z))Vv) = div (05, A(z, Vu(x))) .

By the assumption (2.6) the linear operator on the left hand side of (2.27) is
elliptic. Moreover by (2.21) x — 0¢, A(z, Vu(x)) is continuous. On the other
hand the vector field z +— 0., A(z, Vu(z)) on the right hand side of (2.27)
is L? integrable and therefore by the classical Calderén-Zygmund estimate
(also contained in Proposition A.1(a)) we have that v € W9, This implies
u e W4(B,). O

Proof of Theorem 2.1. We may assume that o =0, By C 2, and S is the
identity matrix (otherwise consider (Sz)’ instead of 27 below). The A-
harmonic coordinates will be obtained as the map U = (ul,...,u"), where
each u/ = u). solves for  small the Dirichlet problem

div A(z,Vu!) =0 in B,, u'|gp =2’

Let us fix j € {1,...,n}. Then v/(z) = 27 is a solution of div.4(0, Vv/) = 0
in B, and

Vv’ =1in B,.

We use Lemma 2.5 to conclude
. . 2a
HVuj — VUJHL“’(BTM) < Crnt2s,

Thus there is 7 > 0 such that |Vu/ — Voi| < ﬁ in B, /4 and, in particular,
Vu/ is nonvanishing in B, 4. Proposition 2.6 shows that v/ € CHO‘(B,./B).
Now each v/ is C**® near 0 and the Jacobian matrix of U = (u!, ..., u")

is invertible at 0. The inverse function theorem shows that U is a C'! diffeo-
morphism near 0. Moreover U is O and so is U~ since

(2.28) DU ={DUoU )

The fact that any C! diffeomorphism whose coordinate functions are A-
harmonic is a C1T® diffeomorphism follows from Proposition 2.6. O

Proof of Theorem 1.1. As discussed above, in any local coordinate system
where the metric has C'“ regularity, the p-harmonic equation is of the form
div A(x, Vu) = 0 where A is given by (2.2) and satisfies (2.3)—(2.6). The
existence and regularity of p-harmonic coordinates is then a consequence of
Theorem 2.1 for s < 1. The case s > 1 is contained in [LS14].
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For s =1, we have g € W4 for all ¢ < co and thus by Proposition 2.7
the p-harmonic coordinates are W24 regular. This regularity is enough for
us to write the p-harmonic equation for each coordinate function v = u? in
nondivergence form as

a*Oju = f
where the coefficients a’F and the function f are defined by

ajk(x) = 8&"4]'(5?7 VU(I’)),
f(x) = =0y, A (z, Vu(x)).

Now the linear equation ajké)jku = f is elliptic since Vu is nonvanishing.
Since u € W24 for all ¢ < 0o, we have Vu € C7 for any v < 1 by the Sobolev
embedding. Consequently a/* € C7 for v < 1 and f € C°. Thus u € C2, see
e.g. [Ta96, Theorem 14.4.2]. That the inverse of the p-harmonic coordinates
are also of this regularity follows from the formula (2.28). In deriving this
conclusion, note that Zygmund spaces are closed under pointwise multipli-
cation [Tr83].

Suppose that the metric in original coordinates at xg is represented by
the matrix Gy, and let V' be the corresponding A-harmonic coordinates. The
metric in p-harmonic coordinates at xg is given by

DV (0)tGoDV(0)~ 1.

Choosing V' so that DV (0) is very close to G(l)/ 2, we can arrange that the
metric in p-harmonic coordinates is arbitrarily close to identity at xo. [

Corollary 2.8. Let (M, g) be a Riemannian manifold with g € W14, q > n,
i a local coordinate chart about some point xog € M. There exists a p-
harmonic coordinate system on a neighborhood of xq that is a local W4 dif-
feomorphism. Moreover, the Riemannian metric is W4 in these p-harmonic
coordinates.

Proof. Since W14 ¢ C% for some a > 0, there exists a C'*® regular p-
harmonic coordinate system (v) on a neighborhood of xg by Theorem 1.1.
Let us denote V = (v!,...,v"). For g € W14, the function A defining p-
harmonic functions satisfies the conditions (2.20) and (2.21), and thus by
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Proposition 2.7, we have that V € W?24. By the formula
DV Y =(DVov H

it is easy to see (by using integration by substitution and the standard
cofactor formula for an inverse matrix) that the same holds for the inverse
of V. Note that W14 is an algebra, see Section 4.

That the Riemannian metric is W19 in p-harmonic coordinates follows
from the coordinate transformation rule for the Riemannian metric

g=DWV HYlgly-DV).

Here g and g are the metrics in the original and in the p-harmonic coordi-
nates respectively. O

3. Regularity of conformal and 1-quasiregular mappings

The first application of n-harmonic coordinates is to the regularity of C*
conformal mappings, or W1 1-quasiregular mappings, between Riemannian
manifolds with C¥, s > 0, s # 1, metric tensors. These results extend the
corresponding results in [Iw82, LS14] that covered Holder exponents s > 1,
and the earlier results [Le76, Ma86].

The proofs are essentially the same as in [LS14] and are only sketched.
We however cover a slight lapse in the proof of [L.S14, Theorem 3.1] con-
cerning the integer values s = 2,3,4,... of the regularity parameter s. We
also comment on the case s = 1 after the theorem.

Theorem 3.1. Let (U,g) and (V,h) be Riemannian manifolds such that
gGheC% s>0,s£A1. If¢p:U — V is a C' diffeomorphism that is confor-
mal in the sense that ¢*h = cg for some continuous positive function c, then
¢ is a C°T1 diffeomorphism from U onto V.

Proof. Let first g, h € C® with s > 0. Fix x¢ € U, and let v be n-harmonic
coordinates near ¢(zg). Since h € C*, Theorem 1.1 ensures that v € C5+1.
Let u = v o ¢. Since ¢ is a C! conformal diffeomorphism, a straightforward
calculation [L.S14, Theorem 3.1] shows that u is an n-harmonic coordinate
system near zg. Now ¢ is C*, which implies that « is C$*! by Theorem 1.1.
Thus ¢ = v~ ! ou near zg and ¢! = u~! o v near ¢(z9).

Assume now that s > 0 is not an integer. Then u, v and their inverses
are C*t1 and thus ¢ and also ¢! are C*t! (the spaces C5t1 = CsT! are
closed under composition for s > 0 noninteger).
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Assume next that s € {2,3,4,...}. We first show that the conformal
factor ¢ in

¢"h = cg

is a C* function (this part of the proof is missing in [LS14, Theorem 3.1]).
The argument above yields that ¢ € C*717¢ and ¢ € C*~¢ for any € > 0.

Let us recall the transformation rules for the Ricci tensor and the scalar
curvature under conformal scaling. If § = €%/ ¢, we have

Rij(§) = Rij(g) — (n—2)(Vi0;f — (0:f)(9;]))
(3.1) +(Af = (n—2)|df2)g,
R(g) = e > (R(g) +2(n — Af — (n —2)(n — 1)|df|2)

if f and g are sufficiently smooth, see e.g. [Be87]. Since ¢ is at least C3¢
and g, h are at least C2, we have

e* ==c=g'¢*h € C*° for any € > 0.

This, together with the assumption that g, h € C?, yield that the identi-
ties (3.1) hold in the distributional sense as described later in Section 4. In
addition to the identities above, the tensoriality identities

¢"Rij(h) = Rij(¢"h),
¢"R(h) = R(¢"h)

also hold in the distributional sense.
Let us now apply the scalar curvature to both sides of the equation

o*h=e*yg.
The identities above yield
¢*R(h) = ¢~ (R(g) +2(n = DAf — (n = 2)(n = 1)|df[;).
Since g,h € C* and ¢ € C*T'=¢, f € C*~¢, we may solve for Af which im-
plies that Af € C*~2. Now applying the Ricci tensor to ¢*h = €2/ g, using
the identities above and using that Af € C*2, gives that

(3.2) 0ijf € C52 forall 4,7 =1,...n.

Thus f, and consequently ¢, is a C* function.
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The rest of the proof of the theorem now follows by expressing the second
derivatives of ¢ by the coordinate transformation formula

0i0;¢™ =TI (cg)Opd™ — Ty (h)|30i* ;¢!

of the Christoffel symbols (as in [CH70, Ta06]). Since ¢ € C*, the right hand
side of this equation is in C*~! completing the proof. O

The reason we could not prove the theorem for s = 1 is that in this case
the relation (3.2) for the second derivatives of the conformal factor would
involve terms containing second distributional derivatives of C'' functions.
We could not verify that the conformal factor is in C'' in this case.

The next result concerns the regularity of Riemannian 1-quasiregular
mappings and the regularity of conformal bi-Lipschitz mappings. We refer
to [LS14, Lil3] for details about Riemannian quasiregular mappings. The
proof is the same as the proof of Theorem 4.4 in [LS14], except for the
additional details for s = 2, 3,4, ... given above. We omit the proof.

Theorem 3.2. Let (M,g) and (N,h) be Riemannian manifolds, n > 3,
with g,h € C%, s >0, s# 1. Let ¢: M — N be a non-constant mapping.
Then the following are equivalent:

¢ is a Riemannian 1-quasiregular mapping,
¢ 18 locally bi-Lipschitz and ¢*h = cg a.e.,
¢ is a local C' diffeomorphism and ¢*h = cg,
¢ is a local C*1 diffeomorphism and ¢*h = cg.
Finally, we remark that the theorem holds also for n = 2 if we a priori

assume ¢ to be a local homeomorphism. This gives an extension of [LS14,
Theorem 4.5] to Holder exponents s > 0, s # 1.

4. Weyl tensor

We now consider low regularity Riemannian metrics and establish an elliptic
regularity result for the Weyl tensor. We first assume that

gjk € wh2n >

in some system of local coordinates near a point. (In this section all function
spaces are assumed to be of the local variety near a point, that is, we write

W12 instead of I/Vl})f(U ) etc.) This seems to be a minimal assumption for
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defining the Weyl tensor: the set W12 N L™ is an algebra under pointwise
multiplication [KP88], [BBR12], and therefore ¢g/*, |g| € W2 N L>®. We see
that

1
gb = §gcr(aagbr + abgar - argab) € L27

Rabcd = aarlcylc - abFZlc + FICZFZm - I‘\Z’érgm € W_1’2 + Lla
Rpe = Ryt € W2 4 LY

We write this schematically as

¢, =0(g7'0g),
Rabcd = O(a(gilag) + (97189)2)7
Ry = 0(0(g7'9g) + (g7 '09)%)

where O(g~'dg) denotes a finite linear combination of terms of the form
gP10;grs, etc. Now, since multiplication by an W12 N L>® function maps
Whe to W2 for any ¢ > n, it also maps W12 to W14, and we have

Raped = O (99(g~'0g) + g(g7109)?) e W4 + L.

Since

1 1
Pab = )Rgab:|

n—2 [R""_Q(n—1

where R = ¢"° R, is the scalar curvature, we have

(4-1) Wabed = Raved + Pacgvd — PocGad + PoaJac — PadGbe

1
= (Rabed + Racgvd — Rbcad) + <n_2 - 1) (Racgbd — RbcYad)

vl (et — e
n—2 (n — 1)(77, — 2) YacYbd 9bcYad

=0 (g(1+g97"g) [0(g7'99) + (g '09)*]) e W1 + L.

(RbdGac — RadGbe) —

This shows that if g;i. € W12 N L™ in some system of local coordinates, then
one can make sense of the components W4 of the Weyl tensor as elements
in W14 4+ L! in these coordinates for any ¢ > n. It is easy to see that the
identity W (cg) = ¢W (g) remains true if ¢, gj, € W2 N L.

We wish to understand the equation Wp.q(g) = 0 as a quasilinear diver-
gence form system for the matrix elements g;;. Below we write D = —iV.
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Lemma 4.1. Let gj;, € W2 N L% in some local coordinates. If Wapeqa(g) =
0 in these coordinates and if u € W12 N L™ is the column vector consisting
of the matrixz elements gji, then u is a distributional solution of

Dy(A"™(u)Dyyu) = B(u, Du)
where B is given by
B, (u, Du) = B™(w)Dyu - Dyyu, 1<a< M,

and each A" (resp. BU™ ) is an M x N (resp. N x N ) matriz function whose
entries are rational functions of the components of u. Moreover, each A™

and BI™ is smooth in the set of vectors u corresponding to positive definite

. . 1
symmetric matrices. One can choose M = n* and N = n(nTH

Proof. Follows from (4.1) after using the Leibniz rule:

Wabea = O(0(g(1+ g 9)g7'9g) — 0(g(1 + g g))g 99
+9(1+9 "9)(g " 99)%).

The fact that A" and B!™ are rational functions follows by using Cramer’s
rule for the inverse matrix (g7%). O

The main point, as observed in [LS16], is that the equation Wpeq(g) = 0
becomes elliptic if it is written in n-harmonic coordinates and the determi-
nant is normalized to one. This is expressed by the next result.

Lemma 4.2. Let g; € Whin C% in some local coordinates, where ¢ > 2
and O < a < 1. If ggp ts the representation of g in any n-harmonic coordinate
system, and if

Gab = 917" gab,

then Gqap € WHINC®. If 4 is the column vector consisting of the matriz
elements §qp, and if A" (x) = A" (a(z)), then the linear operator

v Dy(A"™D,,0)
is overdetermined elliptic (i.e. its principal symbol is injective).

Proof. Since g;. € W41 C®, by Theorem 1.1 and Proposition 2.7 we know
that any n-harmonic coordinate system is W29 N C'T®. Now Whin C? is
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an algebra under pointwise multiplication, which shows that g,; and g4, are
in Whance.

To prove ellipticity, we need to show that the matrix valued symbol
Almge, is injective for any & € R\ {0}. In order to simplify notation we
will omit all hats in the rest of this proof and write g, instead of g, etc.
Assuming for the moment that g is C'°, we note the following consequences
of Bianchi identities,

ViMupea =0,  VNpeq = 0
where

1
Mapea = Raped + Racgvd — RocGad, Nabed = RapGed — §R9abgcd-

The left hand sides of these Bianchi type identities may be viewed as third
order nonlinear operators acting on g. After linearization we obtain the
following symbol versions of the previous identities,

(42) gdaﬁ(Made) = 07 éaaﬁ(Nabcd) = 0.

Here o¢(P) = 0¢(P)(g)h is the principal symbol of the linearization of an
operator P, linearized at g = g, and acting on some h = hy,. Now (4.2)
are algebraic equations for the principal symbols o¢(Mapeqd) and o¢(Ngped)
when g € C°°, but the since these principal symbols can also be computed
for W4 N C metrics and their algebraic expressions remain identical, it
follows that (4.2) is valid for g,, € Wh4 N Ce.

By (4.1) we have

n—3 1
W abed — Mabcd - Nacbd + (Nbdac - Nadbc)
n—2 n—2
n—3 n—3
RyeGod — ———R
T ead — 5 (n—2) JacGbd

1
— (R ac_Ra C
+ 2(n_2)( 9bdg JadFbe)

R
_ m(gacgbd - gbcgad)‘



p-harmonic coordinates for Holder metrics 419

Let us now assume that o¢(Wepeq)h = 0, where h = (h;;). Contracting this
equation by £%¢? and using (4.2) yields
2(n —2)

acd 2
= —" W h=-2 Ry )h +
0 3_1 5 5 O-E( abcd) |§| Uf( bc) n—1

n—2

&écoe(R)h
1
+ n—1 ‘5’29bc0—£(R)h'

The symbol on the right hand side is now (a scalar multiple of) the symbol
of the Bach tensor, see [LS16, Lemma 3.2]. The W4 N C% regularity is
also enough for the m-harmonic coordinate gauge condition in [LS16] for
the contracted Christoffel symbols (with ¢ having determinant one) to be

written as
n—2
I*(g) = g**,log g**.

The required ellipticity follows now from [LS16, Lemma 2.3]. O

Proof of Theorem 1.3. The assumption that g € W™ N C® in some local co-
ordinates together with Theorem 1.1 implies that there exists an n-harmonic
coordinate system with C1*¢ regularity. By Lemma 4.2 we know that in any
n-harmonic coordinates, g,y and §up = | g|_1/ "gap are in WL N CY. We will
prove that

(4'3) Jab € C*°.

Since the Weyl tensor of ., vanishes, we get that G, = codup where cg € C°.
Thus g = \g\”"coéab where ¢ = ]g]l/”co is a positive function in Wm N C*
as required.

It remains to prove (4.3). In the rest of the proof, we will omit hats and
write gqp and u instead of g, and u etc. Since the Weyl tensor of g vanishes,
Lemmas 4.1-4.2 imply that u solves the overdetermined elliptic system

Dy(A"™ (w)D,u) = B(u, Du)

where u € Wh™ N C% is the column vector consisting of the matrix elements
of gqp. We claim that for any ¢ > n, one has

D (A" (u)D,,u) = B(u, D
(4.4) { i (u) Dmu) (u, Du) — g Wt A oo

ue Whtnce

where § = 2% If (4.4) is known, then starting from v € W™ N C* and

iterating (4.4) gives u € W9 for any ¢ < co. Then by Sobolev embedding
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uw e CF for any 8 < 1, and u solves
Dy(A"™(u)Dyyu) = B(u, Du)

where A" (u) € C? and B(u, Du)€ L9 for all f<1 and ¢ < oo. The Schauder
estimates in Proposition A.1(c) give that v € C'*7 for all 3 < 1, and iter-
ating the higher order Schauder estimates in Proposition A.1(d) gives that
u € C*°. This shows (4.3).

To prove (4.4), note that if u € Wt N C®and t > n, then z +— A (u(x))
and x — Bl (u(x)) are in Wh! N C* (this set is an algebra under point-
wise multiplication). Thus, if we write f(z) = B(u(x), Du(z)), we see that
u solves

Dy(A"™(uw)Dyu) = f

with A" (u) € Wt N C® and f € L!/?. The Calderén-Zygmund estimate in
Proposition A.1(b) implies that u € W2t/2_ But we also know that u € C®,
and C'* C W1 whenever € < « and ¢ < co. Under these conditions we have

ue W2 awes,

and by complex interpolation u € [Wz’t/z, W&y for 0 < 6 < 1. We choose
0 so that

(1-0)-240-c=1,

which gives 0 = 2% Thus u € W where

c"

1 2 1 1-—€2 1

S ) e e g

P t q 2—¢t q
Since ¢ < oo was arbitrary, we get u € WP whenever p < %—:i% and € < a.
In particular this gives (4.4). O

Appendix A. Regularity for overdetermined elliptic systems

Let Q C R™, n > 2, be a bounded open set. Let us consider an M x N linear
system of PDEs P(z, D)u = f in , where D = —iV and

(A1) P(z, D)u = Di(A™D,,u)
and the coefficients satisfy

(A.2) Alm e 0P (Q, RM*N),
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Let p(z, &) = A" (2)&&,, be the principal symbol of P. We assume that P
is overdetermined elliptic in the sense that for any z € Q and £ € R™\ {0},
the matrix p(z,§) is injective:

(A.3) p(x,6)¢=0, (eRY = ¢=0.

If this holds, then necessarily M > N.
We will prove the following Calderén-Zygmund and Schauder regularity
results for overdetermined elliptic systems in divergence form.

Proposition A.1. Letu € Wlifo(Q,RN) solve P(x, D)u = f in the sense
of distributions in €, where P satisfies (A.1)-(A.3) and qo > 1.

(a) If 1 < g < o0 and
A E Gy fEW,

then u € I/Vli’cq.
(b) If1 < ¢ < o0 and

Amecd nwlt, felLl

loc?

where

{t =max{n,q}, q#n,

t>n, q=n,

then u € W21

loc *

(c) If0<a<1and

Alm e cg fec e

loc

then v € C-F.

loc

(d) If k > 0 is an integer, 0 < o < 1, and

Alm e Ck+a, f e Ck—l-‘r&’

loc loc

k+14+«
then u € C\] .
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C—1+a

o > We mention that

Remark. As examples of functions in I/Vlgcl 1 and
if 1 < ¢ < oo, one has

s=1, q<:;,
feLi.where {s>1,  g=-" feLl = f+D;fl W,
S=140 4> 35

and if 0 < « < 1, one has

feLL™, fleCy, = f+D;f e ™.
Remark. It is well known that for any ¢ > 2 there is a uniformly elliptic
scalar equation D;(a/*Dju) = 0 where a’* are L>, such that there is a
nontrivial W12 solution that is not in W4 [Me63]. Thus (a) above does not
hold if A" € L, but (a) may remain true if one assumes A™ € L* NV MO
(see [DiF96] for the scalar case).

We will need some standard facts about function spaces, see [BLT76],
[Ta96] for more details. If s € R and 1 < p < oo, then WP = WP(R") is
the Banach space with norm

[ fllwer @y = (D) fll Lo (ger)-

Here, (€) = (1 + |£[%)'/2 and (D)* is the Fourier multiplier corresponding to
(&)5. In general, if m(§) is a C* function which is polynomially bounded in
R™ together with its derivatives, the corresponding Fourier multiplier m(D)
is the map on ./(R™) (the space of tempered distributions) defined by

A~

m(D)f = F~H{m(&)f(©)}-

If k€{0,1,2,...} and 0 < a < 1, then C**® = C*¥**(R") is the Banach
space with norm

2) - Df(y)|

|z — y|*

D’Y
1 llorsngary = 31D fllimny + 3 sup 2210

Iv|<k Iv|=k o7y

One has C*re = CFre = BET® where Cf are the Zygmund spaces and Bj,
the Besov spaces in R”. We write C~!17® = C71*% for 0 < a < 1. The op-
erator (D)! is an isomorphism WP — W5~tP and Cf — C¢7t, and D; is a
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bounded map W*P — W*=LP and C% — C*~! for any s,t c Rand 1 < p <
oo [Ta96, Section 13]. We will also use the Sobolev embeddings

Ly, 1<p<n,
Lp q _
w C nq<oo Lloc’ p=mn,
cl-n/p, n<p< oo,

Wherep*:%for1§p<n.
The first step in the proof of Proposition A.1 is a parametrix construction
for solutions of P, v = f in R™, where P, the frozen coeflicient operator

Pxo = Alm($0)Dlm, o € Q.

We fix a cutoff function ¢ € C2°(R"™) with ¢ = 1 for |{] < 1/2 and ¢ = 0 for
€] > 1.

Lemma A.2. Fizxzg € Q. There is an operator Ey, = ey, (D) such that for
any v € 7' (R",RN) one has

(A.4) v = Ey Py, v+ 1(D)v
where ez, : R — RN*M s the bounded smooth matriz valued function

€2, (€) = (1 = 9 (€))(p(0, )" (20, €)) ' p(20, €)".

The operator E, is a bounded map W*P(R" RM) — Ws+22(R" RN) and
C$(R™, RM) — Cs+2(R™, RY) whenever s € R and 1 < p < oo.

Proof. The operator Py, has full symbol p(zg, &) = A" (20)&E,. Then
p(ao, &) p(xo, &) = Y A(wo)* A" (20)&;kE16m.
7.k, lm=1
The ellipticity condition (A.3) implies that
det (p(SUo, 6)*p($07 6)) 7& 07 E e R" \ {O}

Since p(xo,&)*p(xo,&) is homogeneous of degree 4 in £, the function e,
defined in the statement of the lemma is smooth in & and homogeneous of
degree —2 for |¢]| large.
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If v € 7' (R",RY), the identity

0(&) = (1 = (£))0(&) +P(§)0(§) = ex, (§)p(0,£)(8) + 1(£)0(€)

implies v = E, Py, v+ ¢ (D)v by taking inverse Fourier transforms. Now
ez, (§) is a matrix valued classical symbol in the class S7 g, and the map-
ping properties of the corresponding pseudodifferential operator [Ta96, Sec-
tion 13| imply the mapping properties for E, . (Alternatively, one could
apply the vector valued Mihlin multiplier theorem [BL76, Theorem 6.1.6]
and its version on Besov spaces to my, = (£)%es,.) O

Next we give a local representation formula for solutions of the equation
P(x,D)u = f. To prove the Schauder estimates it is convenient to do a
rescaling: if xg € Q and r > 0 is small, we write

A (y) = Az + ry),  a@(y) = ulzo +ry),  fly) = flwo +ry).

We also fix a cutoff function y € C°(R") with x =1 for |z| < 1/2 and
supp(x) C B(0,3/4), and we let x2(y) = x(y/2).

Lemma A.3. Letu € VV&)’E"(Q,RN) solve P(x,D)u = f in ), where qy >

1. Fiz a point xg € Q, and assume that B(xg,2r) C Q. Then v = xu satisfies
the equation

U+ By Quov = By F' + (D) x2v in R",

where
Quyw = Dy(x2(A"™ — A" (0)) Dpyw)

and
F =12y f 4+ A" Dyx Dyt + Dy(A™aD,, x).
Proof. Note that @ satisfies the equation
Dy(A"™D,,i) =r2f in B(0,2).
If v = yu, we compute

Dy(A"™ D, v) = Di(A™ D, (x@)) = Dy(A"™xD,,ii + A" @D, x)
= x(r2f) + A" Dyx D, it + Dy(A"™aD,, x).
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Note that the left hand side operator frozen at 0 is just P,,. Thus
Dy(A"™ Dy, v) = Ppyv 4 Quyv
where @), is as stated. It follows that
Pryv + Qv =F in R"

The result follows from Lemma A.2. O

Proof of Proposition A.1. Let u € Wli’qo(Q,]RN) solve P(xz,D)u = f in Q,

C

where qo > 1. Fix xg € , and assume that B(xg,2r) C Q. By Lemma A.3,
the function v = xu satisfies

T(v)=G inR",
where

T(w) =w+ E; Qqu,w,
G = E; F + ¢(D)x2v.

Assume now the conditions in (a). We may assume gy < n, so W C
L% by Sobolev embedding. We may also assume qg < ¢ (otherwise there is
nothing to prove). Fix pg > 2 so that qo,q € [pf, po]. We claim that if r is
chosen small enough, then

(A.5) T is invertible on WhP(R™, RY) for p € [p), po], and
(A.6) G € WP for p € [qo, min{q}, ¢}].

Assuming these two claims, it follows that v = T~ 1(G) e Whmin{a.a} 1f
q < ¢ we have v € W4 and we are done. Otherwise we get v € W% and
repeating the argument with g replaced by ¢; we see that G and thus also

v are in W™M%G™4 | Tterating this procedure finitely many times gives
v € WH4, which proves u € VVlicq upon varying zg. To see (A.5), note that

HExow”WI’p < CHwHW_l*T’? w e W_Lpa pE [p67p0]

This follows by complex interpolation from the cases p = py and p = p{, given
by Lemma A.2. Consequently

1Bz Quowllwr < CDi(x2(A™ — A™(0)) D) -0
< CY A = AT0) | L= (Bo,2 lwllwre

lym
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Since A" are continuous, we can choose 7 small enough so that

1B Quowllwir < Sllwllwso, — p € [ph, pol-

1
2
This implies (A.5) by Neumann series. To see (A.6), note that our assump-
tions and Sobolev embedding imply

Few b4 po wba,
Since all the terms are compactly supported, we get
Fewlr p € (1, min{qg, ¢}].

The mapping properties of F,, in Lemma A.2 and the fact that ¢¥(D)xv is
Schwartz imply (A.6).
Assume next the conditions in (b). We claim that for » > 0 small,

(A.7) T is invertible on W*9(R", RY), and
G e W,

Since also the conditions in (a) hold, we have v =T~1(G) and thus (b)
follows immediately from these claims upon varying zo. To prove (A.7),
note that Lemma A.2 gives

[Ezowllwze < Cllwl|ze, — we LA
Combining this with the pointwise multiplier property
laullwra < llau|ze + [V(aw)||Le < C(llallz~ + [[Val|Le)[ullwr

by using the assumption on ¢ (if p = n this holds for a supported in B(0, 2)),
we get

| Bz Quowllw2a < CZH)@(AWL - Alm(o))meHleq
=1
< Corso(1)[wllwa

using the fact that A" € CP N VV&; This shows (A.7) by Neumann series.
To prove (A.8), consider first the case 1 < ¢ <n. Then LI C W19 sou €
W by (a). Since L™, LY C L9, we get F' € L9 and therefore G € W24 by

loc
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the mapping properties of E, . In the case n < ¢ < oo we get L?OC - I/Vlgcl P
for all p < oo, thus u € VVI})f for all p < oo by (a), and u € L by Sobolev
embedding. The assumption A™ e CI%C N Wllos gives F € LY and G € W4,
This proves (A.8) and also (b).

Assume next the conditions in (c¢). It is enough to prove that for r > 0

small,

(A.9) T is invertible on C*T*(R",RY), and
(A.10) G e ctre,

The main point is that [A™(y) — A™(2)| < M|y — 2|, so we have
Ix2(A"™ — AM(0)) e < Cr®

and consequently

n
|BayQuyllcie < €3 [xa(A™ = A7 (0)) Dy
=1
< Cr*flwfjcrra.

This proves (A.9) by Neumann series if » > 0 is small enough. To prove
(A.10) one first notes that f € I/Vlgcl’q for all g, hence u € VV&)(? for all g by
(a) and u € C{ic for 0 < 3 < 1 by Sobolev embedding. Thus F € C~1% so
that G € C'* by the mapping properties of Ej,.

Finally, assume the conditions in (d). We do the proof by induction on
k. If k = 0 the result follows from (c). Assume the result holds smoothness
indices < k — 1 where k > 1, and assume that

Alm c Ck+a f e Ck—l-&-a‘

loc > loc

By induction hypothesis, u € OB for B < 1. Also, since k > 1, part (b)

loc
implies that u € I/Vl%g for any ¢ < oo. Hence it is possible to differentiate

the equation once to get
Dy(A"™D,,(Dju)) = D;f — Dy((D; A"™) Dyyu).

The right hand side is in CF=2+ hence the induction hypothesis gives

loc

Dju e C*+e for all j. This proves that u € CFH+e, O

loc loc
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