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Isoperimetric inequalities for soap-film-like surfaces

spanning nonclosed curves

Keomkyo Seo

For a soap-film-like surface Σ spanning a nonclosed curve Γ in Rn,
it is proved that

4πArea(Σ) ≤ Length(Γ)2.

In the upper hemisphere Sn
+ we use a mixed area Mp(Σ), which

was introduced by Choe and Gulliver [9] to prove an isoperimetric
inequality

4πMp(Σ) ≤ Length(Γ)2

for a soap-film-like surface Σ with nonclosed boundary ∂Σ. In a
complete simply connected Riemannian manifold with sectional
curvature bounded above by a nonpositive constant K, a soap-
film-like surface Σ with an embedded, connected, and nonclosed
boundary curve Γ satisfies

4πArea(Σ)−KArea(Σ)2 ≤ Length(Γ)2.

Moreover, for a soap-film-like surface Σ with nonclosed boundary
∂Σ in a complete simply connected Riemannian manifold M with
sectional curvature bounded above by a constant K, we obtain a
weak isoperimetric inequality

2πArea(Σ)−KArea(Σ)2 ≤ Length(∂Σ)2.

Finally, we prove that a soap-film-like surface Σ ⊂ Rn satisfies

2
√
2πArea(Σ) ≤ Length(∂Σ)2.

1. Introduction

It has been a long-standing conjecture that the classical isoperimetric
inequality

(1.1) 4πArea(Σ) ≤ Length(∂Σ)2
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should hold for any compact smooth minimal surface Σ in Rn. In 1921, it
was partially proved by Carleman [5] for simply connected minimal surfaces
in Rn. Osserman and Schiffer [16] showed that the isoperimetric inequal-
ity (1.1) still holds with a strict inequality for doubly connected minimal
surfaces in R3, using the Weierstrass representation formula. Later Fein-
berg [12] generalized this to doubly connected minimal surfaces in Rn for
all n. In 1984, Li et al. [15] proved the inequality (1.1) for minimal surfaces
in R3 with one or two boundary components, introducing the concept of
weakly connected boundary. Choe [6] later showed that the inequality (1.1)
holds also for any minimal surfaces in Rn with one or two boundary com-
ponents. However, this conjecture is still open for minimal surfaces with at
least three boundary components.

On the other hand, one might propose the same conjecture for soap-film-
like surfaces with singularities. Almgren [1] showed that the conjecture is
true for area minimizing flat chains mod k, using geometric measure theory.
In [7], Choe proved that the inequality (1.1) holds also for two-dimensional
stationary varifolds with connected boundary of multiplicity ≥1. However,
until now, it was unknown whether soap-film-like surfaces with nonclosed
boundary satisfy this isoperimetric inequality. Physically such surfaces may
be observed in soap-film experiments, where the nonclosed boundary curve
is connected by a singular curve in the interior of surface and three surfaces
meet along the singular curve. The mathematical existence of such soap-
film-like surfaces was studied by Parks [17] and Drachman and White [10].
In this paper, we study isoperimetric inequalities for soap-film-like surfaces
whose boundary contains a nonclosed curve.

It turns out that for a soap-film-like surface Σ spanning a nonclosed
curve Γ in Rn (Theorem 3.4),

(1.2) 4πArea(Σ) ≤ Length(Γ)2.

We emphasize that the above inequality does not contain the length of sin-
gular curves of Σ. The key idea of the proof of this inequality is the following:
firstly, we obtain the area and density comparison between Σ and p××Γ for
a point p ∈ Σ. Secondly, we prove the isoperimetric inequality for the cone
p××Γ, where p××Γ is the union of the line segments from p to q over all q ∈ Γ.
Note that we cannot apply Stokes’ theorem to Σ because Σ is singular, hence
it is nonorientable in general. For that reason, we use a classical minimal
surface Σ̃ which is obtained by cutting the soap-film-like surface Σ along
the singular curves, hence the boundary of Σ̃ is the union of the boundary
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curve Γ of Σ and the singular curves. Thereafter, with these inequalities, we
finally obtain the desired isoperimetric inequality for soap-film-like surfaces.

We are also concerned with isoperimetric inequalities for soap-film-like
surfaces in a curved space. Given a point p ∈ Sn, using a modified area
Mp(Σ) which was introduced by Choe and Gulliver [9], we shall obtain the
following isoperimetric type inequality for a soap-film-like surface Σ in the
upper hemisphere (Theorem 4.6)

4πMp(Σ) ≤ Length(∂Σ)2.

Moreover, we obtain an isoperimetric inequality for a soap-film-like surface
Σ in a complete simply connected Riemannian manifold M with sectional
curvature bounded above by a nonpositive constant K (Theorem 5.2):

4πArea(Σ)−KArea(Σ)2 ≤ Length(∂Σ)2.

Finally, without topological assumption on boundary it is verified that a
weaker isoperimetric inequality

(1.3) 2πArea(Σ)−KArea(Σ)2 ≤ Length(∂Σ)2

holds for a soap-film-like surface Σ in M (Theorem 6.1). In particular, when
M = Rn, the inequality (1.3) can be improved as follows (Theorem 6.2):

2
√
2πArea(Σ) ≤ Length(∂Σ)2.

2. Preliminaries

Let Γ be an embedded (possibly nonclosed) piecewise C1-curve in a
Riemannian manifold M . We will consider singular surfaces which are ori-
entable C2-surfaces except the curve Γ and the singular curves ∪Ci, such
that each Ci is a piecewise C1-curve and C1 up to Γ ∪ (∪Ci).

Definition 2.1 [11]. A rectifiable varifold Σ in M is called strongly sta-
tionary with respect to Γ if for every smooth variation φ : R×M → M
with φ(0, x) ≡ x, we have

d
dt

∣∣∣
t=0

(
Area(φ(t,Σ)) + Area(φ([0, t]× Γ))

)
≥ 0.
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Figure 1: Soap-film-like surfaces with nonclosed boundary.

Recall that a compactly supported rectifiable varifold Σ is said to be
stationary in M \ Γ if

d
dt

∣∣∣
t=0

Area(φ(t,Σ)) = 0

for all smooth variation φ : R×M → M such that φ(0, x) ≡ x and φ(t, ξ) ≡
ξ for ξ in a neighborhood of Γ. It follows that the strong stationarity of Σ
implies that Σ is stationary in M \ Γ.

If we choose the variational vector field X = φ′(0, x) to preserve the
singular curves ∪Ci, then the stationarity condition implies that H ≡ 0 on
Σ \ ∪Ci, that is, Σ \ ∪Ci is minimal. Furthermore, if Σ is stationary inM \ Γ,
then the first variation formula of the area [18] implies∫

∪Ci

∑
j∈J(p)

〈νj(p), X⊥(p)〉 ds(p) = 0,

where X⊥ is the normal component of the variational vector field X =
φ′(0, x), J(p) indexes the collection of surfaces Σj ’s which meet at a point
p in ∪Ci \ Γ and νj is the outward unit conormal vector to ∂Σj along ∪Ci,
where the surfaces Σj ’s meet. Since the choice of the variational vector field
X is arbitrary along ∪Ci \ Γ, it follows that

(2.1)
∑

j

νj(p) = 0 on ∪ Ci \ Γ,

which is called the balancing of νj along the singular curves of Σ [14]. For an
area minimizing surface Σ, it is well known that along the singular curves
three surfaces meet at 120◦ ([2, 20]), hence from (2.1) it follows that ν1(p) +
ν2(p) + ν3(p) = 0 for p ∈ ∪Ci \ Γ.

Unfortunately there is no obvious definition of boundary of Σ, since Σ is
not orientable in general. Hence, we define the boundary of Σ in variational
terms as follows.
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Definition 2.2 [11, 14]. Γ is said to be variational boundary of a surface Σ
if there exists an H1 measurable vector field νΣ along Γ which is orthogonal
to Γ, with |νΣ| ≤ 1, such that for every smooth vector field X defined on M ,∫

Σ
divXT dA =

∫
Γ
〈X, νΣ〉ds.

We denote by S the class of singular surfaces {Σ} that satisfy the
following:

• Σ is orientable and C2 except the piecewise C1 variational boundary
∂Σ and the singular curves ∪Ci, where each i is a piecewise C1 curve.

• Σ is C1 up to ∂Σ ∪ (∪Ci).

Given a strongly stationary surface Σ in S spanning a nonclosed curve
Γ, one can see that the variational boundary ∂Σ of Σ is exactly equal to
Γ. Therefore we will call Γ the boundary ∂Σ of Σ for short as in a clas-
sical surface theory. In fact, strong stationarity for surfaces in the class S
is equivalent to stationarity in M \ Γ plus the above boundary condition.
Throughout this paper we study an isoperimetric inequality for strongly
stationary surfaces in S.

Recall that the densityΘ(Σ, p) of a surface Σ at a point p in a Riemannian
manifold M is defined to be

Θ(Σ, p) = lim
ε→0

Area(Σ ∩Bε(p))
πε2

,

where Bε(p) is the geodesic ball of M centered at p with radius ε. Note that
for Σ is a surface in S, the density Θ(Σ, p) is well-defined and we may also
compute the density in terms of length:

Θ(Σ, p) = lim
ε→0

Length(Σ ∩ ∂Bε(p))
2πε

.

We also define the two-dimensional angle Angle(Σ, p) of Σ from p as follows:

Angle(Σ, p) = 2πΘ(Σ, p).

3. Isoperimetric inequalities for soap-film-like surfaces in
Euclidean space

Let Γ be a Jordan curve in Rn and Σ be a minimal surface in Rn with
boundary Γ. Then for a point p ∈ Σ \ Γ, it has been known that the density
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comparison between Σ and the cone p××Γ over p satisfies

(3.1) Θ(Σ, p) ≤ Θ(p××Γ, p),

where equality holds only for Σ = p××Γ. (See [6, 11, 13].) Recently Gulliver
and Yamada [14] proved that the density comparison (3.1) still holds for
a strongly stationary surface Σ spanning a graph Γ. For a soap-film-like
surface Σ in Rn with nonclosed boundary Γ, the density comparison (3.1)
is still true. More precisely, we have the following.

Proposition 3.1. Let Σ ∈ S be a strongly stationary surface in Rn with
an embedded, connected, and nonclosed boundary curve Γ. Then for a point
p ∈ Σ \ Γ we have

(3.2) Θ(Σ, p) < Θ(p××Γ, p),

unless Σ itself is a cone p××Γ.

Remark. It follows from this proposition that 1 ≤ Θ(p××Γ, p) for p ∈ Σ \ Γ
and in particular 32 ≤ Θ(p××Γ, p) for a point p on the singular curves of Σ \ Γ.
The proof of this proposition is similar to that of Theorem 1 in [14].

Proof. Let ∪Ci be the set of singular curves of Σ satisfying that each Ci is
a piecewise C1-curve as mentioned in previous section. We cut the surface
Σ along the singular curves ∪Ci to obtain a C2-surface Σ̃, such that Σ̃ is a
minimal surface in Rn with ∂Σ̃ = Γ ∪ (∪Ci).
For the Euclidean distance function r(x) = dist(p, x), from [6] we see that

2πδp ≤ Δlog r.

Therefore

2πΘ(Σ, p) = 2πΘ(Σ̃, p) ≤
∫
Σ̃
Δlog r

=
∫

∂Σ̃

1
r

∂r

∂ν

=
∫
Γ

1
r

∂r

∂ν
+

∫
∪Ci

1
r

∂r

∂νj

=
∫
Γ

1
r

∂r

∂ν
, (by (2.1))(3.3)
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where ν is the outward unit conormal vector to Γ at a point q ∈ Γ \ ∪Ci and
νj is the outward unit conormal vector to ∂Σj along ∪Ci, where the surfaces
Σj ’s meet

Similarly, we may compute the density of the cone p××Γ at p ∈ Σ \ Γ.
Since 2πδp = Δ log r on p××∂Σ, it follows that

2πΘ(p××Γ, p) =
∫

p××Γ
Δlog r

=
∫
Γ

1
r

∂r

∂η
+

∫
pa

1
r

∂r

∂η
+

∫
pb

1
r

∂r

∂η
=

∫
Γ

1
r

∂r

∂η
,(3.4)

where the points a and b are the 4s of Γ and η is the outward unit conormal

to p××Γ. In the last equality above, we used the fact that ∂r

∂η
vanishes along

pa and pb because ∇r and η are perpendicular. On the other hand, it is easy
to see that

(3.5)
∂r

∂ν
≤ ∂r

∂η
≤ 1 on Γ.

Hence from the inequalities (3.3) and (3.4), we get

2πΘ(Σ, p) = 2πΘ(Σ̃, p) ≤
∫
Γ

1
r

∂r

∂ν

≤
∫
Γ

1
r

∂r

∂η
(by (3.5))

=
∫

p××Γ
Δlog r = 2πΘ(p××Γ, p).

�

Proposition 3.2. Let Σ ∈ S be a strongly stationary surface in Rn with
an embedded, connected, and nonclosed boundary curve Γ. Then for a point
p ∈ Rn we have

(3.6) Area(Σ) ≤ Area(p××Γ).

Proof. As in the proof of Proposition 3.1, we cut the surface Σ along the
singular curves ∪Ci to obtain a minimal surface Σ̃ with ∂Σ̃ = Γ ∪ (∪Ci). Let
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r(x) = dist(p, x), for x ∈ Σ̃. Using Δr2 = 4 on Σ̃, we get

4Area(Σ) = 4Area(Σ̃) =
∫

∂Σ̃
2r

∂r

∂ν
=

∫
Γ
2r

∂r

∂ν
+

∫
∪Ci

2r
∂r

∂νj
=

∫
Γ
2r

∂r

∂ν
,

where ν is the outward unit conormal vector to Γ at a point q ∈ ∂Σ \ ∪Ci

and νj is the outward unit conormal vector to ∂Σj along ∪Ci, where the
surfaces Σj ’s meet. Furthermore on the cone p××∂Σ, the identity Δr2 = 4
still holds. Hence

4Area(p××Γ) =
∫
Γ
2r

∂r

∂η
+

∫
pa
2r

∂r

∂η
+

∫
pb
2r

∂r

∂η
=

∫
Γ
2r

∂r

∂η
,

where the points a and b are the endpoints of Γ and η is the outward unit

conormal to p××Γ and we used the fact that
∂r

∂η
= 〈∇r, η〉 = 0 on pa and pb

in the last inequality. It follows from the inequality (3.5) that

4Area(Σ) ≤
∫
Γ
2r

∂r

∂ν
≤

∫
Γ
2r

∂r

∂η
= 4Area(p××Γ).

�

In order to prove an isoperimetric inequality for soap-film-like surfaces,
we need the following isoperimetric inequality for cones.

Lemma 3.3 [6]. Let C(t) be a connected plane curve parameterized by
the angle from the origin 0, for a ≤ t ≤ b. If dist(0, C) > 0, b− a ≥ 2π, and
dist(0, C(a)) = dist(0, C(b)), then

4πArea(0××C) ≤ Length(C)2.

Equality holds if and only if C is a circle and b− a = 2π, where Area(0××C)
counts multiplicity, and C(t) may be a line segment which is a subset of a
ray emanating from the origin for some values of t.

Theorem 3.4. Let Σ ∈ S be a strongly stationary surface in Rn with an
embedded, connected, and nonclosed boundary curve Γ. Then we have

4πArea(Σ) ≤ Length(Γ)2.

Proof. For the endpoint a and b of Γ, there exists a hyperplane Π ∈ Rn which
bisects and is perpendicular to the line segment ab. For any p ∈ (Σ ∩Π) \ Γ,
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we have

dist(p, a) = dist(p, b) and 1 ≤ Θ(p××Γ, p) =
1
2π
Angle(Γ, p).

Since Γ is connected, we can develop the cone p××Γ into a cone O××C on R2,
such that C has the same length as Γ. Here, Area(p××Γ) counts multiplicity.
Then, by applying Lemma 3.3, we can obtain

(3.7) 4πArea(p××Γ) ≤ Length(Γ)2.

Hence the conclusion follows from Proposition 3.2. �

We say that a set C ⊂ Rn is radially connected from a point p ∈ Rn if
{r : r = dist(p, q), q ∈ C} is a connected interval. Obviously, every connected
set in Rn is radially connected from any point p ∈ Rn. In general, it turns
out that Theorem 3.4 holds for a soap-film-like surface whose boundary is
radially connected and the number of the boundary components is at least
2. More precisely,

Theorem 3.5. Let Σ ∈ S be a strongly stationary surface in Rn with
boundary ∂Σ. Assume that at least one component of ∂Σ is a nonclosed curve
with endpoints a and b. Assume also that there exists a point p ∈ Σ \ ∂Σ,
such that dist(p, a) = dist(p, b) and ∂Σ is radially connected from p. Then
we have

4πArea(Σ) ≤ Length(∂Σ)2.

Proof. The proof is based on that of Theorem 3.4. Let Γi (1 ≤ i ≤ m) be
the (possibly empty) set of the closed curves among the boundary ∂Σ and
let Γ0 be the nonclosed curve with endpoints a and b from our assumption.
We can develop a space curve C onto a plane curve C in such a way that
under a suitable parameterization of C, C winds around p counterclockwise
at all points of C except for a (possibly empty) subset which is a subset of
rays emanating from p. For each closed curve Γi (1 ≤ i ≤ m), choose a point
qi ∈ Γi, such that dist(p, qi) = dist(p,Γi) and develop the nonclosed curve
Γi \ {qi} onto a plane curve Γi in R2 as above. Similarly, when i = 0, we
develop the nonclosed curve Γ0 in R2.

Let q1i and q2i be the two endpoints of Γi for 0 ≤ i ≤ m. In particular,
q10 = a and q20 = b. Note that dist(p,Γi > 0 for all i by assumption that
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p ∈ Σ \ ∂Σ. Moreover, we have

dist(p, q1i ) = dist(p, q2i )

for 0 ≤ i ≤ m. Without loss of generality, we may rearrange Γi’s and assume
that

dist(p, q10) ≤ dist(p, q11) ≤ · · · ≤ dist(p, q1m).

Since the boundary ∂Σ is radially connected from p, we see that for every
0 ≤ i ≤ m, there exists a point ri and k = k(i) ∈ {0, 1, . . . , i− 1} satisfying
that

ri ∈ Γk and dist(p, ri) = dist(p, q1i ).

Thus we choose r1 ∈ Γ0, such that dist(p, r1) = dist(p, q11). Then we con-
struct a plane curve Γ̃1 by cutting Γ0 at the point r1 ∈ Γ0 and inserting Γ1
into Γ0. By this process, Γ̃1 is a connected plane curve and its endpoints q̃11
and q̃21 satisfy

dist(p, q̃11) = dist(p, q̃21).

Again by radial connectedness of ∂Σ, there exists a point r2 ∈ Γ̃1, such that
dist(p, r2) = dist(p, q21). As above, we construct a curve Γ̃2 by cutting Γ̃1 at
the point r2 ∈ Γ̃1 and inserting Γ2 into Γ̃1. Here, the endpoints of Γ̃2, say q̃12
and q̃22 satisfy

dist(p, q̃12) = dist(p, q̃22).

Continuing this process, we finally obtain a connected plane curve Γ̃m with
the endpoints q̃1m and q̃2m satisfying that

dist(p, Γ̃m) > 0,

dist(p, q̃1m) = dist(p, q̃2m),

Angle(Γ̃m, p) = Angle(∂Σ, p),

Length(Γ̃m) = Length(∂Σ),

Area(p××Γ̃m) = Area(p××∂Σ).

Moreover, since p ∈ Σ \ ∂Σ, it follows from Proposition 3.1 that

1 ≤ Θ(Σ, p) < Θ(p××∂Σ, p).
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Hence

Angle(Γ̃m, p) = Angle(∂Σ, p)
= 2πΘ(p××∂Σ, p)
> 2π.

Therefore we get the conclusion from Lemma 3.3. �

4. Isoperimetric inequalities for soap-film-like surfaces in the
hemisphere

Bernstein [3] proved that a domain Σ on the unit sphere S2 satisfies the
sharp isoperimetric inequality

4πArea(Σ)−Area(Σ)2 ≤ Length(∂Σ)2.

One may guess that it would still hold for domains on any minimal surfaces
in Sn as in Rn. The answer to this problem is not yet known. However, for
a point p ∈ Sn, Choe and Gulliver [9] introduced the concept of a modified
area Mp(Σ) of a minimal surface Σ in Sn and obtained an isoperimetric type
inequality

4πMp(Σ) ≤ Length(∂Σ)2,

where equality holds if and only if Σ is a totally geodesic disk with center
at p. In this section, we extend their results to soap-film-like surfaces in the
upper hemisphere Sn

+ := {x ∈ Rn+1 : |x| = 1, xn+1 > 0}.

Definition 4.1 [9]. Given a surface Σ in Sn
+, the modified area Mp(Σ) of

Σ with center at a point p ∈ Sn
+ is defined to be

Mp(Σ) =
∫
Σ
cos r.

Remark 4.2. It is easy to see thatMp(Σ) ≤ Area(Σ) for Σ ⊂ Sn
+. For p, the

north pole (0, . . . , 0, 1), note that since cos r is the Jacobian of the projection
of Sn

+ into xn+1 = 0, the modified area Mp(Σ) is the Euclidean area of the
orthogonal projection of Σ into the horizontal hyperplane xn+1 = 0, counting
orientation [9].

Lemma 4.3 [9]. Let Σ be a minimal surface in Sn
+. Then for a fixed point

p ∈ Sn
+ the distance function r(x) = dist(p, x) in Sn

+ satisfies the following.
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(a) Δ cos r = −2 cos r,
(b) 2πδp ≤ Δlog

sin r

1 + cos r
.

Proposition 4.4. For a strongly stationary surface Σ ∈ S in Sn
+ and a

point p ∈ Sn
+, we have

Mp(Σ) ≤Mp(p××∂Σ).

Proof. As before, we use a classical minimal surface Σ̃ obtained from Σ, such
that ∂Σ̃ = ∂Σ ∪ (∪Ci), where each Ci is a piecewise C1-curve. For a fixed
pSn

+, the distance function r(x) = dist(p, x) satisfies

Δ cos r = −2 cos r

by Lemma 4.3. Therefore

Mp(Σ) = Mp(Σ̃) = −12
∫
Σ̃
Δcos r

=
1
2

∫
∂Σ̃
sin r

∂r

∂ν

=
1
2

∫
∂Σ
sin r

∂r

∂ν
(by (2.1))

≤ 1
2

∫
∂Σ
sin r

∂r

∂η
(by (3.5))

= −1
2

∫
p××∂Σ

Δcos r

= Mp(p××∂Σ).

�

As in Euclidean space, we have a density comparison inequality for a
soap-film-like surface Σ in Sn

+ with nonclosed boundary as follows.

Proposition 4.5. Let Σ ∈ S be a strongly stationary surface in Sn
+. Then

for a point p ∈ Sn
+, we have

Θ(Σ, p) ≤ Θ(p××∂Σ, p).
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Proof. Since the distance function r(x) = dist(p, x) in Sn
+ for a fixed point

p ∈ Sn
+ satisfies

(4.1) 2πδp ≤ Δlog
sin r

1 + cos r

by Lemma 4.3, integrating the inequality (4.1) and using the divergence
theorem, we have

2πΘ(Σ̃, p) ≤
∫
Σ̃
Δlog

sin r

1 + cos r
=

∫
∂Σ̃

1
sin r

∂r

∂ν

=
∫

∂Σ

1
sin r

∂r

∂ν
(by (2.1))

≤
∫

∂Σ

1
sin r

∂r

∂η
(by (3.5))

=
∫

p××∂Σ
Δlog

sin r

1 + cos r
= 2πΘ(p××Σ, p).

�

Theorem 4.6. Let Σ ∈ S be a strongly stationary surface in Sn
+ with bound-

ary ∂Σ. Assume that at least one component of ∂Σ is a nonclosed curve with
endpoints a and b. Assume also that there exists a point p ∈ Σ \ ∂Σ, such
that dist(p, a) = dist(p, b) and ∂Σ is radially connected from p. Then, we
have the following.

4πMp(Σ) ≤ Length(∂Σ)2.

Proof. As in the proof of Theorem 3.5, we can develop the cone p××∂Σ on
a two-dimensional great sphere S2 ⊂ Sn and find a curve Γ (not necessarily
closed) in S2, such that p××∂Σ is locally isometric to p̄××Γ for p̄ the north
pole of S2 and the endpoint q1, q2 of Γ satisfying that

dist(p, q1) = dist(p, q2).

Then

Mp(p××∂Σ) = Mp̄(p̄××Γ),
Length(∂Σ) = Length(Γ),
Angle(∂Σ, p) = Angle(Γ, p̄).
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As mentioned in Remark 4.2, Mp̄(p̄××Γ) is the same as the Euclidean area of
the orthogonal projection of p̄××Γ onto the two-plane containing the equator
of S2. Let Γ be the image of Γ under the projection and 0 the origin of the
2-plane. Then

Mp̄(p̄××Γ) = Area(0××Γ),
Angle(Γ, p̄) = Angle(Γ, 0).

Moreover, since the projection is a length-decreasing map,

Length(Γ) ≥ Length(Γ).

Note that if q̄1 and q̄2 are the endpoints of Γ, then

dist(0, q̄1) = dist(0, q̄2).

Applying Proposition 4.5, we see that

Angle(∂Σ, p) = 2πΘ(p××∂Σ, p)
≥ 2πΘ(Σ, p)
≥ 2π.

From Lemma 3.3 and Proposition 4.4, it follows that

4πMp(Σ) ≤ 4πMp(p××∂Σ)

= 4πArea(0××Γ)
≤ Length(Γ)2

≤ Length(∂Σ)2,

which completes the proof. �

As a consequence of this theorem, for a soap-film-like surface with one
boundary component, we have the following.

Corollary 4.7. Let Σ ∈ S be a strongly stationary surface in Sn
+ with an

embedded, connected, and nonclosed boundary curve Γ. Then for a point
p ∈ Σ \ Γ, we have

4πMp(Σ) ≤ Length(Γ)2.
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5. Isoperimetric inequalities for soap-film-like surfaces in
nonpositively curved spaces

In 1999, Choe [8] proved that a minimal surface Σ with one or two bound-
ary components in a complete simply connected Riemannian manifold with
sectional curvature bounded above by a nonpositive constant K satisfies the
sharp isoperimetric inequality

4πArea(Σ)−KArea(Σ)2 ≤ Length(∂Σ)2,

where equality holds if and only if the minimal surface Σ is a geodesic disk
in a surface of constant Gaussian curvature K. In this section, we obtain an
isoperimetric inequality for soap-film-like surfaces in a Riemannian manifold
M of sectional curvature bounded above by a constant K, applying Choe’s
method [8].

The key ingredient in the extension to the variable curvature case is
to construct a suitable cone p̄××Γ̄ associated with Σ in a simply connected
space form M̄ of constant sectional curvature K. Thereafter, we derive the
similar area and density estimates as in Rn.

Lemma 5.1 [8]. Let Σ be a minimal surface in a simply connected
Riemannian manifold M of sectional curvature bounded above by a con-
stant K. Define r(x) = dist(p, x) for a fixed p ∈M .

(I) If K = 0, then we have on Σ:

(a) Δ log r ≥ 2πδp if p ∈ Σ;

(b) Δr ≥ 1
r
;

(II) If K = −k2 < 0, then we have on Σ:

(c) Δr ≥ k coth kr;
(d) Δ log(1 + cosh kr) ≥ −K;

(e) Δ log
sinh kr

1 + cosh kr
≥ 2πδp if p ∈ Σ;

(f) Δ log sinh kr ≥ 2πδp −K if p ∈ Σ;

(III) If K = k2 > 0, then we have on Σ:

(g) Δ log sin kr ≥ 2πδp −K if p ∈ Σ and r ≤ π
2k ;
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(h) Δr ≥ k cot kr.

Theorem 5.2. Let Σ ∈ S be a strongly stationary surface with boundary
∂Σ in a complete simply connected Riemannian manifold M of sectional
curvature bounded above by a nonpositive constant K. Assume that at least
one component of ∂Σ is a nonclosed curve with endpoints a and b. Assume
also that there exists a point p ∈ Σ \ ∂Σ, such that dist(p, a) = dist(p, b) and
∂Σ is radially connected from p. Then we have

4πArea(Σ)−KArea(Σ)2 ≤ Length(∂Σ)2.

Proof. First, we assume K = −k2 < 0. Define r(x) = dist(p, x), p ∈ Σ. As
before, we shall obtain some estimates for Σ by using a classical minimal
surface Σ̃. Integrating Lemma 5.1.(d) over Σ̃ gives

−KArea(Σ) = −KArea(Σ̃) ≤
∫
Σ̃
Δlog(1 + cosh kr)

=
∫

∂Σ

k sinh kr

1 + cosh kr

∂r

∂ν
+

∫
∪Ci

k sinh kr

1 + cosh kr

∂r

∂νj

=
∫

∂Σ

k sinh kr

1 + cosh kr

∂r

∂ν
, (by (2.1))

where ν is the outward unit conormal to ∂Σ and νj is the outward unit
conormal to ∂Σj .

Let η be the unit normal vector that makes the smallest angle with ∇r.
Then as in the inequality (3.5) it follows that

∂r

∂ν
≤ ∂r

∂η
=

√
1− 〈∇r, τ〉2,

where τ is a unit tangent to ∂Σ and thus we get

(5.1) −KArea(Σ) ≤
∫

∂Σ

k sinh kr

1 + cosh kr

√
1− 〈∇r, τ〉2.

We now construct the corresponding two-dimensional cone in the simply
connected space form M of constant sectional curvature K as follows. Let
Γ1, . . . ,Γm be the components of ∂Σ, such that each Γi is parameterized
by Γi(s) with arclength parameter s. Fix a point p̄ ∈M and define r̄(y) =
dist(p̄, y), y ∈ M . Choose qi ∈ Γi, for each i = 1, . . . , m. Then choose q̄i ∈
M satisfying that r(qi) = r̄(q̄i) for each i. We can find a curve Γi ⊂M
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parameterized by Γi(s) with arclength parameter s ∈ [0,Length(Γi)], such
that

Γi(0) = q̄i,

r(Γi(s)) = r̄(Γi(s)),

〈r,Γ′
i(s)〉 = 〈r̄,Γ′

i(s)〉,

where Γ′
i(s) and Γ′

i(s) are the unit tangent vectors of Γi(s) and Γi(s),
respectively. It also follows from the definition of Γi that

Length(Γi) = Length(Γi).

Hence

−KArea(Σ) ≤
m∑

i=1

∫
Γi

k sinh kr

1 + cosh kr

√
1− 〈∇r,Γ′

i(s)〉2

=
m∑

i=1

∫
Γi

k sinh kr̄

1 + cosh kr̄

√
1− 〈∇r̄,Γ′

i(s)〉2.

Let η̄ be the outward unit conormal to Γi on p̄××Γ̄i. Then it follows that√
1− 〈∇r̄,Γ′

i(s)〉2 =
∂r̄

∂η̄
.

Furthermore, if Γi is not a closed curve in M̄ , the boundary of p̄××Γi consists
of Γi and the two geodesic rays from p̄ to Γi(0) and Γi(Li), where Li =

Length(Γi) = Length(Γi). It is easy to see that
∂r̄

∂η̄
= 0 on the geodesic rays.

Therefore, we get

Area(Σ) ≤ − 1
K

m∑
i=1

∫
Γi

k sinh kr̄

1 + cosh kr̄

∂r̄

∂η̄

= −
m∑

i=1

∫
p̄××Γi

1
K
Δlog(1 + cosh kr̄)

=
m∑

i=1

Area(p̄××Γi)

= Area(p̄××Γ), Γ =
m⋃

i=1

Γi.(5.2)
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On the other hand, integrating Lemma 5.1.(e) over Σ gives

2π ≤
∫
Σ̃
Δlog

sinh kr

1 + cosh kr
=

∫
∂Σ̃

k

sinh kr

∂r

∂ν

=
∫

∂Σ

k

sinh kr

∂r

∂ν
+

∫
∪Ci

k

sinh kr

∂r

∂ν
≤

∫
∂Σ

k

sinh kr

∂r

∂η

=
∫
Γ

k

sinh kr̄

∂r̄

∂η̄
=

∫
p̄××Γ̄

Δlog
sinh kr̄

1 + cosh kr̄
= Θ(Γ, p̄).

Since Γ is also radially connected from p̄ by our construction of Γ, applying
Lemma 3.3 gives

4πArea(p̄××Γ) ≤ Length(Γ)2 +KArea(p̄××Γ)2.

Hence the desired isoperimetric inequality immediately follows from the
inequality (5.2). Similarly we can prove the case of K = 0. �

Corollary 5.3. Let M be a complete simply connected Riemannian mani-
fold M of sectional curvature bounded above by a nonpositive constant K. Let
Σ ∈ S be a strongly stationary surface in M with an embedded, connected,
and nonclosed boundary curve Γ. Then we have

4πArea(Σ)−KArea(Σ)2 ≤ Length(Γ)2.

6. Weak isoperimetric inequality for soap-film-like surfaces

In [4, p. 318–319], Simon obtained a weaker isoperimetric inequality without
connectedness assumption on boundary

2πArea(Σ) ≤ Length(∂Σ)2

for a minimal surface Σ in Rn. Choe [8] proved a weaker isoperimetric
inequality for a minimal surface Σ in a simply connected Riemannian mani-
fold M with sectional curvature bounded above by a constant K as follows:

2πArea(Σ) ≤ Length(∂Σ)2 +KArea(Σ)2.

Motivated by this, we shall obtain isoperimetric inequalities that are weaker
than those in the previous sections but hold for all soap-film-like surfaces,
which is an extension of Choe’s result.



Isoperimetric inequalities 875

Theorem 6.1. Let Σ ∈ S be a strongly stationary surface in a complete
simply connected Riemannian manifold M with sectional curvature bounded
above by a constant K. If K ≤ 0, then

(6.1) 2πArea(Σ) ≤ Length(∂Σ)2 +KArea(Σ)2.

If K > 0, the inequality (6.1) holds under the additional assumption that
diam(Σ) ≤ π

2
√

K
.

Proof. We first prove the inequality (6.1) when K = −k2 < 0. As before, we
consider a minimal surface Σ̃ in M with ∂Σ̃ = ∂Σ ∪ (∪Ci), where ∪Ci is the
set of the singular curves. Integrating Lemma 5.1.(e) over Σ̃, we get

(6.2) 2π −KArea(Σ̃) ≤
∫
Σ̃
Δlog sinh kr =

∫
∂Σ̃

k coth kr ≤
∫

∂Σ
k coth kr.

Moreover using Lemma 5.1.(b), integrating the inequality (6.2) over Σ̃ and
applying Fubini’s theorem, we obtain

2πArea(Σ̃)−KArea(Σ̃)2 ≤
∫
Σ̃

∫
∂Σ

k coth kr

=
∫

∂Σ

∫
Σ̃

k coth kr

≤
∫

∂Σ

∫
Σ̃
Δr ≤

∫
∂Σ

∫
∂Σ

∂r

∂ν
= Length(∂Σ)2.

When K = 0, we obtain the inequality (6.1) by integrating Lemma 5.1.(a)
twice and applying Lemma 5.1.(b).
When K > 0, we obtain the inequality (6.1) by integrating Lemma 5.1.(g)
twice and applying Lemma 5.1.(h). �

For a strongly stationary surface Σ ∈ S in Rn, the above Theorem 6.1
implies that

(6.3) 2πArea(Σ) ≤ Length(Γ)2.

However, using Stone’s idea [19], we can improve the inequality (6.3) by the
constant

√
2 as follows.

Theorem 6.2. Let Σ ∈ S be a strongly stationary surface in Rn. Then we
have

2
√
2πArea(Σ) ≤ Length(∂Σ)2.
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Before we prove this theorem, we need the following flux formula for
soap-film-like surfaces.

Lemma 6.3 Flux formula. Let Σ ∈ S be a strongly stationary surface in
Rn. Then we have ∫

∂Σ
ν = 0,

where ν is the outward unit vector conormal to ∂Σ.

Proof. Let ∪Ci be the set of the singular curves in Σ. For a minimal surface
Σ̃ which is obtained from Σ by cutting Σ along the singular curves ∪Ci, the
well-known flux formula says that

∫
∂Σ̃

ν = 0.

Since ∂Σ̃ = ∂Σ ∪ (∪Ci), we get

0 =
∫

∂Σ̃
ν =

∫
∂Σ

ν +
∫
∪Ci

νj =
∫

∂Σ
ν,

where νj is the outward unit conormal to ∂Σj along ∪Ci where the surfaces
Σj ’s meet. �

Proof of Theorem 6.2. Let C = ∪Ci be the set of the singular curves in
Σ. We cut Σ along the singular curves ∪Ci on Σ to get Σ̃ satisfying that Σ̃ is
a minimal surface in Rn with ∂Σ̃ = ∂Σ ∪ (∪Ci). Integrating Lemma 5.1.(a)
over Σ̃ gives

(6.4) 2π ≤
∫

y∈Σ̃
Δlog rx(y) ≤

∫
y∈∂Σ̃

1
rx(y)

∂rx(y)
∂ν

≤
∫

y∈∂Σ

1
rx(y)

,

where rx(y) = dist(x, y) for a fixed x ∈ Σ. Integrating Lemma 5.1.(b) over
Σ̃ gives

(6.5)
∫

x∈Σ̃
1

ry(x)
≤

∫
x∈Σ̃

Δry(x) ≤
∫

x∈∂Σ̃

∂ry(x)
∂ν

=
∫

x∈∂Σ

∂ry(x)
∂ν

.



Isoperimetric inequalities 877

Integrating the inequality (6.4) over Σ̃ and using Fubini’s theorem and the
inequality (6.5) we obtain

2πArea(Σ) ≤
∫

x∈Σ̃

∫
y∈∂Σ

1
rx(y)

=
∫

y∈∂Σ

∫
x∈Σ̃

1
rx(y)

=
∫

y∈∂Σ

∫
x∈Σ̃

1
ry(x)

≤
∫

y∈∂Σ

∫
x∈∂Σ̃

∂ry(x)
∂ν

=
∫

y∈∂Σ

∫
x∈∂Σ

∂ry(x)
∂ν

.(6.6)

Since the roles of x and y can be interchanged in the inequality (6.6), we
also have

(6.7) 2πArea(Σ) ≤
∫

x∈∂Σ

∫
y∈∂Σ

∂rx(y)
∂ν

.

Adding up the inequalities (6.6) and (6.7) we get

(6.8) 4πArea(Σ) ≤
∫

y∈∂Σ

∫
x∈∂Σ

∂ry(x)
∂ν

+
∂rx(y)

∂ν
.

Note that
∂ry(x)

∂ν
= 〈∇ry(x), ν(x)〉 =

〈
x− y

|x− y| , ν(x)
〉

.

Hence, the inequality (6.8) becomes

4πArea(Σ) ≤
∫

y∈∂Σ

∫
x∈∂Σ

〈
x− y

|x− y| , ν(x)
〉
+

〈
x− y

|x− y| ,−ν(y)
〉

≤
∫

y∈∂Σ

∫
x∈∂Σ

|ν(x)− ν(y)|

≤ Length(∂Σ)
( ∫

y∈∂Σ

∫
x∈∂Σ

|ν(x)− ν(y)|2
) 1

2

(by the Hölder inequality)

= Length(∂Σ)
( ∫

y∈∂Σ

∫
x∈∂Σ

(2− 2〈ν(x), ν(y)〉)
) 1

2

= Length(∂Σ)
( ∫

y∈∂Σ

∫
x∈∂Σ

2
) 1

2 (by Lemma 6.3)

=
√
2 Length(∂Σ)2. �
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