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A note on center of mass

PAK-YEUNG CHAN AND LUEN-Fa1 Tamt

We will discuss existence of center of mass on asymptotically
Schwarzschild manifold as defined by Huisken-Yau and by Regge-
Teitelboim, Beig-O Murchadha, Corvino-Schoen. Conditions of ex-
istence and examples on non-existence are given.

1. Preliminary

In this note, we will discuss the existence and non-existence of center of
mass as defined in [2, 5, 11, 14]. The results are related in particular to
Theorem 4.2 in [11].

Let (M3, g) be an asymptotically Schwarzschild (AS) manifold. That is:
M is diffeomorphic to R? with metric g such that for some Ry > 0, g is given
by

4
(1) gij = (1 + %) Oij + Pij
on R\ By(Rp), where p;;j(z) = O4(Jz|72), and m > 0 is the ADM mass of
the manifold. Here and below By(r) := {x € R3| || < r}. The notation ¢ =
Op(r®) means that there is a constant C' such that for all 0 < ¢ < k, and for
all multi-index § with |3| = i, [0°¢|(x) < C|z|** on R3\ By(Rp).

In [11], Huisken-Yau proved the existence and uniqueness of stable con-
stant mean curvature foliation {¥, },>p, near infinity on an AS manifold for
some R; > Ry, where each ¥, is a perturbation of coordinate sphere S(r) =
OBy(r). Let F(r): ¥, — R3 be the embedding of ¥, in M. The Huisken-

Yau center of mass is defined as follows: Let ¢, (r) = (¢t _(7),c2_(r),c3_(r)),
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where

fz %oy
2 c (r)="“"2——.

for a = 1,2, 3. Here doyg is the area element induced by the Euclidean metric
and x® are the coordinate functions on X,. The Huisken-Yau center of mass

C,y is defined as:

(3) cHY = T‘li>I£IO CHY (T)
provided the limit exists. Note that c,,(r) depends only on ¥, and the
asymptotic coordinates chosen. Consider the foliation 3, obtained by Ye
[16] which is a perturbation of {|x — p(s)| = s} for some p(s) with p(s) being
uniformly bounded as s — co. By the uniqueness result in [11] for s large
Y, = ¥, (s) With 7(s) — oo as s — oo. Hence if we use the foliation by Ye
in (2), then the limit in (3) will give the Huisken-Yau center of mass, provided
the limit exists. See [8] for more details.

There is a Hamiltonian formulation of center of mass by Regge-
Teitelboim [14], also by Beig-O Murchadha [2] and Corvino-Schoen [5]. Fol-
lowing [8], we denote it by c., which is defined as follows. Let

1
~ 167mm

. [2%(gij.i — 9ii.j)V) — (hiavy — hav§)] doy
T|l=r

(4) ()

where h;; = gi; — 0;; and v, is the unit outward normal of {|x| = r} with re-
spect to g. Here and below repeated indices means summation. Let ¢ (r) =
(¢t (r), 2 (r),c? (r)). The Hamiltonian formulation of center of mass is

given by

(5) .. = lim cy(r)
provided the limit exists.

Let 1y be the unit outward normal of {|z|=r} with respect to Eu-
clidean metric and let dog be the area element induced by the Euclidean
metric. Then one can check that on {|z| =7}, vy = (1+ 22) 1o + O(r?)
and dog = (1 + 22)*(1 + O(r~2))doo. Hence we have

1 , :
6) ()= 35— o (2 (911 = 9ivs ) — (hiah — i) | dorg
+0(rh).
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In this note we want to discuss the existence of c,, and c_,. As men-
tioned above, c,, may be defined using the foliation constructed by Ye [16].
Let us recall the construction by Ye. For r» > 0 large enough, we can find
a perturbed rescaled center 7(r) € R? and a real-valued function ¢(")(z) on
the unit sphere S? such that the surface of the constant mean curvature in
the foliation is given by

(7) = {r (s 4700+ 6" (2)n(2) ) | = € 5%
which has constant mean curvature %— %”. Here 1 is the unit outward

normal of unit sphere S? in R3. By [16], |7(r)| < Cr~! and |¢("
Cr—2. Huang [8] proved the following:

)|CQ‘%(SZ) <

Proposition 1.
lim (cqq(r) — ¢,y (r)) = 0.

7—00

Proof. We sketch the proof here. Let y =z — r7(r), and y = rz, z € S%. So
z=7(z+7(r). Let ¥, be as in (7). Using the fact that |¢("
O(r~2), one can check that

)’02‘% (s?)

(8) lim (r7(r) — ¢, (r)) = 0.

T—00

On the other hand, by [16, (1.14)], for a« = 1,2,3, 7 = 7(r) satisfies:
(9) 6mrt® + P, (rf(r, z,T) + rbij(z, it 4+ w) =0

where b;; is smooth in (2,7), z € S%, w = w(r, z) with |w| = O(r™1), P, is
the L? projection of functions on S? to the linear space spanned by z%, and
f is given by the following relation:

2 4m  6mz-7 1 4
(10) H(r,7(r),0) = PR + 2 + ﬁf(TaZ;T(T)) +O0(r™).
Here H(r,7(r),0) is the mean curvature of the surface {|x —r7| = r} with
respect to g. H(r,7(r),0) is given by (see [8, (5.1)])

2 4m  6mz-T  9m?
11 H 0)— = omErT | T
(11) (r,7(r),0) ="~ -3 2 3
1 ik, 2 i g
+ o 3G WYY+ 5 Y)Yy

1

r

) 1 )
(%’j,i(y)y] + qi(y) — QQii,j(y)y]) + F
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_ 4
WhereE:O(r 4), Qi = Pij + (1—|—;n7) 0ij — (1_+_27m) 51]
Hence by [8, Lemma 5.1]

12) P =g [ sy

3 o 3 2 4m  6mz-T

= — H(r, ,0O)— 4+ ————]d
T B O e L
+ 0™

= —6mcl (r)+ o(r™1).
Combining this with (8) and (9), the result follows. O

2. A necessary and sufficient condition and an example

In this section we will give a condition so that c ., and hence ¢, exists and
give examples of AS manifolds so that the center of mass do not exist. The
following result is a direct consequence of the computation in [4, section 5] by
Corvino, in [5, p. 215] by Corvino-Schoen and in [2] by Beig-O Murchadha.
However, we would like to state the result explicitly. We will sketch the proof
in the appendix for the convenience for the readers.

Theorem 1. c_ exists if and only if lim, fB(r) T Rydvy exists for a =
1,2,3, where Ry is the scalar curvature of g.

It was remarked by Huang [10], the theorem is still true for asymptot-
ically flat metric g;; — 6;; = O2(|z|™!) with AS condition replaced by the
following more general Regge-Teitelboim type parity condition: g%dd(x) =
9ij(x) = gij(—x) € Oa(|z[?).

By the theorem, one may expect to find an example of AS metric so that
c.. and hence c,, does not exist. In fact, one may construct such kind of
examples in an elementary way.

To motivate the construction, let b be a nonzero vector in R? and let ¢
be the metric given by

m  b-x\*

with m > 0. Then it is well-known that c_, for this metric is given by

%

cs ’
m

C
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see [6]. Let ¢ : [a,00) — R be a smooth bounded function. Consider the
metric

1,

o(r)b-x\*

with m > 0. If ¢(t) is oscillating near infinity, then one may expect that c_
does not exist. More precisely, we have the following:

Theorem 2. Let a > 0. Suppose ¢ : [a,00) — R is a smooth function such
that for some constant C' the following holds for allt > a, and 0 <1 < 4:

c
(1+t)F

(15) 6] <

Then the metric given by (14) is AS outside By(R) for some R > 0. More-
over, if b # 0, then c., exists if and only if lim;_,o0 (30(t) — t@'(t)) ewists.
If limy o0 (300(t) — t@' (L)) = X ewists, then

. — 2\b
. 3m

Remark 1. It is easy to construct ¢ satisfying (15), but the limit
limy 00 (30(t) — t¢'(t)) does not exist. For example, we may take ¢(t) =
sin(log(t)) or ¢(t) = sin(log(log(t))). Similar examples for the nonexistence
of center of mass have also been obtained independently by Cederbaum and
Nerz [3, p.13], whom we thank for pointing this out to us.

Proof of Theorem 2. To simplify the notations, let

¢(r)b-x
v = 7‘73
and
=1+ m + v
Y 2r '
Then gi; = u'sy;. Now [v] = O(r2), and
ov 1 (2" 3k (r)b - x
(16) 5E = o3 <T¢’(r)b X+ o(r)bF — 5"2)> :

By the assumption (15), we have |0v| = O(r~3). Similarly, one can prove
that |0%v] = O(r=%), |0%v| = O(r=?), |0*v| = O(r~°). From these, one can
see that the metric g is well-defined and is AS.
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Next, we want to compute c2_(r). We have

Yijk ﬂlug%éw
=4’ {—n;f: :3 <a;k¢,(r)b X+ p(r)bF — 39”%52 )b X)] 5ij
_ S
Hence
(17) Z(gz'j,z' ~ giij)@’
= —;Z fiz
J
= —8u’ zj:xj [—% + % (ijd(r)b X+ g — W)]
— 8 H; + 220 = 26)b- x}
= 801+ 27 H; 1 9/0) = 20(r)b- x] Lop
—-s|-2- i (¢/r) = 26 )+ 06
-y 6:;2 SO 200 % o)

On the other hand, h;; = g;j — 0ij = (u* — 1)d;;. Hence
(18) Z (hwaﬁi — hiiwa) = —2(u4 —1)z®

i ) |
= —22° <2;n + om + 9(b X) +0(r7?).

2r2 r3
So
(19) 2 (giji — giig)w’ = (hiaw' — huz®)
ij i
2 ) .
= ¢ |:877’L + QTZ 4 8(3¢(T) T3¢ (T))b X:| + O(T‘_Q).
r r r
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Hence

1 . .
(20) - /| [2%(giji — Gii,j)2” — (hiaa" — hya®)] dog

327wb® _

= 2 [36(0) = rf ()] + 06,
(1) = 22 [36(r) — v ()] + O L),
CS 3m

From this the results follow. |

Remark 2. (i) If m < 0, the theorem is still true if we use the foliation of
Ye [16] to define the center of mass as in (2) and (3).

(ii) One can check the examples in the theorem satisfy the property
that c_.(r) remain bounded for all ». On the other hand, in [9], Huang
constructed examples of asymptotically flat manifold so that c_.(r) — oo.

3. Examples with nonnegative scalar curvature

The examples constructed in the previous section are very simple. How-
ever, there is a drawback. In fact, after the first draft of this work, Huang
[10] asked whether there is an example with nonnegative scalar curvature.
Wang [15] also pointed out that the above examples do not have nonneg-
ative scalar curvature. For a time symmetric spacelike slice in a space-
time satisfying dominant energy condition, the scalar curvature of the slice
must be nonnegative. Hence it is desirable to obtain examples of asymptoti-
cally Schwarzschild manifolds with nonnegative scalar curvature and yet the
Huisken-Yau center of mass and Hamiltonian formulation of center of mass
do not exist.

By [11], the scalar curvature of an asymptotically Schwarzschild mani-
fold must decay like r—*. Given a function f with this decay rate, it is not
so difficult to construct a conformally flat and asymptotically flat manifold
with scalar curvature being a positive constant times f. However, in order to
obtain asymptotically Schwarzschild metric, we need an additional assump-
tion on f. We begin with the following. Let B,(r) be the Euclidean ball
with center at x and with radius r. dvg is the Euclidean volume element. As
before By(r) is the Euclidean ball with center at the origin.

Lemma 1. Let f be a smooth function on R3.

(a) Suppose
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(i) f=0(z|""); and
(ii) there is a constant C > 0 such that

(21) / 2 f(z)dvo| < C
B()(T’)
for ao=1,2,3 and for all v > 0.
Then the Newtonian potential
1 1
V() =— f(y)dvo(y)

4r R3 \x—y\

is well defined such that AV = f. Moreover, near infinity V(x) = ‘L +
w(z) with w = O(|z|~2) where

1

c= -1 f( )dvy.

(b) Suppose in addition to (i) and (i) in (a), f = Os(|z|™*), then w =
O4(l2|72).

Proof. To prove (a), by (i) it is easy to see that V) is well-defined and AV = f.
We want find the asymptotically behavior of V. For any x € R3, let r = |z|.
Suppose r = |z| > 1, we have:

1

22) —4nV(x :/ — f(y)dv
( ) ( ) - ‘CL' — y‘ (y) O(y)
1
([ .+ / + [ — Fy)dvo(y)
Ba.(%) Bo(% R3\(B.(%)UBo(% |z —

=1+ IT+ III.

Now
1
(23) 1] < €yt / duo(y) < Cor™?
B.(%) |z -y

Here and below, C; will denote a positive constant which is independent of
z and r.
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Since outside B, (3), |v —y| > §, we have
(24) ITII] < 037“1/ ly| " duo(y) < Cyr2
R3\Bo(3)

To estimate II, let 4me = — fRS fdvg which is well-defined and is finite
by (i). For r = |z| > 1,

47TC 1 1 1
@) me ot [ gas [ (e ) St
r 7 Jra\Bo(z) Boxy \lz =yl |z|
=IV+V.

By (i) it is easy to see that
(26) V] < Csr?

For y € Bo(5), |vr —y| > 5, and we have

2a -y — |yl )
27 V| = ]
SV (st ) f
2x -y > ,
- F(y)dvo(y)| + Cor™.
/Bo(;) (’33\ lz — y| (|z] + [z — y) (y)dvo(y) ;
Now for y € Bo(3),
1
Jz] ‘ Crr 2y,
and
b -
r
2la] |5U|+|x yl| = 8 Yy
So
(28) ‘/ ( 2z -y )f( v )‘
U
Bo(%) |z| |z — y| (|z] + |z — y]|) y)avply

<C7“*2+Z’x |

< Cyor?

/ l) y* f(y)dvo(y)

by assumption (ii).

(29) V| < (Cro + Cg)r 2
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By (22)—(26), (29), one can see that near infinity

V(z) = — +w@),

for some smooth w(z) so that |w(x)| = O(|z|~2). This proves (a).

To prove (b), suppose in addition f = O3(|z|~*). Since Aﬁ =0, we still
have

Aw=f

near infinity. By the interior Schauder estimate [7, Theorem 3.9], the as-
sumption that f = Os(|z|~*) and the fact that w = O(|z|~2), we conclude
that |0w| = O(]x|~3). Differentiating the equation Aw = f and apply the
same theorem again, we have |00w| = O(|z|~*). Continue in this way, using
the fact that f = Os(|z|™*), we conclude that w = O4(|z|72). O

Remark 3. Tt is well known (see [1, 12] or (28) ) that if we only assume that
|f(z)| < C|z|~* near infinity, then we can only have the following estimate
of V, see also :

V(z) = — + O(|z| % log |z]).
In any case, we still have V(z) = O(|z|™1).

Theorem 3. Let K(x) >0 with K > 0 somewhere be a smooth function
on R3 satisfying the following:

(i) K(2) = Os(|2[™%).
(ii) There is a constant C > 0 such that

/ K (x)dvy
Bo(r)

for a =1,2,3 and for all r > 0.

(30) <C

Then there is a smooth positive function u such that near infinity u(x) =
1+ 50+ w(z) for some constant m > 0 with w(z) = O4(|x|™2) and such
that the conformally flat asymptotically Schwarzschild metric

4
gij = u"0jj

has scalar curvature Rg(x) = aK (x) for some positive constant a. Moreover,
_ 1 5
m= 16- fR3 aKu’dvg.
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Proof. By [13, Theorem 1.4], there is a smooth positive solution u of
8Au+ Ku® =0

such that b <u < % for some constant b > 0 and such that u tends to a
constant ¢ > 0 near infinity. Since |K (z)u’(z)| < C|z|~* for some constant C
for all , by the proof of Lemma 1(a) and Remark 3 the Newtonian potential
V of —§Ku® satisfies ¥V = O(|z|™!). Hence u —V is a bounded harmonic
function and must be constant which is equal to ¢ because u(z) — ¢ and
V(xz) — 0 as x — oo. Replacing, u by u/c, still denoted by u, we see that

8Au+ aKu® =0

with a = ¢*. Moreover, u = 1 4+ v, where v = %V.

By [7, Theorem 3.9] and the facts that aKu® = O(|z|~*) and that u is
bounded, we conclude that [du| = O(Jx|~!). From this we have d(Ku’) =
O(|z|~?). Differentiating the equation 8Au + aKu® = 0 and apply the same
theorem again, we have |00u| = O(|z|~2). Similarly, one can prove that
|000u| = O(|z|~3). Hence u’ K = O3(|x|™%).

On the other hand, we know that u(z) = 1+ O(|z|~!) by Remark 3.
Since |K ()| < C(|z|7), |z%(v®(z) — 1)K ()] is integrable. By assumption
(ii), we conclude that there is a constant C' such that

<C

/ K (z)u® (x)dvg
Bo(r)

for all r > 0 for @« = 1,2, 3. By Lemma 1, we conclude that near infinity

u(a;)zl—l—i)(a:)zl—k%—i-w(x)

with w(z) = O4(|z|72) and m = ;= [, aKu’dvy. Hence g;; = u's;; is
asymptotically Schwarzschild with scalar curvature Ry(x) = aK (). O

Combining this with Theorem 1, we have:

Corollary 1. Suppose K >0 is a smooth function on R3 satisfying the
following:

(i) K(z) = Os(]z|™).
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(ii) There is a constant C > 0 such that

/ 2K (x)dvg
Bo(r)

for a =1,2,3 and for all r > 0.

(31) <C

(i) For some o = 1,2,3, lim,_, fBO(T) z*K (x)dvy does not exist.

Let u be the positive function obtained in Theorem 3. Then the asymptotically
Schwarzschild metric g;; = u4(5,-j will have nonnegative scalar curvature so
that c. and hence c,,, does not exist.

By Corollary 1, in order to find an example of conformally flat asymp-
totically Schwarzschild metric on R® with nonnegative scalar curvature so
that c., and hence c,, does not exist, it is sufficient to find K (z) satisfying
the assumptions of the Corollary.

Example: Let us construct K (z) satisfying the conditions (i)—(iii) in Corol-
lary 1. Let ¢ be a smooth function depending only on r = |z| such that
o(z) = cosloglal) o ytside |z| > 1, say. Let n be another positive function de-

N
pending only on 7 = |z| such that n(x) = ﬁ outside » > 1. Let b be a
nonzero vector in R?. Then one can find a positive constant A such that

K(z) = ¢(x)b -z + An(z)

is positive on R3. One can check that K satisfies (i) in Corollary 1. For
a=1,2, or 3, and for any r > 0,

/ xn(x)dvy =0
Bo(r)

because n depends only on r. Hence for r large enough

/ 2K (z)dvy = / z%p(x)b - zduvy
Bo(r)

B(r)

—/ xo‘qb(:c)b-a:dvo+ba/ M / (2%)2dor | dt
Bo(1) 1 t S(t)

" cos(logt) 4t
:/ xa¢(x)b~xdvo+ba/ COS(gg ) At
Bo(1) 1 t 3

4 (0%
= / x*¢(x)b - xdvg + b
Bo(1)

sin(log )
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where S(t) = {x € R3| |z| =t} and doy is the area element of S(t). Hence
K satisfies (ii) and (iii) in Corollary 1.
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would also like to thank Carla Cederbaum and Christopher Nerz for bringing
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Appendix A.

In this appendix we give a proof of Theorem 1:

Theorem 4. c_ exists if and only if lim, o fB(r) T Rydvg exists for o =
1,2,3.

Proof.
Rij = OkI'; — 0,1, + Tl — ThT.
On an AS manifold, outside By(Rp):
ma4
9ij = (1 + 27) 0ij + Pij
with p;; = 04(7"_2). Let
mA 4
= (1+37) 8

and let Fi-“j, ffj be the Christoffel symbols for g and g respectively. Smoothly
extend (1 + 277"’) as a positive function up to the origin, and denote it by w.
By [11] and direct computations, we have

(A1) Iy —T} = %fk (Pis,j + Psji — Pijis)
+ % (98k - QSk) (9is,j + gsji — Gij,s)
= % (Pik,j + Priji — Pijk) + O(r ™).
Hence

(A.2)
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In particular, |Ry| = O(r~%) because the scalar curvature of R of g is zero

near infinity. Let B(R) =

Bo(R).

/ 2 Rydvg = / x“Rgdvg +/ Edvg
B(R) B(R) B(R)

—/B(R

JRUdUO + / Edvg

”R ]Rij) dvo +C + /B(R) Edvo

= / % U ” — RZ]) dvg + C +/ Eduvg
B(R)

B(R)

4
= i u dUO +C+ Edvo
=y

B(R)

if R is large, where C = ng 2% Rgdv, is a constant which may be nonzero
and E denotes an error term with |E|(z) = O(]x|~*) near infinity. Now

Hence

(A.3)

<F£lré'i - F?lrgm') - (filfé‘i - ffzfi;i) =0(r™).

/ z“Rgydvg
B(R)

o T

+C+ Eduvg
B(R)

8B zk

- Z o

B(R) i

+ C + / Edvo
B(R)

) - Z(Pga - fga)
k
«@ k
= € (pik i — Dii, k dog — / Diai — Pii, a dUO
S |72 >

0%) = 0 (T = T ) | dvo

k Z(ng_fﬁi)’/é dog

ik

dvg + C + / Edvg
B(R)
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= /83(R) 2 (Piki = piik) V6 — Y, (Piaty — pia§) | doo

| ik i |
+ C + Edvo
B(R)
— [ o s = ) o = 3 (b | o
0B(R) ik i
+C+ / Ed’Uo,
B(R)
where doyg is the Euclidean area element of 0B(R). From this it is easy to
see the theorem is true. ]
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