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Asymptotic properties of solutions of
the Maxwell Klein Gordon equation
with small data

LyDIA BIERI, SHUANG MIAO, AND SOHRAB SHAHSHAHANI

We prove peeling estimates for the small data solutions of the
Maxwell Klein Gordon equations with non-zero charge and with
a non-compactly supported scalar field, in (3 4+ 1) dimensions. We
obtain the same decay rates as in an earlier work by Lindblad and
Sterbenz, but giving a simpler proof. In particular we dispense with
the fractional Morawetz estimates for the electromagnetic field, as
well as certain space-time estimates. In the case that the scalar
field is compactly supported we can avoid fractional Morawetz es-
timates for the scalar field as well. All of our estimates are carried
out using the double null foliation and in a gauge invariant manner.
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In this work we study the asymptotic behavior of solutions to the Maxwell
Klein Gordon (MKG) equations on R3™! with small initial data. The exact
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sense in which we take the data to be small will be made precise later. The
MKG equations describe an electromagnetic field represented by a two form
F,,, and a charged scalar field represented by a complex valued function ¢,
and are given by

VHE,, =1Im (¢D,¢) =: J,(¢)
(1.1) VH F =0
D*D,¢ =0,

where D and F' are related by
D, =V, +iA,, Fo=V,A, —V,A,.

Here V is the Levi-Civita covariant differentiation operator and % the Hodge
star operator. In fact the second equation of (1.1) is a consequence of the
other two and the relation between F' and A. From a variational point of
view these equations arise as the Euler-Lagrange equations associated to the
Lagrangian

1
4
The natural mathematical setting for studying these equations is a complex
line bundle over R3*!. In this setting ¢ represents a section of the bundle
and F' is the curvature form associated with the bundle covariant differen-
tiation D.

Decay estimates for the null decomposition of the electromagnetic field F'
(peeling estimates) were first obtained for the linear Maxwell equation in [2].
The chargeless MKG was treated by Choquet-Bruhat and Christodoulou in
[1] using the conformal method. Global regularity for MKG was also studied
by Eardley and Moncrief in [3, 4]. See also [5, 14]. While to the best of
our knowledge [9] and [17] are the only works where peeling estimates are
considered for the MKG equations, such estimates for the massive MKG
and the Yang-Mills equation were proved in [12] and [16] respectively. The
low-regularity MKG problem has also been an active area of recent research,
but as we are concerned only with the high regularity scenario we only list
the following few works to which we refer the reader for more details and
references: [6-8, 10, 13, 15].

The study of the asymptotic behavior of small data solutions of (1.1)
with charge was initiated by Shu in [17]. However, as noted by Lindblad
and Sterbenz in [9], Shu provides only a rough outline of a method in the
article [17] and many important details are missing from the argument. In

1 o
Lyka = F/WFMV + §DH¢D“¢.
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[9] Lindblad and Sterbenz derived the (slightly modified statements of the)
results claimed in [17] using a different argument. Lindblad and Sterbenz
introduced fractional Morawetz estimates to handle the contributions com-
ing from the charge, and they considered the case where the scalar field
has non-compact support. In addition to the fractional Morawetz estimates,
these authors use weighted L2L> “Strichartz-type” estimates to control
some of the error terms arising in their analysis. The difficulty of handing
the charge is reflected in the fact that the “charged null component” p of F'
enjoys worse decay outside a fixed null cone C'_; compared to the decay in-
side the cone. Our goal in this paper is to obtain the decay estimates derived
in [9] using the method outlined by Shu. Our main achievement in the non-
compactly support case, which allows for a shorter and simpler proof, is to
avoid use of fractional Morawetz estimates for the electromagnetic field and
the Strichartz-type estimates. In the case where the scalar field has compact
support we are also able to dispense with the fractional Morawetz estimates
for the scalar field. Moreover, our method seems more readily adaptable
to curved backgrounds, a fact which can be significant for instance when
considering the Einstein equations coupled to the MKG equations.

1.1. Statement of the result and outline of the strategy

The following theorem is the main result of this work (see Section 2 for the
definition of the notation).

Theorem 1.1. Suppose that one of the following holds:

(i) ¢(0,-) and Dyp(0,-) are supported on {r < 3/4}, and that the initial
data for the Cauchy problem (1.1) satisfy the following smallness con-
ditions

S [ (Datbol + ickoyar < 2
re 2o
k<7

S [ (la(ekp)P + otckp)p
(12) rel 2o
ST Lk R)P 4 p(Lh )P ) e < &,

Z/ |p(La, LEF)|*ride < €.
2o

rel

k<6
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(ii) ¢(0,-) and Dyp(0,-) are not compactly supported but (1.2) holds with
the following modification for the scalar field energies:

(1.3) Z/E (1Dt 2LE* + |LEG1P)r* T da < €2,
Tel 0
k<7

for some v € (0,1/2).

Then if € is sufficiently small, the locally defined solution can be extended
globally in time and the following decay estimates hold

6] S ery T, Pg| S ers?r 2,
Drg| S err=12, DLo| S ertr?,
(1.4) lal S 67;5/2, la) < 57;17:3/2,
o] S erp 212 lpl < {ETEET_l/Q Z:fu -1
€r if u < —1.

Moreover in case (ii) above the scalar field enjoys the stronger decay esti-
mates in the region {u < —1}

6| S erp eV, 1Do| S eri P,

|Dro| < 67'_:27'__1/2_7, |Dré| < GT_ZIT__S/Q_,Y.

Remark 1.1. The point-wise estimates in the theorem above will follow
from the energy estimates which will be proved in the rest of the paper. The
proof of theses estimates from the energy estimates is provided in Lemma 3.4.

The number of derivatives is not optimal, but regularity is not our con-
cern here. By carefully studying our proof the minimum possible order can
be investigated. Note also that in the proof we commute k derivatives with
k > 7 and the last derivative that we commute will always be a rotational
vector-field. This has to do with using the Poincaré inequality to deal with
the contribution of the charge, and is explained during the proof. The proof
follows the classical energy method used in [2]. We use the Morawetz vector
field Ky and the time translation vector field 0; as multipliers and 9, S,
and €2, as commutators (see Subsection 2.3 for the definition of these vector
fields). In implementing the energy method we face two major challenges.
First, since the equation is not conformally Killing invariant, we will need
to bound error terms when using the energy method. It turns out that to
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obtain optimal decay of the error terms, we need to carefully take into ac-
count the structure of the equations to observe certain cancelations. While
some of these cancelations were already observed in [17], there are many
more which arise in the terms not considered there. These cancelations are
especially important in view of our use of the double null foliation in the
error analysis.

The second difficulty is due to the non-vanishing of the electric charge
(defined below). Specifically, the multiplier K contributes boundary terms
which, in the presence of a non-zero charge, are not finite. In particular, with
E; := Fy;, it can be seen from the divergence theorem that if the electric
charge

is non-zero (say for ¢t = 0), then the following integral cannot be convergent

/ (1 +7?)|Edx.

0

In the null decomposition of F' this is reflected in the fact that the energy
for p:= %F L on Y is infinite. To salvage the situation, we divide R3*!
into the two regions {u > —1} and {u < —1}. Inside the null-cone u = —1
the space-like hypersurface ¢ = 0 has finite radius and the integral above
is convergent. To bound the energies outside the © = —1 cone and the flux
along C'_; we make crucial use of the Poincaré inequality

/S|,0P’2§C > /S 1L, pl*.

1<i<j<3

The point here is that Lo, F'is automatically chargeless and therefore by
assuming sufficient decay on the initial data for Lo, F' we are able to obtain
the required estimates for the null decomposition of L, F. On the other
hand, due to the finiteness of the charge, the average of p on >y decays like
r~2, and by considering the propagation equation for p we are able to show
that this decay in fact holds uniformly in time. Combining this with the
estimates for Lq, p we are able to prove the decay rate of r=2 for p itself
outside the cone u = —1 (compare with 7';27:1/ ? inside the cone), which is
consistent with the result obtained in [9]. With these observations we are
able to complete the proof of our estimates in {u < —1} when the scalar
field is compactly supported, because the equations degenerate to the free
Maxwell equations there. However, when the scalar field is not compactly
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supported we will still have error terms involving p (and not p), coming from
commuting Lie derivatives with the equation for the scalar field. Here we
need to use fractional Morawetz estimates for the scalar field to compensate
for the loss of decay in p. These estimates are proven under stronger initial
decay assumptions on the scalar field. We should note that for the proof of
our Morawetz estimates for ¢ (both inside and outside the null cone u = —1)
we use the elegant argument presented by Lindblad and Sterbenz in [9], and
that as in [9] the double integral on the left hand side of the statement
of Lemma 3.2 is a key ingredient in our analysis in {u < —1}. Besides the
modification of F' described above, and careful exploitation of the structure
of the equation suitable for analysis using the double null foliation, the other
key ingredient which allows us to avoid fractional Morawetz estimates for
the electromagnetic field is use of the L* Sobolev estimates from Lemma 2.9,
which are taken from [16].

1.2. Structure of the paper

In Section 2 we introduce the notation used in the paper and record some
preliminary structural results as well as standard estimates. In particular,
in Subsection 2.4 we establish a few commutation relations which will be
needed once we commute vector fields with the equations. In Subsection 2.5
we introduce the energies as well as the energy momentum tensor. We then
prove (following [9]) a Morawetz estimate and derive the structure of the
error terms arising in our use of the divergence theorem. In Subsection 2.6
we state and prove some, mostly standard, decay and Sobolev estimates
which are the technical tools for the proof of Theorem 1.1.

We begin the proof of Theorem 1.1 in Section 3, where we prove the
estimates outside of the null cone C'_;. This section, which is where the
contribution of the charge comes into play, is divided into two subsections: In
the first subsection we consider the case of compactly supported scalar fields.
Even though this is a special case of general scalar fields, we have chosen
to treat it separately both to emphasize the simplifications resulting from
the assumption of compact support, and to better illustrate the procedure
for treating the charged component of the electromagnetic field. The second
subsection, which is independent of the first, treats general scalar fields.
Here we present the fractional Morawetz estimate for scalar fields which is
used only in this subsection. Once the estimates are established in this outer
region, we are able to bound the flux on C'_;. Section 4, which is the longest
section, is then devoted to the proof of the error estimates inside C_1.
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2. Notation and preliminaries
In this subsection we define the notation that is used in the remainder of this
work. We have tried to stay as close as possible to the commonly used no-
tation in the related literature. We also establish some of the basic relations
that hold among the various quantities we introduce.

2.1. Coordinates and weights

We use two different sets of coordinates The rectangular coordinates are

20, ..., 23, but we also use t for z°. When using rectangular coordinates
Greek 1ndlces (a, B, ...) can take any value between 0 and 4 and lower case
Roman indices (4, 7, ...) correspond only to spatial variables and thus take

values between 1 and 3. We will also use null coordinates defined as
u=t-—r, u=t+r.

In these coordinates capital Roman indices (A, B, ...) correspond to spher-
ical variables. We also introduce the weights

T_%_Zl—l—gQ, 2 =1+u%
The null derivatives L and L are defined as
L:= 0+ 0, L=20;— 0.

Given a 2-form G, we define its null-decomposition as

1
a,(G) :=GaL, aa(G):=GaL, p(G):= iGLL’ 0(G)eap == Gap,

where e4p is the the volume form on Sy, (the sphere of radius r on the
time-slice 20 = ¢, see below). If there is no risk of confusion we simply write
a instead of a(G) and similarly for the other components.

2.2. Regions

We denote by ¥; the spatial hypersurface 2° = ¢. C,, and C,, denote the out-
gomg and incoming null conest —r =vandt+r=u respectlvely St.r Sq”
and SH,T are the spheres of constant radius r on ¥, C, and C,, respectively.
Due to the presence of charge we need separate estimates in tlﬂa interior and
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exterior of a fixed outgoing null cone. For this we introduce the following
regions

Ve ={t<T, u< -1}, V& ={t<T, u>-1}.

We also define

Zt(T) - Et N VT, CU(T) - Cu N VT, QE(T) - Qﬂﬂ VT,
22T =%nve,  com=c,nvP, clT)=C,nVP.

2.3. Vector fields

We use the following vector fields in this work

(2.1) T, = 0,
(2.2) S = a9,
(2.3) Qu = 2,0, — 1,0, p<v,
(2.4) Ko = %(u@ +u%L),
_ 1 2 1 2
(2.5) K0:T0+K0:< J;“>L+< J;“)L

T, S, and Q,, will be used as commutators, while Ty and Ky will be our
multipliers. We denote the Lie algebra generated by the commutator vector-
fields by L. We define w; and sz via the relation

(2.6) d; = wi0r + witea.

The following identities will be used repeatedly.

1
ﬂz%@—g+ﬁm,

(2.7) Qij = Qfea = (viw) — zj0)ea,

Qo = %(QL —ulL) + twlAeA,

1
S = 5(@[/ +ul).
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For the covariant derivatives we have

ViL =0, VL =0,
ViL =0, ViL =0,
(2.8) Viea =0, Viea =0,
1 1
VBAL = —¢€4, VBAL = ——€4,
T T

D 1
Ve,es =Vagep + 275/13@ - L),

where in the last term FA?B denote the Christoffel symbols of the spheres.
Similarly

ViTo = ViTy = Ve, Tn =0,
1
Vislij = =Vl = —Qy,
D 1
Verij = e(Q)ea + Q¥ apen + o QL — L),
ViQio = wil +wilea,
(2.9) ViQio = —w;L +wiea,

U.)B

Ve, Qo = Ti(L+L)7
VS =1,

ViS=1L,
VeASZGA.

Finally we have the following commutation relations

[L>T0] = [Lv TO] = [eAvTO] =0,
A

(L, T = w[L,ea) = —Ley,
A
L,T) = w[L eal = “Feu,

(2.10)

[
[
les, Qj] = en(QU)ea + Qjles, ealep,
[
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le, Qo] = L;Zf(UL —ul) — thAFgBGD,
[L,S]=L,

[L,S] =L,

ea,S] =eaq,

Qio, Q] = 6 Qox, — 6FQo;,

2.4. Differential operators and their commutation relations

For a vector field X we denote by Lx the usual Lie derivative with respect
to X. Moreover, as stated earlier, Dx is defined as Vx +iX“A,, where Vx
is the Levi-Cevita covariant differentiation operator and A, is defined by
Fo3 =VaAg — VgA,. Operators on the spheres S;, are written as Y. D,
.... If X is conformal Killing we denote by x its conformal factor, Lxg =
Qxg. We have

Or, =Qq,, =0, Qs=2, Qp =4t

If ¢, J and G are a scaler field, one-form, and two-form respectively, we
define the modified Lie derivatives

Lx¢=Dxo+Qxo,
LxJ=LxJ+QxJ,
LxG = LxG.

We also define £ for bundle-valued tensors by requiring it to be a derivation
and that it agree with D on sections. In particular we have

[fXDp,(b = XVDVDM¢ + QXD/L(b + vquDu(bv
LxD,D,¢:=X*DoD; D¢+ Qx DDy + VYV, X“DoDyop
VY, XD, Do
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If Xi,..., X}, are vector fields in {5, €, }, and I = (i1, ..., iy,) a multi-index
we define |I| := m and

L =y Ly,

i1 im

L‘)I(ll is defined similarly. When only the number of differentiations is im-
portant (rather than the vector fields X; themselves) we will sometimes
abbreviate this notation to £l and LVI. If T = (iy,..., i) we will write
i1,.-.,%m € I. The next lemmas summarize some commutation properties
of the modified Lie derivative.

Lemma 2.1. Let X be a conformal Killing vector field with constant con-
formal factor Qx. Then

D“Dﬂﬁx(ﬁ — EXD“D#¢ =1 (QXO‘FHQD“¢ + V”(XO‘F#Q)¢) ,
(2.11) V“,CxGm, — ,Cx(V‘LLGM,) =0,
*ExGW, — EX*G;W = 0.

Proof. We only prove the first two statements. First note that

(2.12) DWCX(;S = QxDMQS + DHDXqS
=XDoD;¢p+ Qx D+ V, X Dop +iXFlad
=LxD, ¢ +iX"Flua0.

It follows that

DyDuLx¢ =V, X DyDyép+ X*DoDyDyuop + iXFro Dy + Qx Dy Dy
+ VY,V XDy + V, XD, Doth
iV (X Fua)d + iX FuoDyo.

Since V2X = 0 for the vector-fields under consideration, the first statement
of the lemma follows by contracting in the g and v coordinates. For the
second statement note that

VoLxGu =V, XVoGu + XVoV,Gu +V,V, XGop + V, XV .G
+V,V, XGpa + Vo XV ,G o
= XVoV,Gu +V, X VoG +V, XV .Gy + V, XV .G e
= LxV,G..
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Noting that LyxgH? = —Qxg"? we get

V“L’XGW = Lx<qum,) + QXV“GW = ﬁx(V’qu/).
O

Lemma 2.2. Let X and Y be conformal Killing vectorfields with constant
conformal factors. Then

D”Duﬁyﬁx(ﬁ - »C’YACXDMZ)M(Z5

=i (2V7FsD" L6+ V(Y Fp)Lx0)
+i(2X*Fuo D" Ly ¢ + VH (X Fua) Ly d)
+i (2[Y, X]*FuaD"¢ + V*([Y, X]*Fla)9)
+i(2X*Ly FuaD ¢ + V*(X Ly Flua)$)
+2X°YPF" F 50

Proof. From Lemma 2.1 we have

(2.13) D”Duﬁyﬁxgﬁ — ﬁyDuDWCqu
= i(QYVFuVD“[,)(ﬁb + V“(YVF#V)EX(ZS) .

Again applying Lemma 2.1 to Ly D* D, Lx ¢ we get

Ly D'D,Lx¢ — LyLxD D,
=ig" [2Y PV 35X FuaDyé + 2X*Y PV 3Fa Dy
+2X°V,YPF3,Dy¢ + 2XYPF,,D, Do
+2iX°YPFu0Fp,¢ + 2XFu0a D,y ¢
+2X°F oV, YP Do+ YPVV, (X Fua) o
+ VYV (XYF ) d + Vi (XFu)YP Do
+ V(X Fua)Qy @]
=1 (2XFua D" Ly ¢ + V(X Fua) Ly ¢)
+i (2[Y, X]*FuaD"¢ + VH([Y, X]*Fua)9)
+i (2X "Ly Fyua D ¢ + V(X Ly Fli) )
+2X*YPF~ F50.
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Lemma 2.3. For Xi,..., Xy, k> 2, conformal Killing vector-fields in 1L,
D'Du L x 6— L5 x,D"Dup=A+B,

where A is a linear combination (with coefficients zero or one) of terms of
the form

. 11 [2 13 Il Iz 13
i (2L'XI‘1 Xe L0 FoDrcle! o 4 v ( L xeck! FW) ! ¢> ,
|+ || + I3 =k—1, d1¢ I,

and B is a linear combination (with coefficients zero or one) of terms of the
form

I, I 1 Iy Is .
2Ll Xe L XD L ol UL 6 0 | =k -2, 0 ¢ 1

Proof. The proof is the same as in the previous lemma. O
The following technical lemma will be used in showing that 74 Dy¢ and

7_Dp¢ have the same decay as ¢.

Lemma 2.4. The following commutation estimates hold for any scalar

field ¢.

(2.14) |Ls(T-Dp¢) — 7-DpLsd| S 7-|Dpd| + -7+ pl|¢]
(2.15) |Ls(m4+Dr¢) — 74D Lsd| S 7| Dol + 7-74|pl[¢]
(216)  |Lo,,(7-Dp¢) —7-DpLa,, ¢| S 7-7ilall¢| + 7| D¢| + |Dro|
(2.17)  |La,,(74:Dr¢) — 4 DpLa,, ¢| S m2lel|¢| + 74| DP| + | DL
(218)  |Lq,(T-Dp¢) — 7-DpLa, | S 7-|Drg| + 774 (Ja| + |p)|4]
+ 7|9
(219)  [La, (74 Do) — 74 DL, ¢l S 74Dl + (77 ]el + 747 |pl)|¢]
+ 74 | D)

(2.20) Lo, (T-Drd) —7-DpLo,¢| S 7-|pll¢| + [Drol
(2.21) Loy (T4 D1¢) — 7+ DpLa,¢| S 7+|pll¢] + [DLo|

(2.22) |Lo,(T-Dp¢) — 7-DpLy,¢| S 7|plld] + |Drol + 7—| Dol
+21D56
(2.23) |Lo, (74 Dr¢) — 7D Lo, ¢| S T4 |pl|@] + | DL + 74 | D]

1
+ =D
T
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Moreover if I'y,I's € L then

(2.24)
|Lr, Ly, (t-Dp¢) — 7-DpLr, Lr,¢| + | Lr, Lr, (74 D¢) — 74Dy Ly, Lr,¢|

St Dol + > IDLLed| | +7 [ IDrgl+ Y [DiLrgl
re{s,Q,..} re{S,Q..}

D %IEM (rer—la(F)| + 7% (ja(F)] + [p(F)] + |o(F)])

re{s,Q,.}

+lol [ D (rerm-la(LeP)| + 73 (|a(LoF)| + |p(LrF)| + o(LrF)))
re{s,Q,..}

Proof. First we note that if I';, i = 1,2, are two conformal Killing vector
fields whose conformal factors €); are constants, then

Lr (t-Dpo¢) =17-DpLr, ¢ +T1(7-)Drp+ it TVF, .6 + 7_V1,L" D, ¢,
Lr,(+Dr¢) = 74 DLy, ¢ + T'i(74) Do + i I Fy ¢ + 74 Vi, L' Dy o,

and

Lr,Lr, (1-Dp¢) =o't (7-) D¢ +T'1(7-)Lr, D¢ + a(7-)Lr, Dp¢
+7-Lr, (DLLr, ¢ + il F,L¢ + Vr, L' Dy o)
=I+1I

I can be treated as the first order commutators. Since we have either Vr, L =

0 or Vr,L ~ L, the last term in I is either 0 or L” L1, D, ¢, and can be seen
to have the right behavior. The second term in 17 is

it_Lr, (T{F,L¢) +iLr,(T-)TYF, L.

The second term of the above has the right behavior. For the first term, we
note that since the usual and modified Lie derivatives agree for two-forms

(2'25) FSVH(FTFVL) = F’{‘CFzFVL + [F2a Fl]y vL + FlljFI/,u[F% L]M
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and
(2.26) FQ‘V#(F’I’FVL) = FTEFQFI/L + [FQ,Fl]VFyL + Fll’FyH[FQ, L}“.

Since [I'1,I'y] ~ Q45,74 L,7_L and [I', L] ~ L,0 and [I', L] ~ L, 0, the contri-
bution from these terms are also of the right order. O

2.5. Energies
To a two-form G we associate the following energy momentum tensor
(2.27) T(G)uw = GuaG* + "G "G 2.

Similarly for a scalar field ¢ we define

(2'28) T(d))/ux = Re (WDV¢) - %guuml)agba
and let
(2.29) TG ) =T(C)pw +T(¢) -

When there is no risk of confusion we write 7" instead of T'(G, ¢). The fol-
lowing lemma is standard.

Lemma 2.5. T(G,¢), T(¢), and T(G) are symmetric and T(G) is trace-
less. Moreover if (F, ) is a solution of (1.1) then VFT(F, $)u = 0.

The energy norms inside of Vp are defined as
1 1
230 Qo)1 = [ (#1(Da+ L) op e (Do) o
=(T) " "
+ (7_2 +7_2) <‘m¢|2 + |¢‘2> )
+ - 72

Qo(G)(t.T)? = /E (@ + 2@

+ (1) (G + 0 (G)))

_ 1 lol®
Quio)w = [ (21(Dsr L)oo e2 (1por+ 1))
Q@)D = [ (alO) + (G +1o(@)

u
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Qin(d)(u,T)? = /CH(T) (TEI (DL— i) o)* + 72 (|lD¢|2 + |ﬂ2>)

Qun(G)(u, T)* = /  PIa@F O + ().

—u

We also let Qo(G, @) = Qo(G) + Qo(6) and define Qin (G, ¢) and Qout (G, 9)
analogously. The supremum of these energies in a region of spacetime is
encoded in the following energies

Q*(¢)(T) = sup Qo(#)(t,T)+ sup Q(¢)(u,T)

0<t<T —1<u<oo

+ sup Q(¢)(u,T)

O0<u<oo

(2.31) Q*(@)(T) = sup Qu(G)(t,T)+ sup Q(G)(u,T)

0<t<T —1<u<oo

+ sup Q(G)(u,T)

O<u<oo

Q*(G,¢)(T) = Q*(G)(T) + Q" (#)(T).

Finally the higher energy norms are defined as

(2.32) Q@) T) = > Qe 1),

el

with similar formulas for the other energies. We will eventually be interested
in bounding Q(E{«F ; £f«z§). We will next prove some energy estimates for the
linear inhomogeneous equations

(233) V[CYGB’Y] =0, quuV =Jy, D%Duo = f.

Proposition 2.1. For the first two equations in (2.33), we have the fol-
lowing estimate
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(2.34) / (P ]a? + 72 |al + (2 +72) (o + |o]?))
=,(T)

(T2 1e® + 73 (Ip)* + o))

Q\

ﬂ{0<t’<t}

n / (2af? + 72 (1ol + o))
Cu(T)N{o<t <t}

<c| (7210l + 72 (0P +101%)
C_i {0t <t}

Lanios
+ / / | K oG J* | ddt!
Et’

e / 2(jaf + af? + o + o) dz

Here o, o, p, 0 are associated to G.

Proof. The proof is a standard application of the divergence theorem to
T* Kq,,and we just need to observe that

Q(G)(L,L) =2|al*, Q(G)(L,L) =2[af,
QG)(L, L) =2(p* +0°), V*(QuKq) =EKV' Q.

Proposition 2.2. For the third equation of (2.33), and Q =r or uu
1

/ v g 2+ (u® + u?) <up¢y2+’¢‘2>
sur) |9 U 3

2 9 %2 2)
! /CU(T)N{OSt/gt} <u Dol* + ) 9]

. f (
C.(T)N{0<t' <t}

2
DL(Q3)| +1? |5 DL(2)

Dp(Q9)]* + u?

Q=

2
QDL(Q¢)

2
+ Dol + j;w)
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t
exm)  <cof | (T)(]f‘iDKO<r¢>\+‘f-;LDKD<uu¢>‘

+ \KgFBA/Im (6D ) y> dzdt’ + CQo(¢)(0,T)?

1 u2
+/ <u2|DL(Q¢)\2+u2|lD¢!2+ 2\¢|2> .
C_(T)n{o<t' <t} Q ”

Proof. We follow the argument in [9] to prove (2.35). We denote the
Minkowski metric by g, and consider its conformal metric

- 1
Gap = @gaﬁ

for some weight function Q on R x R3. Then Q¢ satisfies
~ 1
DDy (Q¢) — QfQ3VV, (9) =Q3f.

Now we fix () = r or uu, and note that for these choices V¥V, (Q_l) = 0 and
Li,g = 0. We define the corresponding energy-momentum tensor associated
to these two conformal factors as

Gasld) = Re (Da(26)D5109)) — 3705 D" (00D, (5]

Here we have used the notation DY = 9°7 Dy The actual definition for D7 is
DV = go"yDa, but here we only apply D, to a scalar function, we can replace
it by D,. By direct calculation

Ve Qapl¢] = O (Re < f- éDﬁ(ng)) + Fa,Im <¢éDv(Q¢)>> .

Here Fjz, comes from the commutator [Dg, D+]. Applying the above identity
to the multiplier Ky we have:

V(Qasle) (o)) = 0 (Re (f : é%(@qﬁ)) + K FgyIm (%Dwmﬁ))).

Integrating this identity over various space-time domains we obtain energy
estimates involving space-time integrals of f. Since now we work with the
conformal metric g, the spacetime measure dV is given in terms of the



Asymptotic properties of small data MKG 43

measure in Minkowski spacetime dV by

dv = mdv

Similarly, the measures associated to the conformal metric on the hypersur-
faces X; and C,, are

1

055 = —d, dCy = zdCu

Q

On the other hand, associated to the conformal metric g, the unit normal
vector-fields to ¥, C,, and C,, are, up to multiplication by a constant,
Q(L + L), QL, and QL respectively. Noting that ¢ vanishes on C_y, for
Q=r, uu, we get

fon [

2:(T)

—l—/ u? | =
¢, (T)n{o<t' <t}

QDL(
+/ (
Co(T)N{0<t' <t}

“initial data’”

o f [ (b))

2

L pue)

Q Dy (Q2¢)

2
+ (v +u2)|lD¢|2>

+u2|qu§]2

+u2!¢¢|2)

D
QL(

Schematically, here we have first used fz, + fc < f f + on and then fC <
fzt + fEU + f f . To complete the proof of the proposition we only need to
control (%) |$|?, for which it suffices to note that

T~ wDr+20) — (uDro+ Lo)
L0 — Dy +20) — (uDgé — 49)
as well as
2 2 2 2
2 1p,re)| = |uDro+ 22| 2| Dp(r)| = |uDpe— 2
T T T T
2 2
|- Dy (ung)| = uDro+ 267w | Dyuus)| = [uDyé + 29

O
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Noting that ¢ is supported in Vr and combining Proposition 2.2 with the
usual energy estimates associated to the multiplier D;¢ and Hardy’s inequal-

1ty
2
[ e ars [ Doz,
s T =,

we get the following energy estimates for ¢.

Corollary 2.1. Under the same assumption of Proposition 2.2

(2.36) /Etm (rﬁ (DL + i) ) <DL - i) ¢
+ (73 +72) <|1D¢|2 + ’ff) )

. ol
Dy — — 2 2 9 |ol*
' /C“(T)m{0<t'<t} <T_’( £ r)¢’ + 72 (Dol + 72 ))
L yf |¢>I2>
2|(p, o L , )l
+ /Cu(T)ﬂ{Ost/St} <T+ ‘( L+ r) o +712 <|lp¢ + .

< CQu()(0,T)?
f- % Dy, (r¢)’ + KD Fg\Im (¢DV9)|dzdt’

t
e / /
0 Jx.(T)
2 A " 2 |9
-|-/ Ti (DL+>¢ +T_<HD¢’+2> :
C_1(T)n{0<t'<t} r r

1
Note that we did not include the contribution from ‘ f+—Dg,(uug)
uu

(-2)d

2
+7’3

2

on

the right hand side because

1
’DKO (uwb)‘ <
uyu

(Dot 3) o+
T

1
which is already included in |~D (rgb)‘.
r 0
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Corollary 2.2. Under the assumptions of Theorem 1.1, and with Q =r
(or uu)

Q* (G, ) (T)? S I.D. + Qo (G, 0)(—1,T)? +/ aQ

Vr

1DK0<9¢>>\ DD

+ / Ko (FuJ"(¢) + G VG 4 *G VG ).
\%%

2.6. Isoperimetric, Poincaré, and Sobolev estimates
In this subsection we record some standard estimates.

Lemma 2.6 (Isoperimetric Inequality). Let S be a sphere and f be the
average of f over S. Then

/Slf—f\2§0</S!Y7f\>2,

where Y is the covariant differentiation on S, and C is independent of the
radius of the sphere.

See for instance [11] for a proof. The proof of the following Poincaré estimates
can be found in Section 3 of [2].

Lemma 2.7 (Poincaré Inequalities). Let F),, be an arbitrary two form

with null decomposition «, «, o, p. With p,G denoting the averages of o
and p over Sy, respectively, we have

of? < / Lo, ol / laf? < / Lol
/ (Io 72 +12¥02) < 3 / Lo, ol?,
Stor Q; St
/ (o= +r290P) <3 / Lo, ol
Ser o /S

Remark 2.1. Since in our case the magnetic charge vanishes, @ = 0.

For completeness we also record the following standard estimate. See [2] for
references.
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Lemma 2.8. For any f € C®(R'*3)

o () < O ST F(E )2

In our applications of the this estimate we will need to commute the Lie
derivatives Lr with the bundle covariant derivatives Dy, and Dy, and the
following direct corollary of the definition of the energies and Lemma 2.4
will be useful to this end.

Corollary 2.3. [of Lemma 2.4] Suppose F' satisfies

73 (la(F)| + |a(Lr F)| + |p(F)| + |p(Lr (F))]
+lo(F) +|o(LeF)]) + 77 (la(F)| + |a(Lr F)]) < C,

for all ' € L. Then for any scalar field ¢

> (I£4(r-Dpg) = 7 DLl ||z + |LF(r Do) — 74 DLLEG| 12)

|I]=1,2

I'elL

S CQ5(¢).

We will also need the following LP Sobolev estimates from [16].

Lemma 2.9. Letu > —1 and denote by S’W« and SH,T the spheres of radius
r on the null hypersurfaces C,, and C,, respectively.

1/6 1/4
(/ r6f|6) + s (/ r4|f|4>
Cu(T) S rCCL(T) S
1/2 1/2
s( / <\f\2+r21Lf\2+r21w\2>) +( / (If!2+(1+r2)!Vf\2)>
C. Yo

and

1/6 1/4
() s o (] o)
C,(T) 8urCC,(T) \/ Su.r

1/2
< ( [ s+ 2L +r2|w|2>) n ( / P+ +7’2)|Vf|2))

Cl

1/2
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We next establish an improved decay estimate for (Dp, + %)¢, Recall
that for large r, C§° solutions of the wave equation [Jf = 0 in R satisfy
the decay

1
[(EHEES
-

(of course assuming that appropriate energy norms of f are finite) which is
faster than the 7:1/ 27';2 decay for Lf guaranteed by Lemma 2.8. This can
be seen for example by writing Lf = 0 as

0= —LLf+V'Vaf + Lf~ Lf

=L (<L+ i) f) FYVaf b L4 L (i) g
Now in the expression above all the terms except the first enjoy the decay
74:37:1/ %in the region r 2 t. Integrating in the u direction we get the claimed
decay for (L + %) f- Our goal in the next lemma is to show that the same
conclusion holds for solutions of D¥*D,¢ = 0. While it is possible to derive
this decay rate for solutions of D*D,¢ = 0, we will prove only the slower
decay of 7;5/ 2, because this is the best possible rate when considering the
inhomogeneous equation satisfied by Lq¢, which is the relevant term when
establishing higher regularity. See Remark 2.2 below.

Lemma 2.10. Suppose ¢ is a solution of D' D,,¢ = 0, and that F' satisfies
5/2 3/2 2
20| + 727 Ja] + 72| < C.

Then in the region T >t/2, t > 1

1 _
(2

where the implicit constants depend only on Q3(¢) and C.

Proof. We write the equation for ¢ as

1 1
0= —§DLDL¢ - 5DLDMﬁ + DBDpo

= —DyDpé —ip(F)¢ + DPDpo.
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Now note that with x and x denoting the second fundamental forms on the
spheres with respect to L and L respectively

(DD¢)(637€B) - DBB(DEB¢) - DVGBQB¢
- ]DEB(lpqub) - ]DYCB@BQS - D(XBBL'*‘XBBL)(ZS

1 1

= (DDo)(ep.eB) — ;Dgﬁ + ;Dub,
and therefore

1 B . 1 1
(2.37) Dy DL"‘; o) =10 EB¢_ZP(F)¢+;DL¢+L - ¢

=: M.

Now we claim that for » > ¢/2, ¢t > 1 we have the bound
(2.38) M| < 32,

First we show how the claim proves the lemma. Assuming the claim, from

(2.37)
(1)< (1))

Now given any point P in our region of consideration, we integrate this
equation along a straight line in {u = constant} connecting P to a point on
the initial hyper surface . Since 74 ~ 7— ~ 7 on X, (Dr, + %)qﬁ satisfies the
desired decay on ¥y and therefore we get the desired bound on (Dy, + %)gf)
using the fundamental theorem of calculus. It remains to prove (2.38). The
following bounds follow directly from the assumptions of F':

Vi

p(F)¢| < 3712,
1 e
(3) | s

Also from the definition of Q2(¢) and in view of Lemmas 2.8 and 2.4
73%7{/2|DL¢| < 1, and therefore

1 _
'DLgf) < 7'_;37'+1/2.
,
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Finally for lDBE B¢ we observe that for appropriate constants clg we can

¥
write eg = CTBQij and therefore

¢ ¢ _a
|-DADB¢‘ = 7BHDADQU¢‘ = TB’leEQ”d)‘ 5 T—|—3T—1/2Q3(¢)'
Here to get the last inequality we have again used Lemmas 2.8 and 2.4. [J

Remark 2.2. The proof of this lemma shows that its conclusion remains
true if D¥D,¢ = G with |G| < 7';37':1/2 + 7;5/27':3/2. We claim that this
estimate holds for G = D“Duﬁkgb if we assume the following bootstrap decay

rates for the components of F' (and its derivatives)

/2 —-1/2

ol S7i% ol STt 3/2,

o] S 77 laf S 77-
To see this we refer the reader to Lemma 2.3 above where the term G is
computed. The structure of this term for different choices of I' is worked out
in equations (3.25-3.29) below. One can now use these equations and the
bootstrap assumptions above to see that G has the desired decay.

3. Estimates in {u < —1}
3.1. Compactly supported scalar fields

In this first subsection we consider the case where ¢ is compactly supported.
The general case is treated in the next subsection. Recall that Vp is the
spacetime domain enclosed by the outgoing cone C_; and the spacelike
hypersurfaces ¥y and 7. In this section we use the phrase “outside of
Vr” to refer to the region {u < —1, t < T} (see Figure 1). Since ¢(0,-) is
supported in {r < 3/4}, by the finite speed propagation of the equation

D*Dyé =0

the scalar field ¢ vanishes outside V. One of our goals in this section is to
prove peeling estimates for F' and ¢ outside of V. Moreover, we will see in
the next section that in order to complete the energy estimates inside Vr,
one needs to be given the data on C'_;. More precisely, the flux

(31) [ el 72 o)
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r=20

Figure 1.

needs to be bounded in terms of the initial data on . Showing why this is
true is the second goal of this section. Since the electric charge

e(t) := lim x—EidST, E; := Fo,

7—00 Sy T

is non-zero, we cannot assume that the initial energy for electric field E;

/ (1+7?)|E|*dx

0

is finite. This means that although outside Vp equation (1.1) becomes the
following homogeneous linear Maxwell equations

(32) VL =0,V (F) =0,

one cannot use the multiplier K to get an estimate like (2.34) and use it
to derive an estimate for the flux on C_;. To recover finiteness, instead of
F we will work with Lo F" which is charge free, where ) is any 2;;. To see
that LqoF is chargeless note that the charge associated to LoF' is
i
lim [ Z(LoF),dS, = lim [ (LoF),dS, = lim [ Q(F,)dS,

r—oo Jg T r—o Jg, r=0 Jg,

= — lim d/{VQ - Fo,dS;.

r—00 Sf
t,r

Here div represents the divergence operator on S;,. By the definition of
Q;; == 2'0; — 27 0;, we have:

diVR3 Q=0.
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On the other hand, since (2 is tangential to S;,, we have
divQ) = divgsQ = 0

which implies that Lo F is charge free. Moreover by the conformal invariance
of Maxwell’s equations (see [2]), LoF also satisfies the linear homogeneous
Maxwell equations

(3.3) v“ubpquzo, VH(* (LaF)),, = 0.

It follows that V#(Q(LoF) ng ) = 0, and applying the divergence theorem

to this identity outside of Vi (see Figure 1) yields the following energy
estimate

(3.4) /E (Fla(LaP)P+r2a(LoF)P+(r+72) (p(LaF)* +o (Lo F)?)

+ / 2a(LoF) [ + 72 (p(LoF)? + o(LoF)?)
C_; N{o<tr <t}
< C’/ (L+ 7 (Ja(LoF)? + [a(LoF)[* + p(LaF)* + o(LaF)?).
=g
Here we are assuming that
/ (1 4+ ) (|E(LaF)? + |H(LoF)?)dx
=

is finite, which is consistent with the chargelessness of LqF.

Lemma 3.1. Under the assumptions of the Theorem 1.1, (i)

> Qout(LF)(=1,T) + Qout(LaLF ' F)(—1,T) < Ce.

j<k—1

Proof. Equation (3.4), Lemma 2.7 and Remark 2.1 give the following esti-
mate on C_q

[ GHaP + 72 (0P +10-5P)

<C E0(1 +1%) (la(LaF)]* +|a(LaF)* + p(LaF)? + o(LaF)?).
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We still need to get an estimate for | c. 72 p%. Now

/ 2 |p* < C’/ 2lp—pl*+C 21p)?.
C_y C_y g

From the previous estimate and (3.4) we already have the estimate for the
first term on the right hand side, so we only consider (note that 7 ~ 1 on

C_1)
[l [ s,
C_y 1 St,r

We first show that the integral [ s, pdS; is bounded by a constant indepen-
dent of ¢t and r. Writing equations (3.2) in the null frame we see that

—diva — Lp—2r~tp=0.

Integrating this equation on Sy, gives

/ 7 (Lp + 2r_1p)d,usz = / (Lp + 2r_1p)dST =0,
82

t,r

which means

L (/S ,odST> =L (/S r2p(t, p, ')dug2> = /S L(r?p(t, p,-))dus> = 0.

This implies that the integral [, s, pdS, is preserved along each outgoing

cone Cy,
/ pdS, :/ pdSy_4.
St So,r—t

Therefore we only need to show that on the initial surface g, the integral
| S, pdS, is bounded by a constant independent of r which follows from

1/2 1/2
/ p‘:/ divE g(/ |¢12> (/ 1D¢|2> <e.
So.r Son{lz|<r} N o

We have proved
/ pdSy

t,r

1
r2

pl<C <er?

9
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which in turn implies

oo > 1 > 1
[owwk= [ Pasduse [T ause [ Gau<e
071 1 t,r 1 r 1 g

This completes the proof of the boundedness of the flux on C'_1 by a constant
which can be made small by taking the initial data to be small. To bound
the flux for L¥F it suffices to note that by the conformal equivariance of
Maxwell’s equations £LFF also solves

VH(LEF) =0, VH(*LMF) =0

nv puv

This means that the analogue of (3.4) holds for £¥F and therefore we can
use the same proof as above to estimate the flux for the derivatives of F.
Since the last vector field we commute is a rotational vector field €2, the
term with the maximum number of derivatives is automatically chargeless
so we do not need an extra derivative to estimate the average. O

3.2. Non-compactly supported scalar fields

Here we remove the assumption of compact support from the scalar field ¢.
The proofs in this subsection are independent of the results of the previ-
ous subsection. The main difference between the compactly supported and
general cases is that even if we replace F' by LqoF' using the procedure from
the previous subsection, since F' no longer satisfies the free Maxwell equa-
tions, we will encounter p (not Lqp) when commuting derivatives with the
equation for ¢. To deal with the slow decay of p outside Vi we need to as-
sume more decay on the scalar field on the initial time slice. The following
Morawetz estimate is a special case of the estimate proved in [9], and is used
to show that the extra decay of ¢ is propagated in time. We remark that
the double integral on the left hand side of the Morawetz estimate is an im-
portant ingredient without which we are not able to estimate the space-time
integrals in our error analysis.

Lemma 3.2. Suppose ¢ satisfies the equation

(3.5) D“D,¢ =G.
Define
(3.6) [Flr=jo4 = sup (Ti/27:1/2|04| + 71/47{/4|p| + T+T_|g|> ,

{0<t' <t} xR3NVg
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and let wy(t,r) := 2 and w! Lt ) = 271 Then with

o [ (2o ) (1)

2
+Ti\]ﬁ¢|2+(Ti+TE) - )-w7

1 2
+ sup / (Ti <DL * > ¢ +72 (IlD¢I2 ' ‘(b
u<-1.Jc,n{o<t' <t} " )

2
+TE

2

)

1 2 2
—i—sup/ <T2 <DL— ) +T+ (HDWQ ’ )) "W
u Jo,nfo<tr<t} r
1 2
oz (2 (P43)
Ven{o<t' <t} r
3/2 1 2 2
+ 7, (7’2 (DL— r) —i—T+ <lﬁd>|2 ‘ )) ) -w’v,

we have

OO / (1+72) 4D

1/2
+ (72 Gl 2 o + 1Pl 0,05 ®) -

Proof. (based on [9]). Let us introduce the following weight function defined

in {u < -3/4}:
(38) @'y(tﬂ") =14+ (2 _ u)?’Y 4 (1 _’_y)71/2(2 - u)27+1/2

where 0 < v < % We also write 79 = 7— /7. One can check directly that

Wy ~ w. As we did in the domain V7, we still work with the conformal

metrics gos = =59ap in the domain Vi = {u < —1}. However, we shall make

a slight modification on the multiplier such that the momentum density is

defined as

(3.9) B[] = Qusld)] (Ko)”
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The divergence of this is calculated as follows:

(3.10)  V*PO[g)
_ o (Re <G . éDKO(Qd))) 4 KPFy Im <¢ém(9¢)>> @,

02 ~ 3 - 02 ~ 3 ~
- 7QL6[¢}K0 - L(wy) — 7QL5[¢]K0 - L(w,).

Here we have already used the fact that Ky is Killing with respect to the
conformal metric g. In order to deal with the two terms on the second line,
we use the following expressions:

(3-11) _L(wv) = _ag(av)

_ 1(1 _|_g)—3/2 . (2 o u)2’y+1/2

2
3/2

(3.12)  —L(wy) = —0u(w,)
= 27(2 — u)2“/—1 + (27 + 1/2)(1 + H)_1/2(2 . U)Q'y_l/z

!
~ wav.

Here the notation f ~ g is used to mean that f and g have the same sign and
have comparable sizes. With this same notation, it follows from the above
expressions that

(313) 9 QK] (@)

~ Cyry? (u & DL00) 2 +u2up¢|2> u,
(3.14) SO GualdlKY - L)

~C, (u Louo)| +u2up¢>|2> -,

These two terms give the positive double integration on the left hand side
of the energy estimates. More specifically, by the divergence theorem
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(3.15)

1
forwi (2
S.NVE Q
/ 'l
+ sup u =
u<—1.JC,n{0<t' <t} Q
—|—sup/ u2
u=>0JC, n{0<t'<t}

+ / / u?
Ven{o<t <t}

2 2
+ 73/2 <u2 —i—uQ]],D(b\Q)) -,
5/ (147 )HV
Eomng

1
+// G- <u2 DL(Q¢>’+u2 DL(Q¢>D w,
Ven{o<t<t} Q Q

¢ ¢
= D (Q
Manong (o1 2| 001+10-[2]-[goi00])
¢ ¢
B el 0 W
+//\/Tcm{o<t/<t} <|a| ‘ ‘ Dol + 1o "'”‘ ‘QDL( gb)D wﬁy

Applying (3.15) to Q© = r and = wu, and using the relations

2

DL09)| +u? | S(DLO)

2
+u2|12>¢\2> Cw

Dr(Q29)

2
+u2|lb¢’2> CWey

& DLO9)

2
+u2llp¢\2> Sw

%DL(Q@

& DL(09)

2

D(Q¢)

=0 — Dy +26) — (uDsé+ L)

Y0 Dy +20) — (uDps ~ “6)
,|1 2 ud 2
u ;DL(T¢) = [uDré+ ==
3.16 2 2
(3:10) u? 1DL(W) = |uDp¢ — ue ,
T T
2
u? iDL(uu<Z>) = [uDp¢ + 20|,
2
u? —Dp(uu¢)| = |uDre + 2(;5\2,
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we get

(14124 (|D¢12 +|?

/)

+ (772Gl 2 ) (€] ()2 + | Flieion 3 (1))

CRUNNAUEN |

$oNViE

Dividing (3.17) by (£](t))"/? and squaring we get

(1+T,2)1+’Y (‘D¢’2—|— ’¢

/)

1/2
+ (I PGl 2 ) + [P0, )

B 05 [

Eoﬂvqf

The lemma follows from this and the following Poincaré inequality proved
in [9]

¢

r

2
(3.19) /Z (1422 < /E (1+r2)17| D

Indeed, using the inequality V|¢| < |D¢| and a standard density argument,
we only need to show that the following inequality holds for any function

) € CZ(RY):

231 w
/R3(1+T)+77«

This can be shown by using the following identity and the Cauchy-Schwarz
inequality:

2
< / (1+2) 7|9y .
R3

O (L+r)21r2y?) = (27 + 1)(1 +r)*7r?y?
4+ 2(1 + ) rp? 4 2(1 + )2 20,p.
O

We will also need a version of Lemma 2.8 adapted to V. Let us consider
the following smooth cut off function:

1 s<-1
x(s) = {0 s> —3/4.

Then we have the following Lemma.
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Lemma 3.3. Let f(t,z) be a smooth function defined in {u < —3/4}, then
for any (t,x) € {u < —1}, we have:

1t 2)] S o Pes 2 ST LR (8 ) - w2 e e —3/ay),

o <2
where the vector fields I' are chosen from L.

Proof. Let us introduce the function f(t,g;) = X(U)f(t,x)win. By

Lemma 2.8, for any (t,z) € {u < —1}:

L2(Sn{u<—3/4})

3200 |fwa)l SN |(2RF) o)

laf <2

Since w, and x(u) depend only on u, only the L component of their deriva-
tive is nonzero. But for any I', the coefficient of L is always controlled by 7_
and

[(Lrx) ] S =X @), [Lrwy] S a2 ™ S w,,
Since x/(u) is supported on u € [—1,—3/4],
(L) (] S X (W] S 1 [Lrw)/?| S w2

As a result, the right hand side of (3.20) is bounded by

T2 D IERE) (t wh P e s guz—3/ay);

o <2

which implies the lemma. ]

The point-wise bounds of Theorem 1.1 are proved in the following Lemma.
Note that in the proof we actually prove the point-wise estimates for higher
derivatives of ¢ and F as well, which will be used in the proof of the error
estimates.



Asymptotic properties of small data MKG 59

Lemma 3.4. Under the assumptions of Theorem 1.1, and assuming that
g} and Q} are smaller than a sufficiently small €

2 3/2

1 _5 1 o
’DL¢+7,¢‘ 57—4- / €, ‘DL¢_T¢‘ 57—4-17—— €,
9 —1/2 1 —1/2 —5/2
Bel S 2 e, ol STt e Jal S 7%
ol ST ol ST e ol S0
Furthermore, inside Vp the last estimate can be replaced by |p| < 7';27':1/26
and outside of Vi we have

1 —1_-3/2 —1/2 —2_—1/2 _1/2
Dy¢ — (b’ ST Lr=9/2 -1/ 6, |Po| STt w / €,
(3.21) Lo~ n Y Dol < 7 y

—1_-1/2
’¢| S 7-+le / ’LU,Y 1/267

1 - _
(3.22) ’DLqﬁ + T¢‘ < T+5/2wv /2,

Proof. The proof of the estimates for ¢ are a direct consequence of Lem-
mas 2.8, 2.10, 3.3 and Remark 2.2. Indeed the estimate for Dy¢ + %(;5 out-
side V7 also follows from the same argument as in the proof of Lemma 2.10.
For o and o the estimates follow from the argument in [2]. Indeed in view
of Lemma 2.7 and Remark 2.1 the energies for these components can be
bounded by those of Loa and Lqo respectively. This puts us in the context
of [2] and we are able to use the Sobolev estimates there (in particular (3.54)
and (3.56) in [2]) to get the desired decay. To get the improved decay rate
of 7,7/ for a we need an additional argument. Taking the difference of the
first two equations of (1.1) with y = L and v = A gives

Viaa —r tas—Vap —eap¥go = —Im(¢pD ).
From this equation, we see that
/ ( > rPlalLe P + ZT4|VLQ(£§F)|2> dr S Q5(9, F)(t).
S N {r>1+4} k| <2 k<1
Applying Lemma 2.3 in [2] to U = ra, we have
ral S r *2Q5(F, ¢).

This proves estimate for « when » > 1 + % When r <1+ %, this estimate

holds by Lemma 2.8. For p we first observe that the operator 0, commutes
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with the average of p on Sy, i.e.

1 1
O 2/ pdos, . | = O, </ PdUS2> = / Orpdog> = 2/ Orpdos, ...
" JSe, ’ 5 5? " JS,, ’

Then we apply the second inequality of Lemma 2.3 in [2] to U = r(p — p) as
well as (2.7) to get

Z IrLEpl (s + 7= (0rp — Orp) |l 125,
1<k<2

+ Z |7-Ladrpllr2(s,)

r(p— )| S r;17:1/2<

k=1

Since 7_0, ~ T and [Q,d,] = 0, and using Lemma 2.7, the right-hand-side

of the above is bounded by

Sl Z 17L& L2 (s + |1 Lrp — Lrpllecs, + Z [LaLrpllra(s,)
=1

T T
1<k<2

< 7117':1/ %e.
Now we have already seen that |p| < er~2, in the compactly supported case.

In the non-compactly supported case we note that the equation satisfied by

p is
2 1 S
—divae — Lp — = S€LABaIm (¢pD*>¢) =: f.

To see this we write the MKG equations as
V[)\FMV} =0, V[A*F;w} = —8)\#ya1m (¢pD>9),

and compute the [LAB] component of the second equation above using the

relations
a(*F)a =epac(F)P, *Fap = p.

a(*F) 4 = —epaa(F)P,

See [2] for more details. It follows that

1510l (p2+ 1) .
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Repeating the argument from the case where ¢ is compactly supported, we

get
1
L( / pdst,r) < |¢|‘(DL+) ¢>‘dst,r.
St St,r r

Integrating this equation in the u direction gives

1
| owdsio|s| [ pasud+ [ |¢1‘(DL+) ¢‘dcu.
St‘r SO,t—r Cu r

The first term is bounded by the initial data as in the case of compactly
supported scalar fields, and the second term can be bounded by Hélder’s

inequality as
1
Tt (DL + r) ¢

/ 9] ‘(DH 1) ¢‘dcu <
C. r

We also need to inductively consider the case where F' is differentiated &
times. This amounts to commuting Lie derivatives with the equation of F
and hence differentiating f above. The exact form of the resulting right hand
side is computed in (4.8) and (4.17-4.18) with u = L below. In view of the
cancellations (4.16) every term in (4.17) below can be bounded as above,
except E. For F we observe that since yu = L,

<

~

¢

r

< €2

L2(C.) L2(Cu)

|B| S 74 |L5 ol |29 |C5 6| 47— |C* pl | L7291 4,

where at least one of £¥¢ and £**¢ can be bounded in L. Moreover,
by induction the average of £* p is bounded by er~2. It follows that from
Lemma 2.7 that (suppressing the Lie derivatives from the notation)

¢

2 1/2 2 1/2
Loes [ 2 e ([ arn) (|4
C C. 1T Cu C.
1/2 o2 1/2
([ ) ([ ) 2
C. c, T

Finally to get the improved decay of p inside Vp we introduce a smooth

cut-off
1 s>-3/4
x(s) = {0 s < —1.

¢
.
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Note that for u > —3/4 we have x(t — r) - p = p. Applying Lemma 2.3 in [2]
to rx(t —r) - p, we see that for any point {u > —3/4}

rlp(t,z)| = [rx(t —r) - p(t,2)| S 770722 (Q5 + &£)).

These give the desired decay estimates in {u > —3/4}, but since 7_ is like
a constant for u € [—3/4, —1], the estimates in this case hold by the earlier
arguments. 0

Proof of Theorem 1.1 (part 1: outside V). We use the same Morawetz esti-
mates for F, replacing I’ by LqF as before, with the difference that now we
need to keep track of the error terms coming from the fact that the equation
is no longer conformally Killing invariant. For the scalar field ¢ we use the
modified Morawetz estimate of Lemma 3.2. In order to estimate the right
hand side of the Morawetz estimates, we assume that the left hand sides are
bounded by a small constant €2 up to some time ¢ = 7', and use a bootstrap
argument to improve this bound. Once we close the bootstrap, the decay
rates for the scalar field and F' follow from the previous lemma and the
paragraph preceding it. The flux estimate on C_; follow as in Lemma 3.1
and the bound on p from the previous lemma. We now proceed to bound
the error terms from our application of the Morawetz estimates as outlined
above. For the scalar field by Lemma 2.1

(3.23) DD, Lr¢ = 2TV Fy D*¢ 4 VHTV Flu ¢ + TH T, (0) ¢
If we commute more than one derivative, then according to Lemma 2.3
D*D, LY .= Gy,
where
(3.24) |Gyl < )2L‘§g[ | xe Ll FaprclEl o+ v Ll xe e pL el g
+ | xe Ll Bl o
| X L X 2 Rl el ).

Since the first and second terms above are in exactly the same form as
the right hand side of (3.23), we only give the details for the right hand
side of (3.23) discussing two cases: the electromagnetic fields receive more
derivatives than the scalar fields and vice versa. However, for the second
term we should also consider the contributions which arise from commuting
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derivatives with the equation for F, which are present only if we commute
more than one derivative. These terms are computed in (4.19) and (4.20)
below. We start with the first term on the right hand side of (3.23). If I' = S,

(3.25) |S¥ Fluy D ¢| + |V*SY Fu ¢
< u(lpl|Dro| + |af[Po]) + ullpl|Dro| + |l | Do)
+ (VESE — vESE) pgp + %(VASB — VESNFaps

S (1| (22 + 3) o] o
v (1] (D= 1) o talipet) + bl

If I' = Q;;, we need to exploit the structure of 2Q£FAMD“¢ + VEQLEw .
Specifically we have
20 F aD ¢ + V' Flu¢

=208 FpaDP¢ — QA FpaDLo — QAFLAD Lo
A 0A
+ L Fpad — —LFpag+ (2e5(Qf) + Q5Fap) Flio,

SO

(3.26) 1295 Fap D" + VHQ Fu |

< (Jo (D=1 ) o | (D 2 ) o] + ol (19t +2)).

Finally, if I' = Qq;,
QQSZ-F,WD”d) + V”Q&-Fm,(ﬁ
= 2w Fpal” ¢+ tw Far Do + i Fard + uwi Fap P ¢
+ tw Fap Do+ wi' Fapd — wwi Fap 9" ¢

1 1
- §QUJ2‘FLLDL¢ + §uwz‘FLLDL¢ +wi Frro,

and therefore

1208, Fyu D 6V, 0| < lal|tDp + 6| + [al [t D16 + o)
T (r (o] + 1ol + o) + 7—lal) (rm»\ n “Z")

o
+1pl(74|DLg| + 7-| DLo))-
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So
(3.27) |220; F DH OV QG F )|

S lafry

Dy~ 10| +lair- |Dio+ 1ol

r

T (re (ol + 1ol + laf) + lal) (umm n ‘“)
1ol (u

1 1
Dro+ rd)‘ + 7 ‘Dm - r¢’> :
We also need to consider the contribution from commuting with I' = 0,,.
Notice that V#I' = 0, so we only need to consider the first term. For I' =
0 = %(L + L), we have

21" Fy D*¢| < |pl(IDLol + 1 DLel) + [Dol(lal + |al),

which has already been considered when we estimate & (S). For I' = 9;, by
the second equation of (2.7)

|20 Fl D6| < |pl(IDLgl + [DLgl) + [Dol(le] + |al) + [ol|Drg| + |al|Drg).

The terms |a||Drp¢| + |a||Dr¢| can be bounded by

(Pu7) o] +1ai| (Do 1) o] + Ll

which has better decay than the terms already considered. We treat the
terms on the right hand sides of the expressions above separately.

<DL+1>¢
r
T—‘<DL+1>¢
r
2
(DL+1>¢ !
r

Wy
Here some more care is needed if p is differentiated enough times that it
cannot be bounded in L. Suppose p is replaced by £Vp in the formula
above. If N is the maximum number of derivatives we are commuting, then

|

2

mitr_|p|? Wy

Ly(Vo)
2

< Hr2,0||%x Wy

§62 72

L(Vo)
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LN = LoV so LNp = p(LoLY71F) can be placed in L?(C,) with the
the weight 72 and we get
1
(DL + 7“) )
L' (Vo)

<DL+ 1>¢

-1
< 62/ T__QHT_[,N,O”%Q(Cu)dU <€t

—00

2

T | LN pf? Wy

2

< T LN Pl vy || 72 Wy

Loc

If N is less than the maximum number of derivatives but large enough that
LN p cannot be placed in L, then we write £LNp = LNp — LNp + LN p. The
averaged term can be bounded in L™ as explained above. For the difference,
since we have at least one more L derivative at our disposal, we use the
Poincaré inequality from Lemma 2.7 to bound this term in L?(C,,) as above.

Next
N2
23| (DL 1) o] w,
LM (Vo)
4012 -2 1 i !
< IrdoPlle - [r2r (DL 1) of wf
L*(Vo)
N2
cofefn-)ohe],_ =
' L4 (Vo)
or
0N 2
273 Lapl? (DL—T)¢ Wy
LM (Vo)
L
S| (e 2) o] wn| Lol 5
LOC
and
2 < 3/2) 12 7 < A4
172 7ol 16 1 wsll s (vo) S I o1l I 0w s (v S €

It | Lapl |6l wy Loy S ITEr-lofwsll= [l LapPll Loy < €
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Similarly,

1/2
It a1 BélPwy | vy < 7272l 112w, [ v S €

ITe 7|1 Do Pwy vy < Nlal?llo o) T PglPw, ||~ < €.

7373 [a?| D*w, || 11 (1) can be estimated in a similar fashion.

1
<DL + ) 10)
" Li(Vo)
1
T+ (DL + r> ¢

If there are more derivatives on «, we need a more delicate analysis. Denoting
by 7m(u) and rps(u) the smallest and largest radii on €, respectively, we
have

2

7 laf v,

2
3
Wry

< i laf? |z~ ||7=2

< ¢t

~

L*(Vo)

T_

(3.28)

// T la)? ‘ (DL + 1) ¢| wydzdt
r
—1 T’]VI(U) 1
— / / / i laf <DL + ) ¢
—00 Sy, (u) Stor r
1 prar(a) ) 2\ 1/2 1/2
< / / / r6 <DL + ) ® / r278 \g|4 drwWT__Qdu.
—00 Sy, (u) St r St,r

The inner integral

7 (w)
[
T (W) St,r

is bounded by

[
T (W) Sur

2

2
dSi rdrw.du

<DL+ 1> ¢
r

4\ 1/2 1/2
T6> dr - sup (/ |oz|4r27§> .
7o (W) <r<rur(u) Sur

(pevs)e
T
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By Lemma 2.9,

1/4
</~ r276|oz|4> < “initial data”
Sur

1/2
+ </ 2lal* + 72 |Ylal]* + TEIL(TlaMQ)
c

w

1/2
< “initial data” + ( / 2 |af? +TE|£aI2> Se

—u

For the other term we apply Lemma 2.6 to f = r®| (D + %) #|? to get

rar (W) 4 1/2
/() (/~ 76 <DL+714>¢5> dr
o (W Su.r
rar(u) 1 2
< 2Dy + =
~ /Tm(u) </§ (T < Lt 7“> ¢
(243 )ol[p (242 ) ] ) o

Bounding the second term above as

+r3

1 1 1 1 1
’125 <DL + ) ¢‘ ~ = ‘DQ <DL + ) ¢‘ ~ = <DL + ) Lao| + |all¢l,
r r T r r
we have
(1) A\ 1/2
/ / 70 <DL+ 1> ¢ dr
rm (w) gu,r r
1 2 1 2
N / <r2 <DL + r> b +r? (DL + 7") Loo| + 7"4|04|2|¢|2>
Cu

<y / (Plaf2l6?) .

u

Since now there are less derivatives on ¢, the last term above is bounded as:

/ (TET__llozP) ,S/ TJ2F|04]2 §62.
C. Cu
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The estimates for ||7¢7_|al?[(Dg — 1)é|*wy 11 (v,) are similar:

el |(pu-1) o
2
(-2

Wy
If there are more derivatives hitting (D L — %) ¢, we use L* estimates:

1
f ()
T]VI(’LL 1 2
/ /( i |af? <DL_7"> dSt rdrw~du

7t (w) 1 4 1/2 1/2
/ / (/ r2r8 <DL - r) o ) (/ 76 \oz|4) drr= 2w, du.
r'm(u) St ™ t,r

The rest of the argument is similar to the previous case. Next,

2
Wry

Lt(Vo)

1
/ 7202 s ey du S €

—00

<

~

2.3

Loo

2
w~dzdt

4
Irtr—lo Pl Dol wy |l vo) < It r—loPllo Dol wy vy < €,
ITe 7|21 BD el ws |l 1 vo) < Moo vo) 17T 1D *ws |1 < €.

The case where D¢ is replaced by % is treated in the same way. For the
second term in (3.24) and the last term in (3.23), note that at least one of
the two |¢|? factors can be placed in L.

ITe 7|1 | Do ws 12 vy < NITer2 1@l o= |72 1|E¢|2w7||L1 Vo) S

2
It 1o Do wy vy < 7212 DIl Wy S e

~

L(Vo)

The estimates for |7ir_|¢|*|(Dp + 1 D)o|2wy || 11 vy and ||7272|[*|(Dy —
Do 2w, | L'(Vo) are similar. Next, we estimate the contribution from the
last term in (3.24). We keep in mind that since these terms arise only af-
ter commuting two or more derivatives ¢ can aways be bounded in L.
Using (2.10), we write these contributions as

i 1gl(lal* + |allpl + |allo] + [allal + |of?)

(3.29)
+ 1 |0l(Ip* + lallal + |pllal + ollal) + 72|l
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We have

4
787 lal*|olPwyl| £ (ve)
SR lal (e |81 wy [y ve)

S 2l e i1l wy = 17 o Pl s v ) S €.

170 7—lal?|pl? |6 Pwy | L1 (v
SlIrelal?llz= 3|l wsll I3 | £apl* o1 ve)
Il o T2 P | o I 7 [Py [l ) S €

or

Sl lolPwyllz= I3 r—|o Pl el o) < €.

1787 laf?|al?|é 1w, |l 2 vo)

S Il wy | <174 |af* o Hu Vo)

rar (1) 1/2
/ / (/ 6|oz|4) ( r2r8 ]a|4> drr~3du
T (W)

<€

787 lo|*|¢1Pwy | 22 (v

S It rlglPwsll= il Pl == o Pl o) S €.

17472141620 | 11 (1)

S 2| ¢lPwy | ol 1o e 77272 | Lap s 1)
+ 178121512 N o 1y 472 1P L s v

< Ml 110 | vy S €8
17472 p Pl | 1 (v

S 27 |62ws | = |7 1o | e 1 272 1 1) S €

or

6
S Irtr-lglPw, = 732 [a (|~ = Lapl®l| 1 vo)
HITE 7|0 Pws = |73 |l B = 175272 [ o1 vy < €.

It 72 |0 el ¢l ws | s (v

-2
STl wy | < llTtr—lo Pllo~ I - la |l ) S €

69
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17372 1l 61wy | v
S It loPuwy [l 7372 [ | e 1727 e vy S €°

The contributions of (4.19) and (4.20) are estimated using the following
point-wise bounds:

oo gPwy S 2w a?, i faf?¢wy S Ertr T ey HQ
il ol ¢lbwy S ErPwFlal, i oo wy € CrT M HQ
o7 |o?|6l%wy S 12w Plol?, i |o|¢)’w, S €070 w_lH2

e
2

i Lapl?60wy S TP2w P Lapl? iR BP0, S T ws

Finally note that the term with |F|-[o 7 in the statement of Lemma 3.2
can be absorbed in the left hand side by our bootstrap assumptions. This
completes the error analysis for the terms coming from the scalar field.
It remains to estimate the error terms from the Morawetz estimate for F.
Except for the terms involving p these terms are treated the same way inside
and outside of V7 because the other components of I’ have the same decay.
We have therefore chosen to postpone this analysis to the next section. These
are equations (4.11-4.14) and (4.21) below. Here we only provide alternative
estimates for the terms involving p in these equations.

1727161 1P1% L) S N2 L)
2

< |72 ¢ Wy ! 27564 1_27,
' 11(C.)
2= 1 < 2 _—2 1
Zlpl || DL — = ) ¢| ¢ S (| D — = ) 9| |4
r £(c,) " L/(C,)
1 1
< (DL—>¢ T_‘(ZS TH Wy T+1 2y
" L(c,)
< 637'__1_27,
- 1 _ 1
gy DL+; S DL+; o |9
LY(C.) LY(C.)
1 _ 1
< |l (DL—i- > o ¢ Wy St
r T+ Ll(Cu)




I 72 Bllad [Pl e,y S €

172 1plloPlallne,) < €
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—3/2
7'+ T+

|l ’¢
.

—C

=160l e

< é? 7LMT+’O£‘U)$/2
r

L'(C.)

4. Inside Vp

T

9

4_—3/2
SeT,

L(c,)

—3/2=7 < A 3/2~y

O

In this section we complete the proof of Theorem 1.1. In view of the results
from the last section we only need to prove the decay rates in the interior

of C_l.

Proof of Theorem 1.1 inside Vr. We set up a continuity argument as fol-
lows. Assume that Q}(7') < Ce. We then show that if € is sufficiently small,
then Q}(T') < Ce/2. The proof is divided into three steps corresponding to
commuting zero, one, or more vector fields.

Step 1: Q3(T) < Ce/2

The bound on Q§(7T") simply follows from the flux estimates on C_; from the
previous section and Corollary 2.2, and by taking the initial data sufficiently

small.

Step 2: Q7(T) < Ce/2

In light of (2.11), the flux estimates on C_;, and Corollary 2.2 we have

QI(T)* <

(4.1)
(4.2)
(4.3)

(4.4)

1

Q

1
D (0£16) | [P,
T C;~/VT Ky FuwJ” (Lro)|

+OY [ IRy Lem L)
r JVr

4
= Ceg+ Y > &),

I' =1

DKD(QL‘ng)’ 21" F,, D" + VHTY Fl )|
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For each ¢ and I" we will prove the bound
gHI) < Cé.

E1(S). We have

(4.5) ‘iDKO (rﬁscﬁ)‘ 472

2 (De+ 1) g6+ 72| (Do 1) oo,

Now we need to bound the integrals of the products of the terms on the
right hand side of the previous expression with (3.25).

(4.1.1) /V (DL + )Es¢ ol DLl

R 1
S/ T4 (DL+> Lso
—1 T

<DL+i> o

||L2(Cu)||7—+
L2(C.)
X |74 |plll L= (c,) du
+ | (2 3) s lzsc -2
—1 LQ(CH)
< |l7= 73 ol = (e du
§63/ T__S/Qdu§e3.
—1
ary [ (DL+ >Es¢ ol )
Vi
S/ <DL+ )Es¢
—1 L2(C.)
< |l 1Pl 2oy 7= (C.)du

< €.

(4.1.3) /Vrir ’(DL+ >£s¢>

< / (DL+ )cs¢
-1 L2(C.)

X 71Dl L2 ey I+l || L )y du

|| D¢




(4.1.4)

(4.1.5)

(4.1.6)

(4.1.7)

(4.1.8)
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/T_%_T_ (DL—i— >£5¢
Vr

> 1
S/ T4 (DL+> Lso
,1 T LQ(CH)

x |[m=lplll 2 I7+1DLolll L=,y du

(DL - ) Ls

<DL — ) Lso
r L2(C,)

x| melplll L2 c ) I7=1DLoll L= (c, ) du

(pr-1) 0

<DL - ) Lso
" L2(C,)

< 7 Bl i 7l =,

(DL - 1) £56| ol B

<DL - > Lso
L*(C,)

< 7 Bl iy Iy 7 el o,

-
T_ (DL — 71‘) Lsp

Pl DLg

€3,

/ 7'3 T+
Vr
o0
S /
0

€3

/ 7' T+
Vr
0o
S/’
0

€.

|
Vr
o0
S/‘
0

A

ol DLl

N

o] | D]

174N

Pl Dol

L*(C,)

73

17+ pll 2o 175 72 Drdl = du
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E1 ().  As before, we can bound

1
(46) L 0g, (Lo, 572

1
(DL + r) Lo, ¢

(50-2) 0o

Now we have to estimate the integral of the product of this right hand side
with (3.26).

+7’3

1 1
(4.1.9) / 3 (DL + > Lo, ¢||al (DL— > ¢‘
Vir r r
o0 1
< / T4+ (DL+> ,CQ”QS
-1 r L2(C.)
1
<l || (D2 - 3) of|
Loo
<€
(4.1.10) [\ Do+~ ) La,o|lal || DL+~ | ¢
Vir r r
o0 1
-1 r L2(C.)
1
« || <DL ; ) 6 s
r L2(C.,)
<é.
3 1 12l
(4.1.11) DL+ =) La,o|lo| | |D] +
Vir r r
o0 1
-1 r L2(C.)
b -
< |l (|zz>¢>|+"> =72 ol e ey
T LZ(C’u)
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1
(4.1.12) / L (DL - 1) Lo, ¢| ol <DL - ) ¢’
Vir T T
00 1
S / T— <DL - > ﬁﬂu(b
0 r L2(C,)
1
« [~ <DL— ) qs]H Il = s
T LZ(QE) -
<é.
2 1 1
(4113) T_T4 DL - ‘CQU¢ ‘Q‘ DL + - ¢
Vr ST r
[ (e
0 r L2(C)
1
x|Im—lalllzz ) ||+ (DL + ,,,> ¢ du
“w L>=(C})
<é.
o i o
(4.1.14) m2r || Do — = ) Lo, o| o] | [P¢] +
Vir r r
[ (s
0 r L2(Qi)
o
e (1901 + 1 I7-loll~ (¢, du
r(c,) -

As in the previous section (see (3.27)), the other vectorfields do not con-
tribute new terms.

E3(S). Observe that

St T.(¢) = S¥Im (¢Dr¢) + SEIm (¢Drb)

= %glm (¢ (DL + i) q5> + %ulm (qb <DL — i) ¢>> .



76

L. Bieri, S. Miao, and S. Shahshahani

We must consider the product of this expression with (4.5).

(4.2.1)

(4.2.2)

(4.2.3)

(4.2.4)

Jy
AL

< 3.

~

2
/ TLT-
Vr

00
S/
1

Se

/ ’7' T+
Vr

o0
</
0

3
T+

X

X

T+

T+

T—

Dy, + >Es¢

(DL + ) Lso
T

(DL + ) Lsp

(DL - 7,) Lso

Dy — ) Lso

(DL - 1) ks
(o).,

) I 1[Il L=,y du

(DL + 1) o
r
<DL + ) Lso

Ziell |7

L2(C)

<DL - ) Ls

T—_T+

1) o

L2(Cu)

2(C)

L2(Cu)

L(c,

9] <)

L2(C.)

(o-2)-
o)

(v )
:

174161 )| L=y du

o)

du
Le=(Cy)

DL+1>¢
r

L=(C,)

o)1

du
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£3(ij). Since OJ,(¢) = Q5Im (D ag),

1 Tu(@)I9] S 74191 D)

We need to consider the product of this expression with (4.6).

61| Dol

1
<DL + T) EQ,ng

(4.2.5) /VT 3

0o
</
-1

< 3.

T+

1
<DL + ) LQ”¢
" L2(C.)

< 1= Pl 2 e 17272 S | 1= 0y du

(4.2.6) 2T,

1
(DL - T) zm‘ [¢I*1P9)|

(-

<1 1Pl 2o 1710 P L= o,y du

T—

/‘/T

oo
S/
0

L2(C.)

A
2y
w

E3(Qoi). Here

QU u(¢) = S ulm (6D19) — Srulm ($D16) + tw Im (5149)
i ((01+2)0)-m (51 2)
2 r 2 = 7
+ tw'Im (1 49),

i Ju(9) = Sulm ($D16) — Srulm (§D6) + ko P a0

= ﬂ@lm <¢ (DL + 1) ¢> ~ “lulm <¢ <DL - 1) ¢> + twf D¢
w r 2 "

But the contributions of all these terms were already considered while esti-
mating £1(S) and £3(Q;;). When I' = 9,,, by (2.7)

00 5| (w4 1) ool + | (D1~ 1) o ol + el

which has been already considered.
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£3(T)
We have
TV 1, 1
(4.7) KyF,, = §T+FLH + §T_FQL.
For any commutator I' we see that

[KoFod" (Lro)l

< (72 |(put7) ero|+ 72| (Do) oro

+ (T—%-‘O‘| + TE|Q|) |]p£r¢||ﬁr¢|.

+ 72

) pllLedl

Bounding the terms involving F' in L*°, we have the following estimates

(DL -+ > Lro

T+ (DL + ) Lro
" L2(C)

17277 pll e S 7%,

(pL - ) Lro
<DL - r) Lo

—-3/2
x | pllp~ S 7227,

[Lrél|pl

Ll(C )

A

L2(C)

X

|Lro||p|
Ll(C )

A

LQ(QE) Lz(C

172 lol|LrollPLrolll e,

T —
Sl BLedllize, || Led| , o, Imloll S 7%

—u

I72lallLrll DLl c.)
T— -
Sl1PLrglllae, || Lre Ir+lalllz- S 722

L2(Cu)
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E1(T). Suppose I' is in L with conformal factor Qp. Then

(4.8)  LrJ*($) = T°Valm (6D"¢) + VATIm ($Daé) + Qrlm ($D"¢)
= Im (Dr¢D" ¢ 4+ ¢Dr D" ¢) + VFTIm (¢ Dy )
+ QrIm (¢ D" ¢)
= Im (Lr$D"¢) + Im (¢Lr D*¢)
= Im (Lr¢ D ¢) + Im (¢D* Ly ) + T FF, ||,

where we have used (2.12) to pass to the last equality. It follows that
(4.9) 1LrJ*(9)] S [Im (LrdDH¢) + Im (¢D" Lr)| + [>TV F,"|.

We also have

. 1 1
(4.10) KG(LsF)up = 573 (LsF)r+ 572 (LsF)
Now if ' =5

(KG(LsF)uLlsd” (¢)]

S (P2l LsF)| + T2 |a(LsF)|) (D] Lso| + [DLs||@| + o> (T4 || + 7—|a)))
w2otesr) (| (Do 2) of Iesol +|(De— 1) 20|10+ rilolor)

+73p(LsF) (‘ <DL + i) ¢‘ |Lso| + '(DL + i) Lso

6] + T|p||<z>2) .

The terms involving (D + 1)¢ and (Dp — 1)¢ in the last two lines come
from

Im(Ls¢D¢) + Im(¢DpLs)
=Im <£S¢<DL+i ¢> + Im <¢(DL+710> £5¢> ,
Im(Ls¢Dro) + Im(pDLLso)

(1)) (s (o))



80 L. Bieri, S. Miao, and S. Shahshahani

The terms involving |¢|? can be bounded as follows.

17316l Ls )| 11 (e

< lrilalllzzen sl LsF) L2 I+ 181P | L= (cn) S 772,
HTE‘(b|2‘QHQ(£SF)‘HLl(Ql)

< ”T—‘Q‘HL2(QE)HT—’Q(ESF)‘HLQ(QH)”T—WPHLM(Q, <

IITiT—|¢!2|04(£SF)H04|HL1
< Il LsF)lll (e,

T <l g < T2
o Il el 5 772

4.11
I 2 Rlatcs Pl

—2
< Ir-la(£sF)llc, | = \¢|H o 1718l ol S 7%

2716 Plo(LsF)llplllz e,
< lrilp(LsF)llzac,Im ol Ir-161 o~ < 757,

I 216 Plp(Ls )lIplll e,
< -lp(LsE) 2 Im=1olll 2 @ I+ 18 | e S 722

Next we investigate the terms involving |D¢||Lsd| and |¢||IDLs¢|, which
can be bounded as

I72la(Ls P L0l 1Bl c.
|5 12s0l] g I Pl < 72

< Irelaes Pl
I3 la(Ls P8l PLs6ll1s )

S Irelo(CsP)lleen -1 Bl s Irer = @lllze S 72,
72 la(CsF)lILsdl Dol

T+ < 32

! "W'Hpm 1Dl <7,

(4.12)

=S ||7_*|Q|||L2(Ql)

172 a(LsF)| |91 PLs9 |1 c,

—3/2
S lIlelllze e, HT+|lD£s¢|HL2 Dl ol S 72
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For the remaining terms we have

2 p(LsF) ‘ (DL - i) ¢‘ |Lsd|

L1(C)

T+ <DL—i>¢

S lm—p(LsF)| 2, HTT_MS(M HL2(Cu)

<32

~ =

Loo

2 p(LsF) ‘ (DL - 1) Lso

r

L(c,)

9]

T_ <DL — i) Lso

[Eam T[]

S lImp(LsF)l 2, )
L2(C,,

<
(4.13)

Potesplesol|(Du+ 1) o

Lc,)

Tt <DL+i) ¢

-
S lirep(LsF)l 2 c,) ’7+|£S¢|HL2(C )

LOO
<2
9 1
i p(LsE)|o] || DL + - Lso o
Li(C,
1 _
< HT_p([,SF)||L2(C“) T4 <DL + T) Lgo o ||T+7-_1¢HLOO
L2(C.,

< 7_:3/2‘
Next if I' = Qij')

’Fg(‘CQUF)MV[’Q” JH(¢)‘
< (rHlalLa, F)| + m2a(La, F)l) (1D6|Ca, 6l + |PLa,dll¢] + T lol|6])

#7200, 7) (|(D1 = 1) of1ea, 01+ |(De= 1) 2n 0] o1+ 7y lallof?

#2000, ) (|01 -+ D] 1ea, 01+ | (Dt 1) a0

9] + r+|au<z>|2) |
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Here we only need to consider the terms involving |¢|?, which are different
from the case when I' = S.

172l Lo, F)llo 16l ()
S IrslaLay, F)llzenlmlollzen i r= el = S 722

17274l Lay, F)lloll6f e,

S Ir-la(Cay, P2y I+ lolllzz e p IT- 1P~ < 752,

(4.14)
1727 p(La, F)lal 6] L c,)

S llrep(Lay, F)llzze pliT-lalllz e pllr- 16| o= < 7372,

173 p(La, F)lal|oll 1 (e,
S mp(Lay, F)ll 2 I lalllz o 1727 o Pl S =2

For I' = Qg;, we again only need to consider the contlzj)bution from the com-
mutator terms. As in the previous cases, since Qq; = — (uL — uL) + thAe A,

the L and L-components of €)y; have the same behavior as those of S, while
the e 4-components have the same behavior as those of €2;;. The estimates for
the contribution from g; therefore follow from those of €2;; and S. Similarly
by (2.7), all the contributions from I' = 9, have already been considered.

Step 3: Q5 (T) < %
Appealing to the flux estimates on C'_; and Corollary 2.2 we need to bound
1

[ (|am 0k xoppack, xo

Ko BT (x| + [K0 Loy, P Ly, (0) )

In view of Lemma 2.3 this can be bounded by terms of the following forms:



Asymptotic properties of small data MKG 83

1
a: [ |gDr 0Lk x0)
Vr

|11 |12 |15 [11] |12 15
< 2 xa el Faprefl o+ oLl xo 2l el o
\L] + L + I3 =k =1, i1 ¢ I,

AQ:/ !
Vr

80 )| | X0 Pt o
1] + | Io| + | Is] = k — 1,

)

)

9] 3

I, I I Ly Is
B /V e Xk¢‘ )L'X' xe Ll X2 elp B F“BE‘XIL(b( ,
L+t T = k=2, i ¢ T,
O [ [RGB, x0)].
Vr
D | [Foch bl . (0).
T

Ai. We consider the cases in (4.1.1-4.1.14) where the terms that were
previously bounded in L*° are differentiated so many times that they can no
longer be placed in L°. For simplicity of notation we drop the Lie derivatives
from the notations.

(4.1.1).
3 1 k
[ (DL+ ) c ¢‘ AID2é
Vi r
o 1
< / T4 (DL + > £k¢
-1 r L2(Cy)
* Im=pll 2o IT= 2 DLé | e (0, du
< €.
(4.1.2).
3 1 k
[ G
Vi r
< / Ty (DL + 1) Lre
—1 r L2(C.)

x |l L2 I+ 19| L~ (o) du
< .
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(4.1.3). Fix 6 € (0,1). Then

1
/7'+T (DL—i— )Ek
Vr

| |al| Dol

5| |al

152

( (po+ 1)t )( /VTTgi&T?a?);
( ( . <DL+ )f%) )
( n‘”( %‘2) du>

(4.1.4). Write Dp¢ =

(DL — Lo+ % For the first term we have
N 1
T |\ Do+~ ) L) | DL — ) | lpl
Vi r T
1 1\ .. 1
Se| 2 Dr+- )L\ DL—= )¢
Vi T = o

o
<e / 7:1_6 /7_2F
-1 C.

The other term can be bounded as

/T+T_ (DL+ >L‘k¢
Vr

o0 1
g/_l T (DL+T)£’“¢>

< é.

21

H S| N
L2(C.)
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(4.1.5). Whiting D¢ = (Dy, + )¢ —

£, we have:
=
2 L\ ok 1
2o |(Dy=2) cr6| Il | (Dr+2 ) 6
Vr r r
1/2 I\ & 1
< T Dy —— L || D +-1|¢
Vr - T r
which can be bounded as in the previous case. For the other term we have

1 1
[ (o= 1) e |p|]¢]
Vi r
0 1
S| mlelle= || { DL — -
0 T

o2l

< €.
(4.1.6).
/ 27y <DL— 1> LF| ol Do)
Vir r
3 LY
,<V6/VTT_ <DL T>ﬁ | le
* s 2112 2
<c( [, ([ et )
00 2 2
X (/0 —2+9 (/CHTE (DL—1> ) )m)
<
(4.1.7)

ol ol Dol

- L

r

1 k
T— DL*; ,CQZ)

Im-allzz(c) I 1Dl L~ du

L2(¢,)
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(DL - 1) ck
- T

(DL — 1) £k¢
- r
< €.

(o1

(4.1.9). Here we will use L* — L* Sobolev estimates, since we cannot
bound the factor involving (D L — f)d> in L°° directly. We consider the two
regions Vi (\{r <1+ £} and Vi ({r > 1 + £} separately. In the first region,

74 behaves like 7_. Since o~ ST, /2, we have

(4.1.8).

|
Vr
o0
< / T_
0

L*(C,)

2
-1l L~ (c,)du

L*(C,)

T G I CE
Ve {r<i+%} T
5/ (14+1)7%2 |7 (DL+ >£kq§

0 L2(3, N {r<14-5))

X |[7— (DL — 1> é dt
" L2(8, N{r<1+4})

< / (14+8)7%2 |7 <DL + ) LF _ <DL - 1) ) dt.

0 L2(%,) r L2(%,)

The second region is more delicate, because we need to use the L*-Sobolev
estimates. We denote by 7y, (u) and 77 (u) the minimum and maximum radii

on Cy(T') respectively. Then
1
(-2
r

/ 3 (DL+1> ke
Ve N{r>1+£} r
< J, 7 |(pes D) el (pe- 7)o
Vr T
o 9 1/2
5/ </ (DL+ >£k¢)
-1 C,
7‘1\4(’u)
A/ (/ wet| (01 o
m(w) §u,,,. o r

1ol

|

1/2

A\ 172 1/2
) (/N 7“6\04|4> dr 7:3/2du.
S
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The rest of the argument is the same as (3.28) above.

(4.1.10). This is similar to the previous term, but in our application of
L* estimates we place a where we previously had (D — 1)¢ and (Dy, + )¢
where we previously had a.

(4.1.11).
1

[ <DL+> k4| [0 (|JD¢|+W>

Vr T '

00 1 B
<[~ (DL+> kg ol |27 (uwu“‘)’)

~1 T L2(C.) " JllL=(c.)
< €.

(4.1.12).

|

Vi T T
56/ 2 (DL—1> Cho
Vi r

([ )
X (/0 T;2+5 (/CHTE <DL— i) £r ) du)

< €.
(4.1.13). Noting that |a| < ET__IT_:?’/Q we find ourselves in the same situ-
ation as (4.1.4) above.

/ TE7'+
Vr
[e%S)
S /
0

|

(4.1.14).

(DL — 1) ckep

ol (1ol + 21)

r

<

L*(C,)

I7+lolll2(c,)du
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Ay. Here we commute more Lie derivatives with J (recall that V and
Ly commute.) In (4.8) above we computed the effect of commuting one
derivative. Repeating that computation we get

(415)  LyLxJ,=Im(LyLx¢D,ud) +Im (LxdD, Ly p)
+Im (Ly ¢DyLx ¢) +Im (9D, Ly Lx §)
— 2YPFupRe (6Lx¢) + 2X* FuaRe (¢Ly ¢)
+ LYXaFua‘ﬁbF + XaﬁYFua|¢|2 + QYXaFua|¢|2-

Note also that when @ = L or L we have
Im (Lx¢DLy @) +Im (LypDrLx @)
~Im (cm <DL T ) cy¢> FIm (cm (pL n ) LX¢)
Im (mDLEYQb) + Im (mDLEX¢)
=Im <ﬁX<l5< L—> £Y¢> +1Im (ﬁyqf)( L—> £X¢>

m (Ly Lx$Dr¢) + Im (
=Im (ﬁyﬁx¢ (DL + i)

(4.16)
¢D Ly Lxp)
¢

) +m ( <DL+ )cycx<z>>

Im (Ly Lx¢Dpé) + Im (pDpLy Lx ¢)
=Im (ﬁyﬁxgb (DL — i) qb) +Im (gb (DL — ) ﬁyﬁxqb)

The case where we commute more derivatives is similar:

(4.17) LiLy - Lx],
=Im (LzLy - Lx¢D,¢) +Im (aDu[,Z[,y - Lx)
+Im(Ly - Lx¢DuLzd) +Im (Lz0DuLy - Lx ¢)
+Im (mDchﬁY o ¢) +Im (mDu£X¢)
+ FE,
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where the error term E can be bounded as

El'S > LD XL ol L)L 6.

(4.18)
[ Iy |+ 2|+ | L3 |+ 14| <k—1

Notice that we also have cancelations analogous to (4.16). Again we have to
repeat the computations in estimating £} but where the terms which were
previously bounded in L*° are differentiated enough times that one cannot
use L™ estimates for them. E was not considered in estimating &5 so we
will handle these separately at the end. Note, however, that similar terms
came up in &;.

(4.2.1). Here we need to consider the case where ¢ cannot be bounded
in L>°. Note, however, that we can still bound one of the ¢ factors in ¢ as
well as (D, + )¢ in L™

[ 7t |(u ) o ietol| (D 1) o
<[ e |(Pe ) e

1
<DL + ) 10)
r
< é.

T+

|5

L2(C.) L2(Cu)

x 1740l poe (07—

L>=(C,)

2
T+

(4.2.2).
2 LY .k 2 1
| (pre ) 2ol |(2- 7)o
Vr T T
1 i 1
sef | (pes ) ]| (2 )
- ) 9 1/2
§e</ 7_2</ 7'_% (DL—i—T)Ekqb)du)
—1 c,
Nt 1/2
(DL— 7’) ¢ ) du>

o0

X / 7;2 / 2

0 c,
<é.

(4.2.3). Bounding |$|? in L™ the computation is exactly the same as in

the previous case.

<
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(4.2.4). Suppose only one of the ¢ factors can be placed in L.

[ 7 |(-2) | et | (D2~ 1) 0

o0 1 T
< [l |(oe-2) et |
0 r e T E
< 72¢|]<DL—1>¢ du
" L>=(C,)
Sé
(4.2.5).
1
[ 7t |(e+ 1) el olatime
[e'e] 1 _
S/ T+ <DL+> Ekqb L|¢"
1 r L2(C) r L3 (C,)
< |73 7Bl [P || Loy du
<€
(4.2.6).
1
[ (DL—) 2% 161111 Bl
Vr r
o0 1
S/ T <DL—> [,k¢ Ti|¢"
0 r Lx(C,) r Lx(c,)

X |81 P[] L () du

A
o™
w

Next we consider the contribution of the last five terms in £. We have to
consider integrals over V of terms of the form
1
<DL - > £k¢ ) )
= r

where one of the factors in |¢|?> cannot be placed in L. Inspecting the
commutator vector-fields we see that we need to consider the cases where

(4.19)  YFX“FL.l0%| < + 72

1
2 (DL + 7«> £re
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|Y#X*F,o| is one of the following:
(420) Ti‘a|, T3’0'|, T+T_|Q’, T+T—|p|'
To estimate these terms, it suffices to observe the following point-wise bounds:
LY .k L\ .k
D, +-)L Dp+—-) L%
r r
1 1
(D 1) |10 S ere | (D4 1) £

1 _
T+72|oz| <DL ke |¢|3 <er_ (DL— T) ke 77+¢’7_+5/2,

74l

e

1 -3/2
7'+|oz|7'+17'_ /,

(o

74l

7'+T2|Oé|

1 _
Lrol o S e (DL— r) Lr¢ |a|7’+1/2,

$
h
+
D
e
o

Ti7-la|
.

1 _ _
6 S ery <DL + ) £k ‘T—QS’ 2

_|._
*‘“‘”H‘?\H%\H\swwwp

6 S e (DL + ) L lalr= "2,

T+7'§|g|

Lrol[of < er- (DL —~ ) ke ‘77%] 22

-
|

D
>

<

T+7‘§\g|

e S~~~
D
>
-

(

(
Ti71|g| <DL

(

(

6 S er- (DL - ) cro| T |alr 22,

Alol| (D 1) 249107 g ere | (D1 1) 28] [Zo] =22

Tj—|0" <DL+ i) ) |¢’3 < ety <DL+ i) ke T_‘U‘T:s/Q’

i72 o] ( L — i) LY |6 S er- ’ <DL - i) cre )%qﬁ‘ 2
272 |o| (DL— i) £Fo| |6 < er_ ’ (D— i) ke elofri? —1/2
TJ?;T—‘P’ (DL + i) Lk \¢|3 <ery <DL + i) kg ‘%A 7;17:3/2
rtreln| (D1 ) 26| 08 S e |(Duok ) 250 pie
T2 |pl (DL— i) Ll | Sere <D— i) £k ‘%ﬂﬁ‘ 82
772 p (DL— i) £Eol o) < er_ <D— i) cko T+\p!n:5/2.
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This finishes the estimates for As. We postpone the estimates for B for
now (because B corresponds to the terms that did not come up when we
commuted only one derivative). The estimates for C' are identically the same
as those when we commute only one derivative, because we always bound
the electromagnetic field in L*°.

D. Here we have to commute k derivatives with J#, the effect of which
was computed in (4.17) above. Since in the case where we commute only one
derivative, the terms to be bounded in L™ and the terms to be bounded in L?
are symmetric, the contribution of the first four lines in (4.17) are bounded
in the same way as before, and we only need to consider the contribution
of the error terms FE. Inspecting the definition of D we see that we have to
consider the following terms:

612 (72 Ipllal + ol + [allol) + 772 (1pl + |aa])
4227 (lolll +lallo] + lallal) + 72 laf?).

To estimate the contributions of these terms it suffices to observe the fol-
lowing point-wise bounds.

| rioPlallal S [ w7t rallral

T VT

o0 1/2
e [T Lol o)
0 1/2
. ( / T:2|rT+\a|\%z<cu)du) ,

T3 6Plol* < €

and

T— —
Zo|Ir-lollr=2,

7216 pllp| S elm—pl*T=2,
2o lplla] S el—pliTslallr=?,

T+ —3/2_—1/2
HoPlollol] S elrepl | o) 22712,

T— —3/2 _—-1/2
HoPlal S €| o] Irlallr=2r 2,

ol ol < elmpalf e,

Til¢l%allo] < elrrallr_alr=?,

T_ _
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(4.21) 2 |oPlallal S erifof |0 77,
T2l pllel < erelpllr—ali?,
e |llélladlel S dr-pl | =] 72,
ol lal® S elr—al*r %,
ool S dr_af | Zo| 77,
2|6 lallo| < elr-allryolry?
2r|6Plallol S clral | Fo| 75

27 |6l lallal S eallal,

T+ -2
7¢’
r

27 |¢llallal S fal T

B. Dropping the derivatives from the notation, the structure of
XC“YBFWF“Bd) was computed in (3.29). Note that since the total number
of derivatives here is k — 2, every term can be bounded in L*°. To esti-
mate these contributions in B it suffices to observe the following point-wise

bounds.
4 LY .k
T |\ Do+ ) £ [¢llal(ja] +|af + |p| + o)
1
Selrs <DL n ) £|[rralr=?,
2 2 LY ok
222 (Do~ 1) €8] elal(ll + lal + 1ol + lo)
1 _ _
<elr_ (DL— 7“> Ekgb ‘%—W‘ T+3/27',1/2,
1 1
T (DL + 7“) Lol |ol|o)? < e|ry <DL + T) Lrol | |o||m72,
2 9 LY .k 2 1 -2
TyT_ DL—; LAl gllo]” S el DL—; ¢ ’THUHH )

1

llp* Se |l 2t

1 1
T ’ <DL + r) L£r T4 <DL + r> cre
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T— <DL_:‘)¢

. ‘ (o 1) 6| I6llal(lal +1o] + o)

Dy - ) 8| 19l10P? < €

I lpll732,

“o/ || ol

(DL 1) £+6| [8llal(lo] + o] + o)

T+T_ ,
Selr (Do 1) 4] [ olir?
- T T
1
7272 (DL+T> 25| dllaf? < €|y (DL+ )ﬁ% ] |¢>|( 2,
1 k 2 1 -2
T_ DL—; L J SelTo DL—; o \T—\QHH .

5. Conclusions

We have now completed the estimates inside and outside Vr, concluding the
proof of Theorem 1.1. In the case of a non-compactly supported scalar field,
our main simplification was avoiding fractional Morawetz estimates for the
electromagnetic field as well as certain space-time estimates appearing in
[9]. When the scalar field is compactly supported, we were able to dispense
with the fractional Morawetz estimates for the scalar field as well.
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