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Weak Lefschetz theorems and the topology of zero

loci of ample vector bundles

Shin-ichi Matsumura

The purpose of this paper is to study the fundamental group and
higher homotopy groups of the zero locus of holomorphic sections
of ample vector bundles on projective varieties, in the spirit of the
Lefschetz hyperplane theorem. We give some Lefschetz type
theorems by using Morse theory and the method of Napier–
Ramachandran (the L2-method and the theory of formal schemes).

1. Introduction

Positivity concepts in algebraic geometry and topological properties have
been nourishing each other in the last decades. There are interesting results,
such as the Lefschetz hyperplane theorem, the connectedness theorem of
Fulton–Hansen, the Barth–Larsen theorem, and so on. In particular, the
Lefschetz hyperplane theorem has been developed according to the context
and the objectives, which says that the homotopy groups of a smooth projec-
tive variety X can be compared with those of the zero locus of (holomorphic)
sections of ample line bundles on X. This paper is devoted to the study of
the topology of the zero locus of sections of ample vector bundles on smooth
projective varieties, in the spirit of the Lefschetz hyperplane theorem. In
this direction, Sommese gave the following celebrated result:

Theorem 1.1 (Proposition 1.16, [17], cf. Theorem 7.1.1, [10]). Let
E be an ample vector bundle of rank r on a smooth projective variety X of
dimension n. Consider a section s ∈ H0(X,OX(E)) and the zero locus S
defined by

S := s−1(0) := {x ∈ X
∣∣ s(x) = 0 ∈ Ex}.

Then we have

Hi(X, S :Z) = 0 for i ≤ n− r,

where Hi(X, S :Z) is a relative homology group.
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This theorem enables us to compare the homology groups Hi(S :Z) and
Hi(X :Z) for i ≤ n− r. If E is an ample line bundle, we can obtain the
same conclusion for the relative homotopy groups πi(X, S). Therefore, it is
natural and of interest to ask whether or not the relative homotopy groups
πi(X, S) vanish in the same situation as the above theorem. In this paper,
we approach this problem under suitable positivity assumptions on vector
bundles.

Problem 1.2 (The main problem). Under the same assumptions as
in Theorem 1.1, does the relative homotopy group πi(X, S) vanish for i ≤
n− r?

In his paper [14], Okonek gave an affirmative answer for Problem 1.2,
under the assumption that E is an ample and globally generated vector bun-
dle and S has the expected codimension r. In his paper [9], Lazarsfeld proved
that Problem 1.2 was affirmatively solved if E ⊗B∗ is globally generated for
some ample and globally generated line bundle B, without assuming that S
has the expected codimension r. Here B∗ is the dual line bundle of B.

The following theorem asserts that Problem 1.2 is affirmatively solved
under a weaker assumption than the above, which is one of the main results
of this paper.

Theorem 1.3. Let E be a vector bundle of rank r on a smooth projective
variety X of dimension n. Consider a section s ∈ H0(X,OX(E)) and the
zero locus S of s. If the line bundle OP(E∗)(−1) is (r + k − 1)-positive on
P(E∗), then we have

πi(X, S) = 0 for i ≤ n− r − k.

In particular, the map (induced by the inclusion map j : S ↪→ X)

j∗ : πi(S) −→ πi(X)

is isomorphic for i < n− r − k and surjective for i = n− r − k.

Throughout this paper, π : P(E∗) → X denotes the projective space
bundle associated to the dual vector bundle E∗ of E in the sense of
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Grothendieck, which is defined by

P(E∗) := Proj
( ∞⊕

k=0

SkE∗
)
→ X.

Further OP(E∗)(−1) denotes the tautological line bundle on P(E∗), which
has the natural inclusion OP(E∗)(−1) → π∗E. Namely, P(E∗) → X is the
fiber bundle with the space of the lines of Ex as the fiber over x ∈ X and
OP(E∗)(−1) is the dual bundle of the hyperplane bundle on the fiber (which
is isomorphic to Pr−1). See Definition 2.3 for the definition of q-positive
(q-ample) line bundles.

If E is ample and globally generated, then OP(E∗)(−1) is (r − 1)-positive
(see [16, Proposition 1.3] and [6, Proposition 2.8]). We do not assume that
S has the expected codimension r in the above theorem, thus Theorem 1.3
can be seen as a slight generalization of the results of [9, 14]. For the proof,
we apply Morse theory after constructing non-degenerate functions with
suitable index by using Hermitian metrics obtained from the assumption on
OP(E∗)(−1).

Problem 1.2 is closely related to a conjecture of Griffiths for ample
vector bundles, which predicts that any ample vector bundle is Griffiths
positive (i.e., the vector bundle admits a Hermitian metric with Griffith
positive curvature). This conjecture was affirmatively solved in the special
case of smooth curves (see [4]), but we do not know whether the conjec-
ture is affirmative even in the case of surfaces. From simple computations,
we can easily see that OP(E∗)(−1) is (r − 1)-positive if E is Griffiths posi-
tive (e.g., see [6, Proposition 2.8]). Therefore by Theorem 1.3 we know that
Problem 1.2 is also affirmative only under the assumption that E is ample,
if the conjecture is affirmative.

Problem 1.2 is also related to the converse implication of the Andreotti–
Grauert vanishing theorem. The Andreotti–Grauert theorem asserts that
any q-positive line bundle is always q-ample (see [1, Théorèm 14] and [6,
Proposition 2.1]). In their paper [6], Demailly, Peternell and Schneider asked
whether or not the converse implication of the Andreotti–Grauert theorem
holds. It is a natural question, however it has been an open problem for a
long time except the case of q = 0 (see [11, 12] for more details).

By standard arguments on the spectral sequences of direct image sheaves,
we can easily see that E is ample if and only if OP(E∗)(−1) is (r − 1)-ample
on P(E∗) (see, e.g. [6, Example 2.7]). On the other hand, if E is Griffiths
positive, then OP(E∗)(−1) is (r − 1)-positive.
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Theorem 1.3 implies that if the converse of the Andreotti–Grauert theo-
rem for OP(E∗)(−1) holds, then Problem 1.2 is affirmative. Recently Ottem
constructed a counterexample to the converse of the Andreotti–Grauert the-
orem, by investigating the Lefschetz hyperplane type theorem (see [15] for
the precise argument), which gives a motivation to study Problem 1.2.

It seems to be difficult to handle higher homotopy groups. Here we give
a partial result for the fundamental groups in Problem 1.2 (cf. [18]), which
is one of the main results and a corollary of Theorem 3.6.

Corollary 1.4. Let E be an ample vector bundle of rank r on a smooth
projective variety X of dimension n and R be an analytic set of X. Consider
a section s ∈ H0(X,OX(E)) and the zero locus S of s. If S has the expected
codimension r (i.e., codimXS = r) and r < n, then the map

j∗ : π1(S\R) −→ π1(X\R)

is surjective.
In particular, if R = φ, the map j∗ : π1(S) −→ π1(X) is surjective.

The proof is based on the method of Napier–Ramachandran and its vari-
ation. In their paper [13], Napier and Ramachandran constructed holomor-
phic sections of ample line bundles that separate sheets of an étale covering.
We also construct such sections by using solutions of the ∂-equation with
bounded L2-norm, which give an estimate of the index of the image of
π1(S\R) under j∗. Further, we compute this estimate by investigating the
cohomology groups of formal completions. In this step, we apply the theory
of formal schemes.

This paper is organized in the following way: In Section 2, we give a
proof of Theorem 1.3. In Section 3, we give proofs of Theorem 3.6 and
Corollary 1.4.

2. Lefschetz type theorems and Morse theory

2.1. Preliminaries

In the proof of Theorem 1.3, we shall use Morse theory. For this reason, we
collect materials on standard Morse theory in this subsection.

Let Φ be a real-valued smooth function on a compact C∞-manifold M
of (real) dimension k. A point m ∈ M is called a critical point if dΦ = 0
at m. In terms of local coordinates (x1, . . . , xk), the (real) Hessian of Φ at
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m ∈M is defined by

( ∂2Φ
∂xi∂xj

(m)
)

1≤i, j≤k

which is a symmetric quadratic form. If m is a critical point of Φ, the
Hessian at m does not depend on the choice of local coordinates. The num-
ber of negative eigenvalues of the Hessian at critical points is called the
index . A function on M is called non-degenerate if the function has only
non-degenerate manifold. See [2, Definition 3.1] for the definition of non-
degenerate manifolds. The following theorem asserts that non-degenerate
functions allow us to reconstruct the manifold as CW complexes.

Theorem 2.1 (Theorem 3, [3]). Let Φ be a real-valued smooth function
on a compact C∞-manifold M . Let λ be the infimum of the indices of Φ at
the critical points. Assume that Φ is non-degenerate. Then for an arbitrary
real number a, M is obtained from Wa by successively attaching cells of
dimension ≥ λ, where Wa is the subset defined by

Wa = {m ∈ M | Φ(m) < a}.

In particular, we have

πi(X, Wa) = 0 for i ≤ λ− 1.

For the proof of Theorem 1.3, we need suitable perturbations to con-
struct non-degenerate functions. For this purpose, we apply the following
approximation theorem. We take a finite open covering {Uj}N

j=1 of M by
open balls Uj with a coordinate (xj

1, . . . , x
j
k). Further, we take a relatively

compact set Vj in Uj such that {Vj}N
j=1 is also an open covering of M . Then

the C2-norm | · |C2 with respect to the open covering is defined to be

‖f‖C2 :=
N∑

j=1

k,k∑
α, β=1

sup
p∈Vj

∣∣∣∣ ∂2f

∂xj
α∂xj

β

(p)
∣∣∣∣ +

N∑
j=1

k∑
α=1

sup
p∈Vj

∣∣∣∣ ∂f

∂xj
α

(p)
∣∣∣∣ + sup

p∈X

∣∣f(p)
∣∣

for every function f ∈ C2(M, R). A C2-function is called (ε, 2)-small if the
C2-norm of the function is smaller than ε.

Theorem 2.2 ([18]). Let Φ be a real-valued smooth function on a compact
C∞-manifold M . Then for an arbitrary positive number ε > 0, there exists
an (ε, 2)-small function ηε such that Φ + ηε is non-degenerate on M .
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2.2. Proof of Theorem 1.3

This subsection is devoted to the proof of Theorem 1.3. For the proof, we
shall construct non-degenerate functions with suitable index, from Hermitian
metrics whose Chern curvature satisfies a partial positivity condition. By
applying Morse theory to this function, we obtain the conclusion. First, we
recall the definition of q-positive (q-ample) line bundles.

Definition 2.3. Let Z be a compact complex manifold of dimension N
and q be an integer with 0 ≤ q ≤ (N − 1).

(1) A line bundle L on Z is called q-positive, if there exists a (smooth)
Hermitian metric h whose Chern curvature

√−1Θh(L) has at least
(N − q) positive eigenvalues at any point on Z.

(2) A line bundle L on Z is called q-ample, if for any coherent sheaf F on
Z there exists a positive integer m0 = m0(F) > 0 such that

H i
(
Z,F ⊗OZ(Lm)

)
= 0 for i > q, m ≥ m0.

Proof of Theorem 1.3. Since OP(E∗)(−1) is an (r + k − 1)-positive line
bundle on P(E∗), there exists a smooth Hermitian metric h such that the
Chern curvature associated to h has at least (n− k) positive eigenvalues at
any point on P(E∗). The metric h can be seen as the function Fh on the
total space of OP(E∗)(−1) defined by

Fh : OP(E∗)(−1) −→ R, t 	−→ |t|2h,

where |t|h is the norm of t ∈ OP(E∗)(−1) with respect to h. Since the total
space of OP(E∗)(−1) is isomorphic to the blow-up of the total space of E
along the image of the zero section, we have the isomorphism

(2.1) π : OP(E∗)(−1)\P(E∗)
∼=−→ E\X.

By this isomorphism, the functions on OP(E∗)(−1)\P(E∗) can be identified
with the functions on E\X. In particular, Fh can be regarded as the function
on E\X. A given section s of E can be seen as the holomorphic map from
X to the total space of E. We define the function Φh on X by the pull-back
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of Fh under the holomorphic map s : X\S → E\X. Then Φh can be written
as

Φh : X\S → R, x 	−→ |π−1(s(x))|2h.

The function Φh satisfies the following properties:

Claim 2.4. The function Φh defined above satisfies the following properties:

(1) Φh is a positive-valued smooth function on X\S.

(2) The Levi-form ddcΦh has at least (n− r − k + 1) negative eigenvalues
at the critical points of Φh.

Proof. It is sufficient to check the second property since the first property
is obvious by the definition of Φh. In this proof, we denote the line through
a point s(x) ∈ Ex by [s(x)] ∈ P(E∗). Since P(E∗) → X is the fiber bundle
with the space of the lines in Ex as the fiber over x ∈ X, we have the natural
projection E\X → P(E∗).

Fix an arbitrary point p ∈ X\S. Let W be a small open neighborhood
of p and W be the image of s(W ) under the projection E\X → P(E∗). Now
we take a local frame t of OP(E∗)(−1)|W adapted at [s(p)] with respect to
the restriction h|W of h. For simplicity, we denote the restriction h|W by the
same notation h. Namely, t is a non-vanishing holomorphic map from W to
OP(E∗)(−1)|W such that

|t([s(x)])|2h = 1 and d(|t([s(x)])|2h) = 0 at [s(p)].

Since W is isomorphic to W , the composition π−1 ◦ s can be seen as the
non-vanishing section of OP(E∗)(−1) on W . Since t is also a non-vanishing
section on W , there exists a non-vanishing holomorphic function g on W
such that π−1(s(x)) = g([s(x)])t([s(x)]) on W . Then by the definition of Φh,
we have

Φh(x) = |g([s(x)])|2|t([s(x)])|2h on W.

From now on, we compute the Levi-form of Φh. By simple computations,
we obtain

√−1∂∂Φh =
√−1|t|2h∂g ∧ ∂g −√−1g∂g ∧ ∂|t|2h
+
√−1g∂g ∧ ∂|t|2h + |g|2√−1∂∂|t|2h.
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The second and third terms are equal to zero at [s(p)] since t is adapted at
[s(p)]. Further it is easy to see that the first term is also equal to zero at
[s(p)] if p is a critical point of Φh. Indeed, we have

dΦh(x) = |t|2hd|g|2 + |g|2d|t|2h
= |t|2hd|g|2 at [s(p)].

The second equality follows since t is adapted at [s(p)]. Therefore if p is a
critical point of Φh, then dg = 0 at [s(p)]. From the above argument, we
obtain √−1∂∂Φh(x) = |g|2√−1∂∂|t|2h
if p is a critical point of Φh.

For the proof of the claim, we need to compute the number of negative
eigenvalues of the Levi-form

√−1∂∂|t|2h. Since t is a frame adapted at [s(p)],
we have

√−1∂∂|t([s(x)])|2h =
√−1∂∂ log |t([s(x)])|2h at [s(p)].

By the definition of the Chern curvature, we have
√−1Θh = −ddc log |t̃|h

for any local frame t̃ of OP(E∗)(−1). Therefore −√−1∂∂ log |t̃|2h has at least
(n− k) positive eigenvalues. Since W is a (local) submanifold of codimension
(r − 1) on P(E∗), the restriction of −√−1∂∂ log |t̃|2h to W has at least (n−
r − k + 1) positive eigenvalues, which implies that

√−1∂∂|t([s(x)])|2h has at
least (n− r − k + 1) negative eigenvalues at [s(p)]. This completes the proof
of the claim. �

We shall construct non-degenerate functions with suitable index by using
Claim 2.4. First we choose sufficiently small neighborhoods U, V ⊂ X of S
such that V is relatively compact in U . Further, we take a smooth function
ρV such that ρV is identically zero on V and identically one on X\U . Then
the function ρV Φh is a smooth function on X. By applying the approxima-
tion theorem (Theorem 2.2) to ρV Φh, for an arbitrary positive number ε,
we obtain an (ε, 2)-small function ηε such that ρV Φh + ηε is non-degenerate
on X. Then we prove the following claim.

Claim 2.5. For a sufficiently small ε > 0, the Levi-form of ρV Φh + ηε has
at least (n− r − k + 1) negative eigenvalues at the critical points of ρV Φh +
ηε on X\U .
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Proof. Since ρV is identically one on X\U , we have ρV Φh = Φh on X\U .
Hence, the Levi-form of ρV Φh + ηε has at least (n− r − k + 1) negative
eigenvalues at the critical points of Φh by Claim 2.4, if ε is sufficiently small.
Since this is an open condition, there exists an open neighborhood W of the
critical points of Φh such that the Levi-form of ρV Φh + ηε still has at least
(n− r − k + 1) negative eigenvalues on W . It is easy to see that the critical
points of ρV Φh + ηε are contained in W for a sufficiently small ε. Indeed, if
p is not a critical point of Φh, then p is not a critical point of ρV Φh + ηε. �

We take a positive number δ with

0 < δ < inf{ ρV (x)Φh(x) + ηε(x) | x ∈ X\V }.

Then Wδ defined by

Wδ := {x ∈ X | ρV (x)Φh(x) + ηε(x) < δ}

is contained in U . Since ρV Φh + ηε is non-degenerate, we can apply standard
Morse theory (Theorem 2.1). Then X is obtained from Wδ by successively
attaching cells of dimension ≥ n− r − k + 1. In particular, the natural map
πi(Wδ, S) → πi(X, S) is isomorphic for i ≤ n− r − k. On the other hand,
since Wδ is contained in U , we have the following commutative diagram:

πi(X, S)

πi(Wδ, S)

������������
�� πi(U, S).

������������

The diagonal map on the left is an isomorphism for i ≤ n− r − k. We
can choose U to retract onto S since X can be triangulated with S as
subcomplexes. Then we have πi(U, S) = 0 for any i. Therefore, we obtain
πi(X, S) = 0 for i ≤ n− r − k. This completes the proof of Theorem 1.3. �

3. Weak Lefschetz type theorems

3.1. Key estimates

In Section 3, we give proofs of Theorem 3.6 and Corollary 1.4. In the
proof of Theorem 3.6, we apply the techniques established by Napier and
Ramachandran in [13]. They proved that the image of the fundamental group
of submanifolds with ample normal bundle is of finite index. The strategy
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of the proof can be divided into two steps. In the first step, they consider
a suitable covering space and construct sections of ample line bundles that
separate sheets of the covering. In the second step, they study the finite
dimensionality of the space of the sections on formal schemes, which gives a
bound on the index.

In this subsection, we give a proof of the following proposition (Proposi-
tion 3.1), which can be seen as a slight generalization of [13, Theorem 2.2].
The proof is based on a standard application of the L2-method and is par-
allel to the proof of [13, Theorem 2.2]. For the reader’s convenience, we give
details of the proof.

Throughout this subsection, let X be a projective variety of dimension
n, U be an open set of X that does not intersect with the singular locus
Xsing of X and R be an analytic subset of X containing Xsing. We consider
an étale covering

π : M̃ −→ M and the degree d := deg π,

where M is the complement X\R. The following proposition gives an esti-
mate of the degree d by the dimensions of the spaces of the holomorphic
sections. Let L be a big line bundle and G be an arbitrary line bundle on
X. We set Eν := Lν ⊗G for a positive integer ν, and we consider the space
of the holomorphic π∗Eν-valued (n, 0)-forms

H0
L2(U∩R)

(
M̃,O

M̃
(π∗Eν ⊗K

M̃
)
)

with the following L2-condition on U ∩R.
(∗) For any point r ∈ U ∩R, there exists a neighborhood Vr of r and

trivializations of L and G on Vr such that∫
Vr

√−1
n2

s ∧ s <∞

for any connected component Vr of π−1(Vr). We regarded s as the holomor-
phic (n, 0)-form on π−1(Vr) under the fixed trivialization of π∗Eν . Here K

M̃

denotes the canonical bundle on M̃ .

Proposition 3.1 (cf. Theorem 2.2 and Remark [13]). Under the above
situation, there exist positive numbers c0 and ν0 (depending only on X, L
and G) with the following properties:
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(1) For any ν ≥ ν0,

c0ν
nd ≤ dimH0

L2(U∩R)

(
M̃,O

M̃
(π∗Eν ⊗K

M̃
)
)
.

(2) For any ν ≥ ν0,

c0ν
n(d− 1) ≤ dimH0

L2(U∩R)

(
M̃,O

M̃
(π∗Eν ⊗K

M̃
)
)

− dimH0
(
X,OX(Eν ⊗KX)

)
.

Remark 3.2. In [13, Theorem 2.2], G is assumed to admit a smooth metric
with semi-positive curvature, but we do not assume that G admits such
metrics.

Proof. Since L is a big line bundle, some positive multiple Lm0 of L can be
written as the tensor product of an ample line bundle A and an effective
line bundle F . We can take a smooth metric hA on A such that the Chern
curvature is a Kähler form on the regular locus Xreg of X since A is ample.
Further we take the singular metric hF on F constructed from sections of
F . Note that the curvature current of hF is (semi-)positive as (1, 1)-currents
on Xreg. Let ω be the Kähler form on Xreg defined by

ω :=
1

m0

√−1ΘhA
(A).

Then the curvature current
√−1Θh(L) of h satisfies

√−1Θh(L) ≥ ω > 0
since the curvature current of hF is semi-positive. Here h is the metric on L
which is defined by (hA ⊗ hF )1/m0 .

Fix a point p in M such that h is smooth on a neighborhood of p. Further
we take local coordinates (z1, . . . , zn) centered at p and a function ϕp on X
with the following properties:

(a) The support of ϕp is contained in a (small) neighborhood of p.

(b) ϕp = log(|z1|2 + · · ·+ |zn|2) on a smaller neighborhood of p.

(c) ϕp is smooth except at p.

We take a smooth metric k on G. Since the curvature of h is strictly positive,
there exists a sufficiently large integer a0 with the following properties on
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Xreg:

a0

2
ω +

√−1Θk(G) ≥ ω,

a0

√−1Θh(L) + ddcϕp ≥ a0

2
ω.

The regular locus Xreg is not compact, but we can take a0 with the above
properties since the support of ϕp is compact.

Now we fix local trivializations of L and G on a neighborhood of p.
Since π is an étale covering, the coordinate (z1, . . . , zn) determines the local
coordinates on the neighborhoods of points in the fiber π−1(p) over p, which
give the local trivialization of K

M̃
. Under these trivializations, a π∗Eν-valued

(n, 0)-form s can be seen as the holomorphic function on a neighborhood of
π−1(p). Therefore for a multi-index α = (α1, . . . , αn) ∈ Zn

≥0, the differential
(∂|α|s/∂zα) can be defined on a neighborhood of π−1(p), where |α| is the
norm of α which is defined by |α| = ∑n

i=1 αi.
Fix an integer ν0 with ν0 > na0. Then we construct holomorphic π∗Eν-

valued (n, 0)-forms for any ν ≥ ν0 by using solutions of the ∂-equation with
L2-estimate. �
Claim 3.3. For a multi-index α = (α1, . . . , αn) with |α| ≤ ν/a0 − n and a
point q in π−1(p), there exists a holomorphic π∗Eν-valued (n, 0)-form sα,q

with the following properties:

(1) For any multi-index β with |β| ≤ ν/a0 − n and a point r in π−1(p),

∂|β|sα,q

∂zβ
(r) =

{
1 if r = q and β = α,
0 others.

(2) ∫
M̃

∣∣sα,q

∣∣2
π∗(hν⊗k),π∗ω

(
π∗ω

)n
< ∞.

Proof. First we take a smooth π∗Eν-valued (n, 0)-form u with the following
properties:

(a) For a multi-index β with |β| ≤ ν/a0 − n and a point r in π−1(p),

∂|β|u
∂zβ

(r) =
{

1 if r = q and β = α,
0 others.
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(b) The support of u is contained in a (small) neighborhood of q.

(c) u is holomorphic on a smaller neighborhood of q.

Then we obtain solutions of the ∂-equation ∂η = ∂u by applying [5, Théorèm
4.1]. In order to obtain solutions of this equation with L2-estimate, we need
to compute the curvature of π∗Eν and the L2-norm of ∂u with respect to
the suitable metric.

First we see that the curvature of the metric on π∗Eν defined by π∗(hν ⊗
k) exp (− ν

a0
π∗ϕp) is strictly positive. By the choice of a0 and ν0, we obtain

√−1Θπ∗(hν⊗k) exp (− ν

a0
π∗ϕp)(π

∗Eν)

= ν
√−1Θπ∗h(π∗L) +

√−1Θπ∗k(π∗G) +
ν

a0
ddcπ∗ϕp

≥ ν

2
π∗ω +

√−1Θπ∗k(π∗G)

≥ π∗ω

for any ν ≥ ν0.
Now we compute the L2-norm of ∂u with respect to the above metric.

The support of ∂u does not contain the pole of π∗ϕp since u is holomorphic
on the neighborhood of q. Further π∗h is smooth at q by the choice of p.
Therefore we obtain∫

M̃

∣∣∂u
∣∣2
π∗(hν⊗k),π∗ω exp

(
− ν

a0
π∗ϕp

)(
π∗ω

)n
< ∞.

Since X is projective, M = X\R admits a complete Kähler metric. It
implies that the étale covering M̃ also admits a complete Kähler metric.
Hence by applying [5, Théorèm 4.1], we obtain a π∗Eν-valued (n, 0)-form η
such that

∂η = ∂u,∫
M̃

∣∣η∣∣2
π∗(hν⊗k),π∗ω exp

(
− ν

a0
π∗ϕp

)(
π∗ω

)n
< ∞.

Then the π∗Eν-valued (n, 0)-form sα,q defined by sα,q := u− η is holomor-
phic and satisfies property (2) in the claim. The L2-estimate and the choice
of ϕp imply that η vanishes at any point in π−1(p) to the order (ν/a0)− n.
Therefore sα,q satisfies property (1) in the claim by the choice of u.

We see that sα,q satisfies L2-condition (∗) in Proposition 3.1. Fix triv-
ializations of L and G on a neighborhood Vr of r ∈ U ∩R. Under these
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trivializations, h can be seen as the function bounded below on Vr, since the
curvature of h is positive. Here we implicitly used the known fact that an
almost plurisubharmonic is upper semi-continuous. By Claim 3.3, we have

∫
π−1(Vr)

|sα,q|π∗ω(π∗ω)n <∞.

Here we regard sα,q as the holomorphic (n, 0)-form on π−1(Vr). By simple
computations we obtain

|sα,q|2ω̃
ω̃n

n!
=
√−1

n2

sα,q ∧ sα,q

for any Hermitian form ω̃. Therefore sα,q satisfies L2-condition (∗).
Finally we show estimates (1) and (2) in Proposition 3.1. Let Vν be the

C-vector space which is spanned by {sα,q}α,q, where α runs through multi-
indices with |α| ≤ (ν/a0)− n and q runs through the points in the fiber
π−1(p) over p. Since sα,q satisfies L2-condition (∗), we have

Vν ⊂ H0
L2(U∩R)

(
M̃,O

M̃
(π∗Eν ⊗K

M̃
)
)
.

We can easily show that sections {sα,q}α,q are linearly independent from
property (1) in Claim 3.3. Thus, the dimension of Vν is equal to the num-
ber of pairs of multi-index α with |α| ≤ (ν/a0)− n and q ∈ π−1(p), which
implies that the dimension is greater than or equal to c0ν

nd for some num-
ber c0 depending only on a0 and n. Therefore we obtain estimate (1) in
Proposition 3.1.

It remains to show estimate (2). The pull-back π∗t of a holomorphic
Eν-valued (n, 0)-form t on X satisfies L2-condition (∗) since t is globally
defined on X. Thus we obtain

π∗H0
(
X,OX(Eν ⊗KX)

) ⊂ H0
L2(U∩R)

(
M̃,O

M̃
(π∗Eν ⊗K

M̃
)
)
.

Fix a point q0 in the fiber π−1(p) over p. Let Wν be the C-vector space
which is spanned by {sα,q}α,q 
=q0 . By property (1) in Claim 3.3, we can
show that {sα,q}α,q 
=q0 are orthogonal to π∗H0

(
X,OX(Eν ⊗KX)

)
. Further

the dimension of Wν is greater than or equal to c0ν
n(d− 1). Therefore we

obtain estimate (2) in Proposition 3.1. �
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3.2. On formal schemes

In the proof of Theorem 3.6, we need to consider formal schemes (formal
completions) and cohomology groups on them. In this subsection, we recall
basic facts on formal schemes. Further we give a proof of Proposition 3.4,
which is applied for the proof of Theorem 3.6.

Let X be an irreducible (not necessarily compact) analytic space and Y
be an analytic subspace of X with the ideal sheaf I := IY . Note that Y is not
necessarily irreducible and reduced. We denote by Yk, the k-th infinitesimal
neighborhood of Y defined by Ik. Namely, Yk is the analytic space with the
structure sheaf OYk

:= OX/Ik. The ringed space defined by

(X̂,OX̂) = (Y, lim←−
k

OX/Ik)

is called the formal completion of X with respect to Y . For a given coherent
sheaf F on X, the associated analytic sheaf F̂ with respect to Y is defined
by

F̂ := lim←−
k

F ⊗OX/Ik

which is an OX̂ -module sheaf. The cohomology groups of F̂ may be an
infinite-dimensional space even if Y is compact, but under a suitable
condition on Y , these cohomology groups are finite dimensional.

Proposition 3.4. Let X be an irreducible (not necessarily compact) ana-
lytic space, Y be a compact analytic subspace of X with the ideal sheaf I, and
E be a locally free sheaf on X. Assume that there exists a positive integer
k0 such that

H0(X,OX(E)⊗ Ik/Ik+1) = 0 for k ≥ k0.

Then H0(X̂, ÔX(E)) injects into H0(Y,OYk0
(E)). Further for a sufficiently

large k we have

H0(X̂, ÔX(E)) = H0(X,OYk
(E)).

Remark 3.5. When Y is a locally complete intersection, we have the iso-
morphism Ik/Ik+1 ∼= SkN∗

Y/X as anOX -module. Then, if the normal bundle
NY/X satisfies some positivity conditions (such as ampleness), the assump-
tion in Proposition 3.4 is satisfied (see, e.g. [10, Proposition 6.3.14]).
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Proof. For every positive integer k, we have the exact sequence

0 −→ OX(E)⊗ Ik/Ik+1 −→ OYk+1(E) −→ OYk
(E) −→ 0.

By the induced long exact sequence and the assumption, we know that the
map

H0(X,OYk+1(E)) → H0(X,OYk
(E))

is injective for k ≥ k0. It implies that the map H0(X,OYk
(E)) → H0(X,

OYk0
(E)) is injective for k ≥ k0. Therefore we obtain

H0(X̂, ÔX(E)) = lim←−
k

H0(X,OYk
(E)) ⊂ H0(X,OYk0

(E)).

The first equality above follows from general facts about formal schemes
(see, e.g. [8, Proposition 9.2]).

Now we prove the latter conclusion. By the above argument, we have
already known that the dimensions of the cohomology groups

{dimH0(X,OYk
(E))}k≥k0

are decreasing for k ≥ k0. The dimensions of the cohomology groups are
finite since Y is compact. Therefore the cohomology groups must be isomor-
phic for a sufficiently large k. It implies that

H0(X̂, ÔX(E)) = lim←−
k

H0(Y,OYk
(E)) = H0(Y,OYk

(E))

for a sufficiently large k. �

3.3. Proof of Theorem 3.6

In this subsection, we prove the following theorem, which leads to Corol-
lary 1.4.

Theorem 3.6. Let Y be a connected analytic subset of a smooth projective
variety X of dimension n, U be a connected neighborhood of Y , and R be
an analytic subset of X. If the cohomological dimension of the complement
X\Y is smaller than or equal to (n− 2), then the map

j∗ : π1(U\R) −→ π1(X\R)

is surjective. In particular, if R = φ, the map j∗ : π1(Y ) −→ π1(X) is
surjective.



Lefschetz type theorems 611

First we recall the definition of the cohomological dimension.

Definition 3.7. Let Y be an analytic subset of a projective variety X. The
(algebraic) cohomological dimension of the complement X\Y is the smallest
integer q such that H i(X\Y,F) = 0 for any i > q and any (algebraic) coher-
ent sheaf F on X. We denote by cd(X\Y ) the cohomological dimension of
X\Y .

Remark 3.8. (1) The same conclusion as Corollary 1.4 holds under the
weaker assumption that OP(E∗)(−1) is (n− 2)-ample.
(2) If X\S is q-complete, then we can prove that πi(X, S) = 0 for i ≤ n−
q − 1 from the same argument as in subsection 2.2. Here a (non-compact)
complex manifold is called q-complete if the manifold admits a (smooth)
exhaustive function whose Levi-form has at least (n− q) positive eigenvalues
at any point.
(3) If a complex manifold Z is q-complete, then the (analytic) cohomological
dimension of Z is smaller than or equal to q. It follows from the classical
Andreotti–Grauert vanishing theorem (see [1]), but in general the converse
fails even if Z is a quasi-projective manifold. Therefore Theorem 3.6 is of
value.

Proof of Theorem 3.6. We denote by M the complement X\R and by d the
index of the image of π1(U\R) in π1(X\R) under j∗. Let π : M̃ → M be an
étale covering with π∗(π1(M̃)) = j∗(π1(U\R)). From the construction of the
covering, the degree of π is equal to d. Our goal is to show that d is equal to
one. Since U is a connected and smooth open set, the complement U\R is
also connected. Hence there exists a holomorphic map j̃ with the following
commutative diagram:

M̃
π

���
��

��
��

�

U\R

j̃
����������

j
�� M.

Fix a big (or ample) line bundle L on X. Then by applying Proposition 3.1,
we obtain positive numbers c0 and ν0 such that

c0ν
n(d− 1) ≤ dimH0

L2(U∩R)

(
M̃,O

M̃
(π∗Eν ⊗K

M̃
)
)

− dimH0
(
X,OX(Eν ⊗KX)

)
for any ν ≥ ν0.
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Lemma 3.9. In the above situation, we have

dimH0
L2(U∩R)

(
M̃,O

M̃
(π∗Eν ⊗K

M̃
)
) ≤ dimH0(Û , ̂OU (Eν ⊗KU )).

Proof. If s is a holomorphic π∗Eν-valued (n, 0)-form on M̃ with bounded
L2-norm (L2-condition (∗) in Proposition 3.1). Then the pull-back j̃∗(s) is
also a holomorphic Eν-valued (n, 0)-form on U\R. By the L2-condition on
U ∩R, the pull-back j̃∗(s) is L2-bounded on neighborhoods of points in R,
thus j̃∗(s) can be extended to the holomorphic section on U by the Riemann
extension theorem. It implies that

dimH0
L2(U∩R)

(
M̃,O

M̃
(π∗Eν ⊗K

M̃
)
) ≤ dimH0(U,OU (Eν ⊗KU )).

Note that OU (Eν ⊗KX) is a locally free sheaf since X is smooth. Hence the
natural map

H0(U,OU (Eν)⊗KU ) → H0(Û , ̂OU (Eν ⊗KU ))

is injective. It follows from general facts on formal completions. This com-
pletes the proof. �

Now we have

H0(Û , ̂OU (Eν ⊗KU ) = lim←−
k

H0(U,OYk
(Eν ⊗KU )),

H0(X̂, ̂OX(Eν ⊗KX) = lim←−
k

H0(X,OYk
(Eν ⊗KX)).

Since the supports of the sheaves on the right-hand sides are contained in U ,
the left-hand sides coincide. By these arguments and Lemma 3.9, we obtain

c0ν
n(d− 1) ≤ dimH0(X̂, ̂OX(Eν ⊗KX))− dimH0(X,OX(Eν ⊗KX)).

(3.1)

Our goal is to show that the right-hand side of (3.1) is equal to zero. For this
goal, we estimate the right-hand side by using the formal duality theorem.

Claim 3.10. The right-hand side of (3.1) can be estimated from above by
the dimension of Hn−1(X\Y,OX(E∗ν)).

Before the proof, we see that this claim implies that d is equal to one.
By the assumption, the cohomological dimension of X\Y is smaller than or
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equal to (n− 2), thus we have

Hn−1(X\Y,OX(E∗ν)) = 0.

Then by inequality (3.1), we obtain d = 1.
It remains to prove the above claim for the proof of Theorem 3.6.

Proof of Claim 3.10. In the proof, we use the theory of local cohomologies.
By considering the long exact sequence of local cohomologies (see [7]), we
obtain

· · · →Hn−i
Y (X,OX(E∗ν)) → Hn−i(X,OX(E∗ν)) → Hn−i(X\Y,OX(E∗ν))

→Hn−i+1
Y (X,OX(E∗ν)) → Hn−i+1(X,OX(E∗ν))

→ Hn−i+1(X\Y,OX\Y (E∗ν)) → · · · .

We investigate the local cohomology Hn−i+1
Y (X,OX(E∗ν)). Then we have

Hn−i+1
Y (X,OX(E∗ν)) = lim−→

k

Extn−i+1(OYk
,OX(E∗ν))

= lim−→
k

Extn−i+1(OYk
(Eν ⊗KX),OX(KX)).

The Serre duality theorem on X implies that

Extn−i+1(OYk
(Eν ⊗KX),OX(KX))

is equal to the dual space of

H i−1(X,OYk
(Eν ⊗KX)).

The inverse limit of the above cohomology groups is equal to the cohomology
of the formal completion with respect to Y . Therefore we obtain

Hn−i+1
Y (X,OX(E∗ν)) = H i−1(X̂, ̂OX(Eν ⊗KX))∗.

On the other hand, by using the Serre duality theorem on X again, we obtain

Hn−i+1(X,OX(E∗ν)) = H i−1(X,OX(Eν ⊗KX))∗.

Hence, the long exact sequence above agrees with

→ Hn−i(X\Y,OX\Y (E∗ν)) → H i−1(X̂, ̂OX(Eν ⊗KX))∗

→ H i−1(X,OX(Eν ⊗KX))∗ → .
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The conclusion follows from this exact sequence. �

3.4. Proof of Corollary 1.4

In this subsection, we give a proof of Corollary 1.4.

Proof of Corollary 1.4. The proof is same as [18]. By Theorem 1.1, we
know that S is connected since E is ample and r ≤ n. It is sufficient to
prove cd(X\S) ≤ n− 2. A section s ∈ H0(X,OX(E)) induces the morphism
s∗ : OX(E∗) → OX . This morphism is a surjective map onto IS ⊂ OX since
the codimension of S is equal to the expected codimension r. By taking
symmetric powers and Proj, we have the embedding

i : Proj
( ∞⊕

k=0

Ik
S

)
↪→ Proj

( ∞⊕
k=0

SkE∗
)
.

The left-hand side is equal to the blow-up BlS(X) of X along S and the
right-hand side is equal to P(E∗). Then we can easily see that OBlS(X)(F ) =
i∗OP(E∗)(−1), where F is the exceptional divisor of BlS(X) → X.

Since E is ample, OP(E∗)(−1) is (r − 1)-ample (see [6, Example 2.7]).
It follows this line bundle is (n− 2)-ample by the assumption of r < n.
Hence the restriction OBlS(X)(F ) is also (n− 2)-ample. Note the restric-
tion to subvarieties of q-ample line bundles is also q-ample. In general, the
cohomological dimension of the complement of the zero locus of sections
of q-ample line bundles is smaller than or equal to q. Therefore we have
cd(BlS(X)\F ) ≤ (n− 2). Since BlS(X)\F is isomorphic to X\S, we obtain
cd(X\S) ≤ n− 2. Then the conclusion of Corollary 1.4 follows from Theo-
rem 3.6. �
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