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A monotonicity formula for free boundary
surfaces with respect to the unit ball

ALEXANDER VOLKMANN

We prove a monotonicity identity for compact surfaces with free
boundaries inside the boundary of the unit ball in R™ that have
square integrable mean curvature. As one consequence we obtain a
Li-Yau type inequality in this setting, thereby generalizing results
of Oliveira and Soret [19, Proposition 3], and Fraser and Schoen
[11, Theorem 5.4].

In the final section of this paper we derive some sharp geometric
inequalities for compact surfaces with free boundaries inside arbi-
trary orientable support surfaces of class C2. Furthermore, we ob-
tain a sharp lower bound for the L'-tangent-point energy of closed
curves in R? thereby answering a question raised by Strzelecki,
Szumaniska, and von der Mosel [22].

1. Introduction

The main goal of this paper is to establish a monotonicity formula for compact
free boundary surfaces (unless otherwise stated this means 2-dimensional,
smooth, embedded) with respect to the unit ball in R™. The corresponding
result for closed, i.e. compact and boundaryless, surfaces was proved by Si-
mon [21]. (See also Kuwert and Schétzle [14] for a generalization to integer
rectifiable 2-varifolds with square integrable generalized mean curvature.) For
a closed surface X, and radii 0 < ¢ < p < oo Simon’s monotonicity identity
reads as follows.
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This monotonicity formula plays an important role in the existence proof of
surfaces minimizing the Willmore functional [21]. It also yields an alternative
proof of the so called Li-Yau inequality [17]. Very recently, Lamm and Schétzle
[16] used it to establish a quantitative version of Codazzi’s theorem, thereby
extending results of De Lellis and Miiller [7, 8] to arbitrary codimension.

In this paper we prove a monotonicity identity for compact free bound-
ary surfaces with respect to the unit ball in R"™, i.e. compact surfaces with
non-empty boundary meeting the boundary of the unit ball orthogonally. In
fact, our results hold in the varifold context (see Section 2 for the precise
assumptions).

As a consequence we obtain area bounds, and the existence of the density
at every point on the surface. As a limiting case of the monotonicity identity
we obtain the Li-Yau type inequality

1/ -
(1) O < Z/ |H|2d’H2+/ vondH
b ox

where 0,4, denotes the maximal multiplicity of the surface ¥ (see Theo-
rem 4.1).

A special case of (1) (for free boundary CMC surfaces inside the unit
ball in R?) has appeared in a work of Ros and Vergasta [19, Proposition 3],
attributing the result to Oliveira and Soret. The proof given in [19] seems to
also work for any compact free boundary surface with respect to the unit ball
in R™. Unaware of this result Fraser and Schoen independently established
the inequality for free boundary minimal surfaces inside the unit ball in R"
(see [11, Theorem 5.4]). In this context we also mention the work of Brendle
[6] in which the author generalizes the inequality [11, Theorem 5.4] to higher-
dimensional free boundary minimal surfaces inside the unit ball in R".

The paper is organized as follows. In Section 2 we introduce the notation
and describe the setting we work in. In Section 3 we establish the monotonicity
formula (Theorem 3.1) and prove the existence of the density (Theorem 3.4).
In Section 4 we give some geometric applications that follow from the results
of Section 3. Finally, in Section 5 we prove sharp geometric inequalities for
compact free boundary surfaces with respect to arbitrary orientable support
surfaces of class C2. We also include a sharp lower bound for the L'-tangent-
point energy of closed curves in R3.

Acknowledgments. I would like to thank my advisor Gerhard Huisken for
helpful discussions. Moreover, I would like to thank Simon Blatt for bringing
the paper [22] to my attention.
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2. The setting

We use essentially the same notation as in [14]. Unless stated otherwise we
assume that p is an integer rectifiable 2-varifold in R™ of compact support
= spt(p), S NAB # 0, with generalized mean curvature H € L2(p;R™)
such that

(2) /mmxwz—/ﬁmmu

for all vector fields X € C}(R™,R") with X -y =0 on 9B, where (z) =z
denotes the outward unit normal to B (the open unit ball in R"). Furthermore,
we assume that u(0B) = 0.

It follows from the work of Griiter and Jost [12] that p has bounded
first variation du. Hence, by Lebesgue’s decomposition theorem there exists a
Radon measure 0 = [0p|.Z (Z = {z € R": D,|ép|(x) = +o00}) and a vector
field n € L'(o;R™) with |n| = 1 o-a.e. such that

(3) op(X) :def/diVZXdu:—/ﬁ-Xd,u—l—/X-ndU
for all X € C}(R™,R"). It easily follows from (2) that
spt(o) C OB and 7€ {£y} o-ae.

We shall henceforth refer to such varifolds p as compact free boundary vari-
folds (with respect to the unit ball).

In case u is given by a smooth embedded surface ¥ (i.e. p = H>.Y) 7
is the outward unit conormal to ¥ and o = H!LOX, and we say that ¥ is a
compact free boundary surface (with respect to the unit ball).

Note that since ¥ is compact we may use the position vector field as a
test function to obtain

(4) m@ﬂ:-/ﬁm@+/mnm

3. The monotonicity formula

The following monotonicity identity is the free boundary analogue of the
monotonicity identity [21, (1.2)], [14, (A.3)].
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Theorem 3.1. (monotonicity identity) For xq € R"™ consider the func-
tions gz, and Gz, given by

p(Br(xo)) 1 / 712 1 / 7
" = — H|*d H-(x— d
g 0(7‘) 7”,,2 + 1671 By (x0) ’ | 1% + 271'7"2 By (o) (LL' J;O) 12

and

920 (1) = Ge(wo) (/] 20])

1 i .
- W /ér(mo)(‘x = &(@o)” + Pr(x — &(x0)) - x) dps
ST o Bl =€)

1 . B,
CL g M)
27 J B, (xo) T

forxzg #0, and
min(r=2,1)

Jo(r) = —27/;15 -ndo.
T

Here £(x) = e and B, (x) = By Jjzo|(&(0)). Then for any 0 < o < p < o0
we have

2
1 1~ (x—mx)t
(5) = / At | e
T JB,(20)\Bs (20) |z — o
1 / L % d
T J B, (20)\ By (20) |z — &(z0)]

4
- (géto (IO) + Gz (,0)) - (gIO (U) + g;po(U)),

where the second integral in (5) is to be interpreted as 0 in case xo = 0.
Here (x — 20)* = (x — 20) — Po(x — x0), where P, denotes the orthogonal
projection onto T, the approrimate tangent space of i at x. In particular,
g+ § is non-decreasing.

Before we give a proof of the above theorem we note (cf. [9]) that the Neu-
mann Creen’s function of the disk of radius R in R? is, up to a multiplicative
and additive constant, given by

|z] 1

G(z,y) = log(|lz — y|) + log (Rlé(x) - yl) + TRQIyIQ,
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where £(z) 1= R2ﬁ. We have, for R =1,

-y f=x)-y
Do) = "y " ey P

Proof. (of the theorem) Let oy € R™. We define

T

T—x z—&(z0)
y(z) = | Boaol T Eamp ~ % T 70
wE — T zg = 0.

For 0 < 0 < p < oo we define the vector field X by
(6) X(x) = Xi(2) + Xao(2),

where we set
Xy (2) := (Jz — zol,? = p~*) (2 — x0)

and

(|2 = &@o)l 5501 — lwol*p™2)* (& — €(w0))
—o 2 min(|zg||z — £(20)|,0)%
+p~2min(|xo||z — &(20)], p)?z, o # 0

—o?min(1,0)%x + p~? min(1, p)z, xo =0,

Xg(x) =

and where |v|, := max(|v], o).
First, assume that xo # 0. Then, we set for r > 0

A

By (10) = By jjzo|(€(20)).

To simplify notation, we shall write B, and B, instead of B, (1) and B, (zo),
respectively. We may decompose R™ into a disjoint union over the elements
of the family of sets F; or F5 given by

Fi:={B,, B,\ B,, R"\B,} and F,:={B,, B,\ By, R"\ B,},

respectively. For € 0B we have |z — x| = |zo||x — &(x0)|. Therefore, 0B
can be decomposed into a disjoint union over the elements of the family of
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sets Fap given by
Fop :={0BN(B,NB,), dBN[(B,\ B,)N(B,\ B,)], B\ (B,U B,)},
and so we have for x € 0B

(072 =p )z —xlY(z), 0<|z—a| <o
(7) X(x) =Y (x) = p 2o —xo?Y(2), o<|z—120| <p
0, p < |z — .

This implies that X is a valid test vector field in (2) in case B,, By, 0B,
and 0B, have p measure zero, i.e. for a.e. 0 and p. We compute

/Mﬂ@tml/ﬁ&w
A A
for all sets A € F;, i = 1,2, separately. We have
/diszg dp = / dive Xs dp

AcFs

— o0~ Ba) = 2faolp 2(B,)
= 2faoo? [ o = (o) P du-+ 2Aaofp [ 1a — gla) dn

o P

— 2|.’L’0|20_2 /B P.(x —&(x)) - xdp

+2|xo|2p*2/3 Pl = §(a0)) - w dp

+2/ )#Pd
p\B |Z‘ - x0)|4
- QM(BP \ BU)v
and
/H’XMM_EZ/EJXMM
AEF>

= fool?o™ [ - (2 = g(an)) dn = foof?p™? [ H - (@ =€) du

o

~ oo~ [ A (o = o) Fa) dp ol [ - (o = €wo) o) d

= x—&(x) _
—|—/ H —————_( —/ H - xdu.
RV R T E R P :
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Using the fact that for any vector v € R"

2

1 1, = .
(8) 2‘4H+uL _§|H|2+2\UL|2+H-U,

where we used Brakke’s orthogonality theorem (cf. [5, Chapter 5]), we get
that

/diVEXQdH+/ﬁ'X2dM

= 2[ao|*0 2 u(By) — 2lwo|*pp(By) —

d
8 /5, :

ool [ (@ =€) du— feolp™ [ H - (0= Elao)) dp
Bs B,
—2faof0 2 [ o= &Goo)Fdi+ 2laof™ [ o = lao) di

P

9o /B Pz — €(x0)) - 2 ds + 2o p 2 /B Py(x — €(z0)) - w dp
~ ool [ H - (o = §lao)Pa) dp Lol ? [ H - (o= (o) o) dn
B, B,

(z — &(wo)) |

_QM(BP\BU)—/ H+ |

B\Bs

H-z dp+2 /
B,\B,
Similarly, (in fact exactly as in [14]) we get that

/diszl du+/ﬁ-X1 dy
= 2072(Bo) — 207 2(By) — / P dp
B,\B,

—1—072/ H-(x—ao)dp—p- /H (x — xo) du

2]
By\By

Since, as mentioned above X = X; + X5 is an admissible vector field for (2),
we get after rearranging that

(z — x0)* ?

du.
|:cf:r0|2 H
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(JU—QCDl

2 oo ; 2 f, |x— <)>)|

=2p"°u(B,) — 20~ u(B ) + 2lzol*p (B, )—2!360!20 *1(By)
8/ AR+ / 2 du+ 2u(B, \ By)

dp
|z — 20/

—

+p 2| H- (:E—:Uo)du—aﬂ/ H-(x—xo)dp

ool [ (@ = €wo)) dp—laoPo™ [ H (o = &(a0)) du
B, B,

~faol?p7 [ (o = o) Pa) dp oo [ (1~ €wo) ) di
B, B,

—2|I0\2,0_2/E Py(z — &(0)) 'xdu+2|x0|20_2/3 Pz — &(x0)) -z dpe

= 2faof*™ [ o = &Gao)*diu+ 2leol0? [ o= &o) P

+/ X H - xdp.
By\Bo

In view of the definition of ¢ and § we may rewrite this as

1= (x—mx)t ?

)
@ Bp(xO)\Bo (z0)

4 |z — x0|?
1
+ f/
By (x0)\Bo (w0)

1= (z— &))"
:(gzvo(p) +gzo( ))

dp

2
dp

-H+——
4 |z —&(x0)[?
(920 (0) + G (0))-

Now, assume that zo = 0. Then (7) still holds, and we may again test (2)
with X. (Again first for a.e. o and p.) We write B, instead of B,(0), and may

decompose R" into a disjoint union over the elements of the family of sets F
given by

F :={Bs, B,\ B,, R"\ B,}.
Recalling that
Xi(xz) = (jalg? = p7*) 2
and
Xy(2) := (min(p~2,1) — min(c—2, 1)),
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we compute
/ divy Xy dp and / H - Xy dp
A A
for all sets A € F. We have
/disz dp = /diszl dp + /dngXg du
=207 u(B, ) - 20‘2u(3p)

“2fy
+ 2(min(p~%,1) — min(a_z, 1))u(R™)

and
—/FI-Xdu:—/ﬁ-de,u—/ﬁ-ngu

:—072/ ﬁ'mdu—&—p%/ ﬁ':cdu
B, B,

[ (e dn
B,\Bo

— (min(p~%,1) — min(c /H xdp.
Using again (8) we get
1 L 2 712
2/ S+ S| dp=20"2u(B,) — 202 / Ald
o, |10 T | =2 p(By) wBo) + ¢ ! " dp

~ o(min(p,1) — min(o >, 1))u(E")

+p2 ﬁ-zdu—a_/ H-xdu

— (min(p~2,1) — min(o"2,1)) / H-zdp.
In view of the definition of gy and gy, and equation (4) we may rewrite this
as
1~ ot ’

1
™ /Bpm)\Ba(m 4

This equality which was proved for a.e. o and p is obviously also true for
every ¢ and p by an approximation argument. ]

dp = (90(p) + Go(p)) = (90(0) + Go())-

ER
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Proposition 3.2. For every xog € R™ the tilde-density

B o BT- o
~ — lim rl0 (H( ( ) + :éxol(,w)))z) , 2o 7é 0,
(B (0))

exists. Moreover, the function x +> 92(u, x) is upper semicontinuous in R™.

Remark 3.3. Since B,(1x9) = B,(zo) for 29 € B we have that 62(u,-) =
20%(p, ) on OB.

Proof. Set, in case xg # 0,
27rr2/ H- du+2n—(|x0|1/ H - (x — &(x0)) dpu
- mwéﬁ'x €l + P = €(r0) ) do
! 7 2
= i Jy, T (= o))

We estimate with Holder’s inequality

1(Br) 1 / 7712 N(Br 1 / 2
R(r)| < H|*d HP?d
Rl < e 2 N 167e /B, &l M+E7T(]x0|_1 ) 16775 A du
B, B, w(B,) u(B.)
T 7(|zo|~1r)? 45 A
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On the other hand, we have

1(Bo) n M(Ea)

no?  w(|lxe|lo)?
B B 1 -
< 1( Qp) n 1( _pl) . 7/ ) ) |H|2 du
mp*  w(lzo|7lp)* 167 J(B,UB\(B,UB,)
1 . B,\ B,
— [ H-:cdquMwLR(p)—R(a).
21 B,\B, ™

. 1 . .
| Hewdus< g [P dp s da(By)
B 4 /s,
we infer, upon redefining 0 < € < 1, that

qoy  MBo) (By) <(te) (u(Bp)+ u(B,) )

mo?  w(|wo[ o) m?  w(|xo[p)?
—i—C(s)/ |ﬁ|2du+0(€)/ P dy
B, p
+CE) (1+ &) u(B,).

We infer that

lim sup (M(BU) + M(BU) > < 00,

olo \ m0* = 7(|zo|7t0)?
and in view of (9) that
i | R(r)] = 0.

Theorem 3.1 implies that the tilde-density §%(y, x0) exists, and that
P11 20) = (914 (0) + 3y ).

Hence also

(11) P (ua0) < (14 ) (MBp) . n(B) )

T T([zo|~1p)?
+C(5)/ |ﬁ]2du+0(s)/ H? dy
B, B,

+C(e) (1 + d2) 1(B,).

205
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Now, assume xg = 0, then set

1 -
R(r) := 53 /B H - xdu,

and we have that

e () (& f )

and for e > 0

B) 1 ,
R < MB) / I dp.

w2 167e JB
Hence,
B, B — . _
M8 < 14 ) 80 4 0(e) [ AP 01— min(p 1) 0(0B),
o TP B,

where we used that spt(o) C 0B. We infer that

By

lim sup il 2) < 00,
al0 o

and in view of (12) that
li =0.
lim | R(r)| =0

Theorem 3.1 implies that the density 62(y,0) exists, and that

0% (1 0) = lim go(0).

where we used that jo(r) = —5& [ -ndo for all 0 < r < 1. Hence also
- B .
1) R0 =0 <1+ v ) [ iR
BP

+ C(e)(1 —min(p~2,1)) 0(0B).
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Now, let z; be a sequence in R™ such that x; — . Then (11) and (13) with
xq replaced by z; implies

wB,) | n(By) >hmsup<u<3p<xj>>+u(fi’p(xj)))
2wzl Tp)? T e mp? (|| ~tp)?

Y

1 - .
lim su (6‘2 ,xi)—C(e / H*d
[ s (k,z5) = C(e) Bp(zj)UBp(zj)‘ * du

= CE1+ Pu(Bya) - CE1 - min(p ™, 1) 0(0B).)

1/ ,
1+6(hmsup6’2(u,mj) —C(e) |H|? dp

j—o0 /ng(:no)uézp(:ro)
— 0 (1+ &) p(Bay(a0)) — CE)(1 — min(p~,1)) a(aB).),

where we interpret B, (0) =0 and Fﬂ(ﬁ’i (1(2))2 = 0. Letting p | 0 and then ¢ | 0

implies the upper semicontinuity. 0

Since Y is compact we may estimate

Hence,

Also, by (3) and (4),

n(R™)

. ~ 1 d 1 —
Jim (920 () + Gy () = - [ VAP dut o [ Hwdut

1 - 1
:8?/]H|2d,u+%/x-nd0

for o # 0, and

. . 1 =
Jim (g0(r) + Go(r)) = 15— [ Hdp.

Summarizing, we have proved the following theorem:
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Theorem 3.4. For every xg € R" the tilde-density

. By (x B,. x
~ {hmmo (H( ﬂr(g 0)) + M? (102))2> , Xo 7é 07

0 (p, zo) = (B, (0)) rlfol”

limr 10— 2

exists. The function x — 52(,11, x) is upper semicontinuous. Moreover, we have
forall0 <o <p<oo

1) (area bound)

{UZM( o(20)) + (O/Ixol) 1(Bs(20)) < C, 20 #0,
(B5(0)) <

for € = O(d, n(R"), | H|12),
2) (density bound)

#(B,(20)) H(By(xo))
R R R

+0(5)/ \ﬁ]QdquC(s)/ P dy
B, (a0) B, (a0)

+C(e) (14 &) p(By (o))

+(1+4¢)

and
#0) < (149" 50 o) [ AP+ )0 - mino?, 1) 0(0B),
,0 B,

and

2

2
1 - _ 1
Ha (z — 20) du

3) (integral identity)
(z — &(w0)) "
H
4 |z — 0|2 N

1/ (& = &lw))~

T 4 |z — &(x0)]?
1 - 1 ~

:g/]H|2du+%/x-77da—92(u,xo) for xzg # 0,

1
dp + —
T

and
1/ 1ﬁ+:&2
VSR

1 - 1
du:—/|H|2du+—/x-nda—@Q(/L,O).
167 2m
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4. Applications

The Willmore energy W(F) of a smooth immersed compact orientable surface
F ¥ — R™ with boundary 9% is given by

1
W(F) = 1/2H2d7-l2*5+/82 oy dH s,

where r, denotes the geodesic curvature of 0¥ as a submanifold of ¥ (cf.
[20]). By the Gauss equations and the Gauss-Bonnet theorem we have that

1 0
W) = 5 [ AP dHs + 2mx(9),

where A° denotes the tracefree part of the second fundamental form, and
X(X) denotes the Euler characteristic of ¥. Since x(X) =2 — 2¢(X) — (%),
g(2) = genus of ¥, r(X) = number of boundary components of ¥, we have
that

W(F) > 2r

for topological disks. For free boundary surfaces with respect to the unit ball
we have that

kg=D-1=D(n-zx)-T=x-n, (reT(08),|]=1)

hence the Willmore energy may be rewritten as
1 F12 7942 1
W(F)=—- [ |H|"dH5.s+ TN dHpes.
4 Js %

Motivated by the smooth case we may define the Willmore energy W(u) of
a free boundary varifold p with respect to the unit ball by

1 .,
W(M)IZ/’H|2du+/l‘-77dO'.

Theorem 4.1. For any immersion F : X — R"™ of a compact free bound-
ary surface with respect to the unit ball in R™ and the image varifold p =
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OH2F(X), where 0(x) = HO(F~*({z})), we have

HOF ({w E(@)}) = 6 (p.w) < S-W(F),

1
27
in particular
(14) W(F) > 2,

and if
W(F) < 4,

then F'is an embedding. Moreover, equality in (14) implies that F' parametrizes
a round spherical cap or a flat unit disk.

Proof. The inequalities follow from Theorem 3.4. Assume now equality in (14)
holds. In particular, we have that F' is an embedding, and we may identify >
with F(X). The proof now follows from Proposition 4.3 below. O

Remark 4.2. The estimate is sharp, as can be seen by taking the union of
two distinct free boundary flat disks.
It is also interesting to note that in case 0 € > we have the stronger inequality

1 .
2m6(1,0) + 5 [ 1 dp < W),

Proposition 4.3. Let ;1 # 0 be a compact integer rectifiable free boundary
2-varifold with respect to OB such that

W(u) = 27.
Then = H?LY, where ¥ is a round spherical cap or a flat unit disk.

Proof. Tt follows from Theorem 3.4 that the tilde-density 52(,u, x) exists and
is > 1 for every x € X. The assumption together with Theorem 3.4 then yield
that 6?(u, x) = 1 for every x € X. In particular, we conclude that 6%(u, z) = 1
for every z € ¥\ 0B and 0*(u,z) = 1/2 for every x € ¥ N OB. Since u # 0
and Y} is compact the area estimate in Theorem 3.4 implies that there exists
a radius R > 0 such that X\ Bg(x) # 0 for all x € X. Pick any point zy € X,
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then
2 2
1 1- x —x0)t
|
wJ |4 |z — x|
1

= %W(M) =L

Ly (z —&(x0)) "

T |

1
dquf/
T

We conclude that

(z — wo)L

H W ro)
(x) + |z — zo|?

(15) =0 for y-a.e. x € X.

1
4

In particular,

for pra.e. z € X'\ Bg(xo).

And similarly, picking a second point z; € ¥\ Br(xg) we conclude that
|H(x)] < & for pae v€X\ Bu(w1). Since Bz (zo) N Bz (w1) = we have
that |H ()] < % for prae. v € ¥. In particular, |H| € L>*(11). By Allard’s
regularity theorem [1], Griiter-Jost’s free boundary version [12], and Theo-
rem 3.4 we conclude that ¥ is a C'™* manifold with boundary. We consider
two cases:

First suppose that ¥ is a free boundary minimal surface (cf. [6]). Then
writing ¥ locally as the graph of a C function elliptic regularity theory
(see for example [15]) implies that ¥ is smooth. For any given point y € 3 we
have that

(x—y)t

P =0 forzeX\{y},

where 1+ stands for the orthogonal projection onto the normal space of ¥ at
x. In particular, y — z € T,,3 for all y € 0¥ and all points = € ¥\ 9. Hence,
0% is contained in a 2-dimensional plane. The maximum principle implies
that ¥ is itself contained in this plane. Since ¥ is compact and 9% C 0B, X
must be equal to a flat unit disk.

Now assume that ¥ is not minimal. Then there exists a point zg € 3 \ 0%
such that H (xz0) # 0 and equality holds in (15). After possibly rotating ¥ we
may assume that T, X = span{e;, es} and that H (zg) = 2 ¢35 for some 7 # 0.
This implies that for j =4,...n

(16) 0= H(x)-e; =4
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for all z € ¥\ {xo}. (First for y-almost all points, and by continuity in x of
the right hand side of equation (16) for all points.) This implies that X C
xo + R3 x {0}. On the other hand,

((L’ — 150)3
|z — 20|’

2 -,
r

Le. L]z — x> =2(z — ¢)3, or equivalently

r? = (z —x0)] + (x — 0)3 + (& — wo)3 — 1) = |& — (w0 + res) [

for all x € ¥\ {20}, and ¥ C dB,(zo + rez) NR3 x {0}. Since 9% C B we
must have that either 3 = (9B, (zg + re3) NR3 x {0}) N B or ¥ = (0B, (z¢ +
rez) NR3 x {0}) \ B. O

An immediate corollary of Theorem 4.1 is the following very special case
of a Theorem due to Ekholm, White, and Wienholtz [10].

Corollary 4.4. Any immersed compact free boundary minimal surface with
respect to the unit ball of boundary length strictly less that 47 (or equivalently
of area strictly less that 2m) must be embedded.

Remark 4.5. Bourni and Tinaglia [4] have extended the result of Ekholm,
White, and Wienholtz to surfaces with small LP-norm of the mean curvature
with p > 2.

5. Geometric inequalites for free boundary surfaces

In this section we consider free boundary surfaces with respect to an orientable
C?-hypersurface S with outward unit normal v that meet S from the inside.
More precisely, we make the following assumptions.

We assume that p is an integer rectifiable 2-varifold in R™ of compact sup-
port ¥ := spt(p), © N S # 0, with generalized mean curvature H € LP(j; R™),
p > 2, such that

(17) /diszd,u:f/ﬁ-Xdqu/X-’yda

for all X € CH(R™,R"), and where o = |6u|LZ (Z = {x € R": D,|du|(z) =
+00}). By [12, Corollary 3.2] we have that the density

: n HOB20)
Pl = e
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exists at every point x¢ € spt(u), and that 6%(u,z0) > 1/2 for every point
zo € spt(o).

Lemma 5.1. For every xo € R™ we have

lrlg)l o(By(z9)) = 0.

Proof. Let xy € spt(o) C S. For r > 0 small enough so that the oriented dis-
tance function dg of S is of class C%. Let ¢ € CH(R"), 0 < ¢ < 1, be such that
@ =1 on B.(zg), ¢ =0 outside Ba,(x¢), and |Dyp| < ¢ for some constant ¢
independent of r. Testing (17) with X = —¢ Ddg we obtain

o(Btan)) < [ pdo < [ olDPs|+ \Dgldut [ |l d
2r(Zo

< (c®)+ ) uBa@) + [ |H|dp,

2r (20)
which by [12, Theorem 3.4] goes to zero as r | 0. O

We need the following definition.

Definition 5.2 (cf. [2]). (interior and exterior ball curvatures) The
interior (exterior) ball curvature (z) (k(x)) of (S,v) at x € S is defined by

=

(x):= sup Z(z,y) (f@(x) ;= inf Z(x,y)),
yes\{z} yeS\{z}

where

Z(o,y) = A2

The ball curvature k(x) of S at x € S is defined by r(z) := max{r(z), —r(x)}
> 0. For a subset A of S we set

Ra@)i= s Z@y) (sal)= it ZG).
yeA\{z} yeA\{z}

and k(z) == max{Fa(z),—k4(x)} > 0.

Remark 5.3. In case S = 0f) for a bounded and convex set €2 the interior
(exterior) ball curvature is the curvature of the largest (smallest) ball enclosed
by (enclosing) 2 and touching 0% at .



214 Alexander Volkmann

Writing S locally as a graph over its tangent plane one easily verifies the
following lemma.

Lemma 5.4. For any compact sets Ky, Ko C S we have

sup K, < 00.
K>

We test equation (17) with X = | — x| 72(2 — x0), where ¢(z) = (|v —
zol;2 — p~ )T |r — x0|> > 0, and where ¢ € S. We have

/X-nda:o_z/B (a:—xo)~’yda—p_2/ (x —xp) - ydo

o Bp
T — X
+/ IR “yda,
BB, [T — o

where the double usage of the symbol ¢ should not lead to confusion. Then
for a.e. 0 < o < p < 0o we have

-
T JBy(x0)\Bo(z0)

_1/ Ar—z0) 4

47 J B, (@0)\Bo(z0) [T — To[?

= (920 (P) + b2 (P)) = (9o (9) + bay (@),

1=
-H 4+ —
4 |z — 0|2

(x — x0)* ?

dp

where

1
buo(1) =~ g5 || (2 =a0) 7o,

We note that this identity was originally derived in [21] for smooth surfaces.
Using Lemma 5.4 and the fact that (by Lemma 5.1)

o(By)
47

|bzo (T)| < Sgp Kspt(o) — 0 asr—0

one easily concludes that one can let p — oo and o — 0 to obtain

1>  (z—mx)t ?

(18) 26, w0) + = [ |5

4 \:z;—m0|2

1 .
— — [ @12 du 7/
87T/| | N |m—x0|2

Even though the identity (18) is well known [21], the geometric interpretation
of the boundary term does not seem to have been exploited thus far. The

dp
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quantity

2(z — o) - ()
|z — x|

Z(x,x0) =

is the curvature of the tangent ball, plane, or ball complement of S at x
passing through xg.

Proposition 5.5. We have

1 -
21 é 1/|H‘2d,u—|-/ﬁspt(0) dU.

Moreover, equality holds if and only if ¥ is a round spherical cap or a flat
unit disk.

Proof. The inequality follows immediately from (18), the definition of Ry (o),
and the fact that the density at a boundary point is at least 1/2. Now assume
that equality holds. Then for o-a.e. € spt(o) we have that

(19) Fspt(o) (¥) = Z(x,y) for all y € spt(o) \ {=}.

Moreover, by (19) we see that spt(c) must lie on the tangent sphere of S at
x. Since this is true for o-a.e. point x € spt(o) there exists a single sphere
that is the tangent sphere of S at every point x € spt(o). After rescaling and
translating we are in the situation of Proposition 4.3, which completes the
proof. O

Remark 5.6. A weaker, but also sharp, inequality that can be obtained
from (18) was observed by Riviere [18, Lemma 1.2].

Lemma 5.7. Let Q be a convexr domain of class C?. Then

sup £ = sup  A%(v,v) and inf k= inf A% (v, v),
z€dN veET(09Q),v|=1 zedf vET(09),|v]=1

where A% = {h%Q} denotes the second fundamental form of 02 with outward
unit normal 7.
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Proof. We have

R(x) > limsup Az —y) (@) =  sup  A®(2)(v,v),

y—x |z —y|? veT, O, |v|=1

which establishes one inequality. Now assume by contradiction that the in-
equality is strict, i.e.

(20) supk > sup  A%(v,v).
o0 veTR O, |v|=1

By (20) we can find two distinct points 7,7 € 92 such that
Z(%,7) = sup® =: R™%.
o0
By definition of & we have that for every x € 02

Br(x — Ry(z)) C Q,

1

and since Z(7,y) = R~ we also have that

(21) § € 0Br(T — Ry(T)).
W.lo.g. we assume that T — Ry(Z) = 0. Since 2 is convex we have that
Qc{z+z:2-2<0iN{y+zr:2-y<0} =W

That is, €2 is contained inside the slab or the wedge bounded by its affine
tangent spaces at T and 7. We consider two cases. First assume that W is a
wedge, i.e.

P := span{7,7}
is a 2-dimensional subspace of R™. Then 2N P is contained inside the cone

W N P. By convexity and by definition of supyg & = R~! we must have that
the segment

IBr(0) N{z:z-((T) +1()) 20N P

is completely contained inside 02, which however contradicts (20). Now, as-
sume that W is a slab, i.e. T and 7 are co-linear. Choose a point z € 9Q N W.
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(If no such point existed, we would have Q = W, contradicting (20).) Now let
P := span{7, z}.

Arguing similarly to the first case we see that 92 must contain a circular
segment of radius R inside P connecting T and z, which again contradicts (20).
This establishes the first claim. The proof of the second claim is similar. [J

Corollary 5.8. Suppose S = 02 for a convexr set Q@ C R™ such that h?jQ <
kdi;. Then

1 -
2 < Z/]HPdu—Fka(R").

Suppose S = O(R™\ Q) for a convex set @ C R™ such that h?jQ > kd;j. Then
1 7712 n
o < Z/\Hy dit — ko (R").

Moreover, equality holds if and only if ¥ is a round spherical cap or a flat
unit disk.

Remark 5.9. The assumption that H € LP(u;R™) with p > 2 was only
needed to ensure that the singular part o of the total variation measure ||
has no point masses which ensures that the integral

/Z(x—xo)-fydg

|z — x0]?

exists, and to ensure that the density at every boundary point is at least 1/2.
Alternatively, we could have supposed that p =2 and that p is the image
varifold of a C''-immersion.

Some observations concerning the L'-tangent-point energy

Integration of (18) yields

17 - ist(x —
21 < i / |H | du —i-][/ lest(f; y,‘ZmaQ) do(z)do(y).
-y

We note that in case o is 1-rectifiable the double integral can be estimated in
terms of the so called (cf. [23]) L'-tangent-point energy & (o). By definition
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//Rmmy (2)do(y),

where Ry,(x,y) denotes the so called (cf. [23]) tangent-point radius of o at
(z,y) given by

we have

[z — yl”
2dist(x —y, Tpo)

Rtp(m y)

This leads to the following.

Proposition 5.10. Let I' be a closed curve in R of class CY® for some
€ (0,1). Then

(22) 2! (T) < &(T),

with equality only if I' is a planar, convex curve.

Proof. Let X be a compact orientable minimal surface with boundary 0¥ =T..
Such a surface may be obtained by solving the Plateau problem. See for
example [13] and the references therein. The identity (18) in this context still

holds with v replaced by 7, the outward unit conormal of >.. Integrating the
identity (18) over 0¥ = I yields

27 H!( +4//| ‘x_y,4 dHQ(m)%l(y)

:/F/F\;—?JP)dH () dH (1),

which is no greater than

//%mu_%T”wm@www:a@)

yl?

This establishes the inequality (22). Now assume that equality holds in (22).
Then for any given point y € I'

(x —y)t

P =0 forzeX\{y}

Arguing as in the proof of Proposition 4.3 we see that ¥ is contained in a
2-dimensional plane. Since in the equality case we have equalities everywhere
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in our estimates we also conclude that
(x —y) -n(r) =dist(r —y,T,I') >0 forall z,y €I
That is, I' is convex. In particular, I' must be connected. O

Remark 5.11. After informing Simon Blatt about our inequality (22) he
communicated to us the following alternative proof of Proposition 5.10 that
works for closed C'-curves in R”™.

Proof. ([3]) Let y € I'. Choose an arc length parametrization starting at y, i.e.
let ¢ : [0, L] — R™ be a curve with ¢(0) = ¢(L) =y, |'(s)| = 1, and trace(c) =
I'. We define the curve w by

(0)
(0)]
The curve w is of class C* on the open interval (0, L), has limits limgjo w(s) =

(0) and limgyz, w(s) = —c/(0), and maps into the unit sphere S*~1. Thus we
have

— C
— C

L—¢ L
7 = lim dist(w(e), w(L — €)) < lim inf / [ (s)| ds = / [ ()| ds.
el0 el0 c 0

A straightforward calculation shows that

[w'(s)| = S S
2 Ryp(c(s),c(0))’
and therefore
1
o< | ——— dH (z).
= /F Rtp(xvy) (x)

Integrating over y yields the desired inequality. Note that we have equality if
and only if the curve w is a geodesic in S*~1, that is if and only if ¢ is planar
and convex. |

Applying Hoélder’s inequality twice we immediately obtain the following.

Corollary 5.12. Let I' be a closed curve in R"™ of class C*. Then for any
p > 1 we have

o1 < &) M) 7

with equality if and only if I' is a round circle.
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Remark 5.13. Corollary 5.12 answers a question raised by Strzelecki, Szu-
mariska, and von der Mosel [22].
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