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On non-topological solutions of the G2

Chern-Simons system
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For any rank 2 of simple Lie algebra, the relativistic Chern-Simons
system has the following form:
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where K is the Cartan matrix of rank 2. There are three Cartan
matrix of rank 2: A2, B2 and G2. A long-standing open prob-
lem for (0.1) is the question of the existence of non-topological
solutions. In a previous paper [1], we have proved the existence
of non-topological solutions for the A2 and B2 Chern-Simons sys-
tem. In this paper, we continue to consider the G2 case. We prove
the existence of non-topological solutions under the condition that
either N2

∑N1

j=1 pj = N1

∑N2

j=1 qj or N2

∑N1

j=1 pj �= N1

∑N2

j=1 qj and
N1, N2 > 1, |N1 −N2| �= 1. We solve this problem by a perturba-
tion from the corresponding G2 Toda system with one singular
source. Combining with [1], we have proved the existence of non-
topological solutions to the Chern-Simons system with Cartan ma-
trix of rank 2.
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1. Introduction

1.1. Background

There are four types of simple non-exceptional Lie Algebra:Am, Bm, Cm

and Dm which Cartan subalgebra are sl(m+ 1), so(2m+ 1), sp(m) and
so(2m) respectively. To each of them, a Toda system is associated. In geom-
etry, solutions of Toda system are closely related to holomorphic curves in
projective spaces. For example, the Toda system of type Am can be derived
from the classical Plücker formulas, and any holomorphic curve gives rise
to a solution u of the Toda system, whose branch points correspond to the
singularities of u. Conversely, we could integrate the Toda system, and any
solution u gives rise to a holomorphic curve in CP

n at least locally. See [11],
[23] and references therein. It is very interesting to note that the reverse pro-
cess holds globally if the domain for the equation is S2 or C. Any solution
u of type Am Toda system on S2 or C could produce a global holomorphic
curve into CP

n. This holds even when the solution u has singularities. We
refer the readers to [23] for more precise statements of these results.

In physics, the Toda system also plays an important role in non-Abelian
gauge field theory. One example is the relativistic Chern-Simons model pro-
posed by Dunne [12–14] in order to explain the physics of high critical tem-
perature superconductivity. See also [20], [21] and [22].

The model is defined in the (2+1) Minkowski space R1,2, the gauge group
is a compact Lie group with a semi-simple Lie algebra G. The Chern-Simons
Lagrangian density L is defined by:

L = −kεμνρtr
(
∂μAνAρ +

2

3
AμAνAρ

)
− tr((Dμφ)

†Dμφ)− V (φ, φ†)

for a Higgs field φ in the adjoint representation of the compact gauge group
G, where the associated semi-simple Lie algebra is denoted by G and the
G−valued gauge fields Aα are defined on 2 + 1 dimensional Minkowski space
R1,2 with metric diag{-1,1,1}. Here k > 0 is the Chern-Simons coupling pa-
rameter, tr is the trace in the matrix representation of G and V is the
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potential energy density of the Higgs field given by

V (φ, φ†) =
1

4k2
tr(([[φ, φ†], φ]− v2φ)†([[φ, φ†], φ]− v2φ)),

where v > 0 is a constant which measures either the scale of the broken
symmetry or the subcritical temperature of the system.

In general, the Euler-Lagrangian equation corresponding L is very diffi-
cult to study. So we restrict to consider solutions to be energy minimizers of
the Lagrangian functional, and then a self-dual system of first order deriva-
tives could be derived from minimizing the energy functional:

(1.1)
D−φ = 0,

F+− =
1

k2

[
v2φ− [[φ, φ†], φ], φ†

]
,

where D− = D1 − iD2, and F+− = ∂+A− − ∂−A+ + [A+, A−] with A± =
A1 ± iA2, ∂± = ∂1 ± i∂2. Here ∂i and Di are respectively the partial deriva-
tive and the gauge-covariant derivative w.r.t zi, i = 1, 2.

In order to find non-trivial solutions which are not algebraic solutions of
[[φ, φ†], φ] = v2φ, Dunne [13] has considered a simplified form of the self-dual
system (1.1) in which both the gauge potential A and the Higgs field φ are
algebraically restricted, for example, φ has the following form:

φ =

r∑
a=1

φaE±a,

where r is the rank of the Lie algebra G, {E±a} is the family of the simple
root step operators (with E−a = E+

a ), and φa are complex-valued functions.
In this paper, we consider the case of rank 2. Let

ua = ln |φa|2.

By using this ansatz, then Equation (1.1) can be reduced to

(1.2)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δu1 +
v4

k2

(
2∑

i=1

K1ie
ui −

2∑
i=1

2∑
j=1

euiK1ie
ujKij

)
= 4π

N1∑
j=1

δpj

Δu2 +
v4

k2

(
2∑

i=1

K2ie
ui −

2∑
i=1

2∑
j=1

euiK2ie
ujKij

)
= 4π

N2∑
j=1

δqj

in R
2,

where K =
(
K11 K12

K21 K22

)
is the Cartan matrix of rank 2 of the Lie algebra G,

{p1, . . . , pN1
} and {q1, . . . , qN2

} are given vortex points. For the details of
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the process to derive (1.2) from (1.1), we refer to [13],[29],[38] and [39]. In
this paper, without loss of generality, we assume v4

k2 = 1.
It is known that there are only three types of Cartan matrix of rank 2,

given by

(1.3) A2 =

(
2 −1
−1 2

)
, B2(= C2) =

(
2 −1
−2 2

)
, G2 =

(
2 −1
−3 2

)
.

In the previous paper [1], we have constructed non-topological solutions
in the case of A2 and B2. In this paper, we will construct non-topological
solutions for the G2 case, i.e. the following equation:

(1.4)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δu1 + 2eu1 − eu2 = 4e2u1 − 2e2u2 + eu1+u2 + 4π

N1∑
j=1

δpj

Δu2 + 2eu2 − 3eu1 = 4e2u2 − 6e2u1 − 3eu1+u2 + 4π

N2∑
j=1

δqj .

1.2. Previous results

In the literature, a solution u = (u1, u2) to system (1.2) is called a topological
solution if u satisfies

ua(z)→ ln

2∑
j=1

(K−1)aj as |z| → +∞, a = 1, 2,

and is called a non-topological solution if u satisfies

ua(z)→ −∞ as |z| → +∞, a = 1, 2.(1.5)

The existence of topological solutions with arbitrary multiple vortex
points was proved by Yang [39] more than fifteen years ago, not only for
Cartan matrix of rank 2, but also for general Cartan matrix including
SU(N + 1) case, N ≥ 1. However, the existence of non-topological solutions
is more difficult to prove. The first result was due to Chae and Imanuvilov [5]
for the SU(2) Abelian Chern-Simons equation which is obtained by letting
u1(z) = u2(z) = u(z) in the A2 system where u satisfies

(1.6) Δu+ eu(1− eu) = 4π

N∑
j=1

δpj
in R

2.
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Equation (1.6) is the SU(2) Chern-Simons equation for the Abelian case.
This relativistic Chern-Simons model was proposed by Jackiw-Weinberg [19]
and Hong-Kim-Pac [18]. For the past more than twenty years, the existence
and multiplicity of solutions to (1.6) with different nature (e.g. topological,
non-topological, periodically constrained etc.) have been studied, see [4],
[5], [6], [7], [8], [10], [18], [24], [25], [26], [27], [31], [32], [33], [34], [35] and
references therein.

In [5], Chae and Imanuvilov proved the existence of non-topological so-
lutions for (1.6) for any vortex points (p1, . . . , pN ). For the question of exis-
tence of non-topological solutions for the A2 system , an “answer” was given
by Wang and Zhang [37] but their proof contains serious gaps. In fact they
used a special solution of the Toda system as the approximate solution, but
they did not have the full non-degeneracy of the linearized equation of the
Toda system and their analysis for the linearized equation is incorrect. Thus,
the existence of non-topological solutions has remained a long-standing open
problem. Even for radially symmetric solutions (the case when all the vor-
tices coincide), the ODE system is much more subtle than Equation (1.6).
The classification of radial solution is an important issue for future study as
long as bubbling solutions are concerned, see [5], [6], [7], [8], [15], [24], [25],
[28], [30], [33], [34], [36] in this direction.

For the rank 2 Chern-Simons system of Lie type, Huang and the second
author [16, 17] studied the structure of radial solutions. Among other things,
they proved the following result:

Theorem A If (u1, u2) is a radially symmetric non-topological solution to
the rank 2 Chern-Simons system of Lie type with all vortices at the origin,
then

(1.7) u1(r) = −2α1 log r +O(1), u2(r) = −2α2 log r +O(1)

at infinity for some α1, α2 > 1. Furthermore,

J(α1 − 1, α2 − 1) > J(N1 + 1, N2 + 1),

where J(x, y) is the quadratic form associated to K−1.

For the existence of radially symmetric non-topological solutions, Choe,
Kim and the second author [9] recently proved the following result:

Theorem B If (α1, α2) defined in (1.7) satisfies

−2N1 −N2 − 3 < α2 − α1 < 2N2 +N1 + 3,

2α1 + α2 > N1 + 2N2 + 6 and α1 + 2α2 > 2N1 +N2 + 6,
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then the A2 Chern-Simons system has a radially symmetric solution (u1, u2)
subject to the boundary condition (1.7).

For general configuration vortices in R2, we first got the existence of
non-topological solutions for the A2 and B2 Chern-Simons system by per-
turbation from the A2 and B2 Toda system with a singular source. In [1],
we proved the following:

Theorem C Let {pj}N1

j=1, {qj}N2

j=1 ⊂ R2. If either

(a) N2

N1∑
j=1

pj = N1

N2∑
j=1

qj ;

or

(b) N2

N1∑
j=1

pj �= N1

N2∑
j=1

qj and N1, N2 > 1, |N1 −N2| �= 1, then there ex-

ists a non-topological solution (u1, u2) of the A2 and B2 Chern-Simons sys-
tem respectively.

1.3. Main results

In this paper, we continue our work on the rank 2 Chern-Simons system.
We consider the remaining G2 Chern-Simons system. We give an affirmative
answer to the existence of non-topological solutions for the system with
Cartan matrix G2. Our main theorem can be stated as follows.

Theorem 1.1. Let {pj}N1

j=1, {qj}N2

j=1 ⊂ R2. If either

(a) N2

N1∑
j=1

pj = N1

N2∑
j=1

qj ;

or

(b) N2

N1∑
j=1

pj �= N1

N2∑
j=1

qj and N1, N2 > 1, |N1 −N2| �= 1, then there ex-

ists a non-topological solution (u1, u2) of problem (1.4).

Remark 1.1. Note that if N1 = 0 or N2 = 0, by translation, assumption
(a) in Theorem 1.1 is always satisfied.

Non-topological solutions play very important role in the bubbling anal-
ysis of solutions to (1.2). Therefore, our result is only the first step towards
understanding the solution structure of non-topological solution of (1.2).
For further study on non-topological solutions for the Abelian case, we refer
to [6] and [8].



Solutions of the G2 Chern-Simons system 723

We will prove Theorem 1.1 in three cases which we describe below:

Assumption (i):

(1.8)

N1∑
j=1

pj =

N2∑
j=1

qj , N1 = N2;

Assumption (ii):

N2

N1∑
j=1

pj = N1

N2∑
j=1

qj , N1 �= N2 , N1, N2 �= 1

or N2

N1∑
j=1

pj �= N1

N2∑
j=1

qj , |N1 −N2| �= 1 , N1, N2 > 1;(1.9)

Assumption (iii):

(1.10) N2

N1∑
j=1

pj = N1

N2∑
j=1

qj , N1 �= N2, N1 = 1 or N2 = 1.

If we can prove the existence of non-topological solutions under the above
three assumptions separately, then it is easy to see that Theorem 1.1 is
proved. So in the following, we will prove the theorem under the three as-
sumptions respectively.

1.4. Sketch of the Proof

In the following, we will outline the sketch of our proof. We follow exactly
the same idea as in the proof for the A2 and B2 case.

As in [1], we will view Equation (1.4) as a small perturbation of the G2

Toda system with a singular source at the origin.
After a suitable scaling transformation and some manipulations (see

Section 2.1), the system (1.4) is transformed to

(1.11)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ΔŨ1 +ΠN1

j=1|z̃ − εpj |2e2Ũ1−Ũ2 = 2ε2ΠN1

j=1|z̃ − εpj |4e4Ũ1−2Ũ2

−ε2ΠN1

j=1|z̃ − εpj |2ΠN2

j=1|z̃ − εqj |2eŨ2−Ũ1 ,

ΔŨ2 +ΠN2

j=1|z̃ − εqj |2e2Ũ2−3Ũ1 = 2ε2ΠN2

j=1|z̃ − εqj |4e4Ũ2−6Ũ1

−3ε2ΠN2

j=1|z̃ − εqj |2ΠN1

j=1|z̃ − εpj |2eŨ2−Ũ1 .
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When ε = 0, we obtain the following limiting system

(1.12)

⎧⎪⎨
⎪⎩
ΔŨ1 + |z|2N1e2Ũ1−Ũ2 = 0 in R2

ΔŨ2 + |z|2N2e2Ũ2−3Ũ1 = 0 in R2∫
R2 |z|2N1e2Ũ1−Ũ2 < +∞ ,

∫
R2 |z|2N2e2Ũ2−3Ũ1 < +∞

which is the G2 Toda system with a single source at the origin.
An immediate problem is the classification and non-degeneracy of the

above system. In [23], Lin, Wei and Ye obtained the classification and non-
degeneracy results of the SU(N + 1) Toda system with a singular source.
In [2], we used the results of [23] to obtain a complete classification and
non-degeneracy of the G2 Toda system (1.12). In fact, the G2Toda system
can be embedded into the A6 Toda system under suitable group action. The
solutions to (1.12) depend on fourteen parameters

(a, λ) = (c43,1, c43,2, c52,1, c52,2, c53,1, c53,2, c54,1, c54,2,

c61,1, c61,2, c62,1, c62,2, λ4, λ5) ∈ R
14.

The dimension of the linearized operator is fourteen.
The main difficulty of dealing with this system is the large dimension of

kernels. There are no explicit formula for the coefficients, except in the case∑N1

j=1 pj =
∑N2

j=1 qj , N1 = N2 which can be considered as the reminiscent of
the SU(2) scalar equation. To get over this difficulty, we make use of the two
scaling parameters λ4, λ5 for solutions of the Toda system and introduce two
more free parameters . Instead of solving the coefficient matrices for fixed
scaling parameters, we only need to compute the two matrices in front of
the two free parameters we introduce.

Now let us be more specific. We will view (1.11) as a perturbation
of (1.12) and expand it in powers of ε. The term of order O(ε) will sat-
isfy (2.23) and (2.24) in Section 2.4. The O(ε2) term will satisfy (2.25). In
this O(ε2) term ψ, we introduce two free parameters ξ1, ξ2 which play
an important role in our proof. See Section 5 and 6. At last the solution we
find will be of the form

(1.13) Ũ = Ũb + εΨ+ ε2ψ + ε2v,

where Ũb = (Ũ1,b, Ũ2,b) is the solution of (1.12), and b denote the parame-
ters (λ,a) for simplicity of notations. In order to solve in v, we need to solve
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a linearized problem:

(1.14)

{
Δφ1 + |z|2N1e2Ũ1,0−Ũ2,0(2φ1 − φ2) = f1

Δφ2 + |z|2N1e2Ũ2,0−3Ũ1,0(2φ2 − 3φ1) = f2

where f1 and f2 are explicitly given. Due to the existence of the kernels of the
linearized equation, (f1, f2) must satisfy some extra conditions in order to
have a solution. See Lemma 2.2 for the necessary and sufficient conditions.
After that, we use the Liapunov-Schmidt reduction method to solve the
nonlinear equation. It turns out that we can choose the perturbation a and
λ such that we can get the solution.

Now we comment on the technical conditions. In the proof, we will choose
(λ4, λ5) first, depending on the assumptions. As we mentioned above, we
will use the Liapunov-Schmidt reduction method to solve it. In the reduced
problem, one main problem is to calculate the projection of the error E
(see (2.30) and (2.31)) to the conjugate kernels (Z∗

j , j = 3, . . . , 14) of the
linearized equation of (1.12), i.e. we have to calculate the following:

(1.15) 〈E,Z∗
j 〉j=3,...,14.

In general, by Taylor’s expansion of E, we have

(1.16) 〈E,Z∗
j 〉j=3,...,14 =

1

ε
Ba+

1

ε
Aa · a+Qa+O(|a|2) + a0,

where A,B,Q are matrices of size 12× 12, and a0 ∈ R12. Furthermore, the
matrix Q can be decomposed into

(1.17) Q = ξ1Q1 + ξ2Q2 + T

where ξ1 and ξ2 are two free parameters introduced in the O(ε2)−term ε2ψ
. Thus the reduced problem becomes:

(1.18)
1

ε
Ba+

1

ε
Aa · a+Qa+O(|a|2) + a0 = O(ε),

As we said before, we shall not attempt to compute the matrices A,B and
T . Instead we focus on the two matrices Q1 and Q2. All we need to show is
that at least of one of these two matrices is non-degenerate. In the proof, the
O(ε) term Ψ brings about a lot of troubles. Both 1

εBa and 1
εAa · a terms

are related to Ψ. Now let us explain why the assumptions (a) and (b) are
needed. In fact, it depends on whether or not there is the O(ε) term.
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When N2
∑N1

j=1 pj = N1
∑N2

j=1 qj , i.e. case (a) of Theorem 1.1, by a shift

of origin, we may assume that
∑N1

j=1 pj =
∑N2

j=1 qj = 0. In this case, the
ε−term εΨ vanishes and both A and B vanish. In this case, the reduced
problem becomes much simpler:

(1.19) Qa+O(|a|2) + a0 = O(ε).

If N1 �= N2, N1, N2 �= 1 or N1 = N2, then a0 vanishes and the reduced prob-
lems (in terms of a) becomes:

(1.20) Qa+O(|a|2) = O(ε).

If N1 �= N2, N1 = 1, or N2 = 1, we use a different O(ε2) approximation ψ
in (1.13) and we obtain the reduced problem as follows:

(1.21) Qa+O(|a|2) + a0 = O(ε).

See Section 6. In both cases, we can show that the matrixQ is non-degenerate
and (1.18) can be solved by contraction mapping.

WhenN2
∑N1

j=1 pj �= N1
∑N2

j=1 qj , this becomes much more difficult. Since

N2
∑N1

j=1 pj �= N1
∑N2

j=1 qj , the ε−term exists and presents great difficulty in
solving the reduced problem (1.18) in a. In order to solve it, we first need to
make B vanish, and this requires that |N1 −N2| �= 1, see Section 2.4. Since
in general the ε−term exists, A does not vanish. We need to make the a0
term vanish in order to solve (1.18), and for this we need N1, N2 > 1. In this
case the reduced problem now takes the form

(1.22)
1

ε
Aa · a+Qa+O(|a|2) = O(ε)

where Q has the form of (1.17). By choosing large ξ1 and ξ2 = 0, we can
solve (1.22) such that |a| ≤ O(ε).

In summary, the technical condition we have imposed is to make sure
that B = 0 and that the quadratic term 1

εAa · a and the O(1) term can not
coexist such that we can solve the reduced problem.

The organization of the paper is the following. In Section 2, we present
several important preliminaries of analysis. We first formulate our problem
in terms of the functional equations (Section 2.1). Then we apply the clas-
sification and nondegeneracy result of G2 Toda system (Section 2.2). In
Section 2.3, we establish the invertibility properties of the linearized opera-
tor. Finally we obtain the next two orders O(ε) and O(ε2) in Section 2.4. In
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Section 3, we solve a projected nonlinear problem based on the preliminary
results in Section 2. In Section 4, we prove our main theorem under the
Assumption (i). In Section 5, we prove the theorem under the Assump-
tion (ii). In Section 6, we prove the theorem under the Assumption (iii).

2. Preliminaries

In this section, we consider the following G2 system in R2:

(2.1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δu1 + 2eu1 − eu2 = 4e2u1 − 2e2u2 + eu1+u2 + 4π

N1∑
j=1

δpj

Δu2 + 2eu2 − 3eu1 = 4e2u2 − 6e2u1 − 3eu1+u2 + 4π

N2∑
j=1

δqj .

2.1. Functional formulation of the problem

Defining

u1 =

N1∑
j=1

ln |z − pj |2 + ũ1, u2 =

N2∑
j=1

ln |z − qj |2 + ũ2,

and z = z̃
ε , and let Ui and Ũi to be

ũ1(z) = U1(z̃) + (2N1 + 2) ln ε, ũ2(z) = U2(z̃) + (2N2 + 2) ln ε,

and (
Ũ1

Ũ2

)
= G−1

2

(
U1

U2

)
,

where G2 is the Cartan matrix
(

2 −1
−3 2

)
. Then (Ũ1, Ũ2) will satisfy

(2.2)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ΔŨ1 +ΠN1

j=1|z̃ − εpj |2e2Ũ1−Ũ2 = 2ε2ΠN1

j=1|z̃ − εpj |4e4Ũ1−2Ũ2

−ε2ΠN1

j=1|z̃ − εpj |2ΠN2

j=1|z̃ − εqj |2eŨ2−Ũ1 ,

ΔŨ2 +ΠN2

j=1|z̃ − εqj |2e2Ũ2−3Ũ1 = 2ε2ΠN2

j=1|z̃ − εqj |4e4Ũ2−6Ũ1

−3ε2ΠN2

j=1|z̃ − εqj |2ΠN1

j=1|z̃ − εpj |2eŨ2−Ũ1 .

From now on, we shall work with (2.2). For simplicity of notations, we
still denote the variable by z instead of z̃.
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2.2. First approximate solution

When ε = 0, (2.2) becomes

(2.3)

⎧⎪⎨
⎪⎩
ΔŨ1 + |z|2N1e2Ũ1−Ũ2 = 0

ΔŨ2 + |z|2N2e2Ũ2−3Ũ1 = 0∫
R2 |z|2N1e2Ũ1−Ũ2 <∞,

∫
R2 |z|2N2e2Ũ2−3Ũ1 <∞.

For this system, we have gotten the classification and non-degeneracy re-
sults in [2]. From Theorem 2.1 in [2], we see that all the solutions of (2.3) de-
pend on fourteen parameters (c43, c52, c53, c54, c61, c62, λ4, λ5) ∈ C6 × (R+)2,
and all the solutions of (2.3) are of the form

(2.4) e−Ũ1 = 2

(
λ0 +

6∑
i=1

λi|Pi(z)|2
)
,

where

(2.5) Pi(z) = zμ1+···+μi +

i−1∑
j=0

cijz
μ1+···+μj ,

and

μ1 = μ3 = μ4 = μ6 = N1 + 1, μ2 = μ5 = N2 + 1.(2.6)

Here c10, c20 , c21, c30, c31, c32, c40, c41, c42, c50, c51, c60, c63, c64, c65 can
be expressed by c43, c52, c53, c54, c61, c62. λ0, λ1, λ2, λ3, λ6 can be written
in terms of μ1, μ2, λ4 and λ5. Thus the solutions depend on fourteen free
parameters (c43, c52, c53, c54, c61, c62, λ4, λ5) ∈ C6 × (R+)2. For details , see
Theorem 2.1 in [2].

We denote by

(λ,a) = (λ4, λ5, c43,1, c43,2, c52,1, c52,2, c53,1, c53,2, c54,1, c54,2,(2.7)

c61,1, c61,2, c62,1, c62,2).

When a = 0, the radially symmetric solution of (2.3) can be expressed
as follows:

e−Ũ1,0 := ρ−1
1,G = 2ρ−1

1 (r),(2.8)

e−Ũ2,0 := ρ−1
2,G = 4ρ−1

2 (r)(2.9)
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where we use Ũi,0 to denote Ũi,λ4,λ5,a|a=0 and for the explicit expression of
ρ1(r) and ρ2(r), please refer to Theorem 2.1 in [2].

Observe that the radial solution (Ũ1,0, Ũ2,0) depends on two scaling pa-
rameters (λ4, λ5). Later we shall choose (λ4, λ5) in different ways.

Next we have the following non-degeneracy result:

Lemma 2.1. (Non-degeneracy) The previous solutions of (2.3) are non-
degenerate, i.e., the set of solutions corresponding to the linearized operator

at (Ũ1,0, Ũ2,0) is exactly fourteen dimensional. More precisely, if φ =
(

φ1

φ2

)
satisfies |φ(z)| ≤ C(1 + |z|)α for some 0 ≤ α < 1, and

(2.10)

{
Δφ1 + |z|2N1e2Ũ1,0−Ũ2,0(2φ1 − φ2) = 0

Δφ2 + |z|2N2e2Ũ2,0−3Ũ1,0(2φ2 − 3φ1) = 0,

then φ belongs to the following linear space K: the span of

{Zλ4
, Zλ5

, Zc43,1 , Zc43,2 ,Zc52,1 , Zc52,2 , Zc53,1 ,

Zc53,2 , Zc54,1 , Zc54,2 , Zc61,1 , Zc61,2 , Zc62,1 , Zc62,2},

where Zλ4
= ∂λ4

Ũ0, . . . etc.

For a proof, we refer to Corollary 2.3 in [2]. (The full explicit expressions
of all kernel functions can be found in [3].) We also denote by (Z1, Z2, . . . , Z14)
the kernels (Zλ4

, Zλ5
, . . . , Zc62,2). Because {Zi} are linearly independent, we

have

(2.11) det

[(∫
R2

ΔZi · Zj

)
i,j=1,...,14

]
�= 0.

We have the following corollary:

Corollary 2.1. If φ =
(

φ1

φ2

)
satisfies |φ(z)| ≤ C(1 + |z|)α for some 0 ≤

α < 1, and

(2.12)

{
Δφ1 + 2|z|2N1e2Ũ1,0−Ũ2,0φ1 − 3|z|2N2e2Ũ2,0−3Ũ1,0φ2 = 0

Δφ2 + 2|z|2N2e2Ũ2,0−3Ũ1,0φ2 − |z|2N1e2Ũ1,0−Ũ2,0φ1 = 0,

then φ belongs to the following linear space K∗: the span of

{Z∗
λ4
, Z∗

λ5
, Z∗

c43,1 , Z
∗
c43,2 ,Z

∗
c52,1 , Z

∗
c52,2 , Z

∗
c53,1 ,

Z∗
c53,2 , Z

∗
c54,1 , Z

∗
c54,2 , Z

∗
c61,1 , Z

∗
c61,2 , Z

∗
c62,1 , Z

∗
c62,2},
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where

(2.13) Z∗
i =

(
Z∗
i,1

Z∗
i,2

)
=

(
2Zi,1 − Zi,2
2
3Zi,2 − Zi,1

)
.

We have

(2.14) det[(

∫
R2

Z∗
i · Z∗

j )i,j=3,...,14] �= 0.

We will choose the first approximate solution to be

(
Ũ1,(λ,c43,c52,c53,c54,c61,c62)

Ũ2,(λ,c43,c52,c53,c54,c61,c62)

)
,

where the parameters λ, c43, c52, c53, c54, c61, c62 satisfy

(2.15) |a| := |c43|+ |c52|+ |c53|+ |c54|+ |c61|+ |c62| ≤ C0ε, |λ| = O(1)

for some fixed constant C0 > 0.
For the simplicity of notations, we also denote b = (λ,a), and Ũi,b =

Ũi,(λ,c43,c52,c53,c54,c61,c62). We want to look for solutions of the form

(2.16) Ũ1 = Ũ1,b + εΨ1 + ε2φ1, Ũ2 = Ũ2,b + εΨ2 + ε2φ2,

where b is fixed.
To obtain the next order term, we need to study the linearized operator

around the solution
(

Ũ1,0

Ũ2,0

)
.

2.3. Invertibility of the linearized operator

Now we consider the invertibility of the linearized operator in some suitable
Sobolev spaces. To this end, we use the technical framework introduced by
Chae-Imanuvilov [5] and which has been used in [1]. Let α ∈ (0, 1) and

Xα =

{
u ∈ L2

loc(R
2),

∫
R2

(1 + |x|2+α)|u|2dx < +∞
}
,(2.17)

Yα =

{
u ∈W 2,2

loc (R
2),

∫
R2

(1 + |x|2+α)|Δu|2 + |u|2
1 + |x|2+α

< +∞
}
.(2.18)



Solutions of the G2 Chern-Simons system 731

On Xα and Yα, we equip with two norms respectively:

(2.19) ‖f‖∗∗ = sup
y∈R2

(1 + |y|)2+α|f(y)|, ‖h‖∗ = sup
y∈R2

(log(2 + |y|))−1|h(y)|.

Clearly, the linearized operator in (2.10) is bounded from Yα to Xα.

For f =
(

f1
f2

)
, g = ( g1g2 ), we denote by 〈f, g〉 =

∫
R2 f · gdx.

Note that Z∗
j ∈ Xα for all j except j = 1, 2. Using the non-degeneracy

result we get, i.e. Lemma 2.1 and Corollary 2.1 in Section 2.2 and noting
that (2.12) is the adjoint operator of (2.10), we have the following:

Lemma 2.2. Assume that h =
(

h1

h2

)
∈ Xα be such that

(2.20) 〈Z∗
i , h〉 = 0, for i = 3, . . . , 14.

Then one can find a unique solution φ =
(

φ1

φ2

)
= T−1(h) ∈ Yα satisfying

(2.21)

{
Δφ1 + |z|2N1e2Ũ1,0−Ũ2,0(2φ1 − φ2) = h1

Δφ2 + |z|2N1e2Ũ2,0−3Ũ1,0(2φ2 − 3φ1) = h2
‖φ‖∗ ≤ C‖h‖∗∗,

such that 〈ΔZi, φ〉 = 0 for i = 1, . . . , 14. Moreover, the map h
T−→ φ can be

made continuous and smooth .

We note that the uniqueness in Lemma 2.2 is due to (2.11). In the next
subsections, we will use Lemma 2.2 to obtain our approximate solution up
to O(ε2). However our approximation solution would be chosen according
to our assumption of the vortex configuration.

2.4. Improvements of the approximate solution

Similar to the A2 and B2 case, we need to find the O(ε) and O(ε2) im-
provement of our approximate solutions. So we need to find solutions of the
following equations.

Denote by

f(ε, z) = ΠN1

1 |z − εpi|2, g(ε, z) = ΠN2

1 |z − εqi|2.

Then by Taylor’s expansion, we have

f(ε, z) = f(0, z) + εfε(0, z) +
ε2

2
fεε(0, z) +O(ε3)
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where

(2.22) f(0, z) = |z|2N1 , fε(0, z) = −2|z|2N1−2

〈
N1∑
j=1

pj , z

〉
.

Similarly we can get the expansion for g(ε, z).

Let
(

Ψ0,1

Ψ0,2

)
be the solution of

(2.23)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ΔΨ0,1 + |z|2N1e2Ũ1,0−Ũ2,0(2Ψ0,1 −Ψ0,2)

= −fε(0, z)e2Ũ1,0−Ũ2,0 ,

ΔΨ0,2 + |z|2N2e2Ũ2,0−3Ũ1,0(2Ψ0,2 − 3Ψ0,1)

= −gε(0, z)e2Ũ2,0−3Ũ1,0 .

Let
(

Ψi,1

Ψi,2

)
be the solution of

(2.24)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΔΨi,1 + |z|2N1e2Ũ1,0−Ũ2,0(2Ψi,1 −Ψi,2)

= −|z|2N1e2Ũ1,0−Ũ2,0(2Ψ0,1 −Ψ0,2)(2Zi,1 − Zi,2)

−fε(0, z)e2Ũ1,0−Ũ2,0(2Zi,1 − Zi,2)

ΔΨi,2 + |z|2N2e2Ũ2,0−3Ũ1,0(2Ψi,2 − 3Ψi,1)

= −|z|2N2e2Ũ2,0−3Ũ1,0(2Ψ0,2 − 3Ψ0,1)(2Zi,2 − 3Zi,1)

−gε(0, z)e2U2,0−3U1,0(2Zi,2 − 3Zi,1)

for i = 3, . . . , 14.

Let
(

ψ1

ψ2

)
be the solution of

(2.25)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δψ1 + |z|2N1e2Ũ1,0−Ũ2,0(2ψ1 − ψ2)

= 2|z|4N1e4Ũ1,0−2Ũ2,0 − |z|2(N1+N2)eŨ2,0−Ũ1,0

−1
2 |z|2N1e2Ũ1,0−Ũ2,0(2Ψ0,1 −Ψ0,2)

2

−fε(0, z)e2Ũ1,0−Ũ2,0(2Ψ0,1 −Ψ0,2)− fεε(0,z)
2 e2Ũ1,0−Ũ2,0

Δψ2 + |z|2N2e2Ũ2,0−3Ũ1,0(2ψ2 − 3ψ1)

= 2|z|4N2e4Ũ2,0−6Ũ1,0 − 3|z|2(N1+N2)eŨ2,0−Ũ1,0

−1
2 |z|2N2e2Ũ2,0−3Ũ1,0(2Ψ0,2 − 3Ψ0,1)

2

−gε(0, z)e2Ũ2,0−3Ũ1,0(2Ψ0,2 − 3Ψ0,1)− gεε(0,z)
2 e2Ũ2,0−3Ũ1,0 .

Obviously, if
∑N1

j=1 pj=
∑N2

j=1 qj=0, then fε(0, z)=gε(0, z)=0 by (2.22),

in this case, Ψ0 = Ψi = 0 for i = 3, . . . , 14. Note that if N2
∑N1

j=1 pj =
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N1
∑N2

j=1 qj , we can always shift the origin such that
∑N1

j=1 pj =
∑N2

j=1 qj = 0.
Hence fε(0, z) �= 0 occurs only when assumption (b) of Theorem 1.1 holds.
In this case, using Lemma 2.2, we know that there exists a unique solu-

tion
(

Ψ0,1

Ψ0,2

)
∈ Yα of (2.23) such that 〈Ψ0,ΔZj〉 = 0 for j = 1, . . . , 14. More-

over, by the uniqueness of solution, since the right hand side of (2.23) is
the linear combination of functions of the form h(r) cos θ and h(r) sin θ ,
by considering the Fourier series, we know that the solution Ψ0 must be
the linear combination of functions of the form h(r) cos θ and h(r) sin θ. If
N2
∑N1

j=1 pj �= N1
∑N2

j=1 qj , then |N1 −N2| �= 1 implies that the right hand
side of Equation (2.24) is orthogonal to Z∗

i for i = 3, . . . , 14. By Lemma 2.2,

there exists a unique solution
(

Ψi,1

Ψi,2

)
∈ Yα of (2.24) such that 〈Ψi,ΔZj〉 = 0

for j = 1, . . . , 14. And if N1, N2 > 1, the right hand side of (2.25) is orthog-
onal to Z∗

i for i = 3, . . . , 14. By Lemma 2.2, we can find a unique solution

ψ0 =
(

ψ0,1

ψ0,2

)
∈ Yα such that 〈ψ0,ΔZi〉 = 0 for i = 1, . . . , 14.

Similar to the A2 and B2 case, the solution we will use later is ψ =
ψ0 + ξ1Zλ4

+ ξ2Zλ5
where ξ1, ξ2 are two constants independent of a and will

be determined later.
Finally, the approximate solution with all the terms of O(ε) and O(ε2)

is

(2.26) V =

(
V1

V2

)
=

(
Ũ1,b + ε(Ψ0,1 +

∑14
i=3Ψi,1ai) + ε2ψ1

Ũ2,b + ε(Ψ0,2 +
∑14

i=3Ψi,2ai) + ε2ψ2

)
,

with the notation

b = (λ4, λ5,a),

a = (a3,a4, . . . ,a14)

= (c43,1, c43,2, c52,1, c52,2, c53,1, c53,2, c54,1, c54,2, c61,1, c61,2, c62,1, c62,2).

Parameters λ4, λ5 will be chosen later according to different assumptions
in Theorem 1.1. After λ4, λ5 are fixed, a will be chosen in order to find a

solution of (2.2) in the form of (2.26). Then
(

Ũ1

Ũ2

)
=
(

V1+ε2v1

V2+ε2v2

)
is a solution

of (2.2) if ( v1
v2
) satisfies

(2.27)

{
Δv1 + |z|2N1e2Ũ1,0−Ũ2,0(2v1 − v2) = G1

Δv2 + |z|2N2e2Ũ2,0−3Ũ1,0(2v2 − 3v1) = G2,



734 W. Ao, C.-S. Lin, and J. Wei

where

G1 = E1 +N11(v) +N12(v),(2.28)

G2 = E2 +N21(v) +N22(v),(2.29)

and E is the error of the approximate solution V =
(
V1

V2

)
, and Nij below are

the higher order terms of the perturbation v = ( v1
v2
):

N11(v) = 2Π|z − εpj |4(e4Ũ1−2Ũ2 − e4V1−2V2)

−Π|z − εpj |2Π|z − εqj |2(eŨ2−Ũ1 − eV2−V1),

N12(v) =
−f(ε, z)e2Ũ1−Ũ2 + f(ε, z)e2V1−V2

ε2

+ f(0, z)e2Ũ1,0−Ũ2,0(2v1 − v2),

N21(v) = 2Π|z − εqj |4(e4Ũ2−6Ũ1 − e4V2−6V1)

− 3Π|z − εpj |2Π|z − εqj |2(eŨ2−Ũ1 − eV2−V1),

N22(v) =
−g(ε, z)e2Ũ2−3Ũ1 + g(ε, z)e2V2−3V1

ε2

+ g(0, z)e2Ũ2,0−3Ũ1,0(2v2 − 3v1).

From the expressions of Nij , we can see that Nij are higher order terms
and satisfy the following estimate:

‖Nij‖∗∗ ≤ C(ε‖v‖∗ + ‖v‖2∗).

By Taylor’s expansion, the error E will be of the following form:

E1 =
A1a · a

ε
+Q1a+O(ε) +O(|a|2),(2.30)

E2 =
A2a · a

ε
+Q2a+O(ε) +O(|a|2),(2.31)

for some 12× 12 matrices Ai,Qi. We only give the formula of E1 here, that
of E2 is similar:
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E1 = −f(0, z)e2Ũ1,0−Ũ2,0

{
1

ε

14∑
i=3

(2Ψi,1 −Ψi,2)ai

14∑
j=3

(2Zj,1 − Zj,2)aj(2.32)

+ (2ψ1 − ψ2)

14∑
i=3

(2Zi,1 − Zi,2)ai

+
1

2
(2Ψ0,1 −Ψ0,2)

2
14∑
i=3

(2Zi,1 − Zi,2)ai

+ (2Ψ0,1 −Ψ0,2)

14∑
i=3

(2Ψi,1 −Ψi,2)ai

}

− f(0, z)

2ε

14∑
i,j=3

∂2
aiaj

(e(2Ũ1,0−Ũ2,0)) (2Ψ0,1 −Ψ0,2)aiaj

− fε(0, z)

{
e2Ũ1,0−Ũ2,0(2Ψ0,1 −Ψ0,2)

14∑
i=3

(2Zi,1 − Zi,2)ai

+ e2Ũ1,0−Ũ2,0

14∑
i=3

(2Ψi,1 −Ψi,2)ai

+
1

2ε

14∑
i,j=3

∂2
aiaj

(e(2Ũ1,0−Ũ2,0))aiaj

}

− 1

2
fεε(0, z)e

2Ũ1,0−Ũ2,0

14∑
i=3

(2Zi,1 − Zi,2)ai

+ 4f(0, z)2e4Ũ1,0−2Ũ2,0

14∑
i=3

(2Zi,1 − Zi,2)ai

− f(0, z)g(0, z)

14∑
i=3

eŨ2,0−Ũ1,0(Zi,2 − Zi,1)ai

+O((1 + |ξ|)ε) +O(ε2 + (1 + |ξ|)|a|2),

The explicit formulas for the Taylor expansion of the errors E1 and E2

are very important for us to deal with the reduced problem. In Section 4
and Section 5 we will make use of the above explicit formulas for E1 and E2

to calculate the error projections.
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3. A nonlinear projected problem

Similar to Proposition 2.1 in [1], we have the following result:

Proposition 3.1. For a satisfying (2.15), there exists a solution (v, {mi})
to the following system

(3.1)

⎧⎪⎨
⎪⎩
Δv1 + |z|2N1e2Ũ1,0−Ũ2,0(2v1 − v2) = G1 +

∑14
i=3mi(v)Z

∗
i,1

Δv2 + |z|2N2e2Ũ2,0−3Ũ1,0(2v2 − 3v1) = G2 +
∑14

i=3mi(v)Z
∗
i,2

〈ΔZi, v〉 = 0, for i = 1, . . . , 14,

where G =
(
G1

G2

)
and mi(v) can be determined by

(3.2)

〈
G+

14∑
i=3

mi(v)Z
∗
i , Z

∗
j

〉
= 0, for j = 3, . . . , 14.

Furthermore, v satisfies the following estimate

(3.3) ‖v‖∗ ≤ Cε,

for some constant C independent of ε.

By Proposition 3.1, the full solvability for (2.2) is reduced to mi = 0
for i = 3, . . . , 14. Since by (2.14), det(〈Z∗

i ,Z
∗
j 〉i,j=3,...,14) �= 0, and recall the

definition of mi in (3.2), mi = 0 is equivalent to

(3.4)

∫ +∞

0

∫ 2π

0
G · Z∗

i rdθdr = 0 for i = 3, . . . , 14.

To solve (3.4), we observe all Nij terms in (2.28) and (2.29) are small.
In fact, we have the following lemma:

Lemma 3.1. Let ( v1
v2
) be a solution of (3.1). Then we have the following

estimates:

(3.5)

∫
R2

(N11(v) +N12(v))Z
∗
i,1 + (N21(v) +N22(v))Z

∗
i,2dx = O(ε2),

for i = 3, . . . , 14, where O(ε2) ≤ C1ε
2 for some positive C1 independent of a

provided |a| ≤ 1.

Proof. The proof is similar to that of Lemma 2.4 in [1]. �
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From the Taylor’s expansions in (2.30) and (2.31), we obtain that the
error projection can be expressed as

(3.6) (〈E,Z∗
i 〉)i=3,...,14 =

1

ε
Ãa · a+ Q̃a+O((1 + |ξ|)|a|2) +O((1 + |ξ|)ε).

4. Proof of Theorem 1.1 under Assumption (i)

Suppose the Assumption (i) holds. By a translation, we might assmue that∑N1

i=1 pi =
∑N2

j=1 qj = 0 and N1 = N2 , and we choose (ξ1, ξ2) = (0, 0) in this
section. This case is the reminiscent of SU(2) case, even though, the proof
is considerably harder since there are fourteen dimensional kernels instead
of a three-dimensional one for the SU(2) case.

Lemma 4.1. Let ( v1
v2
) be a solution of (3.1). The following estimates hold:

(〈E,Z∗
3 〉, 〈E,Z∗

4 〉, 〈E,Z∗
5 〉, 〈E,Z∗

6 〉,(4.1)

〈E,Z∗
7 〉, 〈E,Z∗

8 〉, 〈E,Z∗
9 〉, 〈E,Z∗

10〉,
〈E,Z∗

11〉, 〈E,Z∗
12〉, 〈E,Z∗

13〉, 〈E,Z∗
14〉)t

= T̃ (a) +O|a|2) +O(ε),

where T̃ is an 12× 12 matrix . Moreover, T̃ is non-degenerate where N is
defined as N = N1 = N2.

Proof. Without loss of generality , we may assume that
∑N1

j=1 pj =
∑N2

j=1 qj =
0 and N1 = N2 = N , and denote by μ = N + 1. Now we choose the param-
eters (λ4, λ5, ξ1, ξ2) =

(
1

3×210μ6 ,
1

15×29μ6 , 0, 0
)
, so that we have

(4.2)

eŨ1,0 = ρ1,G =
1

2
ρ1 =

45× 29μ6

(1 + r2μ)6
,

eŨ2,0 = ρ2,G =
1

4
ρ2 =

33 × 52 × 215μ10

(1 + r2μ)10
.

Since
∑N

i=1 pi =
∑N

i=1 qi = 0, we have fε(0, z) = gε(0, z) = 0, Ψ0,1 = Ψ0,2 =
0. By (2.24), we have Ψi,1 = Ψi,2 = 0, i = 3, . . . , 14. Recall that

(4.3) E =

(
E1

E2

)
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where by (2.32) we have

E1 = −|z|2N
ρ21,G
ρ2,G

(2ψ1 − ψ2)

14∑
i=3

(2Zi,1 − Zi,2)ai(4.4)

− 1

2
fεε(0, z)

ρ21,G
ρ2,G

14∑
i=3

(2Zi,1 − Zi,2)ai

+ 4|z|4N
ρ41,G
ρ22,G

14∑
i=3

(2Zi,1 − Zi,2)ai − |z|4N
ρ2,G
ρ1,G

14∑
i=3

(Zi,2 − Zi,1)ai

+O(ε) +O(ε2 + |a|2),

where fεε(0, z) is

fεε(0, z) = 2|z|2(N−1)

(∑
i �=j

(pi1pj1 − pi2pj2) cos 2θ(4.5)

+ (pi1pj2 + pi2pj1) sin 2θ

)
.

Similarly we obtain the expression E2 involving gεε(0, z). Since the kernels
are the product of radial functions and trigonometric functions, in the calcu-
lations below, we will use the above expansion for E and the orthogonality
of of trigonometric functions to simplify our computation.

Since for N > 1 we have∫
h(r) cos 2θ(2Zi,1 − Zi,2)(2Zj,1 − Zj,2)rdrdθ

=

∫
h(r) sin 2θ(2Zi,1 − Zi,2)(2Zj,1 − Zj,2)rdrdθ = 0,

and ∫
h(r) cos 2θ(2Zi,2 − 3Zi,1)(2Zj,2 − 3Zj,1)rdrdθ

=

∫
h(r) sin 2θ(2Zi,2 − 3Zi,1)(2Zj,2 − 3Zj,1)rdrdθ = 0,

for i, j = 3, . . . , 14, from (4.5), we have

(4.6)

∫ ∞

0

∫ 2π

0
fεε(0, z)e

2Ũ1,0−Ũ2,0(2Zi,1 − Zi,2)(2Zj,1 − Zj,2)rdrdθ = 0,
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and

(4.7)

∫ ∞

0

∫ 2π

0
gεε(0, z)e

2Ũ2,0−3Ũ1,0(2Zi,2 − 3Zi,1)(2Zj,2 − 3Zj,1)rdrdθ = 0,

for i, j = 3, . . . , 14. Note that fεε(0, z) = gεε(0, z) = 0 if N = 0, 1.
Another important observation is the following:

∫ ∞

0

∫ 2π

0
r2Ne2Ũ1,0−Ũ2,0(2ψ1 − ψ2)(2Zi,1 − Zi,2)(2Zj,1 − Zj,2)rdrdθ

(4.8)

=

∫ ∞

0

∫ 2π

0
f(0, z)e2Ũ1,0−Ũ2,0(2ψ0

1 − ψ0
2)(2Zi,1 − Zi,2)(2Zj,1 − Zj,2)rdrdθ,

∫ ∞

0

∫ 2π

0
r2Ne2Ũ2,0−3Ũ1,0(2ψ2 − 3ψ1)(2Zi,2 − 3Zi,1)(2Zj,2 − 3Zj,1)rdrdθ

(4.9)

=

∫ ∞

0

∫ 2π

0
g(0, z)e2Ũ2,0−3Ũ1,0(2ψ0

2 − 3ψ0
1)(2Zi,2 − 3Zi,1)(2Zj,2 − 3Zj,1)rdrdθ,

where (ψ0
1, ψ

0
2) is the radial solution of the following system:

(4.10)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Δψ1 + |z|2Ne2Ũ1,0−Ũ2,0(2ψ1 − ψ2)

= 2|z|4Ne4Ũ1,0−2Ũ2,0 − |z|4NeŨ2,0−Ũ1,0

Δψ2 + |z|2Ne2Ũ2,0−3Ũ1,0(2ψ2 − 3ψ1)

= 2|z|4Ne4Ũ2,0−6Ũ1,0 − 3|z|4NeŨ2,0−Ũ1,0 .

Here we decompose ψ = ψ0 + ψ̃ into radial part ψ0 and nonradial part
ψ̃. For the nonradial part, similar to (2.23), we see that ψ̃ is the linear com-
bination of radial functions times cos 2θ and sin 2θ. This part will contribute
zero in the integrals in (4.8) and (4.9).

By the above argument, (ψ0
1, ψ

0
2) is the radial part of (ψ0,1, ψ0,2). Because

of this observation, when dealing with the O(ε2) approximation, we only
need to consider the radial part of the solutions.

In fact we can choose ψ0
1 = ψ, ψ0

2 = 5
3ψ such that ψ is the solution of

the following ODE:

(4.11) Δψ +
8(N + 1)2r2N

(1 + r2N+2)2
ψ = r4N

3× 26(N + 1)4

(1 + r2N+2)4
.
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Combining (4.6), (4.7), (4.8) and (4.9), and using the expansion (4.4) of
E, one can get the following:∫

E · Z∗
krdrdθ

=

∫ ∞

0

∫ 2π

0

14∑
i=3

([
2|z|4N1e4Ũ1,0−2Ũ2,0(4Zi,1 − 2Zi,2)ai

− |z|2N1+2N2eŨ2,0−Ũ1,0(Zi,2 − Z1,i)ai

− f(0, z)e2Ũ1,0−Ũ2,0(2ψ0
1 − ψ0

2)(2Zi,1 − Zi,2)ai

]
Z∗
k,1

+
[
4|z|4N2e4Ũ2,0−6Ũ1,0(2Zi,2 − 3Zi,1)ai

− 3|z|2N1+2N2eŨ2,0−Ũ1,0(Zi,2 − Zi,1)ai

− g(0, z)e2Ũ2,0−3Ũ1,0(2ψ0
2 − 3ψ0

1)(2Zi,2 − 3Zi,1)ai

]
Z∗
k,2

)
rdrdθ

+O(|a|2 + |ε|2) +O(ε),

where O(ε) is independent of a.
From the above expressions, we know that 〈E,Z∗

k〉k=3,...,14 is a system
of linear combinations of ai, and one can write it as

〈E,Z∗
k〉k=3,...,14 = T̃ a+O(ε) +O(|a|2)

where T̃ is a 12× 12 matrix with constant entries, so one need to calculate
the entries for the matrix T̃ . Our aim is to show that the matrix T̃ is non-
degenerate. Since we know the explicit expression for the conjugate kernels
Z∗
k but we do not know the expression for ψ, in the expression of 〈E,Z∗

k〉,
we can calculate every term except the terms containing ψ. Next we will
first write out the expressions of the entries of T̃ , and explain how we deal
with the terms containing ψ. As an example, we can compute∫

E · Z∗
c43,irdrdθ

=

∫ [((
4r4N

ρ41,G
ρ22,G

(2Zc43,i,1 − Zc43,i,2)
2

− r4N
ρ2,G
ρ1,G

(Zc43,i,2 − Zc43,i,1)(2Zc43,i,1 − Zc43,i,2)

+
4

3
r4N

ρ42,G
ρ61,G

(2Zc43,i,2 − 3Zc43,i,1)
2

− r4N
ρ2,G
ρ1,G

(Zc43,i,2 − Zc43,i,1)(2Zc43,i,2 − 3Zc43,i,1)

)
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− 1

3
r2N

(
ρ21,G
ρ2,G

(2Zc43,i,1 − Zc43,i,2)
2

+
1

3

ρ22,G
ρ31,G

(2Zc43,i,2 − 3Zc43,i,1)
2

)
ψ

)
c43,i

+

((
4r4N

ρ41,G
ρ22,G

(2Zc43,i,1 − Zc43,i,2)(2Zc54,i,1 − Zc54,i,2)

− r4N
ρ2,G
ρ1,G

(Zc54,i,2 − Zc54,i,1)(2Zc43,i,1 − Zc43,i,2)

+
4r4N

3

ρ42,G
ρ61,G

(2Zc43,i,2 − 3Zc43,i,1)(2Zc54,i,2 − 3Zc54,i,1)

− ρ2,Gr
4N

ρ1,G
(Zc54,i,2 − Zc54,i,1)(2Zc43,i,2 − 3Zc43,i,1)

)

− r2N

3

(
ρ21,G
ρ2,G

(2Zc43,i,1 − Zc43,i,2)(2Zc54,i,1 − Zc54,i,2)

+
1

3

ρ22,G
ρ31,G

(2Zc43,i,2 − 3Zc43,i,1)(2Zc54,i,2 − 3Zc54,i,1)

)
ψ

)
c54,i

]
rdrdθ

+O(ε) +O(|a|2 + ε2)

= π[(J1 +

∫
q1ψrdr)c43,i + (J2 +

∫
q7ψrdr)c54,i]

+O(ε) +O(|a|2 + ε2).

In order the know the entries for T̃ , one need to calculate (J1 +
∫
q1ψrdr),

(J2 +
∫
q7ψrdr) in the above expressions. Similarly, we can get that

∫
E · Z∗

c54,irdrdθ = π

[(
J3 +

∫
q7ψrdr

)
c43,i +

(
J4 +

∫
q4ψrdr

)
c54,i

]

+O(ε) +O(|a|2 + ε2),

where J3, J4, q4, q7 are explicitly given in the expression of 〈E,Z∗
c54,i〉, and

∫
E · Z∗

c52,irdrdθ = π

(
J5 +

∫
q2ψrdr

)
c52,i +O(ε) +O(|a|2 + ε2),
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where J5, q2 are explicitly given in the expression of 〈E,Z∗
c52,i〉, and∫

E · Z∗
c53,irdrdθ = π

(
J6 +

∫
q3ψrdr

)
c53,i +O(ε) +O(|a|2 + ε2),

where J6, q3 are explicitly given in the expression of 〈E,Z∗
c53,i〉, and

∫
E · Z∗

c61,irdrdθ = π

(
J7 +

∫
q5ψrdr

)
c61,i +O(ε) +O(|a|2 + ε2),

where J7, q5 are explicitly given in the expression of 〈E,Z∗
c61,i〉, and

∫
E · Z∗

c62,irdrdθ = π

(
J8 +

∫
q6ψrdr

)
c62,i +O(ε) +O(|a|2 + ε2),

where J8, q6 are explicitly given in the expression of 〈E,Z∗
c62,i〉, and all the

terms O(ε) ≤ Cε, O(ε2) ≤ Cε2, O(|a|2) ≤ C|a|2 for some positive constant
C independent of a and ε provided that they are small enough. For the
explicit expressions of J1 − J8, and q1 − q7, we refer the readers to [3]. Recall
that once we can calculate the terms containing ψ, then we can calculate all
the entries of T̃ .

So we get that

(〈E,Z∗
3 〉, 〈E,Z∗

4 〉, 〈E,Z∗
5 〉, 〈E,Z∗

6 〉, 〈E,Z∗
7 〉, 〈E,Z∗

8 〉, 〈E,Z∗
9 〉, 〈E,Z∗

10〉,
〈E,Z∗

11〉, 〈E,Z∗
12〉, 〈E,Z∗

13〉, 〈E,Z∗
14〉)t

= πT̃ (a) +O(|a|2) +O(ε),

where the entries of the matrix T̃ are given by the coefficients containing
Ji,
∫
qjψrdr in the above expressions. Moreover, the determinant of the ma-

trix T̃ is

(T1T6 − T2T5)
2T 3

3 T
2
4 T

2
7 T

2
8(4.12)

=

(
J5 +

∫
q2ψrdr

)2(
J6 +

∫
q3ψrdr

)2(
J7 +

∫
q5ψrdr

)2

×
(
J8 +

∫
q6ψrdr

)2[(
J1 +

∫
q1ψrdr

)(
J4 +

∫
q4ψrdr

)

−
(
J2 +

∫
q7ψrdr

)(
J3 +

∫
q7ψrdr

)]2



Solutions of the G2 Chern-Simons system 743

where q1, . . . , q7 are explicit radial functions.
Next we will calculate the entries of T̃ . As we mentioned before, we need

to calculate the integrals J5 to J8, and
∫
q1ψrdr to

∫
q7ψrdr. J5, . . . , J8 are

explicit integrals. For
∫
qiψrdr the difficulty is that we do not have explicit

formula for ψ. In order to get rid of ψ, we use integration by parts. The key
observation is that for any radial φ satisfying φ(∞) = 0, we have

∫ ∞

0

[(
Δ+

8(N + 1)2r2N

(1 + r2N+2)2

)
ψ

]
φrdr(4.13)

=

∫ ∞

0

[(
Δ+

8(N + 1)2r2N

(1 + r2N+2)2

)
φ

]
ψrdr.

As a consequence we have∫
ψqirdr =

∫ ∞

0
r4N

3× 26(N + 1)4

(1 + r2N+2)4
φirdr

where ψi solves

(4.14) Δφi +
8(N + 1)2r2N

(1 + r2N+2)2
φi = qi, i = 1, . . . , 7

which can be solved as in the proof of Lemma 3.4 in [1]. For the details of
the computations of qi, φi we refer to [3].

Since all the terms in the integrals are explicit now, by direct calcula-
tion, we obtain all the explicit formulas for the integrals J5 +

∫
q2ψrdr, J7 +∫

q3ψrdr and J8 +
∫
q6ψrdr. Substituting these formulas into (4.12) we con-

clude that the matrix T̃ is non-degenerate. For full computations of these
integrals we refer to [3]. �

As a consequence of Proposition 3.1 and Lemma 4.1, the coefficients mi

vanish if and only if the parameters a satisfy

T̃ (a) +O(|a|2) +O(ε) = 0,(4.15)

Obviously, (4.15) can be solved immediately with |a| ≤ Cε, for some C large
but fixed.

5. Proof of Theorem 1.1 under Assumption (ii)

In this section, we are going to prove Theorem 1.1 under Assumption (ii).
This situation is more complicated than the previous one, since the O(ε)
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approximation andO(ε2) approximation induce several difficulties. The prob-
lem is that we cannot obtain the explicit expressions for these terms. In
this case, we will see that the two free parameters ξ1, ξ2 we introduced in
Section 2.4 for the improvement of the O(ε2) approximate solution play an
important role. A key observation is that we only need to consider the terms
involving ξ1 and ξ2. This is contained in the following lemma.

Lemma 5.1. Let ( v1
v2
) be a solution of (3.1). The following estimates hold:

〈E,Z∗
c43,i〉 = ξ1(Ã1c43,i + B̃1c54,i) + ξ2(Ã2c43,i + B̃2c54,i) + T̃1i(a)(5.1)

+O((1 + |ξ|)|a|2) +O((1 + |ξ|)ε),
〈E,Z∗

c52,i〉 = ξ1C̃1c52,i + ξ2C̃2c52,i + T̃3i(a)(5.2)

+O((1 + |ξ|)|a|2) +O((1 + |ξ|)ε),
〈E,Z∗

c53,i〉 = ξ1D̃1c53,i + ξ2D̃2c53,i + T̃4i(a)(5.3)

+O((1 + |ξ|)|a|2) +O((1 + |ξ|)ε),
〈E,Z∗

c54,i〉 = ξ1(Ẽ1c54,i + F̃1c43,i) + ξ2(Ẽ2c54,i + F̃2c43,i) + T̃2i(a)(5.4)

+O((1 + |ξ|)|a|2) +O((1 + |ξ|)ε),
〈E,Z∗

c61,i〉 = ξ1G̃1c61,i + ξ2G̃2c61,i + T̃4i(a)(5.5)

+O((1 + |ξ|)|a|2) +O((1 + |ξ|)ε),
〈E,Z∗

c62,i〉 = ξ1H̃1c62,i + ξ2H̃2c62,i + T̃4i(a)(5.6)

+O((1 + |ξ|)|a|2) +O((1 + |ξ|)ε),

for i = 1, 2, where

Ãj =

∫ +∞

0

∫ 2π

0

[
r2N1e2Ũ1,0−Ũ2,0(2Zj,1 − Zj,2)(2Zc43,1,1 − Zc43,1,2)

2(5.7)

+
1

3
r2N2e2Ũ2,0−3Ũ1,0(2Zj,2 − 3Zj,1)

× (2Zc43,1,2 − 3Zc43,1,1)
2
]
rdrdθ,

B̃j =

∫ +∞

0

∫ 2π

0

[
r2N1e2Ũ1,0−Ũ2,0(2Zj,1 − Zj,2)(2Zc43,1,1 − Zc43,1,2)(5.8)

× (2Zc54,1,1 − Zc54,1,2) +
1

3
r2N2e2Ũ2,0−3Ũ1,0(2Zj,2 − 3Zj,1)

× (2Zc54,1,2 − 3Zc54,1,1)(2Zc43,1,2 − 3Zc43,1,1)
]
rdrdθ,
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C̃j =
∫ +∞

0

∫ 2π

0

[
r2N1e2Ũ1,0−Ũ2,0(2Zj,1 − Zj,2)(2Zc52,1,1 − Zc52,1,2)

2(5.9)

+
1

3
r2N2e2Ũ2,0−3Ũ1,0(2Zj,2−3Zj,1)(2Zc52,1,2−3Zc52,1,1)

2
]
rdrdθ,

D̃j =

∫ +∞

0

∫ 2π

0

[
r2N1e2Ũ1,0−Ũ2,0(2Zj,1 − Zj,2)(2Zc53,1,1 − Zc53,1,2)

2(5.10)

+
1

3
r2N2e2Ũ2,0−3Ũ1,0(2Zj,2−3Zj,1)(2Zc53,1,2−3Zc53,1,1)

2
]
rdrdθ,

Ẽj =
∫ +∞

0

∫ 2π

0

[
r2N1e2Ũ1,0−Ũ2,0(2Zj,1 − Zj,2)(2Zc54,1,1 − Zc54,1,2)

2(5.11)

+
1

3
r2N2e2Ũ2,0−3Ũ1,0(2Zj,2−3Zj,1)(2Zc54,1,2−3Zc54,1,1)

2
]
rdrdθ,

F̃j =

∫ +∞

0

∫ 2π

0

[
r2N1e2Ũ1,0−Ũ2,0(2Zj,1 − Zj,2)(2Zc43,1,1 − Zc43,1,2)

× (2Zc54,1,1 − Zc54,1,2) +
1

3
r2N2e2Ũ2,0−3Ũ1,0(2Zj,2 − 3Zj,1)

× (2Zc54,1,2 − 3Zc54,1,1)(2Zc43,1,2 − 3Zc43,1,1)
]
rdrdθ,

G̃j =
∫ +∞

0

∫ 2π

0

[
r2N1e2Ũ1,0−Ũ2,0(2Zj,1 − Zj,2)(2Zc61,1,1 − Zc61,1,2)

2(5.12)

+
1

3
r2N2e2Ũ2,0−3Ũ1,0(2Zj,2−3Zj,1)(2Zc61,1,2 − 3Zc61,1,1)

2
]
rdrdθ,

H̃j =

∫ +∞

0

∫ 2π

0

[
r2N1e2Ũ1,0−Ũ2,0(2Zj,1 − Zj,2)(2Zc62,1,1 − Zc62,1,2)

2(5.13)

+
1

3
r2N2e2Ũ2,0−3Ũ1,0(2Zj,2−3Zj,1)(2Zc62,1,2 − 3Zc62,1,1)

2
]
rdrdθ,

for j = 1, 2, and T̃ij are 12× 1 vectors which are uniformly bounded as ε
tends to 0, and are independent of ξ1, ξ2.

Proof. By (2.30) and (2.31), E is of the form

(5.14)
1

ε
(· · · )a · a+ ((· · · )a) +O((1 + |ξ|)|a|2) +O((1 + |ξ|)ε).

Recall that
(

ψ1

ψ2

)
=
(

ψ0,1

ψ0,2

)
+ ξ1Zλ4

+ ξ2Zλ5
. In the following computa-

tions, we only need to consider the terms involving ξ1 and ξ2, since all other
terms are independent of ξ1 and ξ2. We use the Taylor expansion of E.
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By (2.30) and (2.31), we know that E can be expanded in the form

(5.15) E = Q̃a+
Ãa · a

ε
+O((1 + |ξ|)ε) +O(1 + |ξ|)|a|2 +O(|ε|2),

where the |ξ||a|2, |ξ|ε terms come from the Taylor expansion of E which
contains the O(ε2)−term ψ, since by the definition of ψ, we have ξ1, ξ2 in
it, and

Q̃ =
(

ξ1(2Z1,1 − Z1,2)
∑14

i=3(2Zi,1 − Zi,2)ai + ξ2(2Z2,1 − Z2,2)
∑14

i=3(2Zi,1 − Zi,2)ai
ξ1(2Z1,2 − 3Z1,1)

∑14
i=3(2Zi,2 − 3Zi,1)ai + ξ2(2Z2,2 − 3Z2,1)

∑14
i=3(2Zi,2 − 3Zi,1)ai

)

+ the remaining linear combination of ai.

By the orthogonality of cos(kθ) and cos(lθ) for k �= l, we obtain

−
∫ +∞

0

∫ 2π

0
E · Z∗

c43,1rdθdr(5.16)

= ξ1(Ã1c43,1 + B̃1c54,1) + ξ2(Ã2c43,1 + B̃2c54,1)

+ T̃11(a) +O

( |a|2
ε

)
+O((1 + |ξ|)ε) +O((1 + |ξ|)|a|2 + ε2),

where Ã1, Ã2, B̃1, B̃2 are in (5.7) and (5.8) which come from the inner prod-
uct of Q̃ with Z∗

c43,1 . In the above Equation (5.16), T̃11(a) denotes the inner

product of the remaining linear combination of ai in Q̃ and Z∗
c43,1 , and the

coefficients of the linear combinations are uniformly bounded and are in-
dependent of ξ1, ξ2,a. The O( |a|

2

ε ) terms comes from the O( |a|
2

ε ) term of E
which is independent of ξ. Similarly, we can get the other estimates. �

From the above lemma, we have the following result:

Lemma 5.2. Let ( v1
v2
) be a solution of (3.1). Then the coefficients mi = 0

if and only if the parameters a satisfy

(5.17) Q(a) = T̃ (a) +O

( |a|2
ε

)
+O((1 + |ξ|)|a|2) +O((1 + |ξ|)ε),

where Q = ξ1Q1 + ξ2Q2, and T̃ is a 12× 12 matrix which is uniformly
bounded and independent of ξ1, ξ2 and moreover

det(Q1) = C̃1D̃1G̃1H̃1(Ã1Ẽ1 − B̃1F̃1),

and det(Q2) = C̃2D̃2G̃2H̃2(Ã2Ẽ2 − B̃2F̃2).
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Proof of Theorem 1.1 under Assumption (ii). Under theAssumptions (ii),

we will choose λ4 =
λ̃

(27/2μ1μ2(μ1+μ2))2
and λ5 =

1
λ̃
for λ̃ large enough. Similar

to the computations in the appendix of [1], by direct but tedious computa-
tion, we can get that for λ̃ large,

Ã1 = γ1λ̃
−1 + o(λ̃−1), C̃1 = γ2λ̃

−1 + o(λ̃−1),

D̃1 = γ3λ̃
−2 + o(λ̃−2), Ẽ1 = γ4λ̃

−4 + o(λ̃−4),

G̃1i = γ5λ̃
−3 + o(λ̃−3), H̃1 = γ6 + o(1),

and

(5.18) B̃1 = F̃1 =

{
O(λ̃−3) if N1 = N2,

0 if N1 �= N2,

where γ1 to γ6 are nonzero constants whose explicit expressions can be found
in [3]. So we have

Ã1Ẽ1 − B̃1F̃1 = γ1γ4λ̃
−5 + o(λ̃−5)

�= 0,

and C̃1, D̃1, Ẽ1, G̃1, H̃1 are all non-zero if λ̃ is large enough. Therefore, we
choose ξ1 large and ξ2 = 0 to conclude that Q(ξ1, ξ2)− T̃ is non-degenerate.
After fixing (λ4, λ5), (ξ1, ξ2), it is easy to see that (5.17) can be solved with
a = O(ε). �

6. Proof of Theorem 1.1 under Assumption (iii)

We are left to prove the theorem for N2
∑N1

i=1 pi = N1
∑N2

j=1 qj , N1 �= N2

and one of Ni is 1. Without loss of generality, assume N1 = 1 and
∑N1

i=1 pi =∑N2

j=1 qj = 0. In this case, for the improvement of approximate solution in the

O(ε2) term, we can not solve Equation (2.25) in Section 2.4. Since in general,
we use Lemma 2.2 to solve (2.25), i.e. we have to verify that the right hand
side of Equation (2.25) is orthogonal to Z∗

i in L2−norm for i = 3, . . . , 14,
and basically we use the orthogonality of trigonometric functions to verify
it. But when N1 = 1, Z∗

3 = h(r) cos 2θ, we can not get the orthogonality of
the right hand side with Z∗

3 , Z
∗
4 directly. So we can not solve (2.25) by using

Lemma 2.2. Instead of solving (2.25), we can find a unique solution of the
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following equation which is guaranteed by Lemma 2.2:

(6.1)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Δψ1 + |z|2N1e2Ũ1,0−Ũ2,0(2ψ1 − ψ2)

= 2|z|4N1e4Ũ1,0−2Ũ2,0 − |z|2(N1+N2)eŨ2,0−Ũ1,0

Δψ2 + |z|2N2e2Ũ2,0−3Ũ1,0(2ψ2 − 3ψ1)

= 2|z|4N2e4Ũ2,0−6Ũ1,0 − 3|z|2(N1+N2)eŨ2,0−Ũ1,0 .

We use this unique solution as the new ψ0, and proceed as before. Then
by checking the previous proof, we can get that in this case, the error ‖E‖∗ ≤
C0 and we can get a solution v of (3.1) which satisfies

(6.2) ‖v‖∗ ≤ C0,

for some positive constant C0, and the following estimates hold:

(6.3)

∫
R2

(N11(v) +N12(v))Z
∗
i,1 + (N21(v) +N22(v))Z

∗
i,2dx = O(ε),

for i = 3, . . . , 14.
Then the reduced problem we get is

(6.4) Q(a) + T̃ (a) +O((1 + |ξ|)|a|2) +O(1) +O((1 + |ξ|)ε) = 0,

where the O(1) term comes from the O(1) term of the error E since we use
the solution of (6.1) instead of (2.25) as the O(ε2) improvement. Recalling
that Q = Q(ξ1, ξ2) depends on two free parameters ξ1, ξ2 and arguing as
before, we can choose ξ1 large enough. Then it is easy to get a solution
of (6.4) with a = O(ξ−α

1 ) for any 0 < α < 1. �
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