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Uniqueness of de Sitter and Schwarzschild—de
Sitter spacetimes

A K.M. MASOOD-UL-ALAM AND WENHUA YU

We give a simple proof of the uniqueness of de Sitter and
Schwarzschild—de Sitter spacetime without assuming extra condi-
tions on the conformal boundary at infinity. Such spacetimes are

the only solutions in the static class satisfying Einstein equations
4 4
Rap = Ag,p, where the cosmological constant A is positive, under

appropriate boundary conditions. In the absence of black holes,
that is, when the event horizon has only one component the unique
solution is de Sitter solution. In the presence of a black hole, we
get Schwarzschild—de Sitter spacetime. The problem has important
relevance in differential geometry.

1. Introduction

Boucher and Gibbons [1, 2] gave an elliptic formulation for the uniqueness
problem of de Sitter spacetime. Boucher, Gibbons and Horowitz [3] proved
the uniqueness of the anti-de Sitter spacetime (A < 0). In the same paper,
an inequality was proved for the case A > 0, where equality implies the
uniqueness. Since then the uniqueness of de Sitter spacetime has been proved
by many authors under various extra conditions and in different dimensions
(for a somewhat detailed discussion see [4]). However, the elliptic problem
originally elaborated by Boucher and Gibbons [1] was unsolved. The elliptic
problem has important relevance in the study of constant scalar curvature
Riemannian metrics and the critical points of the scalar curvature map (see
Kobayashi [5], Shen [6, 7], Moncrief [8], Lafontaine [9] and Hwang [10]). Our
present method uses the positive mass theorem of Schoen and Yau [11] to
show that the spatial 3-metric in the usual decomposition is conformally
flat. .

Representing the static metric g by —V?2dt? + ¢, where ¢ is the induced
Riemannian 3-metric on an open orientable spacelike hypersurface ¥ 7, and
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V and g are independent of time ¢, the field equations become
equivalent to

(1) Rl‘j = V”V;,-j —i—Agij, AV = —AV.

Here “;” denotes covariant derivative and A denotes the Laplacian relative
to g. V and g are assumed to be regular on the compact manifold with
boundary X* UJXT. V > 0in X7 and V = 0 on the boundary 07, It is
known that X" is then totally geodesic. We shall attach another copy of
(2T, g) along the totally geodesic boundary dXT. Under the assumption
that the 4-geometry is regular g extends at least in C''! fashion across 0% 7.
Taking V < 0 in the attached ¥~ we assume that V and g are C® in % and
they are globally C! in the compact manifold % = YT UdXtUXT. Then
elliptic regularity theory applied to Equations (1) in harmonic coordinates
in the metric g makes V and g, C*°. Although these harmonic coordinate
functions may be only C?® relative to the original coordinates from now on
we can select only C'°° compatible charts so that the double X is a smooth
manifold and V and g are smooth functions on it. However, apart from the
fact that the existence theorems we have referred for a Green function and
conformal normal coordinates use a smooth 3-metric, all our calculations
are done assuming V and g only C*. As in the case of black hole uniqueness
theorems we are not worried about the required minimum regularity. For
the uniqueness of de Sitter spacetime we also assume that the maximum
value of V is 1. We shall first solve the following uniqueness problem.

Theorem 1.1. Suppose OXT is diffeomorphic to a 2-sphere. Then the only
solution (V,g) of the field equations Equations (1) on ¥ U dX™ is de Sitter
solution. That is, de Sitter spacetime metric

(2)  ds® = —(1— Ar?/3)dt* + (1 — Ar?/3) " Ldr® + r*(d6? + sin® d¢?)

4 4
is the only static solution of Rag = Ag,g, A >0 such that the interior of
the event horizon is diffeomorphic to the product of an open ball in R with
the time line.

Kobayashi [5] and Shen [7] considered a general situation when the set
V =0 has more than one component. If g is conformally flat all complete
solutions have been found by Kobayashi [5] and Lafontaine [12]. After prov-
ing the uniqueness of de Sitter spacetime we shall consider the situation
when the set V' = 0 has more than one component. Again it follows that g
is conformally flat so that the results of [5] and [12] apply.
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From the field equations Equations (1), we find that the scalar curvature
of g is

(3) R, = 2A.

Conformal flatness gives spherical symmetry via the following identity
(see Lindblom [13]):

VAR, R9* = 8|VV|*||[9|? + | V| VV ]2,

where Rjjr = Rijik — Rikyj + (1/4) (9 R, — gijR;x) and V¥ is the trace-free
part of the extrinsic curvature of the V = constant two-surfaces, and V
|VV|? is the gradient of [VV|? on these two-surfaces. The tensor R, vanishes
iff the 3-manifold is locally conformally flat. R;;;, = 0 implies that [VV] is a
function of V only and the V' = constant surfaces are umbilic. One can then
show that g and V' are spherically symmetric (see Kiinzle [14], Avez [15]).

2. Proof of the new results

Since A > 0, (X, g) is a compact Riemannian manifold with positive scalar
curvature. Hence we have a unique Green’s function by a theorem due to
Lee and Parker (Theorem 2.8 [16]).

Existence of the Green’s Function (Theorem 3.5 on page 213 in [17]
for dimension 3): For each P € X there exists a unique smooth function
G on X\{P} such that (R, —8A,)G = dp in the distribution sense where
dp is the Dirac delta function at P. The metric II = G*g is scalar flat and
asymptotically flat. With respect to the geodesic normal coordinates {z'}
of some conformal metric h = Q2¢g, G is of the form

1 m
4 G=-+—
(4) T+2+U,

where v is O(r), v € C2# and r = /3" (z9)%.
Relative to coordinates {Xi = l‘iT‘_Q}, II = G*¢ has expansion
(5) I = (1+2mR7") 6; + 0 (R72),

where SR = r~1. The constant m is the mass of the metric II. m > 0 by
the positive mass theorem of Schoen and Yau. An easy computation shows
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that relative to the {xl} system components of g have expansions g; =
o + O (r2) . We have on ¥\{P}

(6) 2AG — 8A,G = 0.

Following lemma is proved rigorously by Yu in his undergraduate thesis
[18]. This lemma is not necessary for the proof of the main result although
it may provide alternate justification of some claims used in the proof by
giving the equation of the surface X T locally as a graph over the z =0
coordinate plane of the chosen conformal normal coordinate system (see
also Remark 2.1 below).

Lemma 2.1. Let ¢ € OXT. There exists a Green’s function G satisfying
Equation (6) and having its singularity at q such that on 0XT\{q} the nor-
mal derivative of G vanishes.

Proof. Here we omit the details. The idea is to show that if G is the Green’s
function of the Yamabe operator with singularity at ¢ that exists by the
existence theorem, then its reflection under the doubling G and (G + G )~/2 are
also Green’s functions having their singularities at ¢. By definition G(p) =
G(p) where p,p € ¥ are any pair of points related by the doubling. Then
by the uniqueness all three Green’s functions are the same. Now (VG,n) =

— <V§, n> . So the lemma follows. O

We shall need the following expansion of V' in a coordinate system having
origin at a point ¢ € X1 such that g; = & + O(r?). This will be the same
conformal normal coordinate system in which the Green’s function having
singularity at g is expanded in Equation (4). We suppose that the z = 23
is perpendicular to 0X at q.

-axis

V=cz+ bjl:lej + O(r?),

where ¢ # 0, and b;; are constant. ¢ # 0 because it is well-known that VV #
0 on the V = 0 surface. The first equation of Equations (1) gives b, =0
since I;; is defined at q. We now write

(7) V =cz+ Cijpatalak +w, where w = O(r?).

The second equation and Equation (6) give ApV = —G~4AV +2G~°
(VG,VV), . Referring to Q introduced before Equation (4) we write €2 =
1+ (1/2)D;jx'a? + O(r3) where D;; are constant depending possibly on g.
We shall use 2 given in the following lemma proved in the appendix.
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Lemma 2.2. In 3-dimension and for our field equations Equations (1) it
is possible to choose §) such that D;; is diagonal. Furthermore. we have
(summation implied)

6Cii = —Ac+cD,,, Ciai=0 for A =2z or V.
In the {X?}-coordinates about ¢,

AnV = —2¢ZR 4 4+ 5meR 7 — AcZRC — (15/2)m> ZRS¢
+10cvZR 5 + 2¢(Iv/02)R 5 — 60, XI X X MRS
(8) —2cZDi X' XTR™® + 0 (R79).

Here Z is the coordinate X 3. Since ¢ # 0, the surface X% is locally a graph
over the z = 0 coordinate plane of a function z = z(z,y).

Remark 2.1. (0v/0z)(q) can be evaluated using Lemma 2.1. However, we
do not need it. Terms involving v disappear from our final equations namely
Equations (9) and (10) below.

Let I denote the Christoffel symbol of I in the {X*} system. Then using
Equation (8) with 6% —II"* = (1 — Q%(1 — 2mr — dor + (5/2)m*1%))b;; +
OM™3), (99/9z) = Dyjal = D..ZR%  and ApV =% 2V =

(8% — ﬁi’f)a)?,ngi + ﬁ’kf%éfx—vm + AV we get about g,

AV = —2em?ZR 6 +¢D,.ZR % —2cZR 4 — AcZR6

(9) — 60 X' XIX*R™® + 0 (M79).

Since the computation of the above equation is tedious we include the expres-
o ~ ozt OxI

sion for H““FZ; below. We recall I = T;“T;Hij’ where 1I;; = G4gz~j in

Tyz system.

T = mR3X™ — (1/2) m*RAIX™ + (09Q/0z™)R 2
—2X™MXY0N/0zY) R + 20/ T3X™ — 2(Ov/Ox™)RT3
+4X™XY(Ov/0z)R™° + O (R?).

But we can also obtain AgV in the straightforward way from Equa-
tion (7) by computing (9?V/0X*9X?) using the coordinate transformation
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formula 2 = 2*(X7). This way we first get
ARV = 6C; X*R™0 — 229%™ — 60 X' X XR=8 + O(M™O).
Putting 6C;,; = —Ac+ cD,,, C;4; = 0 from Lemma 2.2 we get

AV = —AcZR S +¢D,. 2% —2cZR™*
(10) —6Cp X' XIX*R™8 4+ O(R™9)

Equation (10) contradicts Equation (9) unless m = 0, because both the equa-
tions hold in an open 3-ball about ¢. Hence the mass m of II is 0 and by
the positive mass theorem of Schoen and Yau, II is Euclidean. Thus g is
conformally flat. This proves Theorem 1.1.

For the uniqueness of Schwarzschild—de Sitter solution we simply need to
paste the two copies across the identical components of the totally geodesic
boundary X" so as to form a manifold which is, in the simplest case, diffeo-
morphic to S? x S'. Since we are assuming V > 0 in 1 the proof actually
shows nonexistence of complicated topology inside a compact set away from
the boundary and also nonexsistence of more than two components of the
boundary. As before we show that g is conformally flat. Then we invoke the
works of Kobayashi [5] and Lafontaine [12] as explained before. V' > 0 in X*
then implies that the 3-metric is that of Schwarzschild—de Sitter spacetime.
Thus, assuming V' > 0 in ¥, we have the following theorem.

Theorem 2.3. Suppose the totally geodesic boundary OXT, which is also
the set V =0, has more than one component each diffeomorphic to a 2-

4
sphere. Then the only static solution (V,g) of the field equations R,z =
Agaﬁ, A >0 on ST ULt is Schwarzschild-de Sitter solution

A2 2m\
+ (1 i m) dr? + 12 (d6? + sin? 0dg?).
In particular, the V =0 set has only two connected components.
3. Conclusion

Bunting and Masood-ul-Alam [20] used the positive mass theorem tech-
nique to prove the uniqueness of Schwarzschild spacetime. That proof also
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used suitable coordinates relative to a conformal metric for better control.
The method of using a conformal metric for better regularity has been
used earlier by Kiinzle [14]. Our present proof is essentially 3-dimensional.
Gibbons, Hartnoll and Pope [19] provided counterexamples showing non-
uniqueness of de Sitter solution in some higher dimensions. In the appendix
we used special conformal coordinates valid for 3-dimension. Possibly a more
serious issue is that even our starting point of the problem is 3-dimensional
in the following sense. In general dimensions the component of the bound-
ary set V = 0 representing the horizon may not have the topology of higher
dimensional spheres. In future we hope to undertake the study of these issues
and non-uniqueness in higher dimensions in view of the present technique.
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Appendix A

In this appendix, we prove Lemma 2.2 used in the proof of the main the-
orems. Thus we show that in 3-dimension and for our field equations it is
possible to choose €2 such that in the conformal normal coordinates about
q € 0XT, Equation (7) holds and D;; is diagonal. We also show that 6C;,; =
—Ac+¢D..,Ciz =0 for 24 = z or y. Finally as a by-product we prove an
extra result.

First we note that it is possible to choose the conformal function €2 such
that the metric h = Q2¢ has Ricci curvature 0 at the origin of the conformal
coordinate system (see Equation (3.6), page 212 in Schoen and Yau [17]). In
3-dimension this makes Q2 gij to be 6;; + O (7‘3) . Conformal transformation
formula and Ric(h) = 0 gives at the origin R;; = D;; + Djd;5. Contracting
we get Dir = (1/2)A. So that

(A.1) R;j = D;; + (1/2)A5ij at q.

0%t and z = 0 coordinate plane share the same unit normal vector n’ at ¢
relative to g. Let 4 denotes x or y. Since X is totally geodesic and the
normal n' is parallel to (0/9z) we can apply Codacci’s equation for g to get
R.4s = D,4 =0 at q. Similarly using Gauss’ equation and the fact that the
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Riemann curvature of h = Q2¢ vanishes at ¢ we get D4p is diagonal. Thus
D;; is diagonal as claimed.

Now we prove the second claim. Let R denote the scalar curvature of 93X+
in the metric induced from g. Doubly contracted Gauss—Codacci equation
gives at q

(A.2) R=A-2D,,
Let A, denote the Euclidean Laplacian for xyz. Since

(Fg)fj = —5ijm$m - 5;?Dimxm + 8ijDgma™ + O (7’2) ,
AV = —AV and (0?°V/92'027) = 6Cyra* + O(r?) give

6CLsLx + 6C’kyky + 6CL2 — cDyyz — GDCEQZECCABI‘BCL‘A
—6D,,C,..2° —6DaCa.,xP2% — 12DZZCZZA9UA22
(A.3) —12DgppxBCroax?z — 6D,,CoaprBatz + O(TQ) = —AV.

The above equation is satisfied in a 3-ball about ¢ including a neighborhood
of g on 9XT. For V # 0 on the z-axis (with z # 0), Equation (A.3) gives

(A4)  6Ckkz — D,z — 6D,,C,..2° = —Acz — AC,,2° — Aw(0,0, z)
Dividing by z and taking limit z — 0, we get

(A.5) 6C). —cD,, = —Ac.

Generally (with z # 0) Equation (A.3) gives

6C’;mkx/z + GC’kyky/z 4+ 6Chr — D, — GDCEIECCABJUB.TA/Z
- 6Dzzczz222 - 6DABCAzszz - 12DzzszAxAZ
(A.6) —12DgprBCroaz? — 6D.,CoupaPa? + 0(7“2)/2 =—A(V/2),

lim(V/z) exists. In case the z = 0 set does not coincide with the V' = 0 set in
a neighborhood of ¢ we can put V' = 0 and then taking limit as (z,y,2) — ¢
on OXT we get

If the z = 0 set coincides with the V' = 0 set in a neighborhood of ¢ then
Equation (A.3) gives DapCacr = 0 = Cacg. In this case, we do not put
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V =0 in Equation (A.3) to derive Equation (A.6). In stead in the RHS of
Equation (A.6) we use lim(V/z). Since this limit exists in the LHS we must
have Cj 4, = 0. This completes the proof of the second claim and Lemma 2.2.

As a by-product of the argument above we shall now show that if in
these coordinates OXT is locally a graph over the z = 0 coordinate plane
of a function z = z(x,y) about the origin ¢ € 9L+ with z = O(r®) and the
2z =0 set does not coincide with X% on an open subset of 9X" about ¢
for any ¢ then g saturates the Boucher—Gibbons-Horowitz [3] inequality
namely A(Area 9X) < 127, This inequality has been established assuming
the boundary X" to be a single component and in this case equality gives
the uniqueness of the de Sitter spacetime.

Using V =cz+C...2% 4+ 3C.. 40722 + 3C, 00222 + 3C’Zyyy22 +6C.zy
xyz + Capox®rPr? + w in the right-hand side of Equation (A.3) we have

(A.8)

6Ch.1 — cD,, — 6lim DCE.I'ECCABZCB:EA/Z = —A(c+ lim CABCxCZUBSUA/Z).
Thus

(A.9) lim CypoaCaPat )z = —c.

In particular on X7, limw/z = 0 and all C4pc cannot vanish unless z = 0
on the V' =0 set in a neighborhood of ¢q. Equations (A.7) and (A.5) give

(A.10) 6lim DopafCoapaPa? /2 = —Ac.
Since by Equation (A.9) limy, y—o05+ Corze®3 /2 = —c, we have lim Dyp
CACE:CCxBxE/z = limyy, y—o,05+ Dy Crupt® /2 = —CDyy = —cDyy.  Thus,

Dyy = Dy, = D,, = (1/6)A. Equation (A.2) now gives R = (2/3)A at g.
Thus if for no ¢ € 9™, the z =0 set coincides with an open subset of
0¥ T about ¢, we have R = (2/3)A everywhere on ¥+, Then Gauss-Bonnet
gives A(AreadX ") = 127 which is the equality part of Boucher—Gibbons—
Horowitz inequality mentioned above. Thus when X has a single compo-
nent g is that of de Sitter metric by a result in [3]. Assuming, if possible, that
the z = 0 set coincides with an open subset of X about ¢ € 90X for some
q one still possibly can show that R = (2/3)A everywhere on the sphere 9%
is the only possibility. Since this method is becoming more complicated than
the method based on the positive mass theorem and it will not work for the
case with multiple boundary components we shall not pursue it further.
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