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Chern-Simons system

WEIWEI A0, CHANG-SHOU LIN, AND JUNCHENG WEI

For any rank 2 of simple Lie algebra, the relativistic Chern-Simons
system has the following form:

2 2 2 N
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j=1

i=1 i=1 j=1
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in R?,

(0.1)

where K is the Cartan matrix of rank 2. There are three Cartan
matrix of rank 2: Ay, By and Gy. A long-standing open prob-
lem for (0.1) is the question of the existence of non-topological
solutions. In a previous paper [1], we have proved the existence
of non-topological solutions for the A; and By Chern-Simons sys-
tem. In this paper, we continue to consider the G, case. We prove
the existence of non—topolo%ical solutions under the condition that
either Ny EjN:ll pj = N1 ;2 g5 or N> E;V:ll pj # Ny E;Vil g; and
Ny, Ny > 1, [Ny — N3| # 1. We solve this problem by a perturba-
tion from the corresponding Go Toda system with one singular
source. Combining with [1], we have proved the existence of non-
topological solutions to the Chern-Simons system with Cartan ma-
trix of rank 2.
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1. Introduction
1.1. Background

There are four types of simple non-exceptional Lie Algebra:A,,, By, Cn
and D,, which Cartan subalgebra are sl(m + 1), so(2m + 1), sp(m) and
so(2m) respectively. To each of them, a Toda system is associated. In geom-
etry, solutions of Toda system are closely related to holomorphic curves in
projective spaces. For example, the Toda system of type A,, can be derived
from the classical Pliicker formulas, and any holomorphic curve gives rise
to a solution u of the Toda system, whose branch points correspond to the
singularities of u. Conversely, we could integrate the Toda system, and any
solution u gives rise to a holomorphic curve in CP" at least locally. See [11],
[23] and references therein. It is very interesting to note that the reverse pro-
cess holds globally if the domain for the equation is S? or C. Any solution
u of type A,, Toda system on S? or C could produce a global holomorphic
curve into CP". This holds even when the solution u has singularities. We
refer the readers to [23] for more precise statements of these results.

In physics, the Toda system also plays an important role in non-Abelian
gauge field theory. One example is the relativistic Chern-Simons model pro-
posed by Dunne [12-14] in order to explain the physics of high critical tem-
perature superconductivity. See also [20], [21] and [22].

The model is defined in the (2+1) Minkowski space R'2, the gauge group
is a compact Lie group with a semi-simple Lie algebra G. The Chern-Simons
Lagrangian density £ is defined by:

L = —kePtr (@AVA,, + gAﬂAyAp> — tr((D,¢) D*¢) — V (¢, ¢")

for a Higgs field ¢ in the adjoint representation of the compact gauge group
G, where the associated semi-simple Lie algebra is denoted by G and the
G—valued gauge fields A, are defined on 2 + 1 dimensional Minkowski space
RY? with metric diag{-1,1,1}. Here k > 0 is the Chern-Simons coupling pa-
rameter, tr is the trace in the matrix representation of G and V is the
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potential energy density of the Higgs field given by

V(g1 = Ltr(([19,6], 6] — v*6)1 (19, 61, 6] ~ %))

where v > 0 is a constant which measures either the scale of the broken
symmetry or the subcritical temperature of the system.

In general, the Euler-Lagrangian equation corresponding L is very diffi-
cult to study. So we restrict to consider solutions to be energy minimizers of
the Lagrangian functional, and then a self-dual system of first order deriva-
tives could be derived from minimizing the energy functional:

D_¢=0,
P = 5 [P6~ [19, 61,01, 61]

where D_ = D; —iDy, and Fy_ =0;A_ —0_A, +[Ay, A_] with AL =
Ay +iAy, 0+ = 01 £i0-. Here 9; and D; are respectively the partial deriva-
tive and the gauge-covariant derivative w.r.t z;, i = 1, 2.

In order to find non-trivial solutions which are not algebraic solutions of
[[¢, #'], #] = v2¢, Dunne [13] has considered a simplified form of the self-dual
system (1.1) in which both the gauge potential A and the Higgs field ¢ are
algebraically restricted, for example, ¢ has the following form:

¢ = ¢"FEia,
a=1

where r is the rank of the Lie algebra G, {E1,} is the family of the simple
root step operators (with E_, = EJ), and ¢* are complex-valued functions.
In this paper, we consider the case of rank 2. Let

(1.1)

U = In |¢%]2.

By using this ansatz, then Equation (1.1) can be reduced to

Aug + — (ZKM@ zZeulKlle KU> = 4ﬂz5p]

11]1

Aug + — (ZKM Zze%@e Klj>_47r25q7

=1 j=1

(1.2) in R?,

where K = (g; %z) is the Cartan matrix of rank 2 of the Lie algebra G,
{p1,...,pn,} and {q1,...,qn,} are given vortex points. For the details of
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the process to derive (1.2) from (1.1), we refer to [13],[29],[38] and [39]. In
this paper, without loss of generality, we assume Z—z =1.
It is known that there are only three types of Cartan matrix of rank 2,

given by

(1.3) Ay — (_21 ‘21> , Ba(= Ca) — (_22 ‘21) G — (_23 _21> .

In the previous paper [1], we have constructed non-topological solutions
in the case of Ay and Bs. In this paper, we will construct non-topological
solutions for the Gq case, i.e. the following equation:

Ny
Aug + 2e™ — etz = o2 — Qe2U2 4 etz 4 A Z Op,
(1.4) =
Aug + 22 — 3e™ = 4e2%2 — e — e TUz 4 4qr Z dq, -
j=1

1.2. Previous results

In the literature, a solution u = (uq, uz) to system (1.2) is called a topological
solution if u satisfies

2
uq(z) = an(Kﬁl)aj as |z| = 400, a =1,2,
j=1

and is called a non-topological solution if u satisfies
(1.5) ug(z) = —oo  as|z| = 400, a =1,2.

The existence of topological solutions with arbitrary multiple vortex
points was proved by Yang [39] more than fifteen years ago, not only for
Cartan matrix of rank 2, but also for general Cartan matrix including
SU(N + 1) case, N > 1. However, the existence of non-topological solutions
is more difficult to prove. The first result was due to Chae and Imanuvilov [5]
for the SU(2) Abelian Chern-Simons equation which is obtained by letting
u1(z) = u2(z) = u(z) in the Ay system where u satisfies

N
(1.6) Au+e"(1—e") :47r25pj in R%
j=1
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Equation (1.6) is the SU(2) Chern-Simons equation for the Abelian case.
This relativistic Chern-Simons model was proposed by Jackiw-Weinberg [19]
and Hong-Kim-Pac [18]. For the past more than twenty years, the existence
and multiplicity of solutions to (1.6) with different nature (e.g. topological,
non-topological, periodically constrained etc.) have been studied, see [4],
[51, 6], [7], 8], [10], [18], [24], [25], [26], [27], [31], [32], [33], [34], [35] and
references therein.

In [5], Chae and Imanuvilov proved the existence of non-topological so-
lutions for (1.6) for any vortex points (p1,...,pn). For the question of exis-
tence of non-topological solutions for the As system , an “answer” was given
by Wang and Zhang [37] but their proof contains serious gaps. In fact they
used a special solution of the Toda system as the approximate solution, but
they did not have the full non-degeneracy of the linearized equation of the
Toda system and their analysis for the linearized equation is incorrect. Thus,
the existence of non-topological solutions has remained a long-standing open
problem. Even for radially symmetric solutions (the case when all the vor-
tices coincide), the ODE system is much more subtle than Equation (1.6).
The classification of radial solution is an important issue for future study as
long as bubbling solutions are concerned, see [5], [6], [7], [8], [15], [24], [25],
(28], [30], [33], [34], [36] in this direction.

For the rank 2 Chern-Simons system of Lie type, Huang and the second
author [16, 17] studied the structure of radial solutions. Among other things,
they proved the following result:

Theorem A If (uy,u2) is a radially symmetric non-topological solution to
the rank 2 Chern-Simons system of Lie type with all vortices at the origin,
then

(1.7) ui(r) = —2a1logr +O(1), wua(r) = —2azlogr+O(1)
at infinity for some oy, g > 1. Furthermore,
J(Oél —1, a0 — 1) > J(N1+1,N2+1),

where J(x,y) is the quadratic form associated to K~*.

For the existence of radially symmetric non-topological solutions, Choe,
Kim and the second author [9] recently proved the following result:

Theorem B If (a1, ) defined in (1.7) satisfies

—2N1 — Ny —3 < as —a; < 2Ny + Ny + 3,
201 + g > N1+ 2Ny + 6 and a1 + 2a9 > 2N1 + Ny + 6,
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then the Ay Chern-Simons system has a radially symmetric solution (uq, usg)
subject to the boundary condition (1.7).

For general configuration vortices in R?, we first got the existence of
non-topological solutions for the Ay and By Chern-Simons system by per-
turbation from the Ay and Ba Toda system with a singular source. In [1],
we proved the following:

Theorem C Let {p]}j 1, {qJ}NZ1 C R2. If either

(a) No ij =N Z%‘ ;
st =1

or

N1 N2
(b) N ij # N qu and N1, Ny > 1, [Ny — Na| # 1, then there ex-
j=1 J=1
ists a non-topological solution (uy,us) of the Ag and Bo Chern-Simons sys-
tem respectively.

1.3. Main results

In this paper, we continue our work on the rank 2 Chern-Simons system.
We consider the remaining Go Chern-Simons system. We give an affirmative
answer to the existence of non-topological solutions for the system with
Cartan matrix Go. Our main theorem can be stated as follows.

Theorem 1 1. Let {pj}] 11 {qj} , C R2.If either

N2Zp] leqj )

or

b) N, ij %+ Ny qu and Ny, No > 1, [Ny — Na| # 1, then there ex-
j=1 J=1
ists a non-topological solution (u1,us) of problem (1.4).

Remark 1.1. Note that if Ny =0 or Ny = 0, by translation, assumption
(a) in Theorem 1.1 is always satisfied.

Non-topological solutions play very important role in the bubbling anal-
ysis of solutions to (1.2). Therefore, our result is only the first step towards
understanding the solution structure of non-topological solution of (1.2).
For further study on non-topological solutions for the Abelian case, we refer
to [6] and [8].
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We will prove Theorem 1.1 in three cases which we describe below:

Assumption (i):

N, N,
(1.8) > pi=> a;, Ni=Ny;
=1 =

Assumption (ii):
N1 N2
NoY pj=N1Y g, Ni#Ny, NiyNy#1
j=1 j=1

N, Ny
(1.9) OrNQij#leQj, ‘Nl—N2|751, Nl,N2>1;
i=1 j=1

Assumption (iii):

N1 N2
(110) NZij:NIZij N17£N2, N1:101' N2:1.
j=1 i=1

If we can prove the existence of non-topological solutions under the above
three assumptions separately, then it is easy to see that Theorem 1.1 is
proved. So in the following, we will prove the theorem under the three as-
sumptions respectively.

1.4. Sketch of the Proof

In the following, we will outline the sketch of our proof. We follow exactly
the same idea as in the proof for the Ay and By case.

As in [1], we will view Equation (1.4) as a small perturbation of the Go
Toda system with a singular source at the origin.

After a suitable scaling transformation and some manipulations (see
Section 2.1), the system (1.4) is transformed to

AUy + 1101 |2 — ep;[2e20i02 = 2621 |2 — 6pj|i1€4i~[17202
. AU, + H§V:21\5 — qu‘zezﬁr?)fh = 252H§V:21]2 _ eqj]4~e40~2*601
_352H§V:21|g _ 5qj|2H§V:11]2 — epj|2el>0n.
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When € = 0, we obtain the following limiting system

AU, + |z|2NleQUl*U2 =0 in R?
(1.12) AUy 4 |2|*N2e2V2=3U1 — () in R?
f]R2 |Z|2N162U1_U2 < 400, fR2‘2|2N262U2—3U1 < 400

which is the Go Toda system with a single source at the origin.

An immediate problem is the classification and non-degeneracy of the
above system. In [23], Lin, Wei and Ye obtained the classification and non-
degeneracy results of the SU(N + 1) Toda system with a singular source.
In [2], we used the results of [23] to obtain a complete classification and
non-degeneracy of the Gy Toda system (1.12). In fact, the GoToda system
can be embedded into the Ag Toda system under suitable group action. The
solutions to (1.12) depend on fourteen parameters

(37 )\) = (043,1, €43,2,C52,1, C52,2,C53,1, C53,2, C54,1, C54,2,

14
C61,15C61,25 C62,1, C62,2, M, A5) € R

The dimension of the linearized operator is fourteen.

The main difficulty of dealing with this system is the large dimension of
kernels. There are no explicit formula for the coefficients, except in the case
Z;V:ll pj = Z;V:Ql qj , N1 = N2 which can be considered as the reminiscent of
the SU(2) scalar equation. To get over this difficulty, we make use of the two
scaling parameters Ay, A5 for solutions of the Toda system and introduce two
more free parameters . Instead of solving the coefficient matrices for fixed
scaling parameters, we only need to compute the two matrices in front of
the two free parameters we introduce.

Now let us be more specific. We will view (1.11) as a perturbation
of (1.12) and expand it in powers of ¢. The term of order O(e) will sat-
isfy (2.23) and (2.24) in Section 2.4. The O(g?) term will satisfy (2.25). In
this O(e?) term 1), we introduce two free parameters ¢;,& which play
an important role in our proof. See Section 5 and 6. At last the solution we
find will be of the form

(1.13) U =Up +e¥ + 2y + 2o,

where Uy, = (f]Lb, Ugyb) is the solution of (1.12), and b denote the parame-
ters (A, a) for simplicity of notations. In order to solve in v, we need to solve



Solutions of the Go Chern-Simons system 725

a linearized problem:

(114) {Am + 322000 (21 — g) = fi

Ay + 22N 20207300205 — 391) = fo

where f1 and fy are explicitly given. Due to the existence of the kernels of the
linearized equation, (f1, f2) must satisfy some extra conditions in order to
have a solution. See Lemma 2.2 for the necessary and sufficient conditions.
After that, we use the Liapunov-Schmidt reduction method to solve the
nonlinear equation. It turns out that we can choose the perturbation a and
A such that we can get the solution.

Now we comment on the technical conditions. In the proof, we will choose
(A4, A5) first, depending on the assumptions. As we mentioned above, we
will use the Liapunov-Schmidt reduction method to solve it. In the reduced
problem, one main problem is to calculate the projection of the error E
(see (2.30) and (2.31)) to the conjugate kernels (Z7, j =3,...,14) of the
linearized equation of (1.12), i.e. we have to calculate the following:

(115) <E,Z;>j:3 14-

[RRRS}

In general, by Taylor’s expansion of F/, we have

1 1
(1.16) (E, Z;>]~:37.,_,14 = gBa + gAa -a+ Qa+ O(\a\Q) + ag,
where A, B, Q are matrices of size 12 x 12, and ag € R'2. Furthermore, the

matrix Q can be decomposed into

(1.17) Q=4Q1 +&Q2+T

where & and & are two free parameters introduced in the O(g?)—term 2
. Thus the reduced problem becomes:

1 1
(1.18) gBa+ gAa-a+Qa+O(|a|2)+a0 = O(e),

As we said before, we shall not attempt to compute the matrices A, B and
T. Instead we focus on the two matrices Q and Qs. All we need to show is
that at least of one of these two matrices is non-degenerate. In the proof, the
O(e) term ¥ brings about a lot of troubles. Both %Ba and %Aa - a terms
are related to W. Now let us explain why the assumptions (a) and (b) are
needed. In fact, it depends on whether or not there is the O(e) term.
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When N, Zéy:llpj =N Z;Vil qj, i.e. case (a) of Theorem 1.1, by a shift
of origin, we may assume that Z;V:ll pj = Z;V:zl ¢; = 0. In this case, the
e—term €W vanishes and both A and B vanish. In this case, the reduced
problem becomes much simpler:

(1.19) Qa -+ O(|al*) +ag = O(e).

If Ny # Na, N1, No # 1 or N7 = N, then ag vanishes and the reduced prob-
lems (in terms of a) becomes:

(1.20) Qa+ O(|al*) = O(e).

If N7 # No, Ny =1, or No =1, we use a different O(¢?) approximation 1)
in (1.13) and we obtain the reduced problem as follows:

(1.21) Qa + O(la*) +ag = O(e).

See Section 6. In both cases, we can show that the matrix Q is non-degenerate
and (1.18) can be solved by contraction mapping.

When Ny Z;V:ll pj # N1 Z;V:zl ¢;, this becomes much more difficult. Since
Ny Z;V:ll pj # N Z;Vil gj, the e—term exists and presents great difficulty in
solving the reduced problem (1.18) in a. In order to solve it, we first need to
make B vanish, and this requires that |N; — Na| # 1, see Section 2.4. Since
in general the e—term exists, A does not vanish. We need to make the ag
term vanish in order to solve (1.18), and for this we need Ny, Ny > 1. In this
case the reduced problem now takes the form

(1.22) %Aa-a—i—Qa—i—O(]aP) — 0

where Q has the form of (1.17). By choosing large & and & = 0, we can
solve (1.22) such that |a] < O(e).

In summary, the technical condition we have imposed is to make sure
that B = 0 and that the quadratic term 1 Aa - a and the O(1) term can not
coexist such that we can solve the reduced problem.

The organization of the paper is the following. In Section 2, we present
several important preliminaries of analysis. We first formulate our problem
in terms of the functional equations (Section 2.1). Then we apply the clas-
sification and nondegeneracy result of Ga Toda system (Section 2.2). In
Section 2.3, we establish the invertibility properties of the linearized opera-
tor. Finally we obtain the next two orders O(g) and O(£?) in Section 2.4. In
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Section 3, we solve a projected nonlinear problem based on the preliminary
results in Section 2. In Section 4, we prove our main theorem under the
Assumption (i). In Section 5, we prove the theorem under the Assump-
tion (ii). In Section 6, we prove the theorem under the Assumption (iii).

2. Preliminaries

In this section, we consider the following Go system in R?:

Ny
Auq + 26 — g2 = 4o — Qp2U2 4 ptrtuz 4 g Z Op,
(2.1) =
Aug + 2e% — 3t = 4e?¥2 — G2t — 3ertu2 4 4 Z dq,-
=1

2.1. Functional formulation of the problem

Defining

N1 No
u1:ZID|z—pj]2+ﬂ1, u2221n\z—qj|2+ﬁg,

j=1 j=1

and z = %, and let U; and I~]Z~ to be

u1(z) =U1(2) + (2N1 + 2)Ine,  s(z) = Ua(2) + (2N2 + 2) In¢,

and B
U\ _ a1 U

(5 )= (),

where G is the Cartan matrix ( % 3'). Then (U1, Uy) will satisfy

N

AUy + T |7 — epy 220102 = 28211 |7 —

5Pj|ile4(%1—202
_521‘[;\711]2 — 5pj‘2]'[§\[:21|§ _ gqj‘QeUQ,Ul’

(2.2) ) 12— o
Al + Hj'v=21|§ — eq;[?e?2 3 = 2521'[;21\5 — eq;|4e402—601

—32010%2 |2 — eqy 21 |2 — ey el O,

From now on, we shall work with (2.2). For simplicity of notations, we

still denote the variable by z instead of Z.
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2.2. First approximate solution

When e = 0, (2.2) becomes

AU, + |z]2Nle201*ﬁ2 =0
(2.3) AU, + |2]?N22U2=8U1 —
fRz |Z|2N162U1_U2 < oo’ fRz |Z|2N262U2—3U1 < 00.
For this system, we have gotten the classification and non-degeneracy re-
sults in [2]. From Theorem 2.1 in [2], we see that all the solutions of (2.3) de-

pend on fourteen parameters (c43, 52, 53, Cs4, Co1, Co2, M, A5) € CO x (RF)2,
and all the solutions of (2.3) are of the form

6
(2.4) e Ur=2 (Ao + Z)\i|Pi(z)\2>,

i=1
where
i—1
(2.5) Py(z) = gttt g N Sy at i,
7=0
and

(2.6) 1= p3 = pg = pig = N1+ 1, po=ps=No+1.

Here c10, c20 , c21, €30, €31, €32, C40, C41, C42, C50, C51, C605 €63, C64, C65 Can
be expressed by c43, 52, 53, C54, C61, C62- Ao, A1, A2, A3, A¢ can be written
in terms of p1, o, Ay and As. Thus the solutions depend on fourteen free
parameters (c43, Cs52, €53, Cs4, C61, C62, M, A5) € C® x (RT)2. For details , see
Theorem 2.1 in [2].

We denote by

(2.7) (A, a) = (A4, A5, €a3,1, €432, C52,1, C52,2, €53,1, C53,2, C54,1, C54,2,

C61,1, C61,25 C62,1, C62,2)-

When a = 0, the radially symmetric solution of (2.3) can be expressed
as follows:

(2.8) e 0o = prl = 207 (r),

(2.9) e = o = Apy H(r)
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where we use Ui,O to denote Ui, Ashs,ala=0 and for the explicit expression of
p1(r) and po(r), please refer to Theorem 2.1 in [2].

Observe that the radial solution (01,0, 17270) depends on two scaling pa-
rameters (A4, As). Later we shall choose (A4, A5) in different ways.

Next we have the following non-degeneracy result:

Lemma 2.1. (Non-degeneracy) The previous solutions of (2.3) are non-
degenerate, i.e., the set of solutions corresponding to the linearized operator
at (ﬁl,o, 0270) 1s exactly fourteen dimensional. More precisely, if ¢ = (i;)
satisfies |p(z)| < C(1 + |2])® for some 0 < o < 1, and

Ay + [oPM1e?homl0(26) — 6o) = 0
(2.10) 2N, ,2Us 030U
Ao + [2[2 202073010 (2, — 361) =
then ¢ belongs to the following linear space K: the span of

{Zsss Zne Zoows s Zersns ooy 1s Zsar Z

C43,19 “4C43,29Cs2,1) ““C52,29 ““C53,1)
ZCs3,27 ZCS4.1 ) Z054,27 ZCGI,] ) Z061.27 ZCG2,17 ZC52,2}7

where Zy, = 8)\4[70, ... ete.

For a proof, we refer to Corollary 2.3 in [2]. (The full explicit expressions
of all kernel functions can be found in [3].) We also denote by (Z1, Za, . .., Z14)
the kernels (Zy,,Zy,,. .., Z¢,,,). Because {Z;} are linearly independent, we

have
R ij=1,..14

We have the following corollary:

Corollary 2.1. If ¢ = (g;) satisfies |o(2)] < C(1+ |z])* for some 0 <
a<l1, and

(2 12) A¢1 + 2’2‘2]\[162[31’0_(]?0@%}1 _ 3|Z‘2N2€2?2’0_?U1’0¢2 — O
. A¢2 + 2’Z|2N2€2U2'0_3U1’0¢2 _ |Z|2N1€2U1’0_U2’0¢1 — O’

then ¢ belongs to the following linear space K*: the span of

* * * * * * *
{Z/\47 Z>\5’ ZC43,17 ZC43,2 ’ZC52,1’ 2052,2’ Z053,1’
A /A A AL /AN S A

C53,27 TC54,17 T Csa,27 T Ce1,17 T Ce1,27 T C62,17 T C62,2
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where
ZF 271 — Zio
2.13 zi=| )= ).
213 =(z) - ae)
We have
(2.14) det[(/R2 ZF - Z7)ij=s,.14] # 0.

We will choose the first approximate solution to be

< ql,(/\7043 ,C52,C53,C54,C61 7CG2) )
)

UQ,(/\,C43,052,053,0547061,Cez)
where the parameters \, c43, ¢52, ¢33, C54, C61, Ce2 Satisfy
(2.15) |a| := |cas| + |es2| + |ess| + |csa] + |co1] + |ce2] < Coe, || = O(1)

for some fixed constant Cy > 0. )
For the simplicity of notations, we also denote b = ()\,a), and U;p, =
)- We want to look for solutions of the form

i7()\7c4370527053705470617062
(2.16) Ui =Upp+e¥1 + %1, Us=Usp + Vs + ¢y,

where b is fixed.

To obtain the next order term, we need to study the linearized operator
Ui

around the solution (
2,0

2.3. Invertibility of the linearized operator
Now we consider the invertibility of the linearized operator in some suitable

Sobolev spaces. To this end, we use the technical framework introduced by
Chae-Imanuvilov [5] and which has been used in [1]. Let o € (0, 1) and

(2.17) X, = {u € L%‘OC(R?),/ (1 + |z Ju|?dz < +oo},
R2

m 2
(2.18) Y, = {u e W22 (R?), /Rz(l + |z Aul? + 1+’ya‘:\2+a < +00 ¢
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On X, and Y,, we equip with two norms respectively:

(2.19) [|fllex = sup (1 + [y)***[f()], [[B]l« = sup (log(2 + [y[)) " [R(y)].
yER? yER?

Clearly, the linearized operator in (2.10) is bounded from Y, to X,.

For f = (ﬁ), g =(§), we denote by (f,g) = [z f - gdu.

Note that Z; € X, for all j except j = 1,2. Using the non-degeneracy
result we get, i.e. Lemma 2.1 and Corollary 2.1 in Section 2.2 and noting
that (2.12) is the adjoint operator of (2.10), we have the following:

Lemma 2.2. Assume that h = <Z;> € X, be such that
(2.20) (ZF,h) =0, fori=3,...,14.

Then one can find a unique solution ¢ = (i;) =T~Y(h) €Y, satisfying

19ll« < CllA

T s |22V 200Uz (26 — o) = Iy
Ay + ’2‘2N162U2,073U1,o(2¢2 —3¢1) = ho

such that (AZ;,¢) =0 fori=1,...,14. Moreover, the map h z, ¢ can be
made continuous and smooth .

We note that the uniqueness in Lemma 2.2 is due to (2.11). In the next
subsections, we will use Lemma 2.2 to obtain our approximate solution up
to O(e?). However our approximation solution would be chosen according
to our assumption of the vortex configuration.

2.4. Improvements of the approximate solution

Similar to the As and By case, we need to find the O(¢) and O(¢?) im-
provement of our approximate solutions. So we need to find solutions of the
following equations.

Denote by

f(E,Z) = Hi\]l‘z - gpi’27 g(E,Z) = HiV2|Z - Eqi|2-

Then by Taylor’s expansion, we have

2
F(6:2) = F(0,2) +2£e(0,2) + S £ec(0,2) + O(Y)
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where
Ny

(2.22) F0,2) = 2P, fo(0,2) = —2|z12N1—2< ij,z>.
j=1

Similarly we can get the expansion for g(e, z).
Let ($2:> be the solution of

A\I’()’l + |Z|2N1€201*0_02=0 (2\1»'0’1 — \110’2)
= _f6<07 z)e2U1’07U2’07

A\I/(LQ =+ ‘Z’2N2€202’°7301*0 (2\11072 — 3\11071)
— _95(0’ 2)6202’0_301‘0.

(2.23)

Let <$;) be the solution of

AW,y + 2PN e20i0-Uao (20 | — W, )

= —|z[PMre2homlo (200 1 — 002)(2Zi1 — Zi2)
—f(0,2)e2Vr0V20(2Z; 1 — Z; 5)
AV, 5 + |2[2N2e2020-3010(20, 5 — 30, ;)

= —|2|2Ne2U20-8010(20 5 — 3W01)(2Zi0 — 3Z;1)
—gE(O, 2)62U2>0_3U1’0 (22@72 — 3Zi,1)

(2.24)

fori=3,...,14.

Let (:ﬁl) be the solution of

([ Ay [22Ve2000- 00 (295 — o)
_ 2|z|4N16401’0_202’0 o |Z|2(N1+N2)602,0—U1,0
_% ’Z’2N162l71,0702,0 (2\1/071 — \110,2)2
—f2(0, 2)e*Vrom V20 (20 | — W o) — WBNL’U_UM
Aty + |2[2N2 202073000 (245 — 3upy)
_ 2|Z|4N2€402’0_601’0 _ 3|Z|2(N1+N2)€U2'O_Ul'0
_% ’2’2N2 6202,07301,0 (2\1}072 — 3111071)2
—9:(0, 2)e202073000 (2 5 — 3Wg 1) — L= 2020 =300,

(2.25)

\

Obviously, if Z;V:ll Pj :Z;\El ¢; =0, then f.(0,2)=g-(0,2)=0 by (2.22),
in this case, o=V, =0 for i =3,...,14. Note that if Ns Z;V:ll pj =



Solutions of the Go Chern-Simons system 733

Ny Z] 1 ¢j, we can always shift the origin such that Z; 1 Dj = Z;Vil g; = 0.
Hence f-(0,z) # 0 occurs only when assumption (b) of Theorem 1.1 holds.
In this case, using Lemma 2.2, we know that there exists a unique solu-
tion (“’ ) € Y, of (2.23) such that (¥, AZ;) = 0 for j = 1,...,14. More-
over, by the uniqueness of solution, since the right hand side of (2.23) is
the linear combination of functions of the form h(r)cosf and h(r)siné ,
by considering the Fourier series, we know that the solution Wy must be
the linear combination of functions of the form h(r)cosé and h(r)sinf. If
No ZJ 1Dj # N1 Z;Vil qj, then [Ny — N3| # 1 implies that the right hand
side of Equation (2.24) is orthogonal to Z for ¢ = 3,...,14. By Lemma 2.2,
there exists a unique solution <\I, ) €Y, of (2.24) such that (¥;, AZ;) =0

for j =1,...,14. And if N1, No > 1, the right hand side of (2.25) is orthog-
onal to Z* for t=3,...,14. By Lemma 2.2, we can find a unique solution
Yy = (W’;) €Y, such that (¢9,AZ;) =0fori=1,...,14.

Similar to the As and By case, the solution we will use later is 1 =
Yo + &2, + &22), where £, & are two constants independent of a and will
be determined later.

Finally, the approximate solution with all the terms of O(¢) and O(?)
is

(i U+ e(Wor + 302 0a;) + %y
(226) V= =( i= )
Va Usp +e(Wo2 + ;23 Wiza;) +e%9o

with the notation

b = (>\47 )\57 a)?
a=(as,a4,...,a14)

= (043,1, €432, C52.1, C52,2, €531, €532, C54.1, C54,2, C61,1, 61,2, C62,1, 062,2)-

Parameters A4, A5 will be chosen later according to different assumptions
in Theorem 1.1. After A4, A5 are fixed, a will be chosen in order to find a
solution of (2.2) in the form of (2.26). Then (g;) = <“21§2) is a solution
of (2.2) if (. ) satisfies

(2.27) {Avl 2PV 20020 (201 — vp) = Gy

Avy + \z|2N2e2U2=°_301v0 (2v3 — 3v1) = Go,
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where
(2.28) G1 = Ey + N11(v) + Ni2(v),
(2.29) G2 = E3 4 Na1(v) + Naz(v),

and FE is the error of the approximate solution V = (“2 ), and V;; below are
the higher order terms of the perturbation v = (}):

Nll('l}) — 21—[‘2 . Epj|4(€4ﬁ17202 o 64V172V2)
— 1|z — aijQH\z — aqj\Q(eUz_Ul — eVz_Vl),

Nig(v) = —f(e,2)e? 02 4 f(e, )i Vs

-2
+ f(0, 2)6201’0_02‘0(21/1 — v9),
Nai (v) = 21|z — eqjf (0700 — 12701
— 3|z — epj]2H|z — z—:qj|2(eU2_01 — 2V,
—g(e, 2)6202_301 + g(e, z)e?V>—31
-2
+ ¢(0, 2)6202’0_301'0 (2vg — 3v1).

N22(U) =

From the expressions of N;;, we can see that N;; are higher order terms
and satisfy the following estimate:

By Taylor’s expansion, the error E will be of the following form:

A .
— 22 4 gia+0(e) + O(|al?),

(2.30) By

Aoa -
(2.31) B, =22

+Qza+0(e) + O(la?),

for some 12 x 12 matrices A;, Q;. We only give the formula of F; here, that
of F is similar:
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14 14

a1
(2.32) Ey = —f(0,2)e?Uro U“{E D QUi = Wis)a; Y (271 — Zj)ay
i=3 =3
14
+ (241 — o) Z(QZi,l —Zi2)a;
i=3
. 14
+5 (2% — V02)? ) (2Zi1 — Zig)a
=3
14
+(2%01 — Vo2) Y (2T — ‘I’i,Q)az}
i=3
14
0,z SN
N f(25 ! Y Oaa (BT (201 — W) azay
i.j=3
o 14
— 1<(0, Z){€2U1’0_U2'°(2‘1’0,1 — Wo,2) Z(in,l — Zig)a;
i=3
o u
+ Voo N "2 ) — U )
i=3
| o
to 2 8§iaj<e<2UwU2vo>>az‘aﬂ}
i.j=3
. . u
= 5fe(0, )00 N (27,1 — Zip)a
i=3
. u
+ 4f(0, Z)2€4U1’0_2U2’0 Z(QZZ',I — Z@g)ai
i=3
o
— £(0,2)g(0,2) Y "0 10(Zi0 — Zin)ay
i=3

+O0((1+[€])e) + O(? + (1 + [¢])]al?),

The explicit formulas for the Taylor expansion of the errors Fy and Fs
are very important for us to deal with the reduced problem. In Section 4
and Section 5 we will make use of the above explicit formulas for £7 and FEs

to calculate the error projections.
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3. A nonlinear projected problem

Similar to Proposition 2.1 in [1], we have the following result:

Proposition 3.1. For a satisfying (2.15), there exists a solution (v,{m;})
to the following system

Avy + ‘Z‘2N1€201,07U2,0(27}1 — ) =Gy + Zzlf?) mi(v) 2},
(3.1) Avy + |2|HV2e2V2073V10(209 — 3u1) = Go + ZZ 3 M (v )Zi*,Q
(AZj,v) =0, fori=1,...,14,

where G = ( ;) and m;(v) can be determined by

(3.2) <G+Zmz )2} Z*> =0, forj=3,...,14.

Furthermore, v satisfies the following estimate
(3.3) o]l < Ce,
for some constant C' independent of €.

By Proposition 3.1, the full solvability for (2.2) is reduced to m; =0
for i =3,...,14. Since by (2.14), det((Z},Z)ij=3,..14) # 0, and recall the

177
definition of m; in (3.2), m; = 0 is equivalent to

-----

+o0 2
(3.4) / G- Zfrdddr =0 fori=3,...,14
0 0

To solve (3.4), we observe all N;; terms in (2.28) and (2.29) are small.
In fact, we have the following lemma:

Lemma 3.1. Let () be a solution of (3.1). Then we have the following
estimates:

35 [ () + M) Zis + (Voa(0) + Noa(0) Zipde = O2).

fori=3,...,14, where O(c?) < C1€? for some positive Cy independent of a
provided |a] < 1.

Proof. The proof is similar to that of Lemma 2.4 in [1]. O
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From the Taylor’s expansions in (2.30) and (2.31), we obtain that the
error projection can be expressed as

(3.6) ((E,Z7))i=s,...1a = %Aa -a+Qa+O((1+[¢])al*) + O((L + [€])e).

4. Proof of Theorem 1.1 under Assumption (i)

Suppose the Assumption (i) holds. By a translation, we might assmue that
Zfill pi = Zjvil ¢; = 0 and Ny = N3 , and we choose ({1, &2) = (0,0) in this
section. This case is the reminiscent of SU(2) case, even though, the proof
is considerably harder since there are fourteen dimensional kernels instead
of a three-dimensional one for the SU(2) case.

Lemma 4.1. Let (y2) be a solution of (3.1). The following estimates hold:

(4.1) (E, Z3), (B, Z1),(E, Z3),(E, Zg),
(B, Z7),(E, Zg),(E, Z3), (E, Ziy),
(B, Z11),(E, Z13), (E, Z13), (E, Zi,))"
= T(a) + Olal*) + O(e),

where T is an 12 x 12 matriz . Moreover, T is non-degenerate where N is
defined as N = N1 = Ns.

Proof. Without loss of generality , we may assume that Z;V:ll Dj = Z;V:"‘I qj =
0 and N; = N = N, and denote by = N + 1. Now we choose the param-

eters (A47)\57§17€2) = (ma 15;7;1,5’0’0)’ so that we have

1 45 x 298

0170 g — — = ——
e P1,G 2;01 (1 +7"2“)67
(4.2) ; 1 33 5 52 x 215,10
2,0 — = — =
e P2.G = P2 (1 + r2n)I0

Since Zi]ilpi = Zf\il ¢i =0, we have f.(0,2) = g-(0,2) =0, Vg1 = VYoo =
0. By (2.24), we have U, ; = U, 5 =0, i = 3,...,14. Recall that

(4.3) E = ( % )
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where by (2.32) we have

2 14
P1.c
(44) E1 = —|Z‘2N7p; o (le — wQ) Z(in’l — Z¢72)ai
’ i=3
1 2. 14
1
— —fue(0,2)2E 971 — Zi)ai
2f€e( ,Z) p2.c Z;( i,1 Z,Q)az
ol 14 P 14
1 2
42NN (2200 — Zig)ay — [N RN (Zip — Zig)a
PG =3 PLG 153

4+ 0(e) + O(* + |a)?),

where f..(0, 2) is

(4.5) fee(0,2) = 2|21 (Z(Pnpjl — piapj2) cos 20
i#]

+ (pitpj2 + piapj1) sin 29) .

Similarly we obtain the expression Fj involving g..(0, z). Since the kernels
are the product of radial functions and trigonometric functions, in the calcu-
lations below, we will use the above expansion for E and the orthogonality
of of trigonometric functions to simplify our computation.
Since for N > 1 we have
/h(?") COS 29(221"1 — Zz‘,g)(2Zj’1 — Zj,g)TdT’dH

= /h(?“) sin 29(2Z¢71 — ZZ'72)(2Z]',1 — ng)?"d?“de = 0,
and

/h(?’) COS 20(222',2 — 3Z@1)(2Zj’2 — 3Zj’1)7“d7’d9

= /h(?") sin 29(22@2 — 3Z¢71)(22j72 — 3Zj71)?”d7"d9 = 0,

fori,j =3,...,14, from (4.5), we have

[e's) 2w - N
(4.6) / fgg(o, Z)62U1’07U2’0 (2Zi,1 - Zi72)(2Zj’1 - ng)?"d?”d@ = O,
0 0
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and
2w - ~
(4.7) / / 9= (0, 2)e2V20=30v0 (97, 5 — 37, 1)(2Z;9 — 3Z;1)rdrdd = 0,
0 0

for i,j = 3,...,14. Note that f..(0,2) = g.(0,2) =0 if N =0, 1.
Another important observation is the following:

(4.8)
oo 21
/ / 2N 2U1 0—U2, (201 — V2)(2Zi1 — Zip)(2Z1 — Zj2)rdrdd
0 0

oo 2T
/ f 0 Z 2U1 0=Uz, °(2’¢J0 1#(2))(221'71 — Z¢72)(22j71 — ng)?“d’l“d@,
0 0

—
i

9)
oo 2T
/ / 2N 2U2 0—301, 0(21/}2 — 3'¢1)(2Z1 2 — 3Zi,1)(22j,2 - 3Zj,1)rd’rd9
0 0

oo 21
— / / g 2U2 0—3U1 0(2¢2 31/1?)(221"2 — 3Zi71)(2Zj72 — 3Zj71)7“d7“d9,
0 0

where (1/9,49) is the radial solution of the following system:

Ay + |z/Ve 201.0- U”(le )

_2‘Z|4N 4U1 0—2U20 |Z’4N UQQ—[}LO

Awg —+ |Z|2N 2U2,0—3U1,0 (2w2 _ 3w1)
— Q‘Z‘4N64UQ,0—601,0 _ 3’2‘41\7602,0471,0'

(4.10)

Here we decompose 1 = ° + 1,/} into radial part ¢ and nonradial part
w For the nonradial part, similar to (2.23), we see that w is the linear com-
bination of radial functions times cos 26 and sin 26. This part will contribute
zero in the integrals in (4.8) and (4.9).

By the above argument, (¢9,9) is the radial part of (¢ 1,10 2). Because
of this observation, when dealing with the O(¢?) approximation, we only
need to consider the radial part of the solutions.

In fact we can choose ¥ =1, ) = %zp such that 1 is the solution of
the following ODE:

8(N + 1)2r2N
(14 r2N+2)2

A3 X 25(N +1)4

1ﬁ_
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Combining (4.6), (4.7), (4.8) and (4.9), and using the expansion (4.4) of
E, one can get the following:
/E - Zprdrdd
or 14

/ / Z 2|z|4N1 V02020 (47, | — 27, 5)a;

_ |Z|2N1+2N2€U2‘0—U1,0(Zi’2 _ Zl i)ai

— J(0, )20 000 (20 — 49) (2211 — Zip)ai| 21y
[l (27,5 — 37;1)a
— 3|22 42N Uao-Tho( 7, ) — 7, 1 )ay
— (0, 2)e2020=300 (2060 — 30) (22, 5 — 3Zi,1)ai] Z;;Q)rdrde
+O0([a® +[e*) + O(e),
where O(¢) is independent of a.

From the above expressions, we know that (E,Z})r=3_ 14 is a system
of linear combinations of a;, and one can write it as

(B, Z})k=s. 14 = Ta+ O(e) + O(|a?)

where T is a 12 x 12 matrix with constant entries, so one need to calculate
the entries for the matrix 7. Our aim is to show that the matrix 7 is non-
degenerate. Since we know the explicit expression for the conjugate kernels
Z}; but we do not know the expression for 1, in the expression of (F, Z;),
we can calculate every term except the terms containing 1. Next we will
first write out the expressions of the entries of 7, and explain how we deal
with the terms containing 1. As an example, we can compute

/E Z*  rdrdd

C43,i

pi Re!
((4 Vil (2ZC43,1'71 - ZC43,1‘,2)2

P
2,G
— T4Np 7 (ZC43,1,2 - ZC43,’£71)<2ZC43,7271 - ZC43J72)
Pl,G
4 4nPs G
+3 3 4N (2ZC43 i 32043”7’1)2

plG

G
— T‘4Np2’ (ZC4S,i72 - ZC43 iyl )(2ZC43 052 3Zc43 i1 )>
P1,G
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2

1 P1.G

- TQN( (22043,1'71 - ZC43,1‘,2)2
3 P2.G

1 p% G
+3 37 (22043,i72 - 32043,1'71)2) Tﬁ) C43.i

4
P1a
+ ((4T4N ;7 (2ZC43,i71 - ZC43,1'72)(2ZC54,1'71 - ZC54,1'72)

2,G
- r4Np7G(ch4,i,2 - ZC54,171)(2ZC43,i71 - ZC43,1‘72)

P1,
474N p; o
3 p67 (2ZC43,1'72 - 3ZC43,1'71)(2ZC54,1'72 - 3Z054,i71)
1,G
PQ,GT4N

7(2054,71,2 - ZCs4,i71)(2ZC43,7:,2 - 3ZC43,7:71)>

2N 2
r LG
- ( : (2ZC43,i71 - ZC43,'i72)(QZCS4,i71 - ZCS4,1‘72)

_l’_

1
7p§,G (2Z043 2 3ZC43 i 1)(2ZC54 2 T 3ZC54 i 1) ¢ C54.4 rdrdf
3P a v v v v ’

+0(e) + O(lal]® + )
=7[(J1+ /Q1¢7“d7")043,z‘ +(J2+ /Q7¢7“d7')054,i]

+0(e) + O(la]?® + £2).

In order the know the entries for 7, one need to calculate (J; + [ qrrdr),
(J2 + [ grprdr) in the above expressions. Similarly, we can get that

<J3+/Q7¢7"d7“> 43, + <J4+/Q4¢Td7“> 054,1']

4+ 0(e) + O(|a]* + &?),

/E . Z:‘M,irdrdtg =7

where J3, J4, qs, q7 are explicitly given in the expression of (E, Z ), and

/E “Ze,, rdrdd =m <J5 + /qﬂ!)rd?“) cs2.i + O(e) + O(|a)? + &%),
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where J5, g2 are explicitly given in the expression of (F, Z:52,i>’ and

/E Zgp, rdrdd =1 (Jg + /q31/}rdr) cs3i +O(e) + O(|al* + &2),

where Jg, g3 are explicitly given in the expression of (F, Z; ), and

/E . Z:Blyirdrdﬁ = W(J7 + /q5¢7‘dr> ce1: 1+ O(e) + O(la]® + &%),

where J7, g5 are explicitly given in the expression of (E, Z; ), and

/E ’ Z(taz,z:rdrde = 7T<J8 + /QGTﬂTdT) C62,i + O(E) + O(‘a‘2 + 52)7

where Jg, g¢ are explicitly given in the expression of (E,Z’ ), and all the

C62,i

terms O(g) < Ce, O(e?) < Ce?, O(|al?) < Clal? for some positive constant
C independent of a and ¢ provided that they are small enough. For the
explicit expressions of J; — Jg, and ¢1 — g7, we refer the readers to [3]. Recall
that once we can calculate the terms containing 1, then we can calculate all
the entries of 7.

So we get that

(B, Z3),(E, 21),(E, Z5),(E, Z5), (E, Z7),(E, Zg), (E, Zg), (E; Z1o),
<~Ev Zf1>7 <E’ ZT2>’ <E’ ZT3>7 <Ev Zik4>)t
=T (a) + O(la]*) + O(e),

where the entries of the matrix 7 are given by the coefficients containing
Ji, f gjYrdr in the above expressions. Moreover, the determinant of the ma-
trix T is

4.12 Ty — ToTs ) T3T2T2T2
344+748

2 2 2
= (J5+/(]2¢7’d7’> (JG—I—/(]g”LﬂTdT) <J7+/Q51/J7’d7‘)
2
X <Jg+/q6wrdr> (Jl —I—/qlwrdr) <J4+/q4¢rdr>
2
- (Jz +/Q7¢Td7“) (J3+/Q71/"“d7">]
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where ¢1,...,qr are explicit radial functions.

Next we will calculate the entries of 7. As we mentioned before, we need
to calculate the integrals Js to Jg, and [ qiyprdr to [ grprdr. Js, ..., Jg are
explicit integrals. For [ ¢;irdr the difficulty is that we do not have explicit
formula for . In order to get rid of v, we use integration by parts. The key
observation is that for any radial ¢ satisfying ¢(oco) = 0, we have

> 8(N + 1)*r2N
00 S(N + 1)2T2N
= /0 <A + [(ERCAET ¢ |rdr.
As a consequence we have

00 6 4
/wqirdr = / 7“4N—3 x 2N +1) ¢irdr
0

(1 + r2N+2)d

where 1); solves

8(N 4 1)2r2N ,
(414) A¢1+(<1+r2]3+2)2¢z:(]@, Zzl,...,7

which can be solved as in the proof of Lemma 3.4 in [1]. For the details of
the computations of g;, ¢; we refer to [3].

Since all the terms in the integrals are explicit now, by direct calcula-
tion, we obtain all the explicit formulas for the integrals J5 + [ gotprdr, J7 +
[ gswordr and Jg + [ geiordr. Substituting these formulas into (4.12) we con-
clude that the matrix 7 is non-degenerate. For full computations of these

integrals we refer to [3]. O

As a consequence of Proposition 3.1 and Lemma 4.1, the coefficients m;
vanish if and only if the parameters a satisfy

(4.15) T(a) + O(|a?) + O(e) = 0,

Obviously, (4.15) can be solved immediately with |a| < Ce, for some C large
but fixed.

5. Proof of Theorem 1.1 under Assumption (ii)

In this section, we are going to prove Theorem 1.1 under Assumption (ii).
This situation is more complicated than the previous one, since the O(e)
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approximation and O(£?) approximation induce several difficulties. The prob-
lem is that we cannot obtain the explicit expressions for these terms. In
this case, we will see that the two free parameters &1, & we introduced in
Section 2.4 for the improvement of the O(¢?) approximate solution play an
important role. A key observation is that we only need to consider the terms
involving &; and &;. This is contained in the following lemma.

Lemma 5.1. Let (3}) be a solution of (3.1). The following estimates hold:

(5.1) (B, Z.,.)=%& (Avcasi + Bicsai) + Ea(Aacas; + Bacsai) + Tii(a)
+ ?((1 + |§|)|f‘|2) + O(~(1 + 1€])e),
(5.2) (B, Z;,.) = &Cicsai + §2Cocsai + Tsi(a)
+ ?((1 + |5|)|a~|2) + O((} + 1€])e),
(5.3) (B, Z;,.) = &Dicssi + §2Dacssi + Tai(a)
+O~((1+ |§])Ja|2)+0((1:i— €))e), ) )
(5.4) (B, Z;,.) = &i(Ercsai + Fieasi) + &a(Eacsai + Facasi) + Tai(a)
+O((1+ [€Dlaf?) + O((1 + I)e).
(5.5) (B, Z,.) = &G1c61: + &2Gace1,i + Tai(a)
+ ON((l + |§’)|a~|2) + O((} + [€)e),
(5.6)  (E,Z,.) =& Hicez,i + EaHacer,i + Tai(a)
+O0((1+[¢D]al®) + O((1 + [¢])e),

fori=1,2, where

B +o0 2 - -
(57) .Aj = / / |:7"2N1€2U1’0_U2'0 (Qijl — Zj,2)(2Zc43,1,1 — Zc43,172)2
0 0

1 ~ ~
+ §T2N262U2’0_3U1’0(2Zj72 —3Zj1)

Zc431 2 — 3ZC431 1) rdrd&,

(2
+oo 27
= / / 2Nl 2010 =020(27, 1 — 7;5)(2 syt — Zess12)

1 ~ _ ~
X (2Z¢ssn0 = Zeyr 2) + §T2N262U2'° SU0(2Z;9 — 3Z;1)

X (2Z054,1,2 - 3ZCs4,1,1)(2ZC43,172 - 3ZC43,1,1)] Td?“dg,
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5 +oo 27
(5.9) C;= / / QNI U0 U20(27, 1 — Z;5)(2 eyt — Zensn2)”
+3 L2 2030 (27, , 37, 1)(2 20527172—3Z0527171)2}rdrd&,

_ +oo 27
(510) Dj / / 2N1 2U1 0= 0(2Zj,1 - Zj,Q)(2ZC53,1,1 - 2053,1,2)2

+3 Lans, 2020301097, 0 —87;1)(2 e, 1 2 — 37

C53,1;

1)2} rdrdd,

_ +oo 27
(5.11) & = / / 2Nl 2Uro=Uao(27, | — Zi2)(2Zcy1 0 — Zegar2)’

+ 31"2N2 2U2 0—3U1 0 (2Z 3Zj71)(2ZC54,1,2 _3205471,1)2:| T‘d'l"de,

oo 2w 2N, 20, o—U
= / / [T 1?00 (2750 = Z9) (2001 — Zewy 1 2)
1 ~ ~
§T2N262U2’0_3U1’0 (2Zj72 — 3Zj71)
2Z854 1,2 3Z054,1,1)(QZ

C43,1,

l

(22004 1,1 ZC54,172) +

) 32643,1,1)} rdrdf,
_ +oo 21 - ~
(512) g] / 2N162U1’07U2’0 (22]71 - Zj72)(22061,171 - ZC61,172)2

+ 7,2N2 20,0301, ©(2Z;2—3Z1)(2Z. — 3Z061Y171)2} rdrdd,

61,132

_ +oo 27 - -
(5.13) H; = / / 2N 200 20 (2751 — Z59)(2 g0 — Zega2)”

L, 22073040(27; 9 —37;1) (2 g 2 — 370

3 )2} rdrdd,

62,172 62,111

for 7 =1,2, and 7~§j are 12 x 1 wectors which are uniformly bounded as €
tends to 0, and are independent of &1, &s.

Proof. By (2.30) and (2.31), E is of the form
(5.14) é(' Jasa+((-)a) +O((1 + [€)]al?) + O((1 + [¢])e).

Recall that (ﬁ; = (:ﬁg;) + &2y, + &2y, In the following computa-

tions, we only need to consider the terms involving &; and &3, since all other
terms are independent of & and &. We use the Taylor expansion of F.
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By (2.30) and (2.31), we know that F can be expanded in the form

Aa-a

(5.15) E=Qa+ +O0((1+[¢])e) + O(1 + [¢)]al* + O([e[*),

€

where the |¢|]al?,|¢|e terms come from the Taylor expansion of E which
contains the O(e2)—term 1, since by the definition of 1, we have &1, & in
it, and

N ( &(2210 — Z12) 2313(221,1 — Zip)ag +&(2221 — Za ) 2313(221,1 — Z;io)ay )
612212 — 3711) So125(2Zi0 — 3Zi1)a; + €9(2700 — 3721) So1es(2Zi2 — 3Zi1)ai
+ the remaining linear combination of a;.

By the orthogonality of cos(k#) and cos(l6) for k # [, we obtain

+o0o 21
(5.16) — / / E-Z; . rdodr
0 0 '

=& (-/Zl1643,1 + [5’1054,1) + §2(A2043,1 + 5’2054,1)
|a|?

+ T +0 (D) 0l +1€he) + O + Ilal + 2,

where A;, Ay, By, By are in (5.7) and (5.8) which come from the inner prod-
uct of Q with Z . - In the above Equation (5.16), T11(a) denotes the inner
product of the remaining linear combination of a; in Q and Z,. ,» and the
coefficients of the linear combinations are uniformly bounded and are in-

dependent of &1,&2,a. The O(@) terms comes from the O(%) term of E
which is independent of £. Similarly, we can get the other estimates. 0

From the above lemma, we have the following result:

Lemma 5.2. Let () be a solution of (3.1). Then the coefficients m; =0
if and only if the parameters a satisfy

la?

517 Q) =T@+0 (=) + o1+ lghlal) +0((1 + €De)

where Q = &1Q1 + &Qo, and T is a 12 x 12 matriz which is uniformly
bounded and independent of &1, &2 and moreover
det(Ql) = (?1151517:[1 (.,leg1 — BN1.7}1),
and det(Qg) = CQDQgQHQ(.AQgQ — [3’2]:2).
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Proof of Theorem 1.1 under Assumption (i). Under the Assumptions (ii),
we will choose \y = e

uluz?m ) and A5 = % for X large enough. Similar
to the computations in the appendix of [1], by direct but tedious computa-
tion, we can get that for X\ large,

>

A = 715\71 + of *1), ¢, = 725\71 + 0(:\*1),
751 - 735\_2 + 0(5‘_2)7 g1 - 74X_4 + O(X_Zl)’

Gii =vA 0 +0o(A73), Hy =6+ o(1),

and
519 f— 7 =[O0 HN= N,
' 0 if Ny # No,

where 71 to g are nonzero constants whose explicit expressions can be found
in [3]. So we have

A& = BiF = )0 4 o(A70)
# 0,

and 61,151,5‘1,61,’#[1 are all non-zero if \ is large enough. Therefore, we
choose &1 large and & = 0 to conclude that Q(&1,&2) — T is non-degenerate.
After fixing (A4, A5), (£1,&2), it is easy to see that (5.17) can be solved with
a=0(e). O

6. Proof of Theorem 1.1 under Assumption (iii)

We are left to prove the theorem for N Zf\gl pi = Ny Z;V:Q1 qj, N1 # Na
and one of NV; is 1. Without loss of generality, assume N; = 1 and vazll pi =
ijgl gj = 0. In this case, for the improvement of approximate solution in the
O(£?) term, we can not solve Equation (2.25) in Section 2.4. Since in general,
we use Lemma 2.2 to solve (2.25), i.e. we have to verify that the right hand
side of Equation (2.25) is orthogonal to Z; in L?—norm for i = 3,..., 14,
and basically we use the orthogonality of trigonometric functions to verify
it. But when Ny =1, Z5 = h(r) cos 20, we can not get the orthogonality of
the right hand side with Z3, Z} directly. So we can not solve (2.25) by using
Lemma 2.2. Instead of solving (2.25), we can find a unique solution of the
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following equation which is guaranteed by Lemma 2.2:

Awl + ‘Z‘2N1€201’0702’0(2¢1 N wQ)

= 2|Z‘4N16401,0—2(72,0 _ |Z|2(N1+N2)6U2,0_[}170
sz + |Z|2N2€202’0_301*0 (2¢2 _ 3w1)

= 2’2‘4N264l72,076l71,0 _ 3]2\2(N1+N2)602,0701,o_

(6.1)

We use this unique solution as the new 1), and proceed as before. Then
by checking the previous proof, we can get that in this case, the error || E|. <
Cy and we can get a solution v of (3.1) which satisfies

(6.2) [ol[« < Co,

for some positive constant Cy, and the following estimates hold:

(6.3) /R?(NH(U) + N12(v)) Z1 + (Na1(v) + Naa(v)) Z] odx = O(e),

fori=3,...,14.
Then the reduced problem we get is

(6.4) Q(a) + T(a) + O((L + [€])]al®) + O(1) + O((1 + [¢])e) = 0,

where the O(1) term comes from the O(1) term of the error E since we use
the solution of (6.1) instead of (2.25) as the O(¢?) improvement. Recalling
that Q = Q(&1,&2) depends on two free parameters &1,& and arguing as
before, we can choose £; large enough. Then it is easy to get a solution
of (6.4) with a=0(& ) for any 0 < a < 1. O

Acknowledgments. J. Wei is supported by a NSERC grant from Canada.
We are grateful for the referees for carefully reading the manuscript and
detailed suggestions.

References

[1] W. W. Ao, C. S. Lin, and J. C. Wei, On non-topological solutions of the
As and By Chern-Simons system, Memoirs of Amer. Math. Soc. 239
(2016), no. 1132.

[2] W. W. Ao, C. S. Lin, and J. C. Wei, On Toda system with Cartan
matriz Ga, Proc. of Amer. Math. Soc. 143 (2015), 3525-3536.



[3]

[4]

[10]

11]
12]
13]
14]

[15]

Solutions of the Go Chern-Simons system 749

W. W. Ao, C. S. Lin, and J. C. Wei, On non-topological solutions of G
Chern-Simons system, arXiv:1403.2348.

L. Caffarelli and Y. S. Yang, Vortex condensation in the Chern-Simons
Higgs model: An ezistence theorem, Commun. Math. Phys. 168 (1995),
321-336.

D. Chae and O. Y. Imanuvilov, The existence of mnon-topological
multi-vortex solutions in the relativistic self-dual Chern-Simons theory,
Comm. Math. Phys. 215 (2000), 119-142.

H. Chan, C. C. Fu, and C. S. Lin, Non-topological multi-vortex solution
to the self-dual Chern-Simons-Higgs equation, Comm. Math. Phys. 231
(2002), 189-221.

J. L. Chern, Z.-Y. Chen, and C. S. Lin, Uniqueness of topological solu-
tions and the structure of solutions for the Chern-Simons system with
two Higgs particles, Comm. Math. Phys. 296 (2010), 323-351.

K. Choe, N. Kim, and C. S. Lin, Fxzistence of self-dual non-topological
solutions in the Chern-Simons-Higgs model, Ann. Inst. H. Poincaré
Anal. Non Linéaire 28 (2011), 837-852.

K. Choe, N. Kim, and C. S. Lin, Self-dual symmetric nontopological
solutions in the SU(3) model in R?, Comm. Math. Phys. 334 (2015),
1-37.

M. Del Pino, P. Esposito, P. Figueroa, and M. Musso, Non-Topological
condensates for the self-dual Chern-Simons-Higgs model, Comm. Pure
and Appl. Math 68 (2015), 1191-1283.

A. Doliwa, Holomorphic curves and Toda systems, Lett. Math. Phys.
39 (1997), 21-32.

G. Dunne, Mass degeneracies in self-dual models, Phys. Lett. B 345
(1995), 452-457.

G. Dunne, Self-dual Chern-Simons Theories, Lecture Notes in Physics,
vol. M36 (1995), Berlin-New York, Spring-Verlag.

G. Dunne, Vacuum mass spectra for SU(N) self-dual Chern-Simons-
Higgs, Nucl. Phys. B 433 (1995), 333-348.

P. Esposito, M. Del Pino, and M. Musso, Nondegeneracy of entire so-
lutions of a singular Liowville equation, Proc. Amer. Math. Soc. 140
(2012), 581-588.



750 W. Ao, C.-S. Lin, and J. Wei

[16] H. Y. Huang and C. S. Lin, On the entire radial solutions of the Chern-
Simons SU (3) system, Comm. Math. Phys. 327 (2014), no. 3, 815-848.

[17] H. Y. Huang and C. S. Lin, Classification of the entire radial self-dual
solutions to non-abelian Chern-Simons systems, J. Funct. Anal. 266
(2014), no. 12, 6796-6841.

. Hong, Y. Kim, and P. Y. Pac, Multivortex solutions of the Abelian
18] J. H Y. Ki d P. Y. Pac, Multi luti he Abeli
Chern-Simons theory, Phys. Rev. Lett. 64 (1990), 2230-2233.

[19] R. Jackiw and E. J. Weinberg, Self-dual Chern-Simons vortices, Phys.
Rev. Lett. 64 (1990), 2234-2237.

[20] H. Kao and K. Lee, Selfdual SU(3) Chern-Simons-Higgs systems, Phys.
Rev. D 50 (1994), 6626-6635.

[21] K. Lee, Relativistic nonabelian Chern-Simons systems, Phys. Lett. B
225 (1991), 381-384.

[22] K. Lee, Selfdual nonabelian Chern-Simons solitons, Phys. Rev. Lett. 66
(1991), 553-555.

[23] C. S. Lin, J. Wei, and D. Ye, On classification and nondegeneracy of
SU(n+ 1) Toda system with singular sources, Inventiones Mathemati-
cae 190 (2012), no. 1, 169-207.

[24] C. S. Lin and S. Yan, Bubbling solutions for relativistic abelian Chern-
Simons model on a torus, Comm. Math. Phys. 297 (2010), 733-758.

[25] C. S. Lin and S. Yan, Bubbling solutions for the SU(3) Chern-Simons
model on a torus, Comm. Pure Appl. Math. 66 (2013), 991-1027.

[26] A. Malchiodi and D. Ruiz, New improved Moser-Trudinger inequalities
and singular Liouville equations on compact surfaces, Geom. Funct.
Anal. 21-5 (2011), 1196-1217.

[27] A. Malchiodi and D. Ruiz, A variational analysis of the Toda-system on
compact surfaces, Comm. Pure Appl. Math. 66 (2013), no. 3, 332-371.

[28] M. Nolasco and G. Tarantello, Double vortex condensates in the Chern-
Simons-Higgs theory, Calc. Var. Par. Diff. Eqns. 9 (1999), 31-94.

[29] M. Nolasco and G. Tarantello, Vortez condensates for the SU(3) Chern-
Simons theory, Comm. Math. Phys. 213 (2000), 599-639.

[30] J. Prajapat and G. Tarantello, On a class of elliptic problems in R?:
symmetry and uniqueness resluts, Proc. Royal Society Edin. 131A
(2001), 967-985.



[31]

[32]

[33]
[34]
[35]
[36]

[37]

[38]

[39]

Solutions of the Go Chern-Simons system 751

J. Spruck and Y. Yang, Topological solutions in the self-dual Chern-
Simons theory: FEzistence and approximation, Ann. Inst. H. P. 12
(1995), 75-97.

J. Spruck and Y. Yang, The existence of non-topological solitons in the
self-dual Chern-Simons theory, Comm. Math. Phys. 149 (1992), 361—
376.

G. Tarantello, Multiple condensate solutions for the Chern-Simons
Higgs theory, J. Math. Phys. 37 (1996), 3769-3796.

G. Tarantello, Uniqueness of self-dual penodic Chern-Simons vortices
of topological type, Calc. Var. Par. Diff. Eqns. 29 (2007), 191-217.

R. Wang, The existence of Chern-Simons vortices, Comm. Math. Phys.
137 (1991), 587-597.

J. Wei, C. Y Zhao, and F. Zhou, On non-degeneracy of solutions to
SU(3) Toda system, CRAS. 349 (2011), no. 3-4, 185-190.

G. Wang and L. Zhang, Non-topological solutions of the relativistic
SU(3) Chern-Simons Higgs model, Comm. Math. Phys. 202 (1999),
no. 3, 501-515.

Y. Yang, Solitons in field theory and nonlinear analysis, Springer Mono-
graphs in Mathematics, Springer, New York, 2001.

Y. Yang, The relativistic non-Abelian Chern-Simons equations, Comm.
Math. Phys. 186 (1997), 199-218.



752 W. Ao, C.-S. Lin, and J. Wei

SCHOOL OF MATHEMATICS AND STATISTICS7WUHAN UNIVERSITY
WUHAN, 430072, PR CHINA
E-mail address: wwao@whu.edu.cn

TAIDA INSTITUTE OF MATHEMATICS

CENTER FOR ADVANCED STUDY IN THEORETICAL SCIENCE
NATIONAL TAIWAN UNIVERSITY, TAIPEI, TATWAN

E-mail address: cslin@math.ntu.edu.tw

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRITISH COLUMBIA
VANCOUVER, BC V6T 1Z2, CANADA

& DEPARTMENT OF MATHEMATICS, CHINESE UNIVERSITY OF HONG KONG
SHATIN, HONG KONG

E-mail address: jcwei@math.ubc.ca

RECEIVED MARCH 10, 2014




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


