COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 22, Number 5, 833-856, 2014

Regularity of a complex Monge-Ampere equation
on Hermitian manifolds

XIAOLAN NIE

We obtain higher-order estimates for a parabolic flow on a compact
Hermitian manifold. As an application, we prove that a bounded
w-plurisubharmonic solution of an elliptic complex Monge—Ampere
equation is smooth under an assumption on the background Hermi-
tian metric @. This generalizes a result of Székelyhidi and Tosatti
on Kahler manifolds.

1. Introduction

In [18], Székelyhidi and Tosatti studied regularity of weak solutions of the
equation

(1.1) (W + V=189¢)" = e F@2)yn

on an n-dimensional compact Kéhler manifold (M,w), where F : R x M —
R is a smooth function and w + /=199¢ > 0 in the sense of currents.

According to the local theory of Bedford—Taylor [1], for a locally bounded
plurisubharmonic function u, the wedge products (dd®u)*, 1 <k <n are
well defined, where d¢ = @(5 —0) and dd® = \/—100. Indeed, for such u
and T a positive closed current, the current u1 is well defined and

ddu AT := dd°(uT)

is also a positive closed current. Then the wedge products (dd°u)¥, 1 <k <n
can be defined inductively as closed positive currents. Denote

PSH(M,w) ={u: M — [—00,+00)|u is upper semicontinuous,
w +V—190u > 0}
the set of w-plurisubharmonic (short for w-psh) functions on M. If ¢ €

PSH(M,w) N L*(M) solves Equation (1.1) in the above sense of Bedford—-
Taylor, we say ¢ is a weak solution of the equation. The Holder continuity
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of weak solutions follows from Kolodziej [12]. Using a different approach,
Székelyhidi and Tosatti [18] proved that such weak solutions are actually
smooth. Particularly, if M is Fano, w € ¢1(M) and F(¢,z) = ¢ — h, where
h satisfies v/—100h = Ric(w) — w, their result implies that Kihler-Einstein
currents with bounded potentials are smooth.

In the proof of [18], the authors use the smoothing property of the
corresponding parabolic flow:

Oy ~log (w + v/—=100p)" n
ot wn

They construct a function ¢ € CO([0,T] x M) N C>®((0,T] x M) with ¢(0) =
¢ which solves Equation (1.2) on (0,7, where T depends only on sup |¢|, F'
and w. Then they show that ¢(t) =0 for 0 < ¢t < T, since the initial ¢ is a
solution of (1.1). Therefore, ¢ = p(0) = ¢(t) is smooth. Similar construction
was previously used in Song—Tian [17] for the Kéhler—Ricci flow.

(1.2) F(p, 2).

As Equation (1.1) also makes sense on Hermitian manifolds, it is natural
to consider the regularity of weak solutions of Equation (1.1) in a more
general setting. On a Hermitian manifold, there are no local potentials for w.
However, w-psh functions are locally the sum of plurisubharmonic functions
and smooth functions. Using that the wedge product of a smooth positive
(1,1) form and a positive current is again a positive current, the current
(w +/—100¢)™ is still well defined for bounded w-psh functions. For more
details on pluripotential theory, we refer to [1, 3, 8-10].

In this note, we show that the higher-order estimates in [18] can be
obtained on compact Hermitian manifolds. Particularly, the flow (1.2) with
smooth initial data g has a smooth solution for a time 7" which depends
only on sup |pg|, sup |$o|. Then we obtain the following theorem.

Theorem 1.1. Let (M, §) be an n-dimensional compact Hermitian mani-
fold with the fundamental 2-form & satisfying

(1.3) YV ue PSH(M,o)N L®(M), / (& + V/—=100u)™ _/ "
M M

and F : R x M — R be a smooth function. Suppose that ¢ € PSH(M,w) N
L>°(M) solves

(1.4) (@ + V=188¢)" = e F(@2)n

in the sense of currents. Then ¢ is smooth.
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Here the assumption (1.3) is automatically true on Kéhler manifolds.
In [18], the proof of the above theorem on Kéhler manifolds needs Kolodziej’s
stability result [11]. We use the assumption (1.3) from [3], under which
the usual comparison principle is true, to make sure the stability result
holds on such Hermitian manifolds [13]. Particularly, if & satisfies Guan—
Li’s [6] condition 000 = 0, k = 1,2, the assumption is satisfied. When M is
a complex surface, such metrics always exist due to a result of Gauduchon [4].

In the proof of our theorem, the main difference between the Hermitian
case and Kihlar case lies in the C? C? estimates and bound for |Ric]|.
The computation on Hermitian manifolds is more complicated due to the
existence of torsion terms. The proof of the second-order estimate follows
closely the arguments of Gill [5] and Tosatti-Weinkove [20]. For the third-
order estimate, we make use of the arguments in Phong-Sesum-Sturm [14]
and Sherman-Weinkove [19]. Such estimate for the first derivative of the
evolving Hermitian metrics was also established in [24], where the authors
took a local reference Kéahler metric to obtain a good bound. To bound
| Ric |, we need to deal with the new terms involving |V Ric | very carefully.

The techniques used in this paper can be applied to construct a weak
solution of the Chern-Ricci flow [22-24] with singular initial Gauduchon
metric on complex surfaces. In [22], Tosatti and Weinkove conjectured that
if the Chern—Ricci flow starting from a Gauduchon metric is non-collapsing
in finite time, then it blows down finitely many exceptional curves and con-
tinues in a unique way on a new complex surface. They proved in [23] the
smooth convergence of the metrics away from the exceptional curves and
the global Gromov-Hausdorff convergence (under a suitable condition) as ¢
approaches the singular time. It is expected that the flow can continue on the
new surface from the push-down of the limiting current. We will investigate
this in further work.

The paper is organized as follows. In Section 2, we give some background
material on Hermitian manifolds. Then we use maximum principle to obtain
the estimates for existence of the parabolic flow for a short time depending
only on sup |gg|, sup |¢o|. In Section 4, we use the smoothing property of
the parabolic flow to prove Theorem 1.1.

2. Preliminaries

For reader’s convenience, in this section we introduce some basic material
on Hermitian manifolds. The formulas given here can be found in [19].

Let (M,g) be an n-dimensonal compact Hermitian manifold with the
fundamental 2-form w = \/jlgijdzi AdZz’ in local coordinates. Denote V
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the Chern connection of g with Christoffel symbols Ffj and torsion 1" given
by
k kl k k k
Iy =9"0ig;, Ty =15 T,

The covariant derivatives of X = XJ % and a = ajdzj are defined in com-
ponents as

VZ‘Xj = ain + ngXk, Via; = 8,-aj — Ffjak.

Then V can be extended naturally to any tensors. Define the Chern curva-
ture tensor of g in components to be

Rl ik = —0; F
We lower and raise indices using metric g. Then
Rt = —0i05947 + 9770i91q05 9,1
and the Chern—Ricci tensor is given by
R; = gklR,L]k —0;0;log det g.
We have the following commutation formulas:

Vi, V51X' = R /X", [V, Vila, = —Rg)la,

(2.1) i I vk — I —
Vi, V51X = — R XE, Vi, Vilar = R-'1a.

J

The Bianchi identities will not hold necessarily for general Hermitian man-
ifolds. There are extra torsion terms in the following identities:

Rijkl’ - Rkﬁl’ =-Vj Tzklv
Ry — Riggg = — Vil
(2-2) Rijkl“ Rkl‘zj =—Vj Tzkl VkT;B;’
VpRiir — ViR = =Ty " Ry
Vil — ViRigr = —T5°Rigy.
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3. Estimates for the parabolic flow

Consider the following parabolic equation on a compact Hermitian manifold
(M, w):

op _
ot

~ /_1 a n
(3.1) log @+ o 99¢) + F(p,2),

where F': R x M — R is a smooth function and ¢|i—o = ¢g is smooth. By
the theory of parabolic equations, there exists a unique smooth solution
@(t) with @ ++/—190¢ > 0 for a short time. Denote ¢ for %—‘f. We have
the following proposition which generalizes the estimates in [18] to compact
Hermitian manifolds.

Proposition 3.1. Given a compact Hermitian manifold (M,w), there exists
T > 0 depending only on sup|eo| and F, such that equation (3.1) has a
smooth solution p(t, z)on [0, T]. Moreover, there exist smooth functions C(t)
for all k on (0,T] depending only on sup |pgl|, sup |¢o|, @ and F which blow
up ast — 0, such that

le@llerary < Ck(t)

fort <T.

We write g for the metric associated to w = & + /=190y, where & is the
background Hermitian metric on a compact complex manifold M. Denote
| - | the norm of tensors with respect to g, V the Chern connection of g and
A = gP1V,V; the Laplacian of V. We use Vv, I%ij, |15, Ay , etc. to denote
the quantities associated to @&. Throughout the section, C,C’, ¢, c;, ... will
be some constants which depend only on sup |pg|, sup |¢o| (and @, F'), and

may vary from line to line. Also, we may denote H to be different quantities.

First we have the following lemma from [18].

Lemma 3.1. There exist T,C > 0 depending only on sup |¢o| and F, such
that

(3.2) e < C,  [¢(t)] < sup[p(0)]e",
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when the solution exists and t < T'. In particular,

(3.3) log C’

(& + V/=100¢p)" -
d)n

for some C" depending only on sup |eo|, sup |pg| and F.

The proof follows from [18, Lemma 3], as it does not need the Kéahler
condition. Now we can fix a T’ < T, such that there exists a smooth solution
to (3.1) on [0,77].

The C! estimate in [18] was obtained by modifying Blocki’s estimate [2]
(see also [7, 15]). In Hermitian case, we need the following special local
coordinate system from Guan-Li [6], which is also crucial for our second-
order estimate.

Lemma 3.2. Around a point p € M, there exist local coordinates such that
at p,

3§ﬁ

=0
aZj

for all 4, j.
With the above lemma, we have the following gradient estimate.

Lemma 3.3. There exists o > 0 depending on sup |¢o| and sup |@o| such
that

(3.5) V()2 < e/t
fort <T'.

Proof. Define
H = tlog|Ve(t)[5 — v(p),

where 7 is a smooth function which will be determined later. If H achieves
maximum on [0,7"] x M at ¢t = 0, then H is bounded by a constant depend-
ing on F and sup|pg| by Lemma 3.1. Now assume that H achieves its
maximum at a point (o, 20), to > 0. We use ;, 9,5, 95, etc. to denote
partial derivatives. Choose a coordinate system around zg in Lemma 3.2,



Regularity of a complex Monge—Ampere equation 839

such that ¢;; is diagonal at zp. Write p = ]Vgo(t)]?} = gﬁcpm; and p = %.

As (% — A) H = atH =Ly t‘vp—fj'z + A, we do the following calculations
at zg. First we have

0 tp
—H =1 = — ¢
ot ogp+ P e
=logp—'¢+2- (D Re( )+ F' Y foif +) Re(Fp) |,
P\x + P - -
where the second equality follows from

p="> (g + ispy)
i
- klia.a _ Akl oy~ ’ )
Y =49 (azgkl + ‘Pilk) ) aaglgl + F ©i + E
= Fikk . plo: 4 B
— L+ o

Here F is the derivative in the ¢ direction. Also, using @-&gkl_ = —0;0;q;5 +
>q 9i94:05013 + 22, 0i9150:9,5, We get
Ap = ¢"0,0:(9" orpr)

= — 0;0:0;x. 7+ 2Re(p,z 01
ZZI; 14“%( Ez: i1k PLPl (Priirr)

+ e — D Osdmepr]” + loni — Z@le@lF)-
I 1

At (to,20), VH = 0 gives
t /

Then
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Also Avy(p) =5, 1+¢ (v"]i|? + v'5;). Therefore we get

0
< [—=A|H
O—<at >

0 A
:—H—t—p+t| p|9

A~y
ot p +

eyt t 1
< logp — ’y<p+ct+f— -
P rlteg

X (s% - Z Biguerl” + lowi — Z@'f]klw\z)
+Z ‘901 2—1—’)/// +Z cot — —i—n’y
1+

for some constants ¢, c; depending on F' and ¢y depending on the curvature
of @. Now we use the same trick in [2, 18] to control the term containing
7. From (3.6) we get

Vopi =tpi=t | eipi+ > erier — > 0idrerer | »
k k,l

which gives

> (s@m -> @kaz) or =t ppi — pii.
l

k

So,

t Z ki — D 3i§kl’90l’ Z | >k (ori — 221 Bidnier) wil?
2

[t ppi — pip
p? Z I+ 95
/ 12
Z (7 ) Z "‘)07»‘ _ 2,_}//’
t = 1l+p;
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where we assume 7/ > 0. As ¢ is bounded from Lemma 3.1 for ¢t < T”, the
above estimates give

1 2 !
7" |opil cit — , et
0<lo + ct + + —— 4+ (n+2+c + —.
SloRp et ) T T T T 7

Take v(z) = Az — S22, Assume that logp > 1 at (to,zp) and choose A to
be sufficiently large, then we get

)DL S
—~1lte; Flt+e;

for some constant ¢’. The above inequality together with (3.3) imply that

1+ < c(d logp)" .

Then we have
p=>_lpil*> < ne(clogp)™,
i
which shows that p is bounded at (tg, zg). Therefore H has a bound depend-
ing only on sup |¢p|, sup |¢o| and the estimate (3.5) follows. O

Now we will give the second-order estimate. We use the idea of [6, 20]
and follow the argument in [5] closely. For local computations in the proof of
the following proposition, we always use a coordinate system in Lemma 3.2
around a point p, such that g;; = d;;, az“ = 0 and ;5 is diagonal at p.

Proposition 3.2. There exists C > 0 depending on sup |po| and sup |pol,
such that

(3.7) tryg = n+ Agp(t) < '
fort <T', where a is the same as in Lemma 3.3.
Proof. Let
H=c¢7 logtry g + e?,
where U = A( supyp — ¢) and A is a constant to be chosen later. First we
[0,T"]x M

have
O AVH=%c%logt +e_%A 5 — Ae¥y
9 L
ot 2 EMIIT g 97 v

(3.8) —e *Alogtry g — A%|Vip|%e? — A(try g —n)e”.
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It follows from (3.1) that
(3.9) Ayp = —try Ric(g) + try Ric(g) + AyF(y, 2),
where
AGF(p,2) = F"|Vol2 + F'Ago + 2Re(gi3Fi’g03) + AGF.

Here F” is the derivative in the ¢ direction, A; is the complex Laplacian of
F' in the z variable. Use that

trg Ric(g) = Y 9" (~0k595 + 9 Oh9:307957)
i,k

=D 9" (~irr — OOdii + 9 O9550.957)
i,k

to rewrite (3.9) as

> ik =— > 0" 0kOkda + Y 9" 9" 090095

+ Agp —trg Rie(g) — AgF (e, 2)
(3.10) > 9" g 0hgi0h95i + Dgp — C1|Vels — Catrg gtry §.
i7j7k

From the bound in (3.3), we have try g, try g > C~! for some constant C and
then trg g, trg g < Ctrygtryg. These are used in the above inequality. We
will also use them frequently in the following. As the estimates in [20, (2.6)]
we have

(3.11)  Atrgg > g%pmn —2Re [ > " 0gre05 | — Ctrggtrgg.
i’k i?jvk

To control 3, .\ gﬁ&igj,;gokji, we use a trick from [6].

> g 0o =D > (970050955 — 9" 0:0,50k:7)-
1,5,k i j#k
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So,
|2 Re(z giiaiﬁj;‘gsﬁkji’ < Z Z(Qiigjjakgﬁa,;gﬂ + g”gjjt%ﬁj;;@iﬁkj) +Ctry g
i,k i j#k
(3.12) <D > 997095095 + Ctrg gt g.
i Ak

Combining (3.10) to (3.12), we can get

Atrﬁg > Z g“gjja]gz]ajgjz + A‘@SO - Cl|V§0|3 - Ctrggtrﬁ g-

4]
Now we will control 12429 Ag
(trg 9)2
8itr§]g = aiz@m Zaﬂ%g Z 59i5 — 8]915)»
J J

then

|0trg g/? 2

90;950h05 — 5
(trg g)2 (tr 9)° Z THGORIEE (1 )2

> 6"0;455059: | + Ctrgd.
i7j7k
Assume that H achieves maximum at (fo, z0), to > 0, then VH (to,20) =0
gives
e~ 70ty
€ %789 Ae¥ p; = 0.
trg g

That is,
D gy = Ae’ trg gpze”
e

Together with 0;g;; = 03017 + 05947, We get

2 24e7eY

T g2 e | 220" 0050w || < | T = Re ) 9" 0idien| + Ctrgd
g iaj’k g 7,,]
a Ctr
<ere’ <A2|V<p\2 gg> +Ctrg
(trg 9)?

(3.13) <ervel (A?|V2 + C'try §) + Ctry §.



844 Xiaolan Nie

Using the Cauchy—Schwarz inequality as in Yau’s second-order estimate [25]
(see Equation (2.21) in [20]), we have

(314) Zg 8jgz]akgkn < Zg g]]a]gz]a]gjl

tr;
ggwk i,J

Combining (3.13) and (3.14), we get

|0trg g/? . A A
(trggg)2 < 7 Zgzzgjﬂajgzjﬁ g5 +et eqj(A2‘Vg0]2 + trg )+ Ctrg J.
So,
s « (Atrg dtry g|?
e +Alogtryg =e™ « < 99 | rgg|2 >
trg g (trg 9)
(3.15) s

> 2 A, C—V 2_ e try §
= tryg 990 1 | 90| g g

— A% V|2 — C” try ge’.

From (3.3) we have tryg < C(try,§)" ! for some constant C. Now putting
(3.15) into (3.8) and using (3.5) and that ¢, ¢ are bounded, we have

<§t ‘A> H < Clogtryg — Age” + Cy + Ce™ % r, g

+ Ctry ge¥ + Ane¥ — A trg ge?
< C'logtry g+ AC'e” — (A —C)e¥ tr, g+ Ce ' try g
—(A—C—Cy)e¥ try g+ ACe”.
Choosing A large enough such that A — C — C > 0, then at (o, 2¢),
0<—(A—C—Cy)trygg+ AC'

for t < T’ gives trg g < C’ at (o, 20), which implies that H < C for some
constant C' depending on sup || and sup |¢o|. Then we obtain the desired
estimate (3.7). O

Now we give the third-order estimate. Our proof is based on the argu-
ments in [14, 19] (see also [24]). As in [25], consider S = gP g%/ g’“vk%] Vropg-
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We introduce the tensor <I>Z-jk = Ffj — f‘fj and then
a2 s ia -
S=19|° = glpgququ)ij ‘I’pqr‘

From now on, we will write k(t), k1(t), k2(t), ...for functions of the form
Ke e where e“°”’" is the bound in Proposition 3.2, and K, A are constants
depending only on @ and F'. In the proof of the following proposition, we
will use the estimates |V<p(t)|§ < E(t), tryg < k(t) repeatedly.

Proposition 3.3. There exists a smooth function C(t) >0 on (0,7"]
depending only on sup |eo|, sup|@o| and blowing up as t — 0, such that
S <C(t) fort <T'.

Proof. We write A = gP1V, V. As the calculations in [14, 19], first we have
AS = VO + Vo - @,F (RPI0Y, - RP /0¥, - R j09,)

k w17
+2Re (A% @Jk) ,

gts =@ (gtgiqcb; - gtgkqwq + ;gﬂ'qu) +2Re (;ﬁ@jkqﬂ,’c)
=0 (gqrgtg’“’“q)ijq - gﬁ%%‘@qjk - gjrgtgqfq’iqk>
+2Re (gtcbijk@”,;) :
Thus,

9 a2 2 k q&id i 47 | i
<&—A>S:—yvq>| — VO + 3, (Bk o9, — BV, — BJ® k)

(3.16) +2Re ((gt - A) @ijkcbijk) ,

where Blj = gﬁ%gﬁ + Rppij. From Equation (3.1) and Formula (2.2), we get
) .
2¢95 = —Rjj + Rij + Fij(¢, ),
Rppkq =R - Vprkq — VTP

Hence

(3.17) B = ¢ (Rir + Fir(.2)) = V'T,; 7 = ViT",
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Here Fiz (¢, 2) = Fir + F"pipr + F' iz + Flor + Flo;.
Now we compute the evolution of <I>ijk . First,

O k_ kg 9
52 =9 Viggi
= —VZ‘Rjk + gkl(viRﬂ’-l- ViFj[((p, z)).
Note that
k _ k p k
Then
k_ pp  k pp  k
_ k k k r k Pk
= Vi(=R;" + VIT,;" + V;T) = T R, + VP Ryp"

So we have

0 7oA
<8t - A) ®," = Vi(g" (R + Fyip, 2)) — VIT,;* — v,;T7%)
r k D k

+ T R,1 = VPR,

k k D
= ViB/* + T,/ R — VPR,,}*.

Combining with (3.16) we get

d — g o .
((% - A) S =—|Vo] - VO + " (B,jqwq — B/ '®%”, — quqk)

k k pp  k iJ
+2Re (Vi + T RS = VPR, M) 0
(3.19) VT, = g7 97 (ViTphr — @ Tpks)-

I

B3l < K()(SY? + 1+ Vol + leily) < k(#)(SY? +1).
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Now we want to control ViBjk . From (3.17) we need the following estimates
from [19] obtained by similar calculations as (3.19):

) _
ViVIT,f| < k(1S + V@[ +1),
ViV T < B(H)(S + V| +1).

Also

T B 51 < k(O(V] +1),

VPR, F| < k(t)(SY? +1).

We bound the terms with ¢;; and @ijk in Re(VZ-Bjk@ijk) by |¢i;]% + k(t)S.
Together with the above estimates we get

0 1 —
3:20) (5~ ) S <2+ 5+ 1)+ 5 loul? - H(V0L + [Top),
i,J

We will use a similar way as in [16, 19] to control the term S3/2. The evolution
equations below can be obtained by following the computations in [18, 19]:

(3.21) <a

Now we will apply a maximum principle argument to the quantity

S trg g ‘VSD’;

H:(Cl(t)—trgg)z Co(t) T Cs(t)”

Here we can take Cj(t) to be the form of Le*?®”’" where C, « are the same
as in (3.7) and L, A will be determined later. Let L, A > 2 such that

3.22
S e < —
p =) migg < i), 0 <—Fgy < e
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We calculate the evolution of H.
0 1 0
— —A|H= — —A
(325 ) (Ci(t) — try g)? <at > 5

+ 25 9 A ) trg
(C1(t) — try g)3 \ ot 99

_ 4ReVitryg VS 65|Vt gl? B 201 (t)S
(C1(t) —trgg)®  (Ci(t) —trgg)*  (C1(t) —trgg)?

1 0 1 0
+ iy or =) o0 o (57 - 2) 9
Gy trgg  C5(0IVelg

Cs(t)? Cs(t)?

Taking Cs(t), C5(t) large enough and using (3.5), (3.7) and (3.22), the last
two terms can be bounded by a constant C. Assuming S > 1 at the maximum
point of H, from (3.20) we have

3_ 3/2 ”2_1* 2
Q% A)Sgkmww -+U+§;wm 5IVeP.

Together with (3.21) and (3.22), we get

0
< |—=A|H
0(6% >

< S
(@@ +@t

Vo
202(t)

2,52 16k2(t)S
" (‘k2<t>0§<t> T )

4|ReVitrgg- VS| 28 B 1 ka(t)
(C1(t) —trg g)? (1) i < BOGH Cz(t))

1 o kst
* (k3<t>og<t> 2 leul"+ cg<t>) e
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As |Vitrgg| < &ks(t)SY? and [VS| < 2512|V ),

4|ReVirgg- VS| _ ks(t)S|VR| _ [V | K3(1)S?
(Ci(t) —trgg)® —  C3() — 2C%(1)  20%(t)

We will also use

4k (t)S3/2 - S? 4K () ko (1) S
Ci(t)  ~ k()CP (1) Git)

Recall that all k;(t), Cj(t) are functions of the form Le*“®"’". First, choose

Ci(t) > ki(t), then fix Ca(t),C3(t). Now take the constant L, A in Ci(t) to
2(¢) 4 1 16k-(t)

be large eno2ugh7 such that 503 (D) < kQ(t)le(ty %10) < NGIeAD and (e:0) +

\/%(t) n 4k1éi)(l;§(t) < 21@2(502 - The above estimates then give that at (to, z0),

0 G

S+,

for some constant C’. Therefore S < 4C"ka(t)Ca(t) < C'Ci(t) at (to, 2z0). It
follows that H is bounded by some constant C' depending only on sup ||
and sup |¢o|, which gives the desired estimate of S. O

Using (3.7), the above estimate S < C(t) implies that [[¢(t)(|c2+e(ar,g)
can be bounded by a smooth function C(t) on (0,7”], which depends only
on sup |po| and sup |¢o|. Differentiating the Equation (3.1) in ¢, we get

0¢ i .
(3.23) 8—f = D¢+ Fl(p, 2)9.

To apply parabolic Schauder estimates to obtain higher-order estimates,
we still need to bound the derivatives of g;; in the {-direction. Then it is
sufficient to bound | Ric(g)|.

Lemma 3.4. There exists a smooth function C(t) > 0 on (0,T"] depending
only on sup |po| and sup |po| and blowing up ast — 0, such that | Ric| < C(t)
fort <T'.
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Proof. To compute the evolution of |Ric |, first

gtRjk: = —glqvkngtgzq = —g'"VV;(—Rig + Rig + Fig(, 2)).
Using (2.1) and (2.2), we have
ViV Rig = ViVeRy; — Vil Rys + Ty ViRjs + Ry Reg
= Ry" Rjs + ViT) Reg + T, Vi Ryg.
So

(gt - A> Ry =ViT,/ R + T, ViR + Ry /R,
= Ry Rjs + VIT} " Ryjs + T VI Rys
— gV V(Rig + Figlep, 2)).
From (3.19) we get
IVT| < k(t)(1+ SY?), [VT| < k(t)(1+ SY?),
where S is bounded by some k(t) by Proposition 3.3. Note that (3.18) gives
(3.24) Rj;=R;+V;®,F, |V <|Rm|+ k().
Use this and similar calculation as (3.19) to get

9" 9V Vi Rig| < k(t)(|Rm | +1).
Also we have
199V V i Fig(e, 2)] < k(t)(|Rm| +1).
Therefore

0
\((,%_A) R

< k(t)(]VRic| + |Rm [ 4+ |Rm |+ 1)

< k(t)(|VRic| + |Rm 2 +1).
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As |%gi5| =|-R5+ Rz‘j + Fi5(p, 2)| < | Ric| + k(t), direct computation gives

<§t — A> | Ric |* < k(t)(| Ric|® + | Ric |?)

+ 2| (gt — A) Ric|| Ric| — 2|V Ric|?.

We then obtain the following:

0 1 0
— —_ A : — — _A s 12 9 : 2
(Gt )|RIC| 3 Ric| ((% >|Rlc| + 2|V|Ric||?)

|V Ric |2 N |V|Ric |2

< k1 (t)(JVRic| + |Rm|? + 1) — Ric] Ric]

Let us consider
| Ric| S
S el I
Ci(t)  Caft)

as in [18] where C1(t), Cy(t) are the functions of the form Le*“®™’* as in the

proof of Propostion 3.3, such that —g;((?) < —L_ . i=1,2. Assume that

VCi(t)
H achieves maximum at a point (tp,20), to > 0, and assume |Ric| > 1 at
(to, 20). From (3.20) and Propositions 3.2 and 3.3 we have

0 1
(5 -2) 5= -5Q+ R0,

where Q = |[V®|? + |[V®|2. Take C; (t) > ki(t), Ca(t) > max{S, S%, ka(t)}. Direct

computation gives

1 2 <12 . 2
(3_A>H§ ki(t)(VRic|+|Rm|?)  |VRic|>  |V|Ric||

ot 0 Cr(D[Ric| T Ci(D)[Ric|
| Ric| Q  k(t) s
" Ci(t) " <_2C2(t> i Cz(t>> i Ca(t)
k3(t)| Rm |? |V Ric |2 |V|Ric |2 Q
(3:25) STOm G Rie] T G Rie] 260 ¢

where the last inequality we use

k1 ()| V Ric| _ |V Ric|? k2(t)| Ric |
Ci(t)  ~ 2Ci(t)| Ric| 204 ()
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Using VH = 0 at (to, 20) and |V|Ric|| < |V Ric|, we get
[V|Ric||? |VS-V|Ric]l
Ci(t)|Ric| — Ca(t)|Ric]
|V Ric |2 C1(t)|VS)?
~ 2C1(t)|Ric| = 2C2(t)| Ric |
< ’V Ric ’2 Cl(t)k4(t)Q
~ 2C1(t)|Ric] = C2(t)|Ric]’

where the last inequality we use |V.S|?> < 25(|[V®|? + |[V®|?). From (3.18),

|[Rm|? <

DO o

Q+ ks(t), |Ric| < /Q + ke(t).

Choose Cy(t) > 8ky(t). Fix Ca(t) and choose C1(t) > max{ks(t)ks(t), ke(t)}
large enough such that %((tt)) < ﬁ(t) and then fix C(t). Combining the
above estimates, we obtain that at (xg, ),

0 Q Cl (t)Q !
0§<m_A>H§_Muw+&mmmq+C

for some constant C’. If l(JRlil

<1, then H <2 at (%, 20) and we obtain the
estimate for |Ric|. Otherwise at (o, z0)

Q /
< —— .
0% o +C

Therefore Q < 8C'Cq(t) < 8C'C(t) at (g, 2z0). By our choice of Cy(t), Ca(t),
H is bounded by some constant C' depending only on sup |¢g| and sup |¢@o],
which gives the bound for | Ric]|. O

The estimates we have obtained imply that the parabolic C®®/2 norm of
the coefficients in Equation (3.23) can be bounded. The parabolic Schauder
estimates then give a C?+t®1+2/2 hound for ¢ in [¢, T']x M for any € > 0
with the bounds only depending on €, sup |pg| and sup |pg|. Similarly we can
obtain a C2t®1+e/2 bound for ¢y, ¢, in [¢, T'] x M. Differentiating the flow
again and repeatedly using Schauder estimates, we obtain all higher-order
estimates for ¢. Let € — 0, we obtain the bounds in Proposition 3.1 which
blow up as t — 0. Particularly, there exists a smooth solution on [0, 7] where
T is the same as in Lemma 3.1 and depends only on sup |¢g| and F'.
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4. Proof of Theorem 1.1

Assume that @ satisfies the condition (1.3), then it follows from [13] that
Kolodziej’s stability result (Corollary 4.4 in [11]) is also true. In particular if

(@ + V=100¢1)" = (& + V—180¢)" = fa",

with f >0 € LP(M,&), p>1and [, fo™ = [,,&", then ¢1 — ¢ = const.
Now suppose that ¢ € PSH (M, ) N L (M) is a weak solution of the equation

(4.1) (@ + V=188¢)" = e F(@2) g,

then f(z) = e F(@(2):2) ¢ LP(M, &), p> 1 as ¢ is bounded for t < T Also,
the condition (1.3) gives that [,, f&" = [,,&". Therefore, Theorem 5.2 in
[3] shows that ¢ is continuous. Approximate ¢ with a sequence of smooth
functions ¢;, such that

(4.2) sup|g; — 6| — 0, as j — oo,
M

It follows from [21] there exist smooth functions t;, such that
(4.3) (@ 4 V=100y;)" = cje F@2)gn,

where ¢; > 0 are constants chosen to satisfy the integration equality of the
above equation. From assumption (1.3) we have ¢; — 1 as j — co. Normalize
1 as in [11]

(4.4) sup(¥; — @) = sup(¢ — ;).

The stability result from [13] gives

(4.5) Jim v = ¢l = 0.

Consider the equations

3903' (UAJ + v —185(,0]')”
Applying Proposition 3.1, there exist a sequence of smooth functions ¢; with

©;(0) = 1 such that ¢; solves the equations on [0, T;] where T}; depends only

+ F(pj,2) — logc;.
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on sup |1;] and sup |¢;(0)]. Using (4.3) and (4.6),

(4.7) ©;(0) = F(i,2) — F(5, 2).

It follows from (4.2) and (4.5) that sup|¢;| and sup [¢;(0)| can be bounded
by a constant depending only on sup|¢|. Therefore there exists a T'> 0
independent of j such that ¢; solve the Equation (4.6) on [0,7]. By Lemma
6 in [18], {¢;} is a Cauchy sequence in C°([0,T] x M). Let

ﬁ(ta Z) = hm Py

J—00

which is continuous on [0,7] x M. For any € > 0, from the proof of Propo-
sition 3.1, we have bounds on all derivatives of ¢; for t € [¢,T]. Then (€
C*([e,T] x M) and

Jim 118 = @ llcxgeran =0

Lemma 3.1 gives that |4;(t)| < sup |4;(0)[e“?, for t € [0, T]. From (4.7) we
get

¢;(0) =0 as j — oo.

Therefore for any ¢ > 0,

3(e) = Tim 5 = 0.
As it is continuous on [0, T'], we have 3(0) = () for t € (0,T] is smooth. But
B(0) = limj_.o0 ;(0) = limj_.oc 1 = ¢, thus we get the smoothness of ¢.
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