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An ancient solution of the Ricci flow in dimension 4
converging to the Euclidean Schwarzschild metric

RYOSUKE TAKAHASHI

In this paper, we prove the existence of an ancient solution to the
Ricci flow whose limit at ¢ = —oo is the Euclidean Schwarzschild
metric.

1. Introduction

In this paper, we consider the Euclidean Schwarzschild metric which is
defined on M = [0, 47] x (1,00) x S%:

go= (1 —rHdt* + (1 —r )7 rdr? 4+ r2dQ%

This metric is obtained from the Schwarzschild metric [9] by changing the
time coordinate into 7 = —it and taking black-hole mass to be % We also
have t is periodic with period 4m. Therefore, this manifold is diffeomorphic
to S' x R! x 82 and its metric is asymptotic to the flat metric on S x R?
as r — oo; see [4, 7].

Since g is a Ricci flat metric (cf. Section 2), it is a solution of the vacuum
Einstein equation R;; — % gijR = 0 and gy can be regarded as a critical point
of the Einstein—Hilbert action

1
S(g) = —%/R\/ﬁdtdrdQ,

where R is the scalar curvature of g and k is a constant. This metric is
unstable, i.e., the bilinear form

0 0
B = a3 A, s=t=0;
[h7k] 888t5(90+8h+tk)’ t=0
which is defined on C§°(Sym?(T*M)) x C§°(Sym?(T*M)) is not positive
semi-definite. Here, C§°(Sym?(7T*M)) is the set of symmetric C°° 2-tensors

|h| such that || — 0 uniformly as r — 1 and r — co. This means there exists
h such that Blh, h] < 0.
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In [4], Allen argued the instability of gy by showing that there exists a
negative eigenvalue A and a corresponding eigenvector h € C$°(Sym?(T*M))
which satisfy

)
(1.1) 55 (2Ric(go + 3h))[5-0 = M.

This implies that B[h, h] < 0 by computing second variation of S directly.
However, Allen [4] does not provide a rigorous proof to show the existence
of h, so we shall give a proof in this paper.

The existence of h tells us how to evolve the Euclidean Schwarzschild
metric to an ancient solution of Ricci flow. Roughly speaking, by Equation
(1.1), we have —2Ric(go + 6h) = —A6h + 0(d). So if we take § = e, we
will have

%(QO + 0h) = —Adh = —2Ric(go + 0h) + 0(9).
This means that (go + dh) gives us the first-order approximation of a Ricci
flow.

The main purpose of this paper is to find an ancient solution of Ricci
flow g with g(z, —00) = go and g(x,t) will flow along the direction given by
h when t tends to —oco.

Main Theorem 1.1. There exist N € R and an ancient solution g satis-
fying

%g(x,t) = —2Ric(x, t)for all z € Mand t € (—o0, N,

g(z,t) — go(x)uniformly as t — —o0.

2. Basic computations

Let (M, go) be the Euclidean Schwarzschild metric. In this section, we com-
pute its Christoffel symbols and curvature tensors. We have

1 L1 (1 =rh
n=——1-rH=__ 7
00 2( r )1"2 272 ’

1 1 1
o —tq_, 1t
01 2( T r2  2(1—r—1)r2’
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-1

My =ci—F
= 2(1 —r=1)r2’

1 1
==, Iiy=-
12 r’ 13 r’

1
Th = —(1—r @)= —(1—rYr, T} =-coth,

2
Ty = —(1—7rYrsin?0, T% = —sinfcosd
and
-3 1 —1y,.—1
ROlOl =r -, R0202 = —5(1 —-r )T ,
Ro303 = —1(1 —r r7tsin?0,  Rigp = ot
0303 5 , =
R1313 = _m Sil’l2 0, R2323 = rsin2 0
and

Rij=0 Vi, j=0,1,2,3.

It is well known that this metric has a bounded Riemannian curvature,
that is,

Z gaﬂg’yagkugnga’y)\VRﬁtmf = |R«7n|2 <C.
a7/877757Anu’71/7£

Here we haver >0, 5 5\ ¢ 9°Pg7° gM g"C Romyr Rpspe = D 9"9" ¢ g7
R;jijRijij (we use summation convention in all following paragraphs).
Actually, we have a stronger conclusion: observing that | R;ji;| = Cr—3g;ig;;,
so all sectional curvatures satisfy the inequality |K;;| < r~3. Moreover, if
h = hoodt? + hi1dr? + haodf? + hasdp? is a 2-tensor, we have
Lo 3, iiy252 —3( ji\27,2 —317,12
(2.1) R hiihj; < 5[7" (9") hi; +r72(g”7)7h;] < vl
Remark 2.1. Sometime we change our coordinate by taking p? = (1 —
r~1), p € (0,1). In the new coordinate,
1 1 1
2 1,2 2 2
=p°dt: + —-——=d ———d".
R T N (o
This coordinate has several advantages. First of all, g, are finite near p = 0
locus. Secondly, we have our M is a punctured disk S' x (0,1) times a S?
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now (That is, » = 1 locus will be a point). To avoid confusion, we call this
coordinate the p-coordinate.

3. Eigenvectors with negative eigenvalues

In this section, we prove the existence of solution of a modified equation
(Equation (3.3)).

3.1. Ricci—de Turck flows and modified eigenvectors

Recall that we want to prove the existence of h, which satisfies

0 :
%(—2 Ric(go + 6h))[s=0 = —Ah.

The left-hand side of this equation can be expressed as
(3.1) (Aph)k + VeViH + Vi(Ch) + Vi(Ch).

where H is the trace of h, (Ch)r is defined by —g“”V;hjr and the
Lichnerowicz Laplacian Ay is defined by

(Aph)ji = Ahji + 2R3 hep — g™ Rjphar, — 9" Riphijq,
see [3]. So our equation becomes
(3.2) (ALh)kl + V.VIH + Vk(Ch)l + Vl(g‘h)k = —A\hy.

Ideally, we want to use variational approach to obtain a solution hA. This
means we need to find a functional

a:C(Sym?(T*M)) — R,

such that the minimizer of & over C$°(Sym?(T*M)) N {||h| = 1} will sat-
isfy the Euler-Lagrange equation (Aph)g + ViViH + Vi (Ch); + Vi(Ch), =
—Ahy;. Unfortunately, we do not know how to find this a.

However, if we consider a simpler equation

(3.3) (ALh)g = —Ahyy,

we know how to define a functional a whose Euler-Lagrange equation is (3.3)
(the formula of a will appear in the next subsection). Moreover, equations
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(3.3) and (3.2) are related. The relation between these two equations can
be explained by de Turck’s argument [5]. In following paragraphs, we show
how to connect these two equations by de Turck’s method.

Here, we follow notations of Section 1. We claim the following statement:
suppose that we have an ancient solution of Ricci flow g(x,t), which is
defined on M x (—oo, N] for some N € R, such that after changing the time
variable by taking ¢ = - log() we have §(z,8) = go + 0h + o(5). Then there
exists a family of diffeomorphisms ¢s: M — M, pg = id, such that if we
write g = ¢%(§) = go + 5h + 0(d), h will satisfy Equation (3.3). Conversely,
if we have a h satisfying (3.3) and a g = ¢3(§) = go + 6h + 0(J) which is a
Ricci-de Turck flow, then we can find a h satisfying (3.2) and a Ricci flow
g by constructing a family of diffeomorphisms.

For this family of diffeomorphisms s : M — M, we define y(x,d) =
@s(x). The Ricci flow equation implies

0
7¢%i = —2R;j + V;V; + V,;Vi,

dy* oz
where V; = %BZQ Gik-

Following the idea of de Turck, we need to find a y which is governed by

oy*  oy* :
(3.4) ot @gﬂ(rﬁz - F?l),
(3.5) lim y%(x,t) =z,
t——00

where f?l are the Christoffel symbols of gg. Since the difference between
two connections is a tensor, we have A?l = (F?l - Ffl) is a (2,1)-tensor. So
Equation (3.4) is coordinate free. Equation (3.4) is not a first-order PDE
with standard initial value, but we can still prove that the solution exists in
our case. We will show the existence of solution in Section 6.2.

Now we suppose that y exists for ¢ € (—oo, N], then V; = gipg™ (T¥, —
I'*). Therefore, we have

o /0 d (0 0
b5 <at9”'> 0= "5 <65“’”M> o0 = “Agstulomo
which will equal

5]
%(—QRM + ViV 4+ V;Vi)ls=o0-

0 I 0 k
—Vils=0 = girg™ | =<I —0-
95 |6 0 = 9ik9 ((% nl> \5 0

Note that
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Here we can get

0 1 _ _ _
55 ili=0 = 59" (Vuhp + Vil = Vyhni)|s=o0-
So
ni [0 I o 7 - 7
gikg %Fnz ls=0 = 59 (Vihiit + Vihn — Vihg)|5=0
1 _ _
= 5[-2(ch); - V],
which implies
0 1 _
v] %‘/Z |5=0 = _v](gh)z - §V]V2H

Similarly, we have

0 1
Vi (aaVJ) =0 = ~Vi(Ch); — 5 ViV, H.

These show that we can use de Turck’s method to eliminate ViViH +
Vi(Ch); + Vi(Ch)g. Therefore, h is a eigenvector of the Linchnerowicz
Laplacian

(ALB)kl = —)\iLkl.

We will only focus on Equation (3.3) in this paper. For convenience, we
replace h by h in following paragraphs.

3.2. Existence of modified eigenvector

In this section, we prove the existence of h in (3.3). First of all, since g is
a Ricci flat metric, we can simplify (Aph) as follows:

(ALh)kl = Ahkl + QRZI;th.
Now, if we define a functional a by

(3. a(h) = [ VB = 2R Do,

Equation (3.3) will be the variational equation for (3.6). Our goal is finding
the minimizer of this functional. Here, we set up some notations.
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Notations 1. In this paper, the integration uses the following simplified
notation:

/Mf = /Mf\/gT)dt/\dr/\dQ.

Here f is a function. Also, sometime we use ¢ to denote gg because the
lower 0 may be cumbersome when we have some other indices.

Definition 3.1. We use C*(Sym?(T*M)) and C°(Sym?(T*M)) to denote
the space of symmetric smooth 2-tensors and the space of compactly sup-
ported symmetric smooth 2-tensors. Let |h| = |§¥ g% hikhﬂ]é for any h €
C°°(Sym?(T*M)). Also, we define |Vh| = |1 g gPIv ,hiy Vil 2. We will
also use the following weighted norms [|h|lm = (3, IVh|?)z + (Jur r=2|nf2)2
and [[hflwo = (fy, r72I?)7.

Here, we choose the function space. First, we note that M ~ S' x R x
S2. We let SO(3) be the rotation group acting on S? part. We can only
choose those 2-tensors, which are invariant under this action. That means
we choose all h such that g*(h) = h for all g € SO(3). We call a tensor is
radially symmetric if it satisfies this property. Moreover, we have a(g*(h)) =
a(h) for all g € SO(3). Now, because our metric gy is radially symmetric,
by Palais [8], we can see that the critical point(minimizer) will be radially
symmetric, too.

Definition 3.2. We define space H' as

H' = closure of {h € C>°(Sym?(T*M)|h
is radially symmetric and ||h||m < oo}.

We also write the L2-norm of h as ||h]2 = ([, h|?)z.

Before we start our proof of the existence, we need some lemmas. We
make some remarks here. First of all, we consider H!'-norm under
p-coordinate. In this case, the H'-norm controls the integral fM |Vh|%. Assum-
ing that h is radially symmetric (and recall that ,/go = O(p) near p =
0), the boundedness of [,,|Vh|? near p =0 implies the boundedness of

IS (% |h|)2pdp. Since there is a weighted function p in our integral, we cannot

apply Sobolev embedding directly and get |h| € C 0.3,
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However, if we have a sequence of radially symmetric 2-tensors
h?) e C°(Sym?(T*M)), zeN

which are uniformly H'-bounded, then ( fog( =))2, /g0 dp)? fo |h(2)
\/%dp)% are uniformly bounded. So we can ﬁnd a subsequence of {h }

and h € H' such that (7 (|h(®)|— |h|)2Jngp)% — 0. Therefore, we have
the following lemma. Note that r = % when p = %

Lemma 3.3. Let {h*) € C°(Sym?(T*M)), z € N} be a sequence of radi-
ally symmetric 2-tensors satisfying |h\?)||m < C. We also define M4 MnN

{r< 4} Then we can find h € H' such that

(3.7) /M (@]~ |l — 0

as z — 00.
Next, we prove a Hardy-type inequality.

Lemma 3.4. Let h € C°(Sym?(T*M)) be a radially symmetric 2-tensor.
Then we have

h|2
3.8 Vh|? > —|
( ) /M | | o /M 72

Proof. First, we change our coordinate by taking p? = (1 —r~1), p € (0,1).

We have
1

1

Z dn?

TR TR

So, we have dVol = wsy 2(1 2)3 dt A dp A dQ), where ws is the area of S2.
Therefore, r~! = (1 — p?). We have

\hP 2
yh| yh| dtdde
= / h|%0, (—1log(1 —p2)> dt dp dQ)
M 4
—/ (Vih, h) log(1 — p?)dt dp dQ
M

/ ywnmlwdtd o)

go = p*dt® + 0.
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Now we note that

1 P
—|1 1— 2V < 2

when p € (0,1). So we have

This completes our proof. O

Now, we can start to prove the solution of Equation (3.3) exists by
finding a minimizer.

Theorem 3.5.
a. The functional a defined by (3.6) has a minimizer on the set
HL A {2 = 1.
b. We can write the minimizer as
h = hodt? 4+ hidr? + hod$Q2, where hg, h1, ho are function depending on
r only.

Before we prove this theorem, we prove the following lemma.
Lemma 3.6. There is a h € H! such that a(iz) < 0.

Proof. First of all, we define h € C°°(Sym?(T*M)) as follows:

hii = gii ifi=0,1
— giifi=23.

We can compute the covariant derivatives of h and get

Vahia = Vahor = 2r;
(39) Vgﬁlg == v;gl_llg =2r sin2 0;

Vkﬁij =0 otherwise.
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Now we define h = n(r)h, where 1 is a piecewise smooth, radially symmetric
function defined as follows:
1
1,1+ > ;
n

1
1+,\/§>;
n

n(r) =n(r—1) for r €

=1forre

2vV2 2

=e 5 e 3" for r € [V2,00)

where n > 0 will be determined later. Then we have
_ / VA2 -2 / R,
M M
/ (77/)2(90)11‘h|2 / 772|V]_1|2 - 2/ 772Rijijl_1iiﬁjj
M M

= 4dmws [16/ (1 —r" )dr—|—4/ ()21 —r~Y)dr
1 1
— 16/ 77 T ]
1

2 2
= 4dmwe [16/ n?dr + 4/ ()21 —r Hdr — 32/ 772r_1dr] ,
1 1 1

where ws is the area of S2.
Let I = [1,1+ 1), I, = [1 4+ 1,V/2) and I3 = [V/2,00). We can rewrite
integrals on the right-hand side of the previous equation as

2 2 2
16/ 2dr+4/(’) (1—7r" )dr—32/ rtdr
/ / /16n2dr+/ / (1—r"ydr
Il IQ I'; Il I’i
—/ —/ —/ 32772r_1d1“
I, Iy I3

=N+ J+ I3+ s+ JI5+ Jg+ Jr + Js.

We prove that J; + Jo + J3 + Jy + J5 + Jg + J7 + Jg < 0. First, because
r~t < I for all r € [1, /2], we have

(3.10) J1+Js <0.
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Next, since n(r) = 1 for all r € I, we have

1
Jg—/ 16dr—16<\/§—1—>.
I, n

Now we consider J;. Again, because n(r) =1 on I, we have

Jr=— /1 32r Ldr = —32 <10g(\/§) ~log <1 N i))

(el

We consider Jy. Since n/(r) = n, forall 7 € I; and 1 — = <r — 1, we have

Jy = 4n2/ (1—r"YHar < 4n2/ (r—1)dr <2.
Il [1

Therefore, we have

J2+J4+J7g16<\/§_1_71l>+2_(3\/2§)(\/5_1_71)

(o) (1)

(16 — %)(\/ﬁ —1) =~ —2.7451 .. .. If we take n sufficient large, we will have

(3.11) Jo+ Jy + J7 < =07

Finally, we prove J3 + J5 + Jg < 0.7. Since
J3+ Js + Js

2v2 4 o /9\? _,4 1 e
=e 3 16/ e §Td7“—|—4/ <7) e 3" (1—r )dr—32/ e 3"r dr
Jvz vz \3 Jvz
4v2 1 a4, 1 a4,y
=e 3 |16(=-+1 e 3'dr—16( = +2 e 3'r “dr|,
9 vz 9 V3

f\;% e~ 5T dr ~ 0.05734. .. and €% ~ 6.5903 . . . Therefore, we can com-
pute

(3.12) Js 4+ J5 4+ Jg < 0.5694 . ..
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By (3.10) to (3.12). we have

J+Jo+ -+ Jg < —0.1.

This implies a(h) < 0. O

Proof of Theorem 3.5. Part a: By (2.1), we have a(h) > —2||hlj2 = —2 for
all h € H' N {||h]l2 = 1}. So we can find a minimizing sequence {h(*)} en:

(h).

lim a(h(®) = min a
n—00 heH'N{||h|l2=1}

By Lemma 3.6, we can assume that a(h(z)) < 0 for all 2. Recall that | Riji;| <
r733;igj;. We then have

0> a(h) > [ [VHOR =ty )
> /M IVh@2 _ /M 3R RO 2 4 g g O R )

2/ \Vh(z)\Q—Q/ 332,
M M

That is
(3.13) IVAE) |2 < 212 ||,

Here ||h®)|jgo < [|[R®)|la =1 for all z. By (3.13), we get [|A)|m <3 so
|h®)||g: is bounded. Therefore, there is a weak limit

in H! satisfying liminf,_ |2 |lm > ||h||m: . Also, for any compact set Q C
M, the boundedness of ||h(*)||g.q implies that there is a strongly convergent
subsequence in L?(£2). Combining with Lemma 3.3, we have

/ O / 2
MR MR

(3.14) / RSN — [ R by
MR MR

and

for all R > 1 as z tends to infinity. Also, we can easily get ||hlj2 < 1.
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Now fix € > 0, using the fact liminf, o ||2*) ||z > ||h||m:, we have

JvnOR s [P ez [ wnp [
M M M M

for all sufficient large z. Since ||h||2 < ||h(*)||s = 1, we can choose Mz = M N
{r < R} with R sufficient large such that [, _, - 2 W32 < R72h3)|3 <
eand [y, r7?h[* < R7?|[h]|5 < e for all i. So

/Vh(z)]2+/ r2]h(z)]2+352/ yvm2+/ 2|
M MR M MR

This implies

Z—00

liminf/ ]Vh(z)]2+352/ |Vh|2.
M M

Because ¢ is arbitrary, iminf, .. [,, [VA®) |2 > [,/ |VA|?. By (3.14), we get
a(h) < lim, . a(h®).

Next, we will show that h is not zero. Here, we use the Hardy-type
inequality (3.8). We can assume that there exists ¢ > 0 such that

—e > a(h®) 2/ VA2 — 2/ r3 ()2
M M

for all sufficient large z. By (3.8),

/|Vh(z)|2_2/ 7“_3h(z)|22/ 7“_2|h(z)|2—2/ T‘_3‘h(z)|2
M M M M

This implies that
/ @r 3 —r )PP > ¢
M

Consider the positive part of left hand side, i.e., {r <2} N M = S. We have

3/ RO > ¢
S
h

for large z. Taking limit we get |||z > §. Therefore, if we set h = T We

will have a(h) < a(h) < a(h®)). To make our notation simple, we replace
the notation h by h, which is the minimizer we found.

Part b: First of all, note that we can write h = hijdxi ® dad, with 20 = ¢,
zl =7, 22 =0, 23 = p. According to our computations of the curvature in

Section 2, the negative term of a(h) is contributed only by the diagonal part
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of h (we have only one coordinate chart, so diag(h) makes no confusion).
Therefore, we have

0 > a(h) > a(diag(h));
Rz > ||diag(h)||2.

So h is a minimizer iff h = diag(h). Next, we prove that h;;, Vi, are indepen-
dent of t. This is also easy to see. We prove this by contradiction. If not, we
can choose tg € [0, 47| such that it minimizes

S(r) = / |Vh|? — QRO‘“ﬁ”haghWrdrdQ.
Mn{t=7}

We define h* = h(tg). Because there h does not change along the ¢ direction,
we have |[Vh*| <|Vh]|. So
a(h*) <a(h).
iff Ay are independent of .
Combining these two facts and h is radially symmetric, we prove part b. [J

w_»

4. Short-time existence
4.1. Estimate of |h| and |Vh|

In the previous section, we prove that there is h € H' such that Aph = —\h
and h is radially symmetric. Using the Sobolev inequalities, we will prove
that h € 0075(9) for any compact subset 2 C M. Using ideas introduced
by Schauder, we will then prove further regularity property of A locally
(Since Aph = —Ah is a elliptic PDE and h € C%2(€2), we have h € C>= ().
Repeating this process, we will prove that h € C*°(2).) Note that, even
though A is obtained by taking a weak limit of a sequence of compactly
supported 2-tensors, it does not indicate that |h| will vanish as » — 1 and
r — 00. We will show in this section that such is indeed the case.

Here, we start with estimates of h. We generalize our arguments a little
bit such that we can apply these arguments in next section.

Definition 4.1. Let ||k|lwr2 = ||k]|2 + ||[VE||2 and || k|lw22 = ||k]l2 + ||VE|2 +
|VVEk|2 for all k € C3°(Sym?(T*M)). Here we define

IVVE|? = g% 570 gM GV o Vo kr V 5 Visk e

and [|VVk||s = ([, [VVk[?)2.
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Proposition 4.2. Let k € C°(Sym?(T*M)) be a radially symmetric
2-tensor. Suppose |k|, |Vk| and |VVk| are L? functions. Then

(4.1) k| < Clkllw.2,
(4.2) Vk| < C[k[lw2

for some universal constant C' (When we use the term “universal constant”,
it means a constant that depends only on g).

Proof. We use p-coordinate as we did in Lemma 3.5 and use the divergence
theorem. We define Y = |k|(¢'1)20;. Then, if we set M, = M N {p < z},
x < % we have

(4.3) /M div(Y) = /@ . iyVol,

where
div(Y) = Vi(YY) = (V1)) ()7 + [k[PVi((g'Y)2 1)
1, 1 1.1 1
< SIRH (ViR R) (312 < 5| VA

So the left-hand side of (4.3) is smaller than

1

1 1 3 3
/ |ka§</ ,wﬁ) (/ 1) < C||VE||2z.
2 I, 2 \Jm, M,

Now consider the right-hand side, we have

/ iy Vol
OM,.

p p
k| ———=dtdS} —/ k| ——— dt dQ
/{pz()} ‘ | (1 _p2)2 {p=z} | | (1 - p2)2

ﬁ’k‘(@ > Cldrwox|k|(x),

= 47(’(4)2

where ws is the area of S2. So (4.1) is valid when p < 1.
When p > 1, we consider Y = [k|>¢"19; and M® =M N {p > z}. Use
the similar argument, we have

/ div(Y)</ |VE|? + |k|2.
x M:z
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Here we claim that liminf, (1|_k7;2)2 = 0. If not, we will have |k|? >
¢(1 —p*)? for some positive ¢. That means [, [k[* = [;,(1 —p?)? = oo,
which is a contradiction.

Therefore, we have

/ Vol = o
o (L)

So we get (4.1). O

To prove the second inequality, We use the similar argument as about
by replacing k by Vk.

Remark 4.3. Using the p-coordinate, since gog = p?, we have h{ is bounded
near p = 0. (That is, near r = 1.)

We can apply this proposition to our h.

Corollary 4.4. Let h be the eigenvector provided by Theorem 8.5. Then
there exist C1, Co(X),C3(A) > 0 such that

(4.4) |h| < C4,
’Vh‘ < (s,
IVVh|, |[V®h| < Cs,

where Cy, C3 depends on A and C1 s universal.

Proof. We apply Proposition 4.2. Note that ||h]l2 = 1 and ||Vh]j2 < 1, so we
get the first inequality. Moreover, since Equation (3.3) tell us that |VVh|
can be controlled by |h| (here we use the fact that h is radially symmetric),
0 [[VVh|2 < Ca(A). We can get the second inequality.

Since h is radially symmetric, [VVh| can be controlled by (Aph). Sim-
ilarly, [V®h| can be controlled by V(Arh). Now apply (4.4) and (4.5) in
equation (Aph) = —Ah and V(Aph) = —AVh. We get (4.6). O

4.2. Vanishing of h at infinity

We can improve our estimate near p = 0 and p = 1. First of all, because
h is radially symmetric, the equation VO(Aph) = —AVOh tells us that
V2] is L? bounded if [VWh| is L? bounded. So by induction, we have
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IVWh| is L? bounded for all I, which implies ||k||yi+1.2 < Gy for some con-
stant Cj » depending on [ and \. Note that, if we replace Y by [VOh|(g')z 0,
in Equation (4.3) and follow the argument of Proposition 4.2, we will get

VO] < Cllkllwisra.
Now, because | k|y+12 < Cj , Corollary 4.3 can be generalized such that
IVOR| < Oy
for some constant Cj ) depending on [ and A.

Proposition 4.5. Let h be the eigenvector provided by Theorem 3.5, we
have

(4.7) IVOh|(p) < Ciap.

forp < % and a constant Cj y depending only on [ and A. Therefore, \V(l)h\ —
0asp—0.

Proof. We use Equation (4.3) in Proposition 4.2 again. Since
[Vh|(p) < Cllh]lw>2,

we have

1 1
5 [ 19B < Glbles [ 1< Clplar?
Mm Ma:

by taking z = (1 — p?)~! for p < % This gives us the estimate on the left-
hand side of (4.3).

Since we already know that the right-hand side of (4.3) can be expressed
as p(li—lpz)]h\(p), we have

[l (p) < Cllhllw=2p.

To get the estimate of [V h| for I > 1, we replace Y by [V h|(g'!)z8;
in (4.3) and follow the the same argument. Then we can get this result. [J



306 Ryosuke Takahashi

We finish this subsection by giving a similar estimate of |h| near p = 1.

Proposition 4.6. Let h be the eigenvector provided by Theorem 3.5, we
have

IVOh|(p) < CrA(1 - p?)

for p > % and a constant Cj \ depending only on [ and A. Therefore, we have
IVOh| - 0asp— 1.

Proof. We can prove this estimate by using the argument of Proposition 4.2.
Recall that: when z > %, we use divergence theorem by taking Y = |k|2¢'10,
and M* = M N{p > z}. We will have

‘k‘2 / . / 2 2
1—22)2 = | /oo div(Y)| < e [VE[” + [k|

So we have |k|(p) < C|lk||wr.2(1 — p?).
For 1> 1, we replace Y by |V®E[?¢"9; and follow the the same
argument. O

4.3. Short-time existence

Now we can prove the short-time existence theorem. Our proof is based on
work of Shi [1]. Here we quote two theorems given by Shi.

Theorem 4.7. Let (M",g) be a complete noncompact manifold with

|IRm(g)| < ko < oo, then there ezists a constant T'(n, ko) > 0 such that the
Ricci flow equation

0
agij(:v,t) = —2R;j(x,t) x € M;
9ij(2,0) = g(x) x € M

has a smooth solution on 0 <t < T(n, ko).

We have a similar result for Ricci—de Turck flows which is also given by

Shi [1].

Theorem 4.8. Let (M",g) be a complete noncompact manifold with
|Rm(g)| < ko < oo, then there ezists a constant T'(n,ko) > 0 such that the
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Ricci—de Turck flow equation

5913 (1:8) = —2Rij(,1) + ViVj + V;Vi « € M;

gz’j(gjvo) = g(.’E) reM
where V; = gikgpl(F];l — f';l), has a smooth solution on 0 <t <T(n,ko).
Using this result, we get

Theorem 4.9. Let (M, go) be the Euclidean Schwarzschild metric, h be the
eigenvector (2-tensor) obtained from Theorem 3.5 and € > 0. The Ricci—de
Turck equation

0
agzj = —2R;; + Vz“/;(a) + VjVi(a),

g(x,0) = (go + €h),

where V;(E) = gikgpl(f‘];l —FI;Z(E)), has a solution for short-time when € 1is
small enough.

Proof. Since we have the boundedness of |V(m)h\ for m =0, 1, 2,3 by Corol-
lary 4.4, we can prove this theorem by applying Shi’s result directly. g

Remark 4.10. We can prove that g is diagonal and radially symmetric
by following Shi’s argument carefully. In [1], Shi proves the existence of
solutions by solving the Dirichlet problems on each D; C M, i € N, where
D; are compact subsets and UD; = M. We use p-coordinate in our case,
we choose a sequences such that s; T1 as i — co. Now if we define D; =
M n{p < s;}, g will be a limit of a sequence of 2-tensors g; with each g;
satisfies Ricci-de Turck equation on D; and |g; — (go + €h)| vanished on the
boundary of D;. Since g is diagonal and radially symmetric and D, are
radially symmetric, by solving the Ricci-de Turck equation on each D; with
initial data (go + €h), we have g; are diagonal and radially symmetric. This
implies g is diagonal and radially symmetric.

Remark 4.11. By choosing D; as above, since g is the limit of a sequence
{gi} where |g; — (go + €h)| vanished on the boundary of D;, we can prove
that our solution g actually satisfies |g — (go +¢€h)| — 0 as » — 1. In the
next section, we will prove that |g — (go + €h)| — 0 as r — oo by using the
comparison theorem.
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Remark 4.12. If we compute the curvature R;j;;(go + €h) directly, we will
have |Rijij(go + Eh) — Rz’jij(go)‘ < (Ce.

We have the following proposition:

Proposition 4.13. Let k€ C°(Sym?(T*M)) be a radially symmetric
2-tensor which satisfies

(4.8) IVME| < e for m =0,1,2,3;

for some € > 0. Then there is universal constants C' > 0 and N > 0 such
that

|Rijij(g0 + k) — Rijij(g0)| < Ce
provided € < N.

5. Long-time existence

To prove the long-time existence, first we notice that if the initial curvature
|[Rm(g)| < ko, then there is a Ricci-de Turck flow g defined on M x [0, 7]
where T depends only on kg. Now we check whether |Rm(g(T'))| < ko or
not. If |[Rm(T)| < ko, we will prove that g can be extended to 27. Then we
check the validity of |Rm(g(2T))| < ko. If |[Rm(g(2T))| < ko, we will prove
that g can be extended to 3T. Continue this process, we can prove that the
time interval can be extended to be large as desired if we have some control
of | Rm(g)|(2).

We start with several definitions.
5.1. Estimate cones

In this subsection, we define a special set called the estimate cone. We can
see in the following sections that the Ricci—de Turck flow with initial value
in an estimate cone will stay in it. Moreover, the structure of this cone will
help us to find a convergent subsequence of Ricci—de Turck flows in the next
section.

Definition 5.1. Let E be a Banach space and h € E. A cone along h with
opening M is the set

: | — oh||
C = E f "< M5,
hM {SD < |6ER1*I'1U{O} ) -
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We also denote the translation of this cone Cp, ps(f) = Cp s + f and call h
the axis of this cone.

Now we define E. Let k € C$°(Sym?T*M) such that k is radially sym-
metric and diagonal. We consider the estimate cone under the following
norm:

[l = (k]2 + [[VE]l2

Then we define our function space as

Definition 5.2. We define H = closure of {k € C§°(Sym?(T*M))|||k|lw12 <
oo and k is symmetric and diagonal}

Also, we change our time variable.
Definition 5.3. We define 6(¢) to be e for all t € R.

Now we set our axis h to be the eigenvector which is given by Theorem
3.5 and change our time variable by § = e~*. We are interested in those
¢ € Ch,m(90)-

5.2. Shi’s estimates

Based on Theorem 2.5 in Shi’s paper and his argument, we have the following
theorems.

Theorem 5.4. Suppose the conditions of Theorem 4.8 are fulfilled. Then
for any p > 0, there is a T(p,n, ko) > 0 such that

forx e M,0<t<T(p,n, ko).
Shi also gave a proof of the derivative estimates. See [1].

Theorem 5.5. Let g be the solution of equation in Theorem 4.9 and
|[Rm(g)| < ko. Then there is a T'(n, ko) > 0 depends only on n and ko such
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that
sup ng < C(”a k‘o),
(z,t)EM x[0,T(n,ko)]
and
0
sup g‘ < ¢(n, ko),
(z,t)EM X[0,T(n,ko)] ot

where c¢(n, ko) depends only on n and k.

5.3. Evolution equations

Let C; be the constant given in Corollary 4.4 and p = min{%, ﬁ} We fix
a € < £, where X is the eigenvalue given by Theorem 3.5. Let g be the
solution of the Ricci—de Turck equation which is given by Theorem 4.9 and
then shift our time by replacing t by tg 4+ ¢t. So we have g is a Ricci—de Turck
flow defined on M x [tg,to + T7.

We start with the Ricci-de Turck equation. First of all, the Ricci-de
Turck equation is given by

0
il —2R;j + V;V; + V;V;

B

= 9""VaVsgij — 97 9ipg" Rjags — 9" 9jp7" Riags

1 _ _ _ _ _ _
+ igaﬁgpq(vigpangqﬁ + 2Vagjpvqgi,8 - 2vagjpv,89iq
- 2vj9pavﬂgiq - Qvigpavﬁgjp)

with initial data § = go + £h. Here, we use V, V and V to denote the covari-
ant derivatives with respect to g5, gi; and (go)i;. Since the metric g;; is
diagonal, we have

1 L _ _ _ _
igaﬂgpq(vigpangqﬁ + 2vagjpvqgiﬁ - 2va9jpvﬂgiq

— 2V9paV 39iq — 2VigpaV 5gjp)

is equal to 0 if i=j#1 and is equal to £¢**¢"*(V1grxVigrk) when
i=75=1.

Now we set v(z,t) = g(x,t) — g(x) and w(z,t) = v(z,t) — (0(t) — )h(x),
where h is the eigenvector provided in Theorem 3.5. We want to derive a
evolution equation for w.
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First, we consider the equation for v. Since Vg = 0, we have

0

ol = 9VaVavii + Ay

(5.1)

where A;; can be written as

Aii = —29°915" Rigia

if1# 1 and
_ 1 _ _
A= —2¢"g11g" Riata + igkkgkk(vlvkkvl’”kk)
if i = 1.
For (6(t) — e)h, we have
0
57O = )ik = =23 (E)hwr = (3(t) — ) (Arh)k — Achi

= §*PVaV5(8(t) — e)h + 2(3(t) — ) R hii — Achy.
Therefore, we get

9 VARV, VARV ST v
(5.2) a’wkk = gaavavawkk + (go‘aVaVa — g VaVa)((S(t) — E)hkk

+ (Agk — 2(0(t) — &) Ry hii) + Aehi.
5.4. Vanishing of |g — g| at infinity

In this subsection, we prove that |v| = |g — g| — 0 as r — oco. We start with
Equation (5.1).
9 L
Vi = 9**VaVavi; + A

Using the facts that |Rm(g)] < Cr=3 and Proposition 4.6, we have
|[Rm(g)| — 0 asr — oo. Now, by Theorem 5.4, we have |v|, |[Vv| are bounded.
Therefore, v is a solution of the following parabolic equation:

0 - - 1 _ _
P(w) =Z vy — g**VaVaui; — §5ilgkkgkkvlvkkvlvkk

ot
+29°“9iiG" Ricia = 0
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We denote
o 1 _ _
L'(v) = ¢"*VaVaui; + §5i19kk9kkvlvkkvwkk

and 29°*g;ig" Riqia = F.
So we can compute directly and get the evolution equation for |v|? =
G g v

0 0
a\vp =2 <atv,v> = 2(L'(v),v)

= 2<g“avavav,v> + (g”)2gk’“gkk?1vkk?1vkwu + <F,U>

We note that

2(g**V o Vv, v) = ngavam? —2¢“*(V v, Vo).

So by Theorem 5.3, we can choose Tp > 0 depending only on |Rm/(g)| such
that

(3"1)2g"* g**V 1o Vivgror — 299%(Vav, Vav) <0

for all t € [to, to + Tp]. Therefore, we have
2 2
50" < L) + (Fyv)

for L = ¢g“*0,0,.
Because v is radially symmetric (by Remark 4.10), |v| depends only on
r. We can change the variables by taking

(1—7r"1)3 forr <2,
(5.3) s =< rforr>3,

a smooth increasing function for r € (2, 3).

Then L is uniformly parabolic by using this coordinate and |v|? is a function
defined on (s,t) € (0,00) X [to, to + Tp)-

Since we want to use the comparison theorem, we should quote the
following maximum principle first. The proof of this lemma follows the idea

of Theorem 6 in Section 2.3 of [6].
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Lemma 5.6. Suppose u € C%(U x [0,T]) with an unbounded U C R" is a
solution of the following parabolic equation:

2

< a(x,t) win U x [0,T7];

au 81’1 Zj
u(z,0) >0 on (OU x [0,T]) U (U x {0})
where a” are smooth, bounded functions defined on U x [0,T] and (a”) is

uniformly elliptic, say A1€|? < a&;&; < A|€|? for all € € R™. Moreover, if
u satisfies

lu| < Ael*l®

for some constants A, a. Then we have

max u = max
UX[0.T] (OU x[0,T])U(U x {0})
Proof. See Appendix 7.3. g

Now we can prove our proposition
Proposition 5.7. |v] — 0 as r — oo on t € [tg, to + 1]
Proof. We change our coordinate by taking

(1—71)2 forr <2,
s =< rforr >3,

a smooth increasing function for r € (2, 3).

So we can write
L(u) = g'(x, t)0s0,u.

Using the parametric method [10], we can find the fundamental solution
of L, say ®(s,&,t, 7). Define

to+t )
W(s,w—@*uﬂvn—/t /0 B(s,£,1,7)|(F, o) (£, 7).

So we have W > 0 on (0U X [to,to + Tp])) U (U x {to}) and

0
aW = L(W) + [(F,v)|.
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Since |v|? =0 on (OU x [tg,to + T]) U (U x {tp}) and

0

S lol? = L(Jof) + (Fo),

we have

9
ot

and (W — |v]?) > 0. Therefore, by Lemma 5.6, we have |v|?> < W.
Because |(F,v)| is bounded and |[({F,v)| < Cs™3 as s — oo (recall that

|[Rm(g)| < Cr=3), by the definition of W and the estimates of fundamental
solutions [10]

(W = [vf*) = LW o) 2 0

—cls—g|?

|(I)(5’£7t’7')| < C(t — T)_ée =,

we can get W < Cs™3. So |[v]? < Cs~3 which implies |v| — 0 as r — oo on
te [to,to—l—T(]]. O

Remark 5.8. We note that

F =2¢°°0;iG" Rinia = 2(¢°* — §°*) 917" Riciia. + 29:7" Ris
oo oo

= 20°“G°V000iiG" Ricie + 29:i7" Rii-

Now we fix a t € [0,Tp]. By Proposition 4.6, for any | € N, there exists
a constant C; > 0 such that |R;| < Cjs~!. Since we have |v| < Cs™2, s0
we have |(F,v)| < Cs~C. This implies W < Cs~%, which means |v| < Cs73.
Therefore, we can prove inductively that for any [ € N, there exists a con-
stant C; > 0, such that |v| < C;s~!. Now we use p-coordinate, we will have
lv|(p) < Cy(1 —p)! for all I € N.

In fact, we can prove the following lemma:

Lemma 5.9. Let v be a solution of Equation (5.1) and Ty be the constant
given by Proposition 5.7. Then for any t € [to,to + To| fized, we have

(5.4) (IVD0lvg)(p,t) — 0
as p— 1 for all l € N.

For the proof of this lemma, see appendix.
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5.5. Energy estimate and improved regularity

We want to achieve two goals in this subsection. First, we shall prove that
the Ricci—-de Turck flow will stay in a estimate cone. Secondly, we want to
show that the deviation of the Ricci-de Turck flow from initial data g will
satisfy (4.8). All these facts rely on the energy estimate of parabolic PDEs.

We use | - o, | - |e, and | - | to denote the norms of tenser w.r.t ¢, g and g.
Also we define [Jw][® = ([, |w]ZdVol©®)3 and |jw||S) = ([, |w|2dVol©)z.

Moreover, we introduce several norms for matrix valued functions on the
M x [to,to + T

Definition 5.10. Suppose that (z,t) — k = k(z,t) defines a section over
M x [to, to + T] of the bundle Sym?(T*M). We define

t0+T
1o = ([ [ o)

I miavony = _soe ([ o)

Se[to,to-'rT]
and
k)9 o (0)PV DL |2(t)dt
H HHJ'([tO’tOJ,-T];Hk( ‘ t ’0(
p<J; q<k %o

We can define the corresponding e-version of these norms by replacing
g-norm by g-norm and V by V.

Finally, we define the following notations.

Definition 5.11. Suppose that (z,t) — A = A(x,t) defines a section over
M x [s, '] of the bundle Sym?(T* M) for some closed interval [s, s'] € (—o0, 0]
and n € N. We denote A = O(6") iff |A|(t) < C0"(t) for some universal con-
stant C' and all ¢ € [s, §'].

Now we can prove the following theorem.

Theorem 5.12. There are universal constants T>0,Co>0 and >0
such that if we fite <t and T < T, then

w2 (@), [Vw]|$) () < CoT (e + 8(t) + 8(t) + £2)

for all t € [to,to+ T1.
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Proof. First, by Remark 4.12, we can choose ¢ small such that |[Rm(g)|. <
2|Rm(go)| for all € <. Now take p = min{}, ﬁ} and ko = 3|Rm(go)| in
Theorem 5.4, we will have T (p, ko) such that

lg(z,t) —gle <p

for all ¢ € [to, to + T1]. Here, we do some estimates of |g — g|- and |g — g|o,
which can help us understand the different between norms | - |, | - [o and | - |.
We first note that our solution g is defined on a small interval [to,tg + T1]
such that |g — g|e < 1. Secondly, recall that we have estimate (4.4) and p <
8%‘1' Combining all these estimates, we have |§ — g|o < % Therefore, all these
norms are equivalent.

By Theorem 5.5, there exists Tz (ko) such that sup a1, to+7, (ko )] |Vg| <
C(ko) and SUP 7y [1,.t0+T5 (ko)) [Otg] < C(ko). We can also find a T5(ko) which
is given by Theorem 4.9. which is the length of the time interval of the
existence.

Finally, we take T; as the one in Proposition 5.7. We set T =
min{Tp, T1, Ty, T3}. Now we fix a T < T.

Equation (5.2) tells us that

9 _ e
ke = Vo Vawgk + (9°“VaVa — 5" V1V (6(t) — &) hik

+ (Agk — 2(0(t) — )Ryl hii) — Aehyy,

for k=0,1,2,3. If we set Bgp = (g"*VaVa — §**VaVa)6h and Cy =
(Akx — 2(6(t) — ) RE hy;), we can write this equation as

0 _
(5.5) &wkk = gV Vaowgr + B + Crr — Aehyg.

We will estimate each term of Equation (5.5) in the following paragraphs.
Here we start with proving HBkngE) < C(gd(t) + €%). Since we have

g‘mvava(d(t) — 5)hkk = gaaaa(va((5<t) — E)hkk)
— 9" T30 (Vo (6(t) — &)h)
— 29°°TEL(V1(5(t) — &) k)
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and

gaavava((‘s(t) —&)h)gr = gaaaa(va(‘s(t) — &)h)
— 9 T3 (V4 (5(t) — &)har)

= 26°°Thi(Va(5(t) — 2)hr),
the By can be expressed as

(9%*VaVa = §**VaVa)(8(t) — €)h(x)rk

= (5" = 9°)0a(Val((6(t) — )h)kr) — 9°*0a(Va — Va) ((8(t) — €)h)kk
- (gaa — 9% (V4 ((6() — &)h)wr)
— 9" (Tha = T2 (V4 (8(t) = )R )1
—2(g* —gaa)r (Vo ((8(t) = €)h)kr)
—29°*(Chy = Thi) (Val(6(t) = £)h)
+ 9T (Vo V) (6(t) = &) + 29T, (Va V1) (6(t) — &)k

= (§°* — g**)IV1V1((0(t) — ©)h)ik + 9°“Va(Va — Vo) (6(t) — £)h)
—g** ([, — 17 )( Vo (6(t) = €)h)kk
— 29" (Thy, — Tap) (Val(6(t) — &)h)k.

Therefore, we prove

| Biile < C(ed(t) + %) (|hle + [Vhl2)

by using inequalities (4.4) to (4.6). We get our egtimate after integration.
Next, we estimate Cyy, = (Agr — 2(8(t) — €)Ri, hy;). First, we consider

Agr- When k # 1, we have

_ i —kk B
(5.6) Ak = —29" 913" Rikik

= 2(3" — ¢")greg"™* Ririx. — 29163 Rk

= 29" g" (wi; + (t)hi; — hii) gerd"* Ririr. — 29kk9"" Rk

= 29" g% (wy; + 6(t)hii — hig) (Wik + 6(8) Pas — €hierr) G Rinin

+ 29" g% (wii + 6(t)hii — ehii) Rikik — 29x1.9"" Ry
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Here we have

29" 9" (wii + 6(t)his — hii) (Wi + 6(t) ik — €hiek) T Rikir]
= (W wiwpk + cpwii) + (d6%(t) + 26 (t) + f£2)
for some b bounded, ¢ = O(§) and d, e, f in L>([to, Tp + T]; L*(M)). So we

have

Crr = Z(biiwiiwkk + Czikwii) + (déz(t) + 65(5(25) + f52)kk

+ 29” “(wii -+ (5(t)h” — Eh”)Rmk — 2(5(t) — €)R}€lkh“ — 2gkk§kkRkk.
Therefore, we have to estimate the following terms:

2g” ”(’LUZ'Z' -+ (5(t)h“ — Eh”)Rmk — 2R§§k(5(t) — S)hii — ngkgkkﬁkk.

First of all, we have ¢“g§"w;;Riir = R?kw,;i —i—c?kwii for some ¢ = 0(9).

Secondly, since we have
295" R (6(t) — €)hg — 2R” ((5(75) —e)hi;
= 2(g" Ry (6(t) — £)his — §" Rig (5(t) — &) haz)
= 2(9" Ry (6(t) — £)his — §" Rigyp (5(t) — &) hiz)
+ 29" (Rl — Rip,) (5(8) — &)
=2(g" — ") Ry, (5(t) — ©)has + 29" (Ripy, — Rig) (6(t) — €)hii
= 29" " (wii + (6(t) — &)hii) Ripy,(5(t) — €)has
+ 29" (Ripy, — Rl ) (5(8) — €)his

and ]Rékk — R;kk| < Ce, we have
29“ “’(wii + (5(t)h — 5hz’z’)Rikik — 2R§§k(5(t) — S)hii

= Z ciwqi + (d6%(t) + esd(t) + fe)kx

for some ¢ = O(8) and d, e, f in L>([to,to + T1; L?(M)). Finally, we consider
the term  2gprg"* Rpr. Since Ry =0 (Ricci flat), we have



An ancient solution of the Ricci flow in dimension 4 319
|Rpr| < |Rir — Rkk| < e. So we can easily get the estimate of this term:

20113 Ry, = cwp, + € fn-

for some ¢ = O(0) and f € L*°([to, T + T); L*(M)). Therefore, we can write
Ch as following:

Crr = QRkaii + Z(biiwiiwkk + Ckaii) + (d52(t) + 66(5(15) + f52 + fé)kk

7

for some b bounded, ¢ = O(8) and d, e, f, f in L*([to, to + T]; L*(M)).
For k = 1, we will have an extra term

1 _ _ _ _
Egllgll((v1wu + Vidhy)(Viwy + Vidhy)),

which can be expressed as

Z((E”?lw”)g + Elllvlwlﬁ + (d52(t)>11
l

with b bounded, ¢ = O(6) and d in L*([tg,to + T]; L?(M)). We finish the
estimate of Cj here.
Finally, Aehyy is bounded by (& f) s, for some f € L>([to, to + T]; L>(M)).
We can summarize that w = (wgk)k=0,1,2,3 Will satisfy a system of parabolic
equations

(5.7) —w = E(w) + F;

withw =0 on M x {to} and M X [to, to + T, where F = d6*(t) + eed(t) +
fe? + fe and
E(wg) = g“a?a?awkk + QR?kwii + 5k1((5ll?1w”)2 + élf?lw”)

+ Z b wiwig + Ci;lkwii

1

(01 is the Kronecker’s delta).
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Because T' < min{T1, 75}, this implies wy,, Vwyy, are bounded. So w can
be regarded as a solution of linear equations

(5.8) %v =Lv+F,

where

Luy, = gao‘?a?avk + (5]61(((_)”)2?111)”?11)[ + Elllvl’l)l)

7

and HFHgE) < C(e+ed(t) + 6(t)? + €%). Therefore, by Lemma 5.9, we can
apply the energy estimate of linear parabolic equation from [6] on M. We
will have

(leolls” + 19wl #) + 10l om0
< CollFN gy tospzeany + 101155 4 (t0))
< CoT3 (e +26(tg + T) + 6(tg + T) + £2),

for all t € [tg,to + T]. So

(lw]$) + [Vw|$)(t) < CoTze T (e + eb(to) + 8(to)? + £2)
< CoT3e (e +e6(t) + 6(t)% + £2).

for all ¢ € [to,to + T). Because ||-||(®) and ||-||®) are equivalent, we have
completed the proof. O

Remark 5.13. Here we note that efi, = 2Ry — Aehpp = (%Rkk(g +
§h)|s=0 — Ahpi)e? + O(g2). In Section 3, we already know that

0 )
%Rkkz(g +0h)|s=0 = —(Arh) gk — ViViH — 2V (Ch)y,

for all k. However, since g and h are radially symmetric and diagonal, we
have Vi Vi H + 2V (Ch)r = 0 for all k # 1. This means that ¢y, = O(c?)
for k # 1.
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We have the following corollary immediately.

Corollary 5.14. There are_um'versal constants T > 0, Cy > 0 and ¢ such
that if we fire < v and T < T, then

lel” (6), 1V eolls” (£) < CoT6()
for € is small enough and all t € [tg,to + T).
We can improve the regularity and get the following estimate.
Theorem 5.15. Let w be defined as above. We have
(5.9)  [wlo(®), [Vulo(t), [VVulo(t) and [V@wlo(t) < C3(1)
forallz € M, t € [ty,to+T), T <T and a universal constant C.

Proof. Because || - [|() and || -||®) are equivalent, we can just prove these
inequalities using the e-norm. To get the improved regularity, we notice
that |h|, [Vh| € L2(M) N L>®°(M). The energy estimate tells us that

(5:10)  wnllS o, w0 myzoary < Cole +€0(to +T) + 8(to + T)? + ),

which implies 9;d, Ose, O,f and O,f are in L%([tg,to + T]; M). Therefore,
we have F € H'([to,to + T); L?(M)). To get the improved regularity, we
consider the equation for wy by differentiate Equation (5.5) with respect to
t on the both sides. We will have a parabolic equation of the form

9 /
where |K|. < O(0)(|VVw|: + |[Vwl|e + |w|.). By Lemma 5.9, we can apply
the energy estimate

(loells” + Vw5 ®) < ColllK + Bl 2, 1o spizeany + 1015 an (),

which implies that w; and Vw, are also in L?(M). By Equation (5.5) and
Proposition 4.2, the sup norms of w, Vw and w; are bounded. Thus, we
have proved that the asserted bound for the sup norm of the boundedness
of sup norm of VVuw.

To estimate V3w, we should prove that Vwy is bounded first. We con-
sider the equation %fwt = L'(w) + F; again. We use the first derivative esti-
mate in [2] (Theorem 6.1 in VII) to get the sup norm of Vw;. We use this
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bound to bound |V®w| from the equation 8;Vw = VLw + VF and the
bounds for w, Vw, VVw and Vw. O

5.6. Inductive estimates

In this subsection, we will prove a lemma which is essential in our proof of
the long-time existence.

Lemma 5.16. Let ¢ be the constant given by Theorem 5.12. There exist
universal constants My, Mo, Mz, My, T >0 and N < 0 such that if w is the
solution of Equation (5.8) defined on M x [to, N] with ¢ < ¢ and

1. w satisfies

w]$ (1) < Mys(1),

S|l
(5.12) IVwlls” (t) < Mad(t),
eI (8) < M3é(2),

Ve | () < Mas(t),

for allt € [to,to+ (k — 1)T] and
2. to + kT < N, then the inequalities (5.12) hold for t € [to,to + kT).

Proof. By Equation (5.8), w satisfies

0 _ ..
(5.13) 5y Wkk = 9G¥V o Vawgr + 2R wi;

+ 1 (B V)2 4 &V wy)

+ E b wi Wik +C?kwii

7

+ dkk52 (t) + ekkaé(t) + fkkEZ + fkkE

with b bounded, ¢ = O(§), ¢ = O(6) and d, e, f, f in L>®([tg,to+ (k —
D)T); L3(M)), for all t € [to, to + (k — 1)T].

Now let T be the constant given by Theorem 5.12. We fix the con-
stants My, Mo, Mz, My, T < T and N < mini:1,2’374{_%\ log(MZ»_l)} which
will be specified later. This implies that M;d(¢) <1 for all i = 1,2, 3,4 and
t € [to, N].

In what follows, C' denotes a constant that depends only on M;, M, and
Ms; its precise value can be assumed to increase between each successive
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appearance. Similarly D denotes a constant that depending only on My,
MQ, M3 and M4.

First of all, by (5.12) and M;d(t) <1 for all t € [to,to + (k — 1)T], we
can find a universal constant V' such that

1)l (@), 1ellS @), 115 0 1FIS (8),
(5.14) 1de | (), el 2@, 1709w, 1 £ 8) < v

for all t € [to,to + (k — 1)T].
Secondly, by (5.12) and Proposition 4.2, we have

(5.15) sup |V ™w|.(z,t) < C8(t)
xeM

for all t € [to,to+ (k—1)T], 0<n <3 and a constant C depending on
My, ..., Mp41. Using (5.15) and the fact that ¢ = O(6), ¢ = O(9), we have

(5.16)
10k (0% (V1wia)? + €0V 1wis) + Y 0 wigwp, + ciiws |15 (1) < C82(t)

(]

for all ¢ € [to,to + (k — 1)T]. Therefore, we have

/ <8waw> S/ <gaa@a@aw’w> +2/ <Ri}k’w“,wkk>
M \Ot M M
+ C8 (1) w5

+ / <dkk(52(t) + 6kk6(5(t) + fkkEQ + ]FkkE, w>
M

< / (g**V o Vaw, w) + 2/ (R wii, wi)
M M
+ C&3(t) + 3M V5> (t) + M Ved(t).

Recall that g — g = w + (6(t) — €)h. Because

gaa?avawkk - voz(gaa?ofwkk) - (vagaa)vawkk

= Va(9**Vawgk) — (Valg®™ — §°Y))Vawgk,

by (5.12), we do the integration by parts to get

(5.17) [ (0 VaTaww) < = [ 9uf + 050
M M
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We also have
2/ (R wi, wir) < 2/ R*% ke + O(e)C82(t)
M M
<2 / R*k o + CO°(t)
M
by Remark 4.12.

Now we recall the definition of a and A in Section 3.2. We can conclude
that

9 £ - Siki
1l < = ([ 190 - 28"
M
+ C83(t) + 3M V3 (t) + M Ved(t))
—2a(w) + C3>(t) + 3M V3 (t) + M Ved(t))

IN

A

—2X([[w]| 2 + C83(t) + MV (t) + MyVed(t))

—oA([[w]| 2 + (C + 3MLV)E3(t) + MiVed(t))

IN

for all ¢t € [to,to + (K — 1)T).
For t € [to+ (kK — 1)T,top + kT], by using the energy estimate on Equa-
tion (5.7), we have

(518) [l @ + IVl @) < CollFIS s ozt srryzeony)
+ w2 (to + (k — 1)T))
< (4CoVT? + Co(My + Ma))d(t)

where CY is the constant given by Theorem 5.12. So if we replace (5.12) by
(5.18), we will have the estimate

a £ g
a7 wlls?)? < —2(wlls?)?

+ (C +3(4CoVT? + Co(My + My))V)63(t) + M Ved(t)
for all t € [to + (k — 1)T,to + KT.

Therefore, if we choose M; = —2A\V, A=C +2M\V + 3(4COVT% +
Co(M71 + M>3))V, we will have

0 A
a7 wlls?)? < —2M(lwlls”)? + A8%(t) — 5 Mies ()
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for all t € [to, to + kT]. Now by Grownwall’s inequality, we have

t—to o
(HngE))Q < e M (/ A53(5)@2,\sd3 +/ —;\Mfaé(s)e”sds>
0 0
2 453 L2
< ——A8°(t) + = Mio4(t)
- 2
for all t € [to, to + kT. So

(lw]$)? < M26%(2)

for all t € [to,to + kT] provided tg + kT < _%\log (_2%3). We use Nj in

1 —AM?
what follows to denote —5 log ( 1A

Next, we define Ms. By multiplying both sides of (5.13) by w; then
integrating both sides, it follows from Cauchy’s inequality that

(lwell$)2(8) = / (we, wy)
M
S/ <gaava?awawt>+/ 2RFF s (wy )
M M

_ 1 ;_
+ OM* (1) + 5 (lwrl )5 (1)

+A( IS 62 (8) + Nlell S es(t) + 1F11S e + 1 F1157e)2.

for t € [to,to + (k — 1)T]. Using integration by parts and then integrating
from t =ty to t = (k — 1)T, we have

(e) 2
5 Ul 22 o4 (k-1 7:2220))

< —(IVwl|$)2(to + (k — 1)T)

+ / Rikikwiiwkk(to + (k — 1)T)
M
to+(k—1)T
+/ C My5(s)ds
to

DT (@) 0 (© © 2 . 171 2
+/t 4(|ldll570%(s) + llelly"ed(s) + || flls e + |1 flls "e)“ds.
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So

(5.19)  (hotll 2 o eoyrzeany)” + 201 9lls?)(to + (k= 1)T)
< AMES* (to + (k — 1)T) + C83(to + (k — 1)T)
+ ATVt + (k — 1)T).

For t € [to + (k — 1)T,to + kT, if we replace (5.12) by (5.18) and follow
the computation to derive (5.19), we will have

ewell$ 1y repizeany)? + 20170l 5)2(@)
t
2(vaH§6))2(to +(k—=1)T) + / C6%(s)ds
tot+(k—1)T
2(|Vw[[$))2(to + (k — 1)T) + CT8%(1)
for all t € [to + (k — 1)T,to + kT] and some C depending on M; and M.
By (5.19), we have

(Hthm (ltoliL (M)))2 + (\Ww”és))?(t) < AMES(t) + C8 (1) + |A|71V262 (1)
+ CT6?(t)

for all t € [to+ (k — 1)1, to + kT.
Now we choose My = max{2|\|"2V,8M;}. Then we have

200wt g, 20y + IV lIE)2 (1) < M36%(1)

forallt € [tg,to + kT provided T < My and to+ kT < = log ( ) We use

T1 and Ny in what follows to denote —022 and — log ( ) respectively.
We still need to define M3 and My. We con51der the equation of w; which

can be written as

0

o — (Wt = 9V Valw) ik + 2R} (wi)i;

+ 2811((¢")2 V1w Vi (wi)u + V1 (wy)iz)
+ O(8)(we)k + K + F,
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where [|K||5 (1)

< C82(t) for all te[ty,to+ (k—1T] and |F|F <
V62(t) + Ve with V = (1

(1 —2)\)V. We can get

a g 15 =, — _
a7 (el < —20(lwrll5”)? 4 (C + 3M V)6 () + MaVed (1)

for all t € [to,to + (k — 1)T].
For t € [to + (k — 1)T,to + kT, using the energy estimate again

(520)  [we| () + [V | () < (ACVTE + Co(Ms + My))6(t),
we have

a £ 13
oy el < —22(wr])5”)”

+ (C +3(4CoVT? + Co(Ms + My))V)53(t) + MsVeb(t).

Therefore, if we set M3 = —2\V and B = C + 3M3V + 3(4C0‘7T% +
Co(Ms + My))V, then we can use Grownwall’s inequality to get

(lwell$)? < M36%(1)

for all t € [to,to + kT provided to + kT < %)\ log (72%"2). We use N3 in
1 —A\M?2
what follows to denote —5 log ( — 5

Finally, we consider the integration

(HwttH(;))z(t) _/ (Wi, W)
M
S/ <gmvava’wt,wtt>+/ 2Rikik(wt)ii<wtt)kk
M M

+ OMuY )+ 5 (nl§20) + 40 EID) )
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for t € [to,to + (k — 1)T]. By using the integration by parts and then inte-
grating from ¢t =tg to t = (k — 1)T we get

1 (e) 2
5 (lww 22 (to o (h—1)T):L2 (A1)

< — (Vw2 (to + (k = DT) + (|| Ve |5 (t0)

+ / Rikikwiiwkk(to + (k — 1)T)
M

to+(k—1)T
+/ C M40 (s)ds
to
+3V2583(to + (k — D)T) + |\ "1V26%(to + (k — 1)T).
So we have
(5.21) (HwttH(LEZ)([to,to—i-(k—l)T];L?(M)))2 + (Vw2 (to + (k — 1)T)
< AMES*(to + (k — 1)T) + D3> (to + (k — 1)T)
+ ATV (to + (k — 1)T).

for all t € [to,to + (k — 1)T.
For t € [to + (k — 1)T,to + kT, if we replace (5.12) by (5.20) and follow
the computation to derive (5.21), we have

el 52 s hvyrazeay)? + 201V wel57)2(2)
t
< 2(| V)2 (to + (k — 1)T) +/ D§2(s)ds
to+(k—1)T
< 2|Vl (to + (k — DT) + DT (1)
for all ¢ € [t + (k — 1)T,to 4+ kT] and some D depending only on M3z and
My. By (5.21), we have
2l well 2y, 2oy + (VWIS (1) < AMFS(t) + D*(t) + (AT V20%(1)
+ DTH%(t).

Now we choose My = max{2|)\\7%f/, 8M3}, then we have

2wl 2 z2amy)* + (Vw2 (1) < ME62(2)
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for all t € [to,to + kT] provided T < M and to + kT < = log . We use

N

N
SN 5

T5 and N4 in what follows to denote i/{ and — log 1D respectively.

We set T := min{T}, T} and N be any Constant smaller than min{ /Ny,
Ny, N3, N4} and man:1,273,4{ — log(M; )}

Therefore, we have completed our proof. O

Remark 5.17. For the sup norm estimate of |V®w|, we can follow the
first derivative estimate in [2] again. Therefore, the inequality (5.9) can be
extended if our solution is solvable on each [tg+ (k — 1)T,tg + kT for all
k< 7(N —to).

5.7. Long-time existence

Here is the trick we use to prove the long-time existence: first we have the
short-time existence of our solution on [tg, ¢y + 7). We apply Lemma 5.16
and Proposition 4.13 inductively on [ty + kT, to + (k + 1)T]. Then we use
the argument of short-time existence to extend our solution.

Theorem 5.18. Let v be the constant given by Theorem 5.12. There exists
a universal N > 0 such that for any € < 1, the Ricci—de Turck equation

9
ot~
g9(z,0) = (go +€h)

(5.22) oy + ViV 4+ V),

with Vi(g) :gikgpl(F’;l —F];l(a)) is solvable for t € [to, N] where to:=
}/\log(s).

Proof. Since we can write g = go + d(t)h + w with w satisfies Equation (5.2),
we only need to prove w exists for ¢ € [ty, N].

By Proposition 4.13, if we set kg = 3|Rm(go)|, we can apply Theorem
5.15 and Remark 4.12 to obtain

|[Rm(g)| < [Rm(go)| + [Rm(go + 6(t)h) — Rm(go)|
+ [Rm(g) — Rm(go + 6(t)h)]
< [Rm(go)| + C4(t)
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for some constant C. This implies that we can define A := min{-%; log(N),
mgli(cg")'}, such that

1
|Rm(g)| < §k0

provided §(t) < A.
Let T be the constant given by Lemma 5.16. By Theorem 4.8, if we have

1
t0+T§ j}\log(A) = N,

we can solve the Ricci flow § satisfies

o9 oo
a——QRlc(g),

g(t1) = g(t1).

on (z,t) € M x [t1,t1 + T| with t; := t9 + T. Now we can extend the Ricci-
de Turck flow on [t1,¢1 + T, too. Here we need to be careful: the Ricci-de
Turck flow we want to extend is the one starts from ¢y, not the Ricci—de
Turck flow starts from ¢;. So our diffeomorphism will be

ox®  Ox“

ot oyk
xa(yvtl) y

AJl (F Ffl(g))’

which is solvable on the same interval of short-time existence of the Ricci
flow (here we need the boundedness of |g| and |V §|, which have been proved
in [1]). This implies that we can extend the Ricci-de Turck flow for a period
of time T'. By Lemma 5.16, we can prove inductively that ¢ is solvable on
[to+ (k— 1)T, to + kT for all k < (N — to).

Hence, we have proved the long-time existence theorem. O

Corollary 5.19. Let ¢ be the constant given by Theorem 5.12 and N be the
constant given by Theorem 5.18. There is an universal constant C > 0 such
that if w is the solution of Equation (5.6) with ¢ < ¢, then

(5.23) ol (8), (IVw]|$ () < C8(t);
(5.24) lwlo(t), [Vwlo(t), [VVw|o(t) and |Vw|o(t) < C8(t)

for all t € [to, N].
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Recall our definition of estimate cones. We have
Corollary 5.20. Lett be the constant given by Theorem 5.12 and N be the
constant given by Theorem 5.18. There is an universal constant M > 0 such

that if g is the solution of Equation (5.22) with € <, then g € Ch a(go0)-

Proof. By Corollary 5.19, we can choose this cone with its opening depending
on C. 0

6. Existence of ancient solutions
Finally, we can prove the existence of the ancient solution. We start with

finding the ancient solution of the Ricci-de Turck flow. Then we prove the
existence of the de Turck diffeomorphisms.

6.1. Existence of ancient Ricci—de Turck flow

Theorem 6.1. Let (M, g) be the Euclidean Schwarzschild manifold. Then
there exists a constant N > 0 such that the Ricci—de Turck equation

0
&gij(w’t) = —2R;j(x,t) + V;V; + V;V; x € M;
gij(x,t) — g(x) uniformly as t — —oo

has a solution on (—oo, N|, where V; := g’ikgpl(rl;l _ Fl;l)'

Proof. Let {e,} be a decreasing sequence which tends to 0. For each n € N,
we have a corresponding solution ¢(¢») which satisfies

0
&gij = —2R;; + Vivj(en) + VjVi(a"),

loge,
g(tn) = (.90 +5nh); ty = f)\ ,

where V*) = g, g?! (T, — D),

We can rewrite the equation %gij = —2R;; + Vi‘/j(E’L) + VjVZ-(E") as

9 _ _ _ _ _
5% = Vag““Vagi; + Bij(Vg,9)Vygij + Cij(Vg, g).
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for some smooth functions B;; and Cj;. Therefore, we can regarded g as
a solution of

0 ) } ) ) )

5% = Va(9))**Vagi; + Bij (Vg )V gi; + Cij (Vg ), gt=))
logen

9(tn) = (go + enh); tn := O_gi '

Now we choose a sequence of compact subset D; C M with U;enD; = M.
We then have a sequence of subsets in the space-time {P; := D; x (t;, N] C
M x (—o0, N]|i € N}. By Corollaries 4.4 and 5.19, we can find a subsequence
{g=)} such that g(e») and Vg(e) converge uniformly on P;. By standard
diagonal process, we have a subsequence, say {g(%)} again, such that g(€m)
and Vg() converge uniformly on P; for each i € N.

Let ¢n) — ¢(®) as | — co. Therefore Bij(?g(‘g"z),g(anz)) and
Cyi;j(VgEm) gy will converge uniformly to Bij(@g(oo),g(oo)) and
C;(Vg(>®) g(>)) respectively on P; for each i € N.

Moreover, by Corollary 5.20, all ¢(*) belong to the estimate cone
Ch,m(90). Combining with inequality (5.24), we have that ¢=") are bounded
L?(Py). Therefore, we will have a convergent subsequence converge weakly
in P;. By standard diagonal process, we will get a subsequence

gm0 s gloo)

on Py for all k. By the definition of weak limit, we conclude that ¢(° is a
weak solution of equation

aatgij = Va(g)**Vagi; + Bi; (Vg™ gV gi; + Cij (Vg™ ().
By the regularity theorem of parabolic PDE’s, it is an ancient Ricci—de Turck
flow, too.

Finally, we should prove the this solution is not a trivial, i.e., g # §.

We write g&n) = g + 6(t)h + w'*"). Using Remark 5.13, w,(;”) will satisfy
a equation of the form %w,(;") = L(w,(;")) + O(6?) with some elliptic opera-
tor L and for all t € [t,, N] and k # 1. We change the coordinate by taking
s as defined by (5.4). Then L will be uniformly parabolic. In this case, we
can fix this coordinate and applying the energy estimate of single equation
to get

| < Cgd?(t)
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for all ¢ € [tn, N] and k # 1. So we have g + 0k + w5 = G + Ohy, +
O(6?) for all k # 1 which is not equal to gg for all ¢.
Therefore, we have completed this proof. O

6.2. Solvability of de Turck diffeomorphisms

Finally, we need to show that the first-order PDE of the de Turck diffeo-
morphism can be solve. Recall that in Section 3, we define the following
PDE:

oy” oy* .
ot Wgﬂ(l“?l - F?l)

y*(z, —o0) = z®

Since our metric is radially symmetric, our equation can be reduced to a
single equation

' oyt n
ot~ oar? T = 10y

y(x, —c0) = zl.

If we change our variable by defining 6(¢) to be e™*, we will have a new
equation
Oy' _9y' i1
(—)\5)% = @gm(rgj - Fjj)
y'(x,0) = z',

or we can say

oyt 1 . . oy!
6.1 27— | gl iy =L
(6.2) yl(z,0) =zt

Now, by Corollaries 4.4 and 5.19, we have |%gjj(F]1j —1“]1])| and its
derivative are uniformly bounded on § € (0,e~*V]. Therefore, by standard
first order PDE theory, we can find the characteristic curves and solve this
equation of § € [0,e V).

Therefore, we finish our argument and prove Theorem 1.1.
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A. Appendix

Here we follow the notations of Section 5.4 and prove Lemma 5.9

A.1. Higher derivative estimates

Here we prove the higher derivative estimates of g. This estimate is essential
for the proof of Lemma 5.9.
Let g be the solution of the Ricci-de Turck equation

(A.1) gtgij(x,t) = —2R;j(z,t) + V;V; + V;V; for all (x,t) € M x [0,T7];

gij(z,0) = g(x), for all z € M

with |Rm(g)| < ko for some T' > 0. By using de Turck method, we can find a
family of diffeomorphisms ¢; : M — M such that § = (¢; ')*(g) is a solution
of Ricci flow equation.

In [1], Shi proved the following higher derivative estimate: for any m € N,
there exist constants C}, depending on m and kg such that

(A.2) 90 Rim(9)] < S22,

t=2

In fact, Shi proved the following local estimate:

Lemma A.1. Let g be a Ricci flow defined on M x [0,T] for some T > 0.
There exist constants 8 and Cj, | € N depending only on the dimension of
M such that if

0
<
|[Rm| < K on B,(p) x {O, K]
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for some K > % where By.(p) is the geodesic ball centered at p with radius r
with respect to the metric att = 0, then we have

11
(A.3) |VIRm(p,t)|*> < C,K? <'r2l +ot Kl)

for alll € N and (p,t) x [0, %]

Reader can see Theorem 1.4.2 in [11] for the proof of this lemma.
Base on this lemma, we can prove the following proposition for the
Ricci—de Turck flow g.

Proposition A.2. Let g be the Ricci-de Turck flow given by Theorem 4.9.
Then for any m € N, there exists a constant C,, depending on m, T" and kg
such that

Sup |?(m)g‘ (x’ t) S vnqjll
zeM t 2

for all ¢ € [0,T].

Proof. First of all, we define the tensor Afj = I‘fj — ffj = %g’“l(%gﬂ +
V;git — V1gij). So we have

Al < 2|97 Vgl.
By Theorem 5.4, we have |g~!| is bounded. So we have

k+1
(A.4) VR Al < Y [VWg[[vEH g for all k € N
=0

and a combinatorial constant Q depending on k.
Secondly, by (A.2), since [V™ Rm(§)| < Cpt™ %, we have

(A3) AT Rm(@)) = (90 Bl < 22
2
In what follows, N1 and I; denote constants that depending only on T
and K. Inductively, for any p € N, N, denotes a constant that depending
only on Ny,...,Np_1, I1,...,Ip—1, p, T, ko and I, denotes a constant that
depending only on Ni,...,Np, p, T and ko; their precise values can be
assumed to increase between each successive appearance.
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Now we prove the result inductively. We claim that

N _ N
(A.6) VeV < t—f’ and |[VPHg| < ﬂg—/f; for all p € N.

We start with the case p = 1. By Theorem 5.5, we have |Vg| and ]%g[
are bounded. Since g is radially symmetric, we have |VVyg| is bounded.
Meanwhile, because V; = gikgplA’;l, we have

IVV] = |(V+ V] < C(AP +[VVg| + |Vgl*),

which is bounded. So the p = 1 case is true.
Suppose inequality (A.6) is true for p < k. We consider the evolution
equation of V', which can be written as

o
aV:Av+g—2*R?mvﬂ;—l*Ric*v

+ g '« VV sV +g 1%«VgxRicxg+g 'VgxVV g

where * is the product of tensors. Now by Cauchy’s inequality, we have

(A7) ;IV(’“)V! < AVPVE - vy

k
+C Z (V) g||[wg|. .. |VERic|
=0 \i1+iz++i;=l
k .
+C | Y IVOVPE 4+ v g2
j=0

Since V = V + A, we have

Vgl < C Z (VU AV A |V 49D gl
Jittip—1H=pil>1

for all p <k + 1. Now by (A.4) and the induction hypothesis, we have

1

Jp—1 *
2

|ﬁ(jp—1)A‘ < ij,l—i—l
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So we have
I,

p—1°

t 2

|V(p)g| <

for all p < k and [VFHg| < Niyy.
Now we use (A.5) and the induction hypothesis, equation (A.7) will
become

Nit1
tk

(A.8) ;w(k)w? < AIVOV P - vEDy) 4

Here we follow the technique in the proof of Shi’s derivative estimate
n [11]. If we define

1
Wi = z\4,€t—,€+|v<’f>v|2 [V Dy)2

for some Mj, large enough (depending on Nii1), by (A.8) and the Cauchy
inequality, we have

Wl? 2,2k+1
ﬂ + CMkt

0
= <A
Wi < Wk+CM]?

0

for some universal constant C. Let Fj, = bWj,tF. By the Cauchy inequality,
we have

;Fk < AFy, — tFF? 4t~ (k+2)

by taking b small enough.

Now we use the barrier function constructed in Theorem 1.4.2. in [11].
In [11], Zhu and Cao prove that for any k € N, x € M there exists a function
Hj, defined on Bj(x) x [0,7T] which satisfies

1. Hj, increases to +o00 on (0B;(x) x [0,T]) U By(z) x {0}.
2. Hy, < oy, (=) 4 Bi) on Bi(x) x [0,T] for some constants ay, Sp.

3.

)
QH;C > AHy, —u "H? + uft2,

where v :=r—2 4 ¢ 1,
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Since u > t~1, we have

0

8tFk < AF, — ukok2 +uk+2.

By the maximum principle, we have
Fy < Hy,

on By(z) x [0,T] which implies

IVEDY 2 (2, ) < b7H (M, + Np) " HF[ap (6 *FD + 8)]% < NkH-

We still need to prove that
|@(k+2)g| < Rl

By our equation, this estimate can be obtained by proving the inequality

Nk+1

T2

(A.9) | — 2V®Ric 4+ 2V VY| <

Since we have

IV®Ric| < |(V — A)FRic|

<c 3 (V) A|[VU Al .. VU= A VORic|
Jitetie—1+H=kl>1
<c 3 V0 A|[90) A] . .. |0 4] WO R
i HSk21
<M
tz

and

N,
IVOTV] = |(V - A)Pvyv] < ZEL

we get (A.9) immediately. O
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A.2. Proof of Lemma 5.9

We use the p-coordinate in what follows. We fix a t € (tg, to + Tp] and prove
that

(A.10) [VEo|(p) — 0

as p — 1.

By Proposition A.2, we have ]?kv\ are bounded for all k. Here, we prove
(A.10) inductively.

When k£ =1, we have

2|Viv|? = VZ|u|*> — 2(Viv,v).

Since |(V#v,v)| < |VZ?||v| which tends to zero by Proposition 5.7 and bound-
edness of |[V?v|, we should prove that V?|v|?(p) — 0 as p — 1. Moreover,
since |v| is radially symmetric, we only need to prove that V2|v|? = (8%)2\1}|2
tends to zero as p — 1.

Recall that for all I € N, |v| < Cy(1 — p)! for some C). Therefore, we have
the difference equation

vI2(1 — —9lul2(1 — 2 2
[v[*(1 — 2h) 2|h|2(1 h)+||(1)_<3> w2(€)

dp

for some £ € (1 — 2h, 1) by the mean value theorem. The left-hand side

[0[*(1 — 2h) — 2Jv[*(1 — h) + [v[*(1)
h2

(2h)* + ht
h2

— 0

’sC%

as h — 0. So we can find a sequence {&,|{ — 1} such that

Now, since |V¥v| is bounded for all k, we have |a%3‘v|2| is bounded by a
constant, say A. For any ¢ > 0, we can always find &, such that |, — 1| < 55

and |8%2 [v|2(&)] < §. Using the mean value theorem, we get for all p € (&, 1]
there exists n € (&, p) such that
9\>3
(4)

)] <G

So we have 8%2\1)]2(1)) —0asp— L

v?(&n)] + vP()|én —pl <e.
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Suppose that we have |V'v|(p) — 0 as p — 1 for all [ < k. We consider
the following equality:

k—1
2C}zk|@f+11}’2 — ?§+1|U‘2 _9 Z kaw%*lv, @zw'
=0

Since [(V2~ly, Viv)| < |VZ~ly||Viv| tends to zero as p — 1, we only need

to show
(5)  1oPw)—0

as p — 1. Again, by using the difference equation, we can find a sequence

{&n|€ — 1} such that
a k+1
(5) P —o

as n — oo. Now using the mean value theorem and boundedness of

(%)k+2|v\2 we prove (A.10).
By (A.10), we can extend |v|? as a smooth function defined on [0, 1].
Since |[v]? < Cy(1 — p)! for all I € N, we can prove that for any I € N, there

exists a constant C} such that |V*v|,/g < C/(1 — p)’.
A.3. Proof of Lemma 5.6

Proof. First of all, we assume that
4aT < A7
So there exists € > 0 such that
dla+e)(T+e) < A
The function

A= La)2

o, t) =T +e— t)7%e4<T+54)

satisfies

0 g 0?2
A — -
¢ —a"(z,t) Ji0z,; ©

ot
n A z]? i A2 a At
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A—1|$|2

X H(T + e — t)7%+16_4(T+5—t)

> 0,
for all p > 0.
Now, let v = u — . We have
82
oV — (2, t) v <0,
g )amiaxj” 0

for all (z,t) € U x [0,T]. We also have

max v < max u.
Ux{0} Ux{0}

Finally, let U, = B,(0) N U. We have for all z, |z| =r

A" e?

v(z,t) <u(z,t) — (T +e—t) " 2e 5T+
< Al — ez elerolel
g 0;

for r large enough and all t € [0, T]. Therefore, by the maximum principle
on bounded domain [10], we have

max vV = max Uu.
U, x[0,T] (U, x[0,T])U(U, x {0})

for all r large. This implies

max v = max U
Ux[0,T] (OUx[0,T])U(U % {0})
by taking r — oo and p — 0.
If it is not the case that 4T < A~!, we can apply the result above on
0,71], [T1,2T1],..., such that T} < & O

-1
8a °
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