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Compact embedded minimal surfaces
in S? x S!

JOSE M. MANZANO, JULIA PLEHNERT, AND FRANCISCO TORRALBO

We prove that closed surfaces of all topological types, except for the
non-orientable odd-genus ones, can be minimally embedded in §? x
St(r), for arbitrary radius 7. We illustrate it by obtaining some
periodic minimal surfaces in S? x R via conjugate constructions.
The resulting surfaces can be seen as the analogy to the Schwarz
P-surface in these homogeneous 3-manifolds.

1. Introduction

The geometry and topology of 3-manifolds with non-negative curvature has
been an active field of research during the last century. One of the properties
of these 3-manifolds is the fact that they generally admit compact (without
boundary) embedded minimal surfaces. Many authors have contributed to
the study of compact minimal surfaces in order to understand the geometry
of the 3-manifold (see, for instance, [1, 5, 14, 21]). In 1970, Lawson [11]
proved that any compact orientable surface can be minimally embedded in
the constant sectional curvature 3-sphere S3. Lawson’s result has also been
extended to different 3-manifolds such as the Berger spheres (see [22]).

The aim of this paper is to determine which compact surfaces admit
minimal embeddings in the homogeneous product 3-manifolds S? x S!(r),
r > 0, where S? denotes the constant curvature one sphere, and S!(r) is the
radius r circle, i.e., S'(r) has length 277 and will be identified with R/27r.
These 3-manifolds have a distinguished unit vector field &, ;) = (0, 1), which
is parallel and generates the fibers of the natural Riemannian submersion
7:S? x SY(r) — S% Given a vector field X we will say that X is horizontal
if it is orthogonal to £ and wvertical if it is parallel to &. Also, given a differen-
tiable curve a in S? x S'(r) we will say that it is horizontal (resp. vertical)
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if its tangent vector is pointwise horizontal (resp. vertical). We can express
the curvature tensor in terms of the metric and £ as

(L1 RX,Y)Z = (Y, 2)X = (X, 2)Y + (X, E)(Z,)Y — (Y, £)(2,H)X
+ (X, 2)(Y, ) = (¥, 2)(X, §))¢,

and hence Ric(X) = || X |2 — (X, £)? > 0 for each vector field X.

We will begin by briefly discussing known examples with low genus. Re-
call that a non-orientable compact surface ¥ has (non-orientable) genus g
if it is topologically equivalent to the connected sum of g projective planes
(equivalently, x(X) = 2 — g, where x(X) stands for the Euler characteristic
of the surface X).

First of all, the only spheres minimally immersed in S? x S!(r) are the
horizontal slices S? x {to} (it follows from lifting such a sphere to a minimal
sphere in S? x R and applying the maximum principle with respect to a
foliation of S? x R by slices), which are always embedded. This implies that
the projective plane cannot be minimally immersed in §? x S*(r) for any r >
0. Moreover, they are the only compact minimal stable surfaces in S? x S!(r)
(cf. [23, Corollary 1]).

If the Euler characteristic is zero the situation is quite different in both
orientable and non-orientable cases:

e On the one hand, vertical helicoids in S? x R form a l-parameter fam-
ily of minimal surfaces ruled by horizontal geodesics invariant under a
1-parameter group of ambient screw-motions, see [19]. Each vertical heli-
coid is determined by its pitch £ € [0, +00] (i.e., twice the distance between
successive sheets of the helicoids). Hence, taking quotients by the vertical
translation (p,t) + (p,t + 27r) in S? x R, vertical helicoids with appropri-
ate pitches give rise to embedded minimal tori (¢ = 27r) and Klein bottles
(¢ = 47r) in S? x S'(r) for any r > 0. If £ — 400, the helicoid converges
to the vertical cylinder T' x R, ' being a geodesic of S?.

e On the other hand, one can consider examples foliated by circles: if the
centers of the circles lie in the same vertical axis {pp} x R, then they are the
rotationally invariant examples studied by Pedrosa and Ritoré [15]. They
are called unduloids by analogy to the Delaunay surfaces and form a 1-
parameter family of minimal surfaces in S? x R. Moreover, they are singly
periodic in the R factor with period 7' €]0, 27| (if 7'— 0 the unduloid
converges to a double cover of a slice, whereas if T" — 27 the unduloid
converges to the vertical cylinder).
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If the centers of the circle do not lie in the same vertical axis, we get the
Riemann-type examples studied by Hauswirth [6, Theorem 4.1|. They are
also singly periodic and produce embedded minimal tori in §? x St(r) for
all 7 > 0 (see also |20, §7| for a beautiful description). Note that, thanks to
[24, Theorem 4.8], a compact minimal surface ¥ immersed in S? x S'(r),
r > 1, foliated by circles has index greater than or equal to one (the index
is one only for r =1 and ¥ =T x S!(1), I' C S? being a great circle). A
similar estimation of the index for r < 1 remains an open question (see |24,
Remark 4.9]).

In the higher genus case, Rosenberg [19] constructed compact minimal
surfaces in S? x S!(r), for all 7 > 0, by a technique similar to Lawson’s. More
specifically, he defined a polygon in S? x R made out of vertical and hori-
zontal geodesics depending on two parameters v = %, d € N, and h>0 (see
Figure 1). Then he solved the Plateau problem with respect to this con-
tour and obtained a minimal disk that can be reflected across its boundary
in virtue of Schwarz’s reflection principle. This procedure gives a complete
surface that projects to the quotient S% x S'(r), r = %, as a compact em-
bedded minimal surface. Unfortunately, it fails to be orientable as stated
in [19], being a non-orientable surface of Euler characteristic xy = 2(1 — d)
so its (non-orientable) genus k = 2 — x = 2d is always even. One can solve
this issue by considering r = 2% (i.e., doubling the vertical length, which
represents a 2-fold cover of the non-orientable examples), so the resulting
minimal surface has Euler characteristic x = 4(1 — d) and its (orientable)
genus is g =1 — 5 = 2d — 1, which turns out to be odd. When d = 2m is
even, Rosenberg’s examples induce one-sided compact non-orientable em-
bedded minimal surfaces in the quotient RP? x S!(r) of odd genus 1 + 2m,
m > 1.

Very recently, Hoffman, Traizet and White obtained a class of properly
embedded minimal surfaces in S? x R called periodic genus ¢ helicoids. More
explicitly, given a genus g > 1, a radius r > 0, and a helicoid H C S? x R
containing the horizontal geodesics I' x {0} and I' x {£7r} for some great
circle I' C S2, [8, Theorem 1] yields the existence of two compact orientable
embedded minimal surfaces M and M~ with genus ¢ in the quotient of
S? x R by the translation (p,t) ~ (p,t + 277). The existence of infinitely-
many non-congruent helicoids H satisfying the above conditions implies
the existence of infinitely-many non-congruent compact orientable embed-
ded minimal surfaces in S? x S!(r) with genus g. The even-genera examples
of Hoffman-Traizet-White produce compact minimal surfaces in the quotient
RP? x S!(r), for all 7 > 0.



412 J. M. Manzano, J. Plehnert, and F. Torralbo

Finally, it is worth mentioning the work of Coutant [2, Theorem 1.0.2],
where Riemann-Wei type minimal surfaces in S? x R are constructed. Some
of them give rise to compact embedded orientable minimal surfaces of arbi-
trary genus ¢g > 4 in the quotient S? x S!(r) for  small enough.

In Section 2 we will state the main result of the paper proving that there
are no compact embedded minimal surfaces in S? x S!(r) of the remaining
topological types (i.e., non-orientable odd-genus surfaces) for any r > 0:

Every compact surface but the odd Euler characteristic ones can
be minimally embedded in S*> x S*(r) for any r > 0.

We will also discuss some interesting topological properties of compact min-
imal surfaces in S? x R that will lead to the non-existence result.

Although we have shown that there exist compact embedded minimal
examples of all allowed topological types in S? x S'(r), Section 3 will be
devoted to obtain Schwarz P-type examples in S? x S!(r). More precisely:

o Triply-periodic odd-genus orientable minimal surfaces invariant by the isom-
etry group of certain tilings of the sphere and a vertical translation (see
Figures 3 and 4).

e Arbitrary genus orientable minimal surfaces in S* x SY(r) for r small
enough (cf. Proposition 3).

All the examples will be constructed via Lawson’s technique [11], and
complementing it by considering the conjugate minimal surface (see |7]) in-
stead of the original solution to the Plateau problem for a geodesic polygon.
In this case, it is well known that the boundary lines of the conjugate sur-
face are curves of planar symmetry since the initial surface is bounded by
geodesic curves. Again, reflecting the conjugate surface across its edges will
produce a complete example. This technique, known as conjugate Plateau
construction has been applied in different situations (e.g., see [12, 16, 17]).

It is worth mentioning that a similar construction leads to classical P-
Schwarz minimal surfaces in R3, but our construction can be also imple-
mented in the product space H? x R to produce embedded triply-periodic
minimal surfaces with the symmetries of a tessellation of H? by regular poly-
gons together with a 1-parameter group of vertical translations. We would
also like to mention the minimal surfaces of H? x R constructed in [13] also
by similar techniques, specially the ones showed in [13, Section 6] that are
invariant by the isometry group of a regular tiling of H?2.



Compact embedded minimal surfaces in S? x S* 413

We would like to thank Harold Rosenberg for his valuable comments
that helped us improve this paper, as well as to the referee, whose thorough
report has encouraged us to clarify some aspects of the original manuscript.

2. Topological non-existence results

We will begin by describing the intersection of two compact minimal surfaces
in S? x S'(r). The ideas in the proof are adapted from those of Frankel [4]
(see also [1, 5]). In [19, Theorem 4.3|, a similar result is proved for properly
embedded minimal surfaces in S? x R by using a different approach.

Proposition 1. Let X1 and X9 be two compact minimal surfaces immersed
in S x SY(r). If ©1 N Yo =0, then X1 and Yo are two horizontal slices.

Proof. Let v: [a,b] — S? x S'(r) be a unit-speed curve satisfying v(a) € X1,
~(b) € 39 and minimizing the distance from 3; to X5. This guarantees that
~v is orthogonal to ¥; at y(a) and to X9 at y(b). For any parallel vector field
X along v and orthogonal to 7/, we can produce a variation v; of v = g
with variational field X. Note that v; can be chosen so that v;(a) € ¥ and
~:(b) € Xg for all ¢, since X is orthogonal to 7. Let {e1,e2,7'(a)} be an or-
thonormal reference at Tv(a)S2 x St(r) and X the parallel transported vector
field along v with X;(v(a)) = e;, j = 1,2. The function ¢x (t) = Length(~;)
satisfies ¢ (0) = 0 and

(21) 0%, (0)+ %, (0) = Hy — Hy — /

Ric(y') = - L Ric(v"),

where Hj is the mean curvature of ¥;, j = 1,2 (see [4, pages 69-70]).

The minimization property tells us that % (0) 4 £% (0) > 0. Since
Ric(Y) > 0 for any vector field Y in S? x S!(r) and Ric(Y) = 0 if and only
if Y is vertical (see (1.1)), we deduce from Equation (2.1) that + is verti-
cal. This means that the distance d from ¥ to Yo is realized by a vertical
geodesic. Hence, translating 31 vertically by distance d, we produce a con-
tact point at which the translated surface is locally at one side of 5. The
maximum principle for minimal surfaces tells us that s coincides with the
vertical translated copy of 31 at distance d.

Finally, we will suppose that 3 is not horizontal at some point p and
reach a contradiction. In that case, note that the previous argument guaran-
tees the existence of a vertical segment of distance d joining p with a point in
Y9, but, since this segment is not orthogonal to any of the two surfaces, we
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could shorten it and provide a curve from ¥; to Y9 whose length is strictly
less than d, which is a contradiction. ]

As a consequence of this result, any compact embedded minimal surface
in ¥ C S? x S(r) is either connected or a finite union of horizontal slices.
Moreover, the lift of a connected compact embedded minimal surface of S? x
St(r) different from an horizontal slice to S* x R is connected and periodic.

Let us now study the orientability of a compact minimal surface in S? x

St(r).

Lemma 1. Let ¥ C S? x R be a connected properly embedded minimal sur-
face. Then (S? x R) \. X has two connected components and X is orientable.

Proof. If ¥ is a horizontal slice, the result is trivial. Otherwise, given t €
R, let us consider S; = S? x {t}. Then the set ¥ N S; is the (non-empty)
intersection of two minimal surfaces, hence it consists of a equiangular system
of curves in the 2-sphere S;. We will denote by C} the set of intersection
points of these curves (possibly empty), and it is well-known that an even
number of such curves meet at each point of Cy. The fact that ¥ is properly
embedded guarantees that U;erC} consists of isolated points.

We can decompose S; \ ¥ = A} U A? in such a way that A}, A? C S; are
open and, given ¢ € {1, 2}, the intersection of the closures of two connected
components of A% for i = 1,2, is contained in C;. In other words, we are
painting the components of S; \. X in two colors so that adjacent components
have different color. Observe that the sets ¥ NS, depend continuously on
t € R so it is clear that A} and A? can be chosen in such a way that W; =
User A% is open for i € {1,2}. As Wi N Wy = P and W, UW, = (S? x R) \ X,
we get that Wy and Wy are the connected components of (S? x R) \ X. In
particular, 3 is orientable. ]

If ¥ is a connected surface embedded in a orientable 3-manifold M and
M ~ ¥ has two connected components, then 3 is well-known to be orientable
(the surface ¥ is said to separate M). The converse is false in S? x S(r) as
horizontal slices show, but they turn out to be the only minimal counterex-
amples.

Proposition 2. Let ¥ C S? x SY(r) be a compact embedded minimal sur-
face, different from a finite union of horizontal slices. Then X separates
S? x St(r) if and only if ¥ is orientable.

Proof. We will suppose that X is orientable and prove that it separates
S? x S!(r). In order to achieve this, we consider the projection 7: S? x R —
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S? x S'(r) and the lifted surface ¥ C S? x R such that 7(3) = %. Then &
is properly embedded, and connected as a consequence of Proposition 1.
Lemma 1 states that we can decompose it in connected components (S? x
R) N\ X =W;UWs.

Let ¢,: 82 xR — S? x R be the vertical translation ¢,(p,t) = (p,t+
27r). As gf)r( ) = S there are two possible cases, ¢, either preserves Wy
and Wy or swaps them:

(1) If o, (W1) = W7 and ¢, (Wa) = Wa, then w(W71) N w(Wa) = (. In this case
3 separates S? x S!(r).

(2) If ¢.(W1) =W, and ¢,.(Wa) = Wi, then w(W;)=m(Ws) = (S?x
St(r)) \ ¥. In particular, (S? x S!(r)) \ X is connected and ¥ does not
separate S? x S'(r). Since ¢, swaps Wi and Wy the unit normal vector
field N of & does not induce a unit normal vector field on ¥. This con-
tradicts the fact that X is orientable because N must be the lift of the
unit normal vector field N of 3. O

We now state our main result, which is inspired by [18, Proposition 2].

Theorem 1. Let 3 be a compact embedded non-orientable minimal surface
in S? x St(r). Then ¥ has an even (non-orientable) genus.

Proof. We can lift ¥ in a natural way to a compact minimal surface ¥y C
S? x S'(2r) so By is a 2-fold cover of X. We also lift ¥ to a minimal sur-
face © C S? x R and decompose (S2 x R) ~ & = W; U W as in the proof of
Proposition 2. The map ¢,: S? x R — §? x R given by ¢,.(p,t) = (p,t + 277)
swaps Wy and W5 so ¢, := ¢, 0 ¢, preserves Wi and Wy, which means that
Y9 is orientable. We will prove that Yo has odd orientable genus, from where
it follows that ¥ has even non-orientable genus.

Let us consider the isometric involution F': % x §t(2r) — §% x S'(2r)
given by F'(p,t) = (p,t + 27r), and the projection my: S? xR — §? x St(2r)
such that mo(X) = . It satisfies F/(X9) = Y9 and swaps mo(W1) and mo(W2).
Given a horizontal slice S C S? x S'(2r) intersecting Yy transversally, the
surface Yo \ (S'U F(S)) can be split in two isometric surfaces XY and F(3)).
Decomposing XY in connected components Pi,..., P, we can compute
X(P;) =2 —2g; — r;, where g; is the genus and r; the number of boundary
components of P;. Thus

k k
(22)  x(2) =2x(Z) =2) x(P) =4 (k - Z%) —2> "
i i=1 =1
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The last term in Equation (2.2) is a multiple of 4 since the total number of
boundary components Zle r; is even (note that each of such components
appears twice, once in S and once in F(S)), say 4m = x(X2) =2(1 —g). It
follows that g, the genus of Yo, is odd and we are done. O

3. Construction of examples

Given an isometric minimal immersion c;NS : ¥ — S? x R of a simply connected
surface ¥, Hauswirth, Sa Earp and Toubiana [7]| constructed an associated
isometric minimal immersion ¢ : ¥ — S? x R called the conjugate immer-
sion. The following properties are well-known and will be used repeatedly in
the sequel (see [3| and [12, Lemma 1]):

(i) ¢ and ¢ have the same angle function, i.e., v = (N, &) = <N, f>, where

N and N are the unit normal vector fields to ¢ and ¢, respectively.

(ii) The tangential projections of & are rotated: dp=(T) = Jd¢o~Y(T),
where T'=§ —vN, T = § —vN, and J is the J-rotation in T'X.

(iii) The shape operators S of ¢ and S of ¢ are related by S = JS, where
J is the §-rotation in T'%.

(iv) Any geodesic curvature line in the initial surface becomes a planar
line of symmetry in the conjugate one. More precisely, given a curve
o in X, if &o « is a horizontal (resp. vertical) geodesic, then ¢ o« is
contained in a vertical plane (resp. slice), which the immersions meets
orthogonally.

Lemma 2. Let « be a curve in X such that vy = gBo « 18 a vertical unit-speed
geodesic in'S? x R, and express N@(S) = cos(0(s)) Py(s) + sin(0(s))Q5s), where
{P,Q,7'} is an orthonormal frame of parallel vector fields along 4. Then the
conjugate curve v = ¢ o « lies in a slice S*> x {to} and its geodesic curvature
K as a curve of S? x {to} satisfies rk(s) = 0'(s).

Proof. The Levi-Civita connections of S? x R and of the slice S? x {to} where
7 lies will be denoted by V and V~82X{t°}, respectively. Since ¥ is a vertical
geodesic, the normal vector field IV along 7 is always horizontal. Hence, we
can write Ny, = cos(0(s))Py(s) + sin(0(s))Q5(s) for some smooth function
0. Therefore

Vi N = 0'(—sin(0) P + cos(0)Q) = 0. (Ja'),
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because P and @ are parallel vector fields and — sin(0) P + cos(6)Q is tangent
to ¢(X) (orthogonal to N) and orthogonal to 4’ (both P and @ are horizontal
while 4/ is vertical by assumption) so it is colinear with qB*(J o) and, up to a
change of orientation in ¥ if necessary, we can suppose that they are equal.
Finally

0 = <ﬁy]\7, qNS*(Jo/)> =— <§0/,Jo/> = <J§o/,o/> = <So/,o/>
_ <ﬁ’y’7/vN> _ <v§fx{to},y/’N> _

where we have used that J is skew-adjoint and the properties of the conju-
gation stated above. U

In this section we are going to apply the conjugate Plateau technique in
order to construct compact embedded minimal surfaces in S? x S!(r). This
technique consists in solving the Plateau problem over a geodesic polygon
producing a minimal surface in S? x R, and considering its conjugate surface.
We must ensure that, after successive reflections over its boundary, we obtain
a periodic (in the R factor) minimal surface, giving rise to a compact one in
the quotient S? x St(r).

3.1. Initial minimal piece and conjugate surface

Consider a geodesic triangle with angles &, 8 and v in S x {0}, lift the hinge
given by the angle « in vertical direction and add two vertical geodesics (each
of length h > 0) to produce a closed curve [ in S? x R (see Figure 1). For
h>00<~<mand & 5 < 7 (so a, b < %) the polygonal Jordan curve r
bounds a minimal graph M over S? x {0} (the existence follows from Radé’s
theorem, see [19] for a particular example). Hence the angle function of M
does not vanish and we can suppose, up to a change of the normal to M,
that 7 > 0. Its conjugate surface M is a minimal surface also in S? x R,
bounded by a closed Jordan curve I' consisting of three symmetry curves in
vertical planes and two horizontal symmetry curves. Two successive curves
in vertical planes enclose an angle « (this angle is intrinsic to the surface),
the remaining angles in the vertexes of I' are equal to 7.

We will denote by 7 (resp. i), ¢ € {1,2,3,4,5}, each of the vertexes of r
(resp. T'). Moreover, we will denote 7) (resp. 7j) the segment of I (resp. I)
joining the points 7 and j (resp. ¢ and j). Furthermore, II;; will stand for the
vertical plane or horizontal slice where 77 lies in the conjugate piece. Up to
a translation in S? x R, we can suppose that the slice IT34 is S? x {0}.
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Lemma 3. In the previous setting, let h < 5. Then:

(i) The segments of I' are embedded curves. Moreover, each of the segments
of I projects injectively to S* x {0} = Il34.

(ii) The vertical planes llaog, 1145 and 1l5; and the slices 111y and 1134 de-
termine a prism §) defined by the angles o (between 115y and Ilag), [
(between a3 and 1lss), v, and the height h (see Figure 2). Moreover,
a>a and B> 8.

(iii) The polygon T is contained in Q and so I projects injectively to S? x
{0}
(iv) The minimal surface M is embedded and lies in the interior of Q).

Thanks to Lemma 3 we are able to draw more precisely what the polygon
I" looks like (see Figure 2) provided h is short enough, i.e., h < 7.

Figure 1: The boundary curve Figure 2: The boundary curve
[.Ifa=>b, then I and M are I' of the conjugate minimal
symmetric with respect to a surface M inside the prism €2
vertical plane containing 4. with data (a, 3,7, h).

Proof. (i) The angle function  does not vanish in the interior of the horizon-
tal segments of ' because this would contradict the boundary maximum prin-
ciple for minimal surfaces (f] would be tangent to a vertical plane containing
this horizontal segment). Hence the angle function v of the conjugate piece
(which is the same as ) does not vanish in the interior points of the curves
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contained in vertical planes. Let us focus on the segment 23 parametrized by a
curve o : [a,b] — S? x R with unit speed. The length of the projection 7(23)
between the point 2 = o(a) and o(t) is given by £(t) = fat v(o(s))ds. Hence
{(t) is strictly increasing so the curve 23 projects injectively to S? x {0}. In
particular, it is embedded. The same argument works for 45 and 51.

The curves 12 and 34 are also embedded. To prove it, we realize that
Lemma 2 implies that the geodesic curvature of both curves does not change
sign because the rotation of the normal vector field N along 12 and 34 is
monotonic (otherwise a contradiction with the boundary maximum principle
would be found). Let us suppose that the curve 12 is not embedded. Then the
curve contains a loop enclosing a domain D. By the Gauft-Bonnet theorem,

/ .
loop

where k is the geodesic curvature of 12 in II15 and we have taken into ac-
count that total curvature of 12 is exactly & (see Lemma 2). Hence, by the
isoperimetric inequality, h = ¢(12) > ¢(loop) > (47 H2 > 5, contradicting
the assumption h < 5. A similar reasoning implies that the curve 34 is em-
bedded for h < Z.

(ii) First, the slices 1119 and II34 do not coincide. Otherwise, we get a
contradiction to the maximum principle by considering a slice S? x {t} for ||
large enough so (S? x {t}) N M = ). Move such slice downwards or upwards
until a first contact point appears. That point cannot be at the interior so
it has to be either in 45, 51 or 23, and it would yield a contradiction to the
boundary maximum principle. Let h be the distance between Il1o and Il34
SO H12 = S2 X {h}

Note also that II45 and IT5; are different since they form an angle of v &
{0,7}. Finally, we will prove that Ils3 is different from Ily5 (resp. Il51). Were
it not the case, the endpoints of the horizontal curve o = 34 (resp. o = 12)
would lie in a geodesic of S? x {0} (resp. S? x {h}) meeting it orthogonally.
Hence, the curve o and the segment of geodesic joining the points 3 and
4 (resp. 1 and 2) would define a domain D in S? x {0} (resp. S* x {h}).
Gaufs-Bonnet formula in D yields

- s
Zﬂ-—aZEJ

area(D)Zﬂ—/ K>m—

loop

since & € 0, 7],

(3.1) L@:w—M%w%

where & is the geodesic curvature of o in the slice. The total rotation © of the
normal vector field to M along 6 = 34 (resp. & = 12) is such that |©| =
(resp. |©] = &), so [©] < 7. By Lemma 2 and Equation (3.1), it follows that
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7 <area(D) < 37“ Again the isoperimetric inequality in the sphere would
imply that 4h? > area(D)(4r — area(D)) > In?, contradicting that h < 5.

The last assertion of (ii) will be showed at the end of the proof.

(iii) First, the height of the point 5 is strictly between 0 and h. In other
case, for instance if the height of the point 5 is bigger than or equal to h, we
consider a slice S = S? x {to} with ty sufficiently large so M NS = (). Then,
we move S downwards until it first touches M at a point p. Then p should
be either an interior point of M, or at the interior of 45, 51 or 23, or p = b.
Anyway we will find a contradiction to the maximum principle at the interior
or at the boundary. Likewise the curves 45, 51 and 23 are also contained in
S? x [0, h).

Since the vertical planes Ilog, 1145 and II5; are pairwise different (see
(ii)), they divide the slice S? x {0} in eight triangles. Hence the vertical
planes Ilog, 1145 and II5; and the slices II1o and Ils4 define eight different
prisms. Since we have shown in (i) that the curves contained in vertical
planes project one-to-one, (iii) will follow from the fact that 12 and 34 lie in
the same prism, that we will call €.

Claim 1: The points 1 and 2 (resp. 3 and 4) lie in the same triangle.
Otherwise the geodesic curvature of 12 (resp. 34) in S? x {h} (resp. S? x
{0}) would change sign but that is impossible (see the proof of (i)).

Claim 2: The curve 12 (resp. 34) is completely contained in a triangle.

This claim follows from the fact that the geodesic curvature of 12 (resp.
34) does not change sign, as well as from the fact the angle function of 3
does not vanish. This means that the projection of ¥ to the S?-factor is an
immersed domain G C S?, so we can define a unit normal to ¥ along 12
(resp. 34) that projects to a normal to G pointing towards the interior of
G. If 12 or 34 are not contained in a triangle, it is easy to see that such an
immersed domain GG cannot exist, which is a contradiction.

Claim 3: The curves 12 and 34 lie in the same prism.

Let us assume that 12 and 34 do not lie in the same prism and suppose,
without loss of generality, that 12 does not lie in the same prism as the
point 5. In that case the surface M will contain two different points in the
same vertical geodesic II5; N 1ls3. Hence there is one point p in the interior
of M such that v(p) = 0 which is impossible (recall that v = > 0, see the
beginning of Section 3.1, and that M is orthogonal to IT5; and Ila3).

Once we know that I' is contained in the boundary of a well-defined
prism € (see (ii)), (i) ensures that the whole polygon I' projects injectively
to S% x {0}.
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(iv) This assertion follows from (iii) by a classical application of the
maximum principle.

It remains to prove that o > & and 8 > J. First, let us apply the Gauf-
Bonnet theorem to the domain V,, bounded by 12 and the edges of Q as in
Figure 2 (it is well defined thanks to (i) and (iii)). We get o = area(V,,) + & >
a. Likewise, 3 > B by using the corresponding domain V3. ]

Our aim is to define T' such that the conjugate surface has the de-
sired properties, i.e., it can be smoothly extended without branch points
by Schwarz reflection about its boundary producing a compact embedded
surface in S? x R after a finite number of reflections. Depending on the sur-
face we want to construct we have to ensure different data («, 3,7, h) for the
prism € (see Lemma 3). We want to remark that if m copies of M are needed
to produce a compact orientable minimal surface > by Schwarz reflection,
then the genus g of ¥ is g = 1+ 2(7m — 7). This can be worked out by the
Gauf-Bonnet theorem: The total curvature of M is v — 7 and in order to
close the surface we need by assumption m copies of M. Hence the total
curvature of ¥ is m(y — ) and so the genus is g = 1 + 7= (7m — 7).

Remark 1. One could consider the same boundary curve I' consisting of
horizontal and vertical geodesics in R?. This leads to the well-known Schwarz
P-surface, whose name is motivated by the fact that it is invariant under a
primitive cubic lattice A. Moreover, there exists another lattice under which
the surface is preserved but its orientation is not; A is a subset of it. The
quotient P of the surface under the lattice A has genus 3 and consists of 16
copies of M with a = = 7 and v = 7. If we set a = b = h (cp. Figure 2),
the quotient P is contained in a cube of edge length 2a, and these cubes
tessellate R3.

3.2. Odd genus Schwarz P-type examples.

This section is devoted to investigate the most symmetric case in the above
construction, which follows from choosing @ = b in the initial contour. Since
the solution of the Plateau problem with boundary I' is unique and in this
particular case I' is symmetric about a vertical plane, we get that the ini-
tial minimal surface M is also symmetric about the same vertical plane,
intersecting M orthogonally along a curve § (see Figure 1). From [12, §2],
this implies that the conjugate surface M is symmetric about a horizontal
geodesic 0 lying in the interior of M (see Figure 2). In particular, a = b and

a=pf.
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Figure 3: Regular tiling of S? Figure 4: Tessellation of the
by quadrilaterals. sphere by isosceles triangles.

We are going to produce new compact orientable embedded minimal ex-
amples in S? x S'(r), for sufficiently small radius 7 > 0, coming from two
different tessellations of the sphere by isosceles triangles (see the shaded tri-
angles in Figures 3 and 4). The first one comes from the regular quadrilateral
tiling of the sphere once we decompose each square in four isosceles triangles
with angles a = 8 = % and v = §. The second one, as depicted in Figure 4,
follows from decomposing S? in 4k isosceles triangles with angles o = 3 = o
and v = 7, for any k£ > 1. Let us assume that we can produce, via conjugate
Plateau technique, an embedded minimal surface M; that fits inside a prism
Q; with data (5, §,5,h) if j = 1 and (3, §, T, h) if j = 2 for arbitrary small
h (see Figure 2). Then:

e It is clear that 24 congruent copies of 2] tessellate S? x [0, h]. Since the tes-
sellation comes from reflections about vertical planes, it implies a smooth
continuation of Mj, which we call M{. The surface M] is connected, topo-
logically it is S?\ {p1,...,ps}, where each p; corresponds to one vertex
of the quadrilateral tiling. After reflecting M] about one of the horizon-
tal planes S% x {0} or S? x {h} we get a surface consisting of 48 copies of
M. The vertical translation T" about 2A yields a singly periodic embedded
minimal surface S. It follows that the quotient S/T" is a compact minimal

surface with genus 7 in S? x Sl(%).

e We can reflect the surface My about the vertical planes containing the
edges a and b. Repeating this reflection successively the surface closes up
in such a way that 2k copies of My build a smooth surface in the product
of an hemisphere of S? and an interval I of length h. The surface meets the
vertical plane above the bounding great circle orthogonally and a reflection
about this plane yields a minimal surface M} which is topologically S? \
{p1,...,p2r}, where each p; corresponds to one vertex of the tiling. As
before reflecting M} about one of the horizontal planes S* x 9 we get a
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surface S which is invariant under the vertical translation T' of length 2h.
Moreover it is invariant under a rotation about the fiber over the north or
south pole by an angle of 7. The quotient S/T" is compact and consists of
8k copies of M, so its genus is given by g = 2k — 1, i.e., an arbitrary odd
positive integer.

Now, we are going to show the existence of the embedded minimal sur-
faces My (resp. M) associated to €y (resp. (2p). Let v = 7 (resp. v = 7).
Recall that we have fixed @ = b. As mentioned at the beginning of the section,
the conjugate piece contains a horizontal geodesic d (so a = b and o = 3, see
Figures 1 and 2). Therefore, ¢ and its projection onto the base of €2 have the
same length ¢(m(0)) = £(8) = £(8), and we can decompose the base of Q in
two right triangles as in Figure 5. By spherical trigonometry, we get that

(3.2) cos(a) = sin(3) cos(€(4)).
PN
0
2
b=a a
0(5) = £(6)
P ) = a o N
Figure 5: Base triangle of the prism Q in the special case @ = b.

We claim that for each a € )0, 5] there exists h(a) < 5 such that a = %
(resp a = 7). Let us check the claim for M, ie., in the case y = 5 and
a=7% lemg a € ]0,5], the length of 0 varies contlnuoubly in h from Z€ero
(When h — 0) to 400 (when h — +00). Moreover, h < £(8) by construc-
tion. Since v = § and o = % then, in view of Equamon (3.2), £(0) = £(6) =
arccos(v/2cos(%)) < 5 (in the casey = 7 and o = §, we have that £(6) = 7).
Hence the height in the initial polygon satisfies h < £ (5 ) < % and the assump-
tion of Lemma 3 is fulfilled. Finally, varying h € }0,5((5)[ we can find h(a)
such that a = § and h( ) < 5. Lemma 3 applies and the claim is proved.

Since h < £(23) = £(23) = 2 arctan (sin(a)(cot?(3) + cos (a))_l/Q), we
can make h arbitrarily small by choosing a small enough

To sum up7 we can always choose a polygon [ with data (a, a, Q,fz)

(resp. (&, &, T, h)) satisfying the hypothesis of Lemma 3. Thus the conjugate
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of the Plateau solution of I' is embedded and its boundary is contained in
the prism €y (resp. Q2), for sufficiently small height h.

3.3. Arbitrary genus Schwarz P-type examples.

To construct a compact orientable minimal surface M, with arbitrary genus,
let us guarantee the existence of a minimal surface M that matches a prism 2
with data (7, 5, 5, k) for some h > 0. This leads to less symmetric examples
since o # 8 and we have to use a degree argument as in [10] to guarantee
existence. If M C  exists, then Schwarz reflection about the vertical mirror
planes continues the surface smoothly and 4k copies of M build a mini-
mal surface M’ in the product S?x]0, h[ (see Figure 6). Topologically M’ is
S\ {p1,...,Pk+2}, where p; are the vertexes of the tiling. As in the above
symmetric cases, reflecting M’ about the bounding horizontal mirror planes
gives a complete surface M”, which is invariant under vertical translation
about 2h. The quotient is the desired surface M. Moreover, M" is also in-
variant under rotation about those vertical fibers which are intersection of
vertical mirror planes by angles 2% (resp. ). As in the previous cases one
computes the genus and gets 1 4 k, since 8k copies of M build the compact

surface M.

Figure 6: The polygon I' for the configuration (7,7, %,h). The resulting
compact surface My has genus k + 1.

Proposition 3. There exists a compact orientable minimal surface My, with
genus k + 1, embedded in S* x S*(r), for any k > 3 and r small enough.

Proof. We only need to prove the existence of the minimal surface M with
data (%, 3,5, h), the existence of Mj, follows directly by Schwarz reflection.
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We start with a polygonal Jordan curve I' as in Figure 1 with v = 5 and
some h > 0. We have seen that the minimal surface M is then unlquely de-
fined by (@, b), so this defines a map f: Ry x |0, P —>R3, (h,a,b)— (h,a, B).
The map f is continuous, since a sequence {Mn} of solutions to the Plateau
problem with data (iln, Qs l;n) has a converging subsequence with limit given
by the solution to the Plateau problem with data (ﬁoo, Uoo, l;oo) = limn(ﬁn,
Qn, l;n) In order to justify this, observe that each M, can be extended by
Schwarz reflection to a complete minimal surface M,,. Since the ambient
geometry is bounded and the surfaces have uniformly bounded second fun-
damental forms, general convergence arguments show that there exists a
subsequence of {M } converging to a complete minimal surface MOO in the
C*-topology on compact subsets for every k > 0. Since every surface M,, con-
tains the polygon T, associated to (hn, Qn,, bn) the limit surface Mo contains
the polygon I, associated to (hoo,aoo, boo) Moreover, My is also a graph
in the interior of the polygon, so it coincides with the solution to the Plateau
problem with respect to T'ag (note that such a solution is unique).

In order to prove the existence of a minimal surface M, i.e., the existence
of a triple (hg, ag, bo) such that f(ho, ao, bo) = (ho, x g) for some hg > 0, we
use a degree argument (recall that &, 5 € 10, 3] so a,b € ]0, 5]). We consider
the map

fil: ]07 g]x ]Oa g] - R27 ((NL, 5) = (avﬂ)

and show there exists a closed Jordan curve c: R —]0,Z]? such that the
image f; o c is a closed curve around (7, 5). We compose c of four straight
lines ¢;, i € {1,...,4}, namely,

e c1(t) =(5,t) with t € [5, 7], e c3(t)
e oo(t) = (t,F) with t € [}, 7], o cy(t)

(3,t) with t € [o,
(25

I
I

1\7\21 ?F\ti

k>
1
2

(t, 57) with t €

and we claim there exists i > 0 such that fj, o ¢ has the desired property.
Since 4 = @ = 7 along c1, we have 8 > 3 = 7 (by the cosine rule cos(ﬁ)

0 since v = a = 7 ) along f; oci (5ee Lemma 3) Likewise, a > & > 7 along

f7 o ca (by cosine rule cos(@) = sin(3) cos(b) < cos(b) = cos(%)). Now, B<x 5

along c3 since, by the cosine rule, cos(j3) = cos(a) sin(a) = cos(%) sin(&) > 0.

Moreover, we will also show that & < 7 along c4. First, by the sine rule,

sin(%), since a € )3, Z[ along 4.
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By the cosine rule, cos(a) = sin(3) cos(b) = sin(f) cos(5r ). Hence

cos(@) > sin(}) cot () sin(a),
so & < arccot (sin(}) cot(gz)) < F. Therefore, we have showed that B < 5
(resp. & < 1) along c3 (resE. ¢4). Since @« — & and § — (3 for h — 0, we
deduce that there exists 0 < ho < 5 such that 8 < § along Jjocgand a < T
along f; ocy for all h < hg. Note that we can choose hg such that Lemma 3
applies and we are done. O

Remark 2. Note that the Schwarz P-type example of genus 2k — 1, k > 2,
(see Section 3.2) induces a compact embedded minimal surface in RP? x
S'(r) if and only if & = 2m. In this case, we get a two-sided non-orientable
embedded minimal surface of genus 4m, m > 1.

The orientable arbitrary genus embedded minimal surface My, k > 3,
constructed in Proposition 3 induces a compact embedded minimal surface
in RP2 x S!(r) if and only if kK = 2m. In this case, the induced surface is two-
sided, non-orientable, embedded, and minimal with genus 2(1 + m), m > 2.

3.4. Final remarks

In this section we are going to point out the reason why it is difficult to
obtain a better result in S? x S'(r) using the Plateau construction technique
for all r. First we state the following general properties:

Proposition 4. (i) Let ¥ be a properly embedded minimal surface of S* x
R. If ¥ contains a vertical geodesic, then it also contains the antipodal
geodesic. More precisely if {p} x R C 3, then {—p} x R C X.

(ii) Let ¥ be an oriented, embedded minimal surface of S* x SY(r) differ-
ent from a finite union of horizontal slices. If ¥ contains a horizontal
geodesic, then it also contains another horizontal geodesic at vertical
distance r. More precisely, if ' x {0} € X, I' a great circle of S?, then
I'x{nr} C X.

Proof. Both assertions follow from two facts: (1) under the hypothesis the
surface Y separates the ambient space in two different connected components;
(2) there exists an isometry p of the ambient space which preserves the
surface by the Schwarz reflection principle but interchanges the connected
components of the complement of 3. Hence, the fixed points of p must be
contained in ¥. In the first case, p is the reflection around {p} x R whereas
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in the second case p is the reflection around I' x {0}. The first assertion
appears in |9, §2|. O

One important consequence of this proposition is that, generically, the
oriented compact embedded minimal surfaces constructed solving and re-
flecting a Plateau problem have odd genus. More precisely, let M a minimal
disk (different from an open subset of a slice) spanning a polygon I' made
of horizontal and vertical geodesics. Suppose that M produces a compact
surface ¥ by Schwarz reflection, and the angle function v = (N, ), where N
is the unit normal to M, satisfies v2|);< 1 and v?|p=1 only at the points
of I' where two horizontal geodesics meet. Then ¥ has odd genus if it is
orientable or it has even genus if it is not.

In order to prove this, we consider the vector field T'= £ — v N which is
the tangent part of £, so |T|2 =1—12, ie., T only vanishes in the points
where 2 =1 that turns out to be the points where the Hopf differential
associated to X vanishes. The zeros of T" appear in multiples of 4 since if
(p,0) € ¥ is such a point then it is an intersection point of two horizontal
geodesics y1 x {0} and 2 x {0} contained in the surface ¥ and so the point
(=p,0) € (71 N2) x {0} is also in X and T(_, ) = 0. Moreover, by Propo-
sition 4, the horizontal geodesics v; x {nr}, j = 1,2, are contained in ¥ so
(p, mr) and (—p, 7rr) are also zeros of T'. Applying the Poincaré-Hopf theorem
to the vector field T', the Euler characteristic of % must be —4k, that is, the
genus of ¥ is g = 2k + 1 if ¥ is orientable or g = 2(1 + 2k) if it is not.

Note that this trick is not useful in general for the conjugate surface of
M (we assume that the conjugate piece can be reflected to obtain a compact
surface): Although the angle function is preserved by conjugation and so are
the zeros of the vector field T', we can not guarantee in general that the zeros
of T occur in the intersection of two horizontal geodesics in the conjugate
piece.
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