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Stable cohomotopy Seiberg-Witten
invariants of connected sums of
four-manifolds with positive first
Betti number II: Applications

MASASHI ISHIDA AND HIROFUMI SASAHIRA

This is a sequel to our article [16] where a generalization of a non-
vanishing theorem for stable cohomotopy Seiberg-Witten invari-
ants is proved. The main purpose of the current article is to give
various applications of the non-vanishing theorem to the differen-
tial geometry and topology of 4-manifolds, including existence of
exotic smooth structures, smooth connected sum decompositions
of 4-manifolds and computations of Perelman’s A invariant.

1. Introduction

Let X be a closed smooth Riemannian 4-manifold X with b™(X) > 1, where
bT(X) (resp. b~ (X)) denotes the dimension of the maximal positive (resp.
negative) definite linear subspace in the second cohomology of X. In what
follows, x(X) and 7(X) denote respectively the Euler characteristic and the
signature of X. We set c2(X) := 2x(X) + 37(X). We also denote respec-
tively Seiberg-Witten invariant [41] and stable cohomotopy Seiberg-Witten
invariant [3, 4] of X by SWx and BFY.
To state the main results of the current article, we recall

Definition 1 ([16]). A closed oriented smooth 4-manifold X with b (X) >
1 is called BF-admissible if the following three conditions are satisfied.

1) There exists a spin®structure I'xy with SWx(I'x) =1 (mod 2) and
A(Lr,) =2x(X) + 37(X), where ¢1(Lr, ) is the first Chern class of
Lr,, where Lr, is the complex line bundle associated with I'x.

2) bT(X) —b1(X) =3 (mod 4).
3) &U(Iy) = %<CI(LFX) Ue; Uey, [X]) =0 (mod 2) for all 4, 7,
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where ¢1,¢2,...,¢s be a set of generators of H'(X,Z), s = by(X), and [X]
is the fundamental class of X; and (-,-) is the pairing between cohomology
and homology.

There exist BF-admissible 4-manifolds with b; > 0 in profusion [5, 16].
Let X,, be BF-admissible 4-manifolds with b (X,,) — b1(X,,) > 1, where
m = 1,2,3. We proved in [16] that BFx of connected sums X := #! _, X,,
are not trivial, where n = 2, 3.

The main purpose of the current article is to give various applications of
the non-vanishing theorem [16] to the geometry and topology of 4-manifolds.
The first application concerns exotic smooth structures on 4-manifolds. By
Donaldson-Freedman [10, 12] classification of homeomorphism types of sim-
ply connected 4-manifolds and Taubes’s theorem [39] on the non-triviality
of Seiberg-Witten invariants of symplectic 4-manifolds, one can see that ev-
ery simply connected, non-spin symplectic 4-manifolds X with o1 (X) > 1
admits at least one exotic smooth structure. It is natural to ask if the exotic
smooth structure can survive after the connected sum of other 4-manifolds.
In this direction, we will prove

Theorem A. Let X be a closed, simply connected, non-spin, symplectic
4-manifold with b (X) = 3 (mod 4), homeomorphic but not diffeomorphic
toY = pCIPQ#q@Q. Let X, be BF-admissible 4-manifolds with b+ (X,,) —
b1(Xm) > 1 for m = 1,2. Then, after connect summing both X and Y with
either X1 or X1#Xo, we still get homeomorphic but not diffeomorphic 4-
manifolds.

The second application concerns smooth connected sum decompositions
of 4-manifolds. Taubes’s non-vanishing theorem [39] for Seiberg-Witten in-
variants of symplectic 4-manifolds implies that any closed symplectic 4-
manifold X has no decompositions of the form Yi#Y> with b (Y1) > 0,
b*(Y2) > 0. Then one can ask whether connected sums #”,_, X, of sym-
plectic 4-manifolds X, have no decompositions of the form #~_,Y,, with
b*(Y,,) > 0, N > n. However, one can construct counter examples to this
question. Indeed, it is known [31] that connected sums X #CP? of any sim-
ply connected, elliptic surfaces X and CP? is diffeomorphic to p(C]P’Zq‘yéq@2
for some integers p,q > 0. However, we will prove

Theorem B. For m =1,2,3, let X,, be BF-admissible 4-manifolds with
b (Xom) — b1(Xom) > 1 and set X := #7_ X, where n =2,3. Then X s
never diffeomorphic to #N_,Y,, with b+ (Yy,) >0 and N > n.
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The third application concerns computations of the values of differential
geometric invariants. In his celebrated work [34-36] on the Ricci flow, Perel-
man introduced a functional which is called F-functional and also introduced
an invariant of any closed manifold with arbitrary dimension, which is called
the X invariant. The A invariant is arisen naturally from F-functional. For
3-manifolds which do not admit positive scalar curvature metrics, Perelman
computed its value. See Section 8 in [35]. Li [29] introduced a family of
functionals of the type of F-functional with monotonicity property under
the Ricci flow. See also [33]. Inspired by these works of Perelman and Li, we
will introduce, for any real number k € R, an invariant \j, of any closed man-
ifold. We shall call it A, invariant. In particular, A\; = X holds. In dimension
4, we will prove

Theorem C. For m =1,2,3, let X,, be BF-admissible 4-manifolds with
b (X)) — b1(X;n) > 1 and N be a closed oriented smooth 4-manifold with
b (N) = 0. Then, for n = 2,3 and any real number k > %, \i invariants of
M = (#7_1 Xm)#N satisfy \,(M) <0 and

Ae(M)|? 2N" 2
k‘ > 327 mzjlcl(Xm).

If moreover X, are minimal Kdahler surfaces form = 1,2,3 and N admits a
Riemannian metric of non-negative scalar curvature, then the equality holds.

We will also prove that \; invariant is closely related to other differential
geometric invariants including the Yamabe invariant.

As the fourth application, we will obtain an obstruction to the existence
of Einstein metrics on 4-manifolds:

Theorem D. Let N be a closed oriented smooth 4-manifold with b™(N) =
0. For m=1,2,3, let X,,, be BF-admissible 4-manifolds with b*(X,) —
bi(Xm) > 1. Forn=2,3, M := (#_1Xm)#N cannot admit any Einstein
metric if

Z c%(Xm).

m=1

4n — c3(N) >

W =

Theorem D was used to construct the first examples of 4-manifolds
with non-zero simplicial volume and satisfying the strict Gromov-Hitchin-
Thorpe inequality, but admitting infinitely many distinct smooth structures
for which no compatible Einstein metric exists. See [8] for more details.
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All results in the current article firstly appeared as a part of our arXiv
preprint [15]. We decided to divide the preprint [15] into two articles. The
current article is the second part of it.

2. Proofs of Theorems A and B

Let X be a closed oriented smooth 4-manifold with a Riemannian metric g
and a spin®-structure I'y. The Seiberg-Witten equations [41] perturbed by a
self dual 2-form 7 are the following equations for (¢, A) € F(Slfx) x A(Lry):

Dap =0, Fyi=q(¢)+n,

where T'(S{") is the space of sections of the determinant line bundle SIJTX,
A(Lr,) is the space of U(1)-connections on Lr,, D4 : F(SFX) — I'(Sp, ) is
the twisted Dirac operator, FX is the self-dual part of the curvature F)4 and
q(¢) is the trace-free part of the endomorphism ¢ ® ¢* of Sffx. Let G be the
group of smooth maps from X to S!, then G acts on F(S;FX) x A(l'x) by
(g, A) := (yvp, A — 2y 1dy), where v € G and (¢, A) € F(SITX) x A(Lry).
This action preserves the solution space Sr, (g,7n) of the perturbed Seiberg-
Witten equations. We call the quotient space

MW (g,m) = Sry(9,1)/G

the Seiberg-Witten moduli space. In the following, we denote any element
of MW (g,n) by [¢, A].

On the other hand, let Z; be a 4-manifold and I'; be a spin®-structure on
Zy for [ = 1,2. We define a spin®-structure I'y#1's on Z1# 75 as follows. Take
a point z; € Z; and a small open disk D; in Z; with center z;. Denote the
closure of D; by D;. We can take an isomorphism ¢ between I'y ]51 and I'y \52.
The isomorphism ¢ is unique up to homotopy. Then I'y, I'ys and ¢ naturally
induce a spin®-structure I'1#I'y on Z1# 75 = (Z1 \ D1) Ugs (Z3 \ D2). The
isomorphism class of I'1#1I'y is independent of the choice of ¢.

A key ingredient in the proofs of Theorems A and B is the following
technical lemma:

Lemma 2. Let Z; be a closed oriented smooth J-manifold with b (Zy) > 0
where € is an arbitrary positive integer. Let I'y be a spin®-structure on Zj.
Put Z := #éV:lZg, Iy .= #éV:ng for some N > 1. Assume that the Seiberg-
Witten moduli space Mﬁy(g,n) is not empty for all Riemannian metrics
g and self-dual 2-forms n on Z. Then the virtual dimension of M?IZ/V(g,n)
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satisfies
dim M7V (g,n) > N — 1.

Proof. To simplify notations we consider the case N = 3. The proof is a
standard neck stretching argument. See Section 9.3.2 of [11] for a similar
discussion in the instanton case.

Take points z1 € Z1, 22,25 € Za, z3 € Z3 and small open disks D1, Ds,
D), D3 centered at these points. We put

Zl = (Zl\Dl) @] 83 X Rzo,
22 =93 x RSO U (ZQ\DQ ] DIQ) US3 x Rzo,
23 = SS X RSO @] (Z;;\l);;)7

and for each T > 0 we define

Z1(T) = Z1\S® x [2T, 00),
Z5(T) = Z5\ (S x (—00, —2T) U S* x [2T, 0)),
Z3(T) = Z3\S® x (—o0, —2T).

There is an identification

o S3x(T,2T) = 83 x(-2T,-T)

Gluing Z,(T), Z»(T), Z3(T) by using @7, we have a manifold Z(T) which
is diffeomorphic to the connected sum Z = #?:124. We take Riemannian
metrics gy on Z; which coincide with gss + dt? on the ends. Here ggs is the
standard metric on S2. These metrics naturally induce a Riemannian metric
g(T) on Z(T).

Let MI*?:/V (ge,M¢) be the moduli spaces of monopoles on Zy which con-
verge to the trivial monopole on S for all £. Here Iy are spin®-structures on
Z; induced by I'y. Since b+(Zg) > 0, we can choose self-dual 2-forms 7, such
that MIZW (ge,Me) contain no reducible monopoles and are smooth of the ex-
pected dimension or empty. Moreover we may suppose that the supports of
7y do not intersect the ends of Z;. See Proposition 4.4.1 in [32]. Extending 7
trivially, we consider 7jy as self-dual 2-forms on Z(T'), and we get a self-dual
2-form n(T') := 11 + N2 + N3 on Z(T). Then we have

3
0 dim MY (9(T),n(T) = 3 dim MY (G ) + 2
=1
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Here dim MW (¢(T),n(T)), dim M?Z/V(gg, f¢) are the virtual dimensions of
the moduli spaces. This is derived from the excision principle of index of
elliptic differential operators. See Example 4.5.13 and Section 4.6.1 of [32]
for the formula (1). See also (7.2.47) and Section 9.3.2 of [11] for the in-
stanton case. We can also see this from the theory of gluing of monopoles.
For large T', coordinates of Mggv(g(T),n(T)) are given by coordinates of
M€y<§g,ﬁ5) and gluing parameters. Since Z(7T') has two necks, the space
of gluing parameters is U(1) x U(1) and it is 2-dimensional. Hence we have
the formula (1).

Let {T*}22, be a strictly increasing sequence of positive numbers which
goes to infinity. By the assumption we have made in the statement of the
lemma, Mgzv(g(TO‘),n(Ta)) are non-empty for any «. Take any element
[p%, A% € MIS‘Z’V(g(TO‘),n(TO‘)) for each a. Then there is a subsequence
{[¢*", A% ]}o which converges to some ([¢#5°, A, [¢3°, A, [¢5°, AS°]) €
MW (g1,11) x MW (32, 112) x MR (33, 713). In particular, M2 (31, 1) are
non-empty. Since M?ZV (ge,me) are non-empty and smooth of the expected
dimension, their virtual dimensions are at least zero. From (1), we have

dim M} (g(T), 0(T)) = 2.
The virtual dimension of MISIZ/V (g,m) is independent of g,n, so we have ob-
tained

dim MY (g,n) > 2

for any (g,n). The proof of the general case for arbitrary N > 1 is obtained
similarly. O

By using Lemma 2, we prove Theorem B:

Proof. Form = 1,2, 3, let X,,, be BF-admissible 4-manifolds with b (X,,,) —
b1(X;) > 1. Take a spin‘-structure I'y, on each X, with c}(Lr, ) =
2X(Xm) + 37(Xp), with SWx (T',) = 1 (mod 2) and with &% (T',,,) = 0 (mod
2). Here Lr, is the determinant line bundle of I',, and see Definition 1
for the definition of &“(I',,). Let n =2 or 3 and put X = #7 _, X,,, ['x =
#r _1I'y,. Notice that it follows from Theorem 23 of [16] that the spin cobor-
dism Seiberg-Witten invariant SW{""(I'x, L) is non-trivial since X,, are
BF-admissible 4-manifolds with b*(X,,) — b1(X,,) > 1. This implies that
M?)‘;V(g,n) are non-empty for all g,n. Suppose that X has a decomposi-
tion X = #N_.V,, with b*(Y,,) >0 and N > n. Then Lemma 2 implies
dim M{" (g,n) > N — 1. On the other hand, the dimension of MW (g,7)
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is equal to n — 1. We can see this from the dimension formula:

(@) dim MY (g,) = (A(Lr,) —20(X) ~ 37(X))

=1 3 (Aer,) — 2x(X) —37(X0)) £ 1
m=1
=n-—1,

where we have used the following formulas:

AA(Lry) = > ci(Lr,),
m=1

ci(Lr,,) = 2x(Xm) + 37(Xm),

X(X) = 37 X(X) = 2(n - 1),

Therefore we have N < n. Since we assumed that N > n, this is a contra-
diction. Hence we have proved Theorem B. O

Lemma 2 also enables us to prove Theorem A:

Proof. Let X' be X1 or X;#X5. Since X is homeomorphic to Y, X#X’
is homeomorphic to Y#X'. We prove that X# X' is not diffeomorphic to
Y#X'. Let I be the spin®-structure on X#X’ induced by almost complex
structures on X and X,,. Then the dimension of Seiberg-Witten moduli
space M2W (g, n) associated with T is 1 or 2 by the formula (2) and it follows
from Theorem 23 in [16] that M2 (g,7) is non-empty for any g,7. On the
other hand, by the assumption that b7 (X) =3 mod 4, Y is the connected
sum p(C}PQq&yéq@2 with p > 3. Hence we can write Y#X' as #?ZlZg with
b"(Zy) > 0. Suppose that X# X’ is diffeomorphic to Y#X’. Then it follows
from Lemma 2 that the dimension of the moduli space MISW (g,m) is at least
3. Hence we have a contradiction since the dimension of the moduli space is
1 or 2. We have proved Theorem A as desired. Il

Remark 3. We say that a closed oriented smooth 4-manifold X is almost
completely decomposable if X#CP? is diffeomorphic to pCIP’Q#q@2 for
some integers p, q¢ > 0. It is known [30, 31] that smooth hypersurfaces in CIP?
and simply connected elliptic surfaces are almost completely decomposable.
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Let X be a closed, simply-connected, non-spin, almost completely decompos-
able and BF-admissible symplectic 4-manifold. Put p := b*(X), ¢ := b~ (X)
and Y := p(C]P’Q#q@Q. Then X is homemorphic to Y and X#CP? is diffeo-
morphic to Y#CP?. On the other hand, if X; is a BF-admissible 4-manifold
with b1 (X7) — b1(X71) > 1, then X#X; is homeomorphic to Y#X; but not
diffeomorphic to Y#X; by Theorem A.

3. Proofs of Theorems C and D

3.1. LeBrun’s curvature bounds and Theorem D

Let X be a closed oriented smooth 4-manifold with b™(X) > 2. An element
a € H*(X,Z)/torsion C H?(X,R) is called monopole class [14, 21, 26, 27]
of X if there exists a spin®structure I'xy with ¢}(Lr,) = a which has the
property that the corresponding Seiberg-Witten equations have a solution
for every Riemannian metric on X. Here ¢i(Lr, ) is the image of the first
Chern class ¢1(Lr, ) of the complex line bundle Lr, in H?(X,R). The non-
triviality of stable cohomotopy Seiberg-Witten invariants implies the exis-
tence of monopole classes (see Proposition 6 in [14]). On the other hand,
LeBrun [24, 26, 27] proved that the existence of monopole classes implies
curvature bounds which have many differential geometric applications.

A key ingredient in the proofs of Theorems C and D is the following result:

Theorem 4. For m =1,2,3, let X,, be BF-admissible 4-manifolds with
b (X)) — b1(X;m) > 1 and suppose that N is a closed oriented smooth 4-
manifold with b (N) = 0. For n = 2,3, any Riemannian metric g on M :=

(#g@:le>#N satisfies

(3) / sgdpg > 3272 Z A (X,
M

m=1
1 Lo 5 2 o= 4
(4) P 2wy | t o | e = gZQ(Xm),
M n=1
5 2du, > 872 |4n — (N Y 2(X,
() |7"g| Hg = OT n 01( ) + ci( m)
M m=1

where sg, WgJr and ry denote respectively the scalar curvature, the self-dual

part of the Weyl curvature and Ricci curvature of g.
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Proof. Use the non-vanishing theorem in [16] and ideas of proofs of results
proved in [14]. In particular, see Proposition 2, Proposition 4, Proposition
6, Corollary 8, Proposition 10, Corollary 11 and Proposition 15 in [14]. O

We have the following Gauss-Bonnet-type formula (see [6]) for any closed
oriented Riemannian 4-manifold (X, g):

2 +12 g 9
X) = AWH? 4 29 — d
(6) Cl( ) 472 /X ( | g | 24 2 Hg)

where 729 is the trace-free part of the Ricci curvature r, of g. Using (4),
(6) and the argument of the proof of Theorem D in [14], we can prove
Theorem D in Introduction. We leave the details to the reader. As a corollary
of Theorem D, we obtain

Corollary 5. For m=1,2, let X,, be simply connected symplectic }-
manifolds with b*(X,,) =3 (mod 4). Consider connected sums M :=
(H_ X ) #K (S x D) 901 (ST x 53)#:0,CP°, where n, k > 1 satisfyingn +
k<3, 01,0 >0 and g,h are odd integers > 1. Then M cannot admit any
FEinstein metric if

n

An4 01+ k) + by > é (Z A(Xom) +4k(1 = h)(1 — g)) .

m=1

See also [8] where an interesting application of this result was given.
3.2. Computation of several differential geometric invariants

In this section, we shall compute the values of several differential geometric
invariants. The main results in this subsection are Theorems 7 and 8 below.

Let X be a closed oriented Riemannian manifold X of dimension n > 3
and v := [g] = {ug | v: X — R*} a conformal class of an arbitrary metric
g. Trudinger, Aubin, and Schoen [2, 28, 37, 40, 42] proved every conformal
class on X contains a Riemannian metric of constant scalar curvature. Such
a metric ¢ can be constructed by minimizing the Einstein-Hilbert functional:

- Jx g dug

n—29

(Jx d”é) !

among all metrics conformal to g, where s; is the scalar curvature of the
metric g and dpg is the volume form with respect to g. Notice that, by
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setting § = u? (™2 g, the following identity holds:

Jx sg dug

n—2

(S dng)

Associated to each conformal class v := [g], we define the Yamabe constant
of the conformal class v in the following way:

B Jx |:Sgu2 + 42—:;\Vu|2} dptg
(f u2/ =2 dp,) (n=2)/n

Ix [sgu2 + 42—:;|Vu|2} djig

(7) Y, = inf TV
ueC(X) (fX u2n/(nf2)dug)

where C°(X) is the set of all positive functions u: X — R*. Trudinger-
Aubin-Schoen theorem teaches us that this number is actually realized as
the constant scalar curvature of some unit-volume metric in each conformal
class . A constant-scalar-curvature metric of this type is called a Yamabe
minimizer. For each conformal class 7, we consider an associated number Y-,
which is called the Yamabe constant of the conformal class v and defined as
follows:

Kobayashi [19] and Schoen [38] independently introduced the following in-
variant of X:

Y(X) =sup Y.,
yeC

where C is the set of all conformal classes on X. This is now commonly
known as the Yamabe invariant of X. It is known [19] that (X)) < 0 if and
only if X does not admit a metric of positive scalar curvature. The Yamabe
invariant is closely related to the diffeomorphism invariant [7, 26] defined by

) LX) = ot [ Js,"

where the space of all Riemannian metrics on X is denoted by Rx. For
every closed n-manifold with n > 3 admitting non-negative scalar curvature,
ie., Y(X) > 0, we have Zs(X) = 0. The following equality holds whenever
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V(X) <0 (see [14, 25]):
(9) I,(X) = (¥ (X)),

Hence, Z5(X) of a closed 4-manifold X with Y(X) < 0 satisfies

(10) 100 = VCOP = ing [ i,

On the other hand, consider the following quantity:

K(X):= sup ((min sg> (voly)™ 2) :

gERx zeX

where vol, = [ dptg is the total volume with respect to g. Kobayashi (Corol-
lary 1.7 in [19]) pointed out that the following equality holds whenever
Y(X)<o:

(11) K(X)=Y(X).

Proposition 6. Let X,,,, N and M be as in Theorem 4. Then, forn = 2,3,
K(M)=Y(M) <0 and

I(M) = [Y(M)]? = [K(M)[* 2 327 Y ¢} (Xom).
m=1

Proof. Notice that BFy; of the 4-manifold M is not trivial by the non-
vanishing theorem proved in [16]. This implies that M cannot admit any

Riemannian metric of positive scalar curvature. This tells us that Y(M) <0
holds. Therefore, the bound (3), (10) and (11) imply the desired result. O

The following result can be seen as a generalization of both Theorems A
and B in [14] to the case where b; > 0:

Theorem 7. Let N be a closed oriented smooth 4-manifold with b+ (N) = 0
and with a Riemannian metric of non-negative scalar curvature. For m =
1,2,3, let X,, be BF-admissible, minimal Kdahler surfaces with b™(X,,) —
b1(Xp) > 1. Then the following holds for M := (#',_; Xm)#N, where n =
2,3:

(12) I(M) = [Y(M)]? = [K(M)? = 3277 Y ¢} (Xom).
m=1
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Proof. Use Proposition 6 and the idea of the proof of Theorem B in [14].
See also Proposition 12 and Proposition 13 in [14]. O

It is natural to consider the following Ricci curvature version of the
invariant (8):

1 = inf n/2q
(13) gg;zx/ g™ “dpg-

There is the following relation between (8) and (13):
(14) T.(X) > n T (X),

and that equality holds if the Yamabe invariant is both non-positive and
realized by an Einstein metric (see [26]). The failure of the equality gives a
quantitative obstruction to Yamabe’s program for finding Einstein metrics.
Therefore, it is quite interesting to investigate when the above inequality (14)
becomes strict.

Theorem 8. Let N be a closed oriented smooth 4-manifold equipped with an
anti-self-dual metric of positive scalar curvature. For m = 1,2, 3, let X,,, be
BF-admissible, minimal Kdhler surfaces with b (X,,) — b1(X;n) > 1. Then
the following holds for M := (#'_, Xm)#N, where n = 2,3:

(15) Z.(M) = 872 |4n — E(N +ch

Proof. Use (5) and the idea of the proof of Theorem C in [14]. O

The above hypotheses regarding N and Proposition 1 in [22] force that
bH(N)=0. Hence we have c3(N)=2x(N)+37(N)=4—4b;(N)+5b"(N)—
b= (N)=4—4b;(N)—b"(NN) < 4. By this, (12) and (15), the strict inequal-
ity holds whenever n = 2, 3:

7.(M) > iIS(M).

Hence, the Yamabe sup-inf on this connected Sums never realized by an
Einstein metric. On the other hand, since kCP” #0(S* x §3) admits anti-
self-dual metrics of positive scalar curvature [17, 23], Theorem 8 implies
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Corollary 9. Let X,, be as in Theorem 8. Then, for n = 2,3, and any
integers k, £ >0,

k+4(n+€—1)+§:c§(Xm)

m=1

zr(( X ) #ECP #0(S % 53)) = 82

3.3. A variant of Perelman’s )\ invariant

The main results of this subsection are Theorems 13 and 15 below. In par-
ticular, Theorem C follows from Theorem 15.

Let X be a closed oriented Riemannian manifold of dimension n > 3
and g be any Riemannian metric on X. We shall denote the space of all
Riemannian metrics on X by Rx and the space of all C*° functions on X
by C*°(X). Then, Perelman’s F-functional [34] is the following functional
F:Rx x C®(X) — R defined by

Flg.f) = /X (5 + [V F%)e dp.

One of the fundamental discoveries of Perelman is that the Ricci flow can
be viewed as the gradient flow of F-functional. Moreover, F-functional is
nondecreasing under the Ricci flow coupled with conjugate heat equation.
It is then known that, for a given metric g, there exists a unique minimizer
of F-functional under the constraint [ Xe_f dpg = 1. Hence it is so natural
to consider the following functional A : Rx — R which is called Perelman’s
A-functional:

Ag) == ir}f{}'(g,f) ‘/Xe_fdug = 1}.

It turns out that A(g) is the least eigenvalue of the elliptic operator 4A, + sg4,
where A = d*d = —V - V is the positive-spectrum Laplace-Beltrami oper-
ator associated with g¢. Following Perelman [18, 34-36], we consider the
scale-invariant quantity A(g)(voly)?/™. Then, Perelman’s \ invariant of X is
defined by
A(X) = sup A(g)(voly)*™,
gERx

Inspired by recent interesting works of Cao [9] and Li [29], we will introduce
one parameter family A, of smooth invariants, where k € R. We shall call
it \; invariant. In particular, A\; = X holds. We introduce the following def-
inition which is essentially due to Li [29]. The definition in the case where
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k > 1 is nothing but Definition 41 in [29]. We also notice that the following
definition was also appeared in [33]:

Definition 10 ([29, 33]). Let X be a closed oriented Riemannian manifold
with dimension > 3. Then, we define the following functional Fj : Rx X
C*®(X) = R:

(16) Filon£) = [ (ksy + 19 1B e du,

where k is a real number k£ € R. We shall call this Fi-functional.

Fi-functional is nothing but Perelman’s F-functional. Li [29] showed
that all functionals F; with k£ > 1 have the monotonicity properties under
the Ricci flow coupled with conjugate heat equation. As was already men-
tioned in [18, 29] essentially, for a given metric g and k € R, there exists a
unique minimizer of Fj-functional under the constraint [ Xe_f dpg = 1. In
fact, by using a direct method of the elliptic regularity theory [13], one can
see that the following infimum is always attained:

O ir}f{}"k(g,f) ’/Xe—fdﬂg _ 1}.

Notice that A(g)j is the least eigenvalue of the elliptic operator 4A, + ks,.
It is natural to introduce the following quantity:

Definition 11. For any real number k € R, \;, invariant of X is defined by

Me(X) = sup )\(g)k(volg)2/”.
gG’RX

We have the following result which is a generalization of Theorem A in

[1]:

Proposition 12. Suppose that X is a smooth closed n-manifold, n > 3.
Then the following holds:

A (X) = kY(X)  if Y(X) <0 and k > 2=2,
YT V0 V(X)) >0 and k> 0.

Proof. Suppose that v is a conformal class on a closed oriented Riemannian
manifold X of dimension n > 3 with ¥, < 0. Let g € v, and let § = ut/ (=2 g
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be the Yamabe minimizer in . Assume that k > “=2 holds. By (7) and the
hypothesis that Y, < 0, we have

n—1 (n—2)/n
17) 0> / [squ + 4|Vu|2] dpg =Y, < / u?n/ (”—2%%) :
X n—2 X

On the other hand, the eigenvalue A(g); can be expressed in terms of Raleigh
quotient as follows:

(18) Ao = inp dx[ksatF AVE]dty
weCs(X) Jx u?dpg

Therefore, we get

)\(g)k/ u?dp, §/ [ksgu® + 4|Vul|*] dpg
X X

n—1
S k/}( |:Sgu2 + 4H|VU’2:| d/lg,

where we used the hypothesis that k& > Z—j, ie., % < =L This bound and
(17) tells us that

< kYW(volg)_g/"/ u?dpy,
X

where notice that, since Y, < 0, the last step follows from the Hoélder in-
equality:

1/p 1/q
[ogaws ([iaras) " ([inian) " 2elon

with f1 =1, fo = u?, p=n/2, and ¢ = n/(n — 2). Moreover, equality holds
precisely when u is constant, namely, precisely when ¢ has constant scalar
curvature. Since we shows that

1
A9(voly) " <Y,
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for every g € v, and since equality occurs if g is the Yamabe minimizer, it
follows that

v, = (sw Aoty ).

geY

S

The above proof tells us that, under Y(X) <0 and for any real number
k> "=2 each constant scalar curvature metric maximizes %)\k(vol)Q/ " in

n—17
its conformal class. Given any maximizing sequence ¢; for %)\k(vol)w n

, we
may construct a new maximizing sequence g; consisting of unit volume con-
stant scalar curvature metrics by conformal rescaling. However, for any
such sequence, the constant number s, is viewed either as {Y,} or as
{£ (i) k(vol)fh/ "1. Therefore, the suprema over the space of all Riemannian
metrics of Yjg and %)\(gk)(vol)g/n must coincide, i.e., kY (X) = A\ (X).

On the other hand, suppose that Y(X) >0 and k£ > 0. For any smooth
non-constant function f: X — R, Kobayashi [19] has shown that there ex-
ists a unit-volume metric g on M with s, = f. For any sufficiently large
positive constant L, take a smooth non-constant function f: X — R such
that mingcx f > L. Then the above result of Kobayashi tells us that there
is a metric g on M with s, = f and vol, = 1. Notice that min,cy s4 =
mingex f > L holds. On the other hand, we have

Jx [ksgu® + 4| Vul?] dpg > Jxksgu?dpg > Jxk(mingex sg)u’dpy
fXUQd“g B fX“Zd“g N fX“Zdﬁ‘g

k (Imrél)l’(l sg> k <gé1)r(1 f> > kL

This bound and (18) imply that A(g); > kL. Since voly, = 1, this bound tells
us the following holds:

A (X) = sup )\(g)k(volg)”/2 > sup )\(g)k(volg)”/2 > kL.
g g,volg=1

Therefore, we get A\x(X) = +o0 by taking L — +oo. O

Proposition 12, (9) and (11) imply
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Theorem 13. Let X be a smooth compact n-manifold with n > 3 and as-
sume that X does not admit any Riemannian metric of positive scalar cur-

vature. Then the following holds for any real number k > Z—:%:

(19) TL(M) = |Y(M)[F = [K(M)]F = |2

It is well known that the value of the Yamabe invariant is sensitive to
the choice of smooth structures of a 4-manifold. We have the following;:

Corollary 14. The number of distinct values that invariants Y(X), Zs(X),
K(X) and A\g(X), where k > 2, can take on the smooth structures in a fized
homeomorphism type of simply connected 4-manifolds X is unbounded.

Proof. Use Theorem 5 in [20] and Theorem 13 above. O

Finally, Proposition 6, Theorem 7 and Theorem 13 imply the following
result which includes Theorem C as a special case:

Theorem 15. For m =1,2,3, let X,, be BF-admissible /-manifolds with
bt (Xm) — b1(Xym) > 1 and N be a closed oriented smooth J-manifold with
bt (N) = 0. Consider connected sums M = (#7 _, X,,,)#N, where n = 2, 3.
Then, for any real number k > 2, V(M) = K(M) <0, \(M) <0 and the
following holds:

Ak(M)

I(M) = [Y(M) = [K(M)* = | =

2 n
> 321 ) (X).
m=1

If moreover X,, are minimal Kdahler surfaces form = 1,2,3 and N admits a
Riemannian metric of non-negative scalar curvature, then the equality holds
at the last inequality.
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