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Volume-preserving flow by powers of
the m-th mean curvature in
the hyperbolic space

SHUNZI GUO, GUANGHAN L1, AND CHUANXI WU

This paper concerns closed hypersurfaces of dimension n(> 2) in
the hyperbolic space H" ! of constant sectional curvature s evolv-
ing in direction of its normal vector, where the speed is given by a
power 3(> 1/m) of the mth mean curvature plus a volume preserv-
ing term, including the case of powers of the mean curvature and
of the GauBl curvature. The main result is that if the initial hyper-
surface satisfies that the ratio of the biggest and smallest principal
curvatures is close enough to 1 everywhere, depending only on n,
m, B and k, then under the flow this is maintained, there exists a
unique, smooth solution of the flow for all times, and the evolving
hypersurfaces converge exponentially to a geodesic sphere of H? 1,
enclosing the same volume as the initial hypersurface.
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1. Introduction

Let M™ be a smooth, compact oriented manifold of dimension n(> 2) with-
out boundary, (N"*1,g) be an (n + 1)-dimensional complete Riemannian
manifold, and Xg: M"™ — N™t! a smooth immersion. Consider a one-
parameter family of smooth immersions: X; : M"™ — N"*! evolving accord-
ing to

IX (p,t) = {F(t) = FOW (p.t)}v (p,t), pe M,
X(7O) = XO('):

(1.1)

where v (p, t) is the outer unit normal to M; = X;(M™) at the point X (p, )
in the tangent space TN" T %, (p,t) = —#, (p,t) is the matrix of the
Weingarten map on the tangent space T'M™ induced by X;, A is the map
from T*M"™ @ TM™ to R™ which gives the eigenvalues of the map #', F is
a smooth symmetric function, and F(t) is the average of F on M;:

i FO))dp
(1.2) F(t) = I fL (dut)) .

where dp; denotes the surface area element of M;. As is clear from the
presence of the global term F(t) in equation (1.1), the flow keeps the volume
of the domain €2; enclosed by M; constant.

This paper considers the flow (1.1) with the speed F'(\) given by a power
of an mth mean curvature, namely

(1.3) F(\,..., ) = HE,
where (A1, ..., \,) are the principal curvatures of the evolving hypersurfaces
My, and for any m = 1,...,n, the mth mean curvature H,, is the average

of the mth elementary symmetric functions FE,,, namely

n\ ! ml(n —m)!
(14)  H, = Ep=——r" ) A A
m

n!
1<iy < <im<n
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Obviously H; = H/n and H,, = K, where H and K denote the mean cur-
vature and the Gauf}-Kronecker curvature respectively.

For the flow (1.1) without the volume constraint term F(t), in the case
when N™*! is the Euclidean space R"*!, there are many papers which con-
sider the evolution of convex hypersurfaces, of particular interest here is
in the analysis of the flow (1.1) where the speed F'(\) is homogeneous of
degree one in the principal curvatures, beginning with a classical result of
Huisken [31] who proved that any closed convex hypersurface under mean
curvature flow shrinks to a round point in finite time (Huisken’s theorem
may be considered as an extension of the theorem of Gage and Hamilton
[26] to dimensions bigger than one), and including the similar results on the
nth root of Gauf-Kronecker curvature [20], the square root of scalar curva-
ture [21], and a large family of other speeds [3, 9]. The first such result with
degree of homogeneity greater than one was due to Chow [20] who consid-
ered flow by powers of the Gau-Kronecker curvature. He proved that the
evolving hypersurfaces by K? with 8 > 1/n become spherical as they shrink
to a point provided the initial hypersurface My is sufficiently pinched. We
also mention that Tso [54] showed the same result for the Gaufl-Kronecker
curvature flow and Andrews [6] proved that the limit of the solutions under
KB-flow with 8 € (%H, %] evolves purely by homothetic contraction to a
point in finite time. Later such results were proved by Schulze [51] for the
flow by powers of the mean curvature, by Alessandroni and Sinestrari [1]
for the flow by powers of the scalar curvature, by Andrews and McCoy [11]
for the flow of convex hypersurfaces with pinched principal curvatures by
high powers of curvature, and for such flows in the special case of surfaces
in three-dimensional spaces [5, 10, 48, 51], where the lower dimension al-
lows a more complete understanding of the equation for the evolution of the
second fundamental form. However, when N™*! is a more general Rieman-
nian manifold, there are few results on the behavior of these flows: Huisken
[32] extended the result of [31] in R"*! to compact hypersurfaces in general
Riemannian manifolds with suitable bounds on curvature. Andrews [4] has
considered a flow which takes any compact hypersurface with principal cur-
vatures greater than y/c with ¢ > 0 in a Riemannian background space with
sectional curvatures at least —c¢, and converges to a round point in finite
time.

The volume-preserving versions of these flows are the flows (1.1)—(1.2)
with an extra term F(t) which balances the contraction. In the case of
volume-preserving mean curvature flow, Huisken [33] showed that convex
hypersurfaces remain convex for all time and converge exponentially fast
to round spheres (the corresponding result for curves in the plane is due to
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Gage [25]), while Andrews [7] extended this result to the smooth anisotropic
mean curvature flow, and McCoy showed similar results for the surface area
preserving mean curvature flow [43] and the mixed volume preserving mean
curvature flows [44]. The volume-preserving flow has been used to study
constant mean curvature surfaces between parallel planes [12, 13] and to
find canonical foliations near infinity in asymptotically flat spaces arising in
general relativity [34] (Rigger [47] showed analogous results in the asymp-
totically hyperbolic setting). While for convex curvature flows with general
extra terms, the hypersurfaces may contract, converge or expand in terms
of the magnitude of the extra terms [37, 38]. If the initial hypersurface is
sufficiently close to a fixed Euclidean sphere (possibly non-convex), Escher
and Simonett [24] proved that the flow converges exponentially fast to a
round sphere, a similar result for average mean convex hypersurfaces with
initially small traceless second fundamental form is due to Li [39]. For a gen-
eral ambient manifold, Alikakos and Freire [2] proved long time existence and
convergence to a constant mean curvature surface under the hypotheses that
the initial hypersurface is close to a small geodesic sphere and that it sat-
isfies some non-degenerate conditions. Cabezas-Rivas and Miquel exported
the Euclidean results of [12, 13] to revolution hypersurfaces in a rotation-
ally symmetric space [18], and showed the same results as Huisken [33] for
a hyperbolic background space [17] by assuming the initial hypersurface is
horospherically convex (the definition will be given later).

On the other hand, there are few results on speeds different from the
mean curvature: McCoy [45] proved the convergence to a sphere for a large
class of functions F' homogeneous of degree one (including the case F' = Hﬁn
with mfg = 1), Makowski showed that the mixed volume preserving curva-
ture flow for a function F' homogeneous of degree one, starting with a com-
pact and strictly horosphere-convex hypersurface in the hyperbolic space ex-
ponentially converges to a geodesic sphere [41], and the volume preserving
curvature flow in Lorentzian manifolds for F' as a function with homoge-
neous of degree one exponentially converges to a hypersurface of constant
F-curvature [42] (moreover, stability properties and foliations of such a hy-
persurface were also examined). In 2010 Cabezas-Rivas and Sinestrari [19]
studied the deformation of convex hypersurfaces in R"*! by a speed of the
form (1.4) for some power 8 > 1/m. In this way F' is a homogeneous func-
tion of the curvatures with a degree mg > 1. In particular, they proved the
following
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Theorem 1.1. Form € {1,...,n}, mf > 1 there exists a positive constant
C=C(n,m,B) <1/n™ such that the following holds: If the initial hypersur-
face of Rt is pinched in the sense that

(1.5) K(p) >CH"(p) >0 forall pe M",

then the flow (1.1)~(1.3) with F given by (1.4), has a unique and smooth
solution for all times, inequality (1.5) remains true everywhere on the evolv-
ing hypersurfaces My for all t > 0 and the M;’s converge, exponentially in
the C*°-topology, to a round sphere enclosing the same volume as M.

However, the results of [19] do not closely relate to the ambient space,
we face the challenges of extending the above results to hypersurface in more
general ambient spaces. But not every Riemannian manifold is well suited
to deal with the situation analogous to the setting in Euclidean spaces. We
want to consider the case that the ambient space is a simply connected Rie-
mannian manifold of constant sectional curvature x(< 0) whose flow behaves
quite differently compared to the Euclidean space to a certain extent.

Set a = \/m . The ambient space NZ*! is isometric to the hyperbolic
space H*! of radius 1/a:

1
H ™ = {p e L' (p,p) = —ag} :
Here (L™*2,(-,-)) denotes the (n + 2)-dimensional Lorentz-Minkowski space.
To consider the flow (1.1)-(1.3) in N»*! is then equivalent to considering
the flow (1.1)—(1.3) in H?™!. Now, it is necessary to provide some definitions
as in [14, 17] as follows.

Definition 1.2. A horosphere H of H?*! is the limit of a geodesic sphere
of H™ ! as its center goes to the infinity along a fixed geodesic ray.

Definition 1.3. An horoball 7 is the convex domain whose boundary is
a horosphere.

Definition 1.4. A hypersurface M of H?*! is said to be convex by horo-
spheres (h-convex for short) if it bounds a domain ) satisfying that for
every p € M = 99, there is a horosphere H of H?™! through p such that
is contained in # of H?*! bounded by H.

Remark 1.5. In fact, Currier in [22] showed that h-convex immersions of
smooth compact hypersurfaces are embedded spheres, and Borisenko and
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Miquel in [14] showed that horosphere H of H?*! is weakly (strictly) h-
convex if and only if all its principal curvatures are (strictly) bounded from
below by a at each point.

Most of the literature mentioned above requires a pinching condition on
the initial hypersurface, so that parabolic maximum principles, an impor-
tant tool in the investigation of evolution equations, can be used to deduce
that they can converge and become spherical in shape as the final time is
approached under these flows. It is well-known that in hyperbolic spaces the
negative curvature of the background space produces terms such that the
maximum principles either fail or become more subtle for our flow (1.1)-
(1.3). So for our purposes a challenge in the hyperbolic ambient setting is
how to find a suitable pinching condition on the initial hypersurfaces. How-
ever in the hyperbolic space there is an intuitive example, as pointed out by
Cabezas-Rivas and Miquel in [17]: a geodesic sphere, moving outward in the
radial direction with the speed Hﬁl, its normal curvature decreases, and it be-
comes nearer and nearer to that of a horosphere, but it never gets h-convex.
This fact leads us to hope for the result by choosing a suitable convex hyper-
surface which is sufficiently positively curved to overcome the obstructions
from the negative curvature imposed by the ambient spaces like that of space
of Cabezas-Rivas and Sinestrari [19]. More precisely, denote the shifted sec-
ond fundamental form by iLij := h;j — ag;j, then the shifted mean curvature
H = H — na and the shifted Gauf§ curvature K = det{h’}. In this paper the
shifted geometric quantities are distinguished by a tilde. Compared with the
pinching condition K (p) > CH"(p) > 0 on the initial hypersurface in Theo-
rem 1.1, which is analogous to the initial pinching condition in Chow [20] and
Schulze [51], it is natural to impose a pinching condition: K > C*H" > 0
on the initial hypersurfaces of H?*! where C* is a suitable positive con-
stant. It is shown in Section 4 that the condition K > C*H™ > 0 on a closed
hypersurface implies in particular the h-convexity of the hypersurface. The
aim of this paper is to achieve such extension of the above Theorem 1.1 of
Cabezas-Rivas and Sinestrari [19] in the hyperbolic case. Precisely, we prove
the following

Theorem 1.6 (main theorem). Form € {1,...,n}, mfB > 1 there exists
a positive constant C* = C*(a,n, m,3) < 1/n™ such that the following holds:
If the initial hypersurface of H'*! is pinched in the sense that

(1.6) K(p)>C*H"(p) >0 forall pe M",
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then the flow (1.1)—(1.3) with F given by (1.4), has a unique and smooth
solution for all times, inequality (1.6) remains true everywhere on the evolv-
ing hypersurfaces My for all t > 0 and the M;’s converge, exponentially in
the C>®-topology, to a geodesic sphere of H' ! enclosing the same volume
as M.

Our analysis follows the framework of [19], we make modifications to
consider our problem for the background space. The rest of the paper is
organized as follows: Section?2 first gives some useful preliminary results
employed in the remainder of the paper. Section 3 contains details of the
short time existence of the flow (1.1)—(1.3) and the induced evolution equa-
tions of some important geometric quantities and the corresponding shifted
quantities, this requires only minor modifications of Euclidean case due to
the background curvature. In Section4 applying the maximum principle to
the evolution equation of the shifted quantity K / H™ gives that if the initial
hypersurface is pinched good enough then this is preserved for ¢t > 0 as long
as the flow (1.1)-(1.3) exists. This is a fundamental step in our procedure
as in most of the literature quoted above. Furthermore, Section5 proves
the uniform bound of the speed F' by following a method which was firstly
used by Tso [54]. Using more sophisticated results for fully nonlinear el-
liptic and parabolic partial differential equations, Section 6 obtains uniform
bounds on all derivatives of the curvature and proves long time existence of
the flow (1.1)—(1.3). Finally Section 7, following the idea in [3], obtains the
lower bound for H, which we infer from a Harnack inequality due to Krylov
([35]), the estimates obtained so far will then allow us to prove that these
evolving hypersurfaces converge to a geodesic sphere of H?*! smoothly and
exponentially.

2. Notations and preliminary results

From now on, we use the same notation as in [18, 31, 50] in local coordinates
{2'},1 <i<n,nearp € M"™ and {y°},0 < a, 8 < n, near F(p) € H'*L. De-
note by a bar all quantities on H?™!, for example by § = {gas} the metric,
by g' = {g*?} the inverse of the metric, by V the covariant derivative,
by A the rough Laplacian, and by R = {R,s,s} the Riemannian curvature
tensor. Components are sometimes taken with respect to the tangent vec-
tor fields 0, (= %) associated with a local coordinate {y®} and sometimes
with respect to a moving orthonormal frame e, where g(eq, eg) = dq3. The
corresponding geometric quantities on M™ will be denoted by ¢ (the in-
duced metric), g7, V,A,R,9; and e;. Then further important quantities
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are the second fundamental form A(p) = {h;;} and the Weingarten map
W = {g"*hy;} = {h;} as a symmetric operator and a self-adjoint operator
respectively. The eigenvalues Ai(p) < -+ < A, (p) of # are called the prin-
cipal curvatures of X (M™) at X(p). The mean curvature is given by

n
He=t# =hj=>Y X\,
i=1
the squared norm of the second fundamental form by
. . .. n
AP = e W) = Wil = Wby =Y N2,
i=1
and Gauf3-Kronecker curvature by

: det hz L
K = det(#) = det{h}} = detl{{g{i’ =11
K i=1

More generally, the mth elementary symmetric functions F,, are given by

EnN) = > XA, for A=(M,...,A) €RY,

1<y <+ <4 <n

and the mth mean curvatures H,, are given by (1.4). Since H,, is homo-
geneous of degree m, the speed F' is homogeneous of degree mf in the
curvatures );. Denote the vector (A1,...,\,) of R” by A\ and the positive
cone by I'y C R, i.e.

Ty ={A=(An..., )t N >0,V i}

It is clear that H, K, H,,, F may be viewed as functions of A, or as functions
of A, or as functions of #, or also functions of space and time on M;. Since
the differentiability properties of these functions are the same in our setting,
we do not distinguish between these notions and write always these functions
the same letters in all cases. We use the notation

oF i OF

Fii=_— Fi.

: d F/:=
N’ oy, T

ohi

If B, C are matrices, we write
O*F ;i !
Oh?onl,

F(B):=F/B! and F(B,C):=
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Finally, if F' € C?(I'y) is concave, then F is also concave as a curvature
function depending on {hf}.

We note some important properties of H,, (see [19] for a simple deriva-
tion).

Lemma 2.1. Let 1 <m <n be fized.
i) The mth roots H}n/m are concave in 'y .

ii) For all i, a{g,; (A) >0, where A € I',.

H H\™
iii) H,%l/m < —; equivalently, I < () .
n n

iv) tr(F) > mpBF w5,

V) Hy,, as a function of h;, s also a homogeneous polynomial of degree

0H
m; in addition, as a function on M, it satisfies V; ah?) =0 for
J

any i € {1,...,n}, where V is the covariant derivative on M.

The following algebraic property proved by Schulze in ( [51], Lemma 2.5)
will be needed in the later sections.

Lemma 2.2. Foranye > 0 assume that \; > eH > 0,i=1,...,n, at some
point of an n-dimensional hypersurface. Then at the same point there exists
a0 =4d(g,n) >0 such that

MAF—H2>5 1 K
- H?2 O~ QW_EW>

Consider the functions as in [17]:

su(a) = 2R02) eulr) = 5.()
B Sk () o (1) = 1
tan(e) = o0 <) = Ty

Denote rp the function “distance to p” in H™*! and use the notation
O, = Vry,. and denote the component of 9, by 6;2 tangent to M;, which
satisfies @Tp = V(rp|mn). Define the inner radius p_ and the circumradius
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radius py by

p+(t) = inf{r : B,(q) encloses M, for some ¢ € H"'},
p_(t) = sup{r : B.(q) is enclosed by M; for some ¢q € H*1},

where B, (q) is the geodesic ball of radius r with center at g. The following
well-known result for h-convex hypersurfaces in H**! will be applied in later
sections.

Lemma 2.3. Let Q be a compact h-convex domain, o the center of an inball
of Q, p_ its inner radius, and py its circumradius radius. Furthermore let
7 :=tae(5), then

i) the maximal distance maxd(o,0) between o and the points in O
satisfies the inequality

In(1 ++/7)2

maxd(o,00) < p_+a T r

< p-+aln2.
ii) For any interior point p of Q, (v,0,,) > ata(dist((p, 982)), where dist
denotes the distance in the ambient space HITL .

iii) There exists a constant C = C(a) > 0 such that

p+ < Clp-+/p-)-

Proof. See ([14], Theorem 3.1) for the proof of i) and ii) in the Lemma. As
a consequence of i) and ii), iii) has been proved by Makowski (see ([41],
Theorem 5.2). O

In our analysis we need some a priori estimates on the Holder norms
of the solutions to elliptic and parabolic partial differential equations in
Euclidean spaces. We recall that, in the case of a function depending on
space and time, there is a suitable definition of Hélder norm which is adapted
to the purposes of parabolic equations (see e.g. [40]). In addition to the
standard Schauder estimates for linear equations, we use in the paper some
more recent results which are collected here. The estimates below hold for
suitable classes of weak solutions; for the sake of simplicity, we state them
in the case of a smooth classical solution, which is enough for our purposes.

Given r > 0, we denote by B, the ball of radius > 0 in R™ centered at
the origin. First we recall a well known result due to Krylov and Safonov,
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which applies to linear parabolic equations of the form

(2.1) <aij(a:, t)D; D; + b'(x, ) D; + c(x, t) — gt) u=f

in B, x [0,T], for some T > 0. We assume that a” = a/* and that a% is
uniformly elliptic; that is, there exist two constants A, A > 0 such that

(2.2) AMol? < a(z, t)vv; < Alv]?

for all v € R™ and all (z,t) € B, x [0,T]. Then the following estimate holds
[36, Theorem 4.3]:

Theorem 2.4. Let u € C?*(B, x [0,T]) be a solution of (2.1), where the
coefficients are measurable, satisfy (2.2) and

b, || < K forall i=1,...,n,
for some Ky > 0. Then, for any 0 <1’ <r and any 0 < § < T we have

lullcas, x5 < C (lulles.xo.rm) + 1o B, x01)

for some constants C >0 and « € (0,1) depending on n, A\, A, Ky, r, r’
and §.

Next we quote a result for fully nonlinear elliptic equations, which is due
to Caffarelli. We consider the equation

(2.3) F(D?*u(z),z) = f(z), x € B,.

Here F': § x B, — R, where § is the set of the symmetric n x n matrices.
The nonlinear operator F' is called uniformly elliptic if there exist A > A > 0
such that

(2.4) M|B|| < F(A+ B,z) — F(A,z) < A||B||

for any z € B, and any pair A, B € § such that B is nonnegative definite.

Theorem 2.5. Let u € C?(B,) be a solution of (2.3), where F is continu-
ous and satisfies (2.4). Suppose in addition that F is concave with respect to
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D?u for any x € B,.. Then there exists & € (0,1) with the following property:
if, for some Ko >0 and o € (0,&), we have that f € C*(Q) and that

F(A,z) - F(A,y) < Ko|z —y|[*([[All +1),  z,yeBr, A€S,
then, for any 0 < r’ <r, we have the estimate

[ullcore(s,y < Cllulles,) + I fllces,) +1)

where C > 0 only depends on n, X\, A, Ko, r and r’.

The above result follows from Theorem 3 in [15] (see also Theorem 8.1 in
[16] and the remarks thereafter). It generalizes, by a perturbation method, a
previous estimate, due to Evans and Krylov, about equations with concave
dependence on the hessian. In contrast with Evans-Krylov result (see e.g.
inequality (17.42) in [28]), Theorem 2.4 gives an estimate in terms of the
C%norm of f rather than the C?-norm, and this is essential for our purposes.

Finally, we recall an interior Holder estimate, due to Di Benedetto and
Friedman [23, Theorem 1.3}, for solutions of the degenerate parabolic equa-~
tion

ov

(2.5) 5

- D; (aij(:r,t, Dv)Djvd> = f(z,t,v, Dv),
being d > 1.

Theorem 2.6. Let v € C*(B, x [0,T]) be a nonnegative solution of (2.5),
where a¥ satisfies (2.2). Let ¢y, ca, N > 0 be such that

|f(z,t,v,Dv)| < c1|Dv?| + ca,

and

sup [[o(-, ) 72(m,) + 1DV 72(m, x(0.7) < V-
0<t<T

Then for any 0 < 6 < T and 0 < r' < r, we have

vl e, x5, < C,

for suitable C > 0, € (0,1) depending only on n, N,\, A, 0, c1,co,r and r'.
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3. Short time existence and evolution equations

This section first considers short time existence for the initial value prob-
lem (1.1).

Theorem 3.1. Let Xo: M™ — H'! be a smooth closed hypersurface with
the mean curvature is strictly bounded from below by na everywhere. Then
there exists a unique smooth solution Xy of problem (1.1), defined on some
time interval [0,T), with T > 0.

Proof. We can argue exactly as in [19, Theorem 3.1]. Although the assump-
tions on the initial hypersurface and the ambient background space in that
paper are different, the proof applies to our case as well. O

Proceeding now exactly as in [27, 31, 41] we derive some evolution equa-

tions on M, from the basic equation (1.1).

Proposition 3.2. For the ambient space N"t! = H L on any solution
My of (1.1) the following hold:

(3.1) Org =2(F — F)A,

(32) dig~t = —2F - F)g 'V,

(3.3) o = X,(VF),

(3.4) O (dw) = (F — F)Hdpy,

(3.5) WA= DA+ F(NA NW) + [trp(AW) + a*tr(F)] A

+ [F = (mB+ 1)F|A¥ + a*[F — (mB+1)Fg,
(3.6) W =DNpW +E(NW W)+ [trp(AW) + a*tx(F)| #
— [F+ (mB - V)F|#?* +a*[F — (mB+1)F|1d.

Proof. The first fourth evolution equations under (1.1) follow from straight-
forward computation as in §3 of [31], and valid for in arbitrary Riemannian
manifolds.

The evolution of A can be calculated from the definition of A:

o0
Othij = _67<VX*(8,;)X*(8J')> v).

(T T X 0):0) ~ (T X0 5 )
—(Vx_(0)Vx.(0)Xx(05), V) = R(Xi(8:), X (8r), X(95), V)
(T oy Xe(8), X (V)
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= —~(Vx.(0) Vx.(0,)(F = F)v),v) + (F = F)Rigjo — Vv, 0, F
0i0;F — V5,0,F — (F — F)(Vx_ (9, Xx(0k), V)1 — (F — F)Rigjo
= HeSSVF(ai,Bj) + (F — F)hzkhgf — (F — F)Riojg.

Note that the definition of F and F' allow us to write Hessu F as follows:
HeSSvF(ai, 8]) = ViVjF = Vl(F,iV]hf)
= FLV,Vihf + FLT VRV by
= FMN,V ihyy + FL VRV Ay

Recall a form of Simons’ identity [52], which is a consequence of the Gaufl
and Codazzi equations:

ViVhi = ViVihi; + hijhkphf — hiphfhkj + hilhkph§ — hz‘ph?hkl
+ %Rmkj + kaOjliv
where v is arranged to be eg. Therefore

(3.7) Oihij = F¥N.V hy + FL 2NN Ry
+ Fkl{hijhkph:lu — hiphfhkj + hilhkphg — hiph;;hkl
+ Rikjphf + Riklph§ + Rplkjhf + Rpjlihi + Rok()lh” — ROinhil
+ ViRowkj + ViRojii } + (F — F)hikh§ — (F — F)Rijo.

Also note that in our case where the background space is a hyperbolic space,

the ambient space is locally symmetric (VR = 0) and the Riemannian cur-
vature tensor takes the form

(3.8) Ragys = —a* (GavGps — Gasipry) -

Since F'is a homogeneous function of the Weingarten map #  of degree mg,
then

(3.9) FW =mfF
Then, the relations (3.8) with VR = 0 and (3.9) apply to (3.7) to give:

Othij = Fklvkvlhij + F,i ”mvih;”vjhf + Féhlghfhij + GQFlfhij
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Hence in compact notation we have (3.5).
Finally recalling that # = g~ ' A we have

oW =g A+ 0 A
=AW + F(NAH VW) + [trp(AW) + a*te(F) | W
+ [F+ (mB—1)F|#? +d*[F — (mB +1)F|Id - 2(F — F)#*
=AW+ F(NA W) + [trp(AW) + ot (F)| W
— [F+ (mB - 1)F|#*+a*[F — (mB+1)F]Id,

which is (3.6). O

In the next theorem, we derive the evolution of any homogeneous func-
tion of the Weingarten map #  defined on an evolving hypersurface M; of
H?*! under the flow (1.1).

Theorem 3.3. If G is a homogeneous function of the Weingarten map W
of degree o, then the evolution equation of G under the flow (1.1) in HH
is the following

WG =ApG — FGNA W)+ GENA W)
- oz[trF(A”//) + a*tr(F)] G — [F + (mB — 1)F|]G#*
+a [ — (mB+1)F]t r(G).

Proof. The definition of G and G allow us to write HessyG as follows:
HessyG = G Hessy ¥ + G(V. A,V ),
which gives
ARG = Fg ' HessyG = GAFW +FG(V. A, V'W).
Therefore, by (3.6)

G = Gow
=GAW +GENW NW) + [trp(AW) + a*tx(F)| GV
— [F + (mB - 1)F|G#?* + a*[F — (mB + 1)Fltx(G)
= NG~ FGNNA W)+ GF(NA W)
+ a[trF(AW) + a2tr(F)} G—[F+(mB—-1)F] Gw?
+a?[F — (mB + 1) Fltx(G),
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where Euler’s relation G% = aG is used in the last line. O

An immediate application of the theorem above is to obtain the evolution
equations for H, and F'.

Proposition 3.4. For the ambient space N"t1 =H"*! on any solution
My of (1.1) the following hold:

(3.10)  OH = ApH +tx[E(N A N H)] + [trp(AW) + a*tx(F)| H
— (F+ (mB — 1)F)|A]? + na®[F — (mB + 1)F],
(3.11)  OF = ApF + (F — F) [trpx(A®) — a*tx(F)).

For the proof of the main theorem, as mentioned in the introduction,

it is convenient for us to define some suitable perturbations of the second
fundamental form. Define the shifted second fundamental form

hij = hij — agij.
Denote A (resp. #) the matrix whose entries are h;; (resp. B;), Then \;
given by
S\i:)\i—a, 1el,... n,

are the eigenvalues of # . Denote the elementary symmetric functions of the
Ai by E., 1 <r <n. From the definition it follows that

A—uh =B =3 A= H — na,

i=1
}A’Q =tr(#'W) = anj\? = ‘A}z +na® — 2Ha,

i=1

K = det # = det (i) = [ v

i=1
It is easy to check that
Vihij = Vihij,

and therefore the Codazzi equation holds for Vkﬁij.
The following theorem is easily obtained from (3.1), (3.2), (3.5) and (3.6)
by the definitions of A and #'.
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Theorem 3.5. For the ambient space N1 = H"" on any solution M,
of (1.1) the following hold:

(3.12) WA =D A+ FE(NA NH )+ [F— (mB+1)F| AW
+al[(mB+1)F — F]A + trp(A¥) A.
(3.13) W =N W + FE(NA W)+ [(1—mB)F — E|wW

+al[(mB+1)F — F|W +trp(AW )W
Proof. By (3.1) and (3.5)

HA=0A—ady
=N A+FE(NA N ) + [trp(AW) + ot (F)] A
+ [F = (mB + 1)F|A¥ + a*[F — (mB +1)F|g — 2a(F — F)A
=Ap A+ F(NH N )+ [trp(AF ) + 2amB F] A
+ [F — (mB + 1)F]A¥ +a[F — (mB +1)F]A
+a®[F — (mB+1)F]g — 2a(F — F)A
= A A+ F(NAH NH)+ [F— (mB+1)F| AW
+al[(mB+1)F — F]|A + trx(A¥) A,

where the third line follows by the relation
tr o (AW) = trp(AH) + 2amB F — a*tr(F).

Then (3.12) and (3.2) together imply (3.13). O

The evolution equation (3.1~3) of # applies to give the evolution of any
homogeneous function of the # defined on an evolving hypersurface M; of
H?*! under the flow (1.1).

Theorem 3.6. If P is a homogeneous function of the shifted Weingarten
map W of degree v , then the evolution equation of P under the flow (1.1)
in H'H ds the following

WP =ALP —FP(NAW ,NW)+PENAW VW) + [(1-mB)F — F|P#*>
+2avy(F — F)P + tr . (AR )P .

An immediate application of the theorem above is to obtain the evolution
equations for H, and H" and K.
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Proposition 3.7. For the ambient space N1 = H"*! on any solution
My of (1.1) the following hold:

(3.14) OH = ApH + te[F(VA ,VH)] - (F+ (mB - 1)F)|A]?
+2a(F — F)H + trp(A#)H,

(3.15) O H™ = ApH™ —n(n— 1)H" ?|VH|% + nH" 't [F(V.W V)
+n((1—mB)F — F)H" 'A]* + 2an(F — F)H"
+ ntrF(fl"//)ﬁ” + athrF(fU/)H"_l,

(3.16) 0K = ALK — FK(N.AH . NW )+ KE(NA VW)
+[(1 = mB)F — FIK#? 4 2an(F - F)K
+trp (AR VKW

Furthermore, (3.16) can be rewritten as

Lemma 3.8. For the ambient space N"*1 =H""! on any solution M,
of (1.1) the following holds:
Vil
o [T R e
(3.17) é)tK:AFK—M _F +~—’HV7/—7/VH) -
n K H?2 Fb

f{Qn AP 2 - .. - -
e V(R R (B, vn))
+ [(1 —mp)F — F]f(]:[—l—2an(F— F)f(

+ntr (AWK + atr p(A# ) K'tr(b),

where b= # 1.

Proof. Note that

(3.18) K = Kb,
this implies

(3.19) K#? = KH,
and

(3200 KE(NA,VH)=KbE(NA VW) =Ktr; (F(v%, v%)) .
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A direct calculation as for example in Lemma 3.2 of [20] gives

=h

vE],

(3.21) _FR(NA ) = — = E_ Rt (vév%)
and
2 Ky (vivi) = K v —wvilf
(3.22) Kty (VBV >_ﬁ2‘v A% ‘RB
2
’VK‘ e
g A L (KH™™)| ..
nk nk E

Therefore, identities (3.19), (3.20), (3.21) and (3.22) together apply to (3.16)
to give (3.17). O

4. Preserving pinching

To control the pinching of the principal curvatures along the flow (1.1) of
Euclidean spaces, Schulze, in [51], following an idea of Tso [54], looked at a
test function @ = K/H", which was also considered in [19]. An analogous
quantity which is the quotient Q=K /ﬁ" is more natural for our flow.
By the arithmetic-geometric mean inequality, Q < 1 /n™ on M, and equality
holds at a point in M; if and only if AN ==\, i€, \y = =\, at the
point. Thus, the only hypersurfaces such that Q=1 /n' are the geodesic
spheres. The rest of this section consists of showing the inequality Q>C>0
remains under the evolution.

Lemma 4.1. For the ambient space N" 1 =H""! on any solution M,
of (1.1) the following holds:

U S A S )
(4.1) atQ:AFNQJr = <VQ,VH >F— _

nk

nH"™ <VQ’VK>F

v@‘i v 52 ]ﬁlv% _ Vﬁvﬁf‘;

i
nK
+ Qg (F(v%,v%))

+ 006 = 1)+ F 2 (o] AP~ 17?)

+ aQtr (AW <tr(z3) — ’;) .
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Proof. By (3.15) and (3.17)

~ 1 ~ 1 -
(12) 00 = 0K - — O
~ |2
AFf( K -~ (n—1) VK P
S e N - L S R
I_{n H2n 3 n KHn
Q| Q 2

Q [~~~ 2 - . . N
+ o v - V/VH‘RB +Qtry g (FOVF,VH))
G,
+[mB—)F + F) = (n|A]*-7?)
~ - o~ ~ n2
+ aQtr (AW <tr(b) - g) .

Furthermore, the first derivative and second derivative term in (4.2) can be
computed as follows, the equality

K K K _-
v(Z)_YE K g
Hn Hn H?n

implies
R\ Ak (VANVE)
(4.3) Ap | = = — =
Hn Hn H2n
K rrn |2 < rrn
+2ﬁ3n}VH }F—ﬁAF :
% VH" VK Z
(4.4) v(E) var _< >F ~K| "%,
P Hn H2n
and
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From (4.3), (4.4) and (4.5), it follows

2
MK K . (=1 |VE|,
(4.6) — H
Hn H?2n n KHn
K 1 K -
—ap (B} U g (K ope
H» nH" H™ P
—1 K - K _-
DG (K vE) 1) |VH%.
nkK Hn 5 Hn+2
Thus, equation (4.6) applies to (4.2) to give (4.1). O

In order to apply the maximum principle to (4.1) and show that
minge py, Q(p, t) is non-decreasing in time some preliminary inequalities are
needed in the sequel. The following elementary property is a consequence of
([19], Lemma 4.2) (see also [20] and [51]).

Lemma 4.2. Given ¢ € (0,1/n), there exists a constant C' = C(e,n) €
(0,1/n™) such that, for any A = (A1,...,An) € R™ with A\; >0 for all i =
1,...,n,

K(\) > CH™(\),
then, we have
A > eH(N).

The following estimate which is a stronger version of Lemma 2.3 (ii) in
[31] can be viewed as a generalization of Cabezas-Rivas and Miquel in [19].

Lemma 4.3. If H >0 and the inequality W > ecHId is valid with some
e >0 at a point on a hypersurface immersed in H', then e < 1/n and

s 2 1 o4 _12
VY — WVH z%&Hﬂvw‘ .

Proof. The proof of the Lemma can be argued exactly as in ([19], Lemma4.1),
only by defining # := # — aId at a point on a hypersurface immersed in
HZ—H' ]

Also as in [19], the preceding two lemmas allow us to prove the pinching
estimate for our flow, which is one of the key steps in the proof of our main
result.
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Theorem 4.4. There exists a constant C* = C(n,m, ) € (0,1/n™) with
the following property: if X : M x (0,T) —H** with t€(0,T), is a smooth
solution of (1.1)—(1.2), with F given by (1.4) for some 5 > 1/m, such that

o the initial immersion Xo satisfies (1.6) with the constant C*,

e the solution M; = X (M,t) satisfies H > 0 for all times t € (0,T),

then the minimum of f(/I:I” on My is nondecreasing in time.

Proof. The assumption H > 0 on initial hypersurface ensures that the quo-
tient Q is well-defined for t € (0,T). For proof of the theorem, it is sufficient
to prove that the minimum of Q (denote by Q) is nondecreasing in time.
First, by (1.6), Ay >0 on M, for t =0, then this implies that A; > 0 on
M, for t € (0,7T). In fact, suppose to the contrary that there exists a first
time to > 0 at which A\; = 0 at some point, then Q(tg) = 0. On the other
hand, since the theorem holds in the h-convex case, Q( ) is nondecreasing
in (0,19), so it cannot decrease from C* to zero which gives a contradiction.
Now applying the maximum principle to equation (4.1) for Q gives

4n) 26z 2 |iavr AVl Qu  (FE79)

+[(mB—1)F + F]?I (n|AP-7?)
+ aQtrp(AW) (tr(é) — ’;j) .
> @{} v - %vflf, - ‘13 - ’ffd| B7.9H)
+[(mB—1)F + F]= ( AP-i?)
+atrx(AW) (tr(b) - 7;;) }

The various terms appearing here can be estimated as follows, as in [19,
Theorem 4.3]. The h-convexity of M; implies that the third term of RHS
in inequality (4.7) can be dropped with the strictly h-convexity on M;. The
last term can also be dropped by the arithmetic-harmonic mean inequality,

> it~
i=1
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on M;. It remains to estimate the first two terms of RHS in inequality (4.7),
now proceeding exactly as in [19], [20] and [51], choose orthonormal frame
which diagonalizes # so that

(4.8) HVYW — %vﬁ’z =) Pl (ﬁv A" — b v-ﬁ)2
Fb i,m,n Am An o "
717 . . 2
> — ;n F (Hvlh"m - h”mvlﬂ)

where 5\7@ < H was used in the last inequality by strictly h-convexity of
My, i.e., Ay, > 0 for any m. Now the property that each F” is positive in the
interior of the positive cone can be used. More precisely, for any € € (0,1/n],
we set

=2 ::{:\:(Xl,...,An)ER" : 1r<11i£1 5‘i25(5‘1+"'+5\n)>0},

and
Wi(e) = min{F*(\) : 1<i<n, A€Z,|\ =1L

By homogeneity of F with degree mf — 1 and Lemma 2.1 ii), exactly as in
the formula at the top of p.453 of [19], the following inequality holds:

FY) > W (e)| AP, )€ =,

where Wi(e) is an increasing positive function of . This estimation, h-
convexity of a hypersurface and Lemma 4.3 together imply that the in-
equality (4.8) can be estimated as follows:

n —

1 _ 12
; W1(5)52|7/|mﬁ_1‘V7/’ ,

(19)  |EVS - %vﬁ]; >

for some ¢ € (0,1/n).
The term ’F(VV/, V%)‘ is smooth as long as A; > 0 for any i, homo-

geneous of degree mfB — 2 in A; and quadratic in V# . Thus the following
estimation of the term |F(V#,V# )| can be derived as in [19, inequality

(4.7)]: For any € € (0,1/n), there exists a constant Ws(e) such that, at any
point where # > cH Id,

2

9

(4.10) ‘F(w/, v%)‘ < Wa(e)| /|62 ‘v%

where W (g) is decreasing in e.
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A next step is to show that |b — %Id
are pinched enough. It is clear that

feommd(2- 3 (5}

Since for some € € (0,1/n)

is small if the principal curvatures

i L

(4.11) A\ > cH,

then

(4.12) 1 _n_lzen
)\1 H eH

On other hand, (4.11) gives
(4.13) M <(1—-(n—-1)e)H

which implies that

1) (1 —ne)

(4.14) A .
M S H(—(n—1))

S

This combines with estimate (4.12) to give

(4.15) ‘B— Tf[d‘ <)
i i
where
Vﬁ(lg—% 0<e< s
AE=1 Va1 -ne) 1
(I-(n—1)) = 2(n-1) n

Thus, the inequalities H < H, ‘H‘ < n’?/‘ estimations (4.8), (4.9), (4.10)
and (4.15) together give:

(4.16) = |avr v - ‘5_%‘ B9

> fWVnﬁ Q‘VW’ ( D )52—W2(5)JV(5)>.
f
To achieve our purpose by application of the maximum principle, it is nec-

essary that 7 (e) := (%Wl (e)e? — Wg(&)%(&)) is non-negative on M;.
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In fact, A (¢) is a strictly decreasing function of ; in addition, .4(¢) is
arbitrarily large as € goes to zero and tends to zero as £ goes to 1/n by
definition, Wi () is increasing and Ws(e) is decreasing. Therefore, .7 (¢) is a
strictly increasing function of ¢, it is negative as € goes to zero and positive
as € goes to 1/n. So there exists a unique value ¢y € (0,1/n) such that

(4.17) F(0) = 0.

By Lemma 4.2 there exists a constant C* € (0,1/n") satisfies Q(S\) > C*
such that \y > eH(\) withaeg € (0,1/n) given by (4.17). Thus, if Q@ > C* >
0 everywhere on the initial hypersurface, applying the maximum pr1nc1p1e

for Q implies that 9,0 >0,1ie., Qis nondecreasing in time. This guarantees
that Q > C* is preserved under the HS-flow in Hr+L, O

Theorem 4.4 asserts that inequality Q > C* holds for all t € [0,T"), fur-
thermore, the definition of C* together with Lemma 4.2 shows that

(4.18) A\i >eoH on M x[0,T) for each i,

where ¢¢ is given by (4.17), which implies

(4.19) Ai >eoH on M x[0,T) for each i.
5. Upper bound on F

In this section uniform bounds from above on the speed for the flow and
for the curvature of the hypersurface are derived, depending only on the
initial data. The bounds on curvatures together with the estimates in the
next section will imply the long time existence of the flow by well-known
arguments. In order to achieve this, the method is to study the evolution
under (1.1) of the function

F

1 Zy = .
(5.1) ¢ D —¢

Here ® = s,(rp)(v, 0y, ), which could be seen as “support function” of M™
in H?*! and e is a constant to be chosen later. The method used to obtain
these bounds is very robust, and applies to the Gauss curvature flow in [54],
the flow with a general class of speeds in [3], volume-preserving anisotropic
mean curvature flow [7], the mixed volume preserving mean curvature flows
n [44], mixed volume preserving curvature flow in [45], volume preserving
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mean curvature flow in the hyperbolic space in [17] and volume preserving
flow by powers of the mth mean curvature in [19].

Given a function f : R — R, f(r,) will mean f or,. An extension of [17,
Lemma 2.1] will be needed later.

Lemma 5.1. In H?'t!

0 if X =0,

_ 52 _
(52 (Vx0,,Y) = Vr(X.Y) = {coﬁ<rp><x, Y) i (X.d,) =0,

(5.3)  Agprp = tr(F)cok(rp).

Moreover, if f : R — R is a C? function,

(5-4) Ap(f(rp)) = f"(rp)|0r, [} + f/(rp) Bprp.

And, for the restriction of v, to a hypersurface M of H'™, one has

(5.5) Apry = —trp() (v, 0y,) + con(ry) (4r(F) = [0][2) .
(5.6)  Aup(f(rp)) = ["(rp) 10, 1%+ F'(rp) Apry
= (f"(rp) = f'(rp) cou(rp))|0;, %
+ f'(rp) (tr(F) cog(rp) —trp(#)(v,0r,)).

Proof. First (5.2) and (5.3) follow from [46] (see also [29]), and (5.4) fol-
lows from a direct calculation. On the other hand, the Gaufl and Codazzi
equations give the following:

Hessgrp(X,Y) = v27"1)()(7 V)= <vXan’Y>
= (VxVr,, V) + A(X,Y) (), v)
= V(X Y) + A(X,Y) (O, v)
= Hessyrp(X,Y) + A(X,Y) (0,,,v),

Combining this with (5.2) gives (5.5). (5.5) gives (5.6) by a direct calculation.
U
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Corollary 5.2. Fort € [0,T) and any constant e,

2(VZN®)p F
D —e€ D —e€
Z - Z 0
- CK(T)(I) — 6F k. 6trF(AV/) —a“tr(F)Z
+ (1 4+ mp)ca(r) Z2.

(57) AZ=ApZ+ (trp(AW )~ aztr(F))

Proof. Using (1.1) and (5.2) a direct calculation gives

(5.5) V15w (rp)Br, ) = cxlrp) (F — F)v,

which implies that

(5.9) 0 = 5.(1,) (0, VF) + (1) (F — F)

by combining (3.4). On the other hand, a direct calculation gives

(5.10) Ap® = <1/, 8Tp> Apsg(rp) + 2 <Vs,.€(7“p), Vv, 8Tp>>F
+ 84 (rp) Ap (v, Or,).

Taking f = s, and using (5.6) give

. C2
(5:11) Ap () = = 05108 = exlry) () 0201,) + e(F) 20y

Choosing a frame {e;} at p which is normal to v and tangent to M;. Direct
computations having into account (5.2) give

612 (Tsul) V@)

=8 ) 0, ) 1O+ culr) Ef AT (0 )0
Since
B18)  Apn) = (n D)+ (Bpsd,) + 2T T8, )
(5.14) (v, ViV;0,) = S%(lm<arp,ei><8r,,,ej><8rp,u>

— €0y (rp)hij — cox(rp) gij (v,0y,)
+2 coi(rp) (Or,,€i)(Or,,€j) (O, V)
+ COH(TP) hij<V, 8Tp>2,
(5.15) (Vjv,V;0,) = cox(rp) hij — co(rp) h(8TTp, <8;,ej>ei),
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and
(5.16) (ViViv,0,)) = (Or,,ex) Vi(hij) — (v, 0, YhF Dy,

we have by combining (5.13), (5.14), (5.15) and (5.16)

(5.17)  Ap(Or,,v) = Oy, V) ]8;17@7 + cok(rp) trp (W)

1
20 ¢
— tr(F) cop(rp) (D, v) + 2 coi(rp) (v,0,,)[0; [
+ coy (rp) (v, 8Tp>2 tr (W)

— 2 cok(rp) F; A(@;;, (8,1,ej>ei)

+ (0 ,VF) = (0y,,v) trp(AW).
From (5.10), (5.11), (5.12) and (5.17) it follows
Ap® = co(rp) trp(W) + 545(rp) (D, , VF) — @ trn(AW).
Combining this with (5.9) yields
(5.18) K® =Ap®+ @ trp (AW ) + cu(rp) (F— F —trp(W)) .

From (5.18), (3.11) and (5.1), it follows

(5.19) 97 — @L (ApF +(F — F) [trp (A7) — (7))

_ (<I>—Fe)2 (Ap®+ trp (AW ) tcu(ry) (F—F—trp(#))).

Another computation leads to

ALF  FA:®
(5.20) ApZ =t — £

1
-2 Z,N®) .
®—c (P—¢)? <I>—e<v V)

Inserting (5.20) into (5.19), a few more computations having into account
tr(#') = mBF by Euler’s relation gives the desired evolution equation (5.7)
of Z. O

To get a finite and independent of ¢ upper bound for Z by application of the
maximum principle, firstly it is necessary to get bounds for r, and <8Tp, 1/>.
The following estimate on r, for the preserving volume mean curvature flow
in [17] is also valid in our case with the help of Lemma 2.3 i).
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Lemma 5.3. [17] Let 1 be the inverse of the function s — vol(S™) / s(¢)de
0

(1+ Vs (3))
1+ tae(3)

and & the inverse function of s — s+ aln - If Vo = vol(Q)

and p_(t) is the inradius of S, then
(5.21) §(Vo)) < p-(t) < (Vo),
for every t € [0,T).
An immediate consequence of the lemma above and Lemma 2.3 i) is
Corollary 5.4. For everyt € [0,T), if p,q € S, then
(5.22) dist(p, q) < 2(¢(Vo) + aln2).

Now, if py, € Q for an arbitrary fixed ¢¢ € [0,7"), then using (5.22) gives
an upper bound 7y, (z) < 2(¢(Vo) + aln2) for every x € M;. Thus, for an
upper bound on F, it is necessary to show that a geodesic ball with fixed
center remains inside the evolving €); for a short time.

Lemma 5.5. If B(py,, pt,) C S, for somety € [0,T), where py, = p—(to) is
the inradius of My, , then there exists some constant T = 7(a,n,m,,Vy) >0
such that B(pt,, pt,/2) C Q¢ for every t € [to, min{to + 7,T}).

Proof. Proceeding similarly as in [17, Lemma 8], our procedure is to compare
the deformation of M, by the equation (1.1) with a geodesic sphere shrinking
under the H,?l—ﬂow.

For convenience, let rp(t) be the radius at time ¢ of a geodesic sphere
0B(py,,rB(t)) centered at p,, evolving under HJ-flow and with the initial
condition rp(tp) = p,- The radius of the evolving geodesic sphere
0B(py,, rp(t)) satisfies

(5.23) Y0 o).

with the initial condition rg(tg) = pt,, this ODE has solution

(5.24) / "t (s)ds = —(t — to).

Ptg
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Denote F(r) := fprt tal”’ (s)ds. Since F(r) is an increasing function in r,
then for t > tg, rp(t) > py,/2 if and only if

On the other hand, let G(s) = fss/z tal" (u)du, since s — ta,(s) is increasing,
then

which shows that G(s) is an increasing function in s. Now using (5.21), this
gives that if

£ (Vo))
(5.25) t—ty < / ta™?(s)ds =: T,
£ (Vo)) /2
then
(5.26) re(t) > pr, /2.

For any x € M, let r(x,t) = rp, (X¢(7)). From (1.1), it follows

dr

(5.27) = = (F(t) = F) <yt,a7.m0> .

If o : R — Ris a C? function, set f(z,t) = p(r(z,t)) — @(rp(t)), from (5.23)
and (5.27), it follows

(5.28) Of = @ (1,,) (F() = F) (v, 0r,,. ) + ¢ (rp)eo (i),
On the other hand, from (5.6), it follows

(5.29) Af = Ai(e(rp,))
= (¢"(rp,) = ¢ (rp,,) cOn(rp,,)10,, |
+¢(rp,,) (n cox(rp,) = H(v, 0y, ))-
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Therefore, (5.28) can be rewritten as

F _

(5.30) ouf = 5 AL+ (r,) (.0, ) Flt)
F
@ rm)eol () — (1, Jeou(rp, )
F

+ E [‘Pl(rpto) CON(TptO) (Tpto )] | |2‘
Taking ¢'(u) = ta,(u) in (5.30) gives

F _
(5.31) O f = ﬁAf + ta,i(rpto) <1/t, 87,% > F(t)+ co’:ﬁfl(rg)

F F 1 Y
gt (1 ) ) O
Now, set t; = inf{t>to; pr, % }. Because € is h-convex, 2.3 ii) implies

<I/t,8rpt0> >0 for any t € [tg,t1]. Thus, (5.31) combines with Lemma 2.1
iii) and the initial condition to give

o f > FAf+comB Y(rp) —( )mﬁ_1

f(z,to) = ¢(r(x,t0)) — ¢(pt,) > 0.

Next, set r(t) := mingeps r(z,t) for any t € [to,t1] and O(t) .= {x € M |
r(z,t) =r(t)}. Applying the minimum of f to (5.32) gives

3z

)

(5.32)

_ B-1
B frnin > con’ ™ (rp) — (Hmax)™

(5.33) "
fmin(tO) Z 0.

Here Hyax = maxgens, H(x). Note that any point where the minimum of f
is attained is the point where the minimum of r is attained for any t € [to, t1],
and at the point the hypersurface is tangent to an inball of radius r(¢), which
implies that Hpax = ncok(r) on any point of O(¢). Thus, using a standard
comparison principle we conclude that

(5.34) f(x,t) >0

for any ¢ € [to,t1] as long as f(z,t) is well defined for ¢ € [0,T"), and it follows
from (5.24) it is positive for t € [to, to + fog(w(vo)) tag” (s)ds)(D [to, to + 7)).
Then f(x,t) > 0 for any t € [to, min{to + 7,7, t1}).
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To complete the proof, assume that t; < min{tg + 7,7}. By (5.34),
'I"(l',tl - C) > TB(tl - C) for all C € (07t1 - 7-}'
Hence by (5.26),

T(Ivtl) = Cli}g)l-%— T(‘T)tl - C) Z TB(tl) Z pt0/27

which is a contradiction with r(x,t1) = rp, (t1) = 0 by definition of ¢;. There-
fore, t; > min{to + 7, T}, which, together with (5.34) and (5.26), implies

r(t) > pi,/2  on [to, min{ty + 7,T}),

which concludes the proof. ]

The above lemma assists us by allowing us to consider a uniform bound
on the speed of the flow.

Corollary 5.6. Forte [0,T),

(535) F('vt) < :Cl(na mvﬁvavMO),
moreover,
(5.36) Hn(,1) < Cy = VP,

Proof. For any fixed tg € [0,T), let p;, and p;, be as in Lemma 5.5. Then
by Corollary 5.4 and Lemma 5.5, on the hypersurface M; for every t €
[to, min{to + 7,T})

Dy = SO < < (i) = D

Moreover, having into account Lemma 2.3 ii),

= 5u(ry,,) (1,0, ) = as(Dy)tas(Dy).
Then, taking the constant € = as,(D1)ta,(D1)/2 leads to
(5.37) O—e>e>0,

on the same time interval, which ensures Z; = & is well-defined.
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Let us go back to equation (5.7), since strict h-convexity holds for each
My, F, F and trp(A%) — a*tr(F) are all positive, which together with

(5.37), the two terms containing F and the term a?tr(F)Z can be neglected.
Furthermore, note that I’ is homogeneous of degree mg, Euler’s relation
and (4.19) together give the following

trp(AW) = FIN} > egHF')\; = egmpBHF.
Now from the above remark,

2(VZ, Vo),

. <A,
(5:38) 02 < ApZ+ 2

—ecomBHZ? + (1 +mp)ce(D2)Z2.

On the other hand, from (5.37) and Lemma 2.1 iii) it follows

mf
Z§F§1<H> ,
€ €e\n

Applying this to (5.38) gives

2(VZ, V),

8tZ§AFZ+ d_c

+ ((1 +mpB)ck(D2) — el+#ﬁnmﬁeoZﬁ) zZ.

Assume that in (Z,t), t € [to, min{to + 7,T}), Z attains a big maximum
C > 0 for the first time. Then

2(7,5) = C(¥ — )(7,) = C.

which gives a contradiction if

mp3
C > max {Z(m,to),i (cn(DQ)(mBJr 1)) }

zeMn negemp
Thus,
1 (cu(Do)(mpB+ 1)\’
Z, < Z(x,tg), —
t(x) = ;g?}i { (.%', O)a c ( neoemﬁ )

on [to, min{to + 7, T})
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From the definition of Z;, the upper bound D5 of p; it follows

C m mp3
F(x,t) < (sk(D2) — €) max {Z(,x’to)’i ( x(Da)(mpB + 1)> } |

zeM™ negempf

on [tg, min{tyg + 7,T'}). Since ty is arbitrary, and 7 does not depend on ty,
this implies

C m mf
Fla,1) < (se(Ds) — ©) max {Z(a;to),i (oD 1)) }

xeEM™ negemf

= Cl(n7m757 a, M0)7

on [0,7), and so (5.36) follows by the definition of F. O
Inserting the estimate (5.35) into (1.2) immediately gives the following

Corollary 5.7. Forte [0,T),
(5.39) F(t) < Cy.
Hence the speed of the evolving hypersurfaces is bounded.

Corollary 5.8. Forte[0,7T),

(5.40) ‘;x (p,t)' < Cy = 201,
The curvature of M; also remains bounded.

Corollary 5.9. Forte [0,T),

(5.41) |W| < H < Cy.

Proof. The homogeneity of F', (4.19) and the inequality Lemma 2.1 iv) imply
that

mBF = F\; > soHtr(F) > 50HmﬁF1_m%a-

Thus, by (5.35)

and so with the h-convexity of M;

}W’ < Cy. O
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6. Long time existence

In this section, it is shown that solution of the initial value problem (1.1) with
the pinching condition (1.6) exists for all positive times. As usual, the first
step is to obtain suitable bounds on the solution on any finite time interval
[0, 7)), which guarantees the problem (1.1) has a unique solution on the time
interval such that the solution converges to a smooth hypersurface My as
t — T. Thus, it is necessary to show that the solution remains uniformly
convex on the finite time interval which ensure the parabolicity assumption
of (1.1).

First it is to show the preserving h-convexity of the evolving hyper-
surface M;. Recall that Theorem 4.4 and Lemma 4.2 together imply the
uniform h-convexity of My, however, comparing with the initial assump-
tions of Theorem 1.6, there is a priori assumption H > 0 in Theorem 4.4.
As Cabezas-Rivas and Sinestrari mentioned in [19], note that for small times
such an assumption holds due to the smoothness of the flow for small times
and the initial pinching condition (1.6), but it is possible that at some pos-
itive time both min K and min H tend to zero such that K/H™ remains
bounded. Thus, to exclude such a possibility, following [19], it is necessary
to complement Theorem 4.4 by establishing positivity of H for the finite
time.

Lemma 6.1. Under the hypotheses of Theorem 4.4,

(6.1) H>0 for all times t € [0,T).
Proof. Let us go back to the evolution equation (3.11) of F,
OF =ApF + (F —F) [trp(A¥) — a2tr(F)].

Since under the hypotheses of Theorem 4.4, the evolving hypersurfaces M;
remains h-convex for every ¢t € [0,7T'), i.e. \; > a on [0,T), taking a normal
coordinate system at a point where #  is diagonal, we have

[trp(AW) — a2tr(F)] = Xn:FZ()\? —a%) >0.
i=1
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Then we have the following computation of F':
n . . n .- .
OF > ApF —FY F'(\ —a®) = ApF — FY F'(\i+a)(\i —a)
i=1 i=1

> AFF - C5ZFZ()\z - a)
1=1

=ApF —C5 ) FiMA+C5 > F'(Ma,

i=1 =1

where we have used the estimates (5.35) and (5.39) in the last line, and
C5:Cl(C4+a). )

Now by Lemma 2.1 iv) we have Y7 | F¥ = tr(F) > m 3 F'~ =5 Thus,
from the above evolution of F' we have

O,F > ApF — CsmBF + Csm BF " wia
> ALF — CsmpBE + CsmpBa™?
= AFF — C5mﬁ(F — amﬁ),
where we use the fact that F' is homogeneous of degree mf and that

Fl_m%ﬁ(/\) > (amﬁ)l_m%ﬁ, since A > a and 1 — %ﬁ > 0. Now, letting f = F —
a™B the function f satisfies

of = Apf—Csmpf.
The parabolic maximum principle and the fact f > 0 now give
f(at) > f(’ O)e_csta

where Cg = Csm/f3. This also implies that for all times t € [0,T), f > 0.
Thus,

F(t) > (amﬂ + f(-,O)e—Cﬁt) .

By Lemma 2.1 iii),
H() = n(F(,0)7 = n | f(,0)e”% +a™| ™ > na,

which implies H > 0. O
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Corollary 6.2. Let X : M x [0, Tyax) — HL be the solution of (1.1)
with an initial value which satisfies the pinching condition (1.6). Then, the
hypersurfaces My are uniformly h-convexr on any finite time interval; that
18, for any T < 400, T < Thax, we have

inf \; >0, Vi=1,...,n.
Mx[0,T)

Therefore, Theorem /.4 is valid also without the hypothesis that H>0 for
t € (0,T). The same holds for the other results that have been obtained until
here under the same assumptions of Theorem 4.4.

Proof. The conclusion follows the argument as in [19, Corollary 6.2], only
with obvious change of \; by A\; = \; — a. O

Preserving h-convexity of the evolving hypersurface leads to the follow-
ing lower bound on the global term F'(t).

Corollary 6.3. F(t) > a™ for all t > 0.

Since our flow is different from volume preserving mean curvature flow,
we cannot follow the induction argument of Hamilton as in [17, 30-33, 43,
44], etc, to obtain uniform estimates on all orders of curvature derivatives
and hence smoothness and convergence of the M, for the flow (1.1). Instead
we use a more PDE theoretic approach, following an argument similar to
the one in [19].

Before proceeding further, we adopt a local graph representation for a
h-convex hypersurface as in [17]. For each fixed ¢, let p;, be a center of an
inball of €2, and S" the unit sphere in T}, H™+1. For each t, since M, is
h-convex, there exists a function r : S* — R such that M; can be written
as a map X; : S" — HH! satisfying

(6.2) Xi(x) = expy, r(t,u(t,z))u(t, ),

exp,,! Xi(x)
Tpiy (Xi(2))
Lemma 5.5 there exists some constant 7 = 7(a,n,m, 3,Vp) > 0 such that
for t € [to, min{tg + 7,7'}) (near to tg), pt, € &, and so the map u; : M —
S™ C T, H ™ defined by ws(x) = u(t, z) is a diffecomorphism. On the other

where u(t,z) = and r(t,u(t,z)) = rp, (Xi(x)). At least, from
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hand, the map

9

(6.3) Xi(x) = exp,, r(t ulto, x)) u(to, )

is another parametrization of M;. Incorporating a tangential diffeomorphism
Xt = u;)l ou, : M — M into the flow (1.1) to ensure that this parametriza-
tion is preserved, that is, if X is a solution of (1.1), X satisfies the equation

(6.4) <@Kw§=E—B.

X, can be considered as a map S" into H?*! by using the diffeomorphism

-1 .
g, e,

9]

(6.5) Xi(u) = expp, r(t,u) u for every u € S",

where r(u) = rp,, (X;(u)) is a function on S". For any local orthonormal
frame {e;} of S™, let D be the Levi-Civita connection on S", a basis {é;} of
the tangent space to M; is given by

(6.6) & = Xywe; = D;i(r)0

Tpeg

+ SH(T)TS€i7 1 S 1 S n,

where 7 denotes the parallel transport along the geodesic starting from py,
in the direction of u, and until exp,, 7(u)u. By using Lemma 2.3 and (5.21)
Cabezas-Rivas and Miquel (see p.2078 in [17]) proved that

v Sﬁ(dj(%) + aln 2)
Xei| < .
T atan(e@ ()
Furthermore, (6.6) implies
‘61'(7“)’ < | Xpes) -

Therefore, both the first derivatives of X; and r are bounded independently
of t. The outward unit normal vector of M; can be expressed as

(6.7) v= 1 k()0 — Z Djre;
B 2

with
¢| = \/s2(r) + [Dr|?.



Volume-preserving flow 359

After a standard computation, the second fundamental form of M; can be
expressed as

1

(6.8) hij = Tl

(s,{(r)DjD,-r — si(r)c,{(r)aij — QCR(T‘)DiTDjT),

and the metric g;; is
(6.9) 9ij = DirDjr + Si(?")a’ij.

From this, the inverse metric can be expressed as

y 1 I T
ij ij _ Y
(6.10) g7 == <a |€’2D rD 7“) ,

where Dir = ¢* D;r. Then equations (6.8) and (6.10) imply that
(6.11)

L [ DpeneDh (L DDy
= |srsﬁ<r>[sn<r> (D”DT € ) C””“(‘“ Bk )]

and

I S U T SN (Ol S L2
(6.12) H = o) (AS |5!2VS (Dr, D )>+ g ( + T )

Using (6.9) and (6.10) the Christoffel symbols have the expression:

(6.13) T} =

s2(r)
1
X (O‘kl — |£’2DkrDlr> .

Lemma 6.4. Let ¢ := Hrln/m and

|:DiDj7’Dﬂ' + S;@(T)C,@(T) (DZ‘TUU + Dj?“O’il — Dﬂ'Uij)]

D={A=\.... ) : k1 <H\) < ko, lrgljg Ni > eH(N)},

which is a compact symmetric subset of the positive cone I' . for two positive
constants k1 and ky. There exist constants mo > my > 0 depending only on
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n, My such that for every t € [0,T) and x € M, there holds

6f’(x)gm2, i=1,....m Ael,

myp <

as long as the hypersurfaces M, are strictly h-convex.

Proof. Since 887‘73()\) >0 for any A € I, and T is compact, there exist mg >
mq > 0 such that

d . A
Sai(/\)gmg, i=1,...,n, AeT.

mq 0

Lemma 6.5. Let M C H'"! be an embedded hypersurface satisfying at ev-
ery point D3 < H < Dy, \y > eH for given positive constants D3, Dy, €.
Given any p € M, let r be a local graph representation of M over a unit
ball S* C T,M. Then r satisfies

[rllc2e(sny < C7(1+ |[Fl|ga(sn)

for some C7 >0 and 0 < a < 1 depending only on n, D3, D4, and the pa-
rameters 3, m in the definition of F.

Proof. We prove the lemma in exactly the same way as [19, Lemma 6.3].
Recalling ¢ = H% " and Lemma 2.1 i), ¢ is concave in I'y. Then in this
case, the Bellman’s extension ¢ of ¢ takes the form

S(A) == inf [¢(A) + Do (A) (A= N)]

Ael

for any A € I';.. Notice that ¢ is homogeneous of degree one, the extension
simplifies to
&(3) = inf Do (A) X.
el

The Bellman extension preserves concavity, by definition and homogeneity,
since it is the infimum of linear functions. Importantly, ¢ coincides with
¢ on I by homogeneity of ¢. Furthermore, using the definition of ¢ and
Lemma 6.4, ¢ is uniformly elliptic, that is

m|i| < oA+ 1) — ¢(A) < V/nma|f|, for all A7 € R™, 7 > 0.

Now the hypotheses imply that the principal curvatures of M at every
point are contained between two fixed positive constants. So M can be
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written as a local graph representation r over a unit ball S C T,M at a
given point p € M with ||r||c2 bounded in terms of Dy. Let us consider
the function ¢(\(u)), where A(u) are the principal curvatures of M at the
point (u,7(u)). Since A\(u) are the eigenvalues of a matrix depending on
Dr, D?r in view of (6.11), ¢(\(u)) can be expressed as ®(Dr(u), D*r(u))
for a suitable function ® = ®(u, A), with (u, A) € S* x S, S being the set
of symmetric n x n matrices. The dependence of ® on A is related to the
dependence of ® on \. In fact, it is well known that the concavity of ®
with respect to A implies the concavity of ® with respect to D?r, and that
ellipticity on ¢ implies the ellipticity condition (2.4) for ®. In addition, ®
is homogeneous of degree one with respect to D?r. Furthermore, if we set
G(u,A) :== ®(Dr(u), A) and f(u) = ®(Dr(u), D*r(u)), the above argument
implies that the elliptic equation for r

G(D?*r(u),u) = f(u), ueS, reC*Ssh)

satisfies the conditions of Theorem 2.5. This theorem asserts that there exists
a € (0,1) such that

[7][c2.esny < C(1+ [ fllge(sm)

where C depends on n, D3, Dy, e, 3.

Our assumptions say that A(u) belongs for every u to the set ' where
¢ and ® coincide. Thus, f coincides with HY™ = PL/Bm af A(u). Therefore
according to our assumption, the uniform bounds on the curvatures both
from below and above imply that F' is bounded from below and above by
two positive constants depending only on n, D3, Dy, e, 8. Then ||[FYA"||ca
is estimated by || F||ce times a constant depending only on these quantities.
This finishes the proof of Lemma 6.5. U

Theorem 6.6. Let M, be a solution of (1.1), defined on any finite time
interval [0,T'), with initial condition satisfying (1.6). Then, for any 0 < ty <
T, a € (0,1) and every natural number k, there exist constant Cs, depending
onn,m,,a, My and Cyj, = Co(n, m, 3, a, My, k) such that

(6.14) | Ellew (arxto,r)) < Cs,
(6.15) Irller e to,17) < Coke-

Proof. For each fixed ty € [0,7T), M; can be locally reparameterized as graphs
over the unit sphere S with center py, in T, H*! as (6.5). Then, from (6.4),



362 S. Z. Guo, G. H. Li, and C. X. Wu

(6.5) and (6.7), a short computation yields that the distance function r on
S™ satisfies the following parabolic PDE

(616) 8157” = S,:%T)‘f‘(ﬁ% — Ft),

where the outward normal vector length ‘{ ‘ is given by the expression (6.7).

The function F = an in the coordinate system under consideration is a
function of D?r and Dr. The right hand side of (6.16) is a fully nonlinear
operator, furthermore, observe that (6.16) can be rewritten as

(6.17) Or = —s. ' (r)|€|HY, + s, (r) €| F,
— s L) HSY ™ (=€) Hi) Y™+ 571 () [€] B

Since HS /™ is larger than ™! and bounded above by Cg_i from (5.36),
and r can be bounded independently of ¢, this implies that s;l(r)Hgfl/ "
are also uniformly Holder continuous functions. Then, from (6.11) this en-
sures that (6.16) is a linear, strictly parabolic partial differential equation.
However, the higher order regularity does not follow by the general theory
of Krylov and Safonov [36] because the operator is not a concave function of
D?u. Here, we use instead the arguments in [19] who follow the procedure
of [8, 45, 53], which consists of proving first regularity in space at a fixed
time and then regularity in time.

The first step is to derive C%-estimate (6.14) of F. In the coordinate
system under consideration, (3.11) can be rewritten as

(6.18) O F = a"D;D;F + V'D;F + ¢ F, (z,t) € S™ x J,
where J = [to, min{tp + 7,T'}), and the coefficients are given by
(6.19) a’ =pHIT A, b =—-BH) T

and
e=p3(F—F)H,! (tre(AW) — a2tr(c)) .

OH,
. ’L] . m k;]
e={) = { th } '
Since a¥, b* and e F' are uniformly bounded on the curvatures both from

above on any finite time interval in view of (5.41) and from below by
h-convexity of M, equation (6.18) is uniformly parabolic with uniformly

Here
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bounded coefficients. Then applying Theorem 2.4 to (6.18) gives that for any
0 <7 <1land J =.J -t there exist some constants Dg > 0 and o € (0, 1)
depending on n,m, 3, a, My such that

(6.20) [ Fllce B, xay < DslIFllcoarxor)) < De.

Therefore, covering M; by finite many graphs on balls of radius ' can
give (6.14).

Furthermore, for any fixed time t € [to,T"), applying (6.14) to Lemma 6.5
on M, implies that

HTHCQ’”‘(M) < D7:= D7(n>m7ﬁ7aa Mo, k:)

From this estimate on r(-,¢) for any fixed ¢, following the procedure of [8,
§3.3, 3.4] or [53, Theorem 2.4] to equation (6.16), a C*% estimate for r with
respect to both space and time can be obtained. Once C?® regularity is
established, standard parabolic theory yields uniform C* estimates (6.15)
for any integer k > 2, which implies uniform C* estimates (6.15) for any
integer k > 1 with the fact that r and its first order derivatives are uniformly
bounded. ]

Theorem 6.7. If M be a closed n-dimensional smooth manifold and Xy :
M — H* be an immersion pinched in the sense of (1.6), then the solution
M, of (1.1) with initial condition X, exists, is smooth and satisfies at every
point (1.6) on [0, c0).

Proof. As we know, the preserving pinching condition (1.6) and smooth-
ness throughout the interval of existence follows form Theorem 4.4, and
Lemma 6.1.

On the other hand, it is clear from the expression (6.5) for X, that all the
higher order derivatives of X, are bounded if and only if the corresponding
derivatives of r are bounded. Thus, uniform C* estimate (6.15) of r implies
that all the derivatives of X; are also uniformly bounded. So the smoothness
of X; implies the same smoothness of the reparametrization X; of X, given
by (6.2).

It remains to show that the interval of existence is infinite. Suppose to
the contrary there is a maximal finite time 7" beyond which the solution
cannot be extended. Then the evolution equation (1.1) implies that

1X(p,0) — X(p, 7l oaxsy < / IF - F|(pt)dt

T
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for 0 <7 <o <T. By (5.35) and (5.39), X(-,¢) tends to a unique contin-
uous limit X(-,7) as t — T. In order to conclude that X(-,T") represents a
hypersurface Mp, next under this assumption and in view of the evolution
equation (3.1) the induced metric g remains comparable to a fix smooth
metric g on M™:

9 (glu,u)\| _
ot \g(u,u) )|
for any non-zero vector u € T'M™, so that ratio of lengths is controlled above

and below by exponential functions of time, and hence since the time interval
is bounded, there exists a positive constant Cg such that

Org(u, ) g(u, u)

9(u,u) gu,u)

9(u, u)
< 2|H|[hg =,
9(u, u)

1
——9 < g < Cio9.
Cho

Then the metrics g(t) for all different times are equivalent, and they converge
as t — T uniformly to a positive definite metric tensor g(7") which is con-
tinuous and also equivalent by following Hamilton’s ideas in [30]. Therefore
using the smoothness of the hypersurfaces M; and interpolation,

1X(p, o) — X(p, )l o® (x,)
1/2 1/2
< CX(p,0) = X(p, 7l [IX(D: 7) = X, 7)1 x5,
< C’U - 7’1/27

so the sequence {X(t)} is a Cauchy sequence in C*(Xy) for any k. Therefore
M, converges to a smooth limit hypersurface M7 which must be a compact
embedded hypersurface in H?*1. Finally, applying the local existence result,
the solution M7 can be extended for a short time beyond T, since there is a
solution with initial condition M7, contradicting the maximality of T". This
completes the proof of Theorem 6.7. O

7. Exponential convergence to a geodesic sphere

Observe that, to finish the proof of Theorem 1.6, it remains to deal with the
issues related to the convergence of the flow (1.1): It is proved that solutions
of equation (1.1) with initial conditions (1.6) converge, exponentially in the
C*-topology, to a geodesic sphere in H?"! as ¢t approaches infinity.
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The first step is to show that, if a smooth limit exists, it has to be a
geodesic sphere of H?*!. To address this, let

1 K
f=waw
and show that the principal curvatures come close together when time tends
to infinity. Then as remarked in Section 4, f > 0 with equality holding only
at umbilic points, which is the value assumed on a sphere. The following
Lemma is an immediate consequence of the evolution equation (4.1) of Q.

Lemma 7.1. The quantity f evolves under (1.1) satisfies

_ . (TL-i—l) rrn
(1) af = Apf + 2 (VEVA")
(n—l) ~ ﬁn 2
- <Vf,VK>F—n7~{|Vf\p

Q |~ - L2 - . - -
_ <H2 v - WVH’F’B + Qb 1y (F(VF,99)) >
— [(mB—1)F + F]Q (n] A"~ %)
H
i (47 (1) ”2>
aQtrp( ) | tr( i
Corollary 7.2. Under the conditions of Theorem 1.6,

(n+1)

nH”

(n—~1)

nk

(7.2)  Of <Apf+ <Vf, vﬁ“>F - <Vf, vf(>

E

on -
. V% — CuHf,
where C11 = §a™PC*.

Proof. Applying the similar argument as in Theorem 4.4, Corollary 6.3,
inequality (1.6) and Lemma 2.2 to (7.1) gives the conclusion. O

In order to obtain the convergence of f, we have to apply the maximum
principal to (7.2).~ Thus, unlike Lemma 6.1, here we have to get a positive
lower bound for H independence of ¢ (not only just for finite ).
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Lemma 7.3. There exist constants C1a = C1a(n,a, m, 3, My) >0 and 7 >
0 such that for all t € [T,00)

(7.3) H > Cis.

Proof. We derive exactly as in [3, Lemma 7.7]. First, we adopt a local graph
representation as in Lemma 5.5. Let p;, € ; for an arbitrary fixed ¢y €
[0,00) as in Lemma 5.5. Let 2y € M; be a point in contact with an enclosing
sphere of radius p;. Then by Lemma 5.5 and the proof of Corollary 5.6, we
know that there is a constant 7 such that

D < % < pe < Dy
on the interval [tg,to + 7). This implies that on the same interval

(7.4) su]\;/; F(x) > F(x;) > co™(p;) > co™ (D).
€My

Let us go back to Equation (6.18). Setting § = F — a3, we see that the
evolution equation of 6 has the form:

(7.5) 00 = aD;D;0 + V"D + €06, (x,t) €S™x [to, to +7),
where %/ and b’ are given by (6.19), and

(F — F) [t p(A%) — ate(F)]
F —qmb ’

é:

The coefficients a”/ and b’ are obviously uniformly bounded in view of The-
orem 6.6. The following shows that the coefficient € is also measurable.

le] < Cis Z;'I:l FiO‘i —a) < ClgmBFl_ﬁ(F,Tg —a)
>~ F — CLm'B = F_ amﬁ

< +00,

where we have used Lemma 2.1 iv) and the degree of the homogeneous
function F in the second inequality. Again by the h-convexity of M;, a¥ is
uniformly bounded from below by a positive constant. This implies that (7.5)
is uniformly parabolic with uniformly bounded coefficients.

Reasoning like in [45, Page 147] and [3, Lemma 7.7], one can apply the
Krylov Harnack inequality ([35, Section 4.2]) to (7.5) together with (7.4) to
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deduce the existence of a positive constant ¢ such that

inf 6 > ¢ <co£”ﬂ(D1) — am6> )
t0+’7'

Since tg is arbitrary, this gives the following result
F—a™>c <c0;”B(D1) — am6>
on [0,00). From Lemma 2.1iii), it follows
H>n {c (coﬁmﬁ(Dﬂ — amﬁ) + amﬁ} m )

which implies

where

0

Proposition 7.4. Under the conditions of Theorem 1.6, the rate of con-
vergence of f to 0 ast — oo is exponential.

Proof. Applying the similar argument as in Theorem 4.4 and Lemma 7.3
to (7.1) gives

8tfmax(t) S _Cllcl2fmax(t)-
which implies that
fmax(t) < C'14e7015ty

where C14 = fimax(0), C15 = C11C12. This proves the proposition. O

Now if tg can be taken big enough so that M; can be represented as
graph r for [tp, 00), then since all the derivatives of r are uniformly bounded,
applying Arzel-Ascoli Theorem we conclude that the solution r(¢,-) of (6.3)
starting at rp, is deﬁnfzd on [tg,00) and converges to a unique function
Too- This implies that Xi(z) = exp,, 7(t,u(to,z)) u(to,) solves (6.3) anud
converges to u — exp,, Too(u)u. Therefore, the reparametrization X; of X,
given by (6.2) has the same convergence properties. That is Xo, : S* — H? 1
and 7o : S" — Ry satisfying Xoo(u) = exp,, 7oo(u)u which implies that Xo
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is an immersion and, since the convergence is smooth and all the hypersur-
faces X;(S™) satisfy (1.6), we can assure that S = X (S™) must be a com-
pact embedded hypersurface and satisfy (1.6); in addition, X; is a solution
of (1.1) starting at Tp,,» and, by uniqueness, X; coincides on [to, 00) with
the solution of (1.1).

On the other hand, Proposition 7.4 says that all points on S are umbilic
points. In conclusion, the only possibility is that S represents a geodesic
sphere in H?*! and, by the volume-preserving properties of the flow, such
sphere has to enclose the same volume as the initial condition X¢(M).

Finally, from Proposition 7.4 we can conclude with the standard argu-
ments as in [51, Theorem 3.5], [19, Theorem 7.3] and [41, Corollary 7.3] that
the flow converges exponentially to the geodesic sphere S in H?*! in the
C*°-topology.
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