COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 24, Number 3, 605-643, 2016

Second-order equations and local isometric
immersions of pseudo-spherical surfaces

NaBIL KAHOUADJI, NIKY KAMRAN, AND KETI TENENBLAT

We consider the class of differential equations that describe
pseudo-spherical surfaces of the form u; = F(u, Uy, Uzy) and uzs =
F(u,uy). We answer the following question: Given a pseudo-
spherical surface determined by a solution u of such an equation, do
the coefficients of the second fundamental form of the local isomet-
ric immersion in R? depend on a jet of finite order of u? We show
that, except for the sine-Gordon equation, where the coefficients
depend on a jet of order zero, for all other differential equations,
whenever such an immersion exists, the coefficients are universal
functions of x and ¢, independent of w.

1. Introduction

The class of partial differential equations describing pseudo-spherical sur-
faces, which has been defined and studied in depth in a foundational paper
by Chern and Tenenblat [3], contains a large subclass of equations enjoying
remarkable integrability properties, such as the existence of infinite hierar-
chies of conservation laws, Béicklund transformations and associated linear
problems. Recall that a partial differential equation

ou Ou M
(1) A(txua&t&l(?:n’”) "

is said to describe pseudo-spherical surfaces if there exist 1-forms

(2) W' = fude + fiodt, 1<i<3,
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where the coefficients f;;, 1 <17 <3, 1 < j < 2, are smooth functions of ¢, z, u
and finitely many derivatives of u with respect to ¢t and x, such that the
structure equations

(3) do' =W Aw?, dw? =w AW, dw? = Wl A WP

hold if, and only if, u is a solution of (1) for which w! A w? # 0. In other
words, every smooth solution of an equation (1) describing pseudo-spherical
surfaces defines on its domain U C R? a Riemannian metric

(4) ds® = (w')? + (&*)?,

of constant Gaussian curvature equal to —1, with w? being the Levi-Civita
connection 1-form of the metric (4).

One of the most important examples of a partial differential equation
describing pseudo-spherical surfaces is the sine-Gordon equation

9%
(5) otox

= sinu,

for which a choice of 1-forms (2) satisfying the structure equations (3) is
given by

(6) wt = cos g(dl‘ + dt),

(7) w? = sin g(dx —dt),
3 Yo g, Wt

(8) W= dz 5 dt.

It should be noted that this choice of 1-forms is by no means unique. In
particular, we could also have used

1
(9) w! = —sinudt,
n
1
10 w? = ndz + - cosudt,
n
n
11 w3 = uy de,
(

where 7 is a continuous non-vanishing real parameter. This continuous pa-
rameter is closely related to the parameter appearing in the classical Béack-
lund transformation for the sine-Gordon equation and accounts for the exis-
tence of infinitely many conservation laws for the sine-Gordon equation. More
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generally, partial differential equations (1) which describe pseudo-spherical
surfaces and for which one of the components f;; (say f21) can be chosen
to be a continuous parameter will be said to describe 1 pseudo-spherical
surfaces.

In [3], Chern and Tenenblat provided a complete classification of the
evolution equations of the form

(12) u = Fu,ug, . .., 0%u/0z"),

which describe pseudo-spherical surfaces under the assumption that fo; = 7,
where 7 is a real parameter, providing an extensive class of non-linear par-
tial differential equations, in two independent variables, describing pseudo-
spherical surfaces. Rabelo in [10], [11] characterized equations of the form
Ugt = F(u, Uy, . ..,0u/0zF), with fa; =n. The complete classification for
equations of type uyr = F(u,uy) and uy = ey + G(U, Uy, Uzy) Was given
in [12] and [13], respectively.

In general, the importance of the class of differential equations that de-
scribe pseudo-spherical surfaces is due to the fact that such a differential
equation is always the integrability condition of a linear system of differ-
ential equations, which may be used in the inverse scattering method to
solve the differential equation (see for example [1], where the method was
applied to a subclass of equations obtained in [11]). While the assumption
of fo1 =mn is natural in the context of the inverse scattering method, the
problem of classifying the differential equations describing pseudo-spherical
surfaces, without any other assumption, is important in its own right and
was considered by Kamran and Tenenblat in [8], where one can find a com-
plete classification of evolution equations of the form (12) which describe
pseudo-spherical surfaces, as opposed to n pseudo-spherical surfaces. These
results provide a systematic way of verifying if a given differential equa-
tion of this type describes pseudo-spherical surfaces. The results obtained
in [8] were extended by Reyes in [14] to differential equations of the form
g = F(x,t,u, Uy, . ..,0%u/0xF). The concept of a differential equation that
describes pseudo-spherical surfaces was extended by Ding and Tenenblat in
[4] to a system of differential equations that describes constant curvature
surfaces (pseudo-spherical and also spherical), where classification results
for such systems were obtained. More recently, in order to determine new
classes of differential equations that describe pseudo-spherical surfaces, as
a consequence of [8], assuming that fo; and f3; are linear combinations of
fi1, Gomes [6] classified and obtained large new classes of such equations by
considering fifth order equations of type (12).
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We should point out that the classification results mentioned above, con-
tain not only general statements, but also examples of interesting new and
well kown non linear differential equations. Other aspects of the theory of
differential equations which describe pseudo-spherical surfaces and its appli-
cations thereof can be found in [2], [7], [9], 5], [14]-[18].

A classical theorem in the theory of surfaces states that any
pseudo-spherical surface can be locally isometrically immersed into three-
dimensional Euclidean space E3. This result can thus be applied to the
metrics arising from the solutions w of any partial differential equation (1)
describing pseudo-spherical surfaces, thereby associating to any solution u
a local isometric immersion of a metric with constant Gaussian curvature
equal to —1. This theorem is however largely an existence result, which does
not give an explicit expression for the second fundamental form of the lo-
cal isometric immersion. It is therefore a most remarkable property of the
sine-Gordon equation that the second fundamental form of any such immer-
sion can be expressed in closed form as a function of u and finitely many
derivatives. Indeed, let us first recall that the components a, b, ¢ of the second
fundamental form of any local isometric immersion of a metric of constant
curvature equal to —1 into E3 are defined by the 1-forms w?, w3 according to

(13) Wi = aw' +bw?, Wi = bw' + e,
where these forms satisfy the structure equations
(14) dw? = —wi Aw?,  dws = wd AW,

and the Gauss equation

ac—b* = —1.
For the sine-Gordon equation, with the choice of 1-forms w!, w? and w? given
by (6), (7) and (8), it is easily verified that the 1-forms w}, w3 are given by

u u
w} = sin §(d:c + dt) = tan §w1,
u U
ws = —cos —(dx — dt) = — cot —w?.
In general, given a partial differential equation (1) describing pseudo-
spherical surfaces, it is straightforward to derive a set of necessary and suffi-

cient conditions, in terms of the coefficients f;; of the 1-forms (2), for a, b and
¢ to be the components of the second fundamental form of a local isometric
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immersion corresponding to a solution of (1). We write

(15) dw? = (db(er) — da(es))w' Aw? — aw® Aw® +bw' Aw?,

(16) dw3 = (de(er) — db(es))w' Aw® —bw? Aw® + cw! Aw?,
where (eq, e2) is the pair of vector fields dual to the coframe (w!,w?), given

by

fll f21 fll f21
f12 f22 f12 f22

Thus, using the notation Dy and D, for the total derivative operators, we
obtain

e1 = f220; — f2104, e2 = —f120; + f110;.

(17) fiiDia + fo1Dib — fiaDza — fao Db

Jii [z for fs1 |
-2 Ji2 f32 +la—c) foo  [32 =9
(18) f11Dib + forDic — f12Dzb — faaDye
Jii [z for fs1 |
tla=o Ji2 f32 20 foo  f32 =9

where a,b and ¢, which are assumed to depend on ¢, z,u and finitely many
derivatives of u with respect to t and x, satisfy the Gauss equation

(19) ac—b* = —1.

In view of the above discussion, it is is natural to ask the following ques-
tion: Do there exist equations other than the sine-Gordon equation within
the class of partial differential equations describing pseudo-spherical (or n
pseudo-spherical) surfaces, for which the components a,b, c of the second fun-
damental form of the local isometric immersion depend on a jet of finite order
of u, that is on x,t,u and finitely many derivatives of u?

If such equations were to exist, they would have an important geometric
property in common with the sine-Gordon equation. In this paper, we give a
complete answer to the above question in the case of second-order hyperbolic
equations of the form

(20) Ugt = F(uvux)a
and evolution equations of the form

(21) U = F(Uaum Umm)y
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which describe 1 pseudo-spherical surfaces as in [12| and |[3].
We begin with the case of evolution equations (21), for which our main
result is the following:

Theorem 1. FEzcept for second-order evolution equations of the form

Mo —
(22) = f12.u. - f12,uux fi1 77f12’
filu fiiu fiiu

where fi14 # 0 and fi12.4, # 0, there exists no second-order evolution equa-
tion describing n pseudo-spherical surfaces, given as in [3], with the property
that the coefficients of the second fundamental forms of the local isometric im-
mersions of the surfaces associated to the solutions u of the equation depend
on a jet of finite order of u. Moreover, the coefficients of the second funda-
mental forms of the local isometric immersions of the surfaces determined
by the solutions u of (22) are universal, i.e., they are universal functions of
x and t, independent of u.

Theorem 1 suggests that there is no real analogue of the sine-Gordon
equation within the class of second-order evolution equations describing 7
pseudo-spherical surfaces, from the perspective of the local isometric immer-
sions of pseudo-spherical surfaces associated to their solutions. Indeed, even
though the special class of evolution equations (22) has the property that the
components of the second fundamental forms of the immersions associated
to its solutions depend on jets of finite order of u, this dependence is given in
terms of functions of = and ¢ for all choices of solutions u (see Proposition 2).

The results for second-order hyperbolic equations (20) are similar, with
the notable exception that they single out the sine-Gordon equation as the
only equation, up to constants, for which the second fundamental form of the
local isometric immersion is not universal. In order to state these results, we
begin by recalling the classification theorem proved by Rabelo and Tenenblat
[12] for equations (20) describing pseudo-spherical surfaces:

Theorem 2 (Rabelo & Tenenblat [12]). Let F be a differentiable func-
tion defined on an open connected subset U C R%. An equation

Uyt = F(u,uy)
describes an n pseudo-spherical surface for n € P C R, where P is a dense

subset of R and F' independent of n if, and only if, F satisfies one of the
following:



i)

ii)

iii)
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F is independent of u, and F"(u) + aF(u) =0, U = R?, P =R\ {0},
and « is a non-zero real constant.

F = e \/B +yu2, where U={(u,2) € R% B +~z2 > 0},
P =R,6,v,8,v are real constants, with 6,7v,v nonzero, and 5 =10
when v =1; or

F =Xu+ Cug + 7, where U =R?, P =R\ {0}, and \,(,7 are real
constants.

The expressions of functions fi; of the 1-forms w® for each equation of
Theorem 2 are recalled in Section 4 (Lemmas 6-8). We are now ready to
state our main result for the case of second-order hyperbolic equations (20).

Theorem 3. Let F be an equation of the form uy = F(u,uy) that describes
n pseudo-spherical surfaces as in Theorem 2, with the 1-forms as in [12].

1)

If F is independent of u, and satisfies F"(u) + oF (u) = 0, where « is
a positive real constant, then there exists a local isometric immersion
in R3 of the pseudo-spherical surface determined by a solution w, for
which the coefficients of the second fundamental form depend on a jet
of finite order of u if, and only if, they depend on the jet of order zero.

If F = Mu+ Cuy + 7, then there exists a local isometric immersion in
R3 of the pseudo-spherical surface determined by a solution u, for which
the coefficients of the second fundamental form depend on a jet of finite
order of uw if, and only if, X\, & and T do not vanish simultaneously, and
the coefficients are independent of u, that is they are universal functions
of x and t.

For the remaining equations, that is, if F' is independent of u, and
satisfies F"(u) + aF(u) = 0, where « is a negative real constant, F =
Ve‘sux/ﬁ—i—’yu% and F' =0, there is no local isometric immersion of
the pseudo-spherical surface determined by a solution w, for which the
coefficients of the second fundamental form depend on a jet of finite
order of u.

The coefficients of the second fundamental form of the local isometric
immersions stated in Theorem 3 are given explicitly in Section 4 (Propo-
sitions 3 and 5). Theorem 3 shows likewise that when viewed through the
perspective of the local isometric immersions associated to its solutions, the
sine-Gordon equation occupies a special position within the class of hyper-
bolic equations (20) as the unique equation, up to normalization constants,
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for which the coefficients of the second fundamental form of the local iso-
metric immersion of the surface determined by a solution u, depends on a
jet of finite order of u, without being universal, i.e. independent of u.

While Theorems 1 and 3 give a complete answer to the general question
we have raised in this paper in the case of second-order evolution equa-
tions (21) and second-order hyperbolic equations (20), the question still re-
mains open for all the other classes of equations describing pseudo-spherical
surfaces. We believe that it should be possible to extend the proof of The-
orem 1 to the case of k-th order evolution equations with k£ > 3 in order to
obtain a similar result to the effect that all the second-fundamental forms
that depend only on jets of finite order of the solutions of evolution equation
should be universal.

Our paper is organized as follows. In Section 2, we recall the results of
Chern and Tenenblat [3] on the classification of evolution equations describ-
ing pseudo-spherical surfaces and use these to give an analogue of the normal
forms of Theorem 2 for the case of second-order evolution equations (21).
These normal forms are then used as the starting point in Section 3 of the
proof of Theorem 1. Section 4 is devoted to the proof of Theorem 3. The
proofs involve a careful analysis of the possible dependence on higher-order
jets of uw of the solutions of the system of differential constraints (17) and (18)
that must be satisfied by components a, b, ¢ of the second fundamental form,
together with the algebraic constraint given by the Gauss equation (19).

2. The classification of second-order evolution equations
describing 17 pseudo-spherical surfaces

In [3], Chern and Tenenblat obtained necessary and sufficient conditions in
the form of differential equations on the functions f;; for the existence of an
evolution equation of the form

ou I u
(23) a— <u7u1‘7"'78$k>’

which describes 1 pseudo-spherical surfaces, i.e., with fo; =7, where 7 is a
nonzero parameter. They also performed a complete classification of the evo-
lution equations of the form (23) which describe 1 pseudo-spherical surfaces.
They obtained four classes of evolution equations (Theorems 2.2 to 2.5 in [3]).
These four classes of equations are determined algebraically by fi1, f31, foo
and their derivatives, up to some differential constraints. In what follows, we
consider only second-order evolution equations of the form (23) and solve
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the differential constraints that fi1, f31 and foo must satisfy in order for (23)
to describe n pseudo-spherical surfaces. We shall deal with two of the four
classes (Theorems 2.2 and 2.4 in [3|) since the two remaining classes of evo-
lution equations (Theorems 2.3 and 2.5 in [3]) lead to evolution equations of
the first order, when k = 2.

It will be convenient to introduce the following notation for the spatial
derivatives of u (used in [3] and also in [8]),

o' .
Zp = oz 0<e <k,
and to view (z,t, 29, 21, ..., 2k) as local coordinates in an open subset U of

a manifold.

Lemma 1 (Chern & Tenenblat [3]). Consider a second-order evolu-
tion equation of the form zo; = F(zo, 21, 22) which describes an 1 pseudo-
spherical surface with associated forms w' = fidx + fiadt. If fi; are differ-
entiable functions of zo, 21, z2, then

(24) fijze =0,  fi1z = f31,2, = f22,., =0,
(25> f121,z0 + f??l,zo 7& 0.

In order to state the results, we introduce the following notation

(26) H = fi1f11,20 — [31/31,20; L = f11f31,2 — f31/11,205
P= f11,20f31,202’0 - f31,20f11,20207 M = f??l,zo - f121,zo'

Lemma 2. Let f;;, 1<1<3, 1<j <2, be differentiable functions of
20, 21,22 such that (24) and (25) hold and fo1 =1 a nonzero parameter.

Suppose HL # 0. Then zy; = F(z0, 21, 22) describes an 1 pseudo-spherical
surface with associated 1-forms w' = firdx + fiodt, if and only if

F 22,z J22,2020 2
(27) F = ’ z9 F : 23
V1 —a?fiiz, V1 —a?fiiz,

n (7 + fi1 — f31) o2,z L2 .
[ —e?)fu Fanpvl—a?|fuz, 0 ’
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and
(28) f31 =afii £9V1—a?,
f11f22 J22,2
29 = : 21,
(29) f12 :an 1
(30) Fap — (afi1 £nvV1—a?)fa - afa2 .
7 nW1l—a2 "’

where fao., # 0, fi1,2 # 0, and o? < 1.

Proof. 1f k =2, Theorem 2.2 in [3] gives the general expression of second-
order evolution equations zp; = F' which describe 7 pseudo-spherical sur-
faces, namely

1
1 1 L
(31) F = z EO Zi—l—lei + ﬁ <_21’I’] + f??l - f121> ZlAO
1=
B fo2
— (M L e
+HL(Z1 +nL)+ 2z "’
where

1
B = fo,n, A= E(—Z1P +nM)B,, + fa., H,

where the functions fio and f3o are given by

1 A
f12 = f11f22 + E <f11 z1 + f31,ZoB> )

(32) f3177f22 1 fs?AO
f32 = + 5 <— 21+ fll,ng> ;

and where (2.12) in [3] gives two differential equations that the functions
fi1, fa1 and fos must satisfy. When k& = 2, these equations reduce to

L L/ A° M B
33 = — 2= A+ B —(LP+M?*» =0
(33) nf22,z0 p (21H>ZD+ + ZO+H2( + M*) =0,

L L A M
4 —fo2n —— a7 & B = 0.
(3 ) nf227 1 77 <21H>Z1+ H 1 O

If L # 0, then the differential equation (34) leads to P fa2 ., = 0. The
vanishing of fos ., contradicts the fact that F' is a second order evolution
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equation. We conclude then that

(35) f22,z0 ?’é O, P =0.

Differentiating (33) with respect to z; leads to —L(M/HL),, + M?/L* =0
and hence, the differential equation (33) leads to

(36) M = —7[7/22.

The vanishing of P implies that

(37) fa1 =afi1+pB, where a, €R.
We have then

(38) L=—Bfi1z, H=I[1-a%)fi1—ablfi1z

The non-vanishing of L implies that § # 0 and fi1,., # 0. Substituting (37)
in (36) and in the expression of M as in (26) leads to

(39) B> =n*(1-a?).

The non-vanishing of § and 7, and the latter equation imply that « € (—1,1).
Finally, substituting § = +nv/1 — @2, P = 0 and (37) in the expressions (31)
and (32) leads to expressions (27), (28), (29), and (30). O

If HL = 0, then there are three classes of evolution equations to consider,
which are given in Theorems 2.3-2.5 in [3]. However, F' is of second order
only when H = L =0, as in Theorem 2.4 in [3].

Lemma 3. Let fi;, 1<1<3, 1<j <2, be differentiable functions of
20, 21, 22 such that (24) and (25) hold and fo1 =mn a nonzero parameter.
Suppose f31 = £f11 #0. Then zo; = F(z0,21,22) describes an 1 pseudo-
spherical surface with associated 1-forms w® = firdx + fidt, if and only if
faa = A, where X is constant, fzo = +f12, and

Ao —
(40) o f12,2 - f12,2 - fi 77f12.
fi1,2 fi1,2 fi1,2

Proof. Immediate when k& = 2 in Theorem 2.4 in [3]. O
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3. Proof of Theorem 1

Lemma 4. Let uy = F(u,uy, uzy) be a second-order evolution equation de-
seribing 1 pseudo-spherical surfaces as in Lemma 2 or in Lemma 3. If there
exists a local isometric immersion of a surface determined by a solution u
for which the coefficients of the second fundamental form (13) depend on a
jet of finite order of u, i.e., a,b and ¢ depend on x,t,u,..., 8éu/5:z£, where £
18 finite, then a,b and c are universal, i.e., a,b and ¢ depend only on x and t.

Proof. Assume a,b and ¢ depend on a jet of finite order, i.e., they depend

on z,t,z2p,... and zp, where ¢ is fixed. Then (17) becomes
(41) Jirae +nbe — fioaz — faabs
= 2b(fi1fs2 — farfi2) + (a — c)(nfs2 — fazf31)
¢ ¢
= (fr2az, + fazbz)zis1 + Z (fiaz, +nbz,)zie =0,
=0 =0

and (18) becomes

(42) J11be +ney — fr2be — foacs
+ (a —¢)(fi1fs2 — fiaf31) +20(nfz2 — fazf31)
¢ ¢
— Z(lebzi + fa2c.)zig1 + Z(fnba +mez,)zie = 0.
=0 =0

Since fa2,., # 0 and fi1,, # 0 for evolution equations (27), and fi1 ., # 0
and fi2 ., # 0 for evolution equations (40), differentiating (41) and (42) with
respect to zp49 leads to fi1a, +nb., = fi1b., + nc., = 0, and hence

2
f11 i1

(43) b, = —Taze, and ¢, = ?aze

Differentiating the Gauss equation (19) with respect to z; leads to ca,, +
acy, — 2bb,, = 0, and substituting (43) in the latter leads to

(44) [c—l— (T) +2f:71 ] a., = 0.

If ¢+ (f“) a—+ 2f“ b =0 on an open set, then substituting the expres-
sion of ¢ in the Gauss equatlon —ac +b% =1 leads to (fi1a/n+b)?> =1, so
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that
2
b:il—&a, and c—(fll> a:FQE.
n n n
We have then

Dib=—1"Da—p R
n n

2

2

Dic = <fll> Dya + <f”aﬂF 1) fi1,zF,
n n\n

f11 a
Dxb — _7D:ca - ;fll,zozlm

n
2
2
Dyc = <f11> D,a+ — (flla F 1) fi1,2021,
n n\n

and hence

(45) f11Dia +nDib = —afi1,,F),

(46) f11Db+nDe = (“);171@ F 2> fi1,2 F,

(47) fi2Dga + foa Db = —Anqua - a{722f11,z021,
(48) f12Dzb+ faoDye = f;lAnqua + Anfafn,zozl

+ Sz <f11a ¥ 2> fi1,2021-
n n

where Ao = f11fa2 — nfi2. Substituting the latter four equalities in (17) lead
to

A a
—afiF + #Dxa + J;22f11,zoz1

- 2b(f11f32 - f31f12) + (a - C)(T]f32 - f31f22) = 07

which is equivalent to

V4
AND afoo
(49) —afi1F + T Z Az, Zit1 + {]fu,zozl

=0

—2b(f11f32 — farf12) + (@ — c)(nf32 — f31f22) = 0.
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Substituting the four equalities (45)—(48) into (18) lead to

A A
<f11a F 2> J11,20F — fu by Dya — ;2 afi1,z,21 — Jo2 (flla F 2) fi1,2021
n non n n n
+ (a — ) (fi1faz — fa1 f12) + 2b(nfs2 — f31fa2) =0,

which is equivalent to

)4
A
(50) (flla + 2) fll,zOF - @ﬁ Z Az, Zi4+1
" o 1=0

- A%Qafn,zozl _I= <flla F 2) J11,2021
n n n
+ (a — ) (fi1faz — fa1fi2) + 2b(nfs2 — f31fa2) = 0.

o If ¢ >2, then differentiating (49) with respect to zpy; leads to
Ajsa,, = 0. Thus a,, = 0 and also b,, = c,, = 0.

o If / =1, then differentiating (49) and (50) with respect to z3 lead to

A
_afll,zonQ + 712

A
<f“a T 2) fi1,20Fey — ﬁiazl —0.
n non

a =0,

The latter system leads to f11,F%, = 0, which runs into a contradic-
tion.

o If / =0, then differentiating (49) and (50) with respect to z3 lead to

_af117Z0FZ2 = 07
(j;171a + 2) fll,z0F22 =0.

The latter system leads to f11,F%, = 0, which runs into a contradic-
tion.

Therefore, for all ¢, (17), (18) and the Gauss equation is an inconsistent
system.
Ifc+ (%)Qa + Q%b # 0, then a,, = 0, and hence b,, = ¢,, = 0, and suc-
cessive differentiation leads to a,, = b,, =c,, =0foralli =0,...,¢.
Finally, if the functions a,b and ¢ depend on a jet of finite order, then
they are universal, i.e., they are functions of x and ¢ only. O
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Proposition 1. For the second-order evolution equations which describe n
pseudo-spherical surfaces as in Lemma 2, there is no local isometric tmmer-
sion in R of a pseudo-spherical surface determined by a solution u, for which
the coefficients a, b, ¢ of the second fundamental form depend on a jet of finite
order of u.

Proof. Let a, b, and ¢ be coefficients of the second fundamental form satisfy-
ing the Gauss equation ac — b*> = —1. By Lemma 4, if a,b and ¢ depend on
a jet of finite order, then a,b and ¢ depend only on = and ¢. From (28)—(30),
we have

(51) J11f32 = fi2f31 = f22,2,21,

afo
52 — =F——2 7
(52) nfs2 — fa2f31 :Fm 1

Taking into account the expressions (51), (52) and (29), equations (17)
and (18) become

f11f22 f22,- >
53 at +nby — 22 |ay
(53) fiias + nby ( o $nm 1

Oéf22 z
— faoby — 2bf22 5,2 a—c)——27z =0,
fa2 f22,2021 F ( )m 1
(54) f11b +ney — <f11f22 F » f’iizfoag Zl)bx
— faacy + (a — ¢) fa2,2y21 F 2b OS2,z 0.

22z
vV1—a2 !

Differentiating (53) and (54) with respect to z; and the fact that fas ., # 0

lead to

az \ _ [ £nv1l—a? an 2b

be ) an V1 — a2 a—c )’
The determinant of the 2 x 2 matrix appearing in the above equation is
non-zero, therefore, a, and b, can not vanish simultaneously. Otherwise,

a — ¢ = b =0, and this contradicts the Gauss equation. (53) and (54) become
then

(55) nfiiae + 17 — fi1f2200 — 0 fazbe = 0,
(56) nfi1be + nce — fi1faabe — nfaace = 0.
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Differentiating (55) and (56) with respect to zp, and dividing by 7f11 2,
lead to

(f11f22)z0a f22.2, by,
77f11,zo f11 20
(fi1f22)- f22.2
by = ®by + e
! 77f11 20 fi \%0

(57) ay =

(58)

Observe that lflf 2):0 and ;f"‘ =0 cannot both be constant. Otherwise, fa3 ., =

11,2q

0 which is a contradiction. leferentlatlng (57) and (58) with respect to zg
leads to
((f11f22)20> 6y + <f22,z0> by = 0,
N1z /5 J1120/ 5

(f11f22)z0> <f22,z0> B
( 111,z Zobw—i_ J11,2 ZocxfO.

We conclude that

(59) ayCy — b2

xT

=0.

Subtracting (58) multiplied by a, from (57) multiplied by b,, it follows
from (59) that

(60) axbt - atbx =0.

From (55), we have fi1(na; — fozaz) + 1n%bs — 1 fa2be = 0. Note that (na; —
fa2a,) # 0. Otherwise, since fao ,, # 0, we have a, = a; =0 and hence it
follows from (59) that b, = 0, which runs into a contradiction. Therefore,

n(nb; — fa2bz)
na; — fa2ay

(61) fin=

Differentiating (61) with respect to zp and taking into account (60) lead to
fi1,2, = 0, which is a contradiction. O

Proposition 2. Let uy = F(u, Uy, uyz:) be a second-order evolution equation
which describes 1 pseudo-spherical surfaces, as in Lemma 3. There exists a
local isometric immersion in R of a pseudo-spherical surface, determined
by a solution w, for which the coefficients of the second fundamental form
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(13) depend on a jet of finite order of w if, and only if, the coefficients are
universal and are given by

(62) a= \/le:tQ(nw-‘r)\t) — 2eFAMT ) _

(63) h—= 7612(7]&34’/\@7
,y2ei4(na:+)\t) -1

(64) c= ,
\/leiZ(ner)\t) — 2eFAmE+A) _

I,y €R, 1 >0 and I?> > 4v%. The 1-forms are defined on a strip of R where

| —IE—4y? L+ 12— 4y?
(65)  logy/—Y TV o4 e

277 (nz + AMt) < log 572

Moreover, the constants I and v have to be chosen so that the strip intersects
the domain of the solution of the evolution equation.

Proof. As for the previous proposition, if a,b and ¢ depend on a jet of finite
order, it follows from Lemma 4 that a,b and ¢ depend only on x and t.
We assume also that fi2., # 0, otherwise, the evolution equation is not of
second-order. Equations (17) and (18) become

(66) Jiiag +nby — froaz — Aoy = (nf12 — AMf11)(a —¢) =0,
(67) f11be + ne — fi2by — Aex £ (nf12 — Af11)2b = 0.

Differentiating (66) and (67) with respect to z;, and the fact that fi2., # 0
lead to

(68) az Fnla—c) =0,
(69) by F 20b = 0.

Taking into account (68) and (69) and differentiating (66) and (67) with
respect to zg leads to

(70) a; FMa—c¢) =0,
(71) by T 2Mb = 0,

and hence, (66) and (67) become

(72) nby — \b, = 0,
(73> nce — )\C$ =0.
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Note that (69) and (71) imply (72), and (68) and (70) imply
(74) nay — Aag, =0,

and hence imply (73). From (69) and (71), we conclude that
(75) b= ef2 M) o e R,

Note that a # 0. Otherwise, if a = 0, then (68) implies that ¢ = 0 and
the Gauss equation leads to b = +1 which contradicts (69). Therefore, from
the Gauss equation we have ¢ = (b — 1)a~!. Then, in view of (75), equa-
tions (68) and (70) reduce to

aay F n(aQ o ,y2e:|:4(nz+>\t) + 1) =0,
aa; F )\(a2 — 72ei4("z+>‘t) +1)=0.

The latter system leads then to

a = \/le:l:2(na:+>\t) _ 726:|:4(77x+/\t) —1, leR,

which is defined wherever [eF2(17+A) _ 22p+4(nz+M) _ 1 ~ (0. Hence [ > 0

and

| VP sy _ 1+ /PR

272 272 ’
i.e., a is defined on the strip described by (65). Now, from either (68) or (70),
we obtain
,y2€:|:4(7]a;+)\t) -1
‘= V1eE20mat M) — n2eEd(natAt) — 1

A straightforward computation shows that the converse holds. Finally, we
observe that given a solution of the evolution equation, in order to have an
immersion, one has to choose the constants [ and ~, such that the strip (65)
intersects the domain of the solution in R2. O

4. Proof of Theorem 3

We begin by introducing some notations. Given a differentiable function
u(x,t), we denote its partial derivatives by

J'u O'u

(70) W ou T

where 29 = wg = u.
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We have therefore

aiflurt 81‘71“3:1&
o1 Wir T TaaTt o

Zix = Rit+l, Zit = Wit = Wit1,

and the total derivatives of a differentiable function ¢ = p(z,t, 2o, 21,
w1, ..., 2, wy) are given by

4 4
(77) Dy = @z + Z Pz Zit1 T Z Pw, Wi,z
1=0 =1
14 4
(78) Dy = @1 + Z Pz Zit T Z Pw; Wi+1-
i=1 =0

We also introduce the notation
(79) Ay = firfj2 — firfio-
Observe that
(80) A #0, A2+ A3 #0.

In fact, A1g # 0 is equivalent to w! A w? # 0. Moreover, w! A w? = Ajzdx A
dt and w? A w3 = Agsdx A dt. If A1z = Aoz = 0, then it follows from (3) that
dw' = dw? = 0. Therefore, w3(e1) = w3(e2) = 0 and hence w? = 0 that is in
contradiction with dw? = w! A w?.

The classification theorem of Rabelo and Tenenblat (see Theorem 2)
for hyperbolic equations describing 1 pseudo-spherical surfaces makes use
of a number of lemmas. Its proof also provides the coefficients f;; of the
1-forms (2) for each equation of Theorem 2. We will need the lemmas and
these coefficients for the proof of Theorem 3. We therefore recall them from
[12] without proof. However, the reader can easily check, in each case stated
in Lemmas 6-8, that the structure equations (3) hold if, and only if, the
corresponding hyperbolic equation holds.

Lemma 5. [12] Let uy = F(u,uy) be a differential equation describing
n pseudo-spherical surfaces, with associated one-forms w; = fidx + fiodt,
where fij and F' are real differentiable (C*°) functions on a open connected
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set U C R2. Then

fiiu = f310 =0,
f12,um = fgg?um = f327um =0,
2 9 .
T, + 510, 70, in U.

Lemma 6. [12] The coefficients f;; of the 1-forms (2) for the equation
(81) ugr = F(u), where F"(u)+ aF(u) =0, acR\ {0}

are given by

for fa2 n (nF' + aQF)/(Q*a + n?)

) ( Jii o fi2 ) ( —a(Bz1 — AQ)  Aa(QF' —nF)/(Q*a+n?) )
82 = ,
f31 f32 —a(Az1 — BQ) Ba(QF' —nF)/(Q*a+n?)

where 21 = uy, A, B,Q € R are such that o =1/(A? — B?), A2 -~ B2 #£0
and Q*a+n% # 0 andn € R\ {0}. In particular, if B =0 and hence A # 0,
one has a = 1/A% > 0 and

Jiu fi2 aAQ  aAQF —nF)/(Q%a+n?)

(83) fa fao | = U (nF" + QaF)/(Q*a+n?) |.
f31 [a2 —aAz 0

Lemma 7. [12] The coefficients f;; of the 1-forms (2) for the equation

(84)

g = ve®\/B + yu2,  where 6,y,v € R\ {0} and [ =0, wheny=1,

are given as follows:

a) If v # 1, then
Jii o fi2 nAS — (Bzy F AVA)S? /(v — 1) +£Adved?
(85) f21 f22 = n :I:l/eéz" ,
far f32 nBS§ — (A2 F BVA)§?/(y —1) +Bdved=

where 29 = u, 21 = Uz, A =B +v27 >0, A2—B?=(y—1)/6% andn € R\
{0}
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b) If v =1,
fir o fiz (& +6%4)z +ndA  £Asveds
(86) far foo | = n +pedzo ,
far fs2 $(—5 +6%A)z £ndA  Adved

where A,n € R\ {0}.
Lemma 8. [12] The coefficients f;; of the 1-forms (2) for the equation
(87) Uzt = AU+ é.um + T, )\7 &.a TER

are given as follows:
a) If A\ =& =71=0, then

fir fiz 21 0
(88) far fa2 | =1 n e* |,
a1 [f32 n e®

where zg = u, 21 = uy and n # 0.
b) If X\ £ 0, then

fir fi2 0Tz /N Tz +7T/A
(89) far fao | = n NnFE
fa1 f32 nTz1 /N Tz 7T/

where T, n € R\ {0}.
c) If\=0 and 2 + 72 # 0, then

fir fi2 fdzl/F(Zl) 1/n
(90) for fa2 | = n 0
f31 f32 Jdz1/F(z1) 1/n

where n € R\ {0}.

Having recalled these results from [12|, we are now ready to proceed
with the proof of Theorem 3. The proof consists of a number of technical
lemmas and propositions, in which we analyze the existence of solutions for
the system of equations (17), (18) and (19) that depend on w and finitely
many derivatives, for each of the classes of hyperbolic equations obtained by
Rabelo and Tenenblat in Theorem 2.
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With the notation introduced in (79), equations (17) and (18) are written
as

(91) fiiDia +nDib — fiaDya — foo Db — 2013 + (a — C)Agg =0,
(92) fllDtb + 77DtC — flngb — f22D$C + (a — C)Alg + 2bA23 = 0.

Lemma 9. Consider an equation wuz = F(u,u,) describing n pseudo-
spherical surfaces, with 1-forms w' as in (2) where the functions fi; are given
by (82)-(90). Assume there is a local isometric immersion of any pseudo-
spherical surface, determined by a solution u(x,t), for which the coefficients
a, b, ¢ of the forms w} and w3 depend on a jet of finite order of u. Then

i) a # 0 on any open set.
ii) ¢=0 on an open set U if, and only if, f11 =0 on U, i.e., F satisfies
(81) and f;; are given by (83) with Q = 0. In this case, a = 1/A? > 0,

2 F

(93) az:l:A—aF, b==+1, and c¢=0.

Proof. If there is a local isometric immersion of the pseudo-spherical surface,
then (91), (92) and (19) must be satisfied by a, b and c.

i) Assume a =0 on an open set, then it follows from (19) that b+ 1.
Substituting into (91) and (92) leads to
(94) :F2A13 — CA23 = 0,
(95) nDtC — ngDmC — CA13 + 2A23 =0.
It follows from (94) and (80) that Ags # 0 and ¢ = F2A13/Ags. Since Aj3

and Aoz depend only on zy and z1, we conclude that ¢ depends only on zg
and z; and (95) reduces to

(96) n(CZlF + czowl) — fQQ(CZOZl + CZIZQ) — cA13 £ 2A93 = 0.

Taking the derivative of this equation with respect to zo and w; implies
that faac,, = 0 and c,, = 0. If fag # 0 then c is constant and (96) reduces to
—CA13 + 2A23 =0 i.e., we have

(5 =2)(3)-(0):

Since the determinant is nonzero, it implies that A3 = Asg = 0 which con-
tradicts (80). If fop =0 on an open set, then the functions f;; are given



Pseudo-spherical surfaces 627

by (90) and hence Aj3 =0 and Ags =1. Then (94) implies that ¢ =0
and (95) gives a contradiction. This concludes the proof of i).

ii) Observe that except for the functions f;; given by (83) with @ =0,
f11 does not vanish on an open set. We will first show that if fi; =0 on an
open set i.e, F' satisfies (81) and f;; are given by (83) and @ = 0, then ¢ = 0.
In fact, for such f;;s we have A3 = —A%2a%F(u)21/n, Agg = AaF’ (u)z1/n,
a=1/A%>0and A # 0. Hence (91) and (92) reduce to

NDb — fraDya — faaDyb — 2bA13 + (a — ¢)Ag3 =0,
nDic — fiaDyb — faoDyc+ (a — ¢) A1z + 2bAg3 = 0,

where f13 = —aAF/n and foo = F'/n. Assume ¢ # 0, then it follows from
(19) that a = (b — 1)/c. Assume that a,b and ¢ depend on a jet of order £ of
u. For £ > 1, taking derivatives of both equations with respect to w1 implies
that b,,, = ¢y, = 0 and hence a,,, = 0. Successive differentiation with respect

to wg,...,wy imply that a, b and ¢ do not depend on wy,. .. ,wy. Successive
differentiation with respect to zp11, ..., 2o imply that a, b and ¢ do not
depend on zy,..., z1. Hence, a, b and ¢ depend only on = and t. Therefore,

the above system of equations reduce to

AF F’ 2A%2F AF'
nbt+a az——bz—l—%a zl—l—(a—c)a 21 =0,
n n n
aAF F’ a?A%F aAF’

z1 +2b

neg + ——by — —cp + (a—c) z1 = 0.
n n

Taking the derivative with respect to z; we get

2b a-c aAF 0
o) 2 ) ()= ()
Since «AF and F’ are not zero we get a — ¢ = +2b and the derivative with
respect to zp of any equation of (97) reduces to b(AF' F F) =0 as a con-
sequence of (81). If b =0 then Gauss equation (19) reduces to a? = —1. If

F = + AF' then the derivative with respect to zy implies that a4? = —1. In
both cases we get a contradiction. Therefore, ¢ = 0.

Conversely, assume ¢ =0 on an open set, then (19) implies b= +1
and (91) and (92) reduce to

(98) J11Dia — fioDga F 2A13 + alo3 = 0,
(99) aA13 + 2A23 = 0.
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It follows from (99) and (80) that Az # 0 and a = F2A93/Aq3. Since Ajs
and Aog depend only on zy and z1, we conclude that a depends only on zg
and z; and (98) reduces to

(100) fn(ale + azowl) — flg(CLZOZl + CL21Z2) F 2A13 + aly3 = 0.
Differentiation with respect to wy and z9 implies

(101) fiiaz, = fiza,, = 0.

Since A1s # 0, we observe that fi; and fis cannot vanish simultaneously.
If both f1; # 0 and f12 # 0 then from (101) we conclude that a is con-
stant and (100) reduces to F2A13 + alAy3 = 0. This equation with (99) im-
plies that A3 = Agz = 0 which contradicts (80).
If fi2 =0 on an open set, then f;; are given by (82) with A =0, B #0
or (85) with A =0, B # 0 or (88). Since fi1 # 0, it follows from (101) that
az, = 0 and (100) reduces to

(102) fi1a., F F2A13 + algz = 0.
If fi; are given by (82) with A =0, B # 0, then

a(QF' —nF

Aqis =
13 Q2Oé+7]2

21, Aoz = —BalF, Gy 2] = —a.
Substituting into (102) and differentiating twice with respect to z; runs into
a contradiction. If f;; are given by (85) with A =0, B # 0, then

Az = :FByézzle‘sZO, Ags = +v821€%%, a= :I:Bié.
Therefore, (102) reduces to F2A13 + alAgz =0 which is in contradiction
with (99). Finally if f;; are given by (88), then As3 = 0, hence it follows
from (80) and (99) that a = 0 which is a contradiction.

We conclude that if ¢ = 0 on an open set, then f1; = 0 i.e., f;; are given
by (83) with @ = 0. Therefore A3 = —A2a?F(u)21/n, Aoy = AaF'(u)z1/n
and hence (99) implies that a = +2F’/(AaF'). Moreover, (100) is an identity
since A%av = 1. This concludes the proof of Lemma 9. 0

Consider an equation uy; = F(u,u,) describing n pseudo-spherical sur-
faces given by Lemmas 6-8. The existence of a local isometric immersion in
R3 of any pseudo-spherical surface, determined by a solution u, for which



Pseudo-spherical surfaces 629

the coefficients a, b and ¢ depend on =z, t, zg, 21, w1, . . ., z¢, Wy, 18 equivalent to
requiring that (91), (92) and (19) must be satisfied. Substituting the expres-
sions of the total derivatives with respect to x and ¢ given by (77) and (78),
we rewrite (91) and (92) as

¢
(103) Fras + b+ (f110w, + nbuw, Wit
i=0
aifl
+; friaz, +nbz) 5o — (fi20a + farbe)
0 ¢ .
O F
- ZZ_;(fmazi + f22bz,)zit1 — ;(fuaw + f2zbw,-)W
— 2bAq3 + (a — C)A23 =0,
and
¢
(104) fiabe + nee + > (Fiabuw, + ncw, wis
i=0
‘ gi-'F
+ ;(fllb + ne-, )W — (f12bz + fozcs)
¢ 0 -
o1
:0(f12bzi + fo2¢z,)zit1 — ;(fmbwi + f22cwi)W

7
+ (a — ¢)Ay3 + 2bAg3 = 0.
Differentiating (103) and (104) with respect to we; leads to
(105) flla’UJ[, + nbU)e = O fllb’wg + nc’u)@ — 0

Differentiation of the Gauss equation (19) with respect to wy gives cay, +
acy, — 2bby, = 0. Taking into account (105) in the latter, we obtain

2
(106) [c+ <f“) a+ 2f”b] A, = 0.
U "

The following two lemmas will consider the cases in which the expression
between brackets in (106) vanishes or not on an open set.
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Lemma 10. Consider an equation uy = F(u,uy) describing n pseudo-
spherical surfaces, with I1-forms w® as in (2) where the functions fij are
given by (82)-(90). Assume there is a local isometric immersion of a pseudo-
spherical surface determined by a solution u(x,t), for which the coefficients
a, b, ¢ of the second fundamental form depend on a jet of finite order of u.

If

2
(107) ¢+ <fll> at2y g
n n
on a non empty open set, then

i) For equation (81) with fi; as in (83) a, b and c are given by

B 2n nF’
o=+ g (aF + )

1 F’
(108) b= :FW <277QF + Q% — 772> ,

2QAx F’
g (95 7)

where o = 1/A?. In particular when Q =0, a,b, c are given by (93).

ii) For all equations, except those considered in i), equations (91), (92)
and (19) form an inconsistent system.

Proof. If (107) holds then substituting c into the Gauss equation (19) leads
to (fiia/n +b)? =1, and hence

2
(109) b=+41-— ECL and c¢= <fll> a$2@.
n n n

Therefore,

fi1Dia +nDib = —afi1z, F,

A
leDfEa + f22Dg3b - _#Dwa — af22nf11’21Z2’
fuDib +nDie = afllnfan F2f11,., F,
A A1oa )
J12D2b + fa2Dyc = f11772 2Doa+ 127511’2;:2

a
N f22f1;f11,z1 - 2f22,];11,z1 .
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Equation (91) becomes

A a
(110) e F 7712 Dyat foa fi1,2, o T 2A s
2
+ QECLAlg + |:1 - <f11> :|aA23 + 2EA23 =0
n n n
and (92) becomes
A
(111) afnfn’le$2f11,le— f11212Dxa
n n
Ar2afi1,z, afafi1fi1,z foafi1,2
_ 772 29 — 5 z292 + 2777 Z9

fir)” fi1 J11 B

+ 1—(— (IA13 + 27A13 + 2A23 - 27&A23 = 0.
n n n

If ¢ > 2, then differentiating (110) with respect to zy41 leads to a;, = 0.

Successive differentiation with respect to zy,...,z3 leads to a,, =a,,_, =

<--=ay = 0. If £>1, then differentiating (110) and (111) with respect to
79 leads to

Ar2a,, +afanfiiz =0,
—fr1li2a;, — Arpafiiz, — afoafiifitz, £2nfefirz, =0,

which is equivalent to

(112) Aizaz, + afaofii,z, =0,
(113) (Ar2a F 21 f22) f11,2, = 0.

i) For equation (81) with f;; given by (83) we have fi1,,, = 0. Hence
(113) is trivially satisfied and (112) implies that a,, = 0. Moreover, (110)
and (111) reduce to

2
(114) @Dra +2 (flla T 1) Aqs + K - fl;) a+ 2f“] Aos,
7 7 7 7

AN f121 fi1 fi1

- ]_ - €T - T e - e .

(115) Jii—5D a—l—[( 5 |a+t2 Az — 2 aT 1| Ao
n n n n
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Adding equation (114) multiplied by fi1/n with (115) and cancelling a
nonzero factor, we get

a3 — (fl?;a F 2> Aoz = 0.

Since A13 — f11A23/77 = f31A12/’I7, we conclude that a = :F2A2377/(f31A12).
For the functions f;; as in (83) we have f3; = —aAz; # 0 and

aA(nF" 4+ aQF)
Q2O[ + ,,72

_ a(QF" —nF)

Aip = aAF, A3 = Q2oz T 772 21, Aoz =

Z1.

Therefore, we conclude that a is given by

2n F' Q
=F+——— [nAd—=+ 2.
¢ a@Q? 4+ n? (77 F * A)

A straightforward computation shows that substituting the expressions of a,
Dya = a2, fi1 = «AQ and using the fact that aA? = 1 equation (114) is
trivially satisfied. It follows from (109) that b and ¢ are given as in (108).
Observe that when @ = 0 then (108) reduces to (93).

ii) For all equations except those considered in i) we have fi; ., # 0.

If £ =0, then differentiating (110) and (111) with respect to z2 leads
to afoafii,,, =0 and to Avsafiiz, + afofiifitz F20ffi1,., = 0. From
Lemma 9 a # 0, hence fafi11,., =0 and Aafi1., = 0. This implies that
f11,2, = 0 which is a contradiction. Therefore, £ > 1.

If fop =0, which is the case for equation (87) with f;; given by (90),
then (112) and (113) leads to a = 0 which contradicts Lemma 9. Thus, (91),
(92), and the Gauss equation form an inconsistent system.

If foo # 0, (which is the case for all equations except (87) with A\ =
0, €2+ 72 #0) then dividing (113) by fi1., leads to Ajsa F 2nf =0,
and differentiating the latter with respect to 2z gives Ajsa,, + a2, =0,
where from (79) we have A2 ., = fo2 fi1,2,. Therefore, (112) is a consequence
of (113). From (113), we have

f22
116 a =422
(116) AL
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which means that a,, = a, = a; =0, i.e., a is a function of zg and z; only.
Equations (110) and (111) become

JAND
—afi1., F + p azoz1 F2A3

2
+ QE(IAlg + |:1 - ({%}1) :|(1A23 + 2f11 Aoz =0,

2
2fll le fll 77 azozl + |:1 - <f11> :|CLA13

Ui
+ QEAB + 2A23 - QE(J,A% = 0,
n n

afuifii F
n

which are equivalent to

A
(117) afll’le — %CLZOZI — f7171aA13 + 2A13 — aA23

A
f11 ( f31£ + 2A23>
n n

and

A
#azozl — &aAlg + 2A13 — CLA23:|
n

(118) £2fn . F = f;l [afn,le
A
+ af31$ + 2A23.

Substituting (117) in (118), we obtain
1 2 A1
+ <1+f121><f 1:FA23>
Ji1,2, n

Fh+n’)fs
77f11 2

F =

which simplifies to
(119) F=

Observe that we are considering fao # 0 and f11,,, # 0. A straightforward
computation shows that (119) leads to a contradiction for equation (81) with
fij as in (82) with B # 0 and equations (84), (87) with f;; given as in (85)
(90). This concludes the proof of Lemma 10. 0
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Lemma 11. Consider an equation uy = F(u,uy) describing n pseudo-
spherical surfaces, with I1-forms w® as in (2) where the functions fij are
given by (82)-(90). Assume there is a local isometric immersion of a pseudo-
spherical surface, determined by a solution u(x,t), for which the coefficients
a, b, ¢ of the second fundamental form depend on a jet of finite order of u.

If
(120) ("2171) a+ 2@17 £0,

holds then a, b and c are functions of x and t, and thus universal.

Proof. If (120) holds then, it follows from Lemma 9 that ¢ # 0 and f1; # 0.
Moreover, from (106) we get a,, = 0 and hence (105) implies that b,, =
cw, = 0.

If £ =0, then a,b, and ¢ are functions of x and ¢, and thus universal. If
¢ > 1, then consecutive differentiation of (103), (104) and (19) with respect to
wy, ... wy lead to ay, = by, = ¢y, =0 for i =0,..., ¢ In particular, a, b and
¢ do not depend on zy. Therefore, a, b, and ¢ are functions of z,t, z1, ..., 2.
Differentiating (103) and (104) with respect to zp41 leads to

(121) fioaz, + foob,, =0 and  figb,, + fooc,, = 0.

Differentiation of the Gauss equation (19) with respect to z; gives

(122) ca, + acy, — 2bb,, = 0.

If foo =0, which is the case for equation (87) with f;; as in (90), since
fi2 # 0, (121) implies that a,, = b,, = 0, and (122) leads to ac,, = 0. From
Lemma (9) we have a # 0, hence ¢;, = 0. Successive differentiation of (103),
(104) and (19) with respect to zy,..., 22 leads to a,, = b,, =0, and hence
c,, =0 fori=1,...,¢ Therefore, a,b, and c are functions of x and ¢.

If fao # 0, then (121) leads to

(123) bzgz—fcmazk and ¢, = f—lzzazy
22 29

Substituting these expressions into (122) we get

J12 f12 B
(124) [c—k <sz> a+ 2f22b] as, = 0.
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If

f12 2 f12
(125) c+ <fm> at 2240,

then a,, =0 and (123) implies that b,, = ¢,, = 0. Consecutive differentia-
tions of (103) and (104) with respect to zy, ..., 22 lead to a,, =b,, =c,, =0

fori=1,...,¢, and hence, a,b and ¢ are functions of x and ¢ only.
If
2
(126) ¢+ (f”> o422 —
J22 J22

on a non empty open set, then Lemma 9 and (120) imply that ¢ # 0 and
hence fi2 # 0. It follows from (126) and (19) that

Lt (feY
(127) b-:i:l—f22a and C_(f22> a:|22f22.

Therefore,

A
f11Dia +nDib = “EDia— TICL(m) wy,
20

fo2 f22
f12Dgza + fao Dyb = —afao <f12> 21,
f22 ) .
2
f11Dib 4+ nDyc = < 77flza — fmaF 277) <f12> wy — f—EQAltha,
f22 f22) . 22
f12D2b + faa Dyc = (afia2 F 2f22) <22> 21.

Therefore, equation (91) becomes

A
iDta — na(fu> w1 + afoo (le) 21 —2bA13 + (a — ¢)Ag3 =0
22 f22) . f22) .

and (92) becomes

nday (0
f22

fo2 fao
+ (CL — C)Alg + 2bAs3 = 0.

a— fiaF 27]) wy — (afi2 F 2f22)21} <f12>
f22 ) .
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Differentiating the first equation with respect to w; leads to na(%) 2 = 0.
f12

Since na # 0 we have (E) 2, = 0 and the equations reduce to

A

(128) letha — 2bA13 4 (a — ¢)Agg = 0,
A

(129) —ng;;Dta +(a— ) Asz + 2009 = 0,

Adding (128) multiplied by fi2/f22 with (129) we get

al\i3 + <:|:2 — Ea) Aoz =0,
which reduces to
f32 B
(130) EAlga 4+ 2A93 = 0.

Observe that we have foo # 0, fi2 # 0 and (fi12/f22)2, = 0. Therefore, the
only equation that satisfies these conditions is (84) with f;; as in Lemma 7.

If v =1, it follows from (86) that f3s # 0 and (130) implies that a is
constant hence, Dia = 0. Therefore, (128) and (129) reduce to

—2b a—c Alg . 0
(2 ) (a8 )= (1)
It follows from (80) that b = 0 and a = ¢, which contradicts the Gauss equa-
tion.
If v # 1, the functions f;; are given by (85). If fsa = 0 then B =0 and
(130) implies that Agg = 0. Then it follows from the expression of Ags that

A =0, which contradicts the fact that A2 — B2 £ 0. If f35 # 0 i.e., B #0,
then (130) implies that

A23f22
131 a = F2 .
(131) 2 Aol

Substituting the expressions of b and ¢ as in (127) into (128) we get

2
(132) 22pias2 (f”a ¥ 1) A+ |a— <f12> a+2012| Ay —0.
f22 f22 f22 f22
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Computing the total derivative of a with respect to t, using the expression
of a as in (131), equation (132) leads to

F(Ao3. Arr — Ava 2 Aog) = — fao(Al5 + A3),

which in view of (84) and (85) reduces to (B? — A%y)2? — A%23 = 0, which is
also a contradiction. Therefore, we conclude that the system (91), (92) and
the Gauss equation is an inconsistent system. This concludes the proof of
Lemma 11. ]

Lemma 12. Consider the equation uz = F(u,u,) which describes n
pseudo-spherical surfaces where F is given by (81) and fi; as in (82). If
the coefficients of the second fundamental form of the isometric immersion
in R3 of the pseudo-spherical surface, determined by a solution u, are uni-
versal, then the system of equations (91), (92) and the Gauss equation (19)
18 1nconsistent.

Proof. If the coeflicients of the second fundamental form of the isometric
immersion of the 1 pseudo-spherical surfaces described by the differential
equation are universal, then equations (91) and (92) reduce to:

fuiae +nby — fi2az — foaby — 20A13 4 (@ — ¢)Ag3 =0
f11be + nee — fiaby — faocy + (@ — ) A1z 4+ 2bAs3 = 0,

where f;; are given by (82). Differentiating both equations with respect to
z1 leads to

a(QF" —nF) aA(nF' 4+ aQF)

(133) —aBa; — 2b Q%o 117 + (a—c¢) Qo o =0
a(QF' —nF) aA(nF' + aQF)

134 —aBb — 2 =0

( ) « t+(a C) Q2a+772 + Q204+772

Multiplying (133) and (134) by Q?a + 1% /c, and differentiating with respect
to 29, and taking into account that F” = —aF', we obtain

2b aA(a —c) aQF +nF" \ (0
—(a —¢) 20 Ab QF —nF ) \ 0 )’
Since aQF +nF’ and QF’ — nF are not zero, we conclude that aA[4b? +
(a —¢)?] = 0.1fb = 0 and a = ¢ then Gauss equation leads to a contradiction.
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If A =0 then equations (133) and (134) reduce to

a(QF —nF)
_aBat_chgza—_'_nQZO,
a(QF —nF)
—aBb —C)———5—=0
B+ (0= )= oy

taking derivative with respect to zy of both equations, we conclude that
b=a— c=0 which is again a contradiction. Therefore, the system (91),
(92) and the Gauss equation is inconsistent. O

Proposition 3. Consider an equation
ugt = F(u), with F'+aF =0, «a#0,

describing 1 pseudo-spherical surfaces with f;; given by (82). There ex-
ists a local isometric immersion in R® of a pseudo-spherical surface, de-
fined by a solution w, for which the coefficients of the second fundamental
form depend on a jet of finite order of wu, that is, a,b and ¢ depend on
z,t,u,wy ..., 0/0xt wy, where € is finite if, and only if, « >0 and fij
are given by (83), a,b,c depend on the jet of order zero of u and are given

by (108).

Proof. Assume the local isometric immersion exists. If ¢+ (f11/1)%a +
2f11b/n =0 on a non empty open set, then it follows from Lemma 10 that
B =0,ie. a>0and f;; are given by (83). Moreover, a,b, c depend on the
jet of order zero of u and are given by (108). If ¢ + (f11/n)%a + 2f11b/n # 0,
then Lemma 11 implies that a,b,c are universal. However, it follows from
Lemma 12 that such an immersion does not exist.

Conversely, a straightforward computation shows that if f;; are given as
in (83) and a,b,c as in (108), then the connection forms w} and wj given
by (13) satisfy the structure equations (14) of an immersion in R? and the
Gauss equation (19). O

Proposition 4. Consider an equation of type uz; = ve®*~\/B + yu2 describ-
ing 1 pseudo-spherical surfaces, with f;; given by Lemma 7. There is no local
isometric immersion in R® of a pseudo-spherical surface determined by a so-
lution u of the equation, for which the coefficients of the second fundamental
form depend on a jet of finite order of u.
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Proof. If the immersion exists, then Lemma 10 ii) implies that c-+
(fi1/m)%a + 2f11b/n # 0, and it follows from Lemma 11 that a,b,c are uni-
versal. Therefore, equations (91) and (92) reduce to

fr1ae +nby — fi12az — faoby — 20A13 + (a — ¢)Agg = 0,
fiibe + nee — fraby — foacy + (@ — €) Ay + 2bAg3 = 0,

where f;; are given by (85) if v # 1 and (86) if v = 1. Differentiating these
equations with respect to z; and then with respect to zy leads to

—2b a— C A13,z1z0 o 0
a—C 2b A23,leg o 0 '
In both cases, i.e., v = 1 or v # 1, since A13,,2,A23 2,2, # 0, these equations

imply that b = 0 and a = ¢ which is inconsistent with the Gauss equation.
O

Proposition 5. Consider an equation uzs = Au+ Eu, + 7 describing n-
pseudospherical surfaces with fij given by (88)-(90). There exists a local
isometric immersion in R® of a pseudo-spherical surface, defined by a so-
lution w, for which the coefficients of the second fundamental form a, b, ¢
depend of a jet of finite order of w if, and only if, X\, & and T do not vanish
simultaneously and a, b, ¢ are universal and given by:

i) When X\ # 0,

-1
(135) a=iL(z,t) =72L2x,0) =1, b=1L(z,1), c=—r

where L(z,t) = e2mo+VnFOU |~ e R and 12 > 442 and the 1-forms
are defined on a strip of R where

I — /12— 42
(136) A

1
og o2

[+ /12 — 4~2

< £[nz+ (A\/nFt] <log 57

ii) When A =0 and €2+ 72 #0,

(137) a=+/le2nw — 2t — 1, b= e, c= ,
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I,y €R and 1> > 44? and the 1-forms are defined on a strip of R?

where
I — /1?2 — 442 I+ /1?2 — 442
(138) log —27 < nz < log +—27
27y 27y

Moreover, the constants | and v have to be chosen so that the strip intersects
the domain of the solution of the evolution equation.

Proof. 1f the coefficients of the second fundamental form of the local isometric
immersion of 1 pseudo-spherical surfaces described by the equation of type
iii) depend of a jet of finite order of u, then they are universal by Lemmas 10
and 11, and hence (91) and (92) becomes

(139) fiiae + by — fi2az — faoby — 20A13 4 (@ — ¢)Agz = 0,
(140) f11be + ne — frabe — foscy + (@ — ¢) Az + 2bAgg = 0.

If \=¢=71=0and fj; are given by (88) then taking the derivative of
both equations with respect to zg, and using the fact that A3 = e*02z; and
Agz = 0 we get

by + 2bz1 = 0,

cz —(a—c)z =0.
Since a, b, ¢ are universal we conclude that b = 0 and a = ¢ which contradicts
Gauss equation. Therefore the immersion does not exit.

i) If A # 0 and the functions f;; are as in (89) then Ay3 = 0. Differenti-
ating (139) and (140) with respect to z; leads to (after dividing by fi1..,)

(141) a; = +fao(a — ¢,
(142) by = £2bfn.

Differentiating (139) and (140) with respect to zg leads to (after dividing by
f12,z0)

(143) a; = £n(a—c),
(144) by = £2nb.
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and hence, (139) and (140) reduce to

(145) nbe — fa2by =0,
(146) nee — faacy = 0.

The equations (141), (142), (143), (144), (145), and (146) are the same
as (70), (71), (68), (69), (72), and (73) respectively, since fag is contant.
Therefore, a is as in (62), b is as in (63), and ¢ is as in (64) and are subject
to (65), where A is replaced by fao = A/n F (. Therefore, we obtain a,b, ¢
given as in (135) defined on the strip (136).

ii) If A = 0, £2 + 72 # 0 and the functions f;; are as in (90), then A3 = 0
and Ags = 1, hence (139) and (140) reduce to

(147) fuiae +nby — fi2a, + (a —¢) =0,
(148) f11b: +mer — fiabe + 20 = 0.

Differentiating with respect to z; leads to a; = by = 0. Since from Lemma 9
we have a # 0, Gauss equation implies that ¢; = 0 and thus (147) and (148)
become

az = n(a—c),
b:c = 277b7

where ¢ = (b — 1)/a. The arguments used in the proof of Proposition 2, with
A =0 and =+ replaced by +, imply that a,b,c are given by (137), that are
defined on the strip given by (138).

The converse follows from a straightforward computation. O

Finally, the proof of Theorem 3 follows from Propositions 3, 4 and 5. [J
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