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The positive mass theorem and Penrose inequality
for graphical manifolds

H. MIRANDOLA AND F. VITORIO

We give, via elementary methods, explicit formulas for the ADM
mass which allow us to conclude the positive mass theorem and
Penrose inequality for a class of graphical manifolds which includes,
for instance, those with flat normal bundle.

1. Introduction

A smooth connected n-dimensional Riemannian manifold (M", g), with n >
3, is said to be asymptotically flat if there exists a compact subset K of M and
a diffeomorphism ® : M \ K — R™\ {|z| < 1} such that in this coordinate
chart the metric g(x) = gj(x)dr; ® dxj, with v = (zq,...,2,) € R" \ {|z| <
1}, satisfies

gij — 0ij = O(|z| ™), gijx = O(|z[7P71),

gijw = O(|z[7772),  §=0(|2|79),

at infinity, where |z| = /2% 4 -+ 22 and gjk, giji denote the partial

derivatives of g;;,

2
_ 99y o 0%
(1) Gijk = % and  gjr = 9kl

for all 1 <4, j,k,l <n. Here S is the scalar curvature, ¢;; is the Kronecker
delta, and p > "52 and g > n are constants.

Definition 1.1. The ADM mass of an asymptotically flat manifold (M™, g)
is the limit

1
2 = lim ———
(2) mapn = lim oo

/ (9iji — 9ii5)V; dp,

T
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where S, = {z € R" | |z| = r} is the coordinate sphere of radius r, du is the
area element of S, in the coordinate chart, w,_1 is the volume of the unit
sphere S and v = (v1,...,v,) = r 'z is the outward unit normal to S,.

It is worthwhile to reminder that Definition 1.1 was given by the physi-
cists Arnowitt, Deser and Misner [1], who defined it for the three-dimensional
case, and Bartnik [2] proved that the limit (2) exists and independs of the
choice of an asymptotically flat chart ®, hence the ADM mass is a geometric
invariant of (M",g). The positivity of the ADM mass in all dimensions is
a long-standing question and a pillar of the mathematical relativity. In a
seminal work, Schoen and Yau [14] gave an affirmative answer for the three-
dimensional case and, in the follow-up paper [15], gave affirmative answer
for dimensions 3 < n < 7. For manifolds that are conformally flat or spin
affirmative answers were given by Schoen and Yau [16] and Witten [19],
respectively. The Riemannian positive mass theorem can be stated as

Theorem A ([14-16, 19]). Let M™ be an asymptotically flat manifold
with nonnegative scalar curvature. Assume that M is spin, or 3 <n <7,
or M is conformally flat. Then the ADM mass is positive unless M™ is
isometric to the Fuclidean space R™.

The Riemannian Penrose conjecture asserts that any asymptotically flat
manifold M"™ with nonnegative scalar curvature containing an outermost
minimal hypersurface ¥ (possibly disconnected) of area A has ADM mass
satisfying

1 A N\=
(3) MADM = — < ) .

T 2 \wn

Furthermore, the equality in (3) implies that M™ is isometric to the Rieman-
nian Schwarzschild manifold (R™\ {0}, (1 + M%)ﬁé), where 0 denotes
the Euclidean metric of R™ and m = mapy. This inequality was first proved
in the three-dimensional case by Huisken and Ilmanen [11] under the addi-
tional hypothesis that the horizon ¥ is connected. Bray [3] proved this con-
jecture, still in dimension three, without connectedness assumption on .
For 3 <n <7, this conjecture was proved by Bray and Lee [4], with the
extra requirement that M be spin for the rigidity statement. The Rieman-
nian Penrose inequality can be stated as

Theorem B ([3, 4, 11]). Let M™ be an asymptotically flat manifold with
nonnegative scalar curvature. Assume that 3 < n <7 and there exists an
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outermost minimal hypersurface ¥"~1 C M™ with area A. Then it holds

n

1/ A\
MADM = — .

T2 \wp

Moreover, under the hypothesis that M 1is spin then the equality occurs if
and only if M is isometric to the Riemannian Schwarzschild manifold of
mass m = MADM-

In arbitrary dimension, Lam [13] obtained an elementary and straight-
forward proof for the positive mass theorem and Penrose inequality for
codimension one graphical manifolds, which was extended in some sense
to hypersurfaces by Huang and Wu in [8-10], and to more general kind of
codimension one graphs by de Lima and Girao in [5, 6]. The present paper
deals with graphical manifolds with arbitrary codimension. We will give here,
via elementary methods, explicit formulas for the ADM mass which allow
us to conclude the positive mass theorem and Penrose inequality for a class
of graphical manifolds which includes, for instance, those with flat normal
bundle. Example 1.1 below shows that there exist examples of asymptoti-
cally flat graphical manifolds of arbitrary codimension and with flat normal
bundle. We bring to the fore that graphical manifolds with flat normal bun-
dle are subject of study in several recent works, see for example [12, 17, 18]
and references therein.

In order to enunciate our theorems, we will start with some notations
and definitions.

Definition 1.2. A C%2map f:R"\ Q — R™, with n > 3, where Q C R" is
a bounded subset, is said to be asymptotically flat if the scalar curvature S of
the graph of f endowed with its natural metric is an integrable function over

a 2 fa .
R™ and moreover the partial derivatives f* = % and f7 = 8?5-](;:5- satisfy
(3 T J

|2 (2)] = O(|z|7%) and | f{(2)| = O(|z|757),
at infinity, for all a =1,...,;m and 4,7 = 1,...,n, where p > (n — 2)/2.

Let M = Gr(f) = {(, f(z)) | z € R"} be the graph of an asymptotically
flat map f: R™\ Q — R"™. The metric on M induced by the ambient space
R™ x R™, that will denote by natural metric on M, is given by g = gijd:l;i ®
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dx? of M, where
(4) gij = 0ij + fi* £

hence g;; = O(|z| ™) and g1, = O(|z|7P~!). The vectors d; = (e;, fe,) form
the coordinate vector fields, and the vectors n® = (=D f%, e, ), where D f* =
f{*e; denotes the gradient vector field of f¢, form a basis for the normal
bundle T+ M of M. Here e; and e, denotes the canonical vectors of R” and
R™, respectively.

By abuse of notation, let us consider the functions f¢ also defined on
M by identifying f* = f* om, where w : M — R" is the natural projection
m(x, f(x)) = z. The gradient vector field of f*: M — R satisfies

(5) Vi = g% o,

where (g/) denotes the inverse matrix (g;;) ™.
Let S : R™\ © — R be the scalar curvature of (M, g) and S+ : R™ \ Q —
R the function given by

(6) St = (RH(V VPP %),

where R' denotes the normal curvature tensor of the submanifold M C
R,

It is natural to ask about the abundance of asymptotically flat graphical
manifolds with flat normal bundle. Of course, codimension one graphs have
flat normal bundle since they are hypersurfaces. Example 1.1 below exhibits
a class of asymptotically flat graphical manifolds of arbitrary codimension
and with flat normal bundle.

Example 1.1. Let f*:R" \ Q, — R, with a =1,...,k, be asymptoti-
cally flat functions, where €, are bounded open subsets. Given m,, with
a =1,...,k, positive integer numbers, consider the map F'® = (f<,..., f%):
R™\ Q4 — R™=. Write R™\ Q= (R™\ Q) x---(R™\ ), for some
bounded open set @ C R™ = R™ x ... x R™. Consider the map

F=(F'...,FF):R*"\Q - R™ x -.. x R™*,

It is simple to see that F' is an asymptotically flat map. In Remark 2.1, we
observe that the graph of I’ has flat normal bundle.

In the theorem below, we will state an explicit formula for the ADM
mass for graphs of asymptotically flat maps f : R* — R™.
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Theorem 1.2. Let M™ be a graph of an asymptotically flat map f : R" —
R™ endowed with its natural metric g = gl-jda:i @ dxd. Then the ADM mass
of M satisfy

1 NS
ST /M(s+s M

where G = det(gi;) is the determinant of the metric coefficient matriz (gi;).

MADM =

As a consequence, we will derive the positiveness of the ADM mass for
entire graphs with flat normal bundle.

Corollary 1.3. Let M™ be the graph of an asymptotically flat map f :
R™ — R™ endowed with its natural metric. Assume that M has nonnegative
scalar curvature and flat normal fiber bundle. Then the ADM mass of M 1is
nonnegative.

In the next two theorems, we obtain explicit formulas for the ADM mass
for asymptotically flat graphs with boundary. These will allow us to conclude
the Penrose inequality in our setting.

Theorem 1.4. Let f:R™\ Q — R™ be an asymptotically flat map, where
Q is a bounded open set with Lipschitz boundary. Assume that f is con-
stant along each connected component of ¥ = 0. Let M™ be the graph of f
endowed with its natural metric. Then,

MADM = L / (S + SL)ldM—k/ MHZdE
2(n — Dwn—1 \Ju VG s 1+|Df]? ’

where G = det(g;5), and H¥, H* are the mean curvatures of ¥ seen as a
hypersurface in R™ and in M, in the direction to the unit vectors pointing
outward to Q) and M, respectively.

Under the assumption that f is constant along each connected com-
ponent of ¥, the mean curvatures H>, H> of X, seen as hypersurfaces in
R™ and in M, in the directions of their corresponding unit normal vectors
pointing outward €2 and M, respectively, satisfy

(7) WLy

VI+[DfE

where |[Df|?> = [DfY2+ -+ |Df™|? (see Remark 4.1).



278 H. Mirandola and F. Vitério

Theorem 1.5 below will be proved from Theorem 1.4 and an approxima-
tion argument.

Theorem 1.5. Let f:R"\ Q be a continuous map, where Q C R"™ is a
bounded open set, that is asymptotically flat in R™\ Q and constant along
each connected component of ¥ = 0Q. Assume that the graph M = Gr(f)
extends C? up its boundary OM and that, along each connected component
Y of ¥, the manifold M is tangent to a cylinder X' x £, where £ is a straight
line of R™. Assume further that S+ is bounded in neighborhood of . Then,

_ 1 N >
MADM = 20— Do (/M(S+S )\/édM+/gH dE),

where H” is the mean curvature of ¥, seen as a hypersurface in R™, in the
direction of the unit vector v pointing outward to Q.

Under hypothesis of Theorem 1.5, we will prove in Section 5 that lim,_,g0
|Df|? = 4+00. This implies, together with (7) and an approximation argu-
ment, that the boundary M is a minimal hypersurface of M.

Now we will state the Penrose inequality for graphical manifolds of arbi-
trary codimension. Following [10] closely, we can use the following
Alexandrov—Fenchel inequality due to Guan and Li [7] and an elementary
lemma.

Proposition 1.6 ([7]). Let Q CR"™ be a mean-convexr star-shaped
bounded domain with boundary 0Q = X. Consider |X| = H" (X)) the total
volume of . Then,

1 18\
(8) / Hy d¥ > = B2l )
2(n — Dwp—-1 Jx 2 \wn—1

where H” is the mean curvature of ¥, seen as a hypersurface in R™, in the
direction of the unit vector field v pointing inward to ). Furthermore, the
equality in (8) occurs if and only if ¥ is a sphere.

Lemma 1.7 ([10]). Let ai,...,a; be nonnegative real numbers and
0< B <1. Then,

k k B
Zaiﬁ > (Z ai> .
i=1 i=1

If 0 < B8 < 1, the equality holds if and only if at most one of a; is non-zero.
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By Theorem 1.5, Proposition 1.6 and Lemma 1.7, we can conclude our
main result this paper.

Theorem 1.8. Under hypothesis of Theorem 1.5, we assume that M has
non-negative scalar curvature and flat normal bundle. Assume further that
each connected component of ) is mean-convex star-shaped. Then,

1/ |3 \ ot
9) MADM > = <’> ,

T2 \wn1

where |X| denotes the total volume of ¥.. Furthermore, the equality in (9)
implies that the scalar curvature S is identically zero and 3 is a sphere.

2. Preliminaries

We assume all the notations given in the previous section. Let (U,g) be the
non-singular matrix given by

(10) Uocﬁ = <77a777ﬂ> = 5ocﬁ + <Dfa7 Dfﬂ>

and let (U*?) be the inverse matrix of (Uag). Using that 0; = (e;, f{*eq) and
n® = (=Df% eqa), we obtain Vgn* =n®* = (=D, 0), hence (Vo n®, ;) =
—fi3 and (Van® n®) = (Df*, DfP). Thus, the shape operator A% with
respect to the normal vector n® and the second fundamental form B of
the graph M C R™ x R™ are given by

(11) A%Q; = —(Von™)" = f39"0;,
B(0;,05) = faUf.

Remark 2.1. Let F: R"\ Q — R™ be the map as given in Example 1.1.
We have

F= (Yt R Ry
(R™\ Q1) x --- x (R™\ Q) — R™.

Write = (211, ., T1n,,-- - STEL - s Tkn,) € R™\ Q. Then, for all i,j =1,
..., k, the partial derivatives gj:r =0ifi#j,foralll=1,...,m; and r =
1,...,n;. This implies that A7'9; =0, if i # j. Furthermore, since f' =
coo = fimi we have A0, = -.. = A" (.. Thus, by the Ricci equation, we
obtain that the normal curvature R+ of M vanishes identically.
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By the Gauss Equation, the curvature tensor R of M satisfies

Rak; = (R(0:, 01)0k, 05) = (B(0;,0;5), B(01, 0k)) — (B(0;, 0k), B(1,05))
= [RU LU Unp — [RU7 FRUM Ung = (F 17 — £ F5DUT

Thus, the scalar curvature S of M is given by
(12) $ = 976" Rurj = 979" U (£ 15 — T f50)
We will prove the following;:

Proposition 2.2. The scalar curvature S of the graph M and the function
St = (RY(V >, V5P, n%) as given in (6) satisfy

S+ St = divgs X,
where X : R™ — R" is the vector field given by
(13) X = (UP(f) S = 12 + UUPD S DE SRR = SR 17)) e

In order to prove Proposition 2.2 we will need some preliminaries. The
first one is the following:

Lemma 2.3. The following items hold:
1) g = o;; — UPfef7;
2) Uaﬁ = 50[3 - g(vfoz, Vfﬁ)’
3) g(Vf*,VfP)=(Df*,Df)U".
Proof. By (4), we have flgi; = f7(8i+ fof) = f + fo(DfP, Df*) =

ff + ¥ (Uap — 60p) = fAUqap. Hence, multiplying both sides by g'*UPH, we
obtain

(14) fPUsn = figit

Again by (4), we have §;; = girg™ = (6, + f{"f]o‘)gkf =g + fi"‘fjo‘gkj. Using
14), we obtain ¢¥ = 6;; — fOfog" = §;; — [ ’-BUBO‘, which proves Item 1.
J i Jk J i Jg
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Now, using (5) and Item 1, we obtain

9V I V) = g fR ] = 0 = U S
= (Df*, Df°) = U™(Df", Df*)(Df*, Df’)
= (Df* Df") (05 = U™ (Ups — )
= (Df*, Df”}UW = (Upyy — 50[7)(]%
= 6ap — U,
which proves Items 2 and 3. Lemma 2.3 is proved. O

The result below will be useful to prove Proposition 2.2. For our purposes,
it is convenient to write M;; = 6;; — g”. By (12), we can write

(15) §'= (83 = Mij) (0t — Mya) Ry = 1+ I+ T+ IV,
where

1) I= 5ij5kanﬁ(f5fkl f Jof)

2) 11 = (5iijanﬂ(fijfkl Tk i);

3) I = 0 Mi;U P (f1 £8 — Fif5);

4) IV = My M UP (f] f - fkflj)

Lemma 2.4. The scalar curvature S =1 — 11 — II1 + IV, as written in (15),
satisfies

D U= U I = 1 T
2) I1=IIT=—1 <Uiaﬁ(fff,§“k — fP£9) + UUPH(D Y, DY FL )

3) IV = U UU(Df*, DY) (Df*, Df) Fi;

where Fgga = fff,? — lfff‘ and Fgfé denotes the partial derivative a%,ﬂia'
Proof. Ttem 1 follows from the fact that 1= fofo — fofo = (fF o —
TE I3
Since U*? = UP we have
Sk MU (15 = Fif50) = 0 MaU (£S5 = Fa i)
= 0 Mu(U™ i £ = U £ 1)
= 5iijan6(f5fkl fk gz)
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which proves that II = III. By Item 1 of Lemma 2.3, My, = f,Zfl”UW. This
implies
(16) 5iijanﬁ(f5fkl i =TI FUUP (1 ff — FRf)

= USUM(FL RIS = FalT )

= UPUH R I — )

= UBWUaﬂfgjf;‘L(fkkfi — [ )

= UUPD ST, D) (] fi = 12 F5)-
Since U*"U,,, = 0qy, it follows that Ul-a'y = —UaVUﬂ“UWJ, hence
(17) UTUMD ST, DfY) = ~US —UTUMHDS), D).

It is casy to see that Fyi, = (F7ff = f 00 = 7 i = S48 = U2 B -
[ fir)- Thus we obtain

(18) UYUPH(DFY, DY foe — FL 1)
— UCWUB”“(DfV, Df“>inak

+ UQWU/B#(Df’Y7DfM>(f7, fkk fkf )
= UO‘7Uﬁ“(Df7,Df“>F;iak

+ UPRUCN (DR, DN fe — 1213

Using (17) and (18) we obtain

(19) U UPH(DFY, DY (P e — P18
= UM (P re — 115
—UUPHDF, DY R — )

= U (f ffs = 1L 15
_ Ua7Uﬁ“<Df'Y,Df“>
_ UB“UM(Df“,Df’Y>

sz’ k
(1 = 1 1)
Using (16) and (19) we obtain

28, MU (fL 10 — Fars) = UL (L 1 — 1213
_ UavUﬁu<Dfﬂ/’ Dfu>inak’

which concludes Item 2.
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Using Item 1 of Lemma 2.3, we have

My MUP (5 £y = Fudi5) = £ £f U FLFE UM U (fG 8 = L f)
= UU U (D, DYDY, DS L
— U UB (D DD, DI £
= UUUP (D, DYDY, DS IE
— UmurUP(D fH, DFVD Y, DI £ fL
— Uy (D DYDY, DfRVFY
= UPrU U (D", DD, D FL.

We conclude Item 3. Lemma 2.4 is proved. (]

Finally, we will prove Proposition 2.2. Using (15) and Lemma 2.4, we
have

(20) S =UP(flfa — FPfo)i
UL — F215) + USTUPH (DY, DY,
+ U UPHUP (D f* DFIWD Y, D FL
— U (P g — FPfG) + USTUPH(D Y, DI ES™) + VP ESe,

where
(21) Vi’ = U UMUT(D ., DITNDSY, DY) = (USUP (DY, D))
Claim 2.1. %zﬁﬂia = (RH(V 1, V) n).

In fact, using (11) and Item 1 of Lemma 2.3, it follows:

(22) g(APO;, AV0y) = flig" [ = Fi £ (0 — U™ f7 12)
= (Df',DfYy — U™ (Df!, Df*V(Df, Df%).
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Now, by (21) and using that U = —U*UPHU,,, ., we obtain

Vil = U UPUP (Ui — (DfY, DF)(DSY, DfE)

— UUPHDfY, DfY) - UUMD S, DfL)
— UMUP(Df], Dff') = UUP(Df", Df})

= —U™U(Df", Dff) = U UPHUP (DI, D) (Usp
— (DfY,Df%)) — U TUPH(Df, DfY) — UU(D S, DfY)
— UMUP(Df], Dff') = UU(Df", Df})

= —C3P + UPUPHD I DY) + U U U (DI, DF VDL, D)
— UTUPHD Y, DY) = UUPHD S, DfY)

= —C%P U UPRU (D, DFYY (DY, DY) — UUPHD Y, DM,

where Cio,‘f is given by
Cil =U™U(Df", D) + U UM (DS, DfL) + UUM(DSY, Dff).

Note that C’f;f = C’,?f. Since Fgf = —F,Z-a we obtain that C’Sfﬂia =0.
Thus, using that Vf® = U f]9;, it follows from (22) and from the Ricci
equation that
(23)  ViUER = —(F R~ BEOUSTU (410, A1)

= —(g(A*(V 1), AV (V7)) = g(AH(V ), A7(V 1))

= —(RH(VS7, V),
which together with (20) concludes the proof of Proposition 2.2.

3. Proof of Theorem 1.2.

Since f = (f!,...,f™) : R® — R™ is an asymptotically flat map, we have
that f* = O(|z|7/2) and f§ = O(|z|™P/271), for all i,k =1,...,n and a =
1,...,m. In particular, U*” tends to d,y when |z| — co. Moreover, using
Items 2 and 3 of Lemma 2.3, we have U5 — 5,5 = —g(V f%, f%) = U (Df,
DfB) = O(|z|~P). This implies

(24) (U = bu) (2 3 — 2 15) = O(lx|~27Y)
and

(25) UO"YUﬁM<Df77ng>fiaf5 — O(‘x|72p71)'
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We have 2p+1>n—1=dimS,, since p > (n —2)/2. Thus, by (24) and
(25), we obtain

7

‘ x

: (0] (6% (6% x : [e W iJe} o Lo
(26) lim U B(fffkk_ 51'1:)*: lim / (f ok — fe fie)
r—oo Jg lz| oo /g, |z

and

(27) lim | UUDF, DR - 1)) = 0.
T—00 S7-

Furthermore the function S+ = (R+(Vf*, V)% n®) € O(|z|~2P~2) since,

by (22) and (23), it can be expressed as

(28)

§T=UUM(DSL, DI + U DI D )DL DI E — 7).

Since 2p + 2 > n it follows that S+ : R” — R is integrable.

By hypothesis, S : R" — R is integrable. Using that grir — g = [ fik
— [ &, from Proposition 2.2 together with (26) and (27) and the divergence
theorem, we obtain

1
S+ S+ dM:/ S+ S+
l@( = B

_ TN g afa  rofo xi
_rlggo . <X, m|>_7~1520 Sr(fz Tek — Tk zk)|$|

= 2(n — 1)wp—1mADM,

where G = det(g;;). Theorem 1.2 is proved.

4. Proof of Theorem 1.4

Let v be the unit vector field orthogonal to 02 pointing outward to €2 and
let H* = —divg~v be the mean curvature of ¥ = 9f seen as a hypersurface
in R”.

Since each connected component of X is a level set of f¢, for all «, it
follows that the gradient vector field D f¢ is normal to 3, hence
(29) Df*=(Df*v)v inX.
In particular, Df® and Df? are linearly dependent which implies that

(30) FEFP = 17 = (DFP ADFesex) =0 in %,
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for all o, =1,...,n. Here, “A” : R™ x R" — (R™)* is the skew-symmetric
tensor given by (u A v)w = (v, w)u — (u, w)v, for all u,v,w € R™.

Using (13), (29) and (30) we obtain

(31) (X,v) = USSP (I fo — FL o)
= U (Af*(DfP,v) — Hesg (D7, v)).

By a simple computation, we have that
(32) Af* = Agf* + Hessa (v,v) — H*(v, Df*)

Using that f® is constant along X it follows that Axf® =0 and DfP =
(DfB v)v in . Thus, by (31) and (32), we obtain

(33)
(X, v) = U (Hesge (v, v)(Df’,v) — Heso (Df?,v) = H*(v, Df*)(Df",v))
= —UH*(v, Df*)(Df?,v)
= —U*H*(Df*,Df")
Using (29), we have Uyg = 68 + AN\ in 3, for all a, 3, where \* = (D f,
v). This implies that U*® = 6,5 — A*N /(1 + |A2), in X, where |A\|2 = |Df|?
= (A2 + .-+ (A™)2 Thus, in %, it holds
(34)

ayp Dfl?
U(DfY,Df*) = anmz(aaﬁ_ A >Aw— D/

14 |A]2 14+ |Df|*

As in the proof of Theorem 1.2, using that f is an asymptotically flat
map we have that lim,_ . fS (X, I»%I> = 2(n — 1)wp—1mapm. By Proposition
2.2 and the divergence theorem, we obtain from (33) and (34) that

(35) / S+ 8% = lim <X,x>+/(X,y)
n_Q) T— Jg. ‘LL'| »

|DfI?
=2(n—1wp_1m - ——
0o~ [ 7

H>.
Theorem 1.4 is proved.

Remark 4.1. We would like to state here the equality (7) referred in the
Introduction. In general, let M; and My be n-dimensional submanifolds



The positive mass theorem and Penrose inequality for graphs 287

of R"™" with smooth boundaries ¥ = OM; = OMs. Let v! and 2 be the
unit conormal vectors of ¥ with respect to M; and Ms, pointing outward,
respectively. Let us denote by B>, Bi, By, Alzl/l and AQEVQ, the second
fundamental forms of ¥ into R®™™  M; into R*™™ My into R*™™ ¥ into
M and ¥ into My, respectively. It is clear that

(36) Bi|ry + Alzl/l - B = Bo|rs + AQEVQ.

Let Hy, Ho, lel/l and HQEVQ be the mean curvature vectors of Mj into
R ™ My into R, ¥ into M7 and ¥ into Ms, respectively. Taking the
traces in (36), we obtain

(37) H, —B1<V1,V1)+H12V1 :HQ—BQ(Z/27V2)+H22V2.

Now, backing down to our setting, consider My = M the graph of a
smooth map f:R™\ 2 — R™ that is constant along each connected com-
ponent of 9. As in the Introduction, we denote by H> = Hy'. The boundary
¥ = OM is a hypersurface of a totally geodesic submanifold My in R®™,
given by disjoint union of parts of n-dimensional planes of the form R" x {v},
for some v € R™. We also denote by H> = Hy'. By (37) and using that
(B1(+,+),v1) = 0, we obtain

(38) HE = H> (v, ).

Fix a point p € ¥ and identify R™ = T,Ms =R" x {0}. By a change
of variables in R", assume that v2(p) =e; = (e1,0). We obtain f&(p) =
A1, e;) = A*61;, where A\ = (D f%(p),v2(p)). Hence, g;j(p) = §;; + |Df|?
8i10;1. In particular, g'(p) = ﬁ and g (p) = &;;, for all i, j = 2,...,n.
Note also that, at p, it holds 0; = (e1, f{*eqn), and 9; = (e;,0), for all i =

2,...,n. Hence, 01 is a multiple of 14. Since d; points inward M; it fol-
lows that 17 = —(g11) 201 = —(1 + |Df|*) "2 (v2 + (0, \%¢4)), hence (v2(p),
v1(p)) = ————. This, together with (38), imply that

\/14+|Df|?

(39) WL po

V1+|Df]?
5. Proof of Theorem 1.5

Before we prove Theorem 1.5, we will need of the following result.
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Lemma 5.1. Under hypothesis of Theorem 1.5, we have lim,_ .y
|DfJ? = +o0.

In fact, fix 29 € ¥ and let ¥’ be the connected component of ¥ that
contains . At the point (zg, f(zg)) € IM, M is tangent to the cylinder
¥/ x £, where ¢ is a straight line of R™. Let A= Ay, : R™ — R™ be an
isometry that transforms ¢ into the vertical line A(¢) = {(2,0,...,0) | z €
R}. Consider the map f = Ao f:R"\ Q — R™ and My = Gr(f) w1th its
natural metric. Since f(x) = f®(x)eq = f*(2)eq, Where &, = Ae, = Aaeg,
we have that M4 is isometric to M. Hence, they have the same ADM-
mass and scalar curvatures. Moreover, | D f|> = |Df|?, and using (28), S4 =
S+, everywhere in R" \ €. So, without loss of generality, we can assume
that, at the point (zg, f(zo)), the boundary M is tangent to the cylinder
¥ x {(z,0,...,0) | z € R}.

Claim 5.1. limg .z, V.f®(x) = £641(0,e1). In particular, lim, ., U’ =
(5,15 — (510[(51[3, for all Oé,ﬁ.

In fact, first we assume, by contradiction, that lim,_.,, V f¢ = 0, for all
. By Ttem 2 of Lemma 2.3, U%® = 5,5 — g(V £*, V f?). Thus,

(40) lim U = §,4,
for all v, 3. Using that 8; = (e;, f eg), V7 = U £28; and g(V 7,V f5) =
UY(Df* DfB) we have

(41) VY =U"f20; = U"(Df* (Df*, Df%)ep)
= (U™Df*, g(V ',V ")es).

Consider 7!, 72 : R"® x R™ — R” the orthogonal projections 7'(z,y) =z
and 72(x,y) = y. By (40) and (41) we have

0= lim 7X(VfY) = lim UY’Df? = lim Df®,
T—Tg T—Tq T—Tg

for all a. Thus, M is tangent to the plane R™ x {0} at the point (z¢, f(x0)),
which is a contradiction. Thus, we take 1 <~ <m so that limsup,_,,
VY| >0.

Using that M is tangent to the cylinder ¥’ x {(z,0,...,0) | z € R}),
at (xo, f(z0)), the vector n = (0,e;) is tangent to M and normal to OM
at (zo, f(xo)). Since f* is constant along each connected component of ¥
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and M extends C? up to its boundary, it follows that, for all «, either
limy .y Vf*=0 or limy ., VfY/|Vf* ==+n. In particular, lim, ..,
Vf1/|Vf7| = . Thus, by (41),

(42) +e1 = £72(n) = lim 7*(Vf/|Vf]) = lim g(Vf1/[Vf],V7)es.
This implies that

limg ., g(Vf7/|V Y|, VP) =0, for all 8 # 1;

(43) limg g, 9(V7/|V 7],V f1) = £1,

If we assume that limsup,_,,, |V £5] > 0, for some 3 # 1 then, by (43), we
obtain

0= lim g(Vf/[V [, Vf7) =limsupg(Vf/|V 7, V7)1V 7)) V£

T—X0o
= +g(n,n) limsup |V f7| = £limsup |V 7|,
Tr—To IT—To

which is a contradiction. Thus, it holds

(44) lim V7 =0, forall §# 1,

We conclude that v = 1, which implies that +1 = lim,_,, Vf!/|V f!|. More-
over, again using (43), we obtain that lim, x|V f!| = lim,_x g(Vf1/|Vf!],
V1) = 1. This implies that lim, ., Vf! = (0, e1). Hence, lim, ., V£ (z)
= +61,(0,e1). In particular, since Ueh = dag — g(Vf*, V5, we obtain
limg .z, Ues = dap — 0101, for all a,B. Claim 5.1 is proved. The claim
below concludes the proof of Lemma 5.1.

Claim 5.2. lim,_,, Df® =0, for all a # 1, and lim,;_,, |Df!| = +oo. In
particular, lim, ., |Df|? = +oc.

In fact, by (41) and Claim 5.1, lim,_,,, U"*D f* =0, for all . Thus,
using that 1= lim; .., g(Vf1, V) =lim, ., U(Df* Df'), we have
limg ., |Df!| = +00. Claim 5.2 is proved.

Now, we will finish the proof of Theorem 1.5. Let F*¥ = (flik f2k
fmFY  R™\ Q — R™, with k = 1,2,..., be a sequence of smooth maps sat-
isfying:

(i) F* coincides with f outside a compact subset containing 3;

(ii) F¥ = f everywhere in %;
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(iii) if My is the graph of f; with its natural metric then the closure My
converges to M with respect to the C?-topology.

Note that Theorem 1.4 applies for F* : R” \ Q — R™. By using 5, the ADM-
mass of My, coincides with the ADM-mass of M. Using 5 and (12), for all
r € R"\ Q, the scalar curvature S : R™ \  — R of the graph M}, satisfies
limg 00 Sk, = S uniformly. Using (28), Si-(z) converges to S+ (), for all x €
R™\ Q. Since F¥|s; = f|x is constant along each connected component of ¥,
S kL = 0 along X, hence S ,ﬂ' is bounded in a neighborhood of . Furthermore,
by Item 5, limy, .o | DF¥|? = 4-00, everywhere in 3. Thus, by the Dominated
Convergence Theorem and Theorem 1.4, we have

L li / (Sk + SiH) +/ [DEP H>
= ——— lim —_—
TAPM T (0 = D)t ks R "k » 1+ |[DFF?2

1 o [
- 2(n — Dwp—1 </Rn\Q(S TS /2 " )

Theorem 1.5 is proved.
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