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In this paper we study the steepest descent L2-gradient flow of
the functional Wy, x,, which is the the sum of the Willmore en-
ergy, Ai-weighted surface area, and Ap-weighted enclosed volume,
for surfaces immersed in R®. This coincides with the Helfrich func-
tional with zero ‘spontaneous curvature’. Our first results are a
concentration-compactness alternative and interior estimates for
the flow. For initial data with small energy, we prove preservation
of embeddedness, and by directly estimating the Euler-Lagrange
operator from below in L? we obtain that the maximal time of
existence is finite. Combining this result with the analysis of a
suitable blowup allows us to show that for such initial data the
flow contracts to a round point in finite time.
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1. Introduction

Suppose we have a surface ¥ immersed via a smooth immersion f : ¥ — R3
and consider the functional

1

M (1) = (= co)dia+ () + AaVol =

In the above we have used du to denote the area element induced by f on
Y, H to denote the mean curvature, p(3) to denote the surface area, Vol ¥
to denote the signed enclosed volume, and cg, A1, Ao are real numbers. Our
notation is further clarified in Section 2.

Suppose fy: ¥ — R? is an embedded surface. The Helfrich flow is the
steepest descent L2-gradient flow for ’Hiol x,(f); and is given by the one-
parameter family of immersions f : ¥ x [0,7) — R? satisfying

‘2{ = (AH + H|A°]? + ¢ <2K - ;HCO) —2MH - 2)\2> v,
f('>0) = fO(')v

where v is the inward unit normal to f(X), A° denotes the tracefree second
fundamental form and K denotes the Gauss curvature (see Section 2 for pre-
cise definitions). That this flow represents the steepest descent L2-gradient
flow for HY , (f) follows from its first variation (see Lemma 2.1).

The Helfrich functional is of great interest in applications. The modern
application of the functional to model the shape of an elastic lipid bilayer,
such as a biomembrane, is due to Helfrich [10]. Despite the considerable
popularity of the functional as a model, there are relatively few analytical
results to be found in the literature. With ¢y = 0, we have

af o o 02
cw) 55 = W (f)y = —(AH + HIA =20 H = 2)5)v,

f(50) = fo(),

which is the steepest descent gradient flow in L? for the locally constrained
Willmore functional Wy, », = 7—[(/)\17>\2. We have used W), ), to denote the
Euler-Lagrange operator of Wiy, »,.

The above flow, from a physical perspective, corresponds with an as-
sumption that the fluid surrounding the membrane f(X) and the fluid con-
tained inside the membrane f(X) induce zero spontaneous curvature in f(3).
Thus the flow (CW) faithfully represents the Helfrich flow in certain settings.
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From a more mathematical perspective however, the flow (CW) is a locally
constrained Willmore flow. (In contrast with globally constrained flows, such
as those considered in [17, 21].) The normal velocity consists precisely of a
linear combination of the normal velocity of Willmore flow, mean curvature
flow, and a constant scaling factor.

The principal object of study for this paper is the flow (CW). Local
existence for (CW) is explicitly established in [11] using results of Amann
[1-4]. We quote the result in the following (weaker) form.

Theorem 1.1 (Kohsaka-Nagasawa). Suppose fo: ¥ — R3 is a closed
immersed surface. There exists a maximal T, T € (0, 00|, and a correspond-
ing unique one-parameter family of smooth immersions f : ¥ x [0,T) — R3
satisfying (CW) and f(-,0) = fo(-).

Remark. The evolution equation (CW) is invariant under tangential dif-
feomorphisms, and depending on the choice of A\; and Ay may be also in-
variant under subgroups of the full Mébius group of R3. (If A\ = Ay =0
then the equation is invariant with respect to the entire Mobius group.) The
uniqueness in the local existence theorem above is understood to be modulo
these invariances.

It is an easy exercise to see that for A\; > 0 and A2 > 0 spheres S, shrink
self-similarly along the flow. It is thus natural to wonder if this property
of the flow is robust in the sense that solutions nearby spheres also shrink
in finite time to round points. It could a priori be the case that there exist
local minimisers of the functional in the neighbourhood of spheres, which
prevent the family of spheres {S, : p € (0,00)} from being local attractors
for the flow. The following classification theorem assures us that this is not
the case.

Theorem 1.2 ([16, Theorem 1]). Suppose f : ¥ — R? is a smooth prop-
erly immersed surface. There exists an absolute constant €1 > 0 such that

if
1 A°%d
1) [ 14 <

=£&1
2c1co

then the following statements hold: (\y > 0)

(A2 <0) Wy, A, (f) =0 if and only if f(X) = S_2x, (x) for some x € R?,
(A2=0) Wy \,(f) =0if and only if f(X) is a plane,
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(A2 >0) Wy, (f) #0.
If A\ =0 then

(A2 =0) Wy, (f) =0 if and only if f(X) is a plane or a sphere,
(A2 #0) Wi, (f) #0.

Here S,(z) = 0B,(z) denotes the sphere of radius p centred at x € R3.
Clearly this implies the following partial result.

Corollary 1.3. Suppose f: X x [0,T) — R3 is a one-parameter family of
closed immersions evolving by (CW) with Ay > 0, and Ao > 0. Suppose as-
sumption (1) is satisfied for each t € [0,T). Then f(-,t) is never stationary;
that is, for allp € ¥ and t € [0,T) we have

O (0.4) = W ra (£ 1) vlpt) £ 0.

This partial result indicates that a condition such as (1) on the L?-norm
of the tracefree second fundamental form is appropriate to use as a ‘distance’
from the family of round spheres. It is not obvious however that if (1) is
initially satisfied, it remains satisfied for all time. Most importantly, the
statement that the flow never reaches a critical point is not anywhere near
as strong as stating that the flow is asymptotic to a shrinking sphere. It does
not even imply that the maximal time of existence is finite.

In this paper we offer the following more comprehensive answer as our
main result.

Theorem 1.4. Suppose f: % x [0,T) — R? is a one-parameter family of
closed immersions evolving by (CW) with A\ > 0, A2 >0, and Vol g > 0.
There exists an €2 > 0 depending only on A1 and \a such that if

(2) Wi (fo) < 41+ €9

then

1
T< —— 1
< 4)\%7_(_W/\17>\2 (fo) + Y

and f(X,t) shrinks to a round point ast — T.
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We note that the smallness of £ required may be computed explicitly;
it is not the result of a contradiction argument.

The methods we use in this paper are inspired by recent progress on
the analysis of the Willmore functional [12-14] due to Kuwert and Schétzle.
There are some notable differences between the functional W, », and the
Willmore functional Wqo. The extra terms in W,, , break the confor-
mal invariance of the functional and add to the complexity of the Euler-
Lagrange operator W, »,. Furthermore, for the steepest descent gradient
flow of W), a,, one loses the a priori global monotonicity of the Willmore
energy. Indeed, one loses not only the a priori monotonicity of the Will-
more energy but also the a priori uniform bounds on the Willmore energy.
Since the flow (CW) is fourth order and highly non-linear, one should expect
that the flow could drive initially embedded data to a self-intersection. It is
then conceivable that Vol ¥; < 0 for some ¢t > 0 and therefore one loses all
control on the Willmore energy (and the surface area). The situation could
continue to worsen, with the Willmore energy growing without bound while
the energy continues to satisfy (2).

Despite these considerations, we show here that the condition (2) is quite
suitable for the study of Wy, »,. The operator W, », does not admit a max-
imum principle, and thus we do not have access to the large assortment of
tools it brings. We instead rely throughout the paper on estimates for curva-
ture quantities on smooth immersed surfaces combined with the divergence
theorem and the Michael-Simon Sobolev inequality [18].

Our proof of Theorem 1.4 relies upon a concentration-compactness alter-
native (also called a lifespan theorem), which classifies finite singular times
as being local concentrations of the curvature in L?, for a class of flows larger
than those generated by only considering the L? gradient flow of ’Hiol A,- The
methods used here are classical interpolation inequalities and energy esti-
mates, such as was used for a large class of higher order equations in [6-8]
and successfully applied to the study of the Willmore flow in [13].

The global analysis of (CW) requires that one first obtain good control
on the Willmore energy and the surface area along the flow. As mentioned
above, due to the possibility of self-intersections occurring along the flow,
we must be quite careful in using the monotonicity of the energy Wy, »,.
We first prove (cf. [22]) in Proposition 4.1 that under (2) a conservation law
holds for the Willmore energy, and is itself monotonically decreasing along
the flow. This implies by a well-known result of Li and Yau [15] that the
evolving surface remains embedded for all time. Using this, we prove L!
estimates for || A°||%, (Proposition 4.2), which we then apply to estimate the
L? norm of W, .\, from below. This immediately gives a quantifiable finite
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estimate of the extinction time for the flow (Proposition 4.3). Employing a
blowup analysis, we find that the blowup along any blowup sequence is a
round sphere. This implies that the area of the evolving surface vanishes as
t — T while the surfaces themselves become asymptotically round.

This paper is organised as follows. In Section 2 we set up our notation
and state the first variation of the functional Hf\ol A, 11 Section 3 we estab-
lish parabolic regularity theory for a general class of flows. The main results
are the lifespan theorem and the interior estimates, Theorem 3.1 and Theo-
rem 3.11 respectively. Section 4 contains the demonstration of a finite time
singularity, including the proof that the maximal existence time is finite and
the blowup classification. Finally, we included several proofs and derivations
of known results in Appendix A for the convenience of the reader.
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2. Preliminaries

We consider a surface ¥ immersed in R? via f : ¥ — R? and define a Rie-
manian metric on > componentwise by

(3) 9ij = (0:f,0;f)

where 0 denotes the regular partial derivative and (,-) is the standard Eu-
clidean inner product. That is, we consider the Riemanian structure on X
induced by f, where in particular the metric g is given by the pullback of
the standard Euclidean metric along f. Integration on 3. is performed with
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respect to the induced area element

(4) dp = +/det g dH3,

where dH? is the standard Hausdorff measure on R?.

The metric induces an inner product structure on all tensor fields defined
over X, where corresponding pairs of indices are contracted. For example, if
T and S are (1,2) tensor fields,

iq  kr i 2
<T7 S)g - gipg]qg rj?kSgH ‘T’ - <T7 T>g :
In the above, and in what follows, we shall use the summation convention
on repeated indices unless otherwise explicitly stated.

The second fundamental form A is a symmetric (0,2) tensor field over

> with components

(5) Ay = (35 fv).

where v is an inward pointing unit vector field normal along f. With this
choice one finds that the second fundamental form of the standard round
sphere embedded in R? is positive. There are two invariants of A relevant
to our work here: the first is the trace with respect to the metric

H = trace; A = giinj

called the mean curvature, and the second the determinant with respect to
the metric, called the Gauss curvature,

K =det, A= det (g% Ay;),

where (P“kaj) is used above to denote the matrix with 4, j-th component
equal to Pikaj.

The mean and Gauss curvatures are easily expressed in terms of the
principal curvatures: at a single point we may make a local choice of frame
for the tangent bundle 73 under which the eigenvalues of A appear along its
diagonal. These are denoted by k1, ko and are called the principal curvatures.
We then have

H =k + ko, K = kiks.

We shall often decompose the second fundamental form into its trace and
its tracefree parts,

1
A:AO+§gH7
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where (0,2) tensor field A° is called the tracefree second fundamental form.
In a basis which diagonalises A, a so-called principal curvature basis, its
norm is given by

1
A% = 5kt — k2)?.

The Christoffel symbols of the induced connection are determined by the
metric,

1
Ff} = igkl (Digji + Ojgi — Ngij) ,

so that then the covariant derivative on ¥ of a vector X and of a covector
Y is

VX' =09;X"+T% X" and
V,;Y; = 0,Y; - TLY;,

respectively.

From (5) and the smoothness of f we see that the second fundamental
form is symmetric; less obvious but equally important is the symmetry of
the first covariant derivatives of A,

ViAjr = VjAjy = Vi Aij;
these are the Codazzi equations.
One basic consequence of the Codazzi equations which we shall make

use of is that the gradient of the mean curvature is completely controlled by
a contraction of the (0,3) tensor VA°. To see this, first note that

ViA, =V;H =V, ((AO)Z + ;g]H>
then factorise to find
(6) ViH =2V;(A°)) = 2(V*A%);.
This in fact shows that all derivatives of A are controlled by derivatives of

A?. For a (p, q) tensor field T, let us denote by V)T the tensor field with

components V;, Znlel Jk =V, - VznTﬁ1 Jk In our notation, the i,-th
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covariant derivative is applied first. Since
1 * A0
V(k)A = <V(k)AO + QQV(k)H> = (V(k)AO + QV(k_l)V A ) s
we have
(7) IV (Al < 3|V (1) A2,

The fundamental relations between components of the Riemann curvature
tensor R;jp;, the Ricci tensor R;; and scalar curvature R are given by Gauss’
equation

Rijr = AixAj — AuAjp,
with contractions

' Riji = Ry = HAy, — A§A§, and
g*Ryx = R = |H|? — |A]%.

We will need to interchange covariant derivatives; for vectors X and covec-
tors Y we obtain

(8) vinh — VjiXh = RZka = (Aleik — AlkAij)gthk,

ViiYi — Vi = Rijrig™ Y = (Ajj A, — AuAjx) g™ Yo

We also use for tensor fields T and S the notation 7" % S (as in Hamilton [9])
to denote a linear combination of new tensors, each formed by contracting
pairs of indices from T and S by the metric ¢ with multiplication by a
universal constant. The resultant tensor will have the same type as the
other quantities in the expression it appears. We denote polynomials in the
iterated covariant derivatives of T' by

PT)= Y cVu)T#-* V)T,

where the constants ¢;; € R are absolute. We use PJ(T’) to denote a constant.
As is common for the x-notation, we slightly abuse this constant when certain
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subterms do not appear in our P-style terms. For example
|VA\2 = (VA,VA)Q =1- (V(I)A * V(l)A) +0- (A * V(2)A) = P22(A).

The Laplacian we will use is the Laplace-Beltrami operator on X, with
the components of AT given by

k‘l...kp . Dq kl...kp o D k?l...k'p

Using the Codazzi equation with the interchange of covariant derivative
formula given above, we obtain Simons’ identity:

9" VriAi; = 9" Vi Ay + g™ 9P Ry Agj + 9" 67 Riijp Alg
AAj; = Vi Al + g"gP(Api A — ArpAa) Ay,
+ "GP Api Ay — ArpAij) Al
= Vi AF + HgP1 AL Agj — g™ 9" Ay Ay Ay
+ gM P A A A — Aij (A A),
= ViH + HAF Ay — |A]P Ay,

or in *x-notation

The interchange of covariant derivatives formula for mixed tensor fields 7' is
simple to state in *-notation:

We now state the first variation of the Helfrich functional for ease of
future reference.

Lemma 2.1. Suppose f : ¥ — R3 is a closed immersed surface and ¢ : ¥ —
R3 is a vector field normal along f. Then

d 1
Gt =5 [ @+ HAP 20k
dt "oz t=0 2 /s

— (2\1 + & /2)H — 2)o)dp.
In particular, if

_of _

6= = —(AH + H|AP + 2c0K — 2\ + ¢§/2)H — 2)2)v
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then

d 1

CH () = _2/ |AH + H|A? + 2e — (221 + 2/2)H — 2|2y
N2 E

and the one-parameter family f : X x [0,T) — R3 is the steepest descent L*-

gradient flow of HY | .

Proof. For the proof of the first statement see [16, Lemma 2.1]. The remain-
ing statements follow from the definition of the L?-gradient. O

3. Parabolic regularity

In this section we first prove that, analogous to the cases of Willmore flow,
surface diffusion flow and the constrained variants thereof [13, 17, 21, 22],
so long as the concentration of curvature remains well-controlled the flow
continues to exist smoothly. This statement not only holds for ¢y # 0, but
also more generally for flows f : 3 x [0,T) — R3 of the form

3
(11) g = <AH+ ZPS(A)) V.

a=0

The normal speed is a second order elliptic differential operator on the Wein-
garten map Dv, that is, a fourth order differential operator on f.

Our main result in this section is the following concentration-compactness
alternative for the class of flows (11).

Theorem 3.1. Let f : ¥ — R3 be a smooth immersion. There are absolute
constants eg > 0 and co < oo such that if p > 0 is chosen with

(12) / |A|? dp
F1(By())

for any = € R3, then the mazimal time T of existence of the flow (11) sat-
isfies

<e<eg
t=0

Tzip;
€0

and for 0 <t < 1p4,

Co

/ \A|2 dp < ¢peg.
f=1(B,(2))
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Remark. It is possible to weaken the regularity requirement on the initial
data by exploiting the instantaneous smoothing property [5] of the flow. In
the proof of Theorem 3.1, smoothness of the initial data is only needed to
bound the derivatives of curvature at final time. However for this argument
we may use in place of the initial data the immersion at any earlier time: in
particular f5( . ) = f(-, 6), 6 € (0,7, which is smooth (Theorem 3.2).

In the proof of Theorem 3.1 we shall use local coordinate notation as
well as the x- and P-style notation introduced in Section 2, which is most
convenient for our computations, as for example in [9]. We briefly note that
the more general flow (11) also enjoys local existence. The proof is an essen-
tially identical (to that found in [11]) verification that the general existence
theory of Amann [1-4] applies. Note again that the uniqueness statement
below is understood modulo the natural invariances of (11), which includes
at least the family of diffeomorphisms tangential along f.

Theorem 3.2. For any CH% initial immersion fy: %X — R>, there exists
a unique solution f: ¥ x [0,T) — R3 to the flow (11) on a mazimal time
interval [0,T) with initial value fo and for which fi(-) := f(-,t) is smooth
for every t € (0,T).

Again, we note that the initial regularity required by Theorem 3.2 below
is not optimal.

The following evolution equations follow from straightforward computa-
tions. Their derivations in a slightly more general setting can be found in
Lemma A.1 and Lemma A.2.

Lemma 3.3. Under the flow (11) we have the following evolution equations
for various geometric quantities associated with f:

9 9 . . P
L= y L= ij - _VF
atg” 2F A;j 8759 2F A 5 v \
gn i =VIEx A+ FPi(A) %d,u:—HFd,u
P 3 5
5% = ~APAy 4+ Y PZ(A)+ > PY(A)
a=1 a=2
P 3 5
2 m—+2 m
a (m)Alj =-A V(m)Az] +Z‘Pa * (A) +2Pa (A)

a=1 a=2
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Corollary 3.4. Under the flow (11),

0 ? o i i Ak
3 5
+ | Y PITE(A) + D P (A)| * Vi A

a=1 a=2

Proof. This follows by direct computation using Lemma 3.3 and (10) as in
the proof of Lemma A.2. O

We now establish energy estimates for the flow.

Lemma 3.5. Letn: X x [0,T] — R be a C? function. While a solution to
the flow (11) exists,

d
i | Vi Al du

:—/nHAH’V&mAFdM—}—/ ?’V(m)Aqu
s s Ot

~9 / VaVsVi, - Vi AgVev? (nvil . -vimA’fl) dp
>

+/77
>

Proof. The result follows by differentiating using Lemma 3.3 and Corol-
lary 3.4 and applying the divergence theorem. U

5

3
DRI (A) + Y PI(A)
a=1

a=2

* V() A dp.

We shall further specialise by setting 1 to be a smooth cutoff function
on .

Definition. Set y =70 f: 3 —[0,1], ¥ € C%(R?) satisfying
() IVAlloo < ¢y IV2)Vlloo < ey(ey +[A]),

for some absolute constant ¢, < oo.
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Lemma 3.6. Suppose n = ~° where 7y is as in (7v), s > 4 and 0 > 0. While
a solution to the flow (11) ewists,

d
dt/ \V<m)z4\278du+(2—9)/ |V 2y A 7 dp
P )
)
s/z}v(m)A\%s—l”du+c/2|v(m)A}2ys—4 (\V7]4+72‘V(2)7}2>d

8t
/’Y
b

where C' is a constant depending only on 6 and s.

3

5
D OPITHA) £ P(A)
a=2

a=1

* V(m)A du,

Proof. This follows from Lemma 3.5 using the divergence theorem and
Cauchy’s inequality ab < §a? + 3 L b2 O

Lemma 3.7. Suppose v is as in (7), s > 2m + 4 and 0 > 0. While a solu-
tion to the flow (11) exists, we have

d

dt/ ‘V(m)AFVSdMJr(?—‘g)/ !V(m+2)A!273dﬂ
>

5

< C’/ PmJr2 (A) + Z Py (A)| * Vi A ¥°du
a=2
+C |A|278_4_2md/l,

[v>0]

where C' is a constant depending only on 0, s, m and c.

Proof. Estimate the time derivative of v by

Z < ¢ |AH + PJ(A)| < ¢, PE(A) + ¢, P3(A),

so that using the divergence theorem and () yields

2 410 2 4o
/\V(m)A! v lazd‘”/ VAl v (IVA + ¥V @7]?) die
> >
SC/Z|V(m+1)z4l275_2du+0/z|V(m)A|2’YS_4dM
€ [ [V aAPLARY ot C [ V) APIAI S d
> >

+ C/ (P§n+2(A) + P5m(A)) * V(m)A ’stu +C |A‘2’Ys_4_2md,u,
> [v>0]
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where C' is a constant depending only on s, m and c. Young’s inequality
implies

s— 3 s 1 .
/ (Vo AFIAPY* dp < 4/ IV ) AP Al* " dp + 4/ IV () APy* " Yd .
b - g
Using the divergence theorem it is easy to show that for § > 0 (cf. (20))

13 [ Vo AP 2 <5 [ [Tnn ARy

+C |A\275_4_2md,u,
[v>0]

and similarly
[ VAP dn <8 [ VAPl 0 [ APyt
b b [y>0]
where C' depends additionally upon §. Combining these inequalities we have
2 - a’Y 2 s—
LJVWVHV 1mdu+lyvmyﬁ7 VA + 2V ) dp
< (5/E \V(mH)A\nySd,u + C‘/E (P§"+2(A) + P5"(A)) * Vi A ¥ dp
+C / APy =42,
[v>0]

which, upon combining with Lemma 3.6, finishes the proof. O

These energy estimates allow us to locally exert strong control on the
curvature in L?.

Lemma 3.8. Let~y be as in (). There exists a constant € depending only
on ¢y such that if

2
sup ”AH2,[7>0] <e
0<t<T

then, under the flow (11), there is a ¢ depending only on €y and ¢y such that
for any t € [0,T),

t
(14) / |A\2du+// (}V(Q)A]2+|A]2]VA|2+|A|6>dudT
[v=1] 0 Jy=1]

g/ AP dy| 4 cet.
[v>0]

t=0
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Proof. Lemma 3.7 with s = 4 and m = 0 gives
d 2 4 2 _4
(15) pn |A]"~*dp + (2 — 6) }V@)A‘ v
pX b

<J.

We estimate

5

3
Y PIA)+Y PIA)
a=1

a=2

*A74du+c/ |A|? dp.
[v>0]

3
S P A+ A<c|(1+]4P) [Vyd| + (1 + 4] [VAP] |4
a=1
and
SR (A x A <c (AP + 1A' + AP + A)

Therefore

5
[ rasartanse
Ea:Q

|A|* dp + c/ | A8 y4dp.
[v>0] =

We also estimate for § > 0

1
/ |V(2)A| |Al 7461# < 5/ ’V(z)A‘2V4dﬂ + 15 |A\2dﬂ
b by [v>0]

and
2 1
s 5 .

The last term on the right is now estimated exactly as in [13] using several ap-
plications of the Michael-Simon Sobolev inequality [18]: For any u € C} (%),

3 43
(16) (/ u2du> <1 (/ |Vu|d,u+/ || ]u|du>,
> Wy > >
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where w,, = H"(B1). Kuwert and Schétzle used this to establish the following
flow-independent inequality for immersed surfaces [13, Lemma 4.2]:

(17) /E AL du + /2 AR VAR dy

2
< c/ \A\Qdu/ (IVeAl® +141°) v + ¢ </ A\Qdu> :
[v>0] ) [y>0]

where c is a constant depending only on s and c¢,. We additionally need

1
Lranvaptas g ([ vapstaus [ a2 9AR )
b by b
and by integration by parts
/ VA2 ydp < 5/ \V<2)A|274du+6/ Al dp,
) = [v>0]
where ¢ is a constant depending only on ¢, and §. Applying (17),

/E A| VAP o dp

S(;/ ‘V(Q)A‘ny4du+c/ ‘A’2du
z [y>0]

2
e[ iafde [ (19@AP +1A) vdue( [ 1ARdn) -
[v>0] ) [v>0]

Altogether we have

d
G [1Ar s @ 6) [ Ve af vt
% %

<c [ JaRdn [ ([9@Af +14°) '
[v>0] )

2
+c</ \A|2du> +c/ |A|? dp.
[y>0] [v>0]
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Using (17) again,
d 2 4 2 2 6) .4
gt J AR 2= 0) | (VoA + A1 + A7) 5 dn

< C/ AP du/ <\V(2)A\2 + \A|6> vdp
[v>0] by

2
+c / |A|* dp +c/ |A]? dp
[v>0] [v>0]
< 5/ (IVe)Al® +141°) v+ c (e + 1)e.
P

Therefore for ¢, e small enough there is a ¢ depending only on € and ¢ such
that

d 2
T /E Ay dp +/E (\V(z)A| + AP VAP + !AIG) Yidp < ce.
The result now follows by integrating in time. O

Lemma 3.9. Suppose v is as in (v) and s > 2m + 4. While a solution to
the flow (11) exists, we have

d
dt/|V(m)A|278d'u+/|V(m+2)‘4|2’75dﬂ
P b
2 s
< C AL s /E VAP v du+ € (14141 og) (141 450)

where C' is a constant depending only on s, m and c-.

Proof. We use with Lemma 3.7 the following interpolation inequalities (see
[13, Appendix]) for tensor fields 7" on X:

(i) Let 0 <iy,...,4 <k, i1 +---+1i, = 2k and s > 2k. Then for a con-
stant C' depending only on k, s, r and ¢,

(18) L ‘V(zl)T kooe. %k V(zr)T‘ ’)/Sdu
r—2 2 s 2
< U ey (190l + 171 g )

(ii) Let 1 < p,q,7r < 0 satisfy%—i—%: L and let o, B > 0 satisfy a + 8 =

r

1. Then for s > max (aq, Bp) and —]lj <t< %, there is a constant C
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depending only on r such that

1

w) (L)
>
< C[ </ |T‘q’78(1—t‘1)d,u,> ’ </ }V(g)T|p73(1+tp)d,u>
> b
wie)s ([mera)” ([1vreran)” |
> >

A straightforward proof by induction on (19) above yields additionally

(20) </Z |V(k)A|p75d#> ’ <6 </E |V(k+1)A|p75+pdﬂ>

+C( / |Arpvs’fpdu> ,
[v>0]

where d > 0,2 <p<oo, k€N, s>kp,and C is a constant depending only
on 0 and c,.
From (18) we have for each o = 2,...,5,

/ P (A) % V(i) Aydp
b

a— 2 S
< ClAIS B0 (/E |V A"y dp + HA”%WO])

where C' is a constant depending only on «, m, s and c,. Thus

5
/ Z Py (A) % V(i) Ay dp
by a=2

4
a 2 S
<ed AN s </E\V<m>A\ 'Yd“Jr”A”g,[wO])
a=1

2 s
<c (1 + HAHio,[wO]) (/2 |V Al” v dp + ‘AH;[WO}) '
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Again using (18), Cauchy’s inequality and the divergence theorem

3
/ Z P2 (A) « V(m)Av*dp
x a=1

< O (141 0 + 1l 501 </E Vi) Al* 7 du + ||A||3,[~y>01>
#5 [ [Vimen A 2 i+ C0) (14141 o) [ VALl

Estimating the ||V (,,11)A||3 and ||V () Al terms using (13), (19), (20), then
combining our estimates completes the proof. O

Lemma 3.10. Let vy be as in (y). Under the flow (11), if

sup / AP dp < e
0<t<T J[y>0]

where € is a constant depending only on c, then

(21> Hv(m)AHoo,['yZI] sc

where c is a constant depending only on m, T, ¢y, and ag(m + 2), where
m
ag (m) = Z ”V(j)A"2,[fy>0] ‘t:o'
j=0

Proof. This is similar to the proof of Prop. 4.6 in [13], using Lemma 3.8,
Lemma 3.9 and the same argument based on the Michael-Simon Sobolev
inequality. We provide a sketch for completeness. In particular, we will use
from [13]: For any tensor 7" on ¥ and ~ as in (7),

(22) IT (12 py=1y < € IT N3 py0) (HV(2)TH§,[7>O]

+ NT1API 50y + 1713 5 )-

Further, if 7= A and ||A]3 ly>0] < € for some small ¢ depending only on
¢+, then together with (17) and a trivial covering argument we obtain

(23) 1Al % =) < cllAl13 1550 (HV@)AH;[@O] + ||A||§,[7>o]> :
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For a given choice of cutoff function v, for 0 <o <7 <1set 757 = Y507

where
0fory<o
Yo,r =

1 for v > .

Choose 1, such that bounds of the form in () hold. From Lemma 3.8,
with 0 =0 and 7 = 3

2
4 2

(24) / / (\V(Q)A| + !A\6) dpdr <cs(1+T).
0 J[yz3]

Now using 71 s in (23),

T
(25) / JAIL, sy dr < e (14T).
0 o0, ’774]

With o = % and 7 = % we obtain from Lemma 3.9

t
(26) / IV oy A 75wl + / / |V msn A dpdr
= 0 J[r>{]
2 T 4
< [ Vo AP |+ (T+ / ||A|rooh>3]dudf>
Y t=0 0 =1

t
2 s
e f (HAH;M J %,Tdu) dar.
0 = >

In view of (25), applying Gronwall’s inequality gives

/ [V A[* 25t < m,
P

where here and throughout the proof ¢,, is a constant depending only on
ap(m) and T'. Using this in (26) we obtain

t
// ’V(erz)AFd,udTScm.
0 Jyz3]

Hence

T
sup/ ‘V(M)Alz du +/ / ’V(m+2)A’2 dpdr < cp,.
(0,77 /[y>%] 0 Jr=1I]
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Now from (23)
||A|!;7[72%] <ec
and using (22) with 7' = V,,,) A we find

4
007[’7:1}

< VAl oty (1902415 2t

2
+ {475 Vm) Ally 5 00 + HV(m)AH;’h*‘E])

<cm [Cm+2 + (C2 + 1) Cm]

|V ey Al

completing the proof. O

Proof of Theorem 3.1. Given the bounds of Lemma 3.10, this is essentially
the same proof by contradiction to the maximality of 7" as in [13], using
the result on equivalent metrics in [9]. The only differences that arise are
the result of the extra terms in the evolution equation for the more general
flow (11) and subsequent additional terms in Lemma 3.3, but these are
controlled using Lemma 3.10. For completeness, we provide a sketch of the
proof.

We may assume by rescaling f (x,t) — %f (:v, p4t) that p = 1, and thus
need to show T > % Set

0 (t) = sup / AP dp.
z€R3 J f=1(B1(x))

Via short time existence, f (M x [0,t]) is compact for any ¢ < T and 7 (¢) is
continuous. Observe

1 (t) < ¢ sup / |A]* dp.
TER3 f—l(B (x))

Set, for A to be chosen,
to =sup{0 <t <min (T, ) : n(7) <3c¢,ep for 0 <7 < t}.

It can be shown using (14) that with A = ¢, and provided g is small
enough, ¢y = min (7, A). Small enough £y may be obtained by taking p small
enough in (12).
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Now if tg = A we are done, since then "> \ = % and the integral esti-
mate follows from (14). So it remains to show we cannot have tp =T < oo
by contradicting the maximality of T'. (If T' = oo the result trivially holds.)
So suppose for the sake of obtaining a contradiction that to = 7'. From (21)
we have

HV(m)AHOO <c(m,T,ag(m+2)).

A result of Hamilton in [9] implies the metrics on ¥; are all uniformly
equivalent for 0 < ¢ < T. Converting (21) into bounds on parameter deriva-
tives of f we have

o e o 8| < et o

where the | f||,, bound for finite time 7" follows from (11) and (21) with
m=0,1,2. So f(-,t) = f(-,7) in C*> and Xr is smooth. This then allows
extension of the solution using short time existence, contradicting the max-
imality of T Il

To ensure the existence of a smooth blowup we also need the following
version of Lemma 3.10 which is localised in time (cf. [12, Theorem 3.5]).

Theorem 3.11. Suppose f : ¥ x (0,5] — R? flows by (11) and satisfies

sup / |A]Pdp < e < <0,
025 J £1(B2y (0))

where § < cp*. Then for any k € Ny and t € (0,0) we have

IV ) Alla 18,0y < cuv/et™s
IV ) Alloo.f-1(3,0)) < /et &

where ¢ is an absolute constant for each k.

Proof. By scaling, we may assume p = 1. In this proof we shall abbreviate
B,(0) with B,. Estimates (24), (25) imply

en 5 /f »

4
) (\V(Q)A‘Q +|A[°) dpdr + /0 HAHﬁo,f,l(B%)dT <cs,

3
4
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where ¢ depends on §. Let t* < §. Consider piecewise linear cutoff functions
in time x; : [0,t*] — [0,1] defined by

te(0,(j—1E]
2 (- 1)L] te((j—l)fﬁvﬂ'%)
te it 7]

X;(t) =

r—\w‘g (e

where 0 < 7 < m, m € Ng. Note that the weak derivative X;' of x; satisfies

m
0<x;< X1
Let us further define
o(t) = |43 15,y and B / IV (0 A2+ dp,

Then Lemma 3.9 implies
() + Epa(t) < cot)Ey(t) + c(1 + o(1))e

Cutting off F;(t) in time by x;(t), we have for e;(t) = x;(t)E;(t)

&5(6) + X3 (V1 () < colt)e; (1) + e(1 + o(t)e + Zxj-1 (D E; (D).
For t € (0,t*) integrating the above over (0,t) gives

t
0+ [ (B dr
¢ t m [t
<c [ otnemartes [(Qro@ar+ i [ @B
0 . 0 o 0
<ce+ c/ o(r)e;(r)dr + t*/ Xj—1(T)Ej(T)dT,
0 0

where we used (27). Using Gronwall’s inequality on the above and again
noting (27) yields

(28) qw+Amm&Hmm

- CHCG%::/; (/0 X1 (7)E;(7) d7> o(s) ds.
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For the purposes of induction, let us assume

(29) ej-1(t) +/0 Xj-1(7)Ej(7) dr < (Y1

Then (28) implies

t m m t
ej(t)—l—/ () By (7) drgc5+cg._1/ o(s)ds
0 ()= Jo

m
<ce+ce

(+)7

since t* < § < ¢ by assumption. Noting that eg(t) = ||A7?||3 < ce and that

eo(t) + /Ot Xo(T)E1(T)dr < ce

by (27), we have in fact proven (29) for all 1 < j <m + 1.
The first consequence is that

ce
/|V(2m)Al274m+4du < O
b

which is the L? estimate for even order derivatives of A. For odd orders, we
note that (19) implies

/2 ’V(2m+1)14’2’74m+6dﬂ

Sca( /E IV 2m) APy Hdp + /}S !V<2m+2)z4l274m+8du>,

and so the L? estimate for odd order derivatives of A follows. The L™
estimate is obtained via (22) and (23). First apply (23) to bound | A%,
pointwise in time, and then (22) to estimate

IV iy Alle =) < IV w0 Al 501 IV 12y All3 150 + 1V ) All3 1301 -

Given the L? estimates this then implies the L™ bounds, and so we are
done. O
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4. Blowup analysis and asymptotic behaviour

A priori, although the energy Wy, »,(f:) is monotonically decreasing, we
cannot use this to conclude that the Willmore energy or the surface area
remain uniformly bounded by Wiy, x,(fo) along the flow. The flow (CW) is
fourth order and highly non-linear: the surface may develop self-intersections
and (assuming we have a well-defined notion of signed volume, such as the
pull-back of the Euclidean volume form by f) this could drive the volume
term to negative values. In order to prevent this from occurring we first show
that preservation of embeddedness holds for the flow (CW) with initial data
satisfying (2). The idea behind the proof is to show that at small energy
levels a conservation law for the Willmore energy holds along the flow (cf.
[22]). This implies

1
/szu<87r,
4 Js

and so applying [15, Theorem 6] we obtain that f(-,¢) is an embedding for ev-
ery t € [0, 7). Using this we are able to directly estimate the Euler-Lagrange
operator from below in L?, which by an energy dissipation argument proves
T < 0.

We then examine the shape of the singularity. Due to Theorem 3.1, we
know that curvature has concentrated around some point at final time. We
use this to construct a blowup, relying on Theorem 3.11 and the compactness
theorem from [12] to ensure its existence and smoothness. Examining this
blowup we determine that (in contrast with [12, 22]) it is a smooth round
sphere. This is proved by showing that the blowup is an embedded Willmore
surface with non-zero curvature. The argument does not depend on the
choice of blowup sequence: for any sequence of radii we obtain a smooth
round sphere. This implies that the flow itself is asymptotic to a self-similarly
shrinking round sphere, and so f; approaches a round point.

Proposition 4.1. Let f: % x [0,T) — R? be a constrained Willmore flow
satisfying (2) with \y > 0, Ao > 0. Then for any t € [0,T) we have

d 1d 1
— A°Pdy = = — H|?d <—/ A%% 2d
G [P = g [ P < =5 [ (Wooln) P

and f: ¥ x [0,T) — R3 is a family of embeddings.

Proof. From the definition of the flow (see Lemma 2.1), we have that

Wi (f) S Wi, (fo) <dm+ea.
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Let us introduce the notation Vol ¥; = (Vol E) ’ . Since Vol Xy > 0, there
is by short time existence a 6 > 0 such that on the half-open interval [0, ¢)
we have Vol ¥; > 0. Let us assume that § is the largest such time with this
property, i.e Vol 35 = 0. In particular we have

(30) HAOH% <29, and Mu(X)<ey on [0,0).

By the Michael-Simon Sobolev inequality we estimate

1
) g [ 1Al < AGHAYE [ 19 Pdu+ CBu() [ 1A
1
32 5 [ 1P CEu(®) [ VA Pdu CEIHIL [ (1147
< Cau(®) | V4P
¥

+ Ciu(S)E e [ 11114 dn
and
1
33 g [ VAR < CE() [ (Vi A+ VAT di,

where Cs = 43/,/7. Note that by the Gauss-Bonnet theorem and short time
existence we have for each ¢t € [0,7)

Ld [ d
S g = | Kan+ =2 A°2dp.
1dt =0 “+2dt/| 2dt/| i

We now compute
I A
=5 / (AH + H|A°*)(AH + H|A°]> —2H); — 2)\9)dp
=5 [ IWoalh)Pdu+ 21 [ H(AH + H|2°P)d
> %

+ o / (AH + H|A°]?)dp
by
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1
=5 [ WoaDPdut 2 [ (CIVHE + H2LAP )
+A2/H\AO\2du
b
1
=5 [ WoaDPdn—2x1 [ (VA Pau+2n [ 14
> b >

+ A2 / H|A°)2dy,
)

where we used the evolution equations Lemma A.1, the divergence theorem,
and the identity

1 1
(35) /|VA"|2d,p+/H2|A°|2du: / \VH|2du+/ |A°*dpu.
) 2)s 2 Js )

We have included a proof of (35) for the reader’s convenience in the Ap-
pendix.
Let us first assume Ao = 0. There exists a constant c3 such that

(36) /E (Vo AP + [ARIV AP + A A°2) dy < cs /E Woo(f)2du

holds. Estimate (36) follows by taking p — oo (note that ¥ is closed) in [12,
Proposition 2.6]. Combining (31) and (36) with the simple estimate

4)\102f\2/H2\A0|4du§8/\10§§2/ A 4% 2dy
1J% 1J3

we compute
1d
- ¢ A° 2d
s [ 1A
1
=5 [ IWootrPau— 2 [ 1vA%Pdu+ 20 [ 1%
b py ¥
1 1 o
< _4/ [Woo(f)[Pdp — 4/ (VAP + [AP|VAP + AP |A%) dps
b C3 Jx»

_2>\1/ |VA0’2dM+4)\1C§ <852/ |VA0’2dM+€2/H2|AO|4dM>
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1
<_4/“MwUWM
x
1 o
~ (55 —22262) [ (VAP 1ARIVAR + 1411 A4°R)

(1 16263 / VAR,
)
The result follows for t € [0,9) so long as g3 < ﬁ min{1, (2c3)"1}.

Let us now assume A2 > 0. Young’s inequality and the estimate (32)
above imply

(37) / |H||A°dp < 5/ H*| A2 2du
<5/ HY A% 252 / IV A°|2dp
fl g\\? \/167r+452/ |H||A°|2dp.
ENE 1

Choose 6 = ﬁ and further assume that e satisfies

43563\ 2
g9(4m + £9) S/\1<60§> .

This implies 1 — 6(’; \\Ci 16w + 425 > 3, and so (37) with these choices

gives

1 6C2
(38) / |H||A°2dp < (1—451‘/52\/167r+452>/|ﬂ| |A°2dp
450 5\f1
< H*A%%d /VAO%J
< 3%203/ | 1+ | 1
1

< Al*A°%d
< g L1411

C
eV ([ a2V A )
2N{ VAT + e

4\& 47[' —|— €9
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where in the last step we applied (33). Using estimates (31), (36) and (38)
we now compute

A°|%dp
it J, A
= =5 [ IWoolDPdu—2n [ (94 Pdu2n [ 14
s 2 =
+)\2/H|A"]2du.
%
1
§—4/ |Wo,o(f)|2dﬂ—2)\1<1—1652032>/ VA% dp.
n >

1
— ( - 852032> / (|V 2) A2+ |A2VA)? + |A|4|A0|2)d,u

463
A
+/ AP A% R 1 e 25 VEs </ |V(2)A0|2+H2|VA"]2du>
)\ VAT 4 g9 z

<1 /E Woo(f)2dy

1 22
B (4 —8exC5 — e LS\& ) / (IV AP + [AP|VA]?) du
€3 )\ 41 + 9

(1 16263 / IV A° Ry,
>

The result follows for ¢ € [0,6) so long as &9 < 2602 min{1, 4)\ (Aac3) 7L,

(2c3)71}.

In each case we have shown that for every t € [0, J)

d 1
a / A Pdp < 2 / (Woolf)du  and
dt /s 2 /s

(39) :
/ |H|?dp < 47 + &9 < 8.

4y

It then follows from Theorem 6 in [15] that each f; is an embedding. There
are two possibilities: either 6 = T', or § < T'. In the former case we are already
finished, since then equation (39) holds for every ¢ € [0,T") as desired. In the
latter case we have by short time existence a smooth non-singular surface f;
(since otherwise § = T'). Again by short time existence we have that || H||3 is
a lower semicontinuous function of time, and so by (39) above || H |3 < 327
at t = ¢. This implies that fs5 is embedded and Vol 35 > 0. This is however
a contradiction with the maximality of J, and so we are finished. OJ
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We now require the following estimate.

Proposition 4.2. Let f: % x [0,T) — R? be a constrained Willmore flow
satisfying (2) with \y > 0, > 0. Then for any t € [0,T) we have

t
(40) / A4 dr < cac2 (141),
0

where ¢4 is a constant depending on A1, A2, Wi, x,(fo) only.
Proof. Proposition 4.1 implies that f is a family of embeddings, and so

Vol ¥ > 0. This implies in particular that (30) holds with 6 = T. Let us
estimate

AN A% < 2231413 + 21 4°)18
and, using again Proposition 4.1,
A
v [ HIAPdn < a7+ 52 [ [Pa
s 16 Jx

A
< 231473 + 2140 + Z2W, v, (fo).

Combining these estimates with (34) and keeping in mind that Ay > 0 it
follows that

t t
(41) //|W070(f)\2dpd7§252+4/ / |A°|%dp dr
0 JX 0 JX
A
+tey <4A§ + 4k + 42> .

A straightforward combination of [12, Lemma 2.5] and [12, Proposition 2.6]
and taking p — oo (recall X is closed) yields

/ A% dp < ces / Woolf)2du.
> >

Using this to estimate the right hand side of (41) we obtain

/ / |W00 | dud7<252+4652/ / |W()0 | dpdr

+ tes <4)\ +4x% + if),



874 J. McCoy and G. Wheeler

where ¢ is an absolute constant. Absorbing on the left we find

t
/ / ‘WO,O(‘]C)’QCZM dT S CE9 (1 + t),
0 JX

where c is a constant depending on T', A1, A2, and Wy, x,(fo) only. The flow
independent estimate [12, Theorem 2.9] with v = 1 implies that there exists
an absolute constant ¢ such that

4l < el A1 [ [Waol )P
which, when combined with the estimate above, yields (40). O

Proposition 4.3. Suppose f: X x [0,T) — R3 is a constrained Willmore
flow with Ay > 0, A2 > 0 satisfying (2). Then T < ¢5 < 0o, where

1

“= 4D\

Wi, (fo) + 1.

Proof. Proposition 4.1 implies that f is a family of embeddings, and so (30)
holds with § = T'. By the definition of the flow (see Lemma 2.1), we have

d 1
(42) aV\/Mz(f) = _2/ |AH + H|A)> — 22X\ H — 2)o|*dp
by
1
— 5 [ WoolHPdu—2 [ It +
by b
+ 2/ (AH + H|A?P?) (M H + o) dp.
b
Using (35) we rewrite the last two terms as
(43) - 2/ INH + Aoyt + 2/ (AH + HAP) (M H + Ao) dy
b b
= —2A%/ H%dy — 4)\1)\2/ Hdp — 2032
b b
- 2>\1/ (IVH> — H?|A°P) dp + 2A2/ H|Adp
b Y

:—2A%/Zﬂ2du—4A1A2/ZHdN—2A§|2

—4)\1/ \VA"|2du+4)\1/ |A°|4d,u+2>\2/H\AO|2du.
% % %
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Noting that for closed surfaces 4y/7 < ||H||2 < ||H||3, we estimate

1/2
(44) —4M1 Ao / Hdp < 4) M ( / H2du>
<4)\2\/€2)\1/ H d,u.
%

We shall also use (recall Ay > 0)
)\2
(45) 2>\2/ H|A°dp < A%/ H2du+§/ |A°|*dp.
> > A s
Combining (44) and (45) with (43) we have

(46) —2/ ]/\1H+)\2|2du+2/ (AH + H|A°)?) (M H + \o) dp
b Y
<—4/\1/ VA Pdp — 2\30(2) — (A )\2/\152 /HQdu
A3 )

+ (53 +an ) 1
3 2 A 0|4

— (AT = AaAfed) EH dp + p"“l)\l 1(2) [ A%

1

< —16cgm + c7 ea| A°||%,

where

)\% )\2
06:?, and 07—)\—?{4-4

)\3
Here we need g9 < Tz SO that
2

)\2
A2 dohied > >3k

Integrating (42) and estimating the right hand side with (40), (46), we obtain

(47) Wi (ft) < Wi, (fo) +eacres(l+t) — (16¢em)t
< W/\l,AQ(fO) +cqc7 6% — t(16067r —cycC7 5%)
< Wiy a, (fo) +8cem (1 —1t)
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assuming eo < 23/%. Since Vol £, A, Ay > 0 we have Wy, »,(f) > 0. This
implies that

T<1

< Seor (W, s (fo) + 8cem),

since otherwise there would exist a t* € [0, 7)) such that

> L
— 8cgm

(W, . (fo) + 8cem),

which is in contradiction with (47). O

Proof of Theorem 1.4. Proposition 4.3 implies that T < oo; it remains to
classify the asymptotic shape of the singular surface fr(-). We know by
Theorem 3.1 that for any sequence of radii r; \, 0 there exists a sequence
of times ¢; /T such that

t; = inf tzO:sup/ |APPdy > ez p < T,
z€R® J f=1(B., (x))

where g3 = €g/cp and €q, ¢y are as in the Theorem 3.1. Arguing as in [12],
we know that

< e3 for any z € R3,
t:tj

/ AP du
F (B @)

and

(48) / A2 dp
f=(By; (z5))

3\ L

> e3 for some z; € R3.
t=t;

Consider the rescaled immersions

fisSx [=rit, (T =) = R, fi(p,t) = %(f(l%tj +rjt) — ).
J

Theorem 3.1 implies 7“]._4 (T'—tj) > ¢o for any j and also that

sup / |A2dp < g for 0 < t < co.
z€R? J 71 (Bi(x))

Using Theorem 3.11 on parabolic cylinders Bj(x) x (t — 1,t] as in [12] we
obtain

IV ) Allso,y, < c(k) for — rj_4tj +1<t<c.
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The Willmore energy is bounded and so a local area bound may be obtained
as in [12] from a lemma due to Simon [19]. Therefore applying Theorem 4.2
from [12] to the sequence f; = f;(-,0) : ¥ — R? we recover a limit immersion
fo: 2 = R3, where £ 2 . We also obtain the diffeomorphisms bj 5(5) —
U; C X. The reparametrisation

£i(d5.) : 2(5) x [0,c0] = R?
is a locally constrained Willmore flow with initial data
£i(65,0) = fo+uj - 3(j) — R3.
Arguing again as in [12] we obtain the locally smooth convergence
(49) Fi(85:) = f,

where f: 3 %[0, ¢0] = R3 is a locally constrained Willmore flow with initial
data fo. We wish to show that this blowup is a critical point for the Willmore
functional.

Theorem 4.4. Let f: X x [0,T) — R3 be a constrained Willmore flow with
A1 > 0, A2 > 0 satisfying (2). Then the blowup f as constructed above is an
embedded Willmore surface.

Proof. Noting the scale invariance of ||A°||3, we use Proposition 4.1 to com-
pute

2 / / (Woo(f;(6. 1) 2dpay o, . dt
0 2(j)

:2/ / |(W0,0)j‘2dujdt
< /E |A2(0) Pds; — /E |A%(co) Py,

- /E A%t 2y — /E |A°(t; + rheo) P,

and this converges to zero as j — oco. Therefore W o(f) = 0 and the blowup

f is an embedded (by [15, Theorem 6] and Proposition 4.1) Willmore surface.
U

Using again the scale invariance of || A°|3, [12, Theorem 2.7] thus implies
that f is a union of planes and spheres. Ruling out disconnected components
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using [12, Lemma 4.3] and noting that by (48) we have ||A[|? > 0, we con-
clude that f is a round sphere.

As the sequence of radii was arbitrary, this shows that u(3) — 0 and
that f; is asymptotic to a round point. O

Appendix A. Selected proofs

We collect here the proofs of several well-known formulae and results for
the convenience of the reader and readability of the paper. Many of the
statements contained in this appendix have appeared in a similar form in
[12, 13, 17, 20-22]. Throughout this appendix M denotes a smooth an n-
dimensional reference manifold and f : M™ — R"*! is an immersion of M.
We denote by F' an (unless otherwise stated) arbitrary function.

Lemma A.1. For f: M" x [0,T) — R"*! evolving by %f = Fv the fol-
lowing equations hold:

0 . d

g = R ¥ o DAy = —

57 %1 2F Aij, 519 2F AY, dtdu (HF)dpu,
0

au = —VF, ;AU = VZ]F - FAZPAP]"

;H = AF + F|A)]?, gtr = FPl(A)+ AxVF, and

8 o o o o 1 o
5145 = ST F) — F (A% + 1asl4°F).

where S°(T) denotes the tracefree part of a symmetric bilinear form T.

Proof. We begin by proving that the evolution of the unit normal v is given
by

ov - OF Of
— ) —_— = - = — ;;
ot Ozt Oxd (OF,0f) E

Since (v,v) = 1, any derivative of the normal is again normal to v, hence
tangential to M. Since {0;f} forms a basis of T M, we may express the time
derivative of v as

87/ P 8V 81 a]
_ —gw | I




Finite time singularities 879
As <l/182f> :07
_Jov of 0 Jf
0= <é)t’ 8xi> * <V’8t8xi>
ov Of oF %
<8t’ 8a:> * <V’V8a:i> F < ax>

ov or\ | oF
ot Ozt ozt’
)

(A2) <au 6f>: OF

ot dri/) O
Substituting (A.2) into (A.1), we have

ov _ jOF Of
ot 9 oriow’

as required. We now move on to proving that the induced metric (g;;) and
its inverse (g*) evolve by

0 jii 2QF AV

(A.3) @g

agi]’ = —QFAij, and

respectively. Note first that
00f of\N _oF [/ Of\  [pov Of
0t oz 0wi |~ 0w\ O 0a’ Durl

B ov of \ -
_F<6:ci’aasj>_ F A,

where we used the definition of A;; in the last step. Since the second funda-
mental form is symmetric, we have

0

agzj = —FAZ‘j — FA]Z = —QFAij.

For the inverse, we first differentiate g?*g;), = 5;'.;

a(gikgjk) _ agik ‘
ot ot 9k

0= + g (—2F Ayp).
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Contraction gives

gjlg, 8gz'k _ 8gil
ot T ot

= QgﬂgikFAjk = 2F A%,

and with the substitution [ <> j, this finishes the proof of (A.3). We will
next need to make use of the rule for differentiating determinants: For a
matrix (M) with differentiable entries depending on z,

0 0
—det M =det M MY —M;;.
ox ¢ ¢ ox ¥

To see this, let adj M denote the adjoint matrix of M, which by definition
satisfies M;; ad] Mk = 5fdet M. Then

ox

0
v _
det M—< -

0
M M; ;
OM;; det )

3} 0 i 0
= j M M) —M;; = M MY — M;;.
(adj M) < o, det ) 5 Mis det B Mii

We claim that the measure evolves according to

d
A4 Zdu = —HFdp.
(A.4) s "

Differentiating,

8td,u—at (Vdetgd?—[)—2 det g g atgzjd’H

= —FgYAydy = —HFdp,

where we used the evolution of g;; in the last equality. This shows (A.4).
We shall now consider the evolution of the components of the second fun-
damental form, A;;. We shall show

(A.5) gtAij = Vi F — FA; AL
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Differentiating,
0, (2 001,
ot am% 83:3 at’
8:61 &L‘J <
81‘1 &L‘J <
I‘

0 0 oF
(83}’ oxd ol T 4k

=V, F — FAjrg" Ay
= Vi — FAj, A

@i
axﬂ I ot
> <FZ§£:AHMVF>
f v/ Of
xl) ’”> ‘“‘j<axk’w>

0 o0
FAjkgkl <8xi @f, V>

In the above we used the Gauss-Weingarten relations

a 9 , - of o
oxt @f L' Dk + Ayjv, 57’ = —Ajrg

Of
oxl’

and the definition of the covariant derivative of a one-form. Using (A.5)
and (A.3) we may compute the evolution of the mean curvature:

QH: aAl]JrA

d
¢7 = AF + F|A|?
a1 a1 +FlA|

i at?
and the tracefree second fundamental form:

0 0 1 __0 1 0
Gpo o9y g2, L1, %y
ot T gt T eI T 9y

:%ﬁlfﬂwﬁ+%FHmfﬁ%MAF+ﬂM%
:<VUF—:ﬁmAF>—FWMA?+FZHAM_PiQWAF
zsqwnm—F<&w¢—iH&fﬂ?MMﬁ

= 5T P F (4470 + Loy l4°P).

We finally compute the general structure of the evolution of the Christoffel
symbols. Note that any derivative of the Christoffel symbols is a tensor. The
Christoffel symbols in a local torsion free coordinate system are determined
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by the metric as

1 0 0 0
k kl
=39 <ami9ﬂ R axz%> -

Let us choose normal coordinates and differentiate with the help of (A.3):

ark_mgkl o 9 9

ot = 2 ot \an%it Tt gpadit T gy1di
Aw(oo 00 00
29 \ ozt ot¥ T aziotIt T aut otV

B! 9 B

_ L N PN

= FA (&rig]l + 8xjgzl 8.Z'lgw>

OF OF OF

0 0 0
- <axiAﬂ ot axlA”>>

= FP!(A) + AxVF.
O

Interchange of covariant derivatives is used throughout this paper. The
precise consequences used are contained in the following.

Lemma A.2. For f: M" x [0,T) — R""! evolving by %f =—(AH+ F)v
the following equation holds:

9 K
EV(k)A = *AZV(k)A + Py +2(A) + V(k) (FA x A — V(Q)F)

Proof. Applying (10) we have

= vkile + V(g) (A x A * A) + P32(A) = vk:lin + P?)Q(A),

which implies
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where for the last equality we used Simons’ identity (9). Computing in nor-
mal coordinates, from Lemma A.1 and the above equation we have

0
fV(k)Aij = —V(k)vijAH - V(k)vijF + P§€+2(A) + V(k) (FA * A)

ot
= —V(k)AA + P§+2(A) + V(k) (FPQO(A) — V(Q)F) .

The lemma now follows after interchanging covariant derivatives 4k times
in the term of highest order:

0
5 VA= Vi (FAs A=V F) = =V VPV, A4 + P2 (4)

k
= —VPV () VpAA + PEP2(A) + D Vieojy (A A% V(5 AA)
j=1

k
= —~AV (i AA + PFF2(A) + Z Vib_jin) (A Ax V() AA)
j=1
k
= —AvpV(k)va + P§+2(A) + Z V(k‘—j—i—Q) (A x A x V(]_l)VA)
j=1

k
= —A2V(k)A + P§+2(A) + E v(k—j-{—?)) (A x A * V(j_l)A)
J=1

= —AV A+ Py (A). -

Proof of (35). We first begin with the following consequence of Simons’
identity:
1
(A.6) AA® = 5°(V(gH) + 5HQAO — |A°2A°.
This follows readily from (9),

Y 1
1 .
=V,;;H — igijAH + HAJAjj — |AP Ay
= SV o H) + HAI Ay — | AP Ay
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provided we show
(A7) HAJAj; — |APAjj = 2K A,

Choosing normal coordinates so that A is diagonalised (at a point) with
A=8kj, H=Fk +ko, K=kiks, |A|?> = k3 + k} (at this point) and

(ki — ko), ifi=j=1
A7 = %(kQ—]ﬂ)v ifi=j=2
0, otherwise,
we have
(i=j=1) HA A — |APAj = (k1 + ko)k? — (K2 + kD) kg
1
= §k1k2(k1 2) 2KA
(i=7=2) HAJ A — |APAip = (k1 + ko)k3 — (K + kg)kz
1

and otherwise (A.7) holds trivially. Therefore (A.7) is proved. This also
proves (A.6), since

1 1 1 1
= = — 2 - _ 2 — 7H2 _ AO 2.
K = kiks 4(k1 + k2) 4(k71 k2) 1 2\ ‘

Integrating (A.6) against A° and using the divergence theorem we have

[ vapau =~ [ (a7, 80), dy
) b
= —/ <A°,V(2)H +imae - ]A°]2A°> dp
> 2 g
* A0 1 2|1 0|2 0|4
= | (VA VH) dp— o | H|A?["dp+ | [A°[*dp.
> 2 Js s
Applying (6) and rearranging we obtain

1 1
/|VA°]2du+/H2]A°]2du— / \VH\Qd/H—/ |A°|Adp
D) 2 )s 2 /s 5

as required. O
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