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Harmonic maps of conic surfaces with
cone angles less than 27

JESSE GELL-REDMAN

We prove the existence and uniqueness of harmonic maps in degree
one homotopy classes of closed, orientable surfaces of positive genus,
where the target has non-positive Gauss curvature and conic points
with cone angles less than 27. For a homeomorphism w of such a
surface, we prove existence and uniqueness of minimizers in the
homotopy class of w relative to the inverse images of the cone
points with cone angles less than or equal to w. The latter can be
thought of as minimizing maps from punctured Riemann surfaces
into conic surfaces. We discuss the regularity of these maps near
the inverse images of the cone points in detail. For relative min-
imizers, we relate the gradient of the energy functional with the
Hopf differential.

When the genus is zero, we prove the same relative minimization
provided there are at least three cone points of cone angle less than
or equal to .
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1. Introduction

The study of harmonic maps into singular spaces, initiated in [GS], has
reached a refined state; beyond general existence and uniqueness theorems,
there are regularity and compactness results in the presence of minimal
regularity assumptions on the spaces involved, see, among many others,
[KS], [Mesel], [DM], [W2], and [EF].

Particularly detailed results are available in the case of maps of surfaces.
In [K], Kuwert studied degree one harmonic maps of closed Riemann surfaces
into flat, conic surfaces with cone angles bigger than 27. He showed that the
minimizing maps can be obtained as limits of diffeomorphisms, and that the
inverse image under a degree one harmonic map of each point in the singular
set is the union of a finite number of vertical arcs of the Hopf differential.
Away from this inverse image the map is diffeomorphism onto its image.
In [Mesel], Mese proved the same when the target is a metric space with
curvature bounded above, in particular when it is a conic surface with cone
angles bigger than 27. In this paper, we study cone angles less than 27.

We will state our main theorems assuming for simplicity’s sake that there
is just one cone point. The energy functional is conformally invariant with
respect to the domain metric (see §3.1), so we state all results in terms of
conformal structures on the domain. First, we have

Theorem 1. Let 3 be a closed surface of genus > 0, equipped with a con-
formal structure, ¢, and a Riemannian metric G, with a conic point p of
cone angle less than 2w and non-positive Gauss curvature away from p. Let
¢: X — X be a homeomorphism. Then there is a unique map u: 3 — X
which minimizes energy in the homotopy class of ¢. This map satisfies

u~L(p) is a single point
and u: ¥ —u~t(p) — ¥ — p is a diffeomorphism.

Second, we have a more refined result for surfaces with cone angles less
than 7, which can be thought of as a theorem about maps from punctured
Riemann surfaces.

Theorem 2. Let ¥, ¢, and G be as in the previous theorem. If the cone angle
at p is less than or equal to w, then for each q € ¥ and each homeomorphism
¢ of ¥ with ¢(q) = p, there is a unique map u: ¥ — X with u(q) = p which
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minimizes energy in the rel. ¢ homotopy class of ¢ (see (2.31) for the defi-
nition of relative homotopy class). This map satisfies

up) =g
and u: 3 —q — X — p is a diffeomorphism.

See Theorem 3 in Section 2.2 for a precise restatement of these results,
including multiple cone points and the genus 0 case.

This problem is motivated by the role of harmonic maps in Teichmiiller
theory and recent work that extends classical uniformization results to the
case of conic metrics on punctured surfaces. The uniformization theorems
for cone metrics of McOwen and Troyanov, [Mcl], [Mc2], [Tro], recent work
by Schumacher and Trapani, [ST], [ST2], and unpublished work of Mazzeo
and Weiss have shown that where hyperbolic metrics are used in standard
Teichmiiller theory, hyperbolic cone metrics can be used to similar effect
in the Teichmiiller theory of punctured surfaces. In the unpunctured case,
harmonic maps enter the picture in the works of [Tr], [W1], [W2], and [W3],
in the creation of various functionals and in the important parametrization
of Teichmiiller space by holomorphic quadratic differentials. Thus, this paper
lays the groundwork for the extension of these results to the punctured case
if the uniformizing metrics are conic with cone angles less than or equal to 7.

The proofs follow the method of continuity, and accordingly the paper
is divided into a portion with a perturbation result and a portion with a
convergence result. In both we make frequent use of the fact that minimizers
as in both theorems solve a differential equation. Let M onic(p, @) denote
the space of smooth metrics on ¥ — p with a cone point at p of cone angle
27 (see §2.1). The ‘tension field” operator 7 is a second order, quasi-linear,
elliptic partial differential operator, arising as the Euler-Lagrange equation
for the energy functional, which takes a triple (u, g, G) of maps and metrics
to a vector field over u, denoted by 7(u,g,G). For g € Mconic(q, ), G €
M onic(p, @), in Section 5 we show that a diffeomorphism u: (¥ —¢,g9) —
(X — p, G) subject to certain conditions on the behavior near ¢ minimizes
energy in its rel. ¢ homotopy class if 7(u, g, G) = 0.

The perturbation result is an application of the Implicit Function The-
orem to the tension field operator. Fix g € Mconic(q, @), G € Mconic(p, @)
and a minimizer u as in Theorem 2. The proofs rest mainly in finding the
right space of perturbations of u, call them P(u), and the right space of
perturbations of g, call them M*(g) C Mconic(q, @), so that 7 acting on
P(u) x M*(g) has non-degenerate differential in the P(u) direction at (u, g).
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There are two not-quite-correct points in this last sentence. First, to apply
the Implicit Function Theorem, one needs to work with Banach and not
Fréchet manifolds like M opnic(p, a); for a precise definition of the spaces
we use see Section 3. Second, the map 7 actually takes values in a bundle,
specifically the bundle E — P(u) x M™*(g) whose fiber over (u, g) is (some
Banach space of) sections of u*T'Y, so in fact we do not show that 7 has
surjective differential but rather that 7 is transversal to the zero section of E.

If z denotes conformal coordinates near ¢, the linear operator L can
be written L = |2|** L, where L falls into a broad class of linear operators
known as elliptic b-differential operators, pioneered and elaborated by R.
Melrose, and used subsequently in countless settings. For detailed properties
of b-operators, see [Me] and [Me-Me|. The main difficulty we encounter is
that L is degenerate on a natural space of perturbations. Following the
example of previous authors, including [MP], we supplement the domain
of 7 with ‘geometric’ perturbations; in our case, we let it act on a space
C of diffeomorphisms of the domain which look like conformal dilations,
rotations, and translations near the cone point (§3).

As we will discuss in Section 6.2, the natural domains for L are weighted
Banach spaces rCka "7, which for the moment should be thought of as vec-
tor fields vanishing to order r¢ near ¢, with some Hoélder regularity naturally
adapted to the geometry. In particular L acts from 7“1*6)({)2’7 to 7“1*6*20‘2@0’7,
and is Fredholm for sufficiently small € > 0. Let I denote its cokernel (see
(6.4)). The leading order behavior of a vector field in K near the inverse
image of the cone point is characterized by the homogeneous solutions of a
related ‘indicial’ equation, c.f. Lemma 6.8. A dichotomy between the behav-
ior of elements in K near cone points of cone angle less than 7 and cone
angle greater than 7 arises.

Lemma 1.1. Let ¢ € I, and suppose that G has only one cone point, p,
with u~'(p) = q. If the cone angle 2w is bigger than T, then near q

_ a 2(1-a) 2(1—a)+6
(1.1) $(z) = w+ —— P +0 (12 )
for some w,a € C and 6 > 0. If the cone angle is less than w, then near ¢
(1.2) W(z) = pz+ 0 (|]2')

for some p€C and § >0. Here and below, O(|z|°) denotes a quantity bounded
by C |z|° for some C > 0 and |z| sufficiently small.
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This lemma is central to the proof of the main theorems, since an accurate
appraisal of the cokernel is needed to show that the geometric perturbations
(the space C described above) are sufficient to give a surjective problem.

To prove energy minimization, both in relative and absolute homotopy
classes, we use an argument from [CH], in which the authors prove unique-
ness for harmonic maps of surfaces with genus bigger than 1. They show that
the pullback of the target metric via a harmonic map can be written as a
sum of two metrics, one conformal to the domain metric and the other with
negative curvature, thereby decomposing the energy functional into a sum
of two functionals which the harmonic map jointly minimizes. In Section 5,
we adapt this argument to prove uniqueness in the conic setting.

For fixed domain and target structures ¢ and G, if the cone point of G has
cone angle less than 7, the harmonic maps in Theorem 2 from (X, ¢) to (3, G)
are parametrized by points ¢ and rel. ¢ homotopy classes of diffeomorphisms
taking ¢ to p. Denote this space by Harm.q. Given any diffeomorphism
¢ of ¥, let [¢]yer. = [0; 67 (p)], and denote the corresponding element of
Harme G by ug,., . One of our main results is a formula for the gradient of
the energy functional on Harm, g in terms of the Hopf differential ®(ug), , )
of upg, ., - (See Section 5 for a definition of the Hopf differential.) It turns
out that @(“[qﬂm.) is holomorphic on ¥ — ¢ with at most a simple pole at
q. Given a path u; in Harm, g with ug = U[@],er. s and writing J := %’t:o U,
the gradient is given by

d

(1.3) =

E(u;) = R2mi Res|q P (u[¢]rel») '
t=0

where ¢ is contraction. The one form ¢;®(uyg),., ) is not holomorphic, but
admits a residue nonetheless. By Theorem 1 there is a unique choice [@];.
such that the corresponding solution % is an absolute minimum of energy
in the free homotopy class [¢], and we use (1.3) to prove that u is the
unique element in Harm, g for which ®(u) extends smoothly to all of ¥
(§6). In other words, @ is the unique critical point of E: Harm.c — R.
We refer to @ as an absolute minimizer to distinguish it from the other
relative minimizers in Harm. g.

As a corollary to (1.3), we prove the following formula for the Hessian of
energy at u. Given a path wu; through ug = u with derivative J = %’ 1o Uts
we can define the Hopf differential of J by ®(J) = %’ 1o @(ut). We have

d2

(1.4) —

E(u¢) = R2mi Res|qt P (J)
t=0
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We use (1.4) to prove the non-degeneracy of the linearized residue map near
u (§6), and use this to show that in the cone angle less than 7 case one can
perturb in the direction of absolute minimizers as the geometric data varies.

In the closedness portion (Section 7), we adapt standard methods for
proving regularity of minimizing maps to the conic setting. First, we prove
that the sup norm of the energy density of a minimizing map is controlled by
the geometric data (see Proposition 7.4). This uses a standard application
of the theorems of DiGiorgi-Nash-Moser and an extension of a Harnack
inequality from [He|. It is noteworthy that if a conic metric is chosen on
the domain, with cone point at the inverse image of the cone point of a the
target via a minimizer from either of the main theorems, then the energy
density is bounded from both above and below if and only if the cone angles
are equal, and we work with such conformal metrics on the domain in what
follows.

Control of the energy density near the (inverse image of) the cone points
is insufficient, and to obtain stronger estimates we proceed by contradiction,
employing a rescaling argument, and the elliptic regularity of b-differential
operators, to produce a minimizing map of the standard round cone. We also
classify such maps, and the map produced by rescaling is not among them;
thus the desired bounds hold near the cone points (see Proposition 7.9).

Finally, we point out that the fact that the minimizers in Theorem 1
take only a single point to the cone point is consistent with the work of
Hardt and Lin on maps into round cones in Euclidean space, see [HL].

This work was completed under the supervision of Rafe Mazzeo for my
thesis at Stanford University, and I would like to thank him for many helpful
discussions, ideas, and suggestions. I would also like to thank Andras Vasy,
Leon Simon and Dean Baskin for their help and encouragement, and Chikako
Mese for a helpful email discussion. I also thank the NSF for the financial
support I received through Rafe Mazzeo’s research grant.

2. Setup and an example

In this section, we give the precise statements of the theorems and outline
the method of proof.

Let 3 be a closed surface, p = {p1,...,pr} C X a collection of k distinct
points, and set
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Given a smooth metric G on X, let u: ¥ — ¥ be a continuous map so
that u~!(p) is a single point for all p € p. Let

and assume that
(2.2) u: Xy — Xy

is smooth. Let g be a smooth metric on X,.. The differential, du, is a sec-
tion of T"X, @ u*T>,, which we endow with the metric g ' ®u*G. The
Dirichlet energy of u for the metrics g and G is given by

(2.3)
1 1 . a 9,8
Bug.6) =5 [ dulgdVoly =5 [ 99Gaig S aval,
Ep’ EP/

2 2 Bzt Oz

Maps u in (2.2) which are critical points of the energy with respect
to compactly supported perturbations are smooth [Si] and satisfy that the
tension field

(2.4) T(u,9,G): =TrV(,gadu=Agu” + GF,;B <du°‘, duﬁ>g =0
where V(, 4 ¢ is the Levi-Cevita connection on T*3, ® u*T3, with metric
g ! ®u*G. Thus, for a C* map u as in (2.2),

(2.5) T(u,9,G) €T (u'TE,),

where I'( B) denotes the space of smooth sections of a vector bundle B — .
That is to say, the tension field is a vector field over u, and it is minus the
gradient of the energy functional in the following sense [EL].

Lemma 2.1 (First Variation of Energy). Let (M,g) and (N,g) be
smooth Riemannian manifolds, possibly with boundary, and let w: (M, g) —
(N,g) be a C? map. If u; is a variation of C* maps through ug = u and
%’tzo u =, then

d

(2.6) =

E(Ut,g7§) = _/ <T(u797§)7¢>u*§dV0lg

t=0 M

+ / <u*8,,,1/1)u*§ds,
oM

where 9, is the outward pointing normal to OM and ds is the area form.
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Solutions to (2.4) are called harmonic maps.

Much of what follows can be explained by carefully studying the example
of standard cones. For o < 1, the standard cone of cone angle 27« is the sec-
tor in R? of angle 2 with its boundary rays identified. Thus in polar coordi-
nates (7, ) we can write this as a quotient R* x [0, 2wa]/ ((7,0) ~ (7, 27a)),
with metric g, 1= dr? + 72d02. Let 7 = 7€'’ and set

1

2.7 z=—2"
(2.7) =z
Then, in terms of z,
(2.8) go = |27V |dz].
We denote this space by

Cq = (C,

Cr :=C,—{0}

Let D C C be the standard disc of radius one, and let D* := D — {0}. We
will discuss the Dirichlet problem for harmonic maps from D to C,. In this
case (see (3.5)), the tension field operator for a smooth map u: D* — C}
is

a—1
7(u) = uz + —UsUz

Therefore the identity map id(z) = z is harmonic. Given a map ¢: 9D —
Cy near to id|yp, we would like to find a harmonic map

u: D — O,
(2.10) 7(u) =0 on D —u~1(0)
ulop = ¢

Let z = re’. Initially, we consider 7 acting on maps of the form

u(z) = z+v(2)

2.11
(2.11) v e rteCi(C, (1)),

where, given v: D — C,

r~v has uniformly bounded C?? norm
(2.12) we rCCbQ’“’(D) <= on balls of uniform size with respect to
the rescaled metric g, /r** = dr—f + db?.
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We will describe this space more precisely in Section 2.1, but we mention
now that in particular [v(2)| = O(r1*€). We refer to the space of u in (2.11)
by B¢, Let B5te C B¢ be those u with ulpp = id|gp, i.e. those u whose
v in (2.11) satisfy v|sp = 0. Near id we can write B'*¢ as the product of
By x C27(S;C), the latter being the space of C%*7 Hélder continuous
functions from the circle S' into C. To be precise, pick a smooth cutoff
function x with

(2.13) x(z)=0for |z] <1/2 and x(z)=1for |z| > 3/4.

An open neighborhood of (id,0) in B5*¢ x C%7(S!;C) can be be identified
with an open neighborhood of id in B¢ via the map (u, ¢) — u + xé.

Consider 7 acting on a neighborhood of id in By x C*7(S'; C). If the
derivative of 7 at id in the Bé+€ were an isomorphism onto its image, then
the zero set of 7 near id would be a smooth graph over C?7(S!;C) by the
Implicit Function Theorem, so for each boundary value sufficiently close to
id we would have a unique solution close to id in form (2.11). This turns
out to be false. The reason for this failure is that form (2.11) is insufficient
to encompass the behavior of solutions. Consider the spaces

D={My(z) =Xz: e C}
T={Tw(z)=2z—w:weC}

and define the two, 2—dimensional spaces using x from (2.13),

Doz{MA:(l—X)MA(z)+X-id:|)\—1\<e}

(2.14) _
To={Tw= (1= )Tu(e) + x id: [w] < e},

where € is chosen small enough that all these maps are diffeomorphisms of
D. In words, Dy is a space of diffeomorphisms equal to id on 0D which are
conformal dilations and rotations near the cone point, and 7j is the same
but for conformal translations. The dichotomy between cone angles less than
m and between 7w and 27 now enters. It turns out that for € > 0 sufficiently
small

(2.15) Dygr: T (BYH€ 0 Dy) — r~1¢C)7(D)

is an isomorphism if 0 < 27 < 7
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while

(2.16) Dyt T By oDy o To) — r~1+<C)7 (D)

is an isomorphism if 27 > 27a > 7.

In the 0 < 27 < 7 case, for boundary values ¢ near id in C?" we can find
solutions of the form u(z) = Az + v(z) while in the latter the solutions are in
the form u(z) = A(z — w) + v(z — w), i.e. we must move the inverse image
of the cone point.

As we will see in Section 3.1, the precomposition of a harmonic map
u with a conformal map is harmonic. Define Cy(1) =CyN{z:|2| < 1}.
By (2.8), C4(1) is conformally equivalent to D, so for the moment we think
of id not as a map from D to C, but from C,(1) to C,, and applying the
inverse of (2.7) to both spaces, think of id as the identity map on the wedge

(2.17) W={r<1,0<0<2ra}.

(For simplicity, we have dropped the tildes from the notation.) We can think
of a boundary map, ¢ near id as a map from the arc {r =1,0 < 0 < 27wa}
into C, satisfying the condition that

(2.18) ¢(627rai) _ e27rai¢(1)‘

We decompose ¢ in terms of the eigenfunctions of 83 which satisfy (2.18),
i.e. we write ¢(e?) = Zjez ajei(Hﬁ)e. Assuming convergence, these are the
values on the arc of the harmonic map

(2.19) u(z) =Y a4y a_EE

>0 5>0

from the sector into R2. (In the flat metric dr? + r2d6? on the sector, the
tension field of w is simply Auwu, so by the decomposition A = 49,05, the sum
of a conformal and an anti-conformal function is harmonic.)

Consider the coefficient a_;. If & > 1/2 then —1 + 1/a < 1, so the term
a_1z '*4 is the leading order term in (2.19) at z = 0. The map z71t% from
the wedge W into C does not pass to a map of the cone C,, (it wraps around
the wrong way), so u as in (2.19) gives a harmonic map of C,(1) if and
only if a_; = 0. The Implicit Function Theorem together with (2.16) can be
read as saying that, after identifying the wedge W with Cy(1) as in (2.7),
composition with a conformal translation z +— z — zg can be used to produce
a harmonic map of C, (1) with boundary value ¢ close to id.
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When «a < 1/2, any power series as in (2.19) gives a map on the cone, so
for any sufficiently regular boundary data near id, there is a harmonic map
of D* with that boundary data. To go deeper, as we show in Section 5, the
map v is minimizing among all maps with its boundary values if and only
if the residue of the Hopf differential of u is zero, and a simple computation
shows that (in the case under consideration,)

Res®(u) =a—1 (—1 + ;) )

That is, if o« < 1/2, a_y is the obstruction to having a minimizer (w.r.t. the
boundary values) on all of D, not just D*. Thus it is natural, in the case
a < 1/2, to ask if we can solve the augmented Dirichlet problem

u: D — Cy
(2.20) 7(u)=0o0on D — u_l(())‘
a_q1 = 0
ulop = ¢

In fact we can. By (2.15) there is a graph of solutions to (2.10) over 7y x
C%7(SY; C). The solutions lying over Tg x {id} solve (2.10) with identity
boundary value. Call this space §. In Section 6, we show that the map from
S to a_1 has non-degenerate differential. Since it is a map of two dimensional
vector spaces, it is an isomorphism, and we get a smooth graph of solutions
to (2.20) over T x C?7(S'; C), see Figure 1.

2.1. Conic metrics and minimizing maps

Let
(2.21) D(o)={z:]2| <o} CC.

The space Cllf (D(o)) was defined above as the space of functions with
C*7 norm uniformly bounded on balls of uniform size with respect to the
rescaled metric g/(e2|z]**) = Ldr? + do?, but here we give an alternative
characterization that is easier to work with. Given f: D(R) — C, let

£ (z) = f(Z)]

[r—r/|7 "

[r+r']”

(2.22) £l o = sup |f[+
G (D(R) 0<|z|<R 0<|zl,|2'|<R |0 — 0|7 +
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C?7(SHC)
7=40)
id Byt
Doo Ty
(or just Dy if o < 1/2)

Figure 1: Solutions to the augmented equation (2.20) are found by applying
the inverse function theorem to the map from S to a_;.

(Here, as always, z = 7€'’ 2/ = r’e’?".) For the higher regularity spaces, define
(2.23) 7ot~y = 22 |08 o iy
i+j<k

Finally, define the weighted Holder spaces by

ferCy(D(R)) <= r—°f € CF'(D(R))

(2.24) I

reC(D(R)) = Hr_CfHCl’j’“’(D(R))

The standard cone metric in (2.8) motivates our definition of a conic
metric. Given o;j € Ry and v; > 0, a Riemannian metric G on X, is said to
have a conic singularity at p; € p with cone angle 2wa; and type v; if there
are conformal coordinates z centered at p; such that

G = ce? ] |alz]2
(2.25) nj = nj(z) € 1Cy 7 (D(0))
c>0.

The form (2.25) is invariant under conformal change of coordinates, so our
notion of conic surface is well defined. For convenience, we single out those
coordinates for which ¢ = 1, and we refer to these as normalized conformal
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coordinates. Given a = (ay,...,ax) C (0,1)% and v = (v1,..., 1) € RE, we
define

Clk;g metrics on X, with cone points p

(2.26) My (p,a) = ¢ and cone angles 27a such that in (2.25)
we have p; € r”fo’W(D(U)) for some o.

Let kg denote the Gauss curvature of G € Ma . ,(p,a), and near p; €

p, write G = p|dz|?> with p = e |2[**™ Y. Using rg = —%8z8§10gp2 and
20, = % (r0, — i), it follows that
(2.27) k>2and v >2a — kg < C < o0,

and we will always make this assumption below.
We will work with a subspace of the metrics in (2.26).

Definition 2.2. A function f: D(R) — C is polyhomogeneous if f is
smooth in the interior of D and admits an asymptotic expansion

(2.28) f(r,0) ~ Z r°log? ras ,(0),

(s,p)e€

where £ C R x N is a discrete set for which each subset {s < ¢} N & is finite.
In this setup, £ is called the ‘index set’ of f, and the symbol ~ means that

f(r,0) — Z r*log? ras ,(0) = o(r™)

(s,p)€EE,N>s
The metrics of interest are

C§° metrics on X, with cone points p
(2.29) MPhI(p ) = { and cone angles 2ra such that in (2.25)
we have p; is polyhomogeneous.

We will look for harmonic maps which have specified behavior near the
inverse images of the cone points. For easy reference, we state this as

Form 2.3. We say that u: (X,9) — (X, G) is in Form 2.3 (with respect
to g and G) if

1) u is a homeomorphism, and writing p' = u=(p), u: Ly — Ty is a
Cc> diffeomorphism.

loc
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2) For each p € p, if z is a centered conformal coordinate around u™!(p)
w.r.t. g and w is a centered conformal coordinate around p w.r.t. G,
then u is given by

(2.30) w(z) = Az 4+ v(2)
where A€ C* and v GTH_GCI?’W(D(R)) for some sufficiently small e>0.

In words, in normal coordinates near p and u~'(p), u is a dilation composed
with a rotation to leading order.

Remark 2.4. Writing z = Az in (2.30) reduces to the case A = 1, but the
variable Z is no longer a normalized conformal coordinate for the domain
metric g, i.e. the constant ¢ in (2.25) is not equal to 1. If one is willing to
scale g by a suitible constant factor, then z will be a normalized conformal
coordinate. In what follows we prefer not to do this scaling and to preserve
the A (except notably in Lemma 6.7 below), because in Section 7, where we
have a sequence of domain metrics, the fact that the corresponding sequences
of A’s are uniformly bounded is quite subtle.

2.2. Restatement of theorems

Given two maps u;: % — X, ¢ = 1,2, and a finite subset q C X, consider
the standard relative homotopy relation

u1 is homotopic to ug via
(2.31) Uy ~qup <= F:[0,1]xX—X
Fi(q) = ui(q) for all (t,q) € [0,1] x q.

If uy ~q ug, we say that the two maps are homotopic relative to q (or simply

rel. q). For fixed g, the set of all uy satisfying (2.31) is referred to as the

rel. g homotopy class of u;, and is denoted by [u1;q]. By u; ~ ug we mean

that u; and ug are homotopic with no restrictions on the homotopy.
Define

per ={pi €p | 2ma; < 7}
(2.32) psr ={pi €p | 27w > 7}
p—r ={pi €p | 2ma; = 7}

and assume that
Py = O.



732 Jesse Gell-Redman

We discuss the case p—, # @ in Section 8. Our main theorem is the following.

Theorem 3. Assume that genus X > 0. For X and p as above, let G €
Mﬁhg(p, a) have cone angles less than 2, and kg < 0. Let ¢ be a conformal
class on X. Fiz a (possibly empty) subset q C p<r, let wo: X — X be a
homeomorphism.

Ifq# @, setq = wo_l(q). Then there exists a unique energy minimizing
map u in [wo; q']. Furthermore,

(2.33) u Y (p;) is a single point for alli=1,... k,
and
(2.34) w: Y —utp) — X —p

s a diffeomorphism.

If q = @, there exists an energy minimizing map u in [wp|, unique up to
precomposition with a conformal automorphism of (X,¢). These also satisfy
(2.33) and (2.34).

If ¥ = S? then, assumptions as above, there is a unique energy minimiz-
ing map in the rel. q homotopy class of wy provided |q| > 3. Again the map
satisfies (2.33) and (2.34).

All of these minimizers are in Form 2.3 with respect to ¢ and G.

A simple argument using the isometry invariance of the energy allows
us to reduce Theorem 3 to the case in which q' = g and wy ~ id. Indeed,
given a homeomorphism wg: ¥ — ¥ with wy ' (q) = ¢', let @p be a diffeo-
morphism in [wo;q’]. (Such a diffeomorphism always exists. When q = &,
this is the standard fact that every homotopy of surfaces is homotopic to
a diffeomorphism [BT, chapter 17]. When q # @, if F}, ¢ € [0,1] denotes a
free homotopy between wy and a diffeomorphism, then composing with a
homotopy through diffeomorphisms which takes F;(q') back to q gives the
desired relative homotopy.) If u: (%, (wy *)*g) — (X, G) is the unique mini-
mizer in [id; q], then u ;= w o wy': (3, g) — (3, G) is the unique minimizer
in [wo;q'].

Our approach to proving the theorem is to find maps whose tension
fields vanish away from u~!(p). Among diffeomorphisms in Form 2.3 with
vanishing tension field, minimizing energy in the sense of Theorem 3 turns
out to be equivalent to a condition on the Hopf differential of u, which
we discuss now. Given u: ¥, — ¥, with 7(u,¢,G) =0 on X/, let ©*G°
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denote the g-trace-free part of u*G. Among maps that are C? away from
the cone points

(2.35) 7(u,9,G) =0 = 4 (u*G°) =0,

where d, is the divergence operator for the metric g acting on symmetric
(0,2)— tensors. Trace-free, divergence-free tensors are equal to the real parts
of holomorphic quadratic differentials w.r.t. the conformal class [g], so in
conformal coordinates, we can write

(2.36) w'G = e|dz|* + 2R (¢(2)d2?)

where ¢ is holomorphic. Parting slightly with standard notation, e.g. from
[W3], we use the symbol ® to refer to the tensor which in conformal coor-
dinates is expressed ¢(z)dz?; this is called the Hopf differential of u. In
Section 5 we will show that, writing p’.. = u™!(p<r), then

®(u) is holomorphic on ¥ — p’_ with at most simple poles on p’_ .

Our proof of Theorem 3 then relies on the following lemma, proven in Sec-
tion 5.

Lemma 2.5. If genus ¥ > 0, given a harmonic diffeomorphism w: (3, g)
— (2, G) (not necessarily in Form 2.8,) for any q C p, write ¢ = u~1(q).
Then u is energy minimizing in its rel. ¢ homotopy class if and only if the
Hopf differential ®(u) extends smoothly to all of Xy_q .

If ¥ = S2, the same is true so long as |q| > 3.

Remark 2.6. If ¢ = &, this lemma means that » is minimizing in its free
homotopy class if and only if ®(u) is smooth on all of ¥. We say that such
maps are absolute minimizers.

Thus a diffeomorphism with vanishing tension field on ¥y is minimizing
in the sense of Theorem 3 if and only if the residues of its Hopf differential
vanish on p’ . — ¢, i.e. when it solves the augmented equation

u: X —> ¥ a homeomorphism
U~ id
7(u,9,G) =0 on Xy
Res|,®(u) =0 for each p € p_. —q.

(HME(q))
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Definition 2.7. When the subset q C p in Theorem 3 is nonempty, we will
call the corresponding minimizing map u a relative minimizer. The unique
map v’ which minimizes energy in the free homotopy class (which exists by
taking q = @ in Theorem 3) will be called an absolute minimizer.

3. The harmonic map operator

In this section we discuss the global analysis of the map 7. We begin by
discussing the invariance under conformal change of the domain metric.

3.1. Conformal invariance

Let g,G € Ma,(p,a), and suppose that u is a C? map of X,. Suppose
we have conformal expressions G' = p |du|® at some z € X, and g = o |dz|?
and near u~1(g). The energy density (the integrand in (2.3)) in conformal
coordinates is

_1 _ plu(2)
BY) g G = g Mg = 7o (10 +10P)

From this expression it is easy to verify that if

(3.2) (31,9) —C> (31, 9) —> (52, G)

2w = C(z) — u(w)
for arbitrary surfaces ¥;, ¢ = 1,2 and if C' is conformal, then
(3.3) e(uoC,g,G)(2) = 0.C(2)|* e(u, C*g,G)(2).
It follows that
(3.4) E(uwoC,9,G) = E(u,C*g,G) = E(u, g, Q).

Now consider the tension field in conformal coordinates [SY]

4 ~ Ologp
(3'5) T(uagaG) . (uzz + ou Uz“z)

The tension field enjoys a point-wise conformal invariance; in the situation
of (3.2), if at a point 2y we have 9zC(zp) = 0, then

(3.6) T(uoC, g,G)=71(u,C*q,G) o C
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3.2. Global analysis of 7

Given a diffeomorphism ug: (Xp,g0) — (X, G) solving HME(q), we will
now discuss spaces of maps and metrics near the triple g, go, G. To avoid
tedious repetition below, we give a name to our main assumption on the
metrics and maps.

Assumption 3.1. 1) G € Mz, (p,a) with aj <1 for each 2ma; € a,
and vj > 20  (see Section 2.1)

2) go is also in Mo, (p,a).

Note that the identity map id: (3, go) — (Ep,ﬂf‘)é) solves HME(q)
and is still in Form 3.1. We focus our attention on such a triple (id, go, Go).

Thinking informally for a moment, note that, by (2.5), 7(u, g, G) lies in
a vector space that depends on w. Letting w vary, 7 is most naturally viewed
as a section of a vector bundle. We will now define precisely the domain of
7 and the vector bundle E in which it takes values.

Fix coordinates z; near each p; € p, conformal with respect to gg, and
let z; = T‘jewf. Let w; be conformal coordinates for G near p;. (We will often
omit j from the notation when it is understood that we work with a fixed
cone point.) Given any v in Form 2.3 with respect to gy and Gy, we define
the Banach space rchk’v(u) for any ¢ € R by

b€ T(WTS,)
(3.7) (RS rch’W(u) = ( Ye Clkog away from u~!(p)
(VNS rCfo”(D(a)) near p; € p,

for some o > 0.

Remark 3.2. We will often write r1+62\,’f’7(u) for a positive number €, by
which we mean rchk"Y(u) where ¢; = 1 + € for all j. Given 6 € R, by ¢ > 0
we mean that c¢; > ¢ for all j.

e Let B'*¢(ug) be the space of perturbations of ug defined by

(88) B (o) = {expy, ¥ | ¥ € 1A (o), ez < 3}

The § > 0 is a fixed number, small enough that all the maps in B*¢(ug)
are diffeomorphisms of . Note that

(3.9) Ty B (ug) = 227 (up)
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e We also need automorphisms of ¥, analogous to those in (2.14), that
are locally conformal near p with respect to g. Scaling the domain met-
ric gg by a constant, we may assume that all the conformal coordinates
z;j are valid on the unit disc. Let x be a cutoff function with x(z) =1
for |z| < 1 and x(z) = 0 for |z| > 3/4. Writing A = (\1,...,\,) € CIPl,
there is an € > 0 so that if |#; — 1| < e for all j, then the map defined
locally by

(3.10) Mi(zj) = x(z)Ajz + (1 = x(25))z
is a local diffeomorphism and coincides with the identity when |z| >
3/4. Extending M) by the identity, we have a |p| complex dimensional
space,

(3.11) D :={My: |\ — 1| <eforall j}

satisfying (3.10) near p;. Similarly, given ¢ = ((1,...,¢p) € Cl?l, there
is an € so that if [(j| < e for all j, the maps defined locally by

(3.12) Te(25) = x(2)(25 — G) + (1 = x(25))z;

is a local diffeomorphism and coincides with id outside, |(;| > 3/4.
Extending T, by the identity, we have a space

(3.13) T :={T¢ : |¢j| < e for all j}

satisfying (3.12) near p;. For any subset p C p, define T C by the
condition that that ¢; = 0 for p; & p. This can be done in such a way
that

(3.14) T=TsnoTcroT—xr.

where these are, respectively, spaces of local conformal translations
near <, p=r, and ps,. Finally, set

(3.15) C:=DoT
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e Finally, given hg € My, 5, (b, a), define a subspace
Mz,v,u(hov p, Cl) C Mk,’y,u(pv Cl)

as follows. Let D; = {#; < 1} where now z; are conformal coordinates
for ho near p;.
% B ’id’Dj : (Dj, h()) — (Z, h)
(3.16) Mk’%”(ho’p’ a) = {h € Micy(p0) is conformal for all j

In words, this means the conformal coordinates for hg near p are
conformal coordinates for h. This definition may seem arbitrary, but
as we will see in Section 9, it is motivated by the requirement that 7
be a continuous map.

To clarify the relationship between Mj _  (ho,p,a) and My ,(p,a),
we can construct, locally near hg, a smooth injection from an open ball
U in My, ,(p,a) into Diffo(2;p) x ./\/l;%,j(ho,p, a) by uniformizing locally
around p. To be precise, given any h € My, ., (p,a), let v,: Dj — (D;, h)
be the solution to the Riemann mapping problem normalized by the con-
dition that v,(0) =0 and v(1) = 1. Let x: D; — R be a smooth cutoff
function with x =1 near 0 and x = 0 near dD;. Consider the map

() = {X(zj)vh(Zj) + (1= x(zj)) z; on D;
id elsewhere

Then vy, is well-defined, and is a diffeomorphism if |lvp, — id||ce (py < €. We
have

Lemma 3.3. The map — defined locally near hg — given by

Mk,’y,u(p, Cl) — DlHO(Ea p) X Ml:,'y,u(h07p7 Cl)
h — (vp, v h)

18 an isomorphism onto its image on a ball near hg.

Proof. This follows from the fact that the solution to the Riemann mapping
problem has C° norm controlled by the distance from h to ho [TII]. O
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Note that, by construction, id: (3, hg) — (3,7} h) is conformal near p.
With these definitions, we consider

ri (B (up) 0 C) x M, (90 4™ (p).a) x M3, ,(Go.p.a) — E

3.17
(347 (u,9,G) — 7(u, 9,G),

where 7: E — (B (ug) 0 C) x M5_ ,(g0,u”'(p),a) x M5_ ,(Go,p,q) is
the bundle whose fibers are

_ — 0,
(3.18) T HuoC, g,G) =r' T2 (u)
In Section 9, we will prove

Proposition 3.4. Let (uo, go,Go) solve (HME(q)) and satisfy Assump-
tion 3.1. Then the map (3.17) is CL.

3.3. Proof of Theorem 3

Let ¢ be any conformal structure on ¥ and G € MEh9 (p,a) any metric sat-
isfying the hypotheses of Theorem 3. Given q C p with q # & (resp. q = &),
we would like to find a map u: (¥,¢) — (2, G) that minimizes energy in
the rel. ¢ homotopy class of the identity (resp. the free homotopy class of the
identity.) We will do so by varying the conformal structure of the domain,
as follows. Let ¢p := [G] be the conformal class of G, and let ¢;, t € [0,1] be
a smooth path of conformal structures from ¢y to ¢; = ¢. (That the space of
conformal structures is connected follows immediately from the convexity of
the space of metrics.) Finally, define

(319)  H(q) = {t € [0,1]

there is a map u: (X,¢) — (X, G)
so that (u, ¢, G) satisfies (HME(q)).

The following is a consequence of Propositions 4.4 and 7.2

Proposition 3.5. If genus ¥ > 0, H(q) is closed, open, and non-empty. If
Y = 52, then the same is true provided |q| > 3.

Remark 3.6. 7(q) is non-empty since ¢ = [G], so id: (X, ¢9) — (X, G) is
conformal and thus a global energy minimizers in its homotopy class, [EL].

We can now prove Theorem 3 modulo the proofs of Propositions 3.5
and 5.2.
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Proof of Theorem 3. The content of Proposition 5.2 is that solutions to
(HME(q)) are minimizing in their rel. q (or free if ¢ = @) homotopy classes,
and that such minimizers are unique in the appropriate sense. Thus it suf-
fices to solve Equation (HME(q)), but Proposition 3.5 implies that a solution
always exists. O

4. Openness via non-degeneracy

Our proof that H(q) in (3.19) is open relies on Propositions 4.1 and 4.3. We
state these now and use them to prove openness.

Let (ug, g, G) solve (HME(q)) with ug in Form 2.3. Let u; be a C* path
in B¢(ug) o D o Tor and write 1) := 9. Define

d
(4.1) Ly = pr 7(ut, g, G).
=0

Assume, as discussed at the beginning of Section 3.2, that ug = id. By (3.9),
the domain of L is T (B 0 D o o) = X7 + TjqD + TigTor. We will
see that

(4.2) L: v XY 4 TyD + Ty Tom — v 2027

is bounded

To state our non-degeneracy result, we recall that a conformal Killing
field for g is a vector field C satisfying Log = pg for some function u, where
L denotes the Lie derivative. This is the derivative of the conformal map
equation F}'g = e#*g for some family F; with Fjy = id. It is well known that
for surfaces the conformal killing fields are exactly the tangent space to the
identity component of the conformal group,

(4-3) Confo=1{C: (X,9) — (X,9) : C"g = ¥y}
This space contains only the identity map if genus ¥ > 1 and is two or three

dimensional if the genus is 1 or 0, respectively. Our first non-degeneracy
result is

Proposition 4.1. Notation as above, if genus ¥ > 2 then (4.2) is an iso-
morphism. If genus ¥ =1 then the kernel (4.2) is the space of conformal
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Killing fields and
(44) L(T (B 0DoTor)) @ ((TConfonrt 2027 = plte20 307,
If genus X =0 and |p<r| > 3 then (4.2) is an isomorphism.

Proposition 4.1 is proven in Section 6.5 below.

To state the second non-degeneracy result, Proposition 4.3, we begin by
describing the space of harmonic maps near a given solution to (HME(q))
with fixed geometric data, see (4.10). Proposition 4.1 says that the map (4.2)
is almost surjective. Though it is not in general surjective, in the cases of
interest here, the relevant conclusion of the Implicit Function Theorem is
true.

Lemma 4.2. Let (ug, go, G) solve (HME(q)) and satisfy Assumption 3.1.
If genus ¥ = 0, assume that [p<r| > 3. Then there is an open neighborhood
N of (uo, g0) in (B*(ug) o C) x Mgmy(go,ufl(p), a) such that

771(0) N N is a smooth Banach manifold.

Ezcluding the case of genus ¥ =1 and pr = &, there is an open set
UC Ter X /\/lzﬁ(go,p, a) and a map graphing zeros of the tension field T,

S:U — B (ug) oD o Tor

(4.5) .
(T, g) — u with 7(u,g9,G) =0,

sothatu=uoDoT oT, where T' € Tor,D € D,u € B(uyg).

If ¥ =1 and p<r = I, the solutions form a graph over an open subset
of M5 _(g,p,a) x Confo(go) (the identity component of the conformal group
for go.)

Proof. 1If genus ¥ > 1, then TCon fy = @ and (4.2) is an isomorphism, so the
Implicit Function Theorem applies directly.

If genus 3 = 0 and |[p<,| > 3, then TCon fo N r1+€_2“Xb0’7 = & since sec-
tions of THE_Q“XI? "V vanish at p.r, and the only conformal Killing field
vanishing at three points is identically zero. Thus, again the IFT applies

Now suppose genus ¥ = 1. Let {C;} be a basis for TCon fo N r1+6_2“X£’7.
Note that

TConfy ifper=9

(4.6) TConfy Nrite2ax?7 = .
B G U R
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(Since conformal Killing fields are nowhere vanishing.) Thus if p., # @ we
can again apply the Implicit Function Theorem.

Finally, assume that p, = @ and genus = 1. In this case 7~ = T. Con-
sider the quotient bundle E whose fiber over (u,g,G) is given by E,/V,,
where

Vi :=uTConf(g) C 7“1_6_2“2(1)2’7(11)

Let 7: E —» E be the natural projection. Proposition 4.1 says that the dif-
ferential of the composition 7 o 7 in the direction of B¢ oD o T is an iso-
morphism. Thus the zero set of 7 o 7 near (ug, g, G) is a smooth graph over
a neighborhood of M3 (go,p, a), so for each g € M3, ,(go, p,a) there is a
map u = uo D oT with T such that

(4.7) 7(u,g,G) € V.

We will show that (4.7) implies that 7(u, g, G) = 0. Suppose that 7(u, g, G) =
u,C for some C' € TConf(g). Let f; C Confy be a family with %‘t:o fi=0C.
By the conformal invariance of energy, (3.4), we have.

(4.8) %

E(uoftvgaG) =0
t=0

On the other hand, we will show using the first variation formula (2.1)
and (3.4) that

(4.9) %

E(uo fi,9,G) = /E<T(u,g,G),u*C>\/§dx

= [uC[7: ,

t=0

with L? norm as in (6.29), below. Some care is needed in the proof since
in general the boundary term in the first variation (2.1) can be singular.
We postpone the rigorous computation to Section 6.4, where several similar
computations are done at once, see Lemma 6.11. This implies that 7-1(0)
is a smooth manifold and thus completes the proof. ]

Fixq C p<r,andlet T,_ _q := {Tw : w; = 0 for p; € p<r — q}. Given the
identification of 7T,_ _q with a ball U C Clp<==al around the origin, if U is
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sufficiently small we can define a 2|p., — q|-dimensional manifold of har-
monic maps fixing q by

(4.10) Harmg = {uwy = S(Tw,90) :w €U},

We identify the tangent space Ty, Harmg with Cle<==al by mapping w €
CP<=~9 to the Jacobi field

4.11 Jw = — w-
(4.11) at|,_, "

Consider the residue map,

Res : Harmg — Clp<r—al

u' (p<n—0)
Uy — Res|,z1, oy P(uw),

where ®(u,,) is the Hopf differential defined in (2.35)—(2.36). Differentiating
Res at ug gives

. p<n—al
DResy_, _q: Ty,Harmg. — CP<

(4.12)
Juw — Res(P(Jy)).

(The J,, also have Hopf differentials, defined by ®(J,)) = 4| 1o (utw).) We

will prove the following

Proposition 4.3. For any Jacobi field J,, as above, if Res(®(J,)) =0 €
Cle<==dl then J,, € TConfy, i.e. Jy is a conformal Killing field.

Proposition 4.12 is proven in Section 6.6 below.
Assuming for the moment that Propositions 4.1 and 4.3 are true, we can
Now prove

Proposition 4.4. H(q) in (3.19) is open.

Proof. Given ty € H(q), let go € ¢, be a metric satisfying Assumption 3.1.
(See Section 3.3 for definitions.) We now use Lemma 3.3; there is a small
0 > 0 and a path of diffeomorphisms vy, each isotopic to the identity, for
t € (to — 0,19 + 9), such that the pullback conformal structures v; ¢; have the
property that id: (3, ¢;,) — (X, v;¢;) is conformal near p. Let g, € vy ¢; be
any family of metrics that equal the standard conic metric of cone angle o; on
the conformal ball D; near p;. This can be done uniformly for ¢ near t( since
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all the conformal structures v;c; are equal. Thus g; € M§7%l,(go,p, a). We
claim that for ¢ near ¢y there exists a unique solution u; : (X, g;) — (3, G)
to (HME(q)). Assuming this for the moment, the proof is finished, since
(Zt_l)*gt € ¢, and

(4.13) w =0t (8, () @) — (5,6)

solves (HME(q)) and the zeroes of the Hopf differential of u; are the same
as those of u;. (See Section 5, where this last fact is made obvious.) Thus
the proposition is proven modulo the existence of ;.

Consider the manifold Harmgq of harmonic maps from (X, g,) to (X, G)
that fix q. If ¢ = p<,, the existence of the w; is implied by Lemma 4.2.

Assume q # p<. In all the remaining cases under consideration except
for genus 1 and q = &, Proposition 4.3 implies that D Resy,_ _q: Ty, Harmg
— ClP<==dl is injective (and thus an isomorphism since the two spaces
have the same dimension.) This is simply because in all these cases there
are no conformal Killing fields in T, Harmq. (If genus > 1 there are no non-
trivial conformal Killing fields. For genus 1, vectors in T, Harmq fix q are
only conformal Killing if they are identically zero.) The Implicit Function
Theorem then implies that the set {r~(0)} N {Res;jﬂ,q(())} is locally a
graph over 7y x Mémy(go, p,a), and therefore there exists a u; as above.

Finally, suppose that genus = 1 and q = &. We have already coverd the
case P = (, so assume that p.. # . Lift to the universal cover of 3, which
we can take to be C, and let z denote the coordinate there. By integrating
around a fundamental domain, we claim that, writing ¢,,dz? = ®(J,,) then

(4.14) Z Res

Pi€P<nr

Pi¢w =0.

This follows immediately from the fact that the deck transformations are
z +— z + zp for some zy, so ¢, is actually a periodic function with respect
to the deck group. Define a subset V C ClP<=—dl by V = span((1,...,1),
(i,...,1)). Thus by (4.14), V+ = D Res(THarm,), where the orthocom-
plement is taken with respect to the standard hermitian inner product on
Clp<==al, Letting X C Harmg be any subspace whose tangent space is com-
plimentary to TCon fo, by Proposition 4.3 and the fact that TCon fy has one
complex dimension,

D Res: T?—[arm'q — vt

is an isomorphism, and again the existence of the %; follows from the Implicit
Function Theorem. O
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5. Uniqueness and convexity

The main result of this section is Proposition 5.2, which states that if
(u, g,G) is a solution to (HME(q)) in Form 2.3 satisfying Assumption 3.1,
then, up to conformal automorphism, u is uniquely energy minimizing in its
rel. ¢ homotopy class.

Let (u,g,G) solve (HME(q)) and satisfy Assumption 3.1. In conformal
coordinates, (3.1) yields

(5.1) G = e(u)o |dz|* + 2Rp(u)u.T.dz>.

where g = o |dz|?. The Hopf differential (see (2.36)) thus satisfies
(5.2) d(u) == ¢(2)dz* = p(u)u.u.dz>.

It follows directly (see Section 9 of [S]) that for zy € X,

7(u,9,G)(20) =0 = 9z¢(2) =0

O ) =0 & Tw)() £0 — 7{u,0,6)(z0) =

where J(u)(2p) is the Jacobian determinant of w. Thus among local diffeo-
morphisms the vanishing of the tension field is equivalent to the holomor-
phicity of the (locally defined) function ¢. By Form 2.3, near p € p we have
u(z) = Az +v(z) with A € C* and v(z) € r“‘ng’V for some € > 0. By the
definition of C’g"y and 0, = 5= (rd, — idy),

(54)  6(z) = (NP 4 o122)) (A + 0(1)) O(l2])
_ O(’Z‘_2+2a+6).
Since —2 + 2a + € > —2, the function ¢ has at worst a simple pole at z = 0.

If « > 1/2 then —2 + 2a 4+ € > —1, so ¢ extends to a holomorphic function
over p. Thus we have proven

Lemma 5.1. Let ®(u) be the Hopf differential of a solution (u,g,G) to
(HME(q)) in Form 2.3, with G € Mo, (p,a).

®(u) is holomorphic on 3 — p, with at worst simple poles on p<r.

We will prove
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Proposition 5.2. Let (u,g,G) solve (HME(q)) with w in Form 2.3, and
assume that Res ®(u)|q # 0 and that ®(u) is holomorphic on .

If q # @, then for any w: ¥ — X with w ~q u (see (2.31); in particular
wlq = ulq) we have

E(u,9,G) < E(w,g,G)

with equality if and only if u = w.
If =@ and w: ¥ — X satisfies w ~ u, then

E(u,g,G) < E(w,g,G)

with equality if and only if u =w o C for C € Confy. In particular, if genus
> > 1, equality holds if and only if u = w.

Proof. Assume q = @. We use a trick from [CH] to reduce to the smooth
case.

First assume that the genus of ¥ > 1. Let w(z) |dz|* be the unique con-
stant curvature —1 metric in the conformal class of [g], see [TII]. By Sec-
tion 5, for any € > 0 in local coordinates we can write

(5.5) u*G = e(u)odzdz + 2Rp(2)dz>
- (e(u)a - (ew2 + |¢|2)1/2) \dz|?
=H;

1/2
+ (er + |¢]2) |dz|* + 2R (z)dz>

I:HQ

For e sufficiently small, H; is positive definite on X,; this follows from the
fact that for ©*G to be positive definite we must have that e(u)o(z) > [¢(z)].
As for Ho, if ¢ = @, ¢ extends smoothly to all 3, so Hs is a smooth metric. It
is slightly more involved (See Appendix B of [CH]) to verify that the Gauss
curvature of Hy satisfies

(5.6) ki, < 0.
Since w is a local diffeomorphism by Form 2.3), (5.3) implies that

id: (X,9) — (X, Hy) is conformal
id: (¥,9) — (X, H2) is harmonic
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From Equation (2.3), for any w: ¥ — ¥ we have
(5.7) E(w,g,G) = E(w,g, Hi) + E(w, g, H),

Unique minimization now follows from (5.7), the fact that degree one confor-
mal maps are energy minimizing, and fact that a harmonic diffeomorphism
into a negatively curved surface is uniquely energy minimizing in its homo-
topy class (see e.g. [Tr], [Har]).

If the genus of X is 1, then lifting to the universal cover C, we obtain a
harmonic map u: (C,7*g) — (C,7*G), where 7 and 7 are conformal cover-
ing maps with respect to the standard conformal structure on C. The metric
|dz|? descends to X, and is in the unique ray of flat metrics in the conformal
class of g. Here ®(u) = (Z(E}d%’z is defined globally on C and 5 is entire and
periodic with respect to the deck transformations, hence bounded, hence
constant. Write ®(u) = adz?. For sufficiently small € > 0, we decompose

(5.8) U (1*G) = (e(W)o — €) [dZ]* + ¢ |dZ]” + 2R (adZ?)

::Rl :ZIN(2

Since e(u)o > 2|a| and (e(u)o) (2) is periodic, there is an € so that the K;
are positive definite. If K; := 7, K;, then id: (X,9) — (X%, K;) is harmonic
for both i = 1,2. We now argue as above, invoking both the minimality of
conformal maps, and the minimality up to conformal automorphisms for
harmonic maps of flat surfaces. This completes the ¢ = @ case.

Finally, if genus = 0, it is standard that ®(u) = 0, and thus u is conformal
away from ¢, hence globally conformal. Since conformal maps are energy
minimizing this case is complete.

This completes the q = @ case. To relate the g = @ case to the q # @
case, we will use the following

Lemma 5.3. Given a closed Riemann surface R = (X,¢) (here ¢ is the
conformal structure) with genus > 0 and any finite subset q C X, there is
a finite sheeted conformal covering space w: S — R which has non-trivial
branch points exactly on f=1(q). Furthermore, genus S > genus X.

If R = S?, the above is true provided |q| > 3.

This is a well-known fact from the theory of Riemann surfaces. We
include a sketch of a proof here for the convenience of the reader. First
assume genus X > 0. For each ¢ € q, there is a branched cover Y, — R
ramified above ¢, constructed as follows. The fundamental group of R — {q}
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is a free group with 2g generators, where g is the genus. Let Z; be any
normal covering space of R — ¢ that is not a covering of R, i.e. let Z; cor-
respond to a normal subgroup of 7 (R — {q}) that is not the pullback of
a normal subgroup in m;(R) via the induced map. Let Y, be the unique
closure of Z,. Finally, let S be the composite of the Z,, i.e. the covering of
R — g corresponding to the intersection of the groups corresponding to the
Zg4. Then S is normal and has a unique closure S with a branched covering
of R that factors through each of the Y, — R. The deck transformations of
S extend to S and by normality act transitively on the fibers, and therefore
S is ramified exactly above q. If ¥ = S? and |q| > 3, let qo C q have exactly
three points. There is a branched cover of 3 by a torus branched over qq.
Applying the previous argument to the torus and branching over all the lifts
of cone points to the torus gives the result. [Ya]

Assuming q # @, let S be a covering map branched exactly over q. (By
our assumption that |q] > 3 in case ¥ = S?, such a cover exists.) and lift u
to a map @ to obtain the commutative diagram

(5.9) (8, 7*g) —> (S,7°G)

ok

(Epag) —— (Epa G).

In particular, w*7*G = 7*u*G, so the Hopf differential of u is the pullback
via the conformal map 7 of the Hopf differential of u. Pick any p € q, and
let ¢(z)dz? be a local expression of the Hopf differential of u in a conformal
neighborhood centered at p. Given ¢ € 7~1(p), since ¢ is a non-trivial branch
point we can choose conformal coordinates z near ¢ so that the map w is
given by z¥ = 2 for some k € N, k > 1. By Lemma 5.1

P(2)dz? = (g + h(z)) dz?
where h is holomorphic. Pulling back to z gives
(% n h(z)) 422 = k2 (az’f—Q n zﬁ’f*h(zk)) 42,
so ®(w) is holomorphic on all of S, and therefore w solves (HME(q)) with
respect to the pullback metrics. Note that by Lemma 5.3, the genus of S is

at least 2, so we are in the right situation to apply the preceding argument.
Finally, suppose that w ~4 u, and thus there exists a commutative diagram
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as in (5.9) with v and w replaced by w and w. Then u ~ w and

( # of sheets ) E(u,g,G) = E(u, 7" g, 7" Q)
< EBE(w,n*g, 7" Q)
= ( # of sheets ) E(w, g, Q)

with equality if and only if u = w, i.e. u = w. O

6. Linear Analysis
6.1. The linearization

We now explicitly compute the derivative of T at ug in the B17¢(ug) direction.
That is, given a solution (ug, go, G) to (HME(q)) with up in Form 2.3 and
9o, G € M ,(p,a), and a path u; € B (ug) through ug with %}t:() U =
1, we compute

L := — 7(ut, go, G).
t=0

For any u € B'*¢(ug), near p € p, by abuse of notation, we write

Up = Az + v
U =ug+7,

~ 2
v,V € r1+ECb"Y,

that is, we think of ug and u as complex valued functions, and write the
metrics as go = o |dz|*, G = p|dul*. From (3.5), we have

~ . 01 _ ~
(6.1) <%> T(up+v, go, G) = 9.0z (up+v) + 025(“)62 (up+70) 9z (up+0)

= %T(U‘Ov 90, G) + 82’62/77
L (9o p(u)  Ologp(ug)
ou ou
dlog p(u)
+ ou

) azuo&zuo

(Dsu0057 + 8,005u0 + D,50:0) .
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Using 7(ug, g0, G) = 0, we have

d
62 Tv= 3 (Fr(unm.@)

t=0
o1
— 9,00 + Ogi(“) (o000 + Brrigduth) + At

where, writing p = [u[*@™D e |du)?, 1 € r"Cg’7 by definition and

d
(6.3) %Aw = 0,ug0sug - o7

dlog p(uy)
t=0 du
0’
oudu

_ 52 a—1
v 8;2‘1/1) + O-uodttg 1

2
L)

= 20,upOzug (

As a preliminary to the analysis below, we can now see that L is a bounded
map of weighted Hélder spaces (see (2.24)):

(6.4) L: e X} — pe 2o x)

~ 2
In fact, if we define the operator L := %L then

(6.5) Ly = I(L)y + E(y)
where
(6.6) I(L) = (20) (28:) ¥ + (o — 1) 2059

and F is defined (locally near p) by this equation. It follows immediately
that

(6.7) I(L): r°C{7(D) — 1°Cy7 (D)

Furthermore, using |z| % + [0,v| + |0zv] = O (|2|°) we see that if ¢ € TCCE’V
near p € p then

(6.8) E(y) € ret<C)(D).

The boundedness of (6.4) follows from (6.7) and (6.8).



750 Jesse Gell-Redman

For the arguments in Section 7 we must also compute the mapping
properties of the locally defined operator

(6.9) Qv = 7(uo + 0, 9o, G) — L(v)

From (6.1)—(6.3), we have

- - 0log p(u 0log p(u
7 (vl +5.00,G) - L) = (P - TELD) g
L Aoep() o s ap
ou

From this formula and the fact that v € r1+EC§”y, e T€C’;’7, and Ozu €
rng"Y we see that

(6.10) 1Q@)sese—seczr < C [olpreece

holds for € > 0 small, kK € N and some v € (0, 1).

6.2. The b-calculus package for L

This section links the study of L to a large body of work on b-differential
operators. For more detailed definitions and proofs of what follows we refer
the reader to [Me]. Fixing conformal coordinates z; near each p; € p, we
make a smooth, positive function 7: ¥, — C that is equal to |z] in a
neighborhood of each p;. There is a smooth manifold with boundary [;p]
constructed via radial blowup and a smooth map §: [¥;p] — X which is a
diffeomorphism from the interior of [¥;p] onto X, with 371 (p) = 9[%; p] ~
Ui-“:lSl, on which the map r o is smooth up to the boundary. Smooth
functions on [X,p] are pullbacks via § of those functions on ¥ that are
polyhomogeneous with only integer powers in r. Finally, let

(6.11) Y — smooth vector fields on [X; p]
| ® ™ which are tangent to the boundary

The Lie algebra V, generates a filtered algebra of differential operators called
b-differential operators.
For a more concrete definition, V' € V if and only if

(6.12) V =ard, + b0y for a,b € C([Z,p]).
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let B;, i = 1,2 be any two vector bundles over [¥; p]. Then P is a differential
b-operator of order N on sections of B if it admits a local expression

(6.13) P= > a;;(rd,)'d) where a; € C* ([S;p]; End(By; By))
1+j<N

near the boundary of [X;p]. We will call P b-elliptic if for all (r,0) and
(5777) € RQ - {(070)}7

Z aij(r,0)€’ s invertible.
i+j<N

Let (u,g,G) solve (HME(q)) and satisfy Assumption 3.1. In (6.5), the
operator L can be defined globally by extending the local functions o to
positive smooth functions on Y. We immediately see that L is an ellip-
tic b-operator, and that E is a b-operator which, in local coordinates as
in (6.13), has coefficients a; tending to zero at a polynomial rate. In par-

ticular, L: TCXZW — TCX;C_Q’V is continuous for any ¢ € R and k € N. It
follows that

(6.14) Lire 20007 — o2,

is continuous for any ¢ € R and k € N.

We will now state the properties of elliptic b-differential operators to be
used below. To begin we define the set A C C of indicial roots of L. Given p €
p, let A, consist of all ¢ € C such that for some function a = a(f): S* — C

(6.15) Lréa(0) = o(r9).
The total set of indicial roots is
(6.16) A={ze€C": z € A, for some i} .

(We will compute A in (6.42) below.) By [Me, Theorem 4.26], there is a
discrete set A D A such that for all ¢ € RA, (6.14) is Fredholm, meaning its
range is closed and its kernel and cokernel are finite dimensional.

The same is true for b-Sobolev spaces, which are defined as follows. Let
dp be a smooth, nowhere-vanishing density on X, so that near p

 drdf

r

dp
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Let LZ(T*%, du) be the completion of > X (smooth vector fields vanishing
to infinite order at p) with respect to the norm

2 _
191350 = [ I

As in the Holder case, we write ¢ € r’L(T*S,dp) if and only if r— €
Lg(T*E, du). Also, rch(T*E, du) is a Hilbert space with inner product

2
wG d,u

(6.17) (s Vpe L2y = (17, 7Y’ L2 (4
We define the weighted b-Sobolev spaces by

for all k-tuples Vi,..., Vi, €V,

crrk *
(6.18) Y e r’Hy (T*S, dp) <= Vv, - Vi € reLE(T*S, dp)

It follows that
(6.19) L: r°H{(T*S, dp) — v 2 HF2(T*S, dp),

is bounded. In fact, for ¢ & A as above, (6.19) is also Fredholm [Me-Me].
It follows that for each such ¢ € A, there is a generalized inverse G, :
rC_Q“Hf_Q(T*E, du) — r°HJ(T*S, du), defined by the equations
GeoL =1 — Tper

(6.20)
LoG.=1- T coker

where 7y, is the TCHf(T*E, du) orthogonal projection onto the kernel of L,
and Teoper is the r¢ 2% H f*Q(T*E, du) orthogonal projections onto orthogonal
compliment of the range of L

See [M], Section 3 for more on the relationship between b-Holder and
b-Sobolev spaces and for the proof of the following lemma.

Lemma 6.1. For any c & A,

(6.21) Ker (L: r*HY(T*S, dp) — r“ **H) (T*S, dp))
= Ker (L : TchZ,v — rc_QaXl?ﬁ) ,

and

(6.22) LX)y oW = o237,
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where

(6.23) W = Coker (L: r°H{ (T*S, du) — r° > Hy (T*%, dp))
= (L (r*HA(T*S, dp))) " .

Here the orthocomplement is computed with respect to the TC_QC‘H,?(T*E, dp)
inner product.

If in addition to the above assumptions we assume both that ug is poly-
homogeneous (See (2.28) above) and that G € M2 (p, a), then approxi-
mate solutions to the equation L1 = 0 admit partial expansions. To be pre-
cise, from Corollary 4.19 in [M], if ¢ € TCX:”Y and L1 € TC‘HS_Q“ka*Qﬁ for
§ > 0, i.e. if L1 vanishes faster than the generically expected rate of r¢~2¢
from (6.4), then ¢ decomposes as

Y =11+ where
wl c 7’C+6Xb

Pa(z) = Z asp(0)r° logP r,

(s,p)EE,c+d>s>c

(6.24)

for some discrete £ C C x N which intersects {#z < C'} at a finite number
of points and functions as, € C*(S!). In particular, we have

Lemma 6.2. Assume that ug is polyhomogeneous and that G € ME (p,a).
Then solutions to Ly = 0 are polyhomogeneous. (See Definition (2.28).)

This follows from the mapping properties of the generalized inverse G,
in (6.20), proved e.g. in [M]; if Af;h , denotes the space of polyhomogeneous
functions with index set £, then, given ¢ > c,

(6.25) Ge.: rcl_QaXl?’V — TchZw + (Aghg N rc/Xb2ﬁ>

We can also use (6.25) to prove that if ug is polyhomogeneous, G € ME (p,a),
and u € B'T¢(ug) is a solution to (HME(q)), then u is polyhomogeneous.
Recall from (6.9) that 7(u,g,G) = Lv + Q(v) where u = Az + v. Since u is
harmonic, we have L(v) = —Q(v). We now want to let our parametrix G,
with ¢; =1+ € for all ¢, act on both sides of this equation and to use the
fact that L is injective on r1+€Xf’7, as we show below, in particular G.L = I.
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This yields

(6.26) v=-GQ(v)

Working locally, v € THEC 7. From (6.10) we have Q( )€ 7"1+2€*2°‘C;’7, SO
by (6.25), v = —=GQ(v) = v1 + v where vy € 7"1”60 and vy € THE.Aghg

The full expansion follows from induction; assuming that v = vy + vor,
where vy i, € Xklife and vy, € A phg & trivial computation shows that Q(v) =
wy + we where wy € rl~ 2”(]”1)600’7 and wy € 71~ 2“+€Aph

same logic to (6.26), we have proved the following

. Applying the

Proposition 6.3. Let ug be polyhomogeneous and assume that G € M’V)hg(p,a).
Then any solution u to (HME(q)) in B ¢(ug) is polyhomogeneous.

6.3. The cokernel of L: rl_ekf’ﬂ/ — 7’1_6_2“2(}?’7

We continue to let (ug, go, G) denote a solution to (HME(q)) in Form 2.3

satisfying Assumption 3.1, and to let L denote the linearization of 7 at wug.
An important step in the proof of Proposition 4.1 is an accurate identi-

fication of ‘the’ cokernel of the map

(6.27) R A > Al

(note the ‘—e.”) In this section we will prove the following lemma.

Lemma 6.4.

T1_6_2aX£"Y =1L (rl_eXbQ"y) P K

where

(6.28) K = Ker(L: rite 20y, — pltetoy),

and this decomposition is L? orthogonal with respect to the inner product

n (6.29).

Given two vector fields ¢, € I'(u{T%,) which are smooth and vanish
to infinite order near p, we define the geometric L? pairing by

(620) (6,0 = / (6, 0"), gy AV ol = / $dp(uo)o(z) |dz]?
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It is straightforward to check using g, G € My, 5, (9, a) and ug — Az € 1"1+EC 7
near each cone point, that if ¢ € r°A, 97 (yg) and ¢ € 7 XO’W(UO) then

(6.30) ci+ ¢ >2—4a; foreachp, € p = (,¢' )2 < 00

It is standard (see e.g. [EL]), that the linearization of 7 in (4.1) is sym-
metric with respect to this inner product and appears in the formula of the
Hessian of the energy functional near a harmonic map. For reference, we
state this here as

Lemma 6.5 (Second Variation of Energy). Let (M,h) and (N,h) be
smooth Riemannian manifolds, possibly with boundary, and let ug : (M, h)

— (N, h) be a C? map satzsfymg T(ug, h, h) = 0. If uy is a variation of C?
maps through ug = 0 with =1, and L is the linearization of T at
ug (see (4.1)), then

It o U

Ly = V"V + try, R (du, )du

where V is the natural connection on ui(T'N) induced by E, and R is its
curvature tensor. If 0, denotes the outward pointing normal to OM, then

d2
Y E
dt? ) =0
6.31 - Vo2~ — try, R (du, o, b, du) ) dVol
030 = [ (19025 o B, 0,0, du)) v,
vu 9 f’d
+/8M< o), rds
(6.32) = — (L) + / (Vb ey 5 + (Vo, 00, 0).5) ds
oM

Note that the boundary term in the last line can be expressed in terms
of the Lie derivative

(6.33) /6 y (Vyto,u:0,) .5 + (Vu.o, ¥, ) ,.7) ds
:/ Lu*wﬁ(u*w,u*ay)ds
oM

Furthermore, L is symmetric with respect to the L? inner product; as we
will see, if ¢ € rch’7 and v € TC/XbQ’V, then

(634) <L1/}, ¢,>L2 = (’([J, LT!},>L2 if ¢; + C; > 2(1 - ai).
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If we take the target (N,h) in (6.31) to be (X,G) and the domain to
be (3 — Up,epDi(€), 90) Where D;(€) is the conformal ball around p; with
|zi| <r; <e, and if ¥ € TCX "(up), then the integrand in (6.33) satisfies
Loy ph(ush, u.d,)ds = O(r 2e. b 2(e—1) - Ydrdf. Thus,

d2

(6.35) for uy € B'7oT€, p7e]

ut:¢7

t=0

E(ut, 9,G) = — (L, ) 12

To see that (6.34) holds, note that using (6.2) and the subsequent estimates
(6.36)  (Lep,¢')pe — (¢, L) 12
2T
= [ 60T+ 010, () = 2es — VU1 + O

The proof of (6.35) is similar.

To prove Lemma 6.4, we will need a version of (6.34) for b-Sobolev
spaces. Below, given a constant § € Rand ¢ = (cq, ..., ;) € R¥, we will write
¢+ ¢ for the weight (¢1 +9,..., ¢ +9)

Lemma 6.6. Again, let (ug,go,G) solve (HME(q)) and satisfy Assump-
tion 3.1. If c € R* and if, notation as in (6.18), ¢ € r* "L HF(T*S, du), ¢’ €
P LT dp), we have

(637) <L¢a¢/>L2 = <waL¢,>L2
Proof. Equation (6.37) holds for 1,¢’ € roosz’W by (6.34), and both sides
of (6.37) are continuous with respect to the stated norms. ]

We can now prove Lemma 6.4.

Proof of Lemma 6.4. There exist positive functions f and g such that for
Y € r¢ T H2(T*Y, dp) and ¢ € 1~ T HZ(T*S, dy)

(6.38) (L, f)pesasipaqapy = (L, )2 = (¢, L) e
= <g1/), L’(ﬁ>7.7c73u+1L2(d#),

2(c;— —2(c;—

where f ~ r ) gy @) near p; € p. Note that the middle equality
in (6.38) is a consequence of Lemma 6.6. This implies that
(6.39) (L(r“ "M HZ(T*S, dp))*

= fKer(L: r T HZ(T*S, dp) — r~ 3T L2A(T*S, dp))
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where the orthogonal compliment on the left is taken with respect to the
re=3e L L2(T*, du)) inner product. In (6.39) we take c —a+1=1—¢, i.e.
¢ = a — €. Thus, using Lemma 6.1

(6.40) (L(r' = H (T*%, dp))*
= fKer(L: r' T2 @2 (TS, dp) — r' T3 L2(T*S dp))

= fKer(L: pite20 27— pliessayd)

This shows that the space K in (6.28) has the correct dimension. Since K C
rl_e_Q“sz"y, it is complimentary to L(r'=*HZ(T*%, dy)) is and only if they
have trivial intersection. Given ¢/ € K and ¢ € r'=“HZ(T*%, du, again by
Lemma we have 6.6 (L), 9')r2 = (¢, L") 2 = 0. This shows both that the
intersection is empty and that the compliment is orthgonal, so Lemma 6.4
is true. O

We now compute the indicial roots of L defined in (6.15) above. It is
sufficient to find all r-homogeneous solutions to

(6.41) I(L)yy =0,

with I(L) defined in (6.6). Fixing p € p, solutions to (6.41) take the form
r%e¢? and

(6.42) I(L)r*e"? = ¢y (s*+2(a-1)s—j*—2(a—1)7).

s €{j,2 —2a — j}. Setting
(6.43) Ay =J G220 -5}
JEZ

As in (6.16), the set of indicial roots of L is the union A = U,A,,.
We now prove precise asymptotics for solutions to (HME(q)).

Lemma 6.7 (Leading order asymptotics). Notation as above, near
a cone point p of cone angle 2wa > w, we have u = Az +v where v €

3—2a 2y £
r C, ﬂAphg. Moreover,

(6.44) u= Az 4 cr? 2% 4 o(|zP ).

Here and below o(|2|°) denotes a quantity such that limsupy,|_, 1217 o(]2])|
= 0.
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Proof. By Proposition 6.3, u € Aghg By (6.1), the leading order term of

v, call it vy, satisfies I(L)vy = 0. Since vy € rHGC’f’V, this implies that it
in fact vanishes to the first order indicial root bigger than 1 + €. By (6.43)
and (6.42), this root is 3 — 2« and in fact vg = er?~2°% for some ¢ € C. 0O

We now describe the behavior of the elements in KC (see (6.28)) near the
conic set.

Lemma 6.8. Let ¢ € K (see (6.28)), let p; € p, and let z be conformal
coordinates near p;. If 2wa; < mw, then

(6.45) Y(z) = piz + O(|2|"*)

for some p; € C, § > 0.
If 2wa; > 7, and the solution ug(z) = z +v (which we may assume by
rescaling the domain metric, see Remark 2.4), then

(646) w(z) =w; + _ |Z|2(1ia) +0 (’2‘2(17a)+6>
-«
for some w;,a; € C, § > 0.

Proof. Fix 1¢p € K. By Lemma 6.2, ¢ is polyhomogeneous. Fix p€p. By (6.6),
the lowest order homogeneous term in the expansion of 9 at p, which we
can write as f(r,0) = r®a(0) for a: S* — C, must solve I(L)f = 0 for I(L)

in (6.6), and so ¢ must be an indicial root, i.e. § € A, (see (6.43)). If p € p,
then the smallest such indicial root is 1. The eigenvector is Az, so the lemma
is proven in this case. If p € p~, the smallest such indicial root is 0, and the
eigenvector for this indicial root is a constant complex number w;. To get
the second term in (6.46), we consider the Hopfy differential of v defined by

the linearization of (5.2). Precisely, suppose ‘ —o Wt = 1, and define

(6.47)
P(vp) == ((gglﬁ + giﬁ) 0,u00;To + p(uo) (8277/}62@0 + 8Z¢6zUQ)> dz?

It follows from (6.2) that ®(1)) is holomorphic on X,. Near p € p~, since
Y = w + vy for ¢y € r°C;) 7 for some ¢ > 0 and v € 73~ 20‘0 "7 (Lemma 6.7),
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® (1)) has at most a simple pole. Suppose that
(6.48) Res|,®(¢) = a

We claim that the only term in (6.47) that contributes to this residue is
p(10)d-1d,uo. To see this, using p = 24 |u|*® = |du|? note that

ggz(a—1ﬂpﬁw4z+dpﬁ“% and
(6.49)

0 _ a

22 = (= DA 24 (27,

and that by (6.44),
(6.50) du=X\ and 9,u=|z[*2*(2—a).

Combining (6.49) and (6.50) gives (%1/} + g—g@) d.upd.g = ¢ 2|72 (Nzw —
Azw) + o(|z| ), which implies

. dp ~ Op— -
(6.51) lim - <6u1/1 + (9u¢> 0,up0,updz = 0.

e—0
Using 6.7, the other term is term is p(u0)d.1d.7o = o(|z| '), and therefore
does not contribute to the residue.
Finally, let |z|° b(6) be the lowest order homogeneous term in ¥ = 1 —

w. Then the leading order part of p(ug)d,10,uq is \z|2(a_1) d-|z|° b(0), which
implies that

5 __a 2(1-a)
21 b(0) = |20, m

Remark 6.9. Note that, as a consequence of the proof, ug is a solu-
tion to (HME(q)) in Form 2.3 for which A =1 (see Remark d 2.4), then
Res|p, (1)) = a; with a; as in (6.46).

Writing ps, = {ql, .. ,q‘p>ﬂ|}, the map

Res: K — Cl#>-|
77[} — RGS¢(¢) = (Res|lh(1)(w>v te 7ReS|Q‘p>ﬂ|(b(1r[}))

is obviously linear. We define a basis of I, K1, ..., Kgmi,C1,. .., Cyy, with
a? € ClP>=l so that Cy,...,C,,, is a basis of ker(Res: K — CIP>=l) i.e.

(6.52) ResC; =0 e CP><l and Res K, =a’ € CIP>l,

It follows that the a’ are linearly independent.



760 Jesse Gell-Redman

6.4. The C; are conformal Killing fields

We will prove that the C; are conformal Killing fields. The most important
step in the proof is that they are zeros of the Hessian of the energy functional,
and we begin by proving this.

Lemma 6.10. Let (uo, go, G) solve (HME(q)) and satisfy Assumption 3.1.
Let C € K have ResC =0 € C". By Lemma 6.8, we can find uy € B¢oD o
Tsr, € >0 so that %‘t:o u; = C, where

¢ >1 forp € per

(6.53)
¢ >2—20; forp; € psr.
Then
d2
6.54 — E G)=0
( ) dt2 0 (utv 9o, )

The proof hinges on a nice cancellation of boundary terms related to the
conformal invariance of energy. We begin by proving Equation (4.9) above,
which illustrates this phenomenon in a simpler setting.

Lemma 6.11. Equation (4.9) holds.

Proof. We are given a u € B'*¢(ug) o D o T<., and we assume that p, = &
and genus ¥ = 1. In particular, near each ¢ € u~!(p) we can choose confor-
mal coordinates so that u ~ Az. Let C' € TConfy. Choose f; € Confy with
%‘t:O fi = C and consider E(uo fi,g,G). By (4.8) above,

d

% E(uofbva):O'

t=0

By lifting to the universal cover we can assume that
fi(z) =z —tw

for some fixed w. Let

(6.55) Dy(r)={z: |z —w| <r},

be the conformal disc (not necessarily a geodesic ball), so fi (D, (r)) =
Dy(r). In particular, for § > 0 sufficiently small, f; (X — Dy, (9)) = £ — Do(0).
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For the moment we drop the geometric data from the notation and, given a
subset A C X, let

E(w,A):/Ae(w,g,G)\/gd:E

By the conformal invariance of the energy functional, for all ¢,

E(uo fi, Y — Dyy(6)) = E(u, X — Dy(5)) and
E(uo fi, Du(8)) = E(u, Do(5)).

Thus the functions E(u o fi, X), E(uo f;,3 — Dy, (0)), and E(u o fi, Dy, (0))
are all constant in ¢. In particular

0= —| E(uof,X)
t=0

d
= — E(uo fi,¥X — Dyuy(9)) + —
dt|,—o dt |,

= & a E(u o ft, - th(é))

E(uo fi, Dyy(0))

We can also evaluate this last expression using the first variation formula (2.1)
and the chain rule to get the expression

d
(6.56) a E(uo fi, ¥ — th(é))
=
/ 7(u, 9,G),u C)u*(;dVOZg+/ (usOy, usC) - ds
9Dy (9)
d
i ( J G)\/Eda:)
=Dy (6)

Here 0, is the outward pointing normal from ¥ — Dg(d). The last integral

satisfies
/ e(u,g,G)\/gdx
t=0 Y—Dyw(9)

- = e(u,g,G)@y,u*C)gds
0Dy, (0)

d
(6.57) -
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To compare this integral to the second term in (6.56), we use the decompo-
sition (5.1), u*G = e(u)g + u*G°.

/ (U Oy, U C) e gds :/ e(u, g,G)(0y, usC)qds
9Dy (9) 9Dy (6)
+/ <aV,U*C>U*GOdS
0Dq(d)

By (6.57), the first term on the right exactly cancels the last term in (6.56).
For the second term, note that although ©*G° is not holomorphic, the bound
from (5.4) still holds, so

2T
(6.58) / (Op, usC)yrgods = / O (r**=2%¢) rag,
0Do(9) 0
which goes to zero since aw > 1/2. Looking back at (6.56), we have proven
that
im (L] Bluo fi, 3 — Du(6))
§—0 dt|,_g b f
+ / (1(u, 9, G),usC)y=qdVoly p =0
$—Do(6)
This proves (4.9) O

Remark 6.12. Note that this last proof works if a > 1/2 is replaced by
a > 1/2 since (6.58) still holds. This will be important when we deal with
that case in Section 8.

A similar cancellation of boundary terms will lead to the proof of
Lemma 6.10. Here we take two derivatives, so the relevant boundary terms
look slightly different. To illustrate this, let g = o |dz|2 be a conformal metric
on C with finite area, and let T} = z — tw, and % ’t:o T, = C(= w). Notation
as above

d2

dt2 E(Tt,(C—th((S)) =0
t=0

As above, a direct computation of the second derivative using (6.5) and the
chain rule will produce boundary terms which must cancel one another. If
we let e, = e(T},|dz|*, g), and let 8, be the outward pointing normal to
C — Dy (9), then a simple computation using (6.32)—(6.33) and the product



Harmonic maps of conic surfaces 763

rule shows that

2

dt?

d2

(6.59) = -3

E(Tta C - th((s))
t=0

:/ ETDg (T(), 8,,) ds — 2/ é0<T0,8y>gd8
Do (6) dDo(5)

Lo
_ .2
oD, (5)  dt

Thus the expression on the right must be equal to zero.

E(T;,C — Dy(9))
t=0

<T7t, allft>g(T_t)d8'
t=0

Proof of Lemma 6.10. Assume that ug = id. By (3.1) and conformal invari-
ance, we may replace g by g/e(ug) and assume that

(6.60) e(up) = 1.
We arrange it so that

ug = ug o Ty
U € 7“2(1_0‘)05’“Y near p € psr
T; € Tor,

with ¢ as in (6.53), so Ty(z;) = z; — tw; near p; € ps,. Define
D; +(8) = Dy, (6) in conformal coordinates z; near p; ,

where Dy, (0) is the conformal disc defined in (6.55). We can then write

d? d?
ﬁﬁﬁmm:@@Emﬂ—U&M)
Pi€P>n
:=A(0)
d2
+ @ t_OE U, U Dz,t(é) .
- pi€p>1r

—B(5)
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For the term B(d) we can use conformal invariance

E(ut, U Dt(5)>=E<’at, U Tt(Dt(6)>>

pi€Ep>T pi€Ep>T

:E(ﬂt, U D0(6)>.

pi€Ep>T

Using the computations in (6.34)—(6.37), since u; € 7“2*20‘1'*66'2’7 near p; €
P>, B(6) = 0 as § — 0. Note that for fixed t and § the integrals E(ut, -
Upiepn D;+(6 )) are improper since we did not delete balls around the points
P € Ppor, but again the boundary contributions from deleted discs here do
not contribute to A(¢). Let

(6.61) $(8) =X — UD;4(0).

We use the same reasoning as in (6.59) to deduce that

AG) = [ £oG(C,,)ds —2 / 60T, 8,)gdls
() $(5)

_/ o 2
@) dt

where we have once again set e; = e(ut). At this point we use that C is a
Jacobi field, so in conformal coordinates g = o |dz?|, writing ®(C) = ¢(z)dz>
for the the Hopf differential of C,

(U—t,00_,)g(1_,)ds,
1=0

LoG = éog + 2Rp(2)d2>.

Since Res C' = 0, ¢(z)dz? is smooth on all of ¥. Plugging in and separating
everything from the Hopf differential bit, we have (using (6.60))

662  A@) =Y /O ) (Ré(2)d=2) (C,0,) 60

PEP>~
2w
+ Z/ <é0<0,8r>g—2é0<T0,8T>g
pep>‘rr 0
d .
-l (U_t,0r_,) g7, ) 00

Since ¢ is bounded, the first term on the right hand side goes to zero as
0 — 0.
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The point is that up to terms vanishing with § the bottom line consists
exactly of the cancelling terms from (6.59), proving Lemma 6.10. To show
this, we start with the rightmost term. Since T'= 0 near p € ps, and Uy €

r2 2“+€X 7 we see that

/ d
0 at

2/2”

PEP>~

- [Tl

PEP>~

+Z/2ﬂd

PEP>~

27 d
:Z/Odt

PEP>~

<’[L ts 81/_t>g(T,t)ds
t=0

Tt + l.LNt, arit>g(T_t)) odo
t= 0

T;fv T f> (T,L)éde

i‘taar t>euc0'( )) odo
t= 0

(T3, 0r_,) g1 00 + Z / O(6%7 2% 5 ()840

but in the last term, since o = O(6%(*~1), the integrand is O(6'¢)d# so

d .
(663) / dt <’LL t,&, t>g(T )d
2w d
-y / (T3, 01 )g(r_y0d0 + O(5+)
PEP t=0

Thus as § — 0 this approaches the final term in (6.59). Note that in the end
ug disappears completely. Next comes the middle term in (6.62). Using that
Ty = id, ug = id, we have

(1) + 5| el

t=0

t=0

and by (3.1), %‘tzoe(ﬂt) = O(6"<2%). Using this and Ty = 0 near p, we
see that

2m 27 d
Z/ —260 T(), 5d0— Z/

pEP> PEP>

T3){T, Bu)g + O(5°),

t= O

And this indeed approaches the middle term of (6.59). That the first term
n (6.62) limits to the first term in (6.59) follows in the same way. This
completes the proof O
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We can now prove
Corollary 6.13. The Cj are conformal Killing fields.
This is an immediate corollary of Lemma 6.10 and the following.

Lemma 6.14. The Hessian of the energy E(-, go, G), considered as a bilin-
ear form on T(B'¢(ug) o D) + span{C;} is positive semi-definite and van-
ishes only on the conformal Killing fields.

Proof. Assume that ug=id. For genus £>1, Con fy={id}. From the decom-
position (5.7) and our work above, it follows that

2

d
E(Ut,g,H1)+ 112 E(Ut,g,HQ)-
t=0 dt t=0

d? d?
| E G)= —
dt2 -0 (Ut, g7 ) dt2

Note that this is a non-trivial statement, since it is by no means clear that,
for example, the function ¢ — E(uy, g, H1) is twice differentiable; but it
indeed is, by exactly the same computations we just preformed. The fact
that conformal maps are global minimizers of energy now implies that

d2

prs) E(u,g,Hy) >0,

t=0

so since the left hand side of our first equation is zero by Lemma 6.10, we
arrive at

d2
— E Hs) =0.
dt2 0 (ut7 g, 2) 0

But in fact E(-, g, Hy) if positive definite, as we now show. Cutting out
conformal discs Dj(€) as above, near p € p~, the boundary term in (6.31) is

27
lim (Vu.0,C, C)ym,ds = lim 0 (C, C)y» H,€d0
e—0 aD; (e) e—0 Jo
2
= lim Or ‘w + O(r2_2a")| edf
e—0 0

=0.

Near p € p., the same computation shows that the contribution is also zero.
We now see from (6.31) that

/ (ve, VO)yeq, +t1g R¥2(du, C, C, du)) dVoly =0,
M



Harmonic maps of conic surfaces 767

which immediately implies that C' = 0 by negative curvature. (In particular
C' is conformal Killing.)

Now assume the genus of ¥ is 1. As above we lift to the universal cover
and use (5.8). As in the previous paragraph we conclude that

/ (VC, V)., + trg RE2(du, C, C, du)) dVoly =0,
M

but now we can only have flatness and thus can only conclude that

(6.64) Ky =o0.

The lift of K5 to the universal cover, KV—Q, written with respect to the global
coordinates z on C, is a constant coefficient metric. Hence (6.64) means

C = v for some constant vector v € C, which, as desired, is conformal Killing.
The first statement follows exactly as in the genus > > 1 case. O

6.5. Proof of Proposition 4.1
Recall from Lemma 6.4 that the Fredholm map
L: rl_Esz’W — 7"1_6_2“)(5’7
satisfies
(6.65) LX) @ K = ple2ax0,
and the sum is L? orthogonal. Thus

(6.66) <L(r1—eXb2,7) ® /C) N T1+6—2aXl?”Y _ T1+e—2qu?ﬂ/.

Since L: rite x> — plte=2a %7 g also Fredholm for € small, L(ritex??
b b , b
C L= x27) nrtte 28827 is a finite index inclusion, and we can find

(6.67) W C L(r =X}y nrlte2a )y
so that

(6.68) (L (7«”6;’(3”) + W) ® K = rlte20 27,
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We now use (6.25) and the subsequent paragraph to show that

1+e—2a 0,y
Y ET X,

(6.69) peW = { e
Y=Ly for o €rlmex’7,

so from (6.24) we have 1)’ = 11 + 1), where

P = Z r*logP(r)as,(0),

(s,p)EAN[1—¢,1+¢€]

and Yy € r1+ﬁXl,2’7. Looking at the eigenvectors in (6.42) shows that 1 (z)
=Xz for some A€ C. Thus v € T;yD + r1+€Xb2’7, which implies that
L(rHex2) + W = L(r'+< X2 4 T;4D). By (6.68)

(6.70) L+ X2 + TiyD) @ K = ri 20307,
where K L L(r'*< X} + TjyD). Let
T = projection onto K in (6.70).

Now we add T;37T~r to the domain of L. Let ¢ € T;47~, corresponding to
w € C", so near p; € p~, we have 1) = w; Since near p; we have Lw; = 0, we
know that

1+e—2 0,
(6.71) Ly e rlte2ex7,

Using the basis for £ in (6.52), (6.71) implies that we can write mc L) =
Z;-V:1<L1,ZJ, K2 Ky +Z£4:1<L¢, Cy)12Cy, for the L? inner product in (6.29).
Using (6.36) for any ¢ € K, (L), )2 = —4aR>° - w;Reslp, ®(¢). This
immediately implies that 7r;cl'/(7“1+EXbQ’7 ® T;qD & TiqT=r) = span(K,:), and
thus we have shown that

L (14227 © TiyD @ TiaTor ) © TConfo N 720207 = plte2007,
which is what we wanted.
6.6. Proof of Proposition 4.3
For the proof of Proposition 4.3 we will need a formula for the second vari-

ation of energy in the direction of an arbitrary J,, € T, Harmg. First, we
compute the first variation near a solution (HME(q)).
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Proposition 6.15. Let (ug, g0, G) solve (HME(q)) and satisfy Assump-
tion 3.1. With notation as in the previous section, for any w € Cll we have

(6.72)

- E(utw,go,G)zﬁ%(%ri > Resly, (Uwcp(uo))),

=0 Pi€Pen

and if ®(ug) = ¢y, dz>
(6.73) Res|p, (1.7, ®) = w; Res|p, du, -

Corollary 6.16. Let (ug, go, G) be a solution to (HME(q)). Then ug mini-
mizes E(-, go, G) in its free homotopy class if and only if it solves (HME(q))
with q = @, i.e. if and only if ®(ug) is holomorphic on (%, go).

Proof. That Res ®(ug) = 0 implies the minimizing property is the content
of Proposition 5.2.

For the other direction, if (ug, gg, G) solves (HME(q)) and satisfies As-
sumption 3.1, then

Res®(u) # 0 = wyg is not energy minimizing

since by (6.72), if w € Clal has R27i > piep.. Wi Res|p, ¢y, # 0 (which is easy
to arrange), then

d

dt

E(utun 490, G) 7é 07
t=0

contradicting minimality. O

Remark 6.17. The one form ¢, ®(up) is not holomorphic (since J, is not),
but we will show that it still has a residue, meaning a limit

1
Resty, @ := lim / tr, ®(2).
|z|=e

e—0 271

By our assumption that uy = id and decomposition (2.36), in conformal
coordinates the metric G is expressed by

(6.74) G = o |dz)? + 2R¢(z)d2>.

Below, these coordinates are used on both the domain and the target.
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Proof of Proposition 6.15. The proof is similar to the proof of Lemma 6.10.
As always assume ug = id. We can write Usy = Uy © Tty Where g, €

B ¢(ug) o Do Tor and Ty, € Ty, and %‘t:o Uty = Ju (see(4.11)). Then
Ip|
d d
—_— F (utw, Z) = — FE Ut y E — th(é)
dt],_q dt|,_q H
:=A(9)
d |p|
— FE ws Dy (6
Tl U tw (0)

:=B(9)
As in Lemma 6.10 B(d) — 0 as 6 — 0. Thus we arrive at

d

o7 E (upy, ) = lim A(9).

6—0

t=0

By the chain rule,
(6.75)

t=

d
E <utw,2 - UD0(6)> + o
0 P

=4,(5) = 44()

E <u0, - th(5)>
t=0

p

As we will see shortly, the term As(J) is not in general bounded as § — 0,
but we will show that A;(d) decomposes into a sum of two terms, A;(J) =
AL(8) + A2(5) where A}(§) ~ —A3(8) (i.e. it cancels the singularity), and
A2(6) converges to the expression in (6.72). A; is an integral over a smooth
manifold with boundary so by the first variation formula (2.6), and in the
last line using decomposition (6.74), if ¥(0) is as in (6.61), we have

Al = / <Jw,a,,>GdS
% (8)

= /% (Ju, Op) 6d6 — / RD (J,y, 0y) 00 .

Pi€P<n Pi€P<nr

=Af A2

It thus remains only to show: 1) lims_,o A? = R (27i Res (1s, ®)), 2) (6.73)
holds, and 3) lims_, | A} + 42| = 0.
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We prove numbers 1 and 2 together:

/ RO (Jy, Dy) 6dO = / R (2)d2? (Ju, 0,) 5d6.
Dy (6)

8Dy (5)
Since
22 (Ju, 0y) = Jpdz (8)) = Jwé,
we have
2 2m
(6.76) RP (Jy, Or) ddO = §R/ Juwd(2)dz,
0 0
and by definition
2m 2
(6.77) / RD (Ju, 0,) 50 — R / L B(2).
0 0
So
2 2
6.78) Y lim i Jup(2)dz = > lim i (—w; 4+ O(|2])) ¢(2)d=
pi€p<7r pi€p<7r
= —2mi Z w; Res|p, du, -
Pi€P<x

Putting (6.78) together with (6.77) gives us what we wanted.

For number 3, note that from the expression g = e%* |z|2(°‘_1) we have

27 27
AL(5) :/0 (—w; + O(|2]), 0y)grdd :/0 (—wi, Oy)grdf + O(5°%)

Using (6.57) and that fact that near p € p, T;,'(2) = 2 + tw parametrizes
the boundary of 9Dy, (d) we have

Ip| Ip|

21 ot
Az = Z/ (To, 0r)grdf = E/ (wi, Dy)gds + O(6%).
Thus |A% + Ag’ = 0(6%%), and the proof is finished. 0

Now suppose that ug solves (HME(q)). Thus ug is an absolute minimum
of E(+,g,G). By differentiating again, we get the following as a corollary to
Proposition 6.15.
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Corollary 6.18. Suppose that (ug,g,G) solves (HME(q)) and satisfies
Assumption 3.1. Then

2~ ,
(6.79) 3| Bluw) =R (2m > Resl, (LJ“@(JM))>
t=0 Pi€Pan
=R (2m’ Z wj Res|pi¢>(Jw))
Pi€P<n

where ®(J,)dz% = %‘tzo Pu,., d2°

We now conclude the proof Proposition 4.3 using Proposition 6.15

Proof of Proposition 4.3. We proceed by interpreting the formula for the
Hessian in Corollary 6.18 in light of the characterization of the Hessian
of the energy functional at a solution to (HME(q)) in Corollary 6.13. By
Corollary 6.13, the Hessian of the energy functional is positive definite on
any compliment of the conformal Killing fields, while by Corollary 6.18, if
Res J, = 0, Jy, is a zero of the Hessian, thus a conformal Killing field. [J

7. Closedness: limits of harmonic diffeomorphisms

In this section we prove that H(q) in (3.19) is closed. The following is a
consequence of Corollary 7.10 below.

Theorem 7.1. Let (ug,gi, Gr) be a sequence of solutions to (HME(q))
where g, — go with g, € M5 . (g0, p, a), Gx— Go with Gye M3, (Go,p, a),
and all the ug in Form 2.3. Assume that the scalar curvature kg, <0 and
that each up has non-vanishing Jacobian away from u,;l(p). Then the uy
converge to a map ug so that (ug,go, Go) solves (HME(q)) in Form 2.5.
The convergence is CIQOZ away from ual(p). For a precise description of the
convergence near the cone points, see Corollary 7.10 below.

To be precise about the convergence of the Gy, in conformal coordinates
near p € p we have

G = cpe? |w|* @Y |dw|?, and Gy = coe? |w]|* @V |dw|?.
By G — Gp, we mean that for some o > 0,

pk = o in ' CYY(D(0))
Cr — Cp

(7.1)
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(The b-Holder spaces are defined in (2.22)—(2.24)). Away from the cone
points G, — G in Clzo’z. We can (and do) reduce to the case ¢y = ¢9 = 1 by
replacing Gy, by Gy /¢, and Go by Go/cp. Note that (7.1) easily implies that
near each cone point the scalar curvature functions kg, converge to kg, in

C,? 7 (see (2.27)); in particular the is a constant ¢ > 0 independent of k for
which

(7.2) kG, > C.

For the gx, we make the stronger assumption that near u~!(p) the met-
rics look like the standard round conic metric g, (see (2.8)). To do this uni-
formly, we need the uniform bound on the modulus of continuity obtained in
the next section; the precise statement of this assumption is in Section 7.1.
In the end the theorem is true as stated (i.e. without this stronger assump-
tion), since we will change the domain metric in a bounded way and in its
conformal class.

We refer the reader to the introduction for an outline of the subsequent
arguments. Before we prove Theorem 7.1, we use it to prove

Proposition 7.2. H(q) in (3.19) is closed.

Proof. Let t € H(q) be a sequence such that tx — tg, and let ¢, be the
corresponding conformal structures, so ¢ — ¢g. As in the proof of Propo-
sition 4.4, we uniformize locally, i.e. we choose diffeomorphisms v so that
id: (X, c0) — (X, vjcx) is conformal near p in such a way that v, — id in
C*°. By assumption, there is a rel. ¢ minimizer uy: (X, ¢x) — (£, G). Let
gr. be metrics in ¢ and gg be a metric in ¢y that are conic near near u;l(p)
with cone angles a. Then uy o vy : (3, vigr) — (X, G) are also rel. q mini-
mizers, but now vjgr — go in M3 . ,(go, p, a), and thus Theorem 7.1 applies.
The limiting map v is the minimizer we desire, so H(q) is closed. O

7.1. Energy bounds, uniform continuity, energy density,
and the Jacobian.

The ug in Theorem 7.1 are in fact a rel. q energy minimizing sequence for
the metric Gy, meaning that

(73) hmsupE(ukvgkaGO) = inf ) E(u’gkaO)'

k—oo UNrel.ql
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This follows from Proposition 5.2, since for any u ~.¢.q id

lim SupE(uk‘a 90, GO) = lim SU.pE(Uk,gk, Gk)

k—o00 k—00

< h]Ian(U,gk, Gr) = E(u, g0, Go).

Assuming that genus ¥ > 0, by the Courant-Lebesgue Lemma, the wuj are
an equicontinuous sequence. Thus they subconverge. Let

R:=uy (%)

It is standard that the uy converge uniformly in 01203 with Jacobian unifor-
maly bounded below on compact subsets of R, [Tr], [J]. For ¥ = S?, lifting
as in (5.9) to a branched cover and applying the above arguments gives the
same results. To summarize, we have

Lemma 7.3. The uy, converge in C°(X) N C2Y(R) to a map ug. On each

loc
compact subset of R the Jacobian of ug is bounded below by a positive con-

stant.
Fix p € p, and let

ax = u;, ' (p),

we can pass to a subsequence so that

dr — qo,

for some qp. Let S C 3 be any set containing ual(p) so that S ﬂual(p —
{p}) =0 and S is diffeomorphic to a disc, and choose conformal maps

Fk:D—)S

7.4
(7.4) 0 a4

so that Fp, — Fp in C°°. Finally, define
(7.5) wy, = uy, o Fy..

Thus we have a sequence of harmonic maps wy: D — (2, Gj,) with wg(0) =
p. By uniform continuity, we may choose a single conformal coordinate chart
containing wy (D) = uy, o Fi(D) for all k. By abuse of notation, we denote
these coordinates by w. Our goal is to prove uniform estimates for the wy.
Specifically, we wish to control their energy densities and Jacobians.
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Consider the maps
(7.6) wi: (D, ga) — (2,Gg),

where 27 is the cone angle at p and again g, = |z|2(a71) |dz|?.

Proposition 7.4. The maps (7.6) have uniformly bounded energy density
(see (3.1)), i.e. for some C > 0

(7.7) er(2) = e(Wk, g, Gk)(2) < C for [z <1/2.
At z = 0 we have the lower bound
(7.8) 0 < ¢ < limeg(z, go, Gk)

z—0
for some uniform c.
Remark 7.5. The uniform bounds on the energy density e from above
and below holds only if the domain is given the type of cone metric it
is given in Theorem 7.1. This may seem enigmatic, since the question of
energy minimization is not influenced by the metric on the domain, only its
conformal class. Indeed, the conic geometry of the domain, though naturally
suited to the analysis, is not essential; it merely provides the cleanest mode

of exposition.

Before we begin the proof, recall that by Form 2.3,
(7.9) wi(2) = A\pz +vk(z) with vy € THGC’S’V.

Proof of Proposition 7.4. For any harmonic map w: (D,o ]dz\Q) —
(D, p|dw]?), as in [W3], let

@10) ) =20, o) = LD o,

so the energy density and the Jacobian satisfy, respectively
(7.11) e=h+0 & J=h—-VL

The proposition will follow from analysis of the following inequality and
identity, which are standard and can be found for example in [SY], where
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they appear as equations (1.19) and (1.17), respectively.

Ae(u) > —=2k,J + 2Kqe(u)

7.12
(7.12) Alogh = =2k, (h — ) + Kg.

Here k, and k, are the scalar curvature functions for the range and domain,
respectively, and A is the Laplacian for o |dz|2. The second equation holds
only when h(z) # 0, and of course both equations make sense only when o
and p are sufficiently regular. For the wy in (7.6), the equations simplify as
follows: 1) ¢(2) |dz|* = g has ke = 0 away from z = 0, 2) Kp, <0,J >0 by
the assumptions of Theorem (7.1), and 3) k,, > —C by (7.2). Therefore, we
restrict our attention to the inequalities

(7.13) Aep >0
(7.14) Alog hk < Chk

To prove (7.7), we use (7.13) as follows. Since A = |z|2(1_a) Ay where
Ay = 40,05 is the euclidean Laplacian, we also have

(7.15) Ager > 0,

away from z = 0. We claim that in fact each ey is a subsolution to (7.15) on
all of D. To see this, write ey = hy + ¢ as in (7.11). Using (7.9), we have

hi(2) = W 10, w3 (2) 2

o o 2(a—1)
= /\z( 2 ’1 + |z]2(1 )Uk(z)’

‘2(04 1)

2 We2) |\ 4 8,05 (2)]?

=220 4 [P g ) 2 @) |1 4 0,0 (2) A2,

so since vy € THECE’FV and puy, € TVCE’V, we have
(7.16) hy — A% € reCyY
for some € > 0. Similarly, using dzz = 0,

(7.17) Oy €750y,
Therefore

(7.18) er = N+ fr(z) for fi € TeCI}’W(D).



Harmonic maps of conic surfaces 7

In particular, r0,ep — 0 as r — 0. Therefore, for any non-negative function

¢ € C(D).

(7.19) / Vey - V{drdy = — lim (Aeg)Cdxdy —/ (Orer)Crdd <0
D =0 /D_D(e) r=e

so the ey, are indeed subsolutions. By (7.18), each e, is a bounded function, so
the standard theory of subsolutions to elliptic linear equations [Mo, Section
5] implies that for some C' > 0,

sup ex(z) < C/ erpdrdy.
2eD(1/2) D

The right hand side is controlled by the energy,
/ erdrdy < / €k |z|2(04—1) drdy = E(wk7 D, Gk)a
D D

and this establishes (7.7).
It remains to prove (7.8). From (7.16) and (7.17), we now see that

(7.20) lim ey (2) = lim hy(2) = \39,
z—0

z—0

Thus, to prove (7.8), it is equivalent to prove that A\ > ¢ > 0 for some c
independent of k. To do so, we use (7.14). Dropping the k’s for the moment,
by (7.16) and the fact that the logarithm is smooth and vanishes simply at
1, we have

2 2,
(7.21) log h —log [A|** € r°C}".

We will now apply the assumption from Theorem 7.1 regarding the Jacobian,
specifically that J = h — ¢ > 0 on compact sets away from 0, and thus by
continuity and (7.20) we may choose a § (depending on h) satisfying

1
< -1 .
O<5_2;é11fjh(z)

Thus h/d is bounded from below by 2. We also need control from above. We
already know by (7.7) that h + ¢ = e < ¢ for some ¢ > 0, so sup,cp h(z) < ¢
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for some constant depending only on the energy. Using this and the elemen-
tary bound h < m log (%) we conclude from (7.14) that

c h
(7.22) Alog (h/6) < Wlog <6> .

Note that log h/d > In2 > 0, so this inequality looks promising for an appli-

cation of the Harnack inequality. We use the following explicit inequality,
inspired by Lemma 6 of [He].

Remark 7.6. We prove the following lemma under more general assump-
tions than currently necessary so that it may be applied in Section 8 where
we deal with the case p—, # @.

Lemma 7.7 (Harnack Inequality). Let A denote the Laplacian on the
standard cone (D, go). Let f: D — R, f € C?*(D — {0}), f > 0, and assume
that for some o € R,

(A—UZ)fSO on D —{0}.
Furthermore, assume that
(7.23) f=a+b0)+v(r,0) forve rerz’V(D),

for a € C and b € C(SY). Then if o <, there is a constant ¢ > 0 such
that

5 1 2 )
(7.24) liminf f = a+infb > e 7 — / F(e?)dp.
z2—0 2 0

Before proving the lemma, we conclude the proof of (7.8) (and thus of
Proposition 7.4) by applying the lemma to (7.22) as follows. By (7.21), the
lemma applies to (7.22) with f =logh/d, 0? = ¢/log(c'/§), and b = 0. We
will choose n > 0 small so that if

. 1.
(7.25) 0 = min {77, 5 Zelg{O hk(z)}
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then the hypotheses of the lemma are satisfied. Thus by the lemma
e 1 27
lim log(hy () /04) > eTa 70 / log (s /51)d0
z—0 21 0
. 27 e
lim log hy(z) > elos</4x) (/ log h d0> - <elog<c//5k> — 1) log d.

Since (exp(m) —1)log 6 > " > 0 for some ¢’ independent of §; and
exp(log( N )) is bounded above, for some ¢ > 0, we have

2w
(7.26) linéloghk( 2) = |\?* > —c / log hy, (™) dH‘ +c
Z— 0

By Lemma 7.3, the Jacobians, Ji, and thus the Ay, are uniformly bounded
below on 0D. Thus (7.26) gives a uniform lower bound for i (0) from below,
which finishes the proof of Proposition 7.4 modulo the proof of Lemma 7.7.

O

Proof of Lemma 7.7. To prove the lemma we will work in normal polar coor-
dinates. Let ¢ = 0, p = r*/a. In these coordinates g, = dp? + o?p*d¢? and
A=07+ 18 + 3 1 82 The fact that f — (a+b(0)) € reC'Q’V implies that
f—(a+ b(ﬁ)) € pe/ aC 27 The exact vanishing rate is irrelevant, and we refer
to it henceforth as e. The proof proceeds by comparing f to the solution f
to the equation

(A=) f=0

7.27 -
(r27) flap = flap-

In fact, we have (noting that 9D now occurs at p = 1/, the explicit solution

N/a or) z’n¢
(7.28) =27 (/)"
nez

where a, = % fozﬂ e~ f(1/a, p)dp, and the I,/ are the standard modi-
fied Bessel functions [AS] and we have written f as a function of p,¢. In
particular, by [AS, Equation 9.6.10]

(7.29) f(z) = F(0) € PH/oct?
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It follows that F = f — J?satisﬁes

(A—O’Q)FSO away from z =0

7.30
(7.30) Flop =0 where 0D = {p=1/a}.

We will show that
(7.31) F(p,6) > 0.

Assuming this for the moment, we have in particular that

. N ay 1 27re—m¢ o
(92) Mgt )2 O = 705 = ey fy T

But by [AS, Equation 9.6.10], Io(o/a) < e~ for some some ¢ > 0, which
implies (7.24).

It remains to show that F > 0. Switch back to conformal coordinates,
z = re?. By assumption (7.23), F(z) = F(r,0) is continuous on [0, 1], x S},
thus attains a minimum. If that minimum is on r = 1, we are done by (7.30).
If it is in the interior and away from z = 0, say at 2o, then (7.30) implies that
0 < AF < 02F, so since 02 > 0, F(z) > 0. Finally, assume that F attains
its minimum on r = 0, and define

—m = iEgF(r,H) < 0.
Consider the function
(7.33) F,(z) = F(z) — pr”, where > 0,v > 0.

Since (A —o)r” =r¥ (r2*v? —¢) > 0, F, also satisfies (A — 0?) F,(2) <
0. Since F,|pp = —p and liminf,_,o F),(2) = —m, if —m < —p then F), =
F,(r,0) has a (negative) minimum away from dD. On the other hand, given
any (r,6) with r > 0,

F(Ove) — F(T,@)

Fu(0,0) > Fy(r,0) <= —pn < p .

Thus if we can find p > 0 so that for some r > 0,6, v

F(0,0) — F(r,0
(734) _mg_ug (’ )TV (T‘) )’
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then F), will have a negative interior minimum. By the assumptions of the
lemma and (7.29) we have that F'(0,6) — F(r,0) € TECE’V, S0

F(0,0)— F(r,0
v<e = |1£(0, )'rl’ (r )‘—>Oasr—>0.

Thus, (7.34) can be obtained as long as

(7.35) o <e. 0

Now we prove a classification lemma for harmonic maps of the standard
cone C,, defined in (2.8) and (2.9) above.

Lemma 7.8. Letu: Co — C, be a smooth harmonic map (i.e. a solution
to (HME(q))) in Form 2.3, with uniformly bounded energy density, that is
the uniform limit of a sequence of orientation-preserving homeomorphisms
fizing the cone point. Then u(z) = Az for some A € C — {0}.

Proof. Let e be the energy density function of w (7.11), and let h, ¢, and J
be the functions defined in (7.10). We will use a differential inequality for
¢, similar to those used in the proof of Proposition 7.4. Namely, (1.18) from
[SY] gives

Al > 2K,J0 4 240,

where x, and k. are the scalar curvatures on the domain and target, respec-
tively, and the inequality holds only away from z = 0. Since C, is flat
away from the cone point, this gives Al(z) > 0 when z # 0. The assump-
tion that the energy density of u is uniformly bounded implies ¢ is uni-
formly bounded (¢ < e), and on the other hand, as in (7.19), ¢ is a subsolu-
tion on all of C. Thus ¢ is identically constant. (There are no non-constant,
bounded entire subsolutions.) Since ¢ € rﬁCf’W, lim, o ¢ = 0, and thus ¢ = 0,
i.e. Ozu = 0 when z # 0. Since u bounded near 0, it is in fact entire. The fact
that w is the uniform limit of homeomorphisms and takes Form 2.3 implies
that it is 1 — 1 on the inverse image of an open ball around 0. Since the only
entire holomorphic function with this behavior that fixes 0 is u(z) = Az for
A € C*, the proof is complete. O

7.2. Uniform Cb2 7 bounds near p and the preservation
of Form 2.3

We will now make precise the sense in which the wy in (7.6) are uniformly
bounded near p. We will need the well-known Rellich lemma for b-Holder
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spaces; given 0 </ <y <1, ¢ < ¢, and non-negative integers k¥’ < k the
containment

(7.36) rCyY(D(R)) € v CF 7 (D(R))

is compact. (Here D(R) is asin (2.21).) Given a smooth function f: C — R,
define

(7.37) [ llenqr = 1If

reCy 7 (D(R))”

(See (2.22)-(2.23).) And for any map w: D(R) — D(R) with

(7.38) w(z) = Az +v(z) and v erCH(D(R)),
let
(739) [w]c,k,"/,R = ”ch,k,'y,R

Having established the uniform energy density bound, we will now prove

Proposition 7.9. For the wy in (7.6), there exist uniform constants o,C, e
> 0 such that

(7.40) [wk]1+€727,y70. < C.
This proposition implies the following.

Corollary 7.10. With Fy, as in (7.4) and wi = A\pz + vy, as in (7.5), some
subsequence of the wy converges to a map wyg = Aoz + vg, in the sense that

(7 41) )\k — )\0
' v — Vg N THEC’E’W,

for some €,v > 0. Since the Fy in ug o F, = wy, converge in C> to some
univalent conformal map Fy, the limit in ui — ug is of Form 2.3.

Proof of Corollary 7.10. The first line of (7.41) follows from Proposition 7.4
and (7.20). The second line of (7.41) follows from Proposition 7.9 and the
fact that the containment (7.36) is compact. O
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Before we prove Proposition 7.9, we discuss scaling properties of the
norm in (7.37). Let R > 0, 0 > 0, and let f be a function defined on D(R).
Define

fo(2) = floz).
From (2.22)-(2.24),

(742) Hfa’”c,k:;y,R/o’ - Uch|’C,k7’Y7R

For w: D — D as in (7.38), 2w, (2) makes sense locally and equals 2%z +
w%(z). By (7.42) we have

Lemma 7.11. Ifw(z) = Az +v(z), then

[1 ] ™
7wT = wC7k‘7’Y7R
g ¢.ky,R/T g

We will apply this lemma directly to the wy, in (7.6). For these maps G, =
2 |w|2(a_1) |dw|?, and the map 1 (wy)7(2) is an expression in normalized
conformal coordinates (see (2.25)) of the map

(7.43) wi: (D, go/T?Y) — (2, G/,
meaning simply that if we write z for z/7 and w for w/co, then
ga/TZOz _ |Z|2(a71) |dZ|2 and Gk/o_2a _ 62,uk,(crw) |w|2(a71) |dw|2 )

Before we begin the proof of Proposition 7.9, we recall that by (7.8) we
know that A\ — Ag for some \g > 0, and, by setting G, = Gk/)\ia, we may
assume without loss of generality that

AkEl

so that the normalized conformal coordinate expression is wy = z + vi(2).

Proof of Proposition 7.9. We proceed by contradiction. Supposing Proposi-
tion 7.9 false, we will produce a sequence o — 0 so that the scaled maps

1

7wk,ak 9
Ok

converge to a harmonic map we,: Co — Cl, satisfying the assumptions but
not the conclusion of Lemma 7.8. This contradiction proves the lemma.
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If (7.40) does not hold then for all o, C' > 0 there is a k such that
(744) [wk]1+e,2,7,a >C.

Thus, for every [ € N there is a k; such that [wkl]1+6727%1/l > [, and passing
to a subsequence, we assume that [wg]; 5./, > k° Since the the semi-
norm in (7.39) is monotone increasing in R and tends to 0 as R — 0, for

each k there is a number oy < 1/k such that [wi]y, o, =0, Thus
1

(7.45) [w;ﬁgk] =1.
Ok 1+4+€,2,7,1

By the remarks immediately preceding the proof, this map, which is the
normalized coordinate expression of the map

(7.46) wi: (D,g/0}3®) — (5, Gr/0i®)

is harmonic and in normalized conformal coordinates satisfies (%kwk,ak (2) =

z+ U—lkvk,ak (z). Define vy, := g%vk,ak(@- Since e(wy, g/0z,Gr/oz) = e(wg, g,

G}), the uniform bound (7.7) holds for the maps in (7.46), and thus they
converge on compact subsets of (D(1/0%),ga) to a map wee: Co — Cy.
The following will finish the proof of Proposition 7.9 since it contradicts
Lemma 7.8.

Claim 7.12. The map we is in Form 2.8, with
(7.47) Woo(2) = 2 + Vo0 (2)
and U, — Voo € r1+6C’b2’7(D), for €, > 0 sufficiently small. Furthermore
(7.48) Voo(2) Z 0
To prove the claim, set
Gr, = Gy o2

Using the elliptic theory of b-differential operators from Section 6.2, we will
prove that, for € < € as above and 0 < 7/ < v < 1 we have the inequality

(7.49) H;Jk”l—l-e,Q,'y,l <C "5k"1+e/,2,7f,2'

Note the shift in regularity and the fact that the norm on the right is on a
ball of larger radius than the norm on the left. The left hand side of (7.49) is
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bounded from below by (7.45), so the right hand side is also bounded from
below. By the compact containment (7.36), the vy ,, converge strongly in
the norm on the left, thus they converge to a non-zero function, i.e. (7.48)
holds.

Thus it remains to prove the estimate (7.49). To do so, we apply Taylor’s
theorem to the Harmonic map operator 7 around the map id: (D, go) —
(D, Gy). Let rCC"f’A’(Ca) denote the set of maps v € rCCf’A’(D(Q)) which
vanish on 0D(2). By Section 6.1 we have

T(wka Ja, ék) = T(idv Ja, ék) + Lkrﬁk‘ + Qk(ak)
Loy, = —Qu(vy)

All the materlial in Section 6.2 applies to
(7.50) Ly: v CP(D(2)) — 12007 (D(2)).

In particular, it is Fredholm for any -y, 7, and e small, and it has an general-
ized inverse Gj which satisfies the mapping properties analogous to (6.25).
By Lemma 6.6, (7.50) is injective, so GiLy = I. From (6.10), for € < € as
above, we have [|Qg(Ux)[|1 12024 j4.2 < C Ukll14er 1.2+ Let x(r) be a cut-
off function that is 1 on D and supported in D(2). Then we have

GrxQr (k) = —GuxLk(Vk) = —Gr[Lk, XUk — X0k,

80 XUk = GexQk(Vx) — Gk[Lk, x]Uk. Since [Ly, x| is the zero operator near

the cone point, it maps r1+C)"7(D(2)) to *NCJ ™17 (D(2)) for any N > 0.
Tracing through all of the boundedness properties above, we get
|Wk||1+2e/, 1S c "Xﬁk‘|1+2e’,2,7,2
< ¢ (19X Qe 1 y20 212 + 19K L T 20212
<cllorlliyenq2

for a constant ¢ > 0 whose value varies from line to line. But €’ is an arbitrary
positive number less than €, so regardless of the € present in (7.45), we can
choose € > ¢/ > €/2 and (7.49) is proven.

This completes the proof of Claim 7.12 and thus the proof of Proposi-
tion 7.9. O

8. Cone angle 7

We now discuss the case p—, # <.
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Let id = ug: (X5,9) — (2p,G) be energy minimizing and fix p € p_r.
Let ¢1: D — (2p,9) and ¢2: D — (X, G), so that the ¢ are conformal
and ¢;(0) = p. Pick conformal coordinates z and w on the domain and target,
respectively. The double cover f: D — D with f(z) = 22 can be used to
pull back G to a metric G: = f*¢3G on D with (not necessarily smooth)
cone angle 27. The map w = ¢g o ug o ¢>1_1 lifts to a harmonic map

(8.1) D—"(D,G)

C

D —= (D, $5G)

Since G has cone angle 27, by Section 2.1, in conformal coordinates v we
can write

G = e |dw|* .

The reason we treat this case separately is that the form of these har-
monic maps near p—, is different than Form 2.3. We have

Form 8.1 (p—r # @). We say that u: (X,9) — (X,G) is in Form 2.3
(with respect to g and G) if

1) u is a homeomorphism, and writing p' = u=1(p), u: Ly — Iy is a
Cc* diffeomorphism.

loc

2) For each p € p — p—r, if z is a centered conformal coordinate around
u~(p) w.r.t. g and w is a centered conformal coordinate around p
w.r.t. G, then u is given by w(z) = Az +v(z), where A € C* and v €
7"1+€C’§’7(D(R)) for some sufficiently small € > 0.

3) Near p € p—, if w is defined as in (8.1), then
w(Z) = az + bz +v(2)

where v € r1+€C§"y(D(R)), for some sufficiently small e > 0, a,b, € C,
and

(8.2) la] > |b|.

It is easy to check that Lemma 5.1 holds, i.e. that harmonic maps in
Form 8.1 have Hopf differentials that are holomorphic with at worst simple
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poles at p. In fact, since ®(w) is invariant under the deck transformation,
we can just compute ®(w) and use ®(w) = f.P(w).
d(w) = e*vsTz = (ab + O(|Z]))dZ>.
By holomorphicity and the invariance of ® under the deck transformation,
B(@) = (ab + g())d2,
where ¢ is a holomorphic function with g(0) = 0. Thus

b(w) = £.0(@) = 1 (L +4() d:*

Thus, we have shown more than Lemma 5.1, namely,

Lemma 8.2. Suppose u: (Ey,9) — (X, G) is harmonic and is in Form 8.1
with a # 0, then w is actually in Form 2.3, i.e. b= 20, if and only if ®(u)
extends holomorphically over p—.

It follows that all of the results of Section 5 hold, since the only way
Form 2.3 we used in this section was in proving Lemma 5.1.

Given a harmonic ug in Form 8.1, the space B*¢(uq) is defined so that
u € B'(up) if and only if near g € p, u — ug € r'°C;"7. For p € p—r, writ-
ing the lift of wy as Wo(Z) = agZ + boz + vo(Z), we see that

u e B (ug) = W(z) = apZ + boz + v(2) for some v € riteC?

where w is the localized lift of v from (8.1). As above, we allow the tension
field operator 7 to act on a space of geometric perturbations. Near p € p_,
they can be described simply; given A = (A1, A\2) € C?, consider the (locally
defined) map

(8.3) W(Z) = (ao + A\1)Z + (bo + \2)Z + v(Z).

Following the above arguments we let D’ be a space of automorphisms which
look like (3.10) near ¢ € p — p—, and which lift to look like (8.3) near each

pEPon.
8.1. H(q) is open (p—r # Q)

We state and sketch the proof of the main lemma
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Lemma 8.3. The tension field operator T acting on B'T¢(ug) 0 D' o T< is
Cl. Its linearization L = D, is bounded as a map

2 — 0,
L: ' @ TigD' © TygTor —> v H720X)7,
and is transverse to (TCon fy N 7‘1“‘5_2“2\?1?’7)L.

By Remark 6.12, the lemma implies the openness statement exactly as
it did in the case p—, = @. The map

(8.4) L: 7,1+EXI)27'Y SN 7,1+672aXbO7’7

is Fredholm for small €, as is L: r1_5X5’7 — 7‘1_6_20‘?(5’7. The latter map
has cokernel K = Ker L|,1+c—20 y2.v. The cokernel of (8.4) can again be written

as W @ K where W consists of vectors Y € P17 X with Ly € r1 720X and
again such vectors have expansions determined by the indicial roots. Near
P € p—r, using the lifts at the beginning of this section makes the asymptotics
easy to calculate. Note that

H(u,g, G) = (@Z)l)*f*H(ﬁ)/’ D,é),

where Zz is defined by (8.1), which immediately implies (initially on X*°),
that near p € p—r, Ly, g, = (1)« [DgH|z pa U L:= D:zH|; pg. then

setting = (|2]* /4)L we have

L = (30:) (?a;) + E(3).

Any ¢ € r'T¢729X is in T'CCE’A’ near p € p— since o, = 1/2. It is now easy
to see that a solution Ly = 0 has lift

(8.5) P(Z) = MZ+ Xz + ¥ where ¥ € r1+€C’g"y
near such a p, and this shows that
L (T,lJreXb?ﬁ ) D/) e K= 7,,1+6*20Xl?7'7.

In analogy with Lemma 6.8, we have that, near p € p_,, elements of K look
like (8.5). All of the material in Section 6 follows after replacing D by D’.
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8.2. H(q) is closed (p—r # 9).

The proof again requires only minor modifications. The main difference is
the following; consider a sequence of maps uy and converging metrics metrics
G — Go and g — go as in the statement of Theorem 7.1. In the same way
as in the p_, = & case, we reduce to the local analysis of the u; near a cone
point p € p_,. By analogy with the treatment of the A\ in the p_, = & case,
we want want to show that the condition (8.2) persists in the limit, and for
this we need some uniform control of the ag, bg. In fact, we claim that

]aklgc and |ak|—|bk]20>0,

for some uniform constant ¢. As in the previous case, the a; and by, are relate
to the energy density e, and the function hj defined in (7.10). There exist
fi, f2 € 7“505’7 such that

2(a—1)
+ f2

2(a—1

hi(2) ~ |ag[**

b )
14 &2
ag

(8.6)

2(a—1) b _2ip ) 2 2
ex(2) ~ |ag| L+ e lag|” + [be|”) + f1

If follows that the ej are uniformly bounded, since they are still subsolu-

— 9 b .
2i0 — ’ﬁ < 1 and using the

tions. In the second line, choosing # so that Z—ie
uniform bound ey < ¢ gives |ax| < ¢. We apply Lemma 7.7 to the log hy/dx
for dy, defined as in (7.25), noting that the hypotheses are satisfied by (8.6).

As above, this leads to the lower bound

inf 7 >
B = e >0

so choosing 6 such that 1 + 2—’;6*%9 =1- ‘2—’: we get that |ag| — |bg| > ¢ >0

The rest of the argument proceeds as in the p_, = @ case, with a
playing the role of A. Assuming the same type of blow-up near p € p_,, and
rescaling in the exact same way, on the local double cover a harmonic map of
Wao: C — C results with Weo = @opz + bsoZ + Voo With vy € r“’ng’V not
identically zero. This is a contradiction by the following argument from [D],
which we outline briefly; an orientation preserving harmonic mapping map
of C can be written, globally, as a sum f 4 g where f and g are holomorphic.
The ratio 0,9/0. f is bounded by the orientation preserving property and is

clearly holomorphic, hence constant. Integrating proves the statement.
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9. H is continuously differentiable

Finally, we discuss that the map (3.17) in detail. To study its properties we
trivialize the bundle E — BHe(uo) oC x M;_, ,(g0,p,0) x M3 (Go,p,a)
(see (3.17)—(3.18)), and use the trivializing map to define the topology of E.
We define a map

(9.1) E: E— A0 (uo)

as follows. Let ((uo C,g,G),¢) € E where ¢ € X&;th(u o (). By the defi-
nition of u € B'™¢(ug), there is a unique ¢ € X1 +¢(ug) so that u = exp,, ().
Assuming for the moment that C' = id, let =((u, g, G),v) = Z,(¢)) where

9.2) 2 (1) = pal.rillel translNation of w_along -
Yt i= exp,, (1Y) from t =1 to t = 0.

In general, motivated by pointwise conformal invariance of 7 (see (3.6)),
define Z((uo C, g,G),v) = Z,(¢ o C~1). Obviously, Z is an isomorphism on
each fiber, and we endow E with the pullback topology induced by . Thus a
section o of E is C' if and only if Z o ¢ is C'*. The purpose of this section is to
prove Proposition 3.4, which states that if gy and G satisfy Assumption 3.1,
then the map 9.1 is C*.

We reduce the proposition to a computation in local coordinates. Near
p € p, we have

where (Eu)Z] is the local coordinate expression for parallel translation of d,
along the path in (9.2).

Since (ug, go, Go) solves (HME(q)) we have 7(ug, go, Go) = 0, and since
G and G have the same the same conformal coordinates near p € p — p—,
by the computations of Section 6.1,

; 4
(9.3) m(u,C"g,G) € —rIC)Y = ity

Near p€p—r, recall that C=D) , oT, where T\,(2)=z—w and D} , ()
= \MZ+ Moz, for 22 = z and u? = u coordinates on the local double cover.
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Again we have, locally

H(uwo Dy, x, 0Tw,g,G)

(T(u o DA],)\Q’T’ZZg, G))
u (7' (wo Dy, a,, Ting, G)O;)
Tz(u © D)\l,/\zaT:;]gv G) (E’U)zjap

[11 [1]

The local computation of 7 can now be done in the lifted coordinates 2, where
U=az+bz+vforve rHECg "7 coordinates. The pulled back tension field

is
4 ( Odlogp
o <“5?+ o
So by al%%(%) = 2%, we have = TGC’I?’W, which is (9.3) in this context.
As for the expression (Z,);/0;, a simple exercise in ODEs shows that (if
we assume u — z € rHCP7), then (2,),70; — 8; € r1+<Cy)7. Thus we have
established

(a+2) +@2)((b+ o)+ ﬂ;))

Lemma 9.1. If (uo, g0, Go) satisfy (HME(q)) and ug is in Form 2.3, then

T: B;;e(uo) oD x MQ%V(GO,P, a) — E

(9.4)
(UOO,Q,G) — T(UOC,Q,G)

is C' near ug.

Index of Notation

a a point in (0,1)*, page 730.

B¢ (ug) 7"1“(}'(?’7 perturbations of ug, page 736.

7“005 ’7 weighted b-Holder spaces, page 729.

Cqo the standard flat cone of cone angle 2wa, page 725.
o metric on the standard flat cone, page 725.

D local conformal dilations, page 736.

D(R) the disc in C of radius R, page 730.

E(u,g9,G) The energy of a map u: (X,9) — (3, G), page 724.
E bundle in which 7 takes values., page 738.

I'(B) the sections of a bundle B., page 725.

Con fy The space of conformal automorphisms of ((X,g)

that are homotopic to the identity., page 739.
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Harmyg harmonic maps with fixed geometric data fixing (¢,
page 742.

Kh scalar curvature of the metric h, page 730.

M~y u(p,a) is the space of conic metrics with cone points at p
of cone angles 2ma, page 730.

zmy(ho, p,a) metrics locally conformal to hg, page 737.

M€h9 (p,a) polyhomogeneous conic metrics, page 730.

D(u) the Hopf differential, page 733.

PermsPom, Pen points with various angle specifications, page 731.

q the cone points in whose relative homotopy class we
minimize, page 732.

X a closed, orientable, smooth surface, page 724.

P a finite subset of 3, page 724.

X > —p, page 724.

T local conformal translations, page 736.

Ts local conformal translations near p, page 736.

7(u,g,Q) the tension field of u : (X, 9) — (¥, G), page 725.

rIte Xk () rI+eC?7 vector fields over u, page 735.

References

[AS] M. Abramowitz and I. A. Stegun, Handbook of mathematical func-
tions with formulas, graphs, and mathematical tables. National
Bureau of Standards Applied Mathematics Series, Volume 55, U.S.
Government Printing Office, Washington, D.C., (1964).

[BT] R. Bott and L. Tu, Differential forms in algebraic topology. Gradu-
ate Texts in Mathematics, 82, Springer-Verlag, New York (1982).

[C] Personal Communication with Brian Conrad.

[CH] J. M. Coron and F. Helein, Harmonic diffeomorphisms, minimizing
harmonic maps, and rotational symmetry. Composito Mathemat-
ica, 69, 175-228, (1989).

[DM] G. Daskalopoulos and C. Mese, Harmonic maps from a simplicial
complex and geometric rigidity. J. Differential Geometry, 79, 277—
334, (2008).



Harmonic maps of conic surfaces 793

[DM2] G. Daskalopoulos and C. Mese, Harmonic Maps Between Singular
Spaces I. Communications in Analysis and Geometry, to appear.

[D] P. Duren, Harmonic Mappings in the Plane. Cambridge tracts in
mathematics, 156, Cambridge University Press, (2004).

[EE] C. J. Earle and J. Eells, A fibre bundle description of Teichmiiller
theory. J. Differential Geometry, 3, 19-43, (1969).

[EF] J. Eells and B. Fuglede, Harmonic Maps Between Riemannian
Polyhedra. Cambridge Tracts in Mathematics, 142, Cambridge
University Press, Cambridge, (2001).

[EL] J. Eells and L. Lemaire, Report on harmonic maps. Bull. London
Math. Soc., 10, 1-68, (1978).

[ES] J. Eells and J. H. Sampson, Harmonic Maps into Riemannian
Manifolds. American Journal of Mathematics, 86, 109-160, (1964).

[FT] A. E. Fischer and A. J. Tromba, A new proof that Teichmiiller
space is a cell. Trans. Amer. Math. Soc., 303, 257-262, (1987).

[GR] M. Gerstenhaber and H. E. Rauch, On eztremal quasi-conformal
mappings. I, II. Proc. Nat. Acad. Sci. U.S.A., 40, 808-812, 991—
994, (1954).

[GS] M. Gromov and R. Schoen, Harmonic maps into singular spaces
and p-adic superrigidity for lattices in groups of rank one. IHES
Publications Mathématiques, 76, 165-246, (1992).

[Ham] R. Hamilton, Harmonic Maps of Manifolds with Boundary. Lecture
Notes in Math., 471, Springer-Verlag, (1967).

[HL] R. Hardt and F. Lin, Harmonic maps into round cones and singu-
larities of mematic liquid crystals. Mathematische Zeitschrift, 213,
575-593, (1993).

[Har] P. Hartman, On homotopic harmonic maps. Canad. J. Math., 19,
673-687, (1967).

[He] E. Heinz, On certain nonlinear elliptic differential equations and
univalent mappings. J. D’Anal. Math., 5, 197-272, (1956/57).

[J] J. Jost, Harmonic Maps Between Surfaces. Lecture Notes in Math.,
1062, Springer-Verlag, (1984).



794
[JS]

[KS]

[Mcl]

[Mc2]
[Me]
[Me-Me]

[Mesel]

R]

[S]

Jesse Gell-Redman

J. Jost and R. Schoen, On the existence of harmonic diffeomor-
phisms between surfaces. Invent. math., 66, 353-359, (1982).

N. Korevaar and R. Schoen, Sobolev spaces and harmonic maps for
metric space targets. Communications in Analysis and Geometry,
1, 561-659, (1993).

E. Kuwert, Harmonic maps between flat surfaces with conical sin-
gularities. Mathematische Zeitschrift, 221, 421-436, (1996).

H. Lewy, On the non-vanishing of the Jacobian in certain one-to-
one mappings. Bull. Amer. Math. Soc., 42, 689692, (1936).

R. Mazzeo, Elliptic theory of differential edge operators. Commu-
nications in Partial Differential Equations, 16, 1616-1664, (1991).

R. Mazzeo and F. Pacard, Constant mean curvature surfaces with
Delaunay ends. Comm. Anal. Geom., 9 (1), 169-237, (2001).

R. McOwen, Prescribed curvature and singularities of conformal
metrics on Riemann surfaces. J. Math. Anal. Appl., 177 (1), 287—
298, (1993).

R. McOwen, Point singularities and conformal metrics on Rie-
mann surfaces. Proc. Amer. Math. Soc., 103 (1), 222-224, (1988).

R. B. Melrose, The Atiyah-Patodi-Singer index theorem. A. K.
Peters, Ltd., Boston, Mass., (1993).

R. B. Melrose and G. Mendoza, FElliptic pseudodifferential operators
of totally characteristic type. MSRI preprint, (1983).

C. Mese, Harmonic maps into surfaces with an upper curvature
ound in the sense of Alexandrov. Mathematische Zeitschrift, 242,
633-661, (2002).

C. Mese, Harmonic Maps Between Surfaces and Teichmiiller
Spaces. Amer. J. Math., 124, 451-481, (2002).

Charles B. Morrey Jr., Multiple Integrals in the Calculus of Vari-
ations. Classiscs in Mathematics, Springer-Verlag, Berlin, (2008).

T. Radé. Aufgabe 41. Jahresber. Deutsch Math. Verein, 35, 49,
(1926).

J. H. Sampson, Some properties and applications of harmonic map-
pings. Ann. Sci. Ecole Norm. Sup., 4, 211-228, (1978).



Harmonic maps of conic surfaces 795

[SY] R. Schoen and S. Yau, On Univalent Harmonic Maps Between
Surfaces. Inventiones math., 44, 265-278, (1978).

[ST] G. Schumacher and S. Trapani, Variation of cone metrics on Rie-
mann surfaces. J. Math. Anal. Appl., 311 (1), 218-230, (2005).

[ST2] G. Schumacher and S. Trapani, Weil-Petersson Geometry for fam-
ilies of hyperbolic conical Riemann surfaces. arXiv:0809.0058
[math.CV].

[Se] T. Serbinowski, Harmonic maps into metric spaces with curvature
bounded above. Ph.D. thesis, University of Utah, (1995).

[Si] L. Simon, Theorems on the Regularity and Singularity of Energy
Minimizing Maps. Birkh&user, Basel, (1996).

[TII] M. E. Taylor, Partial Differential Equations II: Qualitative Studies
of Linear Equations. Springer-Verlag, New York, (1996).

[TIII] M. E. Taylor, Partial Differential Equations III: Nonlinear Equa-
tions. Springer-Verlag, New York, (1997).

[Th] W. Thurston, On the geometry and dynamics of diffeomorphisms
of surfaces. Bull. Amer. Math. Soc. (N.S.), 19 (2), 417-431, (1988).

[Tr] A. Tromba, Teichmiiller Theorey in Riemannian Geometry. Bir-
khéuser, Lectures in Mathematics, ETH Ziirich, (1992).

[Tro] M. Troyanov, Prescribing curvature on compact surfaces with con-
ical singularities. Trans. Amer. Math. Soc., 324 (2), 793-821,
(1991).

[W1] M. Wolf, Harmonic maps from surfaces to R-trees. Math. Z., 218
(4), 577-593, (1995).

[W2] M. Wolf, High energy degeneration of harmonic maps between sur-
faces and rays in Teichmiiller space. Topology, 30, 517-540, (1991).

[W3] M. Wolf, The Teichmiiller Theory of Harmonic Maps. J. Differen-
tial Geometry, 29, 449-479, (1989).

[Y] S. Yamada, Weil-Peterson convexity of the energy functional on
classical and universal Teichmiller spaces. J. Differential Geome-
try, 51 (1), 35-96, (1999).

[Ya] K. Yano, On Belyi functions on elliptic curves of degree 6. Master
thesis, Sophia University, (2006).



796 Jesse Gell-Redman

DEPARTMENT OF MATHEMATICS, JOHNS HOPKINS UNIVERSITY
KRIEGER HALL, 3400 N. CHARLES ST., BALTIMORE, MD 21218, USA
E-mail address: jgell@math.toronto.edu

RECEIVED MARCH 20, 2012




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (This is the built-in "Press Quality", but modified as follows: Compatibility changed from "Acrobat 5.0" to "Acrobat 8.0".)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


