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A Willmore-Helfrich L2-flow of curves with natural
boundary conditions

ANNA DALL’AcQuAa AND PaoLa Pozzi

We consider regular open curves in R with fixed boundary points
and moving according to the L2-gradient flow for a generaliza-
tion of the Helfrich functional. Natural boundary conditions are
imposed along the evolution. More precisely, at the boundary the
curvature vector is equal to the normal projection of a fixed given
vector. A long-time existence result together with subconvergence
to critical points is proven.

1. Introduction

In this paper, we study the long-time evolution of regular open curves in R”
(n > 2) moving according to the L?-gradient flow for a generalization of the
Helfrich functional.

The Helfrich energy of a closed plane curve f : S' — R? is given by

1

(1) Half) = 5 [ (k= eo)ds +AL(1),

where ds = |f,|dx denotes the arc-length, 77 the unit normal of the curve,
k = (fss, V) its scalar curvature and L(f) = [, ds the length of f. The map
co: S' — R is called spontaneous curvature. The constant A € R is here
taken to be positive, so that the growth in length of a curve is penalized. The
above functional is motivated by the modeling of cell membranes; see [11].
Note that if ¢ is a constant, as we will assume henceforth, then (1.1) reduces

to
1 2 1,
H,\(f):§ |k|“ds + >\+§CO L(f) — 2comw,
Sl
where w denotes the winding number of f. The special case where ¢y = 0
and A = 0 is sometimes known as Willmore functional and it can also be
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historically motivated by the so-called Euler—Bernoulli model of elastic rods
(see [21]).

A possible generalization of (1.1) to n-dimensional closed curves for
n > 2 is given by

(1.2 Hlh) = 5 [ = s+ AL()

where now K = Jssf is the curvature vector and ¢ is a given vector in R".
Note that since [, (R, ) ds = [ (Dssf, o) ds = 0, we can view (1.2) as a
natural extension of the classical Helfrich energy.

The Helfrich and Willmore energies are mathematically very interesting
and in particular the Willmore flow is nowadays considered to be one of the
most important models in which fourth-order partial differential equations
(PDESs) appear. Both functionals have been extensively investigated analyt-
ically and numerically in recent years and the literature is by now rather
vast. Many of the references we cite provide extensive information on the
history and development of the research on Willmore/Helfrich functionals
and related flows, thus we refrain from giving here a thorough account.

In [9], the authors study analytically and numerically the long-time evo-
lution of closed curves in R™ moving by the gradient flow of the elastic energy
E(f) = § [s |F|?ds: the length of the curves is either a fixed constraint or
added as a penalizing term as in (1.2). Their work extends previous results
of [19, 22] in the plane. Further important related work in R? can be found
in [13, 14] and [12]. In [23], the author considers (1.2) for closed curves
in R™ and for a specific class of spontaneous curvature vector fields ¢ (in
particular ¢j is not required to be constant) and shows global existence of
the related flow. In the graph setting, the stationary problem for the elastic
energy of open curves subject to different boundary conditions was consid-
ered in [7, 8, 17]. Lin investigated in [16] the L?-gradient flow of elastic
curves in R™ with clamped boundary conditions. In [2] several interesting
numerical simulations for the elastic flow of open and closed curves in R"”
are presented. An error analysis for a finite element method-approximation
of the elastic flow for curves in R" can be found in [6].

Our investigation can be viewed as the next natural research step following
the work of [9, 16].

As already pointed out, here we are concerned with the study of (1.2) for
open curves. More precisely, we consider a time-dependent family of regular
curves f: [0,T) x I — R", n>2, I =(0,1), with boundary points fixed in
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time, i.e.,

(1.3) f,0)=f-, ft,1)=fy Vte[0,T),

where f_ # fi € R™ are given. For simplicity, we write the energy (1.2) as
follows:

(1.4) wath) = [ (5P - .0 ) s+ [ as

with ¢ a given vector in R™ and A > 0.
The associated L2-gradient flow for the one-parameter family of curves
subject to (1.3) and to the natural boundary conditions

(1.5) Rt z) = C— (¢, 7(t,z))7(t, ) x€{0,1},
with 7 = 0sf = |§Z‘ unit tangent, leads to the fourth-order PDE
(1.6) of = V2K — f|/£|2l£+)\n

where V¢ = 05¢ — (056, 7)7 denotes the normal component of J5¢.
Our main result shows that for smooth initial data f(0, -) the flow exists
for all time.

Theorem 1.1. Let A >0, and let vectors fy, f—,¢( € R™ with fi # f_ be
given as well as a smooth regular curve fo: 1 — R"™ satisfying

fo(0) = f—, fo(1) = f4,
k[ fol(x) + (¢, T[fo] (x))T[fol(x) = ¢ for x € {0,1},

with R[fo] and T[fo] the curvature and tangent vector of fo respectively,
together with suitable compatibility conditions (see Appendiz D). Then a
smooth solution f:[0,T) x [0,1] — R™ of the initial value problem

Of = —V2E — 3|R]%R + AR,
f(0,2) = fo(z) for z € [0,1],
f(£,0) = f-, f(1,t) = f+ for t€]0,T),
(t,x) + (¢, 7(t,z))7(t,x) = ¢ for x € {0,1} and fort € [0,T),

(1.7)

il
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exists for all times, that is we may take T = oo. Moreover if A > 0, then
as t; — oo the curves f(t;.) subconverge, when reparametrized by arc-length,
to a critical point of the Willmore—Helfrich functional with fixed endpoints,
that is to a solution of

~V27 — LR[2R + AR = 0,
(1.8) f0)=f—, f(1) = f+,
R(z) + (¢, 7(2))7(x) = ¢ for x € {0,1}.

The method of proof borrows ideas from [9, 16]. In order to motivate
better the mathematical constructions that will follow, we recall here some
of the most important arguments.

The main strategy is to assume that the flow exists only up to a finite
time 7' < oo and to show that upper bounds for ||07'<| L~ hold for any
m € Ny, so that we get a contradiction. In order to obtain such bounds the
key step is to look at the quantity (cf. Lemma 2.3)

where V = —V27 — $|%|?% + AR denotes the normal velocity of the flow (see
(1.6)) and qz_g is an approprlately chosen normal vector field, precisely d) =
V™7 in [9] and ¢ = V7" f in [16], respectively. In order to be able to bound
the right-hand side (RHS) of the above expression, it is wise to add to both
sides of the equation the carefully chosen term

(1.9) [wﬁ@w

so that after integration by parts one obtains

G [19Pds + [ [935Rds — (V.. V20h + 6. Vi
(1.10) LﬂY¢m—/W|zV

where Y = V6 + Vi‘qg. The choice of (1.9) is dictated by the problem itself:
indeed if one takes ¢ = & (as in the setting of closed curves studied in [9])
and looks at the parabolic Equation (2.9) satisfied by the curvature, one
recognizes that the sum Y has now terms with order lower than that of
V:6. The same happens also by taking b =V.f (as in [16]) and using (1.6)
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and (3.7). Furthermore, with these choices it turns out that the RHS of
(1.10) can be controlled by [; |V§5]2ds with the help of suitable interpolation
inequalities.

We still have to comment on the boundary terms in (1.10). In [9], they
did not actually come into play, because the authors deal with closed curves
only. Lin on the contrary, who studied (1.6) subject to the clamped boundary
conditions, namely (1.3) together with

(1.11) 7(t,0)=7—, 7(t,1)=74 Vte|0,T),

(for given 71 € R™) opted for choosing as qz_g the only quantity which contains
all relevant information about the curvature and which has zero boundary
conditions, namely 5 = V' f (note that 9/ f is zero at the boundary). In
the setting of Lin it turns out that all boundary terms in (1.10) are zero
(see Remark 2.5).

In our setting, the situation is definitely more complicated. Indeed due
to the observations above it is still natural to work with ¢ = Vi'f as in
[16]; however, the boundary terms in (1.10) do not disappear. The strategy
here is to use again the structure of the equation to infer that the “worst
order” terms are in fact of lower order as at first sight (see Lemma 2.7 for
details) and to bound them with appropriate interpolation inequalities (see
Section 3.1).

The paper is organized as follows. In Sections 2 and 3, we fix the notation
and collect a series of technical lemmata, many of which are induced by the
geometry of the problem. We provide several comments to help the reader
to understand both their motivation and derivation. The results needed
to treat the boundary terms in the proof of Theorem 1.1 are given in Sec-
tions 2.2.1 and 3.1. Section 4 deals with interpolation inequalities and finally
in Section 5 we give the proof of Theorem 1.1.

Although some of the technical lemmata are adaptation to the present
setting and notation of results given in [9, 16] we would like the paper to be
self-contained and therefore report full proofs. Some of them are collected
in the Appendix for the sake of readability.

Finally, let us remark that, since the next relevant and natural question
is to investigate the evolution of (1.6) subject to either natural or clamped
boundary conditions but with a fized length constraint, we have decided to
carefully keep track of the parameter A in all proofs. This problem will be
treated elsewhere.
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2. Preliminaries and geometrical lemmata
2.1. Preliminaries and notation

We consider a time-dependent curve f:[0,T) x I — R, f = f(t,z), with
n>2 I=(0,1) and with endpoints fixed in time, that is f(¢,0) = f_,
f(t,1) = f4 for given vectors f_, f1 € R™, f_ # fy.

As usual we denote by s the arc-length parameter. Then ds = | f,|dx,
0s = ﬁ&p, T = 0sf is the tangent unit vector and the curvature vector is
given by K = 0ssf. In the following, vector fields with an arrow on top are
normal vector fields. The standard scalar product in R™ is denoted by (-, ),
while V¢ (resp. Vi¢) is the normal component of ds¢ (resp. 0.¢) for a
vector field ¢. That is,

Vs = as¢ - <8s¢> T>T~

The Willmore—Helfrich energy for the curve f is given by

2.1) wih) = [ (5P - 5.0))as+ [ as

where ( is a given vector in R” and A > 0 a second parameter. In this paper,
we study

1
(2.2) of = —V2k — §|z|2p;+m,
for a smooth regular curve f subject to the boundary conditions

f f*? f(t’]'):f+a
(2.3) R(t,0) = ¢ — (¢, 7(t,0))7(¢t,0), for all t € (0,T)
R(t,1) = ¢

- <Ca T(t’ 1)>T(tv 1)’

and for some smooth initial data f. Note that the second boundary condition
gives that the curvature at the boundary is equal to the normal component
of the vector (.

Lemmata A.2 and A.1 show that Equation (2.2) corresponds to the
L?-gradient flow for Wy and that the boundary conditions considered are
natural in the usual sense of calculus of variation.

Goal of this paper is to show the results formulated in Theorem 1.1.
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2.2. Geometrical lemmata

We start by studying the variation of some geometrical quantities consider-
ing smooth solutions f : [0,7) x I — R™ of the more general flow

8tf:‘7+(,07'

with V the normal velocity and @ = (0, f, ) the tangential component of
the velocity.

Lemma 2.1. Let f:[0,T) x [ — R", f = f(t,z), be a smooth solution of
Of =V + o1 forte (0,7), x € I, and with V' the normal velocity. Given
¢ any smooth normal field along f, the following formulae hold.

Bi(ds) = (Dsp — (R, V))ds,

o = VsV + ©R,

—. —.

(R, $)V2V — (VIV,3)i — (V.V, §)VA]
(VR VIV + 2R, V)V V — 2V, V, V)R]

Furthermore, if ¢ =0, and if 52 0=V at the boundary, we have that at
the boundary

0,05 = 00y,
(212)  ViVi$ = Vi Vi,
(213)  V,V2§=ViVip
+ (R, ViV IV + 2(R, V@)V V — 2(V,V, Vd)A].
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Proof. See [9, Lemma 2.1] or [16, Lemma 1] for formulae (2.4) to (2.10). The
last formula follows from (2.10) as follows:

ViV20 = (VV)Vep+ ({7, V

In the previous lemma, it is made evident that V, and V; commute
at the boundary when certain quantities vanish. In the next lemma, we
see which terms are zero at the boundary when f satisfies the boundary
conditions (2.3).

Lemma 2.2. Under the assumption that f solves d,f =V on (0,T) x I
with boundary conditions f(t,0) = f_ and f(t,1) = fy for all t, we have
that for m € Ny

Of=Vif=0, V™"lf=0 and V'V =0 forze{01}.

Proof. The statements follow directly from the assumptions. O

The general idea to prove Theorem 1.1 is to differentiate repeatedly
Equation (2.2) and then, by integration, to derive estimates in appropriate
Sobolev spaces. In this approach, the following lemma is crucial.

Lemma 2.3. Suppose 9;f = V on (0,T) x I. Let (; be a normal vector field
along f and Y = V¢ + Vip. Then

G5 [P+ [ [V30Rds = ~((G. V3% + (V.. Vi,
(2.14) Lﬂy¢@/mzv
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and if furthermore gzg =0 on OI then

@15) Gy [16Ps+ [ 920Rds = (9.6, w240
/(Y P)ds — |¢| (R, V)ds

Proof. See [9, Lemma 2.2|, [16, Lemma 3] for similar statements. The claim
follows using (2.4) and integration by parts. O

Typlcally the previous lemma is used to get an estimate for the L?-norm
of ¢ squared using Gronwall’s Lemma. To this end one first adds [, ]¢|2ds
to both sides of Equations (2.14)/(2.15). Then it is necessary to show that

(2.16) /] IV26|%ds

together with the energy bound give us means to control all terms in the
RHS of (2.14)/(2.15). This is achieved by using interpolation inequalities
and the fact that for an appropriate choice of q? the terms in the RHS are
in fact of lower order (see the discussion in the Introduction). Finally, the
obtained bounds yield the long-time existence result.

Remark 2.4. As mentioned in the Introduction, in [9] the authors consider
closed curves and hence there are no boundary terms in (2.14). In view of
the parabolic Equation (2.9) for the curvature vector, a good and natural
choice for ¢ is V7K for m € N.

Remark 2.5. In the case of curves with boundary one needs to take care of
the boundary terms. In [16] the author studies the evolution of (2.2) subject
to the clamped boundary conditions
(2.17)

F(6,0) = foy J(81) = foy 0f(1,0) =7, 0,f(t.1) =7+ forall ¢,

with f_, fi,7_, 74 fixed given vectors in R™. Also in this case Lemma 2.2
holds yielding that Vi*f = 0, m € N, at the boundary. Furthermore, the fact
that the tangent vectors are given and fixed in time implies that also

V.Vi'f=0 (m € N)

at the boundary. Indeed, using (2.6), the fact that the flow has no tangential
component and the fact that ;7 = 0 at the boundary we get that VsV =0
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and hence V,V;f = 0. Next from (2.10) one even infers that at the boundary
(2.18) VsVid = ViVsd

for any normal vector field q; Thus we have 0 = VtVsV =VVsVif =
VsV?f at the boundary and applying (2.18) repeatedly we obtain the claim.

The idea in [16] is to choose ¢ = V7" f since both boundary terms in (2.14)
disappear.

Following the idea of Lin in [16] we take ¢ = V/*f, m > 1, in Lemma 2.3.
Then ¢ is zero at the boundary by (2.3) and Lemma 2.2. On the other hand,
in general none of the derivatives with respect to s of 5 vanishes at the
boundary. As a consequence, we have to work with Equation (2.15). The
fact that the boundary term on the RHS of (2.15) can also be controlled by
(2.16) is a consequence of the boundary conditions (2.3). In the next section,
we present computations that yield this result.

2.2.1. Boundary term In this section, we use the following notation:

—

(2.19) " =V{"f, for meN.

As already pointed out we are going to take 5 = ﬁm in (2.15). Therefore,
the boundary term reads

(2.20) (V5™ V™).

Due to the boundary condition (2.3) relating the curvature to ¢ and the
tangent vector, we will be able to show that

VET/_)'m = —(C, T>V3Jm + lower order terms.

This observation is crucial to achieve a control of (2.20) by (2.16).
Notation for R]* and S)*: it is convenient to introduce two new vector

fields.

— For n odd: R”;f denotes any linear combination of terms of the form
(Vo™ Vp?) .. (V2 V1)V e

with 41 +---+4, =m, i; > 1, and coefficients bounded by some
universal constants.
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— For n even: 5;’? denotes any linear combination of terms of the form
(G, Vst (Vs V) Vgt

with i1 4+ -+ 414, = m, i; > 1, and coefficients bounded by some uni-
versal constants. Here ( is as in (2.3).

We start by collecting some relations.

Lemma 2.6. Suppose O,f =V on (O,T)_‘x I. Then for any m,n,i € N and
t € (0,T), we have that at the boundary ' =0 and

i O T) = (¢, V)

ii. Vi[(¢,7)7] = (¢, ) Vst

ifi. 9,(C, Vath) = (¢, Vab™*1) — (¢, TNV, Vi) ;
iv. forn odd, ViR™ = R™+1;

v. forn even, V;,§™ = S+ 4 (¢, T>§le11,'

vi. for n odd, Vﬂ(@,ﬂﬁfﬁ] = <C,7‘>ﬁ?+l + S’Z”_:ql

—

Proof. By Lemma 2.2, we know that 1/71 = 0 at the boundary for all i € N.
This in particular implies V' = 0 at the boundary. First of all recall that for
a vector field ¢ and scalar function g, we have that

Vi(99) = dg(¢ — (¢, 7)7) + gVi9.

Equations z'._'and ii. follow from (2.6), the formula above and the equalities
V = 0y f = 1!, Similarly, using (2.12) and (2.6)

that is 4ii.. The other claims follow similarly. O
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Lemma 2.7 (The boundary term). Suppose d,f =V on (0,7) x I.
Then for any m € N and t € (0,T), we have that at the boundary ™ = 0
and

(221) V"=,V + (= (Cm)T) D (VY V)

i+j=m
3,721
pm am
+(¢m) Y B+ D Sy
3<n<m 2<n<m
n odd neven

0 om .
with ¢y constant coefficients.

Proof. By Lemma 2.2, we know that 1/7” = 0 at the boundary for all m € N.
This in particular implies V' = 0 at the boundary. In this case and at the
boundary, we may write (2.13) with the notation just introduced as follows:

vngm—i-l = vtvng;m - <C7 Vs&j>vs$m
— 2(C, V™Vt + 2V, V™) (¢ — (¢, 7))
(2.22) =V, V2™ 4+ P4 2(C — (¢, 7)) (Vi V™).

Here we have used the boundary conditions (2.3) and the fact that V=0f=1v"
We prove (2.21) by induction. Since V' =0 at the boundary, for m =1
we have with V = !, (2.9), (2.3) and 4. in Lemma 2.6

VIl = V2V = ViR = Vi (C— (¢, 7)7) = —((, 7) Vi,

that is (2.21) in the special case m = 1.
Assuming that (2.21) is valid for m > 1, we find using V' =0 at the
boundary, (2.22), (2.12) and Lemma 2.6

V2 = V[~ (VA + (= (¢ m)T) D Ve, V)

i+j=m
1,521
§ pm § : am am+1
+<C7T> Rn + Sn]+S2
3<n<m 2<n<m
n odd neven

+ 2(C - <<> T>T)<VSJ17 vsqﬁm>
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=—<C> wm“ (¢ V) V™

+( Z 10V, V)
s
Z v 1/}1 v ,1/1] Z Rm+1
i+j=m 3<n<m
i,7>1 nodd
C V w Z Rm 4 Z Sm+1 ,T> Z R’Z’L—:—ll
3<n<m 2<n<m 2<n<m
nodd neven neven

+ S L 2(C — (¢ )T (Ve V™)
= (VAT (= (G Y GV, V)

i+j=m+1
i,j>1
am-+1 2 1
+ E ST 4 (¢, T) g R
2<n<m+1 3<n<m+1
neven nodd

3. A technical lemma

In this section, we derive the equation satisfied by V" f, m € N, so that we
will be able to infer that the term

ViV )+ ViV f =Y,

in Lemma 2.3 (with ¢ = V7 f) contains lower-order terms than V, (V7 f).

The results presented in the following Lemma 3.1 can essentially be
found in [16, Lemma 8]. However, we present here full proofs for sake of
completeness and also because we use a different notation that provides
more information than the one used in [16]. This extra information is also
crucial for the clarity and transparency of some steps in the final proof of
long-time existence.

The equation satisfied by V" f can be derived by repeatedly differenti-
ating Equation (2.2) and by interchanging the operators V and V,. This
generates extremely many terms (recall (2.10)). Similarly to [16], our strat-
egy in the representation of the equations is to single out the most singular
term and to introduce a notation that takes care of all remaining ones. In
addition, it should be immediately clear: the number of derivatives present,
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the number of factors present and the maximal number of derivatives falling
on one factor.

As in [9], for normal vector fields q;l, ..., bk, the product gy x - - * $k
defines for even k a function given by

—

(1, P2) - - (Br_1, Pk,

while for k& odd it defines a normal vector field

(D1, 02) - (Ph—2, Pr—1) Dk
For ¢ a normal vector field, P _)) denotes any linear combination of terms
of type

V?(E*--wvgbcgwithz‘l—i—---—i—ib:aand maxi; < c,

with coefficients bounded by some universal constant. Note that a gives
the total number of derivatives, b gives the number of factors and ¢ gives
the highest number of derivatives falling on one factor. Comparing our
notation with the one in [16] one notices that we have added the param-
eter c. Furthermore, for sums over a, b and ¢ we set

2A+B—2a C

A
Z zzc (Z_)’ Z Zpl:z,c CE
[[a,b]]8§<[éA,B}] a=0 b=1 c=0

The range of the b’s will also be often specified at the bottom of the sum-
mation symbol.

It is important to understand the relation between a and b in the sum: the
more derivatives we take the less factors are present. In the other direction: if
we take one derivative less we may allow for two factors more. This relation
has its origin in the equation that f satisfies. Indeed (2.2) may be written as

— 1 12 > — a,c
atf:—vz/f—g‘/ﬁ‘zﬁ—i-)\fi: > PYR) + APY(R).

([a,b)]<[[2,1]
c<2

This structure is maintained in the equations obtained by differentiation.
Moreover, it is important to keep track of this relation for the application
of the interpolation inequalities. In particular, note that for all the terms in



A Willmore—Helfrich L2-flow 631

the sum, one has

1

1 1
(3.1) a+§b§a+§(2A+B—2a):A+§B.

In the following lemma, we collect the formulae needed.

Lemma 3.1. Suppose f:[0,T) x [ — R™ is a smooth regular solution to

—

1
Ohf=—ViK— §|z|2z+m= V

in (0,T) x I. Then, the following formulae hold on (0,T) x I.
(1) For anyle Ny and k € N

(3.2)
VWE-VEV|ViE= Y R@4A Y B
o 8<[T+h+2.3] Lo <[i++3]
c<max{l,2}+k c<l+k
be[3,5],0dd b=3

(2) For any m,v € N, v odd, and p,d € Ny
(3.3) ViPEA(R) =Y X > PC(R).
=0 [[a,b]]<[[4m+p—2i,V]]

c<4dm—2i+d
be [v,v+4m—2i],odd

(3) For any A,C € Ny, B,N,M € N, B odd,

(3.4)

Vi Y. PR = D A P PA(R).
[[a,b)]<[[A,B]] [la.b)]<[[A+4,B]] [[a.b)]<[[A+2,B]]
c<C c<C+4 c<C+2
bE[N,M],0dd bE[N,M+4],0dd be[N,M+2],0dd

(4) For any m € N
(3.5) VIR — (=1)"VimE

= Y PE®+YN > By (R).
([a,b)]<[[4m—2,3]] =1 [la,b]]<[[4m—2i,1]

c<4dm—2 c<4dm—2
be[3,4m+1],0dd be[1,4m+1-2i],0dd
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(5) For any m,k € N and | € Ny

(3.6) [V]'VE—VEVIVLE

- 3 PYO(R)+ > N > B(R).

([a,b]]<[[4m~+k+1—2,3]] =1 [la,b]]<[[4m+k+1—23,1]]
c<4dm+l+k—2 c<dm—+Il+k—2i
be(3,4m+1],0dd be(1,4m—2i+1],0dd

(6) For any m € N

(3.7)  VIf—(-1)"Vvim—2g

- Y mwe Y Y mw
([a,b]] <[[4m—4,3]] =1 [[a,b]]<[[4m—2-24,1]]
c<4dm— c<dm—2—-2;
be(3,4m—1],0dd be(l,4m—1—21i],0dd

Proof. See Appendix B.

In the previous lemma, we have chosen to express explicitly the depen-
dence in A in the equations. This was not done in [16, Lemma 8] and could

be useful for studying the flow with a fixed length constraint.

3.1. Estimates for some boundary terms

It is convenient here to collect some estimates on some boundary terms. In
the following, |P;"“(R)| denotes any linear combination with non-negative

coefficients of terms of type
VO] - |[V2g| - ... |Vig| with iy + - 4 iy = a and maxi; < c.

Lemma 3.2. For m > 1, we have that at the boundary (x € 01)

2m
ORI A VRO R D SPUNID SR A I
Fizo lasb)<[[3m-—1-2i.2)
be([2,8m—+1—24]
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and also for all € >0

3.9)  V.IPSRE) < e [ VRV s

2m '
+C(e) /1 SN S pe@)ds.
=0

, [[a,b]]<[[8m—2-2i,4]]
v even c<4dm—1—i
be[2,8m+2—2i]

Proof. Since VI"f = 0 at the boundary, for each space component [V f]’
there exist some z} € I such that 5[V f]*(x}) = 0. Hence,

n

IV VPP () < [0V F12(x) = D [0V 1) () — (0s[V]" 1) ()]
=1
(3.10) < 2/|85VTf||6§VTf|ds.
I
Using
(3.11)  VIVPf=> X > PPe(R),  for j=0,1,2,

i=0  [[a,b]]<[[4m—2+j—2i,1]]
c<4dm—2+75—2i
be(1,4m—1-23], odd
and the fact that for a normal vector field g its full derivatives can be written
as 0sg = Vg — (g, k)7, and 029 = V29 — 2(V4q,K)T — (g, VE)T — (g, K)R,
it follows that

(3.12) EAYSIES PPY > PR,
=0 [[ab])<[[4m—1-2i,1]
c<dm—1-23
be(1,4m—21)
and
(3.13) 2V FI < VIV FL+ ) N > | Pe(i)]
i=0  [[a,b]]<[[4m—1—2i,2]]
c<dm—1-23
be[2,4m-+1-24]

m

<N YRR

=0 [[a,b]]<[[4m—24,1]]
c<4dm—21
be(1,4m~+1—21]
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The first claim follows directly from (3.10), (3.12) and (3.13). Finally,
for any € € (0,1)

VLV / 2V 2 4 Ol / PR

Using the previous estimates and the fact that (31 a;)? <n Y., a?, we

=1 "1
infer the second claim. O

Lemma 3.3. We have that for x € 01

V,Vof ' (a / ZAZ PEE(R)|

=0 [[a,b] ]<[[<1?1 2i,4])
be[4,17—2i]

Proof. Proceeding as in the proof of the previous lemma, we find
V.V ) < 10.Vefa) < dn [ 0.V 1021 | ds.
I

Using (3.12), (3.13) (with m = 1) and

3
OV P <Y N Y IRR),

=0 [[a,b]]<[[9-24,3]]
c<3

be[3,12—24]

the claim follows. O
4. Interpolation inequalities

The main result in this section is the following inequality (see Lemma 4.3
for more details): one has that for any e € (0,1)

3 /yp“ \ds<e/|v’m| ds + C(e, L], |7ll 2, A, B, by, M),

([a, b]]<[[A B
c<

be2, M]

whenever A + %B < 2k + 1. This is the key ingredient to control the terms
in the RHS of (2.15) in Lemma 2.3.



A Willmore—Helfrich L2-flow 635

The inequality stated above follows from suitable interpolation inequal-
ities for which it is useful to introduce the following norms:

k . ) ) . 1/p
Iflley = 3O IVERI,  with Vil = £ ([ viaras)
i=0

as opposed to
iz iz g )P
ViR e ::( Vi ds) .

These norms are motivated by suitable scaling properties (see Appendix C).

The following Lemmata 4.1, 4.3 and 4.5 are adaptations to the present
setting and notation of those used in [9, 16]. We choose to state the results
in details for sake of completeness. Moreover, we indicate the precise depen-
dence of the appearing constants.

Lemma 4.1. Let f : I — R™ be a smooth reqular curve. Then for all k € N,
p>2and0<1i <k we have

IVERl, < ClRIIRIR 2,

with o = (i + 3 — %)/k and C = C(n, k,p).

Proof. A proof of this fact is hinted at in [9, Lemma 2.4] and [16, Lemma 5].
We give all details in Appendix C. O

Corollary 4.2. Let f: 1 — R"™ be a smooth reqular curve. Then for all
k € N we have

IR llk.2 < CUIVER]2 + [I7]l2),
with C' = C(n, k).
Proof. We proceed by induction on k. The claim for k = 1 follows directly

from the definition of the norm. Let us assume that the claim is true up to
some k£ > 1. Then by Lemma 4.1

1R llks12 = [Rlkz + [VEEl2 < CUIVERI2 + [1R]2) + VSRl
N ST e - -
< ClRlIEE IR + ClIEll + VSR

1 = e —
< SlIRlk+12 + CllR]l2 + Ve &2

from which the claim follows. O
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Lemma 4.3. For any a,c € Ng, be N, b>2 ¢<k—1 we find
J 1B @ ds < CL IR R

withy = (a+ 3b—1)/k and C = C(n,k,b). Further if A, B,M € N, M > 2
with A+ 1B < 2k + 1, then for any € € (0, 1)

> i@ < e [ 9hRRds + 0 ma{L 7] ¥

(la, b]]<[[A B]
<
be[zM]
+ C'min{1, L[f]}}~4~ H max{1, ||& 2}
+C|R| 2,

withy = (A4 3B —1)/k and C = C(n,k, A, B).

It is interesting to note that the RHS of the second inequality depends
only on the lower bound of the length of the curve.

Proof. First of all note that v = 0 if and only if a = 0 and b = 2. In this case,
the first claim follows immediately using the definition of the norm. Next
let 0 <. Each of the terms in |P,"“(8)]| is of the form |[VIR|-...  |[VZE|
with 41 +--- 414, =a and i; < ¢ < k — 1. Then by Holder’s inequality and
Lemma 4.1

b b
/I VR (ViR ds < [[IVE Rl = L1 H V5 &l

j=1
1 a— bHCHFL”l ’Y]

with v; = (i; + 1 — 3)/k, from which the first claim follows directly.

For the second claim, note that each element of the sum is of type
|VUg| ... |V2&|withiy + -+ +ip=a < A,2 < b <min{M,24 + B — 2a}
and i; < ¢ < k — 1. In particular, a + $b < A+ B (see (3.1)). Then by the
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first claim and Corollary 4.2 we obtain

jw%wmeﬂwscqﬁﬂﬂmwwwb
< LU IR (VRIS + IRID)
< CIIRISIVER L + CLLA 30 RS,

with 0<vy=(a+4b—1)/k<(A+3B—1)/k <2 (the last inequality
being true by assumption). Then by Young’s inequality

VIR VR ds < VSR +
+ CLU R e,
that gives the claim using that 0 <+ <75 and 2 < b < M. The term with
v = 0 is taken care of by C/||<]%.. O
The following estimates will also be useful in the proof of long-time

existence.

Lemma 4.4. Assume that ||R||z2 < C. If ||V} fllr2 < C, for some 1 < m,
then it follows that

|ViR||e < C,  forall 0<i<d4m—2.
The constant C' depends on A\, n, m and on the lower bound on L[f].

Proof. The result follows using (3.7) in Lemma 3.1, Lemma 4.3, and the
bound ||K||z2 < C. Indeed from (3.7) we derive

V2R3, < OV |2 + / S BR) ds

[[a,b]]<[[8m—38,6]]
c<4dm—4
be[6,8m—2],even

+ x / S POC(R)] ds.

[[a,b]]<[[8m—4—2i,2]]
c<4dm—2—1
be[2,8m—2—2i],even

e

Applying Lemma 4.3 to the second and third term (with k = 4m — 2), we can
bound ||V4™=2g| 2. The bound on [|[VE||2. for j < 4m — 3 follows again
by using Lemma 4.3 and || V4252 < C. O
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So far, we have derived bounds for the normal component of the deriva-
tives of the curvature. The following lemmata indicate how to gain control
over the whole derivative.

Lemma 4.5. We have the identities

OsR = Vi — |R|?T,

OR=V"TRA+T > PRC(R) + > PYE(R), form > 2.

[[a,b]}g[[n:m]] [fa,bl1<[[m—2,3]]
be[2,2[™L]] even be[3,2[2]+1],0dd

Proof. The first claim is obtained directly using that
OsR = VR 4+ (0sR, T)T = V& — |R|*T.

The second claim follows by induction using that

ofr Y BU@)=1 Y BE®+ Y BER),

([a,b]]<[[m—1,2]] (la,b]]<[[m,2]] ([a,b]]<[[m—1,3]]
c<m—1 c<m c<m—1
be([2,2[™]] even be([2,2[ ] even be(3,2[ ™ ]4+1],0dd
o X mE®)= Y Rt®r Y BER
([a,b]]<[[m—2,3]] ([a,b]]<[[m—1,3]] [la,b]]<[[m—2,4]]
c<m—2 c<m—1 c<m—2
be[3,2[F]+1],0dd be[3,2[F]+1],0dd be[4,2[ 7 ]+2],even

0

Lemma 4.6. Given m > 1, assume that ||VJ'E||r2 < C and ||R]|> < C.
Then we have that

104K < C for 0 <1< m.
The constant C' depends on n, m and on the lower bound on L[f].

Proof. Tt follows directly from Lemmata 4.5 and 4.3. First of all note that a
bound on |||z < C and on |[VT'R|| 2 < C imply that

(4.1) IVLR|z: < C, forall0<I<m,
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by a direct application of Lemma 4.3. Moreover, Lemma 4.5 yields for any
leN

42)  [0RIZ. < CIVLRIE + / S R(R) ds.
([a,b]]<[[20—2,4]

c<l-1
be[4,21+2],even

Then the claim follows using (4.2), (4.1) and applying Lemma 4.3 with
k=I. O

5. Long-time existence

This section is dedicated to the proof of the main result, Theorem 1.1 (see
Section 1 for a precise statement), which states global existence of the flow.

A detailed proof of short-time existence is outside the scope of this paper:
in the special case where n = 2 such a result can be obtained by writing the
flow as a graph over the initial data (similarly to [5, Section 1.1]). In this
way, the problem is translated to a scalar parabolic PDE (in terms of the
distance function) and standard theory applies. For main ideas and useful
arguments to treat the general case we refer to [10, 15, 18, 20].

Proof of Theorem 1.1. In the following, C' denotes a generic constant that
may vary from line to line. We will explicitly write down what the constant
depends on.

A short-time existence result gives that the solution exists in a small
time interval. We assume by contradiction that the solution of (1.7) does
not exist globally. Let 0 < T' < oo be the maximal time.

First Step: Bounds on the length £[f] and on [} |R|* ds.

By Lemma A.2 we know that the energy is decreasing in ¢. Hence, for
all t € [0,7),

(5.1) Wi (1) < Wx(fo),

which directly implies a upper bound on the length when A > 0: indeed

ctror < 5 (W + [ (w.cas)

T (Walfo) + [lm OTb) < COPAo), A ).

(The case A = 0 will be dealt with later on, see (5.14).) On the other hand,
the lower bound on the length follows directly from the boundary conditions

IN

IN

(5.2)
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as follows:
(5.3) LI > |f — f-I.
We also find
/]m\2d3< /|H|2ds—//i <) ds+’//€ <) ds
< Wafo) + |[(m. ).
hence
(5.4 [ 1R ds < cic. wa o).

Note that the above inequality is independent of any control of the length
of the curve.
Second Step: Expression for 5% f[ Vi fI2ds + [, |V f]*ds, m € N.
As in [16] we get using (3.7) in Lemma 3.1

Vi VI 4+ VIV =Vt L VIV f

m+1
= 2. RURm+N > R®=Y
[[a,b}]§[4m,3} i=1 [[ayb]]§[4m+272171}
c<4m c<4dm+2-21
be(3,4m+3],0dd be(1,4m+3—2i],0dd

since there is a cancellation on the highest order terms. Note that for some
universal constants C7, Co, C3

Y =C\VimExBx R+ CoAVITR+ CsVImE+ Y PP(R)
[fab]] < [4m,3]
c<4m-—1
be[3,4m+3],0dd

m+1
(5.5) A DY BRI N D) PYUR).
[[a,b]] <[4mm—1,3] i=2  [[a,b]]<[4m+2—2i,1]
<dm-—1 <dm+2-2i
be[ZSC,ZmTfLH],odd be[f,Zmn}rBf%}?odd

In this way, we have singled out the most critical terms in Y, namely those
on which 4m derivatives fall all on one factor.
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By Equation (2.15) in Lemma 2.3 with ¢ = V7" f (recall that V"f = 0
at the boundary) we get

3 [1vrsias s [ 19297 s - (9.9 5.2V )

(5.6) /(Y v ds—/\vmﬂ (7, T)ds,

with V = —V27 — $|7%% + AR. We first look at the order of the term
V2V f. Again by (3.7) in Lemma 3.1 (see also (3.11)) we infer

VIV f = (-D)"VimE+ Y PR
[[ayb]]g[ﬂmi—?ﬁ]]

be[3,4m—1],0dd

+y N > Pye(i) .
i=1 [lapl)<[4m—2i,1]

c<4dm—21
be([1,4m—1—27],0dd

Using the fact that (}-% ; a;)? < ¢ > %, a2, we derive
VIV
= |V
+2(—1)mv§mg[ Y PR +Z>\Z 3 P;’C(E)}
[[avb]]i[l[‘lﬂigli”]] i=1 [[avb]]S[[4m52i71H

< c<4dm—
be[3,4m—1],0dd be[1l,4m—1-2i],0dd

+ [ S PR + Z Al S Pf’c(ﬁ)} ’

[[a,b]]<[[4m—2,3]] [[a,b]]<[[4m—24,1]]
c<4dm—2 c<4dm—2i
be[3,4m—1],0dd be[1,4m—1—24],0dd

> (1 - en)|VIRP?

~cen( Y IRGE SIS DS GIE

[[a,b]]<[[8m—4,6]] =2 ([a,b]]<[[8m—24,2]]
c<4m-—2 even c<4m-—i
be[6,8m—2],even be[2,8m—2—2i],even

In (5.6) we write |[V2VIf|? = | V2V f|? + (1 — )| V2V £2 and we
apply the inequality above to the second term. Thus, we obtain for any
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€1,€2 € (0, 1)

dt2/|vmf| ds+62/]V2me| ds

C(l—e)(1—a) / VA RPds — (Vo7 V2V

< [oovrnas— 5 [19pseE v

2m
Cler, ) / SORE@IHYN Y IRR))ds.

[la,b]]<[[8m—4,6]] =2, [[a,b]]<[[8m—2i,2]]
c<4dm—2 even c<4dm—i
be[6,8m—2],even be[2,8m—2—2i],even

Next we aim at writing the first two integrals on the RHS of the previous
inequality in the form of the last one. We cannot do it directly since in Y
there are terms where 4m derivatives fall on one factor (see (5.5)) and these
would be too singular when interpolating. But using (3.7) in Lemma 3.1,
the fact that V}*f = 0 at the boundary, and integrating by parts once the
highest order terms, we obtain that

v s

2m+1
/ Soopem+ YN Y Pf’c(k’))ds.
[[a,b]]<[[8m—2,4]] i=1 [[a,b]]<[[8m—2i,2]]
c<4m—1 c<4dm—1
be[4,8m+2],even be[2,8m+2—2i],even

Next, note that since
Vi PP < CIVEm2RP?

2m
N D DA GRS SP D SR A Gl

[[a,b]]<[[8m—8,6]] =2,  [[a,b]]<[[8m—4—2i,2]]
c<dm—4 even c<4m—2—i
be[6,8m—2],even be[2,8m—2—2i],even
2m
D DGR DED DI G
[[a,b]]<[[8m—4,2]] i=2,  [[a,b]]<[[8m—4—2i,2]]
c<4dm—2 even c<4dm—2—i

be[2,8m—2],even be[2,8m—2—2i],even
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we derive

190126 7as

2m+1
< [( LGRS SEUND SN A )
! ) <[fsm-2.4] =1 [lab]]<[[8m—2—2i4]]
c< c<4dm—2
be4, 8m+2] even be[4,8m~+2—21],even

yielding (add [; |[V{ f[?ds to both sides of (5.6))

(5.7)
dt2/|vmf| ds+/|me| ds+€2/|V2me| ds

C(l—e)(1—a) / VA RPds — (Vo7 V2V )

2m+1
Cley, €2 / S PE@EI+Y N > ]Plf’c(f%’)|)ds.
([a,b]] <L[18rr112 AT i=1 [[a,bﬂg[[Sm_—Qi,Q]]
be(2,8m+2],even be[2,8m~+2—2i],even

Third Step: The boundary terms.
By Lemma 2.7 (recall (2.19)) we may write the boundary terms as

ARG
= [ = CANTNVEIR+ (VTS Y TV TV

i+j=m
3,7>1
= o 1
(G Do BNV Y SV |
3<n<m 2<n<m
nodd neven

=[I+II+1III+1V];.

We need to bound these terms in absolute value from above.

(a) We start by looking at the first boundary term I := —((, 7)|VsV7 f|?
(), for € 9I. Using (3.9) in Lemma 3.2 and the fact that ¢ is fixed
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we find for any € > 0

(LAY

2m
< [IVIriPasceo [ SN Y pe@ds
I I

=0, ([a,b]]<[[8m—2—2i,4]]
1 even c<4dm—1—i
b€[2,8m~+2—2i

(b) Next we consider the second boundary term

I1:= (. VaV) 7 dy(VaVif. VaVis).
i+j=m
i,7>1

At x € 01, it can be estimated as follows:

I < |VVP @)+ CO Y IVsVifPIVVif ().

i+j=m
ij>1

(¢) Similarly for

IIT:=(¢,r) > (RPVVPf),  IVi= Y (SIV.Vf),
3<n<m 2<n<m
nodd neven

we have that for z € 01

11| < |V V12 (z) + C(Q) > VoV f2 o VY £ (),
11++1n:m,2]21
n€[3,m],odd
IV| < |V Vi fI2(z) + C(C) > IV Vi fI2 e VeV P ().

il ++zn=m,7,J 21
n€(2,m],even
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From (a), (b), (¢), and treating the first term in the RHS of (b) and (c)
as in (3.9) in Lemma 3.2, we get that for any €3 > 0

A A v

2m
> e [IVIVPIPds - ClenO) [So XY IR
I :

Tiz0,  [la,b]]<[[8m—2—2i,4]]
1 even c<4dm—1—1
be[2,8m+2-2i]
~ClesQ) ) max|[VVPfP VY P R).
ity >1 S
ne(2,m]
Choosing €3 = €3, we get from (5.7)
(5.8)
dt?/\vmf\ ds+/|me| ds+ (1 —e)(1 —€1) /yv4m |2ds
—Cle,) Yo max [V VSR (a)
it =my >l
ne(2,m]
2m+1 '
/ SOEE@E NS R ds
([a,b])<[[8m—2,4]] =1 [[a,b]]<[[8m—24,2]]
c<4dm—1 c<4m—
be[4,8m+2] be[2,8m+2—2i]
Fourth Step: Bound on ||V} f|| 2, for m =1, 2.
We start from inequality (5.8). For m = 1, it becomes
(5.9)
dt2/|th| ds+/\th| ds+ (1 —€2)(1 —€1) /|V4n| ds
<Clae) [( X IR@I+ SN Y B
[[a,b1]<[[6,4]] =1 [[a,b]]<[[8~2:,2]]
c<3 c<3
be[4,10] be[2,10—24]

By (5.3), (5.4) and Lemma 4.3 (with k£ = 4) we find for any €4 > 0

RHS in (59) < 64/‘V§/€|2d8+ C(TL, 61762764a)‘7W>\(f0)5C, f*ﬂfﬁ)‘
I
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It is interesting to note that so far we have needed only a lower bound on
the length of the curve. The above estimate in (5.9) yields

3 [[irPds+ [ (95 < Clu A W), G, £

which implies [|[V¢f[|72(t) < |Vef][72(0) + C(n, A, Wa(fo), ¢ f+, f-). Since

IVefllL2(0) < C(fo) (fo is attained smoothly and we may take the limit

t ™\, 0in (22)) we will simply write ||vtfHL2 < C(?’L, A, W)\(fo)v ¢, f+7 f*? fO)
For m = 2 inequality (5.8) becomes

1/ oIl / oIl
dS dS
dt2 | t ‘ [| t ’

+ (I —e2)(1 —e1) / [VSE[ds — C(e2,C) max CATIRE

5
61,62/ SORCEIEYAN Y BERE)ds

[[a,b]] <[ [14,4]] i=1  [[a,b]]<[[16—2i,2]]
c<7
be[4 18] bE[2,18—2i]

Lemma 3.3 yields

dtz/|th\2ds+/|vtf\2ds+(1—62 1—e) /|v8/<;| ds

<cq,62,/ SR \+ZM S PR

([a b]]<[[14 4]] [[avb]]S[[<1f7i—2i72]]
be[4 18} be[2,18—2i]

and then using (5.3), (5.4) and Lemma 4.3 (with k = 8) we get
3 [[IVERas+ [1VErPds < Cu A WAG). ¢ Fr ).

Thus, [[VZf]17:(t) < [VFf17:(0) + C(n, A, Wa(fo), ¢, f+, f-) and as before
we Slmply write ||V?f||L2 < O(na)‘7 WA(fO)»Cv f+7 f*a fO)
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Fifth Step: Bound on ||V f|| L2, for m > 3.
In order to bound ||V} f|z> for m > 3, we proceed by induction. Let us
assume that for some m € N, m > 2,

(5.10)  [|VifllLe < Cln, A\ Wa(f0), G, for =, fom), forall 1 <i<m.

We need to show that the bound holds also for m + 1. We first observe that
(5.10) implies the following estimate:

(5.11) IVsVif12(x) < C(n, \, Wa(fo), ¢, fou £y form),

for 1 <i<m —1and x € 0I. Indeed, if we know that ||V f||zz < C, (m >
2), then by Lemma 4.4 we infer that ||V.7||z: < C for 0 <1< 4m — 2. By
(3.8), Lemma 4.3 (take the second inequality with & =4i+ 1 and € = 1),
(5.4) and (5.3), we have for x € 91

|VsVif(x /Z)\J > |PYC(R)|ds

=0 [[a,b]]<[[8i—2j—1,2]]
c<41
be[2,8i+1—27]

< / VI RRds £ Cn A WAUo)s s Fos fsm).
I

which implies (5.11) directly.
Therefore using (5.11) formula (5.8) with m + 1 becomes

dt2/|vm+1f| ds—l—/]Vme]zds—i—(l—eg) (1—e) /\v‘* mHR2ds

- 0(627 )maX |stlnf|2 : |vsvtf| (.1‘) -C

/ 3 PO (R)\ds

([a,b]]<[[8(m+1)— 2,4ﬂ
c<4(m+1)—
be[4,8(m+1)+2]

(5.12)
2(m+1)+1

+Cel,62/ Z A 3 PO ()| ds.

[la,b]] <[[8(m+1)—2i,2]
c<4(m+1)—1
be(2,8(m—+1)+2—21]



648 Anna Dall’Acqua and Paola Pozzi

By (3.8) in Lemma 3.2 and (5.11) the boundary term can be absorbed in
the RHS of (5.12), namely

dw/\vm+1f\2ds+/\vm+lf\ ds+ (1— e)(1—e1) /yv4 (1) 12

< C+ Cley, e, ¢ / > |PC(R)| ds

[[a,b]]<[[8(m+1)—2.4]]
c<4(m+1)—1
be[2,8(m+1)+2]

2(m+1)+1

Cler,e,¢ / Z ! > | P&S(R)|ds.

[[a,b]] <[[8(m+1)—21,2]]
c<4(m+1)—1
be(2,8(m~+1)+2—21]

The RHS of the above inequality can be estimated using (5.3), (5.4) and
Lemma 4.3 (with k = 4(m + 1)). Finally, we get

3 190 s+ [ 1V s < COuA WAG)LC. iy fom),

and hence ||V fllz: < C(n, A\, Wia(fo), G, fur £y fo,m + 1).

Siath Step: Bound on ||0%R|| 1~ for I € N.

By the result in the previous step, Lemma 4.4, Lemma 4.6 and (5.4) we
can find bounds

(5.13) VLR L2, [[0LR ]| 22 < C(n, A, Wa(f0), ¢, fo f—s fou ),

for any [ € Np.

We prove now that the length remains bounded in [0,7") when T' < oo for
any A > 0 (recall that (5.2) holds for positive A only). As we will see below
a control of the length (from below and above) is needed when applying
embedding theory. Using (2.4), (2.2), (5.13) and Lemma 4.3 (with A =0,
B=4,k=1) we get

d

G [ [F ds < COn A WA €. oo F o)

from which we infer that

(514) ‘C[f] SO(na)‘7W)\(f0)>C7ervf*vavT)
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By Lemma C.1 we find for any [ € Ny

c(n)

l = o < l+1 = L “\IY gl =2 L
o211 < clm) 0L R + S5 10k
1 . c(n .
< el Rl + L

which together with (5.13), (5.3) and (5.14) yields

(5.15) |05l < C(n, 1,0, Wa(fo),C. 1 f=. fo, T)-

From (5.13) and (5.15) we also easily derive

(5.16) [0V 112, 10V | < Cn, 1A Wa(fo), G, fos =, fo, T)

for any [ € Np.

Seventh Step: Bound on ||OLE| ~ for I € Ny.

Here we follow the reasoning presented in [9, page 1234]. For simplicity
of notation let 7 := |0, f|. Then, 9, = v Js. By induction it can be proven
that for any function h : I — R or vector field h : I — R™, and for any m € N

m—1
(5.17) OPh =" h+ > Pna(y,..., 00 Iy)dlh,
j=1

with P,,_; a polynomial of degree at most m — 1. A bound on [|0L&]|
follows from (5.17) taking h = & and from bounds on ||9L&||L~ (see (5.15))
and on ||0L~|| L.

Thus, it remains to estimate ||0L7|| = for I € Ng. We start by showing
that v = |0, f] is uniformly bounded from above and below. This fact is also
important because we want the flow to be regular over time. The function
~ satisfies the following parabolic equation:

(5.18) Oy = (1,0,V) = —(R, V).

Moreover, by assumption on the initial datum we know that 1/¢y < v(0) <
¢p for some positive c¢g. From the estimates (5.15) and (5.16), it follows that
the coefficient ||(&, V)| 1~ in (5.18) is uniformly bounded and hence we infer
that 1/C <~ < C, with C having the same dependencies as the constant
in (5.15).
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In order to prove bounds on 97", we proceed by induction. Let us assume
that

(5.19) |02 YL < C(n, A\, Wx(fo),C, f+, f=, fo,T,m), for some m > 0.

Choosing h = (&, V) in (5.17), the induction assumption and (5.15) yield
that

(5.20) 102(R, VY| e < C(n, \, Wa(fo),C, s [y fo, Tym)

for all 0 <1i < m + 1. Differentiating (5.18) (m + 1)-times with respect to =,
we find

KOy = —(E V)OI y = Y el g m)OL((R V),
i+j=m+1
j<m
for some coefficients ¢(i, j, m). Together with (5.19), (5.20) we derive
0,07 1y < (R, V)P + C(n, A, Wa(fo), G fos [, fo, Tom),
which implies

”aZCn+17HL°° < C(TL?)‘a W)\(fO)aC7f+7f—7f07T7m + 1)

Finally note that from (5.16) and (5.17), we obtain also uniform
estimates for || 07 V|| L.
Eighth Step: Long-time existence.

The uniform L°°-bounds on the curvature &, the velocity ‘7, v, and all
their derivatives, allow for a smooth extension of f up to ¢t =T and then by
the short-time existence result even beyond. In view of this contradiction,
the flow must exist globally.

Ninth Step: Subconvergence to a critical point for A > 0.

Here, we follow the reasoning given in [9, Page 1235]. Since A > 0 we
can use (5.2) instead of (5.14) to estimate the length from above, so that
together with (5.3) we obtain

(520)  |fs— f LTS COMWAf0), ), for all ¢ € [0, 00).
In this way, we get for (5.15) and (5.16) estimates independent of 7', thus

(522) ||al9'zHL°°7 ||6i‘7”L°° < C(’I’L, lv A) W/\(f0)7 Ca era f*a fO)
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for any [ € Ny, for all ¢ € [0,00). Next we observe that ||f||z~ < C for all
t € [0,00) due to the upper bound on the length and the fixed end-points of
the curve. Hence, one naturally expects some sort of convergence of subse-
quences. Using (5.21) and reparametrizing f by arc-length in order to have
a control on the parametrization (which otherwise could become non regular
at T = 00) one can show that there exist sequences of times ¢; — oo such
that the curves f(¢;,-) converges smoothly to a smooth curve fo.

It remains to show that f., is a critical point for the Willmore—Helfrich
functional, that is, a solution to V =0. We prove this by considering the
function wu(t) := HVH%z (t) and showing that lim; .o u(t) = 0. First observe
that

/\Vy V) ds + 2/(17,vt17> ds.

Since V,V = V2f we infer from (5.2), (5.22) and the bounds derived in the
Fourth Step that

‘ ‘ < C(n, A, Wa(fo). ¢, fv, f—, fo)-

On the other hand from
—WA / V| ds,

(see proof of Lemma A.2) it follows that u € L'((0,00)) and hence neces-
sarily u(t) — 0 for ¢ — oco. The limit curve fo is therefore a critical point
of the Willmore—Helfrich functional. g

Remark 5.1. Ideas to try to strengthen the statement of Theorem 1.1
(with regard to full convergence) might be found in [4, 23].

Appendix A. First variation and decrease of the energy

Let f : I — R” be a regular parametrization of a smooth curve in R”. Define
the following functionals:

/ds-/|8 fldx,

&)= [ 17as. Ke() = [ 5. ds

5
=
i

with ¢ € R™ a fixed vector.
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Lemma A.1 (The first variation). Suppose f : [ =[0,1] — R" is a smooth
reqular curve in R™. Then for any perturbation of f of the kind f. = f + en
with n € C®°(I;R™) and satisfying n(0) =n(1) =0, one has the following
formulae:

Llfe]

L -- /I<g,n> ds, K| = Va0l

d
d = e=0
d
de

Elfe

/ (V2R -+ SRR, ) ds + [(Van, R

e=0

In particular, f is a critical point for the Willmore—Helfrich functional given
in (2.1) among all curves with fized endpoints f—, f+ € R™ if f satisfies (1.8).

Proof. Since %(dse)‘ezo = (7, 0sm)ds, we have

- / (r, D) ds = — / (R, m)ds,
e=0 1 I

d

since 7 is zero on the boundary. Using that jﬁ/ﬁe! = 0sVsn — (1,0sn)R
the expression for the first variation of K¢ follows 1mmediately. Finally, for
the elastic energy we derive

1
= /(F{, 0sVsn)ds — /\/?5\2<T,85n>d8
e=0 1 2

— (VB — (Vo )b + / (1, 0,V ) ds

1 1
- /|5’28s(<7a77>)d5+/”520_5,77)655
2 ) 2

1 1
= [(Vam, &) = (Vi m) = SR, + /I (ViR + 5 IRIR, n)ds.

d

The second part of the claim follows directly from the formulae of the first
variation. U

Lemma A.2 (The energy decreases). Let f:[0,7)x I —R" be a
sufficiently smooth solution of (2.2) satisfying (2.3) for allt. Let the Willmore—
Helfrich energy be defined as in (2.1). Then,

d

aVV,\(f)
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Proof. From the definition of the energy and Lemma 2.1 formulae (2.9),
(2.8), (2.4) we obtain

d

@)= /I<<’%3Vt'%'>—<<ﬁtﬁ>>ds+/l(§|El2—<<,fz>+x) Or(ds)

({7 V2V + (7, V)R) — (¢, 0,9,V + (7, V)) ) ds

d -, -
ZA() = [(F = ¢, V7)) /<v ,V V>ds+/( RIR|* — AR, V)ds
I I
1
(V.7 7] /<v2 R SRR — AR, V)ds
- / V[?ds <0
I

using the boundary conditions, the fact that V is zero at the boundary and
Equation (2.2). O

Appendix B. Proof of Lemma 3.1

Proof of (3.2) in Lemma 3.1. For simplicity of notation let fl VLR, We
prove the claim by induction on k. For £ =1 and any [ € Ny, we have
by (2.10)
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_ Pé+3,max{l+1,2}( ) + Pl+1 l+1( ) + )\Pl+1 l+1( )
+ Pé+3,max{l,3}(li) l+1 ;max{l, 1}( ) + )\Pl+1 ;max{l, 1}( )
(B.1) = > Pf’c(ﬁ) A Y PR
(la,b]]<[[1+1+2,3] (a0l <[[1+1,3]]
c<max{l,2}+1 c<l+1
b€[3,5],0dd b=3

We assume that the claim holds true for some k > 1 and any [ € Nj.
Then for any [ € Ny

[VtV]§+1 . v?-ﬁ-lvdél
— Vv, [(vtv’; _vky,)E l} F ViV, — VW VFE!

2 D D A GE PN DI A ]

(la.b]] <[[I+F+2,3]] (@b <[[I+F,3]]
c<max{l,2}+k c<l+k
be[3,5],0dd b=3

+ [V Vs — V Vet
= > BERERA+AN D PR,

[[a,bl]<[[l+F~+3,3]] ([a,bl] <[[l+k+1,3]]
c<max{l,2}+k+1 c<l+k+1
b€[3,5],0dd b=3
using in the last step (B.1) with k& + [ instead of [. O

Proof of (3.3) in Lemma 3.1. We prove the claim by induction on m. Since
P! 4 is linear combination of terms of the type

<v11 vzfz > <vlu 2 vlu 1 >v2 R

with iy +--- +4, = p and max{i;} < d, by Leibnitz’s rule we need to un-
derstand terms of the kind

(VOR, V2R - (V,VIR,.) - (V2R V1 R) Vo R
for je{l,...,v—1} or

(B.2) (VIR VE2RE) - (V2R Vi )V, Vi
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with as before iy + --- 4+ i, = p and max{i,} < d. If i; =0, by (2.9)

. 1
ViViR = ViR = VIR - —|/%’]2V2*— 2R, VsR)V R — |VR|*R

— 2(R, V2R)R + AV2R — *‘5‘4 + MR|*R

(B.3) = E P(R) + A g P(R),
([a,bl]<[[4,1]] ([a,b]]<[[2,1]]
<4 <2
be(1,5],0dd be(1,3],0dd

while if ¢; > 1 we find using (3.2), (B.3)

ViVER=VEViE+ Y PR A Y. PR

([a, b]]<[[2 +2,3]] ([a,b1)<[[z;,3]]
<2+41; c<i;
b6[3 5],0dd b=3
= > PERERA+A D PR,
(la,b]]<[[4-+i;,1]] [la,b]]<[[2+5,1]]
c<4+i; <241
be(1,5),0dd be(1,3],0dd

and this formula is valid also for i; = 0. It follows that

(VER,VER) . (ViVER, ) (ViR Vi R)VE R

= > PR +A Y PR

([a,b]] <[[1+4,1]] (la, 0l <[[p+2,1]]
c<4+d e<d+2
be[v,v+4],0dd be(v,2+v],0dd

for any j € {1,...,v — 1} and the same formula holds for the term in (B.2).
We get

B ViR = > BEE+A Y R@E),
([a,b]] <[[1+4,1]] (la.b]]<[[1+2,V]]
c<dtd c<2+d
bev,v+4],0dd be[v,2+v],0dd

that is (3.3) for m = 1.
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Assuming that the claim holds true for some m > 1 and any v € N, v
odd, p,d € Ny we find by (B.4)

VI PA(R)

=YX > V. P (R)
i=0  [[ab)I<[[Am+p—2i])

c<4m—2i+d
be v, v+4m—2i],odd

:Zm:x' > ( o PR+ Y] PE;‘”(;%’))

=0 [la,b]]<[[4m+p—2iv]]  [[o,B]]<[[a+4,b]] [[a,B]1<[[a+2,b]]
c<4m—2i+d y<4+c y<2+c
be[vv+am—2i,odd  BE[bb+4],0dd BE[b,2+b],0dd
mo mo
=) > I GED PP > Pye(R).
=0 [[a,b]] <[[4(m+1)+p—2i,v]] i=0 [[a,b)] <[[4(m+1)+p—2(i+1),v]]
c<4(m+1)—2i+d c<4(m~+1)—2(i+1)+d
be[v,v+4(m+1)—2i],odd be[v,v+4(m+1)—2(i+1)],0odd
The claim follows. 0

Proof of (3.4) in Lemma 3.1. Indeed, formula (B.4) implies that

Ve > PR

[[a,]]<[[A,B]]
c<C
be[N,M],0dd
- Y (X m@e Y Bw)
[la.b]I<[[A,B]]  [[eB]]<[la+4,b]] (v, 811 <[[a+2,0]]
c<C v<4+c v<2+c
be[N,M],odd  BeE[b,b+4],0dd Be[b,2+b],0dd
= > PPE(R) + A > PE(R).
([a,b]]<[[A+4,B]] ([a,b)]<[[A+2,B]]
c<C+4 c<C+2
be[N,M+4],0dd be[N,M+2],0dd

Proof of (3.5) in Lemma 3.1. Equation (B.3) gives us that

(B.5) Vik=-Vii+ > PIEAN Y PR,
[l bl <[[2.3] [lab<[[2,1]]
c<2 c<2

be[3,5),0dd be[1,3],0dd
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that is the claim for m = 1. Assuming that (3.5) holds for some m > 1, we
get using (3.2), (3.4) and (B.5)

v > Rr@+ Z XS @)

[[a,b]]<[[4m—2,3]] [[a,b]] < [[4m—2i,1]]
c<4m—2 c<4m—2i
be[3,4m-+1],0dd be([1,4m+1-2i],0dd
_ (_1)m(v§mvtfz+ S @AY Pg”c(f{))
[[a,b]]<[[4m+2,3]] [[a, b]]<[[4m 3]]
c<2+4m
b€[3,5],0dd s’
+ Z Pa C( ) + A Z Pa C( )
[[a,b]]<[[4(m~+1)—2,3]] [[a,b]]<[[4m,3]]
c<4(m+1)—2 c<4m
be[3,4(m+1)+1],0dd be[3, 4m+3] odd
m
DD SN SCIO S DR A
=1 [[a,b]]<[[4(m+1)—2i 1]] [[a,b]] <[[4(m~+1)—2(i+1),1]]
c<4(m+1)—21 c<4(m~+1)—2(i+1)
be[1,4(m~+1)+1—2i],0dd be(1,4(m~+1)+1—-2(i+1)],0dd
- (—1)mv§m(— Vigt Y PR AN Y Pf’c(ﬁ))
[[a,b]1<[[2,3]] [[a»b]]§[2[271]]
be[3,5),0dd be[1,3],0dd
m—+1
+ > PRe(R)+ ) N > PMC(R)
[[a,b]]<[[4(m+1)—2,3]] i=1 [[a,b]]<[[4(m+1)—21,1]]
c<4(m~+1)—2 c<4(m~+1)—2i
be[3,4(m+1)+1],0dd be[1,4(m+1)+1-2i],0dd
from which the claim follows directly. ([l

Proof of (3.6) in Lemma 3.1. We prove the formula by induction on m. For
simplicity of notation let £! = VLR, Formula (3.6) with m = 1 follows for
any k € N, [ € Ny from (3.2). Note that this formula is “weaker” than (3.2).
Assuming that the claim holds for some m > 1 and for any [ € Ny and k& € N,
we find using (3.5), the induction assumption (for m and m = 1), (3.4), (3.2)
and (B.5)

vt
=V, (V{”V';“E)
=V, (v’;“v;"r{ + 3 PRe(R) + Z A\’ 3 Pb“(ﬁ))
([a,b]] < [[4m+k-+1—2,3]] i=1 [[a,b]]<[[Am+k-+1—2i,1]]

§4m+l+k—2 c<Amltk—2i
€[3,4m+1],0dd be[l,4m—2i+1],0dd
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RO (G Ve i T S i +Zx > @)

[[a,b]]<[[4m—2,3]] =1 [[a,b]]<[[4m—2i,1]]
c<4m—2 c<4m—21
be[3,4m+1],0dd be(l,4m~+1—2i],0dd
v Y Re®+ Z A 3 P ()
(la,b] <[[4m+k-+1—2,3] =1 [Ja, b)) <[[Amth+i—2i,1]]
c<dm—+l+k—2 c<4dm—+l+k—21i
be[3,4m+1],0dd be[l,4m—2i+1],0dd

_ (_1)mvtv§m+k+lr{

+vi( Y Rr@+ SN 3 Py(R))

la, b1 < [[Am+k+1—2,3]] i=1 [[a,b]]<[[4m-+k+1—24,1]]
c<4dm—+l+k—2 c<4Am—+4l+k—21
bE[3,4m+1],0dd be[1,4m—2i+1],0dd
= (—=)"VintHY, R + > PY(R) + A > PC(R)
[[a,b]] <[[4(m+1)+k+1—2,3]] [[a,b]] <[[4m+k+1,3]]
c<4(m+1)+1+k—2 c<dm+l+k
b€[3,5],0dd b=3,0dd
+ > P2C(R) + A > PO(R)
[[a,b]] <[[4(m~+1)+k+1—-2,3]] [[a,b]] <[[4(m+1)+k+1—4,3]]
c<4(m+1)+1+k—2 c<4(m+1)+l+k—4
be[3,4(m+1)+1],0dd be[3,4(m+1)+1-2],0dd
+Y N > PUe(R) + ) A > P&°(R)
i=1 [[a,b]]<[[4(mA+1)+k+1—24,1]] i=1 [[a,]] <[[4(m+1)+k+1—2(i+1),1]]
c<4(m4+1)+1+k—2i c<4(m~+1)+1+k—2(i+1)
be[1,4(m~+1)—2i+1],0dd be[1,4(m+1)—2(i+1)+1],0dd
= ()" ViR YD PSR A Y BYYR)
[[a,b]]1<[[2,3]] [[a,b]]1<[[2,1]]
c<2 c<2
be([3,5],0dd be[1,3],0dd
m—+1
D SRR A CED SRS DR A
[[a,b]]<[[4(m~+1)+k+1—-2,3]] i=1 [[a,b]]<[[4(m+1)+k+1-2i,1]]
c<4(m+1)+l+k—2 c<4(m+1)+l+k—21
bE[3,4(m~+1)+1],0dd be[1,4(m+1)—2i+1],0dd
that yields
m+1vwrk &l m+1w—=4(m+1)+k+l = a,C( —
vmHLlgkel — (—1)ymHiydmab ks | > P(R)

(la, b)) <[[4(m~+1)+k+1—2,3]]
c<4(mA+1)+Hl+k—2
b€e[3,4(m+1)+1],0dd

m+1

(B.6) + YN > PA(R).

=1 [[a,b]]<[[4(m~+1)+k+1—25,1]]
c<4(m+1)+1+k—21
be[1,4(m+1)—2i+1],0dd



A Willmore—Helfrich L2-flow 659

On the other hand, using (B.6)

v/gv;nJrlgl _ vkvarlvl P
_ vk (( )erl v4(m+1)+lﬂ + Z Pba,C(/—{)

(la,b]] <[[4(m~+1)+1—2,3]]
e<d(mA-1)+1-2
be[3,4(m+1)+1],0dd

m+1
LD LD DI A C)
=1 [la <[t 1)+-2i,1]
c<4(m~+1)+1—2i
be[1,4(m+1)—2i+1],0dd
_ (_1)m+lvg(m+1)+k+lﬁ+ Z P;,C(R»)

(la.b]] <[[4(m~+1)+k+1-2,3]]
c<4(m+1)+k+1—-2
be[3,4(m—+1)+1],0dd

m—+1
+Y N > B (R).
=1 [[a,b]]<[[A(mA+1)+H+k—201]]

e<4(mA1)+k+1—-2i
be[1,4(m+1)—2i+1],0dd

The claim follows combining the formula just obtained with (B.6). O

Proof of (3.7) in Lemma 3.1. Formula (3.7) with m = 1 is the equation that
f satisfies. Assuming that (3.7) holds for some m > 1 we find with (3.6), (3.4)
and (B.5)

v’ltﬂ+1f
=Vi((COmvintEe S R EAYN Y BR)
[la B <[[m—4,3]] =1 [l b<[m 2201
c<4dm—4 c<4m—2—2i
be[3,4m—1],0dd be[1,4m—1-2i],0dd
=(-1)"VIMTVEL YD PSR A Y PR
([a,b]]<[[4m,3] ([a,b]]<[[4m,1]]
c<4m c<4m
be[3,5],0dd be[L,3],0dd
+ Z Pa C( ) + A Z Pa C( )
([a,b]]<[[4m,3]] [[a,b]]<[[4m—2,3]]
c<4dm c<4dm—2
be[3,4(m+1)—1],0dd be[3,4m+1],0dd
+Y N > PPe(R) + Z AT > PC(R)
=1 [[a,b]]<[[4(m+1)—2—24,1]] ([a,b]]<[[4(m+1)—2—2(i+1),1]]
c<4(m—+1)—2—-2¢ c<4(m+1)—2—-2(i+1)

be[1,4(m+1)—1—-2i],0dd be[1,4(m+1)—1—2(i+1)],0dd
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:(71)mv§m*2(fv;‘m ARG EPEDY P;’C(FS)>

([a,b]1<[[2,3]] [[a,b]] <[[2,1]]
c<2 c<2
b€[3,5],0dd b€[1,3],0dd
m—+1 )
D S R SO U DR )
[[a,b]]<[[4m,3]] =1 [[a,b]]<[[4(m+1)—2-2i,1]]
c<4m c<4(m+1)—2—2i
be[3,4(m+1)—1],0dd be[l,4(m+1)—1—2i],odd
_ (_1)m+lvlsl(m+1)—2/;5+ Z P;’C(Ff)
[[a,b]]<[[4m,3]]

c<4dm
be([3,4(m+1)—1],0dd

m—+1
+ 3N > By (R).-
=1 [labI<[4(m+1)—2-2i,1]

c<4(m—+1)—2—-21
be[L,4(m+1)=1—24],0dd 0

Appendix C. Proof of Lemma 4.1

In the following, we give some useful facts in order to prove Lemma 4.1. We
use the notation presented previously and denote by ¢ a positive constant
that may change from line to line.

Although the next result is well known, we report the exact statement,
since it is used in several important steps and since it shows explicitly on
what the constant depends.

Lemma C.1. Let J CR be a bounded open interval and g : J — R", g =
g(z), be a sufficiently smooth function. Then

c(n)

l9llcocry < e(m)|02gll L2y + WHQHU(J)-

If n =1, then c¢(n) = 1.

Proof. Writing g = (¢%,...,9"), ¢": J — R for i € {1,...,n}, the claim fol-
lows from [3, Theorem 2.2]. O
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Lemma C.2. Let J CR be a bounded open interval and g:J — R, g =
g(x), be as regular as required. We have that for any e € (0,1)

(C.) I9lleqy < ellgellzai + llgllza),
(©2) ey < ellglwzcry + - lgllzzo
(C:3) lgllcy < elghwaze + llgliaw),
with ¢ = ¢(J).

Proof. Using Lemma C.1, we get for x € .J
2 2 L9 1 2
g Hc*(j) < 10:(g7) Iy + 7”9 Iy < Wl lgl*dz +2 [ |gl|gz|dx
/] RANY; J

and Equation (C.1) follows using Young’s inequality and e < 1. The second
inequality is shown in [1, Theorem 5.2], the third one follows from (C.1)
and (C.2). O

Recall that as usual f : [0,1] — R™ is a smooth regular curve, I = (0, 1).
Lemma C.3. For normal vector field 5 we have that

10|9]| < |Vs@| almost everywhere.

—.

Proof. For ¢ # 0 the claim easily follows from 9, |¢| = (%, Os¢) = <%, V).

Otherwise consider for a positive § the regularization /2 + <$, ) and take
the limit ¢ \, 0 in the definition of weak derivative. O

For a normal vector field ¢ : I — R” recall ||$||k7p = Zf:o ||V§$||p with
IVidllp = LU IVl e,

and keep in mind that these norms are scale invariant when 5 = R (otherwise
the transformation f — af for v > 0 multiplies the norm by a factor «).

Lemma C.4. Let q_; be a normal vector field. Then for any e € (0,1)

. . 1 -
1981 < ¢ (llz + 21412 ).
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Proof. Because of the scaling properties of the norm we may assume that
L{f] =1, so that || - ||, = - ||z». Moreover, we consider the curve repara-
metrized according to arc-length (so that |f,| = 1, dz = ds, and we can use
for instance Lemma C.2. For simplicity, we take the boundary points of
the domain (of length one since L[f] = 1) to be the points 0 and 1). Now
consider

— 1 — —
V.33 = /0 (Vo(s), Vad(s))ds
= 26,85+ (0 F A= 1411
0

Obviously

2
1< S 16130+ — |13
=9 2T 92712

Moreover, by (C.1) and Lemma C.3

1) < 20| V@] [l ]| 1] ]l
- c - - c . -
< (el 05| Vsolll2 + *H!Vsqﬁ\l!z) (€215l + *H|¢!Hz)

< e 6122/ Vsdl2 +C HV sl +C*H¢|l2 2| 6ll2 + 7HV 31211 6ll2-

Choosing e = €1/4¢ and by Young’s inequality
4 712 1 212 . €72
(1] < cerl|dllz 2 + 51IVsollz + Fll¢ll2-
1
Putting the estimates together, with €2 = ¢, we find

1 - e - 1 - - c . -
SIVsol3 < S l19l3. + 5516115 + ce’l16ll5.2 + 5119113,
2 2 2€ €

from which the claim follows directly.
Note that due to the rescaling procedure the constant ¢ does not depend
on the length of the curve. O

Lemma C.5. Let q_g be a normal vector field and € € (0,1). Then ¥ k > 2
and all 0 < v < k we have

(C.4) IV:ll2 < e (eldllis + 7T 1dll2)
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with ¢ = ¢(i, k). In particular, it follows that

(C.5) IVidllz < el bl 8l," -

Proof. We may assume that L[f] = 1. Equation (C.5) follows from (C.4) by
choosing € so that the two terms in the RHS of (C.4) are equal, i.e., by
imposing €||¢|| 2 = €% ||¢||2 from which we derive that

k

. <||<z>ﬂk,2> C
6112

It remains to show the first claim. Lemma C.4 gives (C.4) for the case k = 2
and i = 1. A suitable induction argument yields the stated result. More
precisely: our induction assumption (A) can be stated as

(A) Jk>2:Vk<kVi:0<i<k: |[Vig|s <c (e||$|\k,2 + eﬁn&yb) :

We prove the estimate for k=k+1andalli:0<i<k+ 1.
First of all note that (A) implies that

(C.6) 16lr2 < 2VEGll2 + ¢l ll2,  for all k < k.

(Indeed we have

6

k-1
k2 = [VEdllz + Y [Vidll2 + 1G]l
i=1

i

k—1
< IR+ Y (ei||<z>|rm L ||<Z>Hz> 1l
=1

and choosing ¢; such that ch:_ll ¢; = 5 we derive immediately (C.6).)

To prove the induction step we distinguish two cases:

Induction step, case ¢ = k: Using (A) we obtain

IVEQll2 = [VE (V02 < cler||Vsdllkz + €1 K[ Vsdll2)
< cle1]|Pllks12 + €] X Vsdll2)

for €; € (0,1). Next by (A) and (C.6) we get

IVsdllz < clealllle + € *lISll2) < cea(lIVES]l2 + el bll2) + cez [z
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Putting the above two estimates together we find

_1 —
1950 < cer[Blesnn + el el TG + cel X ( n ) 16l

Choosing €5 < 1 so that ce%_kq = % we infer

. . 1\ -
19530 < celllherna + (14 3 ) 1l
1

Using now the fact that 1 < é (hence 1 < =) we obtain

1
€
k 7 g L=
IVidlz < e { ell@licr + 5lloll2
1

and the claim follows.

Induction step, case 0 < i < k: Using twice (A) we get for €,¢; € (0,1)

IVidl2 < e (elldlhes + =[]z

k—1
=c | ellVEQl2 + € > [Viglla + €% [|dll2 + €]l b2
j=1
k-1 e ’_
<c|elVEQlla +ced (el dlla + e lIll2) + e * Il | |
j=1

since € < 7. Using (C.6) we find

k-1
IVidll2 < | ellVEQll2 + 2cel|VEDll2 Y ¢
j=1
k-1 k-1 _
teelld 2 ) +eeldll ) e +emE g
j=1 g=1

Choosing €; so that Z;:ll € = % and using € < €k we get

IVidllz < el VESllz + 7= [18]12).
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Using the estimate obtained above for the case i = k, we deduce
i 7 7 I R
IVidllz < e { etz + Flloll2) + e [14ll2 ) -
1

By choosing ¢ = et < 1 we get

IVidlly < c(e

Blhesrz + 7% J)2) = ¢ (Edlhsrz + €70 16]l2)
- k+1—1 .
where € = ¢ ¥ , and the claim follows. O

Lemma C.6. Let d_; be a normal vector field. Then for p > 2 and for all
k>1and 0 <i <k we have that

7 7 (1 T k—i 771)
(C.7) (A% ¢Hp < ||V ¢Hk 1,2 HV ¢”2

where c=c(p,n,k).

Proof. We may assume that L[f] =1 and that the curve is parametrized
with respect to arc-length. We distinguish two cases.
Case k —i=1: Using [1, Theorem 5.8] we get (for a constant

¢ = c(p,n,i,k))

i i i 27 p i 1)
IVidllp, = [1Vigl I < el IV} ¢| ||W12”V ¢||Lz

i i 7= (G3)
SCHvsnglQ ||v ¢||2 ’

where we have used Lemma C.3 for the last inequality.
Case k — i > 1: Using the previous step we infer

1

! ;Hvlcblb
i 7 27 p i 7 1_(é_i)
< C||Vs¢||2+CHVsH¢H2 ||Vs¢||2 :

i 7 ig -3
[Viollp < cl|Vig

Since k —i > 1 we can use (C.5) and get

o 1-
V313 = IVL(Vidlz < el VG IVidl
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where we have chosen the constant independent of i. Putting these two
estimates together we obtain

IVidly < cllVidlle + elViglnG P Ivigly = wig), ¢
- c|rv2<z>|rz+cuv1<z>ukl,§’l Iwigl, =
= Vi v
+c||v1¢>uk1f§ Dvigly Y
< VI T wiy TT,
and the claim follows. O

Now we have all tools at disposal to prove Lemma 4.1.
Lemma 4.1 Let f: I — R™ be a smooth reqular curve. Then for all k € N,
p>2and 0 <1<k we have

IVEEl, < ClIRl,™

with o = (i +f—f)/k‘ and C = C(n,k,p).

Proof. The case k =1, i = 0 is direct consequence of (C.7). For k > 2, 0 <
i < k, we get using again (C.7) that

= (G- -
IVERlp < cllVERILZ, zz DR, "

(11 1- (i1
< Rz " A, e

But from (C.5) we know that [[VE|2 < c[|[[;,[|E]l," , so that we obtain

PG-Di

L(1_1) koi 111y
ViR SCHF»HM 1Rl = 7RIS =2 7
+3-3 i35
=cll&llg" &l
and the claim follows. O

Appendix D. Compatibility conditions

In order to have smoothness of the solution of the parabolic problem up to
time ¢ = 0, the initial data have to satisfy some compatibility conditions at
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the boundary. These make sure that at the initial time the information given
by the boundary conditions agree with those provided by the equation.

First of all we need to introduce some notation. Let L denote the quasi-
linear differential operator of fourth order such that 0,f = Lf as in (2.2).
Similarly, for i € N let L@ denote the quasilinear differential operator of
order 4¢ such that

dif =LOFf.

Let Q) denote the following quasilinear second-order operator:

QU(f) =&+ (¢, ),

with ¢ € R” fixed. For i € N, let Q" be the quasilinear differential operator
of order 2 + 47 such that

QY =9,
Then the compatibility condition requires that

(D.1) LOfo=0 and QW fy =0, at =€ {0,1}, forallic N.

The existence of initial data satisfying (D.1) can be easily proved. We
give a couple of examples: if ¢ = 0 then the line connecting fo(0) = f_ and
fo(1) = f4 (with any perturbation ¢ € C§°(I) to it) is a good candidate. If
¢ # 0, one can take a smooth curve fy such that in a small neighborhood of
the boundary points fj is a straight line with tangent equal to ¢/|(|. In this
way, we obtain that £ and all its derivatives disappear in proximity of the

boundary and the compatibility conditions can be easily verified.
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