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On p-Bergman kernel for bounded
domains in C"

Jiaru NING, HUIPING ZHANG, AND XIANGYU ZHOU

In this paper, we obtain some properties of the p-Bergman kernels
by applying LP extension theorem. We prove that for any bounded
domain in C™, it is pseudoconvex if and only if its p-Bergman kernel
is an exhaustion function, for any p € (0,2). As an application, we
give a negative answer to a conjecture of Tsuji.

1. Introduction

T. Ohsawa and K. Takegoshi [16] proved the Ohsawa-Takegoshi L? exten-
sion theorem, which turns out to be useful in several complex variables and
complex geometry. B. Berndtsson and M. Paun [2] proved the L*™ ver-
sion of Ohsawa-Takegoshi theorem for m € N. Recently, Qi’an Guan and
Xiangyu Zhou [9] obtained optimal estimate for LP (0 < p < 2) extension as
an application of their solution of a sharp L? extension problem.

In the present paper, we study the p-Bergman kernels for bounded do-
mains in C”, and apply LP extension theorem to give some properties of
p-Bergman kernels.

The definition of p-Bergman kernel is as follows:

Definition 1.1. For a domain 2 C C" and p € (0, 2], the p-Bergmann ker-
nel Kq , is denoted by

|f(2)P
K. _
2(2) feSAuPI()Q) Ja lfIP°

where
4v(6) = {feO(Q) / |f|p<+<>0}

(the integral is w.r.t. Lebesgue measure).
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According to the extreme property, the usual Bergman kernel is just
2-Bergman kernel for the case p = 2 in the above definition, which has been
studied for years.

Let S be a closed complex subvariety of a domain U C C". It’s known
that one has the same Bergman kernels on U and U \ S, since for any
f € A%2(U . S), one can holomorphically extend f to U. That is to say, one
can not distinguish U and U ~\ S by the Bergman kernel.

However, the p-Bergman kernel may give some distinction. We will prove
that for a bounded domain, it is pseudoconvex if and only if its p-Bergman
kernel is an exhaustion function for any p € (0,2). Besides, the p-Bergman
kernel is interesting per se. We’ll also give estimate about the boundary
behavior of the p-Bergman kernel for a bounded pseudoconvex domain. In
the last section, we’ll answer negatively a conjecture of H. Tsuji in [20].

The first author would like to thank Qi’an Guan for helpful discussions.

2. The p-Bergman kernel

Note that when p = 2, the p-Bergmann kernel is just the usual Bergman
kennel. For simplicity, we write Kq for Kq 2. The p-Bergmann kernel has
some properties similar to the usual Bergman kernel, for example, it is easy
to see that Kq, »(2) > Kq, p(2) for z € Q; and two domains ; C Qy, and
the p-Bergmann kernels are plurisubharmonic.

We will study some more properties of Kgq .

Proposition 2.1. Let Q1 C C" be simply connected domain and Qs C C™
be a domain. Then for any ¢ : Q4 — Qo biholomorphism, we have Kq, ,(z) =
Ka, p(¢(2))|J9(2) %, where J¢ is the determinant of Jacobian of ¢. In par-
ticular, if p = %, where m € N, there is no need for the condition that €y is
stmply connected.

Proof. As 1 is simply connected and J¢ is nonvanishing, we can choose a
single valued holomorphic function of log J¢.
Then

P . AP(QQ) — Ap(Ql)
ffo qbe%log(ﬁﬁ)

is isometric, since

p_ o blPlTbI12 = o deslea(Jo)p
/%!f\ /Ql\f o719 /Ql\f peiooIo)
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When p = =, m € N, we take

O 2 AP(Q) — AP(Q)
frfoo(Jo)™

in this case, the simply connected condition is not needed any more.
By definition,

s GEP
Kowy(0(2) = sup Epmn

|f(o(2)P
" renr(on) Jo 1f 0 0PI TGP
1 1f 0 $(2)er 0D p
(=) feig?m ) Jo, Ifo ¢eplog(‘]¢)\1’
_ Ko, (%)
[Te(=)2

0

It’s easy to see that, if J¢ is constant, then the above proposition is still
true without the assumption that €y is simply connected. For example, if
the domain €2 is a G—invariant domain w.r.t. a linear action of a semisimple
Lie group G, then the p-Bergmann kernel is G—invariant.

The condition that €; is simply connected is necessary for some p € (0, 2)
(see Remark 2.3).

Similar to the usual Bergman kernel, the following proposition holds for
the p-Bergman kernel.

Proposition 2.2. Suppose that £; C C" are bounded domains and ; C
Qjt1 forj =1, U52,Q; = Q, where Q is a bounded domain in C". Then f07"
0<p<L2,

lim Ko, ,(2) = Kop(2),

]4)

and the convergence is uniform on compact subsets of €.
Proof. As Kq, ,(2) is decreasing,

lim KQM,( 2)

‘]*)OO

exists and > Kq ,(2).



890 J. F. Ning, H. P. Zhang, and X. Y. Zhou

For fixed z € 2, we may assume z € Q. There is f; € O(€;) such that
/ [filP =1
Q;

|fi(2)[P = Kq, p(2)

and

for each j > jo.
By the Montel theorem, there is a subsequence of ji such that

lim f;
k—o0 fjk

is uniformly convergent to f € O(Q).
It is easy to check that
/ 1P < 1.
0

Kap(z) > [f(2)]P = lim Kq, ,(2).

Jj—o0

By the definition, we have

As Kqp(z) is continuous and Kq, ,(2) is decreasing, it follows that
Kq, p(z) converges uniformly to Kq ,(2) on compact subsets of 2. O

Theorem 2.3. Let ) be one of the classical domains (see [11], [12], [13]):

Ry :={ZeMim,n): I'™ — 27" >0},

Ry :={Z e Mn,n): 1™ —-272' >0,z =27},

Ry :={Z e Mn,n): 1™ 272 >0,7=-27"Y,
Ry:={ZeM(,n):|ZZ'|+1-227Z">0,|Z2Z'| < 1}.

Then
Ko p(Z) = Kopa(Z)
for Z € Q forp>0.

Proof. For Z € Q and [t| < 1, we have tZ € Q.
For any f € O(f2), we have

1 27

or (e Z)[Pd6 > | f(0)[".
0

Then by the Fubini Theorem,
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/Q\flp: ;T/O%/ny(e”z)ypdvzde

27
- / WV [ 1F(E2) P8 > | £(0)PVol(Q),
Q 27 Jo

we have
1
Kq,(0) = i
20 = o)
As © is homogenous, it is well known that §2 is also simply connected,
combining with the above proposition, we have Kq,(Z)= Kq2(Z) for
Z €. O

Remark 2.1. The above result is true for any complete circular and
bounded homogeneous domain. It’s known that any bounded symmetric
domain is such a domain.

For a general bounded homogenous domain 2, we have Kq,(z) >
Kq2(z). It is well known that Kq(z,w) is zero free and 2 is simply con-
nected, we can define a holomorphic function logKq(z,w) for z €  and fixed
w € Q. Then e2/P logKa(zw) ¢ AP(Q), and it is easy to get Kq p(2) > Kq2(2).

It seems to be strange that the p-Bergmann kernel may be independent
of p for some domains. From the following theorem, we can deduce that, in
general, Kq, is dependent on p.

Lemma 2.4. For Q) C C", we have
Ko,2(2) 2 Kop(z)

for any p € (0,2) and m € N.

Proof. It f € AP(R2), then
f™ e An(Q),

L= [

By the definition of p-Bergman kernel, we have

and

Ko »(2) > Kqp(2).

m
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The next theorem needs the LP extension theorem. We state it in the
following. For the proof, one can refer to [2] or [9].

Theorem 2.5. (see [2] or [9]) Let Q be a bounded pseudoconver domain in
C™, L be a complex affine line in C", and QN L # (. For 0 <p <2, then
for any f € AP(QN L), there is F € AP(Q), such that Flonr = f and

/ FP<c / P,
Q QNL

where C' is a constant depending only on diam$2 and n.

Theorem 2.6. Let Q C C™ be a bounded pseudoconver domain, p € (0,2)
andl = maac{s eNy:s< %} Then we have

KQJ)(Z) > 5(2)}71’

where §(z) = inf d(z,w) and c is a constant positive number.
weS

Proof. For any complex line L, after a unitary transform, we may assume
L={z=-=2z,=0}
Let 2° = (29,0,...,0) € 902N L, take
1

f =Gy S A@ND)

From the LP extension theorem 2.5, we get F' € AP(Q2) such that F|onz =

f, and
[irr<e [ i<
Q QNL

for some constant ¢ > 0, ¢ depends only on diamf) and n.

Then
c

K > .
Q,p(z)’QﬂL sl ’21 — Z?’pl

As we can choose arbitrary complex line and boundary points, we get

Kop(2) 2 55

g

According to the above theorem and the fact that the p-Bergman kernel
is plurisubharmonic, we can easily get the following interesting theorem.
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Theorem 2.7. For any bounded domain € in C™, Q) is pseudoconver if and
only if Kqp(2) is an exhaustion function for p € (0,2).

Remark 2.2. The condition that € is bounded is necessary. If we consider
Q=C~ A, then Kq,(2) is bounded near oo for 0 < p < 2.

Theorem 2.8. Let A*={2€ C:0<|z| <1} and1l <p < 2, then we have
Ka-p(2) = O(ﬁ)

Proof. For any f e AP(A*), we have f(z) =) -7 _ apz", then g(z):=
Yoo anz™ is holomorphic on A = {z € C: |z| < 1}.
In the present proof we denote by [|f|l, = ([x.
Obviously, [ As
T <1

It’s easy to see that
p 1 27
2
dady = / / r1Pdodr = =1
o Jo 2—

g+ Rllp < llgllp + 1Rl

f|p v for f e AP(A*).
2)|P < oo, where Af={z€C:0<|z|] <7} and 0 <

/ 1
A*

From

we get
-2

h(z) := Z apz" € AP(AY).

n=-—00
We want to prove h = 0.

pdd o 1 2w 0
s O [fh(S)
A C A, |2| r

Let h(z) = h(1), then I is holomorphic on C . A1 and

o0
= E a_nz".
n=2

If b is not 0, then there is ng > 1 such that a_,, # 0 and a—,, = 0 for
1 <n < mng. Write h(z) = 2™ fi(2), where fi(z) = > )2, a_n2""".
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By the submean property

[h

and ngp — 3 > —1, it follows that

df > 27|a_p,|?,

/ |h(2)[Pdzdy > 27F’a—n0‘p/ P 3dr = oo.
A* 1

-

Therefore, h = 0. That is to say, for any f € AP(A*), we have f(z) =

Yol anz™.

Note that
1
li S 2o
(1) Kavp(z) 2 > :
! fA HE 27TIZIP
Since
\‘“rf( )P
2 2PKa« p(2) = |2]P sup
) Esp ) = B s e S
\a+2f( )\p

= sup .
rear(a) Ja- 1% + f(2)|Pdady

From (1), for z near 0, we may take a = 1. For f € AP(A)
() I [|£IIp > 2P, then [|£(2) + Zllp = /(2o — 2]l > 311/ (2)llp, s0

L+ 2f () P+ [2f () o (2
Ja |55 1) Pdady = (1/20) [ 1/ <2 (Zk + s (0)

(b) If || FIIH < 2p227rp, then |f(z)| < C for all z near 0, where C'is a positive
constant independent on f.

Since

/ 1
A* | R

p 1 2T ) )
drdy = / rl_pdr/ 1+ rezef(releﬂpd@
0 0

1
2
ZQW/ rl=Pgp = 21 ;
0

+ f(2)

2-p
then
L+ 2f(2)P (2-p)(A+[zC)"
fA* \%—i—f(z)]pd:cdy 2m .

According to (a) and (b), we get that |2[PKa- p(2) is bounded near 0.
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O

From the above theorem, we know the lower bounds of Theorem 2.6 is
optimal.

Remark 2.3. Let D ={z€ C: |z| > 1}, forp € (1,2), thereisc = ¢(p) > 0

such that
c

Tz

KD,p( )

for |z| > 1.
Let o : A* — D, z+ 1/z. For p € (4/3,2),

1

Kn-p(z) # KD,p(l/Z)W-

Proof of the Remark:
For any f € AP(D), we have

Let fi(z) => 07 anz" and fo(z) =Y 2 o bpz™™.
It is easy to check that there is r > 1 such that f{\z|>r} | f2|P < oo holds.
Hence f{‘z|>r} |f1|P < o0.
If f1 is not 0, we may choose k to be the integer such that a, = 0 for
n < k, ax # 0, then
5 e

/ AP = /
{lz|>r} {lzI>r} |, =%
[

Therefore, f; = 0.
We get Kp,(z) < 2 for |z| > 1.
By the above theorem, Ka- ,(2) = O(i)

=]
As
1 - c
|2 = |22

o) p

p

/Too(p)ukp — 0.

Za 2R P > 9r|ay,

Kpp(1/2)

for |z] << 1,
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if p > 4/3, then

1
KA*,p(z) 75 KDJ?(Z) ’Z|4 .
We have finished the proof of the remark.

3. A conjecture of H. Tsuji

We first recall a definition for complex manifolds, see H. Tsuji [20].

Definition 3.1. Let M be a complex manifold with the canonical line
bundle K, for every positive integer m, we set

Do = {a € T(M, Ons(mEK ) ‘/M(a AT

< +oo}

.

and

K i= sup {]a|i;a e I'(M,Opn(mKayr)) ’/ (a/\E)i
M

where the sup denotes the pointwise supremum.
Then let

Koo i= limsup Ky m
m—0o0

1

and heqn, v :=the lower envelope of o

Lemma 3.1. For Q2 C C", we have

sup Kq 2 (2) = sup Kqp(z).

5

meN pe(0,2]

Proof. By Lemma 2.4, we have

sup K 2 (2) = sup Kqp(z).
meN ™ p€(0,2INQ

If feO) and [, |f[P < oo, then
I 7= P,
Jim [ 1s0= [ 11

sup Kqp(z) = sup Kqp(z)
p€(0,2]NQ p€(0,2]

and the lemma follows. O

So
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For A* = {z € C:0 < |z| < 1}, since the canonical bundle K~ is trivial,

so when we consider K« o and hc_az A+» We can omit the form dt.

H. Tsuji [20] proposed the following conjecture (see Conjecture 2.16 in

[20]):
1
L0 ()
cat, & |2]2(log|z|)?
holds.

However, we get the following theorem:

Theorem 3.2. One has

1

1
Aol (2) > Ka- P
can,A (Z) = BA ,OO(Z) = 9re \z|2]log|z|\

for 0 < |z| <e™l.

Proof. Since
P 27

1

z

2—p

)

.

by Lemma 2.4 and Lemma 3.1, we get

Kpx oo(z) = limsup KA+ (2) = sup Ka+m(z)

m—oo m>1
2 — 1
= sup Ka-p(z) > sup J—.
pe(0,2] pe(0,2] 2m 2P

For 0 < |2 < e™!, let

1
p=2+—=€|[L2],

log|z|
therefore
2-p 1 1 1
2w |z[P 2me|z|?|log|z||’
S0 . .
K- >
222 2 o e Pllaglel
Hence

1

1
hl . (2) > Ka- 2 —
can,A (Z) = KA 700(2) = 9re |Z|2|l0‘g|ZH

O

-1

From the above theorem, we know that h__, A.

is not integrable near 0.
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