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Good degeneration of Quot-schemes
and coherent systems

JUN L1 AND BAOSEN WU

We construct good degenerations of Quot-schemes and coherent
systems using the stack of expanded degenerations. We show that
these good degenerations are separated and proper DM stacks of
finite type. Applying to the projective threefolds, we derive degen-
eration formulas for DT-invariants of ideal sheaves and PT stable
pair invariants.
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1. Introduction

Good degenerations are a class of degenerations suitable to study the geom-
etry of moduli spaces via degenerations. Successful applications include
the degeneration formula of Gromov-Witten invariants [Li01, Li02]. In this
paper, we will construct the good degenerations of Hilbert schemes, of
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Grothendieck’s Quot-schemes, and of the moduli of coherent systems intro-
duced by Le Potier [LP93]|. As applications, we obtain the degeneration
formulas of Donaldson-Thomas invariants of ideal sheaves, and of invariants
of PT stable pairs of threefolds.

The degenerations we study in this paper are simple degenerations 7 :
X — C over pointed smooth curves 0 € C.

Definition 1.1. We say 7 : X — C'is a simple degeneration if

1) X is smooth, 7 is projective, m has smooth fiber over ¢ # 0 € C;

2) the central fiber Xy has normal crossing singularity and the singular
locus D of X is smooth;

3) let Y be the normalization of Xg and D =Y xx, D C Y, then D — D
is isomorphic to a union of two copies of D.

We denote the two copies of D — D by D_ and D,. We call (Y, D)
the relative pair associated with Xj.

We fix a relatively ample line bundle H on X/C, and a polynomial
P(v); we form the Hilbert scheme Hilb;}c of closed subschemes Z C X, with
Hilbert polynomial x@ (v) := x(0z ® H®") = P(v). We will use the tech-
nique developed by the first named author in [Li01] to find a good degenera-
tion of the relative Hilbert scheme (denoting X* = X — Xy and C* = C —0)

Hilb%. 0. = [ HilbY .
ceC

To fill in the central fiber of this family over 0 € C', we consider closed
subschemes in X[n]p that are normal to the singular loci of X[n]p; where
X|[n]p is obtained by inserting a chain of n-copies of the ruled variety (over
D)

A=Pp(l1® Np, v)

to D in Xy, (X[n]o is constructed in the next section,) and normal to the
singular loci means that it is flat along the normal direction to the singular
loci of X[n]o.

The central fiber of the good degeneration has set-theoretic description

~

{Z C X|njo

n > 0, Z is normal to the singular loci
of X[n]o, Autx(Z) is finite, x4 _(v) = P(v)

Here the equivalence and the automorphism group are defined in the next
section. In case D is irreducible, it has a simple description: two closed
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subschemes 7, Zy C X|[n]y are equivalent if there is an isomorphism o :
X[n]o — X|[n]o preserving the projections X[n]p — X such that o(Z;) =
Zs. The self-equivalences of a Z C X|[n]p form a group, which we denote by
Autx(Z). We call Z stable if Autx(Z) is finite. Finally, x& (v) = x(0z ®
p*H®?), where p: X[n]o — Xo is the projection by contracting the fibers
of A.

Constructing the stack structure of this set-theoretic description of the
central fiber, and fitting it into the family Hilbi* G is achieved by working
with the stack X — € of expanded degenerations. Using X — &€, we prove
that the set-theoretic description of good degeneration is a Deligne-Mumford
stack. The first part of this paper is devoted to prove

Theorem 1.2. Let w: X — C be a simple degeneration, H be relative
ample on X — C, and P be a polynomial. Then the good degeneration
described is a Deligne-Mumford stack proper and separated over C; it is

of finite type.

Similar results hold for good degenerations of Grothendieck’s Quot-
schemes and of coherent systems of Le Potier.

The primary goal to construct such a good degeneration is to derive a
degeneration formula of Donaldson-Thomas invariants and PT stable pair
invariants of threefolds. For simplicity, we only state the degeneration for-
mula in case Y is a union of two irreducible complements Y = Y_ U Y, and
D is connected. We let DL =Y. N D.

Let A% be the set of splittings § = (54, 8) of P, (i.e. 64 + 30—y =
P.) For each ¢ € Ai_—?l, we construct the moduli stack 352)25/0910 of relative
ideal sheaves of (Y1, D+ ). This moduli space is constructed using the stack
D41 C QY+ of expanded pairs of D C Y. Closed points of this moduli space
consists of ideal sheaves Iz of Yi[ni] relative to Dy, meaning that Z is
normal to the singular loci of Y [ny] and to Dy. This moduli space is also
a proper and separated Deligne-Mumford stack of finite type. Furthermore,
we have a natural morphisms

T 16

evy : J@ii/omo — Hilb},

to the Hilbert scheme of ideal sheaves on D of Hilbert polynomial dy, defined
via restricting ideal sheaves on Yy [n4] to its relative divisor Dy.

Using the evaluation morphisms, we form the fiber product

5,80
/A

5+ 750

~0 o~ ~
Jxjjel = X Hil?o T, /91,
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Each Jx i /et is a closed substack of J and is indeed a “virtual” Cartier

divisor.

35/@7

Theorem 1.3. Let m: X — C be a simple degeneration of projective three-
folds such that Xg=Y_ UY+ s a union of two smooth irreducible com-
ponents. Let [J 3€/‘s]m eA jae/(s be the wvirtual class of the good degenera-
tion, and let /\ be the diagonal morphism Hilb% — Hilb% X Hﬂb(SDO. Then

i!c[ji/ém = [jijm forc#£0€C, and

/v(;_,lSo vir ~O ,50 vir
ZIA ( o /) Py ] )
SeAY

) bR =

Using the Chern characters of the universal ideal sheaves, we also obtain
the numerical version of the Donaldson-Thomas invariant and its degenera-
tion, first introduced in the work of Maulik, Nekrasov, Okounkov and Pand-
haripande [MNOPO06]. For a smooth projective threefold X and a polynomial
P(v) =d-v+n, we let 35 (=2 Hilb% canonically) be the moduli of ideal
sheaves of curves Jz C Ox with Hilbert polynomial P; and let Iz C Ox 52
be its universal family. For any v € H'(X,Z), we define

Chk+2(’}/) : H, (3P7@) — H*72k+2fl (j§7@) )
via
chyy2(7)(€) = T2« (chi42(Jz) - w1 (7) N3 (é))

where 71 and 9 are the first and second projection of XxJ The Donaldson-
Thomas invariants (in short DT-invariants) with descendent insertions are
the degree of the following cycle class

r P r |
<H%’ﬂ<%‘>> - [H(—l)’““chk,ﬂ(w [352}”“] ,
=1 x L=t .

where ; are cohomology classes of pure degree I;, and [y is taking the
dimension zero part of the term inside the bracket. The partition function

18
r d-v+n
Zy (X;q ) > deg <H7'k o7 > q".
i=1

nez
The commonly used form of DT-invariants as introduced in [MNOPO06],
uses the moduli ,,(X, ) of ideal sheaves of subschemes Z C X with fixed
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curve class § = [Z]. In this paper we package the DT-invariant using the
moduli J% of ideal sheaves with fixed Hilbert polynomial. This enables us to
avoid the technical issue of decomposing curve classes during degenerations.
In explicit application, one should be able to derive the general case after
analyzing this issue in details.

Next, we let 31, ..., B be a basis of H*(D, Q). Let {Cy }, =« be a Naka-
jima basis of the cohomology of Hilb’z) (where 7 is a cohomology weighted
partition w.r.t. ;). The relative DT-invariants with descendent insertions
[MNOPO6] are the degree of

r 5j: r .
~ ; * ~0+,00 vir
<H 7 (%) 77> = [H(—l)k”HChkﬂrz(%) Nevi(Cy)- [JQL/%} ]
i=1 D) i=1 0
which form a partition function
r r dy-v+n
117 (%)) = deg <H T, (%) 77> q".
i=1 nez i=1 2.

Using the cycle version of the degeneration formula in Theorem 1.3, we
verify the following form of degeneration formula

Zd. n (Yi, Di;q

Theorem 1.4 ([MNOPOG6]). Fiz a basis B1,...,Bm of H*(D,Q). Let v;
be cohomology classes of X of pure degree l;. The degeneration formula of
Donaldson-Thomas invariants has the following form

a _qlnl—im)
Z (Xc;q H%o(i;%)> - ¥ (=DM 5(n)
=1

7]
d din q
d=d_tdy

: Zd,,n (Y—aD—;q

H%o(i*—%))
=1
H%o@'ifm)
=1

where i.: X.— X, ix: YL — X are the inclusions, n are cohomology weighted
partitions w.r.t. B;, and 3(n) = [ [, ni|Aut(n)]|.

. Zd+,7]V <Y+, D+, q

Comments. In this paper, parallel results on the PT stable pairs invari-
ants are proved. The PT stable pair invariant was introduced by Pandhari-
pande and Thomas in [PT09]. Their degeneration was essentially proved
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in [MPT10], though in a special form. For future reference, we include the
statement and the necessary constructions that lead to a proof of the degen-
eration of PT stable pair invariants in this paper.

The notion of relative ideal sheaves was developed through email commu-
nication between Pandharipande and the first named author. The technical
part of this paper is the proof of the properness and boundedness of good
generations of Grothendieck’s Quot-schemes. The parallel results for PT sta-
ble pairs are simpler. The part on perfect obstruction theory necessary for
proving the degenerations of invariants are taken from the work [MPT10].

The good degeneration of ideal sheaves for threefolds was constructed
by the second named author in his thesis [Wu07]. The properness, separat-
edness and the boundedness were proved there. The proofs in this paper for
Grothendieck’s Quot-schemes are new.

Acknowledgments. The first named author is partially supported by an
NSF grant and a DARPA grant. The second named author is grateful to
Professor Shing-Tung Yau for his support and encouragements. We thank
Zijun Zhou and the referees for their comments.

2. The stack of expanded degenerations

We work with a fixed algebraically closed field k of characteristic 0. We
denote Gy, = GL(1,k). Let m: X — C, 0 € C, be a simple degeneration; let
Y be the normalization of Xo; let D C Y be the preimage of D C Xy, and
fix D = D_ U D, as defined in Definition 1.1. In this paper, we call (Y,D1)
the relative pair associated with Xj.

In [Li01] and [Li02], the first named author proved the degeneration of
Gromov-Witten invariants of a simple degeneration in case Y is a union of
two irreducible components Y =Y_ UY, and D is connected. Often, one
needs to deal with simple degeneration X — C' when Y is irreducible or
contains more than two connected components, or D is not connected. In
this paper, we will construct good degenerations of moduli spaces for general
simple degenerations.

In this section, we review the construction of the stack of expanded
degenerations and its family X — €: presented in the survey article [Lil0].
Some formulation of the stack X is new; however, the proofs of the results
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listed follow directly from the arguments in [Li01].

x P, x

(2.1) l lw

¢ — C
2.1. The stack €

We consider A" with the group action

(t1y. .o tng1)” = (o1t1, 07 toata, ..o o, ontn, o0 ), o € G
This group action generates a class of equivalence relations on A"t1,

We need another class of equivalences. We fix the convention on indices.
We denote by [n+ 1] = {1,...,n+1}; for any I C [n+ 1], we let I° = [n +
1] — I be its complement. For |I| =m + 1, we let

indj: [m+1] —=IC[n+1] and indje: [n—m|— I° C[n+1]

be the order preserving isomorphisms; let

(2.2) A’;j(}) ={(t) e A" | t; 40, i € I°} C AMTL
We let
(2.3) 7o AT GRS AL

be defined by the rule

th=t, if k=ind;(0);
ot 101 Onem) = (t1, - tna1), ’ '
(oo tmgiin nom) 7 (f - f) {tk =0y, if k= indje(l).
Restricting to (o1,...,0,—m) = (1), it defines
(24) T AL AL () = A s 1 1),

We call such 77 standard embeddings. Given two I,I’ C [n+ 1] of same
cardinalities, we define the isomorphism

(2.5) T =Trof ! ALy — M;(}).
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Next, we let A""1 — A"*2 be the closed immersion 77 using I = [n + 1] C
[n +2]. Let G — G"*! be the homomorphism defined via (o1,...,0,)
(01,...,0n,1). Via this homomorphism, and viewing A"™! as scheme over
Al via (t) v t1 -+ t,41, the morphism

(2.6) 770 AT 5 APF2

is a G equivariant Al-morphism with G? acting on A! trivially.

Further, for general 1,1 C [n+ 1] of |I| = |I'|, the equivalence 771 of
A"t g the restriction of the equivalence 71,1 of A2 by considering I, I’
as subsets in [n+ 2] via I,I' C [n+ 1] C [n+ 2].

Definition 2.1. We define 2, be the quotient [A"*!/ ~] by the equiva-
lences generated by the G action and by the equivalences 77 ;- for all pairs
I,I' C [n+ 1] with [I| = |I'|. The morphism (2.6) defines an open immersion
A, — Ay11. We define 2 be the direct limit A = hg%ln

Note that the tautological A"t — 2l,, is a surjective smooth chart; the
collection {A"*1 — 2},~¢ forms a smooth atlas of 2.

Now let 0 € C' be the pointed smooth affine curve given. Without loss of
generality, we assume there is an étale morphism C' — A! so that the inverse
image of 0 € A! is the distinguished point 0 € C. We define

Q::CXNQ[.

It is clear that @ does not depend on the choice of C' — Al, and is covered
by smooth charts

Cn] := C xp A" — € =C xu 2.

Let 0, € A be the image of 0 € A®™! under the tautological A"t — 2.
By abuse of notation, we denote by the same o, € € the lift of 0, € 2 and
0 € C. By construction, o, has automorphism group G[; and oy = {0y :
K > k}.

2.2. The stack X

We begin with describing X x ¢ 0. We keep the decomposition D = D_ U Dy
specified at the beginning of this section. Let N1 be the normal line bundles
of Dy in Y. Since 7 is a simple degeneration, N_ ® Ny = Op. (Here and
later we implicitly identify Dy with D using D_ U D, = D — D.)
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We introduce the ruled variety

it is a P!-bundle over D coming with two distinguished sections D, = P(1)
and D_ =P(Ny). For any o € Gy, the Gy-action on Ny @1 via (a,b)? =
(0 -a,b) defines a Gy-action

(2.7) o: A — A, [a,b] = [oa,b],

called the tautological Gy-action on A. This action fixes D_ and Dy C A.

We now construct X [n]o. We take n copies of A, indexed by Ay, ..., A,,
and form a new scheme X|[n]y according to the following rule: we identify
D_ CY with Dy C Ay, (D_ = Dy is via the isomorphism Dy — D;) iden-
tify D_ C A; with Dy C A;yq, and identify D_ C A,, with Dy C Y. We
denote

(2.8) Xnlo=YUA U---UA,U(Y). !

We denote D; C X[n]g be D_ in A; 1, which is also the Dy C A;.2 The
singular locus of X[n]g is the union of Dy,..., Dyy;.

Y Dy Ay Dy Dn  Ap Dpy1 Y

D_ Dy D_ Dy D_ Dy D_ Dy

Figure 1: The two ends are the same Y, in the middle a chain of n A’s are
inserted; the D_ of Y is glued to D of Ay, which is named D;.

Because the inserted A; intersects the remainder components along D;
and D;11 C A;, the tautological Gyy-action on A; (cf. (2.7)) lifts to an auto-
morphism of X |[n]y that acts trivially on all other Aj;. We let Gt acts on
X[n]o so that its i-th factor acts on X[n]y via the tautological Gy,-action on
A; and trivially on Aj;. Let p: X[n]o — X be the projection contract-
ing all inserted components Ay, ..., Ay; it is GJl-equivariant with the trivial
action on X.

We now construct the family X — € associated with X — C. Let 0 €
C[n] be the preimage of 0 € A»™! in C[n]. We denote C* = C — 0 and let
Clm]* = C[m] x¢ C*.

'Here L means that we identify D_ C A; with Dy C A;y1, agreeing that Y =
Ag = A, 11; we put the further right Y in parenthesis indicating that it is the same

Y appearing in the further left.
2Thus Dy C A;is A;_1NA;and D_ C A;is Ay N A .
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Lemma 2.2. We let X[n] be the small resolution X [n] — X x¢ C|n], cou-
pled with the projection p: X[n] — X induced from X xc Cln] — X. It is
characterized by the properties:

1) X|n] is smooth;
2) the central fiber (X[n] Xcp 0,p) is the (X[n]o,p) constructed;
3) let 71: C[m] — Cln] be a morphism induced by 17 : A" — AP+

(cf. (2.4)); then the induced family (77 X[n|,T[p) is isomorphic to
(X[m],p) as families over C[m|, extending the identity map

T X [n]lcpmy- = X[m]lopm)- = X x¢ Clm]*;

4) let £; be the I-th coordinate line of A"*1; let Ly = C[n] X gn+1 £;, and let
u: Ly = Cln] be the inclusion; then the induced family of X [n] smooths
the l-th singular divisor Dy of X|[nlp.

Because of (2), we will view X[n]o as the central fiber X|[n] Xy 0.

Lemma 2.3. The G2 action on C[n] with the trivial action on X lifts to
a unique G -action on X [n]. The induced G}t action on X[n|o is the action
described before Lemma 2.2. For I,1I' C [n+ 1] of identical cardinalities, the
equivalence 7y 1o in (2.5) lifts to a C-isomorphism

(2.9) e x : X[n] Xem Clnluay = X[n] xcom Cnlua,
where C[n]y () = Cn] X g A%‘*E}).

As an illustration, let C' = Al, and X/A! is a smoothing of Xo = Y; LY,
with a single node D. Then C[1] = A?; the central fiber X[1]o = Y3 UA U Y,
A = P! has two singular divisors D; = Y; N A and Dy = A N Ys. Restricting
X[1] to the first coordinate line A3, we obtain a family that smoothes D; C
X[1]o but not Dy; restricting to the second coordinate line A% the family
smoothes D9 but not Dj.

Definition 2.4. We define X,, be [X[n]/~], where ~ are equivalence rela-
tions generated by the Gi action and the equivalences 77,5/ x for all 1,1’ C
[n+1] of |I| = |I'|. We let p,,: X, — X be the morphism induced by the
tautological projection p : X[n] — X.

The quotient is an Artin stack; it is over C' since the G action and the
equivalence 77 ;v x are defined over C.
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Figure 2: It shows that D; is smoothed over A%; Dy smoothed over A%.

Using the inclusion [n + 1] C [n + 2], the induced A"*! — A"2 in (2.6)
and the induced C[n] — C[n + 1], we have tautological immersion of stacks

(2.10) Xn — Xpt1
that commute with the projections p,, and p,41.

Definition 2.5. We define X = liﬂ%n; we define p: X — X be the induced
projection.

Theorem 2.6. The morphisms X[n| — C[n] induce a representable C-
morphism X — €. It fits into the commutative square (2.1).

We call (X — €,p) the stack of expanded degenerations of X — C'. For
any C-scheme S, we call X x¢ S — S an S-family of expanded degenera-
tions.

2.3. The stack ®+ C 9
We now construct the stack
(2.11) DL CY — A

of expanded pairs of (Y, Dy).

We fix the convention on indexing A"-"+ and Gt In this paper,
whenever we see product of n_ + ny copies, we index the individual factor
by indices —n_,...,—1,1,...,n4. (Note that index 0 is skipped.) Thus the
(—n_)-th coordinate line of A"*"+ is (¢,0,...,0), and the n,-th coordi-
nate line is (0,...,0,¢). The same convention applies to indexing factors of



Good degeneration of Quot-schemes and coherent systems 853

G,?ern*. We let GI?JJF"* acts on A"~ 17+ via the traditional convention
(tpyeestotytyy ety )7 = (0on top ey Ot 1,00ty O ).
We then construct
(2.12) Din_]_, Dny]+ CY[n_,ny] — AT p:Y[n_,ny] —Y,

inductively by the rule:
1) (Y[0,0], D[0]+) = (Y, D=);
2) Y[n_,ny + 1] is the blow-up of Y[n_,ny] x Al along D[n ]y x 0, and

D[n_]_ and D[ny + 1]4 are the proper transforms of D[n_]_ x Al and
Dlny]4 x Al respectively;

3) Y[n_ + 1,n4] is the blow-up of Al x Y[n_,ny] along 0 x D[n_]_, and
D[n_ +1]_ and D[n.] are the proper transforms of A! x D[n_]_ and
Al x D[n,]., respectively;

4) p:Y[n_,ny] — Y is the one induced by the identity ¥ — Y.

Following the convention, the extra copy of Al added to the right in item
(2) is the (ny + 1)-th factor of A" +(++1): the copy A added to the left in
item (3) is the (—n_ — 1)-th copy in A(-+D+n+,

The central fiber of (2.12) is easily described. We let Nt be the normal
line bundle of Dy in Y; let A =Pp(Ny @ 1) with distinguished divisors
D, =P(1) and D_ =P(N). Then

Yn_,nilo=Y[n_,ny] X+ 0 and Dlni]ro= D[ni|s Xz 4y 0
are

(2.13) Yn_,n4o
A, U--UAUYUAU---UA,,, n_,ng >0,

where the square cup “LI” means that we identify the divisor D_ C A; with
D, C A1, understanding that Ag =Y, and A; = A for i # 0; D[n_]_ is
the divisor Dy in A_,, , and D[ny]4 o is the divisor D_ C A,,,

We let p:Y[n_,ni]o — Y be induced by p:Y[n_,ny| =Y (cf. item
(4)); it is by contracting all A;. The scheme Y [n_,n o has simple normal
crossing singularities when (n_,ny) # (0,0).
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We call
(2.14) (Yn—,nglo, Dntl+o) with p:Yin_,nilo—=Y

and the G~ "™+ -action an expanded relative pair of (Y, D).

A, A y N A,
D, D_Dy D_D, D_D, D_D, D_
Il Il
Dln_]_ o Dlni]+ 0

Figure 3: The Y, A’s glue to form Y[n_,n]o; the two end divisors are the
new relative divisors of Y [n_,n]o.

The families Y[n_,ny] — A"~ "+ has the following additional proper-
ties:

5) let £, — A"+ be the I-th coordinate line of A"-+"+ —n_ <[ < ny,
[ # 0, then the restriction Y[n_,ny] X m_+n, £; smoothes the divisor
Dy=A 1NAifl>0,0f D;=ANALif 1 <O0.

(Notice that Y'[n_,n4]o has singular divisors D;, —n_ <[ < ny and [ # 0.)
The family (2.12) and the pair (2.14) are Go~ """ -equivariant. The k-th
factor of the Gy in G ™" acts trivially on all A; except Ag; on Ay the
action is the tautological Gy-action of (2.7).
Like the stack X — €, the stack (2.11) we aim to construct will be the
limit of the quotients of (2.12) by Gm~ 7+ and another class of equivalences
associated to subsets

(2.15) I C[—n_,ny]—{0}.
(We define its complement [° = [-n_,n4] — I U {0}.)

Given an [ as in (2.15), we define AnU’J)m C A"-*"+ be as in (2.2).

Like (2.3), letting my = |I N Z+|, we have an isomorphism
(2.16) 7 At e Glrommo )t (g mme) A’;;(j)”t
and for any I’ as in (2.15) with

(2.17) mi:|IﬂZi’:|1/ﬂZi|,

the pair (I,I') defines an isomorphism

. Tyt
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As before, we let
(2.19) Tp o AT A

be 77 restricting to A™-T"+ x {1} where 1 € G-I M) i the iden-
tity element.

Following the construction, one checks that for any I as in (2.15), we
have a canonical isomorphism

TLY - Y[m—am-i-] E— TI*Y[n—’n-‘r]a

lifting the 77 in (2.19); for any pair (I,I’) of subsets in (2.15) satisfy-
ing (2.17), we have a canonical isomorphism

~ n_+n n_+n
TLI'Y * Y[n—an-l-] Xpgn—tny AU([/)+ — Y[n—vn-i-] Xpgn—tnt AU(]) +7

lifting the 77, in (2.18).

Definition 2.7. We define 2, 4n, be the quotient [A"-T"+/~] quo-
tient by the equivalence relations generated by the G~ 1+ _action and the
equivalences 77, for all allowable pairs (I,1’) in (2.15); using (2.19), for
m+ < n4, we have open immersion sy, ym, — Ao n_yn,; we define A, =
limy,_ ., RAon_4n, . Ao is an Artin stack.

We define ©,,, + C Qpn_4n, be the quotient of D[ni]y C Y[n_,ny] by
GI=""* and the equivalences 71,1y for all pairs (I,1") satisfying (2.17); we
define ®4 C Q) be the limit of D,,, + CYp_4n, as n_,ny — +00. We let
p:92 — Y be the projection induced by the tautological Y[n_,n4] — Y.

Theorem 2.8. The projections Y [n_,ny| — A"+ induce a representable
morphism D4+ C Y — As,.

We call 1 C Y — A, with p: Q) — Y the stack of expanded relative
pairs of (Y, D). Using (D+ C Q) — s, p), we define the collection )(.5) of
expanded families of pair (Y, D) over a scheme S be

D4 XQ[OSCQJXQ[QS, S — As.

In case Y =Y_ UY, is a union of two connected components, we use
Dy = D NYy. We define the pair of stack

(220) ©+ C @Jr = @ Xy YJr.
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Or 9+ can be defined as in Definition 2.7 with Y replaced by Y;, n_ =0
and D_ = (). The pair ©_ C 2)_ is defined similarly.

2.4. Decomposition of degenerations 1

To state the decomposition of good degenerations, we introduce the stack
of node-marking objects in X := X X 0. This construction was first intro-
duced in [KLOT7].

Definition 2.9. A node-marking of X[n]y is a marking of one of the sin-
gular divisor Dy, of X|[n]p. A node-marking of a family & — S in X((S5) is
an S-morphism 7 : D x S — X so that for any closed s € S, n(D x s) C X
is a node-marking of X.

An arrow between two X and X’ in Xy(S) with node-markings n and 7’
is an arrow p: X — X’ in Xo(S) so that for any closed s € S, pon(D x s) =
n'(D x s).

Proposition 2.10. The collection of families in Xo with node-markings
form an Artin stack, denoted by .’fg. Forgetting the node-marking defines a
morphism

%(Jg — Xo.

Proof. The smooth chart X[n] — X induces a smooth chart X[n] xc0 —
Xo. We denote A7) = {(t) € A" | t;,=0}. Then A"*! x40 = [J 1] A7
Further,

Xl:n]tk:() = X[n] XArHrl A”Z:_:lo

has normal crossing singularity and its singular divisor is the image of the
X x A?::lo—morphism

(2.21) Nk D X A’Z::lo — X [n],—o-

According to Definition 2.9, one checks that (2.21) is a node-marking of
X[n]t,—o; thus

(2.22) (X [n]ee—0, 1) € XHATL).

The disjoint union of (2.22) for all 1 < k < n + 1 form a smooth atlas of .’{g.
This proves that %8 is an Artin stack. O
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It will be useful to construct a stack @J{) and an arrow QZ;S — € that fits
into a Cartesian product

X —— x

(2.23) l l

€$————>€.

We construct Q:(T) as follows. For a pair of integers 1 < k <n 4+ 1, we let
G acts on AL via the Gt action on A1 and the inclusion A7, € APFHL.
Such action generates equivalence relation on A’Z:':lo.

For any I C [n+ 1] and k an integer, we denote I, ={i € [ |i < k};

similarly for Isy. Let k € I C [n+ 1] and &’ € I’ C [n + 1] such that
(2.24) [kl = [IZg] and  [Isg] = [I5;].

The equivalence 77 ;- of (2.5) restricted to A’Z::lo N A?f(},) defines
(2.25) Ty P AR DAL = AR N AL

These isomorphisms generate equivalence relations too.
We define the closed immersion

(2.26) T AV — AT (2) - (2,1).

Definition 2.11. We define @L,O be the quotient []_[Zi% A?,jzlo / ~|, where
~ is the equivalence generated by the G} action on A?:;lo and by 7(7 x). (1 k)
for all pairs k € I and k' € I’ satistying (2.24); we define open immersions
QLO — Q:L_H,O using (2.26); we define Q:g = %QL,O'

Proposition 2.12. The morphisms X[n]y,—o — A?:io, where X [nly, —o is
with the node-marking (2.22), induce a morphism f{g — Cg that fits into the
Cartesian product (2.23).

As HA?::lo — sz,o is a smooth chart of QIL’O, and the former is the
normalization of A" x4 0, the morphism (’:g — € is a normalization. It
is fitting to call .’{8 — Xo the decomposition of locally complete intersection
singularity of Xp.

The final step of the decomposition is the following isomorphism result.
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Proposition 2.13. There is a canonical isomorphism QI) = A, so that f{g
1s derived from ) by identifying the stacks ®_ with ®  via the isomorphisms
D_=DxA, =D, and declaring the identifying loci the node-marking.

Proof. We define A"-17+ — A?j:lo, k=n_+1 n=n_+n4, via
(t_ni,...,t_l,tl,...,tn+)'—) (t_l,...,t_nf,O,tm,...,tl).

This is G2 equivariant via a homomorphism G2 — G221 and induces a
morphism 2, — Qg. The remainder of the proof is straightforward. U

2.5. Decomposition of degenerations 11

This decomposition works for the case Y = Y_ U Y, is the union of two irre-

ducible components; we let Dy = DN Yy and define D4 C 2+ as in (2.20).
We fix an additive group A. Using Y = Y_ U Y., we index the irreducible

components of X [n]o as Ag =Y_, A,11 =Yy, and other A; are as usual.

Definition 2.14. A weight assignment of X[n]y is a function
w : {Ao,...,An+1,D1,...,Dn+1} — A

that assigns weights in A to A; and D; in X[n]o. A weight assignment of
X, t #0, is a single value assignment w(X;) € A. A weight assignment w
of X € X(95) is a collection {wy | s € S} of weight assignments ws of X.

We make sense of continuous weight assignments of families. For any
subchain A[Ll’] =A;U---UAp we define its weight to be (recall D; =
A1 NA)

w(Ap) = Y wd)— > w(Dy).
1<i<l/ 1<i<l’
Let sg € S be an irreducible curve, and let w be a weight assignment of
X € X(95). Suppose Xs, = X|[n]p and X5 = X[m]o for a general s € S, Then
m < n, and there are

(2.27) ko=0<k1 < - <kmi1 <kmia=n-+2

so that the A; C A specializes to the chain Ay, .. 1) C &, (i.e. the singu-
lar divisors Dy, C X, are not smoothed in the family X'.) The total weight
of w is w(X[n]y).
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Definition 2.15. Let sp € S be an irreducible curve, and X € X(5) be
as stated. We say a weight assignment w of X’ is continuous at sg if the
followings hold:

1) In case for a general s € S we have X5 = X[m]o, letting k; be as
in (2.27), then ws(A;) = ws, (A, k.., —1]) and ws(D;) = ws, (Dy,).

2) In case for a general s € S we have X5 = X; for a t #0 € C, then
ws(Xs) = Ws, (XSO)'

In general, a weight assignment of X € X(S’) is continuous if for any irre-
ducible curve sg € S and S — S’, the pull back family X xg S with the
induced weight assignment is continuous at .

Example 2.16. Suppose dim X/C = 1. In case there is a locally free sheaf
€ on X, assigning each Aj C X, the degree of £|a, and assigning each
D; C X, zero is a continuous weight assignment taking values in Z.

We define the stack of weighted expanded degenerations X°.

Definition-Proposition 2.17. Given a 3€ A, we define the groupoid X°(S)
be the collections of pairs (X,w), where X € X(S) and w is a continuous
weight assignment of X of total weights 5. An arrow between (X,w) and
(X' w') € XP(S) consists of an arrow p: X — X' in X(S) that preserves
the weights w and w'. The groupoid X° is an Artin stack.

By forgetting the weights, we obtain the forgetful morphism X? — X. We
claim that there is a weighted stack ¢” together with a forgetful morphism
@8 — € so that X7 is the Cartesian product

X — x

(2.28) l l

[

The easiest way to do this is to define a weight assignment of a ¢t € C[n]
be a weight of X[n];. Or a weight of S — € is a weight of X X¢ S. We then
define @ to be the groupoid consisting of (S — €, w), where w is a weight
assignment of S — €, etc.

Proposition 2.18. The groupoid €° is an Artin stack, together with a
tautological morphism X7 — &B; the forgetful morphism ¢° — € is étale and
fits into the Cartesian square (2.28).
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Replacing X/€ by .’fg/@::g, we obtain a pair
%376 — Q:gl)aﬁ’
where closed points in .’{E’B are (X [n]o, Dy, w) of which Dy, C X[n]o are node-
markings and w are weight assignments of X [n]j of total weights 5. We define
QEL)’B parallelly, combining the construction of @g and €7,

The pair %(T)’B — Q%’ﬂ is a disjoint union of open and closed substacks
indexed by the set of splittings of 3. We let

AP = {6 = (0+,00) | 0_,84.00 € A, 6_ + 8, — Gy = B}.

For each § € Azpl, we define %g’é(k) be the collection of those (X [n]o, Dy, w) €
%g’ﬁ (k) such that

w(Ap k1)) = 06—, wW(App1)) =0+ and w(Dy) = do.

It is both open and closed in .’{3”8 (k); thus defines an open and closed sub-
stack %8’5 — %5’6.

Accordingly, we can form the stack Qﬁg"s and a morphism Q%,& — Qﬁg’ﬁ that
fits into a Cartesian product

%876 3 :{876

| !

.
S L B

We let
(2.29) o5 ¢l — ¢f

be <I>:rS composed with the forgetful morphism @8”3 — @B, The following
Proposition says that they are Cartier divisors.

Proposition 2.19. There are canonical line bundles with sections (Ls, sg)
on €8, indezed by § € AP, such that
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1) let t € T(Op) be the standard coordinate function and m: €% — Al be
the tautological projection, then

® Ls =2 O¢s and H ss = mt;

sen! sen!

2) the morphism ®s factors through s;'(0) C €% and effects an isomor-
phism Qfg"s =~ 5-1(0).

The proof of this decomposition is essentially given in [Li02]. Note that
this Proposition states that (’:g C @7 is a complete intersection substack, and
the disjoint union of @8’5 is its normalization.

We complete the weighted decomposition by introducing the stack of
weighted relative pairs. We define a weight assignment of (Y, [n], D4[n]) be
a function w that assigns values in A to the irreducible components of Y, [n],
of its Dy’s, and of Dy [n]. We define the continuous weight assignments of
(V4+,D4) € 94(S) parallel to Definition 2.15.

For a ¢ € A%pl, we define the stack @i*’d‘) so that 2)1*’50 (S) consists of
data (Y4, D4, w), where (Y4, D) € 94(5) and w are weight assignments of
(Y+,D4), so that for any closed s € S, ws(Dy s) = dp and the total weights
ws(V4,s) = 04. The case for (Y_, D_) and similar objects are defined with
“4+” replaced by “—".

We let ngi’éo be the stack defined similarly so that we have Cartesian

product

50,
DL —— D

| l

912:(::50 Qlo

By gluing the two relative divisors D_ and Dy of (V+,Dy,wy) € jSiﬁo (S)
and combining the weights w_ and w., we obtain the following commutative
square of morphisms

6,6 64,0
7 ,00 U@++7 0 x876

l l

A0 Al T gfd
where U is the usual gluing along the substack ©.

Proposition 2.20. The morphism Vs is an isomorphism.
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3. Admissible coherent sheaves

We develop necessary technical results on admissible coherent sheaves on
singular schemes. In this paper, we adopt the convention that for any closed
or open V C Wand F a sheaf of Oy-modules, we denote Fly = F ®¢,, Oy.

3.1. Coherent sheaves normal to a closed subscheme

Let W be a noetherian scheme and D C W be a closed subscheme.

Definition 3.1. Let F be a coherent sheaf on W. We say F is normal to
D if Tor{™ (F,0p) = 0.

In this paper, we are interested in two situations. One is when D C W is
a Cartier divisor; the other is when W = W; U W5 is a union of subschemes
Wi and Wy C W that intersect transversally along a Cartier divisor D =
Wi N Ws.

To study flat families of coherent sheaves, we quote the following known
fact.

Lemma 3.2. Let (A, m) be a noetherian local ring with residue field k, and
B a finitely generated A-algebra, flat over A. Let M be a finitely generated
B-module. Then Tor? (M, B/mB) = 0 if and only if M is flat over A.

Proof. Since M is a finitely generated B-module, it fits into an exact sequence
0— M — B — M — 0.

Tensoring with B/mB, we know Tor? (M, B/mB) = 0 if and only if M’/mM’ =
M' ®4k — (B/mB)®" is injective. On the other hand, applying ® 4k to the
above exact sequence, we obtain

Tor{ (B®", k) — Tor{ (M, k) — M' © 4k — B®" ® 4k = (B/mB)®".

Since B is A-flat, Torf'(B®" k) = 0. Thus the last arrow is injective if and
only if Tor{'(M,k) = 0. By local criterion of flatness [Mat80, Theorem 49,
this is equivalent to M being A-flat. This proves the Lemma. O

For the case where D C W is a Cartier divisor in a smooth W, a coherent
sheaf F on W normal to D is equivalent to that F is flat along the “normal
direction” of D C W. To make this precise, we assume W is affine and
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pick a regular z € T'(O) so that D = (z =0). We define 7: W — Al =
Speck[u] via 7*(u) = z. For any scheme S, we denote by mg: W x S — S
the projection and view W x S as a family over Al x S via

(3.1) (r,mg) : W xS — Al x S.

Proposition 3.3. Let D C W, S and (3.1) be as stated. Suppose F an S-
flat family of coherent sheaves on W x S, and s € S is a closed point so that
Fs = F ®o, k(s) is normal to D. Then there is an open subset (0,s) € U C
Al x S s0 that the sheaf F|y is flat over U.

Conwersely, let U C Al x S be an open subset such that F is flat over U,
then for (0,s) € U, Fs is normal to D.

Proof. We let
U={z€A XS5 |FRo,, . Onxssis Ouxs-fat}.

By [Mat80, Theorem 53], U is an open subset of Al x S (possibly empty)
and F|y is flat over U.

To prove the Proposition, we only need to show that (0, s) € U. But this
is a direct application of Lemma 3.2. We let

A= OA1><S,(O,S)7 B = F(OWXS ®OA1X5 A), M = F(?@oAle A)

Since the assumption that F; is normal to D implies that Tor? (M, B/mB) =
0, Lemma 3.2 implies that M is flat over A, that is, (0,s) € U.

For the converse, given (0,s) € U, by the base change property of flat-
ness, Fs = Flw«s is flat over Us = U N (Al x 5). Since (0,s) € U, we have
0 € Us. By Lemma 3.2, Tor?W(H’S, Op) = 0; by Definition 3.1, Fy is normal
to D. U

Corollary 3.4. Let the situation be as in Proposition 3.3 and let F be
an S-flat family of coherent sheaves on W x S. Then the set V ={s € S|
Fs is normal to D} is open in S, and F|pxy is a V-flat family of coherent
sheaves on D x V.

Proof. Let U be the open subset introduced in the proof of Proposition 3.3.
Then U N (0 x S) C S is exactly the locus where Fy is normal to D.

By Proposition 3.3, we know that there exists an open subset U C Al x
S, so that 0 x V. C U and F|y is flat over U. Thus, by the base change
property of flatness, F|pxy is V-flat. This proves the second part of the
Corollary. O
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Now we move to the second case where W = Wy U W5 is a union of two
smooth schemes W7 and Wy intersecting transversally along a Cartier divisor
D =W;NWs (in W and Ws). Assume W is affine; we find z; € I'(Ow ) so
that W = (ZQ = 0) and Wy = (Zl = 0), thus D = (21 =29 = 0) We let

T = Speck[uq, ug]/(uiusg),

and let £: W — T be defined by £*(u;) = z;. As before, since the fiber of
W — T over 0 € T is D, which is smooth, by shrinking W if necessary, we
can assume that ¢ is smooth.

Now let S be any scheme, wg: W x .S — S be the projection. We will
view W x S as a family over T' x S via

(3.2) (& mg) W xS —TxS.
By our choice, it is smooth.

Proposition 3.5. Proposition 3.3 and Corollary 3.4 hold with the fam-
ily (3.1) replaced by the family (3.2).

Proof. The proof is exactly the same. O

Proposition 3.6. Let the situation be as in (3.2). Let F be an S-flat family
of coherent sheaves on W x S. Suppose for any s € S the sheaf Fs is normal
to D. Then F; = Flw,xs is an S-flat family of coherent sheaves each of its
members normal to D.

Proof. We prove the case ¢ = 1. Since this is a local problem, we assume W
is affine. We pick the morphism in (3.2). Applying Proposition 3.5, we can
find an open D xS C U C W x S so that F|y is flat over T' x S. By the
base change property of flatness, F|ynw, xs is flat over T7 x S, where T} =
(ug = 0). Since D x S C U, F1 = F|w,xs is flat over S near D C W; x S.
Since W1 — D is open in W and F|w,—p = F1|w,-p, F1 is flat over S.
Finally, because JF is normal to D, F;|w, x5 is normal to D as well. This
proves the Proposition for ¢ = 1. The case ¢ = 2 is the same. O

We also have the converse.

Lemma 3.7. Let F be a sheaf on W in the situation (3.2). Then F is
normal to D C W if and only if both Flw,, i = 1,2, are normal to D C Wj.
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Proof. Let T1 = (ug = 0) and T3 = (u; =0) C T'. It is proved in Proposi-
tion 3.6 that F normal to D implies that both F|y, are normal to D. Sup-
pose both F|w, are normal to D. Then both F|y, are flat over T} near 0 € T;.
We prove that F is flat over T near 0 € T. Since Oro = k[[u1, ua]]/(u1uz),
each ideal I C Opy is either principal or has the form I = (uf',us?). We
show that I ®g F — IF is injective. Assume that I = (uj', uy’); (for [
principal, the argument is the same.) Let o; € F so that

ul' @ o +uyt ®ag = 0€F.

Since Op — Oy is defined by w; — 2;. Using 2129 = 0, we get 2‘1‘1+1a1 =

0. Because JF|y, is flat over 0 € Ty, this is possible only if a; = 2z for
some € F. Then uf* ® a1 = uj'us ® B = 0. For the same reason, u5? @
ag = 0. Hence 1 D010 F — IF is injective. This proves that J is flat over T’
near 0. ]

We have a parallel result.
Lemma 3.8. Let Dy, Dy C X be smooth divisors intersecting transversally
in a smooth variety. Suppose a sheaf F is normal to D1 and Do, then it is

normal to the union Dy U Ds.

Proof. The proof is similar, and will be omitted. U

3.2. Admissible coherent sheaves
We shall study coherent sheaves on a simple degeneration 7: X — C.
Definition 3.9. We call a coherent sheaf F on X [n]o admissible if it is nor-
mal to all D; C X[n]o. Let (X, p) be an S-family of expanded degenerations.
Let J be an S-flat family of coherent sheaves on X'. We say J is an S-family
of admissible coherent sheaves if Fy := F|y. is admissible for every closed
seSs.

We agree that any coherent sheaf on a smooth X; is admissible.

Proposition 3.10. Let F be an S-flat family of coherent sheaves on X.
Then the set {s € S | Fs is admissible} is open in S.

Proof. This follows directly from Proposition 3.5. 0
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Similarly, we have the relative version. We agree that for (), Dy) an
S-family of relative pairs and s € S a closed point, we denote Vs =) Xg s
and D:‘;S = 'Di Xg S.

Definition 3.11. We call a coherent sheaf F on Y[n_,ny ]y relative to
Din+)+ if it is normal to all D; € Y[n_,n4] and is normal to the distin-
guished divisor D[n]+ . Let (), D1) be an S-family of relative pairs. We
say an S-flat sheaf F on ) relative to DL if for every closed s € S, Fy is a
sheaf on Y, relative to D4 ;.

Proposition 3.12. Let F be an S-flat family of coherent sheaves on ).
Then the set {s € S| Fs is relative to D s} is open in S.

Proof. This follows directly from Corollary 3.4 and Proposition 3.5. O

For later study, we show that the failure of admissible property of a
class of Gy-equivariant quotient sheaves are constant in t. Since this is a
local study, we work with modules. We let B be an integral k-algebra of
finite type; let A be the Gy, k-algebra

A = Blz1, 22, 1]/ (122);

(33) o a o o b
2] =01, 29 =29, t" =0't; a€Zy, bEZ_.
We let R = A®™ be an A-module with the Gp-action acting on individual
factors as in (3.3).

Given an A-module M, for f € M we denote by ann(f) C A the anni-
hilator of f: ann(f) ={a € A | af = 0}. Let

I = (Zl,ZQ) CcCA

be the ideal generated by z; and z3. We define My = {f € M | ann(f) D
I* for some k € N}. Namely, M; consists of elements annihilated by I* for
some k.

We use the Gy-spectral decomposition to study Gi,-sheaves. Given a
Gm-module M, we let My ={ve M [v7 = o‘v}. Since Gy, is reductive and
commutative, we have direct sum decomposition M = @yez M. We call an
element v € M of weight £ if v € My. By the weight assignments of z; and
t, we see that for an element f € A of weight £ > 0 and is divisible by ¢, then
f is divisible by z;.

Let Ay = A/(t) be the quotient ring. For any R-module M, we denote
Mo =M ®@4 Ap. Let Ry = ASBm = R®4 Ay, and Iy = (21,22) C Ap.
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Lemma 3.13. Letp: R — M be a Gy, -equivariant quotient A-module. Sup-
pose M s klt]-flat, then the natural homomorphism M; @4 Ao — (Mo)g, is
an isomorphism.

We next study the failure of the flatness of M over T = k|z1, 22]/ (2122
Welet A= = A/(z2),let M~ =M ®4 A", R~ = R®4 A™, and define K~
ker{R~ — M~}. We consider the localization K of K= by the ideal (t);
consider its further localization by (z1), its intersection with Ry, and the
quotient:

)
E

(3.4) ((K(;))(zl) N R(‘t)) @4, AQp/(21) C Bl

By the construction, the inclusion is Gy,-invariant, thus the B[t,t!]-
submodule is generated by elements in B®™. In other words, there is a
B-submodule Cge, € B™ such that as submodules of B[t, ¢~ %™,

1 _ _ _
Cgen B B[tat ] = ((K(t))(zl) N R(t)) ®A(_t) A(t)/(zl)'

Applying the same construction to the module K|, = ker{R; — M },
where Ry = R @4, Ay, where Ay = Ag/(22), and same for M, we obtain
a submodule Cy C B®™ such that as submodules of BY™,

Co = ((Kq)e NFG ) ©4; A7/ (20):

Lemma 3.14. Let the situation be as in Lemma 3.13. Then as B-modules,
Co C B™ coincide with Cge, C B9™.

The proofs will be given in Appendix.

3.3. Numerical criterion

We introduce numerical criterion to measure the failure of a coherent sheaf
normal to a closed subscheme. This will be used to prove the properness of
moduli spaces.

3Since (K~ ) = (K())~, there is no confusion using K ;) to denote either.
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Let I} C Oxyy, be the ideal sheaf of D; C X[n]o. For a sheaf 3 on X[n]o,
as in the previous subsection, we define

F;, = {veF|am(v) C I} for some k € Z, }.

We define
Fh = F/(0]1'F1).

It is the sheaf F quotient out its subsheaf supported on a sufficiently thick-
ening of the singular loci of X[n]g. We then denote (F+f); = F¢f|,,, and
form

(‘(':Ft.f.)l,ll — ((\-Tt‘f.)l)ll and (Stt.f.)l,fzﬂ — ((S,r'tf)l)

Ii4q ;
they are subsheaves of (T'f‘)l supported along D; and D;,; respectively.
Example. We give an example of non-admissible quotient sheaf of Ox. For

simplicity, we consider the affine case where Y = A; N Ay C A% is defined
via Ay = {(2;)|z2 = 0} and Ag = {(z;)|z1 = 0}. We let

I = OAI/(Z4,Z§,Z§,21), and Fp = OAQ/(Zg,Zi,ZzZQ).

Let ¢; : A; = Y be the inclusion. We define F = ker{c1,.5F1 @ 12.F — k(0)}
where k(0) is the structure sheaf of the origin 0 € A*. Then T4t =0p, / (24, 22
and F4' = 04, /(23,27) (cf. (3.6) below); further

),
F = ker{t. T @ 12.55" — k(0)}, length(F/F4") =2,

and Stt'f'] A, has a dimension zero element support at 0.
For an integer v, we continue to denote by F(v) = F @ p* H®Y, where
p: X[n|o — X is the projection.

Definition 3.15. We define the [-th error of F be

(35)  Emd = x(@40) + (0 @) + X (D)1 0):

n+1
we define the total error of & be Errd = Z Err&.
1=0

Lemma 3.16. A sheaf F on X[n|o is admissible along Dy if and only if all
F1,, (F4)1, and (F41),_1 1, are zero.
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Proof. This is a local problem. We pick an affine open W C X[n]y so that
W CA 1UA =Dy 1UDpq. Welet Wy =WnNA;_; and Wo =WnNA;.
We form & : W — T as in (3.2) so that for T; C T the lines Al = T; C T, we
have W; = W xr Tj; thus £71(0) = D; N W.

By Proposition 3.3 and Lemma 3.7, F|yy is admissible if and only if F|yy,
are flat over 7T; near 0. Let J (resp. J;) be the ideal sheaf of W3 N Wy C W
(resp. W1 N Wa C W;); let (F|w ).y be the torsion subsheaf of F|y supported
along Wi N Wa, and let F|45 = (Flw)/(F|lw)s. By the flatness criterion,
this is true if and only if (Flw); =0 and ((FIiF)|w,)s, =0 for i =1, 2.
This proves that F|y is admissible if and only if all F7,|w, (), 1, |w and
(F“1) 1.1 lw are zero. Going over a covering of D; C X|[n]y, the lemma
follows. O

There is a useful identity expressing x(F(v)) in terms of Errd and the
Hilbert polynomial of

(3.6) Fit = Fa/(Frn @ Fin.,).
(It is F|a, quotient out its subsheaf support along D; U Dj1q C Ay.)

Lemma 3.17. Let

0ni = X(F7" () + x((F")r.. (0) = x(F D, (v), i=0,1.
Then we have the identity

n+1

(3.7) X(F()) = End + 2 3 (510 +1,1).
=0

Proof. Since F4f = 5/,

(3.8) X (F(0)) = x (5" (v)) + x(F1(v)).
For -, we have the exact sequence

n+1 n+1
(3.9) 0— gt @?t'f'ml — @?"f'\[)l —0.
=0 =1

(Here we view both 7|5, and F%%|p, as sheaves of O x[n),-modules.) Using

X(Stt‘f‘|Al (U)) = X(H’?'f' (’U)) + X((gjt.f.)l,h (’U)) + X((Hjt.f.)l,fwl (U>)
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and (3.9), after regrouping, we conclude

1 n+1 1 1 n+1
X(F(v)) = (x(ﬁ"[(v)) +5 2. 2 x((F ), (v))) +5 D00+ o).

1=0 =0 1=0
This proves the lemma. U

We have the following positivity in case F is a quotient sheaf of p*'V for
a locally free sheaf V on X.

Lemma 3.18. Suppose F is a quotient sheaf of p*V. For 1 <1 <n, the
leading coefficients of ;o and 0;1 are non-negative; moreover, 0; s zero if
and only if p*V|a, — Ef‘f' is a pull back of a quotient p*V|p, — € of sheaves
on Dy wvia the projection m : Ay — Dy.

Proof. Let 1 <1 < n. The quotient p*V — F induces a quotient homomor-
phism p*V|a, — S’th We let K be its kernel, which fits into the exact
sequence

0— K — p*V|a, — Frt— 0.

Let 7 : Ay — D; be the projection. We claim le*ff"lt'f‘ = 0. Indeed, since m;
is a P-bundle, R=2 7rl*.’K = 0. By base change, R!7,(p*V|a,) = 0 since for all
closed z € Dy, H(m; ' (z), p*V|,, ~1(z)) = 0. Applying m;, to the above exact
sequence, by the 1nduced long exact sequence, we conclude that Rlﬂ'l*ﬂft £

0. Therefore, since p*H|p, is ample, for large v,

X(,—ft.f.(v)) _ X(m*ggt.f-(v)) = X((m*fft-f_)(v)).

On the other hand, the surjective homomorphisms p*V|a, — Ftt
| p, induces a surjective 7, F — FtE|p . This implies that the lead-
ing coefficient of X((m*fftf )()) — x(F|p, (v)) is non-negative; and is zero
if and only if m, F* = FtE|p .

Finally, we suppose &9 = 0. Then m, Ftf = F4L| 5 . Using 7jm, F40 —
F4L, we obtain a homomorphism 77 (Fp,) — F*L. As this homomorphism
is an isomorphism when restricted to Dy, it is injective. Suppose it has non-
trivial cokernel, then x(F'%(v)) # x (77 F|p, (v)) = x(FF|p,(v)), a con-
tradiction. This proves the lemma. O

A parallel result holds for coherent sheaves on Y [n_,ny]o. For the singu-
lar divisor D; C Y[n_,n4]o, we define Err;J be as in (3.5). For the relative
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divisor D[n4]+ o, we let I+ be the ideal sheaf of D[ny|+ o C Y[n_,ny]o, and
define Err1J = x (7, (v)). We define

(3.10) Errd = Z ErrF + Err_F + Err F.

—n_<I<ny

Lemma 3.19. A coherent sheaf F on Y[n_,ny]y is relative to D[ny|+ o if
and only if Errd = 0.

4. Degeneration of Quot schemes and coherent systems

We construct good degenerations of Quot schemes and moduli spaces of cer-
tain types of coherent systems. We shall focus on the case of Quot schemes.
For coherent systems, we will comment on the modification needed at the
end of the section.

4.1. Stable admissible quotients

We let m: X — C be a simple degeneration. We fix a relative ample line
bundle H on X/C, and fix a locally free sheaf V on X.

We begin with admissible quotients on X[n]o. Let p : X[n]o — X be the
projection.

Definition 4.1. We call a quotient (sheaf) ¢: p*V — F on X[n]o admissible
if F is admissible.

For two quotients ¢1: p*V — F1 and ¢y: p*V — Fy on X|[n]o, an equiv-
alence between them consists of a pair (o,v), where o: X[n]o — X|[n]o is
an automorphism induced from the canonical G, action on X|n|p, and
¥: F) 2 0*Fy is an isomorphism, so that the following square is commu-
tative:

p*v L) F1

(4.1) Uul %

p*V = o*p*V AT

Here the isomorphism p*V = ¢*p*V is the (unique) one whose restriction to
AgUA,, 41 is the identity map.
Suppose (o,11) and (0, 19) are autoequivalences of a quotient ¢: p*V —

JF, then v, Lo4py is an automorphism of ¢: p*V — F, which is identity.
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Therefore 1y = 1. It follows that the group Autx¢ of autoequivalences
of ¢: p*V — F is a subgroup of GJ}.

Definition 4.2. We say a quotient ¢: p*V — F on X|n]p is stable if it is
admissible and Autx¢ is finite.

Let (X,p) € X(S) be an S-family of expanded degenerations, let F be
a coherent sheaf on X and ¢: p*V — F be a quotient. We call ¢: p*V — F
an S-flat family of stable quotients if J is flat over S, and for every closed
point s € S the restriction ¢s: p*V|x, — F|x, (of ¢ to Xs) is stable.

Lemma 4.3. Let ¢: p*V — F be an S-flat family of quotients on (X,p) €
X(S). Then the set {s € S| ¢s: p*V|x. = F|x. is stable} is an open subset
of S.

Proof. Because automorphism groups being finite is an open condition, the
Lemma follows from Proposition 3.10. U

We define the category Quotz /e of families of stable quotients. For any
scheme S over C, we define Quotz/Q(S) be the set of all (¢; X, p) so that
(X,p) € X(S) and ¢: p*V — F is an S-flat family of stable quotients on
X. An arrow between (¢1; X1, p) and (¢2; X, p) in Quotz/e(S) is an arrow
o: X) — Xoin X(S) so that ¢1 = 0*¢o. For p: S — T, the map Quotg/c(p) :
Quotg/e(T) — Quotg/g(S) is defined by pull back.

Sending (¢; X,p) € Qu0t¥/¢ to the base scheme of X defines Duo’cg/C
as a groupoid over C.

Proposition 4.4. Duu’c;/C is a Deligne-Mumford stack locally of finite
type.

Proof. First we show that Quotz /e is a stack. We let Sche be the category

of schemes over C. For any S in Sch¢o and two families ¢, ¢ in Quot¥ /Q(S ),
we define a functor

Isomg (1, ¢2) : Sche — (Sets)

that associates to any morphism p: S’ — S the set of isomorphisms in
Quotz /C(S’ ) between p*¢1 and p*¢o. Since stable quotients have finite auto-
morphism groups, by a standard argument, Isomg(¢1, ¢2) is represented by
a finite group scheme over S. An application of descent theory shows that
Quotzm is a stack.
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Now we show that Quotz /e admits an étale cover by a Deligne- Mumford
stack locally of finite type. Let p: X [n]—X be the projection; let Quot {7 nl/Cln]
be the Quot scheme on X [n]/Cn] of p*V. We form the subset Quotp Clnl
C Quoth X[ 1/Cln of stable quotients as in Definition 4.2. By Lemma 4. 3 1t is
open in Quotf, X[nl/Cl % Since GJ! acts on X[n]/C[n], it acts on QuotX[n]/C[n],
st By the stable assumption, G acts with finite

thus the quotient stack [Quot];{[\; S/tc[n /Gl is a

and then on Quot \J

stabilizers on Quot” X[n]/Cln]
Deligne-Mumford stack.

Let
V,st
Fo s [Quoth ey, /Gin] — Quoty ¢
VSt B

be the morphism induced by the universal family over Quotf X[n]/Cln]"

construction F), is étale. Hence, the induced

H F, : H [Quotg([\;s/tc /GL] — Quo’cx/C

n>0 n>0
is étale and surjective. This proves the Proposition. O

We define relative stable quotients on an expanded pair in the same way
by replacing X [n]o with (Y[n_,n4]o, D[n+]+0). Let
Vo =V ®oy Oy,
where Y — X is induced by the normalization Y — Xy C X. Let
p: (Y[n—7n+]07 D[nﬂ:]ﬂ:yo) - (K D:t)

be the projection. For any quotient ¢ : p*Vo — J on Y, the group Auty) ¢ is
defined in the same way as that of Autx¢, which is a subgroup of GJ..

Definition 4.5. Let (Y[n_,n4]o, D[n+]+o) be a relative pair. A relative
quotient ¢ : p*Vo — F on (Y[n_,ny)o, D[ntl+ o) is a quotient so that F is
admissible and is normal to D[ni]|+ . We call ¢ : p*Vy — F stable if in
addition Autg ¢ is finite.

We define families of relative quotients on (Y,D+,p) € (D1 C )(S)
similarly. We have

Proposition 4.6. Let ¢ : p*Voy — F be an S-flat family of relative quotients
on (¥, Dy). Then the restriction ¢p, : p*Volp,. — Flp. is an S-flat family
of quotients on D.
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Proof. This follows from Corollary 3.4. (]

We remark that Lemma 4.3 still holds after replacing families X'/S by
families J/S. We define the category Quo’cg’i 9 of families of relative stable
quotients accordingly.

Proposition 4.7. Duotgoicm is a Deligne-Mumford stack locally of finite
type.

Proof. The proof is parallel to that of Proposition 4.4. O
4.2. Coherent systems

Coherent systems we will consider are sheaf homomorphisms
@: O X[nlo —F

(or on Y[n_,ny]g) so that F is pure of dimension one and ¢ has finite
cokernel. Since an automorphism of ¢: Oxy,, — F is a sheaf isomorphism
o: F=TF so that 0 op =, that F is pure of dimension one and cokery
is finite imply that o is the identity map. We define the group Autxp be
the collection of pairs (,&) so that o € G and £ form an isomorphism of
¢ : Ox[n), = F with 0*¢ : Ox[pn), = 0" Oxypy), — 0F; in other words, such
pairs (o, &) consist of commutative diagrams as in (4.1). Obviously Autxp
is a subgroup of G*.

Definition 4.8. We say a coherent system ¢: Oxp,, = F admissible if
both J and cokery are admissible. We say it is stable if it is admissible and
Autyp is finite.

Since cokery has dimension zero and JF is pure, ¢ is admissible implies
that cokery is away from the singular locus of X[n|o. We adopt the con-
vention that any coherent system on a smooth X; is admissible and stable.
We define families of stable coherent systems in the same way as families of
stable quotients. We have

Proposition 4.9. Let ¢p: Ox — F be an S-flat family of coherent sys-
tems on an expanded degeneration (X,p) € X(S). Then the set {s € S |
ws: Oy, — Fs is stable} is an open subset of S.

We form the category Py /¢ of families of stable coherent systems. We
have
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Proposition 4.10. Py /¢ is a Deligne-Mumford stack locally of finite type.
Accordingly, we have the following relative version.

Definition 4.11. We say a coherent system ¢: Oyy,_ ), — F relative if
both F and cokery are admissible, and cokery is normal to Dy [ng]o. We
say it is stable if it is admissible and Autg)¢ is finite.

Proposition 4.12. Let ¢: Oy = J be an S-flat family of relative coher-
ent systems on (Y, D). Then the restriction pp, : Op, — F|p, and ¢p_ :
Op_ — Flp_ are S-flat families of quotient sheaves on Dy and D—.

Proof. This is because for a family of relative coherent systems ¢: Oy — &,
cokery is away from Dy and D_. Therefore, the restrictions ¢p, : Op, —
Flp, and ¢p_: Op_ — F|p_ are surjective. The flatness follows from Corol-
lary 3.4. g

We form the stack PBp, 9 of families of relative coherent systems. Ana-
logue to Proposition 4.10, we have

Proposition 4.13. Po, 9 is a Deligne-Mumford stack locally of finite
type.

4.3. Components of the moduli stack

The moduli stacks Quotz /e and Py ¢ can be decomposed into disjoint pieces
according to the topological invariants of the sheaves. We will discuss the
case for Quot scheme; it is the same for the moduli of coherent systems.

We use Hilbert polynomials to keep track of the topological data of
quotients. For any coherent sheaf ¥ on an (X, p) € X(S), and for a closed
s € S, denote Fy = F|x, and define

X2 (v) = x(Fs @ p*H®), p: X — X, vel

Let P(v) be a fixed polynomial. We define Quot;g’/];(k) C Duotz/g(k)

be the subset consisting of [p: Oxn), — F] € Quot;é/@(k) so that Y = P.
Since the Hilbert polynomials of a flat family of sheaves are locally constant

in their parameter space, Quot;’/i(k) - Quotg /G(k) is both open and closed.

Thus it defines an open and closed substack Quot;’i C Quotz /e
Similarly, we let ¢ : Y — X and p: Y[n_,ni]o — Y be the projections;
for a sheaf F on Y[n_,ni]o, we denote Y& (v) = x(F®@p*q*H®"). We
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define the open and closed substack Quotg"’ cy C Duotgoicgj be so that

Quotg‘” C@(k) consists of relative stable quotients ¢: p*V — F such that
X:T =P

For moduli of coherent systems, following the same procedure, we have
open and closed substacks ;‘Bg/c of Px /¢ and ‘Bgicm of Bo_,cy.

We state the main theorems of the first part of this paper whose proofs
will occupy the next section.

Theorem 4.14. The Deligne-Mumford stacks Duotz’/]; and ‘B;m are sep-
arated, proper over C, and of finite type.

Theorem 4.15. The Deligne-Mumford stacks Quotg 9 and ‘Bgicm are
separated, proper and of finite type.

5. Properness of the moduli stacks

We apply the valuative criterion to prove Theorems 4.14 and 4.15. We let S
be an affine scheme such that I'(Og) is a discrete valuation k-algebra; let n
and 71y € S be its generic and closed point. We will often denote by S” — S a
finite base change; in this case we denote by 7' and 7 its generic and closed
points.

For any quotient homomorphism ¢ : p*V—F on (X, p) € X(S), we denote
by ¢, and ¢,, the restriction of ¢ to &;, = X xgn and X, , respectively.

Proposition 5.1. Let (S,n,1m0) be as stated. Given any (¢, X, )EQuotx/E(n)

we can find a finite base change S" — S so that (¢, X)) xn 7' € Quotx/g(n )
V,P

extends to a family in Duo’t%/¢

(S"). Further, the same conclusion holds for

Quotgo’ -

Pr0p051t10n 5.2. Let (S,nm,m0) be as stated. Given (¢1,X1), (P2, Xa) €
Quotx/Q(S), any isomorphism (1, X1) Xgn = (2, Xa) Xgn in Quotx/;(n)
extends to an isomorphism (¢1, X1) = (P2, Xa) in Quotx/C(S). Further, the

; VO7P
same conclusion holds for Quotgicgj.

We need an ordering on a set of polynomials.

Definition 5.3. We let A* C Q[k] be the set of polynomials whose leading
terms are of the form a, % with a, € Z,; let A = A* U {0}. For any f(k) =
a: ™+ and g(k) = bs% + - in A%, we say f(k) < g(k) if either r < s,
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orr = s and a, < bs; we say f(k) ~ g(k) if r = s and a, = bs. We agree that
0 is < to all other elements.

For convenience, we use < to denote < or ~.
Lemma 5.4. The set A satisfies the descending chain condition.

Proof. For any sequence f1(k) = fa(k) = - -, since 0 is the minimal element
in A, we can assume f;(k) # 0 for all i. By Definition 5.3, we know the
pairs (r,a,) of the degrees and the leading coefficients of polynomials f;(k)
decrease according to the lexicographic order. Since the pairs consist of
non-negative integers, we can find an integer n, so that f,(k) ~ fo+1(k) =

O

5.1. The completeness I

Let (S,7n,10) be as stated in the beginning of this section, and S — C' be a
scheme over C; let (¢, : p;V — Fy) € Quot;’/];(n) be a quotient on (X, p,) €
X(n). In this subsection, we assume X, is smooth. Since the case where
S — C sends 1y to C' — 0 is trivially true, (following from the properness of
Quot-schemes,) we assume it sends 79 to 0 € C.

Lemma 5.5. We can extend ¢y, to a family of S-flat quotient ¢ : p*V — F
on an (X,p) € X(S) such that Autx gy, is finite.

Proof. Since X, is smooth, S — C sends n € S to a point in C' — 0. Using
that S is a C-scheme, we define X = X x¢ S, and denote p: X — X the
projection. Because Grothendieck’s quot-scheme is proper, the quotient ¢,
on &), extends to a quotient ¢ : p*V — F, flat over S. Since &), has no added
Ay, Autx¢n0 is {6} ]

We will show that by varying the extensions (X,p) € X(S) of X, we
can decrease ErrJ,, while keeping Autx¢,,, finite. By the descending chain
condition, this implies that we can find an extension with stable quotient at
the special fiber.

Lemma 5.6. Let ¢, : pf]V — Fy be a quotient as in Lemma 5.5, and let ¢ :
p*V — F be an S-flat quotient that extends ¢, with Autxey, finite. Suppose
Errd,, # 0, then we can find a finite base change S" — S, an S’-flat quotients
¢ p"V = F on (X')p') € X(S') such that

1) &) = X, xyn' € X(1'), and under this isomorphism ¢, = ¢y x5 1';
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2) Autx(¢,,) is finite, and
3) Errd,, < Errd,,.
We prove the Lemma by proving a sequence of lemmas. Since S is local,
X = X[n] xgp S fora £:5 — Cn

such that £(n9) =0 € C[n]. We let u be a uniformizing parameter of S.
Denoting by 7, : C[n] — A™*! the projection, we express

(5.1) mpo& = (cluel, e ,cnﬂue““), ¢ € T(0g)".

(I'(Og)* are the invertible elements in I'(Og).) Since £(np) = 0, all e; > 0.
Since ErrJ,, # 0, we pick an 1 <[ < n so that

deg Err; &), = deg ErrJ,, .
We let
7 : Cn] x Gn = C[n+1]
be induced from the A"+ x G, — A*+2:
(5.2) (t1y .y tng1,0) = (t1, .oy ti—1,0% 0 Uty ooy tngt).
We then introduce
& =mo(&id): S x Gy — C[n] x Gy — Cln + 1],

and let X’ := & X[n + 1] over S x Gy, be the pull back family. Because of the
canonical isomorphism 7" X [n + 1] = X[n] x Gy, as families over C[n] x Gy,

X' 2 Xn] x G = X x G-

We let p' : X' - X and m1 : X’ — X be the projections.

We let ¢/ =7nj¢: p*V — F be the pullback quotient sheaves (of ¢).
Since (X’,p’) is induced by & : S X Gy, — C[n + 1], the family of quotients
¢’ induces a C[n + 1]-morphism

“y.p
(5.3) fi1:8 x Gy — Quotz)?([nﬂ]/c[nﬂ}.
For simplicity, we abbreviate Q = Quot?. "

X[n+1]/Cln+1]°
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We now construct a regular Gy,-surface V' and Gy,-morphisms that fit
into the following commutative diagram

7 “V.P
v Q:= Quotgqnﬂ]/c[nﬂ]

| )

S X G Y O+

so that mo7:V — C[n + 1] is proper.
We first loot at the composite

(5.4) g omy: S X Gy — Cln+1] — A"
it is given by
& omp(u,t) = (cru®, ..., qu= 1%t u, cpputt, L ey utttt).

We embed S x Gy, C S x Al via the embedding Gy, C Al so that the induced
Gi-action on Al is t7 = ot. We then blow up S x A' at (10,0) € S x Al, let
S be the proper transform of S x 0, and form

V' = bl 08 x A - S.

Note that V/ € S x Al x Al is defined via u = vt, where v is the standard
coordinate of the last Al-factor.
By construction, (5.4) extends to a V' — A"*2_in the form

(5.5) (v,t) = (qu,. .., q_u= t% v, e ut L epputt), u = vt.

Because C[n + 1] — A"*2 is proper over a neighborhood of 0 € A"*2 and
because all e; > 0, (cf. (5.1)), V' — A2 lifts to a unique

&V — Cln+1],

extending & : S X Gy, — Cln+1].

We let G, acts on S x Al x Al be (u,t,v)? = (u, ot,0~ ). It leaves V' C
S x Al x Al invariant, thus induces a Gy-action on V/. We let E C V/ be
the exceptional divisor of V! — S x Al; let E/ C V'’ be the proper transform
of ng x AL, In coordinates, E = (t = 0) and E’ = (v = 0).

By construction, f; is a morphism from V' — E to 9. Since £ is proper
over Cn+ 1], f; extends to f; : U — Q for an open U C V' that contains
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V'’ — F and the generic point of E. On the other hand, since all schemes and
morphisms are Gy -equivariant, U C V' can be made Gy,-invariant. There-
fore, either U = V' or U = V' — {0}, where {0} = ENE'.

We now consider the case U = V' — {o}. Since Q is proper over C[n + 1],
after successive blowing up, say

b:V —V/,
we can extend f; : V' — {0} — Q to a morphism
7:V—=Q.

Since all the relevant schemes and morphisms are Gj,-equivariant, we are
able to make the blowing-up V — V' Gy-equivariant and the extension 7
Gn-equivariant.

Since V' — V' is a Gy-equivariant blowing up, and since the Gy,-action
on the tangent space of the (only) fixed point o € V' has weights ¢; and —e;,
the exceptional divisor of V' — V' can be made a chain of rational curves
Y1, 8. We let 39 CV (resp. g1 C V) be the proper transform of
E' C V' (resp. E C V'); then possibly after reindexing,

Y=Y UX U UXpUXg

forms a connected chain of rational curves; namely, ¥; N Y11 # (), for 0 <
i < k. Using the explicit expression (5.5), we conclude that under the mor-
phism

(5.6) Tnoblob:V — AV

¥1,..., Y, are mapped to 0 € A"2 and g (resp. X1, 1) is mapped to the
line ¢; = {t; = 0,7 # 1} C A"2 (resp. £;41 C A""2). (Recall ¥ is the proper
transform of (v = 0) and Xxq of (t =0).)

The proof of Lemma 5.6 will be carried out by studying the pull back of
the universal family of Q via 7: V — . We fix our convention on this pull
back family. In the remainder of this subsection, we denote

(5.7) (p: X =X[n+1 Xopg V — X) € X(V);
we denote ® the universal family on Q and denote d; =7"®:

(5.8) ¢V —F on p: X — X.
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For any closed subscheme A C V, we use ¢~> 4 to denote the restriction of d;
to Xy := X xy A:

&A:ﬁ*AV—>§~A on ﬁA:.)?A—>X.

Lemma 5.7. The family ¢ is Gu-equivariant, where the Gu-action is the
one induced from the Gy-morphism 7. The chain of rational curves X is
G -invariant, and the Gy, -fized points of X are ¢; = X; N X;—1 and Gj+1.

Proof. The first part follows from that 7 is Gyy-equivariant. The second part
follows from that V — V' is a successive Gy,-equivariant blowing up, and
that Gy, acts on the tangent space ToV’ with weights ¢; and —e;. ]

Lemma 5.8. The fiber of /’%0 over a # q1 € Yo (resp. a = q1) is X[njo
(resp. X[n + 1]o); the family Xs,, is a smoothing of the divisor D; C Xy, =
X[n+1lp. The Gy-action on /XVQI >~ X[n+ 1]y leaves all A; C X[n+1]p
except Ay fized, and acting on A; with fixed loci Dy U Dyyq.

Proof. By the construction of X[n + 1] — Cln + 1], for the I-th coordinate
line ¢; C A2, X[n + 1] X gn+2 £; is a family over £; whose fiber over a # 0 €
¢ is isomorphic to X [n]o, and whose fiber over 0 € ¢; is isomorphic to X [n +
1]o; the family is a smoothing of the I-th singular divisor D; C X[n + 1].

Applying this to the Lemma, knowing that g — A2 (cf. (5.6)) is
mapped onto the coordinate line ¢;, the first part of the lemma follows
immediately.

For the second part, we need to understand the G,-action on

X[n + 1]& = X[n + 1] X pn+2 0.
Recall the Gp-action on A2 is via

(Z)U = (217 R Zl*ho.elzlv O-ielzl+17 Rl425 - - ,Zn+2).

By the construction of X [n + 1]/Cln + 1], this Gyy-action on X[n + 1] leaves
A; C X[n + 1]o except A, fixed, and leaves A; invariant with fixed loci D; U
Dyy1. (This can be seen using explicit description of X|[n + 1]; it is also
apparent in case n = 0, since then [ = 1 and the Gy -action on Ag can only
be trivial.) This proves the second part of the lemma. ]

We have a parallel Lemma.
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Lemma 5.9. The fiber of /fgkﬂ over a # Q41 € X1 (resp. a = Qit1)
is X[nlo (resp. X[n+ 1)o); the family /‘?Ekﬂ is a smoothing of the divisor
D4y C fmﬁ»l = X[n+ 1]o. The Gy-action on /'Fqkﬂ leaves all A; C /?q
except Ay fized, and acting on A; with fized loci Dy U Dyyq.

k+1

Using that the families over 3;, 1 < i < k are all pull backs of the central
fiber X[n + 1]y over 0 € C[n + 1], and combining with the results proved in
the previous two Lemmas, we have

Lemma 5.10. For1 <i <k, /i’vgi >~ X[n+ 1]g x X;; the Gy -action on /fzi
are the product action of the ij—action on ¥;, and the Gy-action on X, ,
(which is identical to that on X, ., ).

A \ ] \ \ ] \DM< g
. A,
Ae> Dy Dy >

>0 a1 PR Sk qk+1 Skt

Figure 4: In the figure, the slated lines represent A;; the horizontal lines
represent A; x ¥;; the arrows represent the Gy,-action; lines w/o arrows are
fixed by Gy,.

In the figure, the left column represents X’go, of which only A;yq x ¥
(the top parallelgram) and the © are shown. The piece © is the blowing
up of A;_1 X Xy along D; x g1, where A;_1 C X[n]o. We endow © with the
Gm-action induced by the product action on X|[n]y x 3¢, where Gy,-acts on
JAVERT triviallX, and acts on g by that induced from the Gy,-action on V.
The family A%, is by replacing A; 1 X ¥o C X[n]o x ¥ with ©.

The right column represents Xy, , . The piece © C Xy, ,, is constructed
similarly: it is the blowing up of A; x Xy 41 along D x gg41; the total family
Xy, ., is by replacing A; X ¥p41 in X [n]o X Xgq1 by ©'. The Gy -action is
the one induced from the product action on X [n]g x ¥j11, where the action
on X|[n]y is via the trivial action, and on ¥4 is via the one induced from
that on V. B

The next lemma explains the role of the families Ay, in our proof of
Lemma 5.6
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Lemma 5.11. Fora € ¥p—q1 or a € ¥p+1 — Qit1, ¢~)a iV — §‘a on fa
is isomorphic to ¢y, 1 pp V — Fy,.

Proof. We comment that since C[n + 1] = C x x A»*2 a morphism h : S —
C[n+1] is given by a pair of morphisms A’ : S — C and A" :S — A2
so that their corresponding compositions S — C' — Al and S — A"T2 — Al
coincide.

We pick a morphism ¢ : S — V that is the lift of S = 5§ x 1 S48 x G-
By the description of V — V'’ — A2 (cf. (5.5)), we see that ¢1(ng) € V lies
over (...,0,1,0,...) € A""2 thus ©1(10) € Zps1 — Qri1-

By the construction of ¢1, we see that the composite jop1 : S -V — Q
coincide with the restriction of f; (cf. (5.3)) to S x 1: yo p1 = fi|sx1. Since
fi is induced by the family ¢, we obtain

¢ = (7o 1) ® = pio,

where @ is the universal family of Q. Let a’ = ¢1(np); this proves b
¢n,- Finally, since all points in ;1 — qz+1 form a single Gy,-orbit, for a €
Ska1 — Qkr1s &a o~ q~5a/ = ¢,,. This prove the part of the Lemma for the case
Ykl — Qki1-

For the other case, we let @9 : S — V be the lift of (1g,p) : S — S x Al,
where p : S — Al is via p*(t) = u. By the construction, we see that ¢s(n9) €
Yo —q1.

We let hj =mojop;: S — Cln+ 1] be the composite of y; with the
tautological V' — C[n + 1]. By inspection, we see that the composites of hy
and hy with C[n + 1] — C are identical, and their composites with A"*2 —
Al are of the form

R{(u)=(...,1,cqu®,...) and hi(u)=(...,u",c,...).

Here the expressed terms are in the [ and (I + 1)-th places, and the omitted
terms of h{ and hy are identical.

We let &; := X [n + 1] xj, S. Using the isomorphism 77 p x in (2.9) with
I'=[n+2]—{l} and I' = [n+ 2] — {l + 1}, we conclude that

1) the generic points h1(n) and ha(n) lie in the same G7*l-orbit;

2) there is an isomorphism /'?1 >~ fg extending the isomorphism .i;l Xg
n = Xy xgn given by the G™*l-action in (1).

Let gogg?) be the pull back of (;5 via 9 : .S — V; it is an S-flat family of
quotient sheaves on Xs. Since ¢1(n) and @2(n) lie in the same Gy-orbit in
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V, (following from the construction,) we have an induced isomorphism

(5.9) (¢10)n = (930)n-

(Recall (¢%¢), = (p1¢) x5 1.) As the Gl action on £ is induced by the
Grtl-action on X[n + 1]/ C[n + 1], the isomorphism (5.9) is compatible with
the isomorphism X x g7 = &2 xgn in (1).

Finally, using X X, » given by (2), we pull back the family ¢ on X~ X
to a quotient famllqub on X; knowing that the isomorphism &} = X, extends
the isomorphism (X7), = (X2), given by (5.9), the isomorphism (5.9) gives
an isomorphism (0)n = (p5)y-

Let po : Xg — X be the projection. Since both ¢ and gozgi) are S-flat
family of quotient sheaves of p5V, and are isomorphic as quotient sheaves
over the generic fiber of X5/S, by that £ is separated, we conclude ¢ = (pgé
This implies

(D500 = (D)ny = (£50) = by

as quotient sheaves on X([n]o. In the end, using that 39 — ¢ is a single
Gm-orbit, ¢, = ¢y, for all a € X — ¢1; the Lemma follows. O

Lemma 5.12. The sheaf ffql (resp. 9’qk+1) is normal to Dy (res. Dyy1). Let
A7 = A; — Dy U Dyyy; the restriction ¢q,|ax (Tesp. qbqkﬂ A;) s G -invariant.

Proof. We prove the case for g"ql. We consider the © C 2?20 mentioned before
Lemma 5.11. Let ©* = © — closure(Xy, — 0). Welet bl : © — A;_; x 3o be
the blowing up morphism, and g be the composite

g:@*éggAl_l X E()&Al_l.

Let p;_1 : A;_1 — X be the tautological projection, let EF;D;}Jf,.l—l be Fpola,_,
quotient by its subsheaf supported along D; U D;_;. By Lemma 3.2 and
Proposition 3.3, f}’%f'l_l is normal to both D; and D;_;.

We consider the quotient on A;_; induced by ¢, |a, ,:

t.f. . * 1.
il iV — Fp
We claim

(5-10) g ¢l 1= ¢Eo|®

First, we know that © is a blowing up of A;_; x 3¢ along D; x 0, and that
G-acts on © via the trivial action on A;_; and that on Xy with the only
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fixed point ¢;. Second, we know that gbgo pg,V — S"go is Gp-equivariant,
and for an a € ¥ — q1, (;5@ = ¢y,. From these two, we conclude

(5.11) g oyt v = 0w,

@*

To conclude the claim, we notice that the isomorphism

(5.12) g'ri AV

[l ~
O =X, — Py, Vle-—x L

which is part of the isomorphism (5.11), is the identity map of the pull back
of V via the tautological projection; ©* — &, — X. Thus (5.12) extends to
a

(5.13) gV

o =5,

On the other hand, the family pg V|e- — 5’20 o- is flat over Y. By the
uniqueness of flat completion of quotient sheaves, the claim follows if we can
show that g*p; ,V — g*fﬂtf'l is flat over 3.

Since Ftf; is normal to Dj, by Proposition 3.3, F+-f; is flat along the
normal direction of D; C A;_1. Thus g*&"lt_f ; is flat along the normal direction
of the exceptional divisor of ©* — A;_1 X Yg. Applying Proposition 3.3, we
conclude that it is flat over ¥, and in addition, g*?lt'_f'l T, is admissible.

This proves that §’q1 is normal to D;. It is Gp-equivariant because qggo
is Gip-equivariant. O

Lemma 5.13. For all 1 < i <k, we have

(5.14) Errlg'"qi + Erry 1 F,, = B F,,., + Errl+1§q

qi+1 41"

Suppose for an 1 <i <k, Errlg"qi =< Errl+1§'"qi and Errlg'"qi Errl+1ff"q
then for a € ¥ — {qi, gi+1},

+17

(5.15) Errlgrqi + Errl+1§qi — Errlgra + Errng"a.
Proof. Since J is flat over &, we get X(g"qi (v)) = X(qum (v)) foralll <i<k.
Moreover, since Gy, leaves A; fixed for j # [, we know the restriction of F
to (X[n +1Jo — A;) x ¥; is a constant family of sheaves parameterized by
Y for all 1 < < k. Therefore, for any j # [,1 + 1, the quantities Err;F, are
the same for all a € ¥;. If we let 5“ be the quantities associated to sheaf 3’"
defined as ¢;; in Lemma 3.17, then for j #1, 67, (vesp. 0%,) are the same
for all a € %;.
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Applying identity (3.7) in Lemma 3.17, and subtracting these identical
quantities from the right hand side of (3.7), we conclude that

~ ~ 1
(5.16) ErrFq + Errj19, + 5(530 +071)

have the same values for all ¢ € X1 U --- U X.

Since by Lemma 5.7 and 5.10, ¢;, gi+1 € ¥; are Gy,-fixed points of 3;, and
G, acts linearly on A; with fixed locus D; U D11, we know the restriction
of q;% to A] is Gy-invariant. Moreover, for 1 <1 <k,

Guii PV — T4
is the pull back of a quotient sheaf on D; via the projection A; — Dj.
Applying Lemma 3.18, 6/, = 6y = 0 for 1 <1 < k. For the same reason, we
have 0/, o = 011, =0 for 2 <i <k + 1. The identity (5.14) follows from
that (5.16) takes same values for a = qi,. .., qr41.

Next we prove (5.15). By (5.16) and the previous argument, for any
a € X,

~ ~ ~ ~ 1

(5.17) Err; g, + Errj 1 Fy, = ErryF, + Err 1 F, + 5(520 +67'1)
Applying Lemma 3.13 and 3.14, for a € ¥; — {¢;, gi+1}, we have

Errlgrqi = B, and Errl+1§qi+l = Errl+1§’a.
Therefore, (5.17) gives us

- - 1

Brr1Fg, = B Fo, + 5 (000 +001), - @ € B — {4i, giv}-
Applying (5.14), we also have
T T L a
B, = Brudy, + 5(51,0 +011)-

Now suppose for a 1<:<k, Errl%i-<Errl+1§rqi and Errlf;"qi+1 >;Errl+1§"qi+l.
Then deg(df, + 6;'y) = degErr;1F,, > degErr;JF,,. Therefore, in the iden-
tity (5.17), the degree of the left hand side is equal to the degree of the

last term on the right hand side; because of the weak positivity of 511170 + 5Z1
proved in Lemma 3.18, (5.15) follows. O
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Proof of Lemma 5.6. For any quotient ¢y, : p;V — ¥, and its extension to
an S-flat quotient ¢ : p*V — JF such that ErrJ,, ) # 0 as stated in the Lemma,
according to our construction, we pick 1 <11 <n so that

deg Err;J,, = deg ErrJ,,,

and form a regular Gy,-surface V, together with a family p : X—XinX (V)
and a Gy -equivariant quotient qB :p*V — Fon X.

We further find a connected chain of rational curves ¥ = Xg U - -+ U X4
in V so that the restriction of qg to X satisfies the properties stated in Lem-
mas 5.11 and 5.12;

According to Lemma 5.12, we know

0= Errlf;'"q1 =< Errl+1f;‘"q1 = Err 3, #0
and 0 = Brry1Fy,,, < BrnJy,,, = B, #0. By (5.14) in Lemma 5.13,
we can find a 3;, so that the assumptions in Lemma 5.13 Err;Fg, < Errj 415,
and ErrF,, = Err1F,,,, are satisfied. For such 4,

Errlgqi + Errl+1§'"qi - Errlg"a + Errl+1§"a, a€ X —{q, g1}

Moreover, .;fpa\ Ar is not Gy-invariant by the non-vanishing of its associ-
ated quantity 0y + 5l ; via Lemma 3.18. By our choice of I, we conclude

that Errf}' - Err’f Combined with Err&'"q = ErrJ,,, we have the Errd, <
Errd,,, and dim Autx(dy) < dim Autx(¢y,)-

Finally we find the desired curve S’ C V. Because V is smooth at the
point a, and b: V — V' is a sequence of blow-ups whose exceptional divisor
contains a, we can find a smooth curve S’ C V'’ that contains a, and that
the composition S — V/ — § x A — S is non constant, thus branched at
ny=a€ S, and S" — S is finite. Furthermore, we can take such S’ so that
its image in V' is not contained in E'UE C V'. For such an S’ C V, the
induced family of quotients ¢/ = ¢g on p’ : X' = X xy S' — X satisfies the
properties stated in Lemma 5.6. ]

5.2. The completeness I1

We complete the proof of Theorems 4.14 and 4.15 by working out the remain-
der cases.
Let (S,m,m0) be as stated in the beginning of this section. We prove a

Lemma analogous to Lemma 5.6 for Duotg‘)’cm
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Lemma 5.14. Let (¢, )y) € Quotg‘;’?@ (n), and let ¢ : p*Vo — F be an S-

flat extension of ¢y, over (¥,p) € D(S). Suppose Y, is smooth, Autgdy, is
finite, and ErrF, # 0. Then we can find a finite base change S — S, an
S'-flat quotients ¢': p*Vo — F on (V',p") € D(S’) such that

1) Yy =Yy xgn' € D(0'), and under this isomorphism ¢, = ¢y Xy 1';
2) Auty (¢, ) is finite, and

o
3) Errd,, < Errd,,.

Proof. We follow the same strategy used to prove Lemma 5.6. Since S is
local, we can find a £ : S — A"="+ so that {(ny) =0 and Y = Y [n_, n4].
Since ErrJ,, # 0, we pick an [ so that as polynomials,

deg Err ¥, = degErrd,,,, —-n_ —1<I1<ny+1,1#0
Here we agree that Err_,, _y = Err_ and Err,,, 41 = Err (cf. (3.10)). With-

out loss of generality, we assume [ > 0.
We let u be a uniformizing parameter of S, and express

(5.18) E=(con u® .. cnu), ¢ el (0g)
Since &(no) = 0, all e; > 0. We let

7 AP Gy — AT n/, =ng + 1,
be defined by
(5.19) (ten_ oo stns0) = (top oo 1,0 1,0 g1, ot ).
(In case [ = 1, we replace t;_1 =ty by t_;.) We then introduce

& =m0(£id): S x Gy — AT x Gy — AT

and let )" := &Y [n_,n! | over S x Gy, be the pull back family. By the con-
struction of Y[n_,n,], we have V' 2 &Y [n_,ny] x Gy =Y x Gyp. We let
p Y — Y and 7 : ) — ) be the projections.

We let ¢ =7 : p*V — F be the pullback quotient sheaves. By the
universal property of Grothendieck’s Quot-scheme, the family ¢’ induces an
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A" _morphism

va7P
(5.20 i85 G — Quot 0T

Mimic the proof of Lemma 5.6, We construct a regular Gy,-surface V'
and Gy-morphisms that fit into the following commutative diagram

P *Vo,P
v Quot Yin_,n,]/A"" +nly
| A
] i
S X Gy —— > A=

so that w0 7: V — A" "% is proper.

Once we have the surface the pull back family over V from 7, we can
repeat the proof of Lemma 5.6 line by line to conclude the existence of
S’ C S that satisfies the requirement of the Lemma. Since the proof is a
mere repetition, we omit the details. This completes the proof. U

Proof of Proposition 5.1. We first prove the Proposition for Duotg”@j Let

(¢y = ppVo — Fy) € Quotg(”cg( ) be a quotient on (V,,p,) € V(n). Then
Y, =Y[n_,nylo x n for some n_,n, > 0. Following the convention (2.13),

Yino,nylo=A_n U---UAgU---UA,,,

where Ag =Y

In the remainder of this proof, we adopt the convention that W; = 4,
for —n_ <1 < ny; following the rule specified after (2.14) we endow W, the
relative divisors F; _ and Ej 4 by the rule: forl > —n_, B = A;_; N Ay; for
l<ng, B _=AMNNAL41;E, 4 =Dn_]_pgand E,, _ = D[ni] o, where
D[n_]_ o and D[n] o are the two relative divisors of Y [n_, n4]o.

We let Wi, =W, xnC)Yy; welet B+, =FE +xnCW,,, let p,:
Wi, — X be the tautological projection, and let Gy, , = Gy X 7. We adopt
the same convention when 7 is replaced by ng or S.

We consider

(5.21) iy = bnlwi, :pZnV — F1 = Fylw,

Since ¢, is stable, J;, is normal to the relative divisors Ej i, of W,,.
Because the Grothendieck’s Quot-scheme is proper, we can extend ¢, to
an S-flat quotient family gbl Vo — 9’; on Wy g =W; x58S.
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In the ideal case where all fﬂ o = Cﬂ]Wl . are normal to Ej 4 ,,, then we
will show that we can patch ¢; to a quotient family ¢ on Yn_,nglox S
whose quotient sheaf is admissible. Suppose further that its automorphism
group Autg (¢~$|no) is finite, this family will be the desired family that proves
Proposition 5.1.

In general, we divide the proof into several steps. We first take care of
the automorphism groups caused by the Gy-action on W, [ # 0. Suppose at
least one of n_ and ny is positive. For any n_ <[ # 0 < n_, suppose él‘Wz,no
is not invariant under the tautological Gy, action on W, and pzno\?o, we
do nothing. Suppose it is invariant under Gy,. We claim that ¢~>Z|W1 is not
a pull back quotient sheaf from W;,, — D x no. Suppose it is a pull back
quotient sheaf, then F, is flat over S implies that F, is a pull back sheaf
from W x S — D x S; in particular 3'"1|le” = J,, is a pull back sheaf from
Wi, — D x n. But this is impossible since ¢,, is stable implies that ¢;, is
not invariant under the Gy,-action, a contraction.

We continue to suppose gi)l lw, o 18 Gm-invariant. This invariance together
with that ¢l|Wz,7, is not a pull back sheaf from D X 7y implies that ?Z‘Wl
is not normal to at least one of Ej ., C W, . Therefore, by repeatlng
the proof of Lemma 5.6, and possibly after a base change, we can find a
& :n — Gy so that under

161
D Wiy S W x Gy 5 Wi

where £ : W, n = Gmy is via Wi, 1>17 & — Gy, and the second arrow is
the G, y-action on W, the pull back family (¢1y) extends to a new
S-flat family ¢; (denoted by the same @) on W) x S so that ¢I|Wl o 18 MOt
invariant under Gi,.

For the modified families ¢, n_ <1< ny, our next step is to modify
them so that they are normal to Ej 4, C W, We let € 4 C 20, over
2, be the stack of expanded relative pairs of Ej;+ C W;. (Like ©®4 C 9

with Dy C Y replaced by E;+ C W;.) Then Qf;ln € Quotg}\%‘ (n). In case

5‘"17% = 9~'~1|Wl is normal to £j 4 ,,, which is equlvalent to Errd,, = 0 by the
criteria Lemma 3.19, F o 1s admissible and qbl,] is stable. Otherwise, by
Lemma 5.14, we can find a finite base change S] — S and an Sj-flat family
of quotients ¢ on (W], p;) so that, letting 7 and 1’ be the closed and the
generic points of S,

1) Wy, Wiy Xy 1, that under this isomorphism ¢;,, = ¢y Xy 1';
2) Autay, () is finite;
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3) EnrF, < Errd,.

If Errff’ ; is still nonzero, we repeat this process. By Lemma 5.4 on descend-
ing cham this process terminates at finitely many steps. Thus we obtain an
Sj-family of quotient family ¢] satisfying (1) and (2) above together with
(3) replaced by Errd},, = 0. Namely, {¢; : pj"Vo — T} € Quot%\;”m (S]).

In case [ # 0, we can say more of the symmetry of (bf’%. When [ # 0,
Wl’m(,) = AU---UA, is the union of a chain of, say n; copies, of A. We
define

(5.22) Autm,Gm(@,%) = {9 cGn"lg- (¢§,ng) = <Z5§,ng,}-

Here g - ( %) is the pull back family of ¢ " under the GX™ action W), h N
2% h and g- (¢ 770) / " is the 1som0rphlsm as quotient families, using
that p;*Volw, , , Is invariant under G™. It follows from the construction of
¢, and the proof of Lemma 5.14 that Autay, ¢, (¢}, ;) 1s finite.

By replacing each S by the fiber product of all S} over S, we can
assume all S} =5’ for a single finite base change S — S. Let 1’ be the
generic point of S’. We now show that we can glue the families ¢) to a
family ¢’ € Quot%ﬁC@(S’) that extends ¢, %, 7. Let W, over S’ be the
underlying family of ¢;. Since ¢] is an extension of ¢, %, 7', we have
Wiy xg 1 =Wy xyn'. We let &4+ C W, be the closure of Ej 4, %, 1 C
Wiy xnn's &+ CW, is the the pair of relative divisors of W, € 20;(5").
Thus, they are smooth divisor in W, and & + = Ej 4 x S’ canonically.

We then form the union Ul":tm W], using the canonical isomorphism
E _ =2 E 4, we identify & _ C W, with &1 1 C Wi for n_ <1 <ny,
resulting a family, denoted by )’ — S’. Let p’ : )’ — Y be the projection
induced by p; : W; — Y, which exists. In conclusion, our construction of 20
(or Q) ensures that (), p") € D(S5).

We let ¢; : W, — V' be the tautological closed immersion. We claim that
we can find a quotient family ¢’ : p*Vy — F so that ¢j¢' = ¢]. Indeed,
since p; : W; — Y is equal to p oy : Wy — )’ — Y, we have canonical iso-
morphism ¢} p"* Vo = p;*Vy. Hence, using the canonical p"*Vo — 11,4/ p*Vo =
uxp;*Vo, we obtain quotient sheaf p*Vo — ¢, F]. We now verify that as quo-
tient sheaves

(5.23) (p,*VO — Ll—1*9’~271) X0, OLL71(5171,+)
= (p"Vo = uF)) ®0,, Oye, )
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(Note tj—1(&-1,4+) = u(&,—) C V') First, the above two sides are canonically
isomorphic after restricting to fibers over i’ € S’; this is true because the
two sides of (5.23) restricted to fiber over 1’ are the quotient ¢,, restricted to
Ei_14+ xn=E;_ xnC Y, On the other hand, since both ¢, _, and ¢, are
families of stable quotients, by Corollary 3.4, both sides of (5.23) are flat
over S’. Therefore, by the separatedness of Grothendieck’s Quot-scheme,
(5.23) holds. Consequently, the desired quotient family ¢’ exists.

Finally, we check that ¢ is a family in Duotgmlzm(S’ ). The fact that ¢’
is admissible follows from Lemma 3.7; that Auty (gb;],) is finite follows from
that Autey, (¢7,,) is finite for I = 0 and (5.22) is finite for [ # 0. This shows

that ¢’ € Quotg“ ) (S7). This completes the proof of Proposition 5.1 for the
stack Quotg -

The proof for QuotZ’/I; is exactly the same. In case ¢ € Quoti’/i(n) has
its underlying scheme A}, smooth, then the existence of its extension to an
¢ € Quot, /P (S’) for a finite base change S — S follows from Lemma 5.5
and 5.6. In case A}, is singular, then it is isomorphic to X [n]o x 7. Like in
the proof of the previous case, we split X [n]p as union of smooth A; and Y;
study the extension problem for the restriction of ¢ to A; x n and Y x 7,
and glue them to form a desired extension. The proof is exactly the same to
the first part of the proof. This proves the Proposition. O

5.3. The separatedness

We show the separatedness part in Theorems 4.14 and 4.15. By valuative
criteria, this is equivalent to show that the extension of ¢, to ¢ constructed
in the previous subsections is unique.

We prove Proposition 5.2 for smooth generic fibers, the others are the
same.

Proof of Proposition 5.2. Let (¢1,X1) and (¢p2,X2) GQuotx/e(S) be two fam-
ilies of quotients, where S is as before, such that there is a p, : X1, — &,
in X(n) such that ¢1, = p; @2,

Suppose p;, : X1, — X, extends to p 1 A1 — Ao, then p*¢o is a family of
stable quotient sheaves. By the separatedness of the Quot-schemes, we have
p P2 = ¢1. Adding that (p*¢2),, is stable, we conclude that p: Xy — &5 is
an isomorphism, and the Proposition is done.

Suppose such an extension p does not exist. Instead, we will construct
X; € X(S), and morphisms h; : X; — X; so that h;, : X, = = X;, and the
arrow hQ;I opyohyy,: X1,y — Ao, extends to an arrow h : X 2 X
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We express &; as £ X [n;] induced by & : S — Cln;] with &(no) = 0. Let
u be a uniformizing parameter of S; we express

J— . €i,1 . €in;+1
T, © §i = (Cz7lu yoros Cin+1U * )

as in (5.1). Because &, = X>,, € X(7), we have

ny+1 na+1

(5.24) n = Z €1,7 = Z €2,5.
j=1 j=1

We then define & and &; : S — C[n] by the rule

(5.25) o0& = (ciqu® 1.1, cou®2, 1,000 1 ¢ umitt 1,0 1)),
where after each term ¢; ju®7 we repeat 1 exactly e; ; — 1 times, and by
(5.26) T[n] © & = (ci,lu, Uy ooy Uy Ci oWy Uy oy Uy Gy 41U Uy ,u),

where after each term ¢; ju we repeat u exactly e; ; — 1 times.

We let X! = ¢&*X[n] and let X; = £ X[n]. We describe the relations
between these families. First, since (5.25) has the form of the standard
embedding defined in (2.4), the families X7 = X; € X(S5). Next, we let 0y, :
n — G be defined via

_ €;, —1 €, -2 €. —1 €, -2
Oip(u) = (u w2 e e

... 1),

€i,n,i+1*1 ez‘,ni+1*2
1, u , U

then & = (). Lastly, because ¢;; are elements in I'(Og)*, from the
expression (5.26), there is a o : S — G so that & = (&), which induces
an isomorphism h : X; = Xb.

Moreover, because in the coordinate expression of the morphism o, :

— G, all powers of u are nonnegative, the isomorphisms X; n = &y in-

duced by 05, and the standard embedding (5.25) extend to morphisms h; :
X; — X;, and the restriction of h; to 1o, hin, X; 10 — Xino, is a contraction
of all components Aj C X, except Ao, Ac, 1, Ac, terar- - Doy i ofes, s

We now show that the isomorphism ¢1, = p;$2, extends to (1, Xl)
(¢2, Xo). We first prove ey j = e ; for all j. Indeed, using isomorphism X; M
AX; , we define bi .n be the pull back of ¢; ;, to X; - Let é; on X; be the S-flat
completion of qu, Such completion exists since the relative Quot-scheme
Quoti /s is proper over S.

R

[12 IIZ
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Since ¢; 4, is stable, in particular admissible, one checks that the pull
back of ¢; via h; : X; — X; is flat over S. Then by the separatedness of the
relative Quot-scheme, ¢; = h; ;.

Then since <131,n = h*qggm under the isomorphism h : X; — X5, we must
have qgl = h*(lgg. This implies €1,1 =e€a1, €1,1 + €12 = €21 + €22, etc. Thus
combined with identity (5.24), we conclude n; = ny and ey ; = eg ; for all j.
This implies that the arrow Xy, = X5, in X(n) extends to an arrow X; = X
in X(S). By the separatedness of the Quot-scheme, we get (¢1, X1) = (g2, Xo)

in Quotﬁ’fé(s ). This proves that Quotz’/i is separated. O

5.4. For the stable pairs

We now investigate the properness and separatedness of ‘B]; Je and i}’.‘fgi -
Let S = Spec R — C with ng and n € S be as in the statement of Proposi-
tion 5.1. Let ¢, : Oy, — J;, be an element in ‘Bg/e(n). We indicate how to
find a finite base change S’ — S and a ¢’ : O — F in ‘Bg/e(S’) so that
¢ xg ' = by xyn.

By definition, ¢’ € ‘Bg/e(S’) if the following hold:

1) ¥ is a flat S'-family of pure one-dimensional sheaves; coker¢’ has rel-
ative dimension at most zero;

2) coker¢’ is away from the singular divisor of X);
3) F is normal to the singular divisor of X, ;
4) Autx(¢),) is finite.

Let X, = coker(¢,) and let E, C Y, be its support. We first study the
case where &, is smooth. In this case, following the proof in [Li02], possibly
after a finite base change of S, which by abuse of notation we still denote
by S, we can find an X € X(5) that extends &), so that

(a) the closure E, of E, in X is disjoint from the singular divisors of X,,,;

(b) for any added A C X, we have AN E, # ().

Since the moduli of stable pairs over a projective scheme is projective
(cf. [LP93]), we can extend ¢, to a ¢ : Oy — F that satisfies (1); because
of (b), (4) holds as well. Suppose (2) is violated for the family ¢, then by
repeating the argument in Subsection 5.1, we conclude that by a further
finite base change, which we still denote by S, we can find an extension ¢ of
¢y that satisfies (1), (2) and (4). In case the extension ¢ does not satisfies (3).
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Then because of (2), ¢ : Ox — F near where F is not normal to the singular
divisor of A}, is a quotient homomorphism. Thus we can apply the result
in Subsection 5.1 directly to conclude that we can find a finite base change
S’ — S and an extension ¢’ € ‘Bg/@(S’) of ¢, as desired.

The general case for ‘I?; Je and ‘Bgi cy I8 similar to the proof developed
in Section 5. Since it is merely a duplication of the previous argument, we
will not repeat it here. This completes the proof of the separatedness and
the properness of Theorems 4.14 and 4.15.

5.5. The boundedness

We prove the boundedness part in Theorems 4.14, 4.15.

Proposition 5.15. The set Quot;g;j/j%(k) is bounded.

We quote the following known result (cf. [HLI7]).

Proposition 5.16. A set of isomorphism classes of coherent sheaves on a
projective scheme is bounded if and only if the set of their Hilbert polynomials
is finite, and there is a coherent sheaf F so that every sheaf in this set is a
quotient sheaf of F.

These two Propositions imply that Quotz’/];(k) is bounded. We prove
Proposition 5.15 by induction on the degree of the polynomial P(v). To
carry out the induction, we need the following lemma. For simplicity, in the
remainder part of this Section, we assume that H on X — C' is sufficiently
ample.

Lemma 5.17. Let W be either X [n]o or Y [n_,nylo, and letp: W — X be
the projection. For any coherent sheaf 3 on W, there is an open dense subset
U C |p*H| such that each divisor V € U has normal crossing singularity; is
smooth away from the singular locus of W, and F is normal to V. Moreover,
if F is normal to the singular divisors of W (resp. the distinguished divisor
of Y[n_,n4lo), so does Fly, viewed as a sheaf on W.

Proof. Given F, we can find a finite length filtration
0C?§0C§§1 (@ C?Sd:?,

where F<}, is the subsheaf of F consisting of elements of dimension at most
k. Let Zj, be the support of F<y; it is closed in W. Because H is sufficiently
ample, |H| is base point free.
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We then let U C |[p*H| be the open subset of those divisors V' € U that
have normal crossing singularities; are smooth away from the singular locus
of W, and do not contain any irreducible component of Z; for all k. By
Bertini’s theorem, U is open and non-empty. For V' € U, by Definition 3.1,
JF is normal to V' if and only if no element of F<, is supported entirely in
V. Because of the construction, U satisfies the requirement of the lemma.

By the same reason, if F is normal, we can choose U so that in addition
to the requirement stated, we have that for every V € U, all F and JF|p, are
normal to V. Therefore, F|y is normal to D; for all V € U. O

Remark 5.18. Following the proof of the Lemma, one sees that the set U
in the Lemma covers every D; C X|[n]y (of Y[n_,ni]o) up to finite points
in that

dim(D; — UgerS N D;) = 0.
We state the following lemma due to Grothendieck [HL97].

Lemma 5.19. Let W be a projective scheme with an ample line bundle h.
Let 'V be a fixzed coherent sheaf on W. Let & be the set of those quotients
¢:V —=F so that F is pure of dimension d. Suppose there is a constant N
so that for any F € &, its Hilbert polynomial

XE(v) = agv? + ag_v? 7t -
satisfies |ag| < N and ag_y < N. Then & is bounded.

Here we use x%(v) = x(F ® h®") to indicate the dependence on the
polarization h of the Hilbert polynomial of . Also we use (¢, ) to abbre-
viate a quotient sheaf ¢ : V — F when V is understood.

Corollary 5.20. Let W and V be as in Lemma 5.19, and let N and d > 0
be two integers. Let & be a set of quotient sheaves ¢ : 'V — F on W. Suppose
for any (¢, F) € &, every subsheaf of F has dimension > d, and the Hilbert
polynomial X%(U) = amv™ + -+ + ag satisfies |a;| < N fori>d and ag—1 <
N. Then & is bounded.

Proof. We let &y, = {(¢,F) | deg x& < k, (¢,F) € &}. We prove that &y, are
bounded by induction on k.

When k = d, every sheaf F in the G, is of pure dimension d. The result
then follows from Lemma 5.19. We now suppose the statement is true for a
k > d; we will show that it is true for k£ + 1.
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For any quotient (¢, F) € G4, we let F<j, C F be the maximal subsheaf
of dimension at most k. Since I has dimension at most k + 1, F5p, := F/T<y,
is either zero or is pure of dimension k + 1. Also, the quotient homomor-
phism ¢ :V — F induces a quotient ¢~ : V — Fop; we let & be the set

{(@>k: Fok) | (0,F) € Gpya}, and let T = {(d< : ker oo — F<i) | (9, F) €
Sk41}, where ¢« is induced from ¢~ . Let

6k‘+1 — 6, X ‘Ia d) = (¢>k‘7 ¢§k‘)7

which is injective.
Since F<j has dimension at most k, its Hilbert polynomial Xg;ék(v) =
bpv® + -+ has by > 0. Since

X (0) = xX5(0) — x5 (v) = appr 0"+ (@ — bR+

and by assumption a1 and aj, are bounded, we see that ay — by is bounded
from above. Applying Lemma 5.19, we see that &’ is bounded. It also implies
that {ker ¢~ | (¢,F) € Gpy1} is bounded.

Finally, we consider the quotients (¢<j, : ker ¢~ — F<i) € T. Since F<y,
has dimension at most k, and since the collection {ker ¢ | (¢, F) € Sgiq}is
bounded, we can apply the induction hypothesis to obtain the boundedness
of the set T. Therefore, G is bounded since Sy — &’ x T is injective.

O

For any polynomial f(v), we denote [f(v)]so = f(v)— f(0), which is
f(v) taking out the constant term.

Lemma 5.21. Let D C W be a divisor in a smooth variety W; h be an
ample line bundle on W; W be a coherent sheaf on W, and B be a finite set
of polynomials in v. Let & be a set of quotients ¢ : U — € so that for any
(¢,€) € &, & is normal to D and [x%(v)]=0 € B. Then &p = {(¢|p,E|p) |
(¢, &) € &} is bounded. Further, suppose {x(€) | (¢, E) € &} is finite, then
G is bounded.

Proof. For (¢,€) € &, we denote by ¢~1: U — €~ the induced quotient
homomorphism. We claim that & = {(¢>1,E51) | (¢, E) € &} is bounded.
Indeed, since B is finite, there is a constant M so that for any (¢,€) € &,
the coefficients of x%(v) = a,v™ + - -+ + ag satisfy |a;| < M for i > 1. Since
€<1 has dimension < 1, X’§<1(v) = byv + by has by > 0. Then
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X]§>1(U) = XE() = xE_ () = apv™ + -+ + a2 + (a1 — b1)v + (ag — bo)

has |a;| < M for i > 2 and a; — by < M. Applying Corollary 5.20, we con-
clude that &' is bounded. Thus, a; — by is bounded; thus by replace M by
a larger constant if necessary, we have |by| < M.

We now study E|p. As (¢, &) € F, € is normal to D, thus both €< and
€~1 are normal to D; therefore

(5.27) 0—>8§1|D—>8|D—>8>1|D_>0

is exact. Since &’ is bounded, the set {(¢>1|p, E>1|p) | (¢, €) € S} is bounded.
On the other hand, since the leading coefficients b; of X’g<1(v) for (¢,€) €
S satisfy by < M, using that the set of effective one-dimensional cycles
in W of bounded degree is bounded, we conclude that the restrictions
E<i|p form a set of zero dimensional sheaves of bounded length. There-
fore, the set {E<i|p | (¢, E) € &} is bounded. By (5.27), together with that
{(¢>1]D, E>1|p) | (¢, &) € G} is bounded, we conclude that Sp={(¢|p, E|p) |
(¢, &) € &} is bounded.

Finally, assuming {x (&) | (¢, £) € &} is finite, then B finite implies that
{x%(v) | (¢,€) € &} is finite. Since h is ample, by Proposition 5.16, we con-
clude that & is bounded. O

Let p: A — D be the ruled variety over D used to construct X|[n]o; let
Dy C A be its two distinguished sections. Denote h = p*(H|p), where H
is sufficiently ample on X, we form L = h(D4), which is ample. Let V be
a locally free sheaf on X as before, and we denote p*V = p*(V|p). Let B
be a bounded set of sheaves of Oa-modules, and let B be a finite set of
polynomials. For S € |h|, we denote by tg : S — A the embedding.

Lemma 5.22. Let R be a set of quotients ¢ : p*V — & on A. Suppose every
€ € R is normal to D, X}é‘D (v) € B, and there is a smooth S € |h| so that
+

Ls«(E|s) € B. Then the set {[xE(v)]so | (¢, &) € R} is finite. Moreover, if
there is an N so that x(€) < N for all (¢,€) € R, then R is bounded.

Proof. Let (¢, €) € R. By the proof of Lemma 5.17, we can find a smooth
S € |h| so that € is normal to S. Since € is normal to D, € is normal to
the divisor S + Dy. We can also require that €|g is normal to D . Using
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that L = Oa(S + D), we obtain the exact sequence
0—ERL 't — & — &|syp, — 0.

It follows that
(5.28) XE|a,p, (V) = XEW) = xE(v —1).
Using the exact sequence
0—E&|p,(=SNDy) — Elsyp, — E|ls — 0,

and t5.(€|g) € B, which is bounded, and Xng (v) € B, by the standard
argument used in Corollary 5.20, the set of quotieflts {p*V—Es1p, } induced
from (p*V— €) € R is bounded. Therefore, the set of polynomials {X§|S+D+ (v)
| (¢,€) € M} is finite. By (5.28), the set {[x%(v)]so0 | (¢, &) € R} is finite.
This proves the first part of the lemma.

Moreover, when x(€) < N for all (¢, ) € R, Corollary 5.20 implies that
R is bounded. n

Lemma 5.23. Let ¢ : p*V — & be a quotient sheaf on A, and & is normal
to both Dy and D_. Suppose there is an open subset U C |h| such that
every V € U has the following property: V is smooth; € is normal to V;
dim(D_ —UyeyD_nN V) = 0, and the restriction ¢|y : p*V|y — €|y s G-
invariant. Then

Xt (V) =Xz, (v).

Proof. As before, we let E<1 C € be the subsheaf of elements of dimension
at most 1, and form the quotient sheaf €51 = €/E<q. Let ¢1 : p*V — €51
be the induced quotient homomorphism. We claim that the tautological
p*ps€s1 — €1 is an isomorphism.

Since € is normal to D_, €s1 is normal to D_. Thus we have

0—E&1(—D_-) — &s1 — Ex1|lp. — 0.
Applying p., we obtain
0 — pu(€s1(=D-)) — pe€si — pul(€s1lp ) — R'pu(€s1(—=D-)) = 0.

Here the last term is zero because €1 is a quotient sheaf of p*V. We claim
that p.(Es1(—D_)) = 0. Suppose not, then it is supported on a positive
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dimensional subset since A — D has dimension one fibers. Let A C D be an
irreducible positive dimensional component of the support of p.(E~1(—D_)).
Because dim(D_ — UyeyD—-NV) =0, the union U{p~H(A) NV |V € U} is
dense in p~!(A). Therefore, for an open S C D such that SN A # (), we
have that &|,-1(g) = p*(€|p_ns). Thus p«(Es1(—D-))[s = 0, contradicting
to SN A # (). This proves pi(Es1(—D-)) = 0; consequently, p*p,Es1 = -1,
and

h h h
Y () =xhe, (0) =Xk, (v).

Repeating the same argument, we conclude that €<; is supported at
finite fibers of p : A — D. Since € is normal to D_ and D, £<; is normal
to D_ and Dy too. Thus x(€<1|p_) = x(€<1|p, ). Therefore

Xepp () =XE_, 1, () +x(E<alp) = X2, () +x(€<ilp,) = X2, (V).
This proves the Lemma. O

In the remainder of this Section, we abbreviate Qp := Quot;;i@o(k).

Proof of Proposition 5.15. We prove that Qp is bounded by induction on
the degree of the polynomial P(v).

Suppose P(v) = cis a constant. Let (¢, F, X[n]o) € Qp. Then F is a zero
dimensional sheaf such that its support is away from the singular locus of
X|[n]o and its length is c¢. The stability of F implies that F|a, is nonzero for
every 1 < i < n. Therefore, n < length(F) = c¢. Applying Proposition 5.16,
we conclude that Qp is bounded in this case.

Next we assume that for an integer d, Qp is bounded when deg P(v) <
d — 1. We show that Qp is bounded when P(v) has degree d.

Let P be a polynomial of degree d, and let (¢,F,X[n]o) € Qp. By
Lemma 5.17, we can find an S € |[p*H]| so that it has normal crossing singu-
larity; is smooth away from the singular locus of X[n]y; that F is normal to
S, and the restriction F|g is normal to the singular divisor of S.

Let ¥ = 15.(F|s) and ¢’ : p*V — F' be the quotient homomorphism
induced by ¢. We have Xg,H(v) = P(v) — P(v — 1). By our choice of S, &
is admissible but not necessary stable. We let Ay C {1,...,n} be the subset
of indices k so that ¢'|a, is not Gy-invariant; we let ny = #A4 > 0, and let

I¢:{1,...,n¢}—>A¢

be the order-preserving isomorphism. Let Ag be the complement of Ay. We
then contract all A; C X([n]o, ¢ € AS), to obtain py : X[nlo — X[nglo. Let
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P’ X[nglo — Xo be the projection. Since ¢’ is admissible, and ¢'|a, is G-
invariant for ¢ € AS;, there is a quotient

(@) p*V — F™ such that ¢ = p;(ﬁb/)ﬁ'

Then ((¢')*, 5, X[nylo) € Qp,, where Pi(v) = P(v) — P(v—1). By the
induction hypothesis, Qp, is bounded. Therefore, there is an N depending
on P only so that

(5.29) nd) S N.

To proceed, we let pa : A — D be the ruled variety used to construct
X|[n]op with distinguished sections D4 C A. Let h = p\(H|p), where H is
sufficiently ample on X (using H®™ if necessary), and form L = h(D,),
which is ample. Let H; = p*H|a,; and let L; = H;(D;), i > 0. We fix the
tautological isomorphisms

(530) pPi A= Ai, so that h = p;kHz’ L= p:LZ,

for all intermediate components Ay, ..., A, of X[n].
Sublemma 1. The set {ngD_ (v) | (¢, F,X[n]o) € Qp, i <n+ 1} is finite.

Proof. Let N be as specified in (5.29). We first construct a finite sequence of
finite sets By, Ba, ..., Byy1 and show that for any (¢, F, X[n]o) € Qp, and
any 1 <i<n+1, we have ngD- (v) € By, for some k. This will prove the
Sublemma. '

Let By = {XI,J;IFD (v) | (¢, F, X[n]o) € Qp}. We prove that Bj is a finite
set. Indeed, by indhction, we can find S € [p*H| so that F' = 15.(F|g) is
admissible, and X?:,H(U) = P(v) — P(v — 1). Restricting to Ag =Y, since
(F)% A, = F'|A,, the induction hypothesis that Qp, is bounded implies that
{Xg,o‘%(v) | ((¢)%, (F)%, X[nglo) € Qp, } is finite. Therefore,

(5.31) {[ngf% (v)]s0 | (¢,F, X[n]o) € Qp} is finite.

Since Hy is ample on Ag, using Lemma 5.21, we know that {F|p, | (¢,F,X[n]o)
€ Qp} is bounded. Therefore, Bj is finite.
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We define B;>2 inductively. Suppose we have defined By. Using the iso-
morphisms (5.30), we define a set of quotient homomorphisms on A:

Ry, = Uis1{0} (¢la) | (6.F, X[nlo) € Qp, Xp: (g1, (0) € B}

(Recall that D; C A; is identified with Dy C A under p; (cf. (2.8)).) We
apply the first assertion of Lemma 5.22 to B = By, and B = U;>1{p} (¢|a,) |
(¢,F, X[n]o) € Qp,} to conclude that the set {[xk(v)]so | (¢,F) € Ri} is
finite. Then applying Lemma 5.21 to D_ C A, we conclude that {(¢,F)|p_ |
(¢,F) € Ry} is bounded, which implies that By, = {Xg\p (v) | (¢,F) €
My} is finite.

For any (¢, F, X[n]p) € Qp and 1 < i < n+ 1, we claim that Xglin (v) €
By, for some k < N + 1. To show this, we consider the sequence of polyno-
mials

1 Hn 1
(532) X;Dl (U), T 7X§‘; (U)

By Lemma 5.23, for i € Ag, X; (v) = XI;[’“ (v); for i = I,(k) € Ay for
D, Dit1

some k, x;; (v) € Big1. Since #Ay < N, we have X%D_(v) € U,ZCV:TB;C.

Since each B;:ris finite, the Sublemma follows. L O

Sublemma 2. There is a constant M >0 so that for any (¢, F, X[n]o) €
Qp, then

1) forie Ag, we have x(F|a,(—D;)) > 1;

2) X(Flao(=Dnt1)) = =M.

3) for i = Iy(k) € Mg, x(F|a(~D9) = M.
Proof. We first prove item (1). Let (¢, F, X[n]o) € Qp and let i € AS’). We let
S e |p*H|and ¢ : p*V — F' = 15.(F|g) be as the quotient sheaf constructed

at the beginning of the this proof (of Proposition 5.15). By the construction
of Ag), we know that the restriction (to A;) (¢|a,, F|a,) is Gyp-invariant. By

Lemma 3.18, Xﬁ& (v) — ngb (v) = 0. Since

(v) = X%A (v) — Xg"i (v—1) and
) =2 () =¥k (0—1),

H;
X

H;
X

|A7;

IDi



Good degeneration of Quot-schemes and coherent systems 903

the polynomial f(v) = XI;["A. (v) — XIS_”IIiDv (v) then satisfies f(v) = f(v—1),
which makes it a constant equal to x(F|a,(—D;)). Since F|a, is not Gy-
invariant, by Lemma 3.18, x(F|a,(—D;)) > 1.

We now prove item (2). Suppose the lower bound does not exist. Then
there is a sequence (¢, Fr, X[nklo) € Qp

(5.33) X(Frla,(—Dny41)) = —00, when k — +o0.

But by (5.31) and Corollary 5.20, we know that {JFi|a,}x>1 is bounded;
contradicts to (5.33). Thus item (2) holds.

Suppose item (3) does not hold, then there is a sequence (¢, Fr, X [ng]o)
€ Qp and a sequence 1 < i < ny such that

(5.34) X(Fkla,, (=Di,)) — —oo, when k — +oo0.

k|a,, ). Tensoring Ty

with Oa(—D4 ), we obtain a sequence of quotients ¢y, : V(=D ) — Fp(—Dy),

where V = piV|p, pa : A — D. By construction, x(Fx(—D4)) — —oc. In
particular x(F(—D.)) is bounded from above.

We claim that the set of polynomials {[Xf%% (

Using isomorphisms (5.30), we introduce Fj, = i (T

—D+)(U)]>O}k21 is ﬁn_ite. Once
this is proved, then applying Corollary 5.20 we conclude that {¢g}r>1 is
bounded, which contradicts to x(F(—Dy)) — —oo.

We prove the claim. By Sublemma 1, there is a finite set B so that

xg]f‘ (v) € B. Using isomorphism (5.30), we obtain ng‘ (v) € B. Apply-

Dy, Dy

ing the first assertion of Lemma 5.22, we conclude that {[Xék (v)]s>0}k>1 is

finite. Restricting to Dy, Lemma 5.21 implies that {Xéklo (v)}g>1 is finite.
+

(v)]>0-
U

The claim then follows from [Xé;c (7D+)(v)]>0 = [Xér (v)]s0 — [Xér |
k k k D+

We now complete the proof of Proposition 5.15. Let (¢, F, X[n]p) € Qp.
Since F is normal to all D;,

(5.35) X(F) = x(Flag(=Dny1)) + x(Fla,(=D1)) + -+ x(F

A71<_Dn))
Fori € Ag, we have x(F|a,(—D;)) > 1; for i € Ay U {0}, by Sublemma?2, we
have x(F|a,(—=D;)) > =M (Do = Dy41). Since ng < N, we obtain x(F) >
(N +1)(=M) + (n — #Ay), which implies

(5.36) n<x(F)+ (N+1)M + N.
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The identity (5.35) and Sublemma 2 also gives the bound,
\(Fla (D) < x(F) + (N+ DM+ N, 0<i<n.

Therefore, applying Lemmas 5.21 and 5.22, we conclude that for each i, the
set {Fla, | (6,F, X[nlo) € Qp} is bounded. This together with the bound
(5.36) implies that Qp is bounded. O

By a parallel argument, we have

Proposition 5.24. The set Quotg’i’i@(k) is bounded.

5.6. The moduli of stable pairs

We prove the boundedness of the moduli ﬂ3§ /e and ‘Bgi cy- Here P(v)is a
degree one polynomial.

Proposition 5.25. The set ‘Bg/c(k) and ‘Bgic@ (k) are bounded.

Proof. We work with the case Y,Bg/c(k). The other is the same. Let P(v) =
av+b. Let (9,5, X[n]o) € P (), let F; = F|a, and H; = p*H]a,. Then
each Xg (v) = a;v + b; has a; > 0, and

(5.37) a=ap+ai+---+ an.

Let A, be the set of those £ > 1 so that x?,’j (v) has positive degree. Then
by (5.37), ny = #A, < a. Let A ={1,...,n} — A.

First, we show that for each ¢ € AED, X(Fi(—=D;)) > 1. Let p; : Op, = F;
be the restriction of ¢ to A;. Since cokeryp has zero dimensional support,
X (cokerp) > 0. Hence x(Fi(—D;)) > x(Imp;(—D;)).

For Imyp;, we have the induced quotient homomorphism ¢} : Oa, —
Ime;. Applying Lemma 3.18 to ¢}, we get x(Imy;(—D;)) > 0. Since ¢; is not
Gp-invariant, either x(cokerp) > 0 or x(Imp;(—D;)) > 0. Thus x(Fi(—D;))
> 1.

Next, we let I, : {1,...,n,} — A, be the order-preserving isomorphism.
We form

Er = {X(F;(=D))) | (¢, F, X[nlo) € Bk )e(k), j = I(k)}.

(For k =0, we agree 1,(0) = 0 and Dy = Dy41.) Applying the same argu-
ment as in Sublemma 2 of the proof of Proposition 5.15 to ¢}, we conclude
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that there is an M > 0 so that for each k < a, inf{y € Ex} > —M. (Note
that by the bound #A, <a, Z =01if k > a.)
Lastly, since & is normal to D;, we have

(5.38) X(F) = x(Fo(—=Dnt1)) + x(F1(=D1)) + - - + x(Fn(—Dn)).

Repeating the argument following (5.35), we prove the boundedness
of ‘}31; /Q(k). O

5.7. Decomposition of the central fiber

In this subsection, we assume that Y is a disjoint union of two smooth
components Y_ and Y. We 1ntr0duce a canonical decomposition of the
central ﬁber of the moduli stacks Quo’c3€ /Q and ‘Bg Je over C. We shall focus

on Quot)’
Let

3€/¢ and omit the details for ‘Bx/e.

Quoty? = Quotll xc 0

Xo /e x/e

be the central fiber of Quotx’ « over C. We denote @” be the weighted stack
of weights in A = Q[m] (polynomials in m) and of total Welght P (cf. Sec-
tion 2.5). For each stable quotient ¢: p*V — J in Quotx/e(k), where J is a
sheaf on X|[n|p, it assigns a weight w to X [n]g by assigning each irreducible
A; C X[n]o (resp. divisor D; C X[n]o) the polynomial x% = (resp. Xng)-
Since F is admissible, this rule applied to (¢, X) € Quoti’/e(S) defines a
continuous Welght assignment of the family X'/S. In particular, the mor-
phism Quo’t3€ e = ¢ factors through
(5.39) P Quoty e — €F.

We now form the set of splittings of P: Aifl, which is the set of triples
d = (04,00) in A so that §_ + 64 — dg = P. We follow the notation developed
in Subsection 2.5. For any § € ASpl, we form the moduli of stable relative
quotients on D C Y+ over As: for any scheme S, we define Quot% 5/0 (S)
be the collection of (¢;), D), where (¥,D) € 9_(S) and ¢: p*V — F is an
S-flat family of stable relative quotients on the pair D C 3) such that for
any closed s € S, ng =4d_ and ngl = Jy. We form Quot@ /A, similarly.
By Theorem 4.15, we have

0]

Proposition 5.26. The groupoids Quot;ii’é/% are Deligne-Mumford stacks,
proper and separated, and of finite type.



906 J. Li and B. S. Wu

Using § € ASIEI, we form the stack (‘:8’6, according to the rule specified in
Section 2. We define

) _ v,P 1,0
Quot%g)/gg = Quotx/Q XgP Q:O .
It parameterizes stable quotients ¢: p*V — F on X|[n]y with a node-marking
Dy, € X[n]p so that the Hilbert polynomials of F restricted to U;«rA;, to
Ui>tA; and to Dy, are 0—, 61 and o, respectively.
For each ¢ € Aifl, like the case of stable morphisms, we have the gluing

0 (it originally maps to Quoth

morphism that factors through Duotxg sl x/e

X 0):

)

5 )
p V.5 Quot T — Quotxf/mf,
0 0

. 6,
(5.40) Dy : Quo"@,/% X Quot, 9. .

where Quoth’(s0 is the Grothendieck’s Quot-scheme of quotient sheaves
Vp = V|D — & with X?(’U) = dp.

Using the collection of pairs of line bundles and sections (Lg, ss) for
o€ ASFI.’1 constructed in Proposition 2.19, and let 7p be as in (5.39), we have

Theorem 5.27. Let (Ls, ss) and the notation be as in Proposition 2.19.
Then

* ~ * ok kg,
1) Dse sy npls = OQuot\;,/Fé, and HéEA?I TpSs = TpT*t;

2) as closed substacks, Quot‘;g/mg = (mpss =0);

3) The morphism ®s in (5.40) is an isomorphism of Deligne-Mumford
stacks.

For the case of coherent systems, like Quot-schemes, the morphism
&Bg Je = ¢ factors through

(5.41) P Prje — €

For any 6§ € A%, we define the moduli of relative stable pairs on D4 C 94
over A,:

5_,50 5+,§0
LB R and ‘,]32”/%.

They are again Deligne-Mumford stacks, proper and separated, and of finite
type; and they both admit an evaluation morphism to the Hilbert scheme
Hilb% via restriction.



Good degeneration of Quot-schemes and coherent systems 907

Accordingly, for § € Aifl, we define

0
We have a glueing morphism

5.8 54,0 1)
(5.42) Cs: By "o, Xmints Poy )y, — Priser

Theorem 5.28. Let (Ls,ss) and the notation be as in Proposition 2.19.
Then

1) ®sepm mpLs = Ogpr . and [Lsens mpss = mpm™t;

2) as closed substacks, méx?/@ = (mpss =0);

3) The morphism ®s in (5.42) is an isomorphism of Deligne-Mumford
stacks.

6. Virtual cycles and their degenerations

Let m: X — C and H ample on X be a simple degeneration of projective
threefolds. We fix a degree one polynomial P(v). Applying Theorem 4.14,
we form the good degeneration 31; e = Quotg;(ép of Hilbert scheme of sub-
schemes of X /C, of Hilbert polynomial P.

In this section, we construct the virtual class of 3]; Jer and use this class
to prove a degeneration formula of the Donaldson-Thomas invariants of ideal
sheaves. For notational simplicity, we only treat the case where the central
fiber Xg is the union of two irreducible components and their intersection
D C Xy is connected. Our construction of perfect relative obstruction theory
of 3§ Je = ¢” is based on the work of Huybrechts-Thomas on Atiyah class
[HT10]; our proof of degeneration formula follows the proof of a similar
degeneration formula by Maulik, Pandharipande and Thomas in [MPT10];
the formulation of degeneration based on Chern characters follows the work
of Maulik, Nekrasov, Okounkov and Pandharipande in [MNOPO6].

As X is assumed to have two irreducible components, the normalization
q:Y — Xo has two connected components

Y=Y UY,, and Di=Ying ' (D).
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6.1. Virtual cycle of the total space

We first construct the relative obstruction theory of J% Je = P (cf. (2.28)).
We let

T X =X XeTE e — T )e, and Iz C Oy

be the universal underlying family and the universal ideal sheaf of ﬁg ¢
We form the traceless part of the derived homomorphism of sheaves of O y-
modules:

(6.1) E = Rm,RHom(Jz,z)0[1].

Since X — jg /e is a family of l.c.i. schemes, and Jz is admissible and of rank
one, by Serre duality, locally E is a two-term perfect complex concentrated
at [0, 1].

Let

_ ~>-1
Lji/e/ep =T Lji/c/ep

be the truncated relative cotangent complex of 3§ Je el
Proposition 6.1 ([MPT10, Prop 10]). The Atiyah class constructed in
[HT10] defines a perfect relative obstruction theory

(6.2) ¢:EY — Lyz ,jer-

We let [J% /E]Vir € A% se be the associated virtual class.
Proposition 6.2. Let ¢ 20 € C, and let z'c : A*jlg/@ — A*_13§C be the
Gysin map associate to the divisor c € C. Then ié[ﬁg/e]"ir = (%]

Proof. This is because the obstruction theory of 31;6 is the pull back of the

relative obstruction theory of J% Je = ¢f via c € C (cf. [BF97)). O

Next we construct the virtual class of the relative Hilbert schemes. In
the subsequent discussion, we use that Y = Y_ U Y, is the union of Y_ and
Yi. Welet 6 = {(d+,0), (6—,00)} be two pairs of polynomials.

We denote by J *+’ 0210 the moduli of stable relative ideal sheaves on
D4+ C Y4 of pair Hilbert polynomial (94, dy). For simplicity, we abbreviate
it to ./\/li. Let L ME j8+-%0 be the truncated relative cotangent complex of
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M = ~%+5/% 5 AT Let

6+ a60

T Ve = Iy,

and JZ+ C Oy+

6+ 750

be the universal underlying family and the universal ideal sheaf of J ”@ 20,

Proposition 6.3 ([MPT10]). The Atiyah class in [HT10] defines a per-
fect relative obstruction theory

(6.3) ¢+ EY = Rry ,RHom(Jz,,9z, )o[1]Y — L s augs-so0-

The obstruction theory defines its virtual class [J [~g)+,6o Ve AT 30+:%

/2% A,
By replacm§ the subscript “4” with “—”, we obtain a parallel theory for
Mé .

”

D /A
6.2. Decomposition of the virtual cycle

We study the decomposition of the virtual cycles of the central fiber J
X 0.

Xo/Co

x/c

We let A?l be the collection of triples § = (d_, d4,dg) of polynomials in

A so that 6+ + 60— — dp = P. Following the notation developed in Section

5, the morphism J%/Q — € lifts to mp : 336/‘3 — ¢F. Fixing a splitting data
o€ Ajfl, we define the closed substack J3 x! /et via the Cartesian diagram

~0 . ~P T7
Ixje) =Ty )e Xer & —— Jx/e

(6.4) l Wpl

¢l? — b,
We denote by (Ls, s5) the pair of the line bundle and the section for § €

A%’ constructed in Proposition 2.19. Then 60 = (ss =0) C ¢P; and by
Theorem 5.27, th/@ = (mpss = 0). We define

~ ~0
Clloc(L(;, ENE A*J§/¢ — A*—IJXS;/@E;

be the localized first Chern class of (Ls, s5).
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We define the perfect relative obstruction theory of 33555 Jel = Qfg’é by
pulling back the relative obstruction theory (6.2) of 3% Je = ¢ via the dia-
gram (6.4):

(6.5) ¢s : By = Rrs. RHom(Jz,,9z,)o[l]" — Lagy /et
where
w5t X5 — 3%ier and Tz, C O,
is the universal family of Jig Jei, which is also the pull back of (X,Jz) to
36365/@) via the arrow in (6.4).
Applying [BF97], we get
(6.6) (9% /€)™ = (Lo, 55)[3% ] ™

Proposition 6.4. Let ¢ : Jéxg/d) — 31;0/% be the inclusion. We have an

identity of cycle classes
(6.7) Z'!o[jg/c]m = Z Le[3% ]
SEAP!

Proof. This follows from item (1) of Theorem 5.27 and the identity (6.6). O

To reinterpret the terms in the summation of (6.7), we will express them
in terms of the virtual class of relative Hilbert schemes. For this, we will use

the Cartesian product (keeping the abbreviation ’Jg)ij/“mo = M)

ME Xpgapse MG —"— ME x M,
(68) fl l(ev,,eu)
Hilb — 2, Hilb% x Hilb,

where evy are the evaluation morphisms and A is the diagonal morphism,
and use the isomorphism (cf. Theorem 5.27)

(6.9) s+ M2 X0 MG — 331 el

Note that the relative obstruction theory of 36353 Jeb— 63’6 endows M? X gilb2o
D
M‘jr — Q(T)’5 a perfect relative obstruction theory; also

(6.10) ME 3 M, — 2% el %
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has a perfect relative obstruction theory induced from that of its factors.
We will compare these two obstruction theories.

We continue to denote by X5 — 36365/@) with Js C Ox, (resp. Va — M.
with 1 C Oy, ) the universal family of jggg/gg) (resp. M%.). We let

- s ~
Vi =Y+ XM, Jxi/el and Jp =74 ®O3’:{: Oj}i’

where Jggg/gg — M, is the composite of ;' (cf. (6.9)) with the projection;
we let Ds C A5 be the total space of the distinguished (marked) divisor (of
33555 sei). We have the short exact sequence

)j() — 0,

(6.11) 095 — 3, @3 123
where jo =Js QO Op,. Because of the admissible requirement, jo is an
ideal sheaf of Op,, and via the f in (6.8), we have isomorphism as ideal
sheaves of Op,:

(6.12) Jo 2z, ®o_ 033,

. IR
Hilb {9 0o/ %o

where Zp C D X Hilb% is the universal family of Hilb%.

Let m5 : Xs — 3% /¢}, let 1y : Vo — T%i et and 7o : D5 — I%i/¢; be the
corresponding projections. According to [MPT10, p.961], we have the fol-
lowing commutative diagram of derived objects

\ \ \
Ly esep =1 = Lagg jmgrsoxans jug-sol =11 —— Lagy o1 /mixms

! | l

Rms.RHom(J5,95)0 —— @_ , Rix,RHom(J+,T+)g —— Rig.RHom(Jo,Jo)o,

where the vertical arrows are the dual of the perfect obstruction theories, and
the lower sequence is part of the distinguished triangle induced by (6.11).
We claim that, under the morphism f in (6.8),

(6.13) Rﬁo*RHom(jo, j())(\)/ = f*LA, LA = LHilbeO/Hilb%)xHilb%‘)’

and via this isomorphism the last vertical arrow in the above diagram is
identical to the canonical arrow

Vv *
(6.14) Lﬁggmg//\/tix/\/li — f L\A'
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Indeed, since Hllb% is smooth, and the conormal bundle of H1lb% in Hllb(SO
Hllb‘SO via the diagonal A is isomorphism to the cotangent sheaf Q. bl We
have La = Q1]

Next, we let 7wy : D x Hilb% — Hilb%} be the projection. Then by the
deformation of ideal sheaves of smooth surfaces, the derived objects

Ry RHom(Jz,,9z2,)y = s (1]
By the isomorphism (6.12), we have canonical isomorphism
Ritge RHom(Jo,30)0 = f* R RHom(Jz,,9z, )o-

Combined, we have (6.13), and that the last vertical arrow is identical to
the (6.14).
Applying [BF97], we have

Proposition 6.5. The perfect relative obstruction theories of Jéxg/gg and
of (6.10) are compatible with respect to the fiber diagram (6.8) (using (6.9)).
Consequently, we have the identity

(615) 93] = AN (MO x M),

We state the cycle version of the degeneration of Donaldson-Thomas
invariants.

Theorem 6.6. Let X/C be a simple degeneration of projective threefolds
such that Xo = Y_ U Y, is a union of two smooth irreducible components. Let
[jg/c]"ir € A*ﬁg/c be the virtual class of the good degeneration, and let /\ be

thed diagonal morphism in (6.8). Then i. [”;Q]Vir = [jic]m forc#0eC,
an

(616) Jx/@ v1r _ Z A M5 vir [Mi]vir).
JeAP!
Corollary 6.7. Let the situation be as in Theorem 6.6. Suppose X. are
Calabi- Yau threefolds for ¢ # 0. Then
(6.17) deg [3% " = Z deg(ev_. MO e evy MOV,
SeAP!
where evy : 365’6/02[ /\/l‘S — Hilb% 1s the restriction morphism, and e is

the intersection pairing in A, Hllb60
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Proof. The Theorem follows from Propositions 6.4 and 6.5. The Corollary

follows from the Theorem and that deg i, (3% /Q]Vir = deg iB[JI; /G]Vir. O

6.3. The degeneration formula

We prove Theorem 1.4 in the Introduction, whose formulation is due to
[MNOPO6].

Let the situation be as in Theorems 1.4 and 6.6. We define descendant
invariants, following [MNOPO06]. We continue to denote by

F:X—)jg/@ ax: X — X, and Jz C Oy

be the universal family on ’Jg /e Since locally Jz admits locally free resolu-
tions of finite length, the Chern character

Ch(jz) : A*X — A*X

is well defined.
For any v € H(X,Z), we define

(6.18) chiy2(7) : aM (jx/@@) — Hff]gkwfl(j];/e;@)
(HPM is the Borel-Moore homology) via

chyy2(7)(€) = mu(chpr2(Jz) - X (v) N7 (E)),

where 7* is the flat pullback.
For cohomology classes v; € H"(X,Z) of pure degree I;, we define

T P T
<Hm(%)> :[H(—l)ki+1chki+2(%)-[Jg/Q]VH € HYM (3% )6, Q),
=1

x i=1 2
where the term inside the bracket is a homology class of dimension

2 dim [3§/¢] vir Z(ka —-2+1),
i—1

and the [-]2 is taking the dimension two part of the term inside the bracket.
This is the family version of the descendent Donaldson-Thomas invariants
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given in [MNOPO6:
T P T
<Hﬂci(%)> = [H(—l)k“HChkiu(%)' [3§C]VH] e HZM (3%, Q).
i=1 X, 1=1 0

Since P has degree one, we let P(v) = d - v+ n. We form the partition
function of descendent Donaldson-Thomas invariants of X

r r d-v+n
Za (Xc;q Hﬁa(%‘)) = deg <H ﬁci(%‘)> q".
i=1 nez i=1 X.
Accordingly, for the relative Hilbert schemes 3%1’6/0%, we define chy2(7)

similarly, and

r O T
~ ) ~04,00 vir
<H Tki(%‘)> = evi, (H(—l)klﬂ(?hkﬂrz(%) : [Jmii/mo] )
=1 Dy =1
€ H.(Hilb%, Q).

Let 1, .., Bm be a basis of H*(D, Q). Let {C} ;= be a Nakajima basis of
the cohomology of Hilb%7 where 7 is a cohomology weighted partition w.r.t.
Bi. The relative DT-invariants with descendent insertions [MNOPO06] are

04 r
i * ~O 4,0 i
77> = [H<_1)kb+1Chki+2(7’i> N eV:I:(Cﬂ) ' [Jg_jii/oglo]wr] )
D+ i=1 0

<Hﬁci(%)

which form a partition function

Zi. n (Yi, Di;q

117 (%’)) = deg <H T, (Vi)
=1

di-v+n
n
N
i=1 neZ D)

Theorem 6.8 (Theorem 1.4). Fiz a basis B1,...,Bm of H*(D,Q). Let
i be cohomology classes of X of pure degree l;. The degeneration formula
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of Donaldson-Thomas invariants has the following form

. (= 1)l=tm5(n)
To(igy) | = —
[T ) 5

Ul
d_,di;n q
d=d_+d,

“Zd_n (Y,D;q

Zd (Xc; q

Hi’o(ii%’))

i=1

11 ?o(ii%‘))

i=1

2, g <Y+7 Dy;q

where i.: X.— X, i+ : YL — X are the inclusions, n are cohomology weighted
partitions w.r.t. B;, and 3(n) = [, ni|Aut(n)|.

Proof. Since Gysin maps commute with proper pushforward and flat pull-
back, we have

, P . P
st ([T} =t ([Tt}
i=1 x =1 X
By ié[jg/c]vir =[3% 1", the left hand side term equals to deg([Ti_; 7o (i} )>§C,

which is the Donaldson-Thomas invariants of X..

For the other term, we will decompose it into relative invariants using
(6.16). Since the universal family Z C X has codimension at least 2, the
cohomology class —cha(Jz) is represented by the codimension 2 cycle [Z],
which splits according to (6.11). Applying the operation [[;_,(—cha(v;)) to
both sides of (6.16), and using the restriction morphism ev : jﬁi /"2[0 —
Hilb%, and

r 0x r
<H %0(2‘;%-)> = eviy <H(_Ch2(i;%)) : p%joﬁff) € H.(Hilb%,Q),
i=1 ;

D+
we obtain

(6.19)

T P r 6— r (S+
deg ig <Hfo(%)> = ) deg <H%0(i*_%')> °< %o(ii%‘)>
i=1 i=1

1=1 X seAy
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Let f1,...,Bm be a basis of H*(D,Q), and let n be a cohomology
weighted partition with respect to ;. Following the notation in [MNOPO06,
Nak99], we denote

C'n = 3(177)P51 [771] L Pés [775] .1¢ H*(Hilblg‘,Q)

with 3(n) = [; m:[Aut(n)]. Then {C},— is the Nakajima basis of the coho-
mology of Hilb%, and the Kunneth decomposition of the diagonal class
[A] € H*(Hilb%, x Hilb%,, Q) takes the form

[A] = (1) D) Cy @ Cypv.
Inl=k

Since

r 5. . |
<1_[1 To(i%y:) 77> = [H(—Cm(il%’)) Nevi(Cy) - [jg)ijomo}m]
) 0

D+ i=1
o
77>
D_

is an element in HéBM(Hilb%, Q), applying to (6.19), we have

T P T
degi!o<Hfo(%‘)> = > (=)5(n) deg <H%o(i*—%')

i=1 X SENT|n|=b, i=1
o+
V
) > |
D+

”

- deg <H 7o(i%%)
i=1

Finally, we form the partition functions of these invariants. Notice that

0— 4+ 0+ — dp = P, which accounts for the shift of the power of ¢. This proves

Theorem 6.8. U

6.4. Degeneration of stable pair invariants

We fix a simple degeneration 7 : X — C of projective threefolds with a 7-
ample H on X; we suppose that Xg =Y_ UY, is a union of two smooth
irreducible components. For reference, we state the degeneration of PT-
invariants, which is proved in [MPT10].

Recall that the coherent systems we considered are homomorphisms
v :0x — F so that F is pure of dimension one and ¢ has finite coker-
nel. Let P be a degree one polynomial. Let ‘131; Je be the good degeneration
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of the moduli of coherent systems constructed in this paper. It is a sepa-
rated and proper Deligne-Mumford stack of finite type over C. We use the
relative obstruction theory of ‘]3; Je ¢ introduced in [PT09] to construct
its virtual class [PBL /Q]Vir

Let m: X — ‘.B];m and ¢ : Oy — F be the universal family of ‘Bg/c,
and let J* € D®(X) be the object corresponds to the complex [0y — F] with
Oy in degree 0. We denote by L‘BQ/Q ser be the truncated relative cotangent

complex of ‘,Bg Je ¢?. In [MPT10, Prop 10], using the Atiyah classes a
perfect relative obstruction theory is constructed:

V= RmRHom(3°,9%)o[1] — Loz jer-

Let [‘Bg /e]"ir € A*‘BI; /e be its associated virtual cycle. In the same paper,
0,00

@:ﬁ:/mo
]Vir c

for any partition § = (4, do), a perfect relative obstruction theory of 3
5i750

— ngi’éo is also constructed, which gives its virtual class [‘Bg)i /2

51,80
A*m@ii/mo'
Let c € C and ‘IK];/C = ‘Iigm X ¢ c. Let

ic AT e > AFE e,

be the Gysin map. By Theorem 5.28, we can decompose ‘Bgo /e, 85 a union of
m%f/@, o€ A%’l, and obtain the isomorphism (5.42). By going through the
arg(ﬁment parallel to the proof of degeneration formula for Hilbert schemes

of ideal sheaves, Maulik, Pandharipande and Thomas proved in [MPT10]
the degeneration formula of PT stable pair invariants.

Theorem 6.9 (Maulik, Pandharipande and Thomas). Let X/C be
a simple degeneration of projective threefolds such that Xo =Y_UY, is a
union of two smooth irreducible components. Then

ll: [mg/e] = [mi]m € A*‘Bi forc#0¢eC,
and

i0[BRe]= Y A ( By 76/0910]Vir x [mgf/omjm)a

SeAP!

where A\ : Hilb% — Hilb% X Hilb% 1s the diagonal morphism.
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Appendix A. Proof of Lemmas 3.13 and 3.14

Proof of Lemma 3.13. First, because M ®4 Ag — My is injective and its
image lies in (My)z,, M1 ®4 Ao — (Mp)1, is injective. We next show that it
is surjective.

Since M ®4 Ag — (Mp)1, is Gp-equivariant, it suffices to show that
every weight ¢ element in (Mj), can be lifted to a weight ¢ element in
M ®a Ap. Let v € (Mp)1, be a weight ¢ element. We first lift v to a weight
{ element v € Ry; we write

v=ap+zn0+ -+, o€ Alz]®™.
Let
KZkGI‘{(pZR—)M}, K()ZkEI‘{(,O@AAoiR()—}MQ}.

By the definition of (Mjp)y,, there is a power 2F, k > 0, so that v € Kj.
Because M is k]t|-flat, tensoring the exact sequence 0 - K — R — M —
0 with Ay, we obtain an exact sequence 0 — K ®4 Ag — Ry — My — 0.
Therefore,

K ®a Ay = Kp.

We let w € K be a lift of sz) € Ky. We write w in the form
w=wg+twy + -+ t"w,, w; €R = B[z, 2] /(2120)"™

Since My only contains elements of non-negative weights, ¢ > 0. Thus w has
weight ¢ + ka. Since a > 0, and since the weights of w; are £ + ka — bi > ka,
we have w; = zFw)! for w) € P'. For w),, we can choose it to be wj = ag +
o2y, We let

w' = w( + tw) + -+ t"w.

Then p(w') € M is a lift of v € (Mp)y,.

We claim o(w') € M is annihilated by 2¥. This is true because zf -
o(w') = p(zFw') = p(w) = 0, since w € K. We show that p(w’) is also anni-
hilated by a power of z5. We distinguish two cases. The first is when ¢ > 0.
In this case, the weight of w] are £ —ib > ¢ > 0, thus z;|w]. Hence zop(w') =
o(zow') = 0.

The other case is when ¢ = 0. In this case, we still have zow] =0 for
i > 0. We claim that for some h > 0, 28p(w)) = 0. We pick a z! so that
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28 € Ko, (this is possible since v € (Mp)y,), and then lift 25 to a weight
0 element w € K. We write

W= W+t + -+ t°ws, w; € R.

Then ;-0 has positive weight in R’, thus are annihilated by 2o, and 29t =
zowq. Therefore by replacing h by h + 1, we can assume w;~o = 0, and g
is expressed as an element in B[z]®™.

Since 10 is a lift of 280 = 2L ay, and since both are expressed as elements
in A[22)®™, we have wo = 2l'ag. Therefore, since w = 1y € K,

h A h, I\ _ h, I\ _ h _ o) — ) —
zp(w') = p(z3w') = p(z3wp) = (z3a0) = (o) = p(w) = 0.

This proves that ¢(w’) lies in My and is a lift of v € (Mp)y,. This proves the
lemma. ]

Propf of Lemma 5.14. Let 8 € Cgen. Then there are x € K, t* and z{b cA
such that

x=tF08 mod (tFH1, 0T,

Since the modules involved are Gy-equivariant, we can assume that x has
weight ah + bk. Thus after expressing x as

x =" B+ "B + B, Bu, B € Blaw, i,

and plus the weight consideration, we conclude By = tF+! ph for a B €
Blz1,t]%™. Therefore, zyx = t*(2'13 +18;3) € K, where B3 € B[z, ]9,
Since K C R, we conclude ZTHB +tP3 € K. In particular, z?*lﬁ € Ky and
B € (Ky ) N Ry . This proves Cgen C Cop.

For the other direction, we let v € Cj. For the same reason, for a positive
h and a weight ah,y € K,y = 2Py + Z{L+1’}/2, vi € Alz1]®™. Since 2129 = 0
in B,y € Ko. We let y € K be a weight ah lifting of y, expressed in the form

§= (A + e y) Htfi 4+ tify, fi€eR.
h+1

Since g has weight ah, we conclude that f; = 2/ f/, for some f/ € B[z]¥™.
Therefore, §j = 2 (y + 2173), for a v3 € B[z1,t]®™, and hence

¥+ 2173 € (K(_t))(z1) N R(t)

This implies that « lies in (3.4), and thus lies in Cj. This proves the Lemma.
O
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