COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 22, Number 5, 857-879, 2014

[soperimetric inequalities for soap-film-like surfaces
spanning nonclosed curves

KEOMKYO SEO

For a soap-film-like surface 3 spanning a nonclosed curve I' in R"™,
it is proved that

4rArea(X) < Length(I')%.

In the upper hemisphere S’} we use a mixed area M,(3), which
was introduced by Choe and Gulliver [9] to prove an isoperimetric
inequality

47 M, (%) < Length(T)?

for a soap-film-like surface ¥ with nonclosed boundary 9%. In a
complete simply connected Riemannian manifold with sectional
curvature bounded above by a nonpositive constant K, a soap-
film-like surface ¥ with an embedded, connected, and nonclosed
boundary curve I' satisfies

4 Area(X) — K Area(X)? < Length(I")2.

Moreover, for a soap-film-like surface ¥ with nonclosed boundary
0% in a complete simply connected Riemannian manifold M with
sectional curvature bounded above by a constant K, we obtain a
weak isoperimetric inequality

2rArea(Y) — K Area(X)? < Length(0%)2.
Finally, we prove that a soap-film-like surface ¥ C R"™ satisfies

2v/271Area(¥) < Length(9%)2.

1. Introduction

It has been a long-standing conjecture that the classical isoperimetric
inequality

(1.1) 4mArea(X) < Length(9X)?

857
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should hold for any compact smooth minimal surface ¥ in R". In 1921, it
was partially proved by Carleman [5] for simply connected minimal surfaces
in R™. Osserman and Schiffer [16] showed that the isoperimetric inequal-
ity (1.1) still holds with a strict inequality for doubly connected minimal
surfaces in R?, using the Weierstrass representation formula. Later Fein-
berg [12] generalized this to doubly connected minimal surfaces in R" for
all n. In 1984, Li et al. [15] proved the inequality (1.1) for minimal surfaces
in R? with one or two boundary components, introducing the concept of
weakly connected boundary. Choe [6] later showed that the inequality (1.1)
holds also for any minimal surfaces in R™ with one or two boundary com-
ponents. However, this conjecture is still open for minimal surfaces with at
least three boundary components.

On the other hand, one might propose the same conjecture for soap-film-
like surfaces with singularities. Almgren [1] showed that the conjecture is
true for area minimizing flat chains mod k, using geometric measure theory.
In [7], Choe proved that the inequality (1.1) holds also for two-dimensional
stationary varifolds with connected boundary of multiplicity >1. However,
until now, it was unknown whether soap-film-like surfaces with nonclosed
boundary satisfy this isoperimetric inequality. Physically such surfaces may
be observed in soap-film experiments, where the nonclosed boundary curve
is connected by a singular curve in the interior of surface and three surfaces
meet along the singular curve. The mathematical existence of such soap-
film-like surfaces was studied by Parks [17] and Drachman and White [10].
In this paper, we study isoperimetric inequalities for soap-film-like surfaces
whose boundary contains a nonclosed curve.

It turns out that for a soap-film-like surface ¥ spanning a nonclosed
curve I' in R” (Theorem 3.4),

(1.2) 4rArea(X) < Length(I')2.

We emphasize that the above inequality does not contain the length of sin-
gular curves of 3. The key idea of the proof of this inequality is the following:
firstly, we obtain the area and density comparison between ¥ and px I for
a point p € ¥. Secondly, we prove the isoperimetric inequality for the cone
px I, where px T is the union of the line segments from p to g over all ¢ € T".
Note that we cannot apply Stokes’ theorem to ¥ because X is singular, hence
it is nonorientable in general. For that reason, we use a classical minimal
surface X which is obtained by cutting the soap-film-like surface X along
the singular curves, hence the boundary of ¥ is the union of the boundary
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curve I' of ¥ and the singular curves. Thereafter, with these inequalities, we
finally obtain the desired isoperimetric inequality for soap-film-like surfaces.

We are also concerned with isoperimetric inequalities for soap-film-like
surfaces in a curved space. Given a point p € S™, using a modified area
M,,(¥) which was introduced by Choe and Gulliver [9], we shall obtain the
following isoperimetric type inequality for a soap-film-like surface ¥ in the
upper hemisphere (Theorem 4.6)

47 M,(X) < Length(9%)2.

Moreover, we obtain an isoperimetric inequality for a soap-film-like surface
> in a complete simply connected Riemannian manifold M with sectional
curvature bounded above by a nonpositive constant K (Theorem 5.2):

4mArea(X) — K Area(X)? < Length(9%)2.

Finally, without topological assumption on boundary it is verified that a
weaker isoperimetric inequality

(1.3) 2rArea(X) — K Area(X)? < Length(9%)?

holds for a soap-film-like surface ¥ in M (Theorem 6.1). In particular, when
M = R", the inequality (1.3) can be improved as follows (Theorem 6.2):

2v/21Area(X) < Length(9%)2.

2. Preliminaries

Let I' be an embedded (possibly nonclosed) piecewise Cl-curve in a
Riemannian manifold M. We will consider singular surfaces which are ori-
entable C2-surfaces except the curve I' and the singular curves UC;, such
that each C; is a piecewise C''-curve and C* up to T'U (UC;).

Definition 2.1 [11]. A rectifiable varifold ¥ in M is called strongly sta-
tionary with respect to I' if for every smooth variation ¢ : R x M — M
with ¢(0,z) = x, we have

%‘t:o (Area(¢(tv %)) + Area(([0, ] x F)>) > 0.
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Figure 1: Soap-film-like surfaces with nonclosed boundary.

Recall that a compactly supported rectifiable varifold ¥ is said to be
stationary in M \ T if

T tZOArea(qb(t, ¥)=0

for all smooth variation ¢ : R x M — M such that ¢(0,z) = x and ¢(t,§) =
& for £ in a neighborhood of I'. It follows that the strong stationarity of %
implies that X is stationary in M \ T'.

If we choose the variational vector field X = ¢/(0,x) to preserve the
singular curves UC}, then the stationarity condition implies that H = 0 on
¥\ UC;, that is, ¥ \ UC; is minimal. Furthermore, if ¥ is stationary in M \ T,
then the first variation formula of the area [18] implies

/UC Z (vj(p), X*(p)) ds(p) =0,

' jeJ(p)

where X is the normal component of the variational vector field X =
¢'(0,z), J(p) indexes the collection of surfaces ¥;’s which meet at a point
p in UC; \ T and v; is the outward unit conormal vector to 9%; along UC},
where the surfaces X;’s meet. Since the choice of the variational vector field
X is arbitrary along UC; \ T, it follows that

(2.1) > vi(p) =0on UC;\T,
J

which is called the balancing of v; along the singular curves of ¥ [14]. For an
area minimizing surface X, it is well known that along the singular curves
three surfaces meet at 120° ([2, 20]), hence from (2.1) it follows that v (p) +
va(p) + v3(p) = 0 for p € UC; \ T.

Unfortunately there is no obvious definition of boundary of 3, since X is
not orientable in general. Hence, we define the boundary of ¥ in variational
terms as follows.
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Definition 2.2 [11, 14]. I'issaid to be variational boundary of a surface ¥
if there exists an H! measurable vector field vs; along I' which is orthogonal
to I', with |vs| < 1, such that for every smooth vector field X defined on M,

/ divxtdA = / (X, vs) ds.
P r

We denote by S the class of singular surfaces {¥} that satisfy the
following:

e ¥ is orientable and C? except the piecewise C! variational boundary
0% and the singular curves UC;, where each ; is a piecewise C! curve.

e Y is C! up to 9L U (UC).

Given a strongly stationary surface ¥ in S spanning a nonclosed curve
I', one can see that the variational boundary 0% of ¥ is exactly equal to
I'. Therefore we will call I' the boundary 0% of ¥ for short as in a clas-
sical surface theory. In fact, strong stationarity for surfaces in the class S
is equivalent to stationarity in M \ I" plus the above boundary condition.
Throughout this paper we study an isoperimetric inequality for strongly
stationary surfaces in S.

Recall that the density ©(3, p) of a surface ¥ at a point p in a Riemannian
manifold M is defined to be

Area(X N B:(p))
2 Y

3,p) =1
@( ’p) al—r>r(1) e
where B (p) is the geodesic ball of M centered at p with radius €. Note that
for ¥ is a surface in S, the density O(%, p) is well-defined and we may also
compute the density in terms of length:

O(S, p) = lim Length(X N GBE(p)).
e—0 2me

We also define the two-dimensional angle Angle(X, p) of ¥ from p as follows:
Angle(X, p) = 210(%, p).

3. Isoperimetric inequalities for soap-film-like surfaces in
Euclidean space

Let I be a Jordan curve in R™ and ¥ be a minimal surface in R"™ with
boundary I'. Then for a point p € ¥ \ I, it has been known that the density



862 Keomkyo Seo

comparison between ¥ and the cone px1I" over p satisfies
(3.1) O(2,p) < ©(pxT,p),

where equality holds only for ¥ = pxT'. (See [6, 11, 13].) Recently Gulliver
and Yamada [14] proved that the density comparison (3.1) still holds for
a strongly stationary surface Y spanning a graph I'. For a soap-film-like
surface 3 in R™ with nonclosed boundary I', the density comparison (3.1)
is still true. More precisely, we have the following.

Proposition 3.1. Let ¥ € § be a strongly stationary surface in R™ with
an embedded, connected, and nonclosed boundary curve I'. Then for a point
p € X\ T we have

(3.2) O(%,p) < ©(pxI,p),
unless % itself is a cone pxT'.

Remark. It follows from this proposition that 1 < O(pxT',p) for p€ X\ T
and in particular % < O(pxT, p) for a point p on the singular curves of ¥ \ T".
The proof of this proposition is similar to that of Theorem 1 in [14].

Proof. Let UC; be the set of singular curves of X satisfying that each Cj is
a piecewise C'l-curve as mentioned in previous section. We cut the surface
¥ along the singular curves UC; to obtain a C?-surface i, such that ¥ is a
minimal surface in R” with % = I U (UC}).

For the Euclidean distance function r(x) = dist(p, ), from [6] we see that

27, < Alogr.

Therefore

210 (2, p) = 2mO(%, p) < /~ Alogr
5

_/ 1or
 Josr OV
/187" / 1 or
= [ 2= 4+ -
rrov ue, T Ov;
10r
(3.3 - [ 5 (by (2.1)
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where v is the outward unit conormal vector to I" at a point ¢ € T\ UC; and
vj is the outward unit conormal vector to 9%; along UC;, where the surfaces
>;’s meet

Similarly, we may compute the density of the cone pxI' at p € ¥\ T.
Since 2w, = Alogr on px 9%, it follows that

2r0(pxT,p) = / Alogr
pXT

10r 10r 10r 10r
(3.4) _ Lo [ Lo [ lor_ [lor
rron pa T on o6 T On rron

where the points a and b are the 4s of I' and 7 is the outward unit conormal

r
to pxI'. In the last equality above, we used the fact that — vanishes along

on
pa and pb because Vr and 7 are perpendicular. On the other hand, it is easy
to see that

or _ Or
. — < — < .
(3.5) 81/_877_10nr

Hence from the inequalities (3.3) and (3.4), we get

~ 10r
= < _—
27r0O(X, p) =210 (X, p) < /F 5

10r
<[5 (by (35)

= Alogr =2m0(pxT,p).
pXT

O

Proposition 3.2. Let ¥ € S be a strongly stationary surface in R™ with
an embedded, connected, and nonclosed boundary curve I'. Then for a point
p € R"™ we have

(3.6) Area(X) < Area(pxT).

Proof. As in the proof of Proposition 3.1, we cut the surface ¥ along the
singular curves UC; to obtain a minimal surface ¥ with 90X = T" U (UC;). Let
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r(x) = dist(p, z), for z € 3. Using Ar2 =4 on 3, we get

~ or or or or
4A Y) =4A ) = 2r— = 2r— 2r— = 2r—
rea(X) rea() /6§ T@V g T@V + /uci 'ral/j g T@V’

where v is the outward unit conormal vector to I' at a point ¢ € 93 \ UC;
and v; is the outward unit conormal vector to 93; along UC;, where the
surfaces ¥;’s meet. Furthermore on the cone px9¥, the identity Ar? =4
still holds. Hence

or or or or
4Area(pxIl) = [ 2r— +/ 2r— —I—/ 2r— = | 2r—,
( ) r O Jm On Jm On Jr On

where the points a and b are the endpoints of I' and 7 is the outward unit

conormal to pxTI" and we used the fact that gr = (Vr,n) = 0 on pa and pb
in the last inequality. It follows from the inequality (3.5) that
4Area(Y) < AQT?Z < A2r§2 = 4Area(pxT).

O

In order to prove an isoperimetric inequality for soap-film-like surfaces,
we need the following isoperimetric inequality for cones.

Lemma 3.3 [6]. Let C(t) be a connected plane curve parameterized by
the angle from the origin 0, for a <t <b. If dist(0,C) > 0, b — a > 27, and
dist(0, C(a)) = dist(0, C(b)), then

4 Area(0% C) < Length(C)2.
Equality holds if and only if C is a circle and b — a = 2w, where Area(0x (')
counts multiplicity, and C(t) may be a line segment which is a subset of a

ray emanating from the origin for some values of t.

Theorem 3.4. Let X € S be a strongly stationary surface in R™ with an
embedded, connected, and nonclosed boundary curve I'. Then we have

4mArea(X) < Length(T)?.

Proof. For the endpoint a and b of I', there exists a hyperplane IT € R" which
bisects and is perpendicular to the line segment ab. For any p € (X NII) \ T,
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we have
1
dist(p, a) = dist(p,b) and 1 < O(pxI',p) = 2—Angle(I‘,p).
T

Since I' is connected, we can develop the cone px I into a cone OxC on R?,
such that C has the same length as I". Here, Area(pxI') counts multiplicity.
Then, by applying Lemma 3.3, we can obtain

(3.7) 4mArea(pxI') < Length(I')%,
Hence the conclusion follows from Proposition 3.2. (I

We say that a set C C R" is radially connected from a point p € R™ if
{r:r =dist(p,q),q € C} is a connected interval. Obviously, every connected
set in R" is radially connected from any point p € R". In general, it turns
out that Theorem 3.4 holds for a soap-film-like surface whose boundary is
radially connected and the number of the boundary components is at least
2. More precisely,

Theorem 3.5. Let X € S be a strongly stationary surface in R™ with
boundary 0%. Assume that at least one component of 0% is a nonclosed curve
with endpoints a and b. Assume also that there exists a point p € 3\ 0%,
such that dist(p,a) = dist(p, b) and 0% is radially connected from p. Then
we have

4mArea(X) < Length(9%)2.

Proof. The proof is based on that of Theorem 3.4. Let I'; (1 <i <m) be
the (possibly empty) set of the closed curves among the boundary 9% and
let Ty be the nonclosed curve with endpoints a and b from our assumption.
We can develop a space curve C' onto a plane curve C in such a way that
under a suitable parameterization of C', C winds around p counterclockwise
at all points of C except for a (possibly empty) subset which is a subset of
rays emanating from p. For each closed curve I'; (1 <4 < m), choose a point
q; € T';, such that dist(p, ¢;) = dist(p, ;) and develop the nonclosed curve
I';\ {¢;} onto a plane curve T'; in R? as above. Similarly, when i = 0, we
develop the nonclosed curve Ty in R2.

Let ¢! and ¢? be the two endpoints of T; for 0 < i < m. In particular,
qé =a and q(2) =b. Note that dist(p,T; >0 for all i by assumption that
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p € ¥\ 0. Moreover, we have
dist(p, ¢;) = dist(p, ¢7)

for 0 < i < m. Without loss of generality, we may rearrange I';’s and assume
that

dist(p, ¢) < dist(p, q1) < -+ < dist(p, qp,).

Since the boundary 0% is radially connected from p, we see that for every
0 < i < m, there exists a point r; and k = k(i) € {0,1,...,7 — 1} satisfying
that

ri €T and dist(p,r;) = dist(p, Qzl)

Thus we choose r1 € T, such that dist(p,r1) = dist(p, Ch) Then we con-
struct a plane curve I by cutting T at the point r; € Ty and inserting I‘1
into I'g. By this process, I'1 is a connected plane curve and its endpoints q1
and g} satisfy

dist(p, ¢1) = dist(p, ¢3)-

Again by radial connectedness of 93, there exists a point 72 € fl, such that
dist(p, r2) = dist(p, q?). As above, we construct a curve I'y by cutting I'y at
the point 7o € I'; and inserting I's into I'y. Here, the endpoints of I's, say G3
and g3 satisfy

dist(p, G3) = dist(p, G3)-

Continuing this process, we finally obtain a connected plane curve fm with
the endpoints ¢}, and g2, satisfying that

dist(p, T'n) >

dist(p, G,,) = St(p, i),
Angle(T m,p) Angle(0%, p),
Length(I',,) = Length(9%),
Area(pxT'y,) = Area(px0Y).

Moreover, since p € ¥\ 0%, it follows from Proposition 3.1 that

1 < O(2,p) < O(px0I%, p).
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Hence
Angle(Tr, p) = Angle(9%, p)
= 2710 (px 0%, p)
> 2m.
Therefore we get the conclusion from Lemma 3.3. (I

4. Isoperimetric inequalities for soap-film-like surfaces in the
hemisphere

Bernstein [3] proved that a domain ¥ on the unit sphere S? satisfies the
sharp isoperimetric inequality

4mArea(X) — Area(X)? < Length(9%)2.

One may guess that it would still hold for domains on any minimal surfaces
in S™ as in R™. The answer to this problem is not yet known. However, for
a point p € S™, Choe and Gulliver [9] introduced the concept of a modified
area Mp(X) of a minimal surface ¥ in 8" and obtained an isoperimetric type
inequality

47 M,(X) < Length(9%)?,
where equality holds if and only if 3 is a totally geodesic disk with center

at p. In this section, we extend their results to soap-film-like surfaces in the
upper hemisphere S := {z € R""! : |z| = 1,2,41 > 0}.

Definition 4.1 [9]. Given a surface ¥ in S}, the modified area M,(X) of
> with center at a point p € S"} is defined to be

M,y(%) = /E CoS 7.

Remark 4.2. It is easy to see that M,(X) < Area(X) for ¥ C S’} For p, the
north pole (0,...,0, 1), note that since cosr is the Jacobian of the projection
of 8% into 2,41 = 0, the modified area M,(X) is the Euclidean area of the
orthogonal projection of X into the horizontal hyperplane z,+; = 0, counting
orientation [9].

Lemma 4.3 [9]. Let X be a minimal surface in S't. Then for a fized point
p € St the distance function r(x) = dist(p,x) in S’ satisfies the following.
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(a) Acosr =—2cosr,

sinr
b) 276, < Alog ————.
(b) 2mo, < B 1  cosr

Proposition 4.4. For a strongly stationary surface ¥ € § in St and a
point p € S', we have

My(S) < M, (pxd%).

Proof. As before, we use a classical minimal surface ¥ obtained from >, such
that 0¥ = 0% U (UC;), where each C; is a piecewise C''-curve. For a fixed
pS't, the distance function r(x) = dist(p, ) satisfies

Acosr = —2cosr

by Lemma 4.3. Therefore

g

As in Euclidean space, we have a density comparison inequality for a
soap-film-like surface ¥ in 8"} with nonclosed boundary as follows.

Proposition 4.5. Let ¥ € S be a strongly stationary surface in S'y. Then
for a point p € S', we have

(%, p) < O(px9%,p).
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Proof. Since the distance function r(x) = dist(p,x) in S" for a fixed point
p € S} satisfies
sinr
4.1 276, < Alog ————
(4.1) Top = 2708 1+ cosr
by Lemma 4.3, integrating the inequality (4.1) and using the divergence
theorem, we have

2ﬂ®(i,p)§/~Alogsmr—/ L or
2 0

1+ cosr s sinr Qv

- [ o (by (2.1))
0

s sinr Ov

< / L or (by (3.5))

ox sinr On

sinr

= Alog ——
/p>>(<az & 1+ cosr
= 21O(px 3, p).

O

Theorem 4.6. Let X € S be a strongly stationary surface in S} with bound-
ary 0X. Assume that at least one component of 0% is a nonclosed curve with
endpoints a and b. Assume also that there exists a point p € ¥\ 0%, such
that dist(p, a) = dist(p,b) and 0% is radially connected from p. Then, we
have the following.

47 M,(2) < Length(9%)?.

Proof. As in the proof of Theorem 3.5, we can develop the cone pxd% on
a two-dimensional great sphere S? C 8™ and find a curve I' (not necessarily
closed) in S?, such that pxd¥ is locally isometric to pxI' for p the north
pole of S? and the endpoint ¢, ¢z of I satisfying that

dist(p, q1) = dist(p, ¢2).
Then

My(px%) = My(pxT),
Length(0%) = Length(I"),
Angle(0%, p) = Angle(T, p).
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As mentioned in Remark 4.2, Mp(pxI') is the same as the Euclidean area of
the orthogonal projection of pxI" onto the two-plane containing the equator
of S2. Let T be the image of I under the projection and 0 the origin of the
2-plane. Then

M(pxT) = Area(0xT),
Angle(T', p) = Angle(T, 0).

Moreover, since the projection is a length-decreasing map,
Length(I") > Length(T).
Note that if g; and ¢ are the endpoints of ', then
dist(0, g1) = dist(0, q2).
Applying Proposition 4.5, we see that

Angle(0%, p) = 27O (px 0%, p)
> 27O(%, p)
> 2.

From Lemma 3.3 and Proposition 4.4, it follows that

A7 M, (2) < 4nMy(px0%)
= 4mArea(0xT)

< Length(T)?
< Length(9%)?,

which completes the proof. O

As a consequence of this theorem, for a soap-film-like surface with one
boundary component, we have the following.

Corollary 4.7. Let X € S be a strongly stationary surface in S’} with an
embedded, connected, and nonclosed boundary curve I'. Then for a point
p € X\ T, we have

47 M,(X) < Length(T)2.
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5. Isoperimetric inequalities for soap-film-like surfaces in
nonpositively curved spaces

In 1999, Choe [8] proved that a minimal surface ¥ with one or two bound-
ary components in a complete simply connected Riemannian manifold with
sectional curvature bounded above by a nonpositive constant K satisfies the
sharp isoperimetric inequality

4mArea(X) — K Area(X)? < Length(9%)?,

where equality holds if and only if the minimal surface ¥ is a geodesic disk
in a surface of constant Gaussian curvature K. In this section, we obtain an
isoperimetric inequality for soap-film-like surfaces in a Riemannian manifold
M of sectional curvature bounded above by a constant K, applying Choe’s
method [8].

The key ingredient in the extension to the variable curvature case is
to construct a suitable cone pxI' associated with ¥ in a simply connected
space form M of constant sectional curvature K. Thereafter, we derive the
similar area and density estimates as in R".

Lemma 5.1 [8]. Let ¥ be a minimal surface in a simply connected
Riemannian manifold M of sectional curvature bounded above by a con-
stant K. Define r(z) = dist(p, z) for a fired p € M.

(I) If K =0, then we have on X:

(a) Alog 7“12 2moy, if p e X;

b) Ar > —;
() Arz

(1) If K = —k? <0, then we have on %:

(¢) Ar > kcothkr;
(d) Alog(l +coshkr) > —K;
hk
(e) A % 2o, if p € X;
(f) Alogsinhkr > 276, — K ifp € ¥;

(II) If K = k% > 0, then we have on X:

(g) Alogsinkr > 276, — K ifpe S and r < £
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(h) Ar > kcot kr.

Theorem 5.2. Let X € § be a strongly stationary surface with boundary
0% in a complete simply connected Riemannian manifold M of sectional
curvature bounded above by a nonpositive constant K. Assume that at least
one component of 0% is a nonclosed curve with endpoints a and b. Assume
also that there exists a point p € ¥\ 0%, such that dist(p, a) = dist(p, b) and
0% is radially connected from p. Then we have

4mArea(X) — K Area(X)? < Length(9%)%
Proof. First, we assume K = —k? < 0. Define r(z) = dist(p, z), p € ¥. As

before, we shall obtain some estimates for 3 by using a classical minimal
surface . Integrating Lemma 5.1.(d) over ¥ gives

—KArea(X) = —KArea(2) < /~ Alog(1 + cosh kr)
5

_/ ’“Sifl}l’“"a?”+/ _ksinhkr  Or
~ Jos 1+ cosh kr v ue, 1+ cosh kr dv;
ksinh kr Or
= | 1+ coshkr v by (2.1
/az 1+ coshkr Ov’ (by (2.1))

where v is the outward unit conormal to 0¥ and v; is the outward unit
conormal to 0%;.

Let n be the unit normal vector that makes the smallest angle with Vr.
Then as in the inequality (3.5) it follows that

or _ Or

— < == V 1-— v ) 27

v — On (vr.)
where 7 is a unit tangent to 0¥ and thus we get

(5.1) KArea(z)g/ ksinh ke e,

ox 1+ cosh kr

We now construct the corresponding two-dimensional cone in the simply
connected space form M of constant sectional curvature K as follows. Let
I'1,..., Iy, be the components of 9%, such that each I'; is parameterized
by T';(s) with arclength parameter s. Fix a point p € M and define #(y) =
dist(p,y),y € M. Choose ¢; € I';, for each i =1,...,m. Then choose ¢ €
M satisfying that 7(q;) = 7(g;) for each i. We can find a curve I'; € M
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parameterized by T;(s) with arclength parameter s € [0, Length(T;)], such
that

i(0) = _2'77

(Ti(s),
) = (r.Ti(s)),

where T'i(s) and T(s) are the unit tangent vectors of T';(s) and Ty(s),
respectively. It also follows from the definition of I'; that

~—
Il
=3

Length(T;) = Length(T;).

Hence

—KArea(X) < i

"
Let 77 be the outward unit conormal to I'; on pxT';. Then it follows that
or
1—(Vr, F
v (59 = 55

Furthermore, if T; is not a closed curve in M, the boundary of p xT; consists
of I'; and the two geodesic rays from p to I';(0) and I';(L;), where L; =

k sinh kr \/1 VTF/ >

/ 1+ cosh kr

k sinh k7
1— F
T, 1 + cosh kr \/ (V7. Ti(s))?.

Length(T';) = Length(T;). It is easy to see that a—r = 0 on the geodesic rays.

n
Therefore, we get

1 <~ [ ksinhkF OF
_ 1 _ksmhrr
Area(X) < I ;/ 1 + cosh k7 877

- 1
= —Z/ —Alog(1 + cosh kr)
i—1 /PXT; K
= ZArea(p»«E)
i=1

(5.2) = Area(pxT), T = | JT..
=1
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On the other hand, integrating Lemma 5.1.(e) over X gives

271</A1 sinh kr :/ k. or
&1 1+ cosh kr o, sinh kr Ov

/ k  or n / k. or < / k or

o5 sinh kr Qv uc, sinhkr Ov = /g5, sinh kr On

k or sinh k7
= — = Alog ———— r
/F sinh k7 On FXT %87 + cosh k7 =6(p)

Since T is also radially connected from p by our construction of ', applying
Lemma 3.3 gives

4mArea(pxT) < Length(T)? + K Area(pxT)2.

Hence the desired isoperimetric inequality immediately follows from the
inequality (5.2). Similarly we can prove the case of K = 0. O

Corollary 5.3. Let M be a complete simply connected Riemannian mani-
fold M of sectional curvature bounded above by a nonpositive constant K. Let
> € S be a strongly stationary surface in M with an embedded, connected,
and nonclosed boundary curve I'. Then we have

4mArea(X) — K Area(X)? < Length(T")?.
6. Weak isoperimetric inequality for soap-film-like surfaces

In [4, p. 318-319], Simon obtained a weaker isoperimetric inequality without
connectedness assumption on boundary

2mArea(Y) < Length(9%)?

for a minimal surface ¥ in R"™. Choe [8] proved a weaker isoperimetric
inequality for a minimal surface ¥ in a simply connected Riemannian mani-
fold M with sectional curvature bounded above by a constant K as follows:

2mArea(X) < Length(0X)? + K Area(X)2.
Motivated by this, we shall obtain isoperimetric inequalities that are weaker

than those in the previous sections but hold for all soap-film-like surfaces,
which is an extension of Choe’s result.
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Theorem 6.1. Let X € S be a strongly stationary surface in a complete
simply connected Riemannian manifold M with sectional curvature bounded
above by a constant K. If K <0, then

(6.1) 2rArea(Y) < Length(9%)? + K Area(X)?.

If K >0, the inequality (6.1) holds under the additional assumption that

diam(X) < 2\/”?.

Proof. We first prove the inequality (6.1) when K = —k? < 0. As before, we
consider a minimal surface 3 in M with % = §% U (UC)), where UC; is the
set of the singular curves. Integrating Lemma 5.1.(e) over X, we get

(6.2) 27 — KArea(S / Alogsinh kr = /~ k coth kr < / k coth kr.
0% %

Moreover using Lemma 5.1.(b), integrating the inequality (6.2) over 3 and
applying Fubini’s theorem, we obtain

27 Area(Y) — K Area(S / / k coth kr
ox

= / / k coth kr
oz Js
or 9
< Ar < — = Length(0X%)~.
oz Js ox. Jox, OV

When K = 0, we obtain the inequality (6.1) by integrating Lemma 5.1.(a)
twice and applying Lemma 5.1.(b).

When K > 0, we obtain the inequality (6.1) by integrating Lemma 5.1.(g)
twice and applying Lemma 5.1.(h). O

For a strongly stationary surface ¥ € § in R", the above Theorem 6.1
implies that
(6.3) 2 Area(X) < Length(T)?.

However, using Stone’s idea [19], we can improve the inequality (6.3) by the
constant /2 as follows.

Theorem 6.2. Let > € S be a strongly stationary surface in R™. Then we
have

2v/2rArea(¥) < Length(9%)2.
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Before we prove this theorem, we need the following flux formula for
soap-film-like surfaces.

Lemma 6.3 Flux formula. Let > € S be a strongly stationary surface in
R"™. Then we have
/ v =20,
ox

where v s the outward unit vector conormal to 0X.

Proof. Let UC; be the set of the singular curves in 3. For a minimal surface
> which is obtained from 3 by cutting 3 along the singular curves UC;, the
well-known flux formula says that

/~V:
o))

Since 0% = 9% U (UC;), we get

0:/~1/:/ 1/—|—/ I/j:/ v,
0% 0x uc; >

where v; is the outward unit conormal to 0¥; along UC; where the surfaces
¥;’s meet. O

Proof of Theorem 6.2. Let C'=UC; be the set of the singular curves in
3. We cut X along the singular curves UC; on X to get X satisfying that X is
a minimal surface in R™ with 9% = 9¥ U (UC;). Integrating Lemma 5.1.(a)
over X gives

1 Ore(y) 1
6.4 2m §/ Alogr,(y §/ g/ ,
( ) yes ( ) =)y Tx(y) ov yEOX r:p(y)

where r,(y) = dist(z,y) for a fixed € 3. Integrating Lemma 5.1.(b) over
> gives

(65) /xei Tyéx) : z€X Ary(®) < /:ceai 8Tg’(/$) N /90662 873753?).
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Integrating the inequality (6.4) over 5 and using Fubini’s theorem and the
inequality (6.5) we obtain

2w Area(X) S/ / ! :/ / !
zex Jyeox TI( yedL Jrex Tz(y)
1
/y&?E /9362 Ty
/ / Ory
z€OT al/
0
(6.6) / / Iry(x)
yeox. Jocos 81/

Since the roles of x and y can be interchanged in the inequality (6.6), we
also have

(6.7) 2mArea(X) < / / 87‘$(y)'
z€d% Jyedx ov
Adding up the inequalities (6.6) and (6.7) we get
(6.8) 4 Area(X / / Ory(@ 8%(3/) :
yeos Jzcos 37/ v
Note that (@)
Ory(z) Jx—y
o — (o)) = (2w}

Hence, the inequality (6.8) becomes

wmaea < [ [ (Foypr@) + (o)
= /yeaz /90682 v(@) =)l

< Length((‘?ﬂ)(/y682 /xeaE lv(x) — V@)P)

(by the Hoélder inequality)
— Length(9%) ( / o / 22, y(y)))) :

- Length(@Z)( / . / . 2) (by Lemma 6.3)
ye e

= /2 Length(9%)% 0

N =
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