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A differentiable sphere theorem for compact

Lagrangian submanifolds in complex Euclidean

space and complex projective space

Haizhong Li and Xianfeng Wang

We obtain a new differentiable sphere theorem for compact
Lagrangian submanifolds in complex Euclidean space and complex
projective space.

1. Introduction

The sphere theorem for Riemannian manifolds was firstly studied by Rauch
(see [31]) in 1951, since then there have been many excellent works on sphere
theorems for Riemannian manifolds and submanifolds (see [1–3, 5–7, 10–15,
23–26, 29, 34, 35], etc.).

Andrews and Baker proved in [2] by the method of mean curvature flow
that, for a compact n-dimensional submanifold in R

n+p, we denote by S the
norm square of the second fundamental form and H the mean curvature, if
H �= 0 everywhere and

(1.1) S ≤ an2H2, where a ≤ 4
3n

(2 ≤ n ≤ 4); a ≤ 1
n− 1

(n ≥ 4),

then M is diffeomorphic to S
n.

Brendle and Schoen studied (e.g., [10–15]) the convergence theory for
Ricci flow and its application to the differentiable sphere theorem, they
proved the following result, which is very important in the proof of our
main theorem for n ≥ 4.

Theorem 1.1 [12]. Let (M, g0) be a compact, locally irreducible Rieman-
nian manifold of dimension n ≥ 4. Assume that M × R

2 has nonnegative
isotropic curvature, i.e.,

R1313 + λ2R1414 + μ2R2323 + λ2μ2R2424 − 2λμR1234 ≥ 0
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for all orthonormal four-frames {e1, e2, e3, e4} and all λ, μ ∈ [−1, 1]. Then
one of the following statements holds:

(i) M is diffeomorphic to a spherical space form.

(ii) n = 2m and the universal cover of M is a Kähler manifold biholomor-
phic to CPm.

(iii) The universal cover of M is isometric to a compact symmetric space.

In [24], by applying Theorem 1.1, Xu and Gu proved that (cf. [37] and
[38])

Theorem 1.2 [24]. Let M be an n(≥4)-dimensional oriented complete
submanifold in an N -dimensional simply connected space form FN (c) with
c ≥ 0. Assume that

S ≤ n2H2

n− 1
+ 2c,

where c + H2 > 0. We have

(i) If c = 0, then M is either diffeomorphic to Sn, R
n, or locally isometric

to Sn−1(r)× R.

(ii) If M is compact, then M is diffeomorphic to Sn.

Let M̄n(4c) be a complex space form with constant holomorphic sectional
curvature 4c. When c = 0, M̄n(4c) = C

n; when c > 0, M̄n(4c) =
CP

n(4c); when c < 0, M̄n(4c) = CH
n(4c).

For any Lagrangian submanifold M in a complex space form M̄n(4c),
the norm square of the second fundamental form and the squared mean
curvature satisfy the following inequality:

(1.2) S ≥ 3n2H2

n + 2
,

and the equality holds if and only if M is either a totally geodesic submanfold
or one of the Whitney spheres in complex space forms (see [9], [19] and [32]
for c = 0; see [20, 21] for c �= 0).

The explicit expressions of the Whitney spheres in C
n or in CP

n are the
following examples.

Example 1. Whitney sphere in C
n (see [9], [19], [27], [32]). It is defined as

the Lagrangian immersion of the unit sphere S
n, centered at the origin of
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R
n+1, in C

n, given by

(1.3) φ : S
n → C

n : φ(x1, x2, . . . , xn, xn+1) =
1 + ixn+1

1 + x2
n+1

(x1, . . . , xn).

Example 2. Whitney spheres in CP
n (see [18], [21], [27]). They are a

one-parameter family of Lagrangian spheres in CP
n, given by

φ̄θ : S
n → CP

n(4) :

φ̄θ(x1, x2, . . . , xn, xn+1) = π ◦
(

(x1, . . . , xn)
cθ + isθxn+1

;
sθcθ(1 + x2

n+1) + ixn+1

c2
θ + s2

θx
2
n+1

)
,

(1.4)

where θ ≥ 0, cθ = cosh θ, sθ = sinh θ, and π : S
2n+1(1) → CP

n(4) is the Hopf
fibration.

It is well-known that (see [36]) there are no self-shrinking Lagrangian
spheres in C

n, if n > 1. Our aim in this paper is to prove a differentiable
sphere theorem with weakly pinched conditions for compact Lagrangian
submanifolds in C

n or in CP
n, and the theorem is also valid for the Whitney

spheres. More precisely, we prove the following result.

Theorem 1.3. Let M be an n(≥ 3)-dimensional compact Lagrangian
submanifold in a complex space form M̄n(4c)(c ≥ 0). We denote by S the
norm square of the second fundamental form and H the mean curvature.
Assume that

(1.5) S ≤ 3n2H2

n + 3
2

+ 2c,

then M is diffeomorphic to a spherical space form. In particular, if M is
simply connected, then M is diffeomorphic to S

n.

Remark 1.4. When c = 0, Castro (see [16]) constructed a one-parameter
family of Lagrangian spheres in C

n including the Whitney spheres, defined
by Φq : S

n → C
n, where

Φq(x1, . . . , xn, xn+1) =
21/qeiβq(xn+1)

[(1 + xn+1)q + (1− xn+1)q]1/q
(x1, . . . , xn), q > 1,

with

βq(xn+1) =
2
q

arctan

(
(1 + xn+1)q/2 − (1− xn+1)q/2

(1 + xn+1)q/2 + (1− xn+1)q/2

)
.
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Here, each Φq satisfies that S = (3n+q2+2q−2)n2H2

(n+q)2 . We note that if

1 < q ≤ 2 +
3 +

√
3(2n2 + n− 3)
2n− 3

,

then Φq satisfies our condition (1.5), and Φ2 is the Whitney sphere.

2. Preliminaries

In this section, M will always denote an n-dimensional Lagrangian submani-
fold of M̄n(4c), which is an n-dimensional complex space form with constant
holomorphic sectional curvature 4c. We denote the Levi–Civita connections
on M , M̄n(4c) and the normal bundle by ∇, D and ∇⊥X , respectively. The
formulas of Gauss and Weingarten are given by (see [17], [22], [27], [28])

(2.1) DXY = ∇XY + h(X, Y ), DXξ = −AξX +∇⊥Xξ,

where X and Y are tangent vector fields and ξ is a normal vector field on M .
The Lagrangian condition implies that

(2.2) ∇⊥XJY = J∇XY, AJXY = −Jh(X, Y ) = AJY X,

where h is the second fundamental form and A denotes the shape operator.
The above formulas immediately imply that 〈h(X, Y ), JZ〉 is totally

symmetric, i.e.,

(2.3) 〈h(X, Y ), JZ〉 = 〈h(Y, Z), JX〉 = 〈h(Z, X), JY 〉,

for tangent vector fields X, Y and Z.
For a Lagrangian submanifold M in M̄n(4c), an orthonormal frame field

e1, . . . , en, e1∗ , . . . , en∗

is called an adapted Lagrangian frame field, if e1, . . . , en are orthonormal
tangent vector fields and e1∗ , . . . , en∗ are normal vector fields given by

(2.4) e1∗ = Je1, . . . , en∗ = Jen.

Their dual frame fields are θ1, . . . , θn, the Levi–Civita connection forms and
normal connection forms are θij and θi∗j∗ , respectively.
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We denote the components of the second fundamental form by hk∗
ij , i.e,

h(ei, ej) =
n∑

k=1

hk∗
ij ek∗ , thus (2.3) is equivalent to

(2.5) hk∗
ij = hi∗

kj = hj∗

ik , 1 ≤ i, j, k ≤ n.

The norm square of the second fundamental form is S =
∑
i,j,k

(hk∗
ij )2. The

mean curvature vector �H is defined by �H = 1
n

∑
i,k

hk∗
ii ek∗ and the mean cur-

vature H = | �H|.
If we denote the components of curvature tensor of ∇ by Rijkl, then the

equations of Gauss are given by (see [17], [22], [27], [28])

(2.6) Rijkl = c(δikδjl − δilδjk) +
n∑

r=1

(hr∗
ikhr∗

jl − hr∗
il hr∗

jk).

3. Some lemmas and the proof of Theorem 1.3

We need the following lemmas to finish the proof of Theorem 1.3.
In view of a result of Aubin, we have the following lemma:

Lemma 3.1 [4]. Let M be a compact n-dimensional Riemannian manifold.
If M has nonnegative Ricci curvature everywhere and has positive Ricci cur-
vature at some point, then M admits a metric with positive Ricci curvature
everywhere.

The following convergence result for Ricci flow in three-dimension due
to Hamilton is very important in the proof of Theorem 1.3 for n = 3.

Lemma 3.2 [25]. Let M be a compact three-manifold which admits a Rie-
mannian metric with strictly positive Ricci curvature. Then, M also admits
a metric of constant positive curvature.

A Riemannian manifold M is said to have nonnegative (positive, respec-
tively) isotropic curvature, if

R1313 + R1414 + R2323 + R2424 − 2R1234 ≥ 0 (>0, respectively)

for all orthonormal four-frames {e1, e2, e3, e4}. This notation was firstly
introduced by Micallef and Moore, where they proved the following sphere
theorem.
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Lemma 3.3 [29]. Let M be a compact simply connected n-dimensional
Riemannian manifold which has positive isotropic curvature, where n ≥ 4.
Then, M is homeomorphic to a sphere.

In [30], Micallef and Wang proved that

Lemma 3.4 [30]. Let (M, g) be a closed even-dimensional Riemannian
manifold. If g has positive isotropic curvature, then b2(M) = 0.

Later, Seshadri proved that the study of compact manifolds with non-
negative isotropic curvature reduces to the study of manifolds with positive
isotropic curvature. In view of Seshadri’s result, we have

Lemma 3.5 [33]. Let M be a compact n-dimensional Riemannian mani-
fold. If M has nonnegative isotropic curvature everywhere and has positive
isotropic curvature at some point, then M admits a metric with positive
isotropic curvature everywhere.

In order to use the convergence results for the Ricci flow by Brendle
and Schoen (see Theorem 1.1) to prove Theorem 1.3, we will first prove the
following key lemma.

Lemma 3.6. Let M be an n-dimensional (n ≥ 4) Lagrangian submanifold
in a complex space form M̄n(4c) with c ≥ 0. Suppose that

S ≤ 6n2H2

2n + 3
+ 2c,

then

R1313 + λ2R1414 + μ2R2323 + λ2μ2R2424 − 2λμR1234 ≥ 0

for all orthonormal four-frames {e1, e2, e3, e4} and all λ, μ ∈ [−1, 1], i.e.,
M × R

2 has nonnegative isotropic curvature.

Proof. For any orthonormal four-frame {e1, e2, e3, e4}, we extend it to be
an orthonormal tangent vector field {e1, . . . , en}, then we get an adapted
Lagrangian frame field {e1, . . . , en, e1∗ = Je1, . . . , en∗ = Jen}.
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We define

(3.1) Hr =
1
n

n∑
j=1

hr∗
jj , ∀ 1 ≤ r ≤ n.

By (2.5) and Gauss equation (2.6), we have
(3.2)

R1212 = c +
n∑

r=1

(hr∗
11h

r∗
22 − (hr∗

12)
2)

= c +
1
2
(n2H2 − S)

− 1
2

n∑
r=1

⎡
⎣
⎡
⎣ n∑

i=1

(hr∗
ii )2 +

∑
i�=j

hr∗
ii hr∗

jj

⎤
⎦−

⎡
⎣ n∑

i=1

(hr∗
ii )2 +

∑
i�=j

(hr∗
ij )2

⎤
⎦
⎤
⎦

+
n∑

r=1

(hr∗
11h

r∗
22 − (hr∗

12)
2)

= c +
1
2
(n2H2 − S)−

n∑
r=1

⎡
⎣ ∑

1≤i<j≤n

(hr∗
ii hr∗

jj − (hr∗
ij )2)− hr∗

11h
r∗
22 + (hr∗

12)
2

⎤
⎦

= c +
1
2
(n2H2 − S)−

n∑
r=1

⎡
⎣ n∑

j=3

(hr∗
11 + hr∗

22)h
r∗
jj +

∑
3≤i<j≤n

hr∗
ii hr∗

jj

−
n∑

j=3

(hr∗
1j)

2 −
∑

2≤i<j≤n

(hr∗
ij )2

⎤
⎦

= c +
1
2
(n2H2 − S)−

⎡
⎣ n∑

r=1

⎛
⎝ n∑

j=3

(hr∗
11 + hr∗

22)h
r∗
jj +

∑
3≤i<j≤n

hr∗
ii hr∗

jj

⎞
⎠

−
⎡
⎣ n∑

j=3

(h1∗
1j)

2 +
n∑

j=3

(hj∗

1j)
2 +

n∑
j=3

(h2∗
1j)

2 + 2
∑

3≤i<j≤n

(hi∗
1j)

2

⎤
⎦

−
⎡
⎣ ∑

2≤i,j≤n,i�=j

(hi∗
jj)

2 +
∑
j≥3

(h1∗
2j)

2 +
∑

3≤i<j≤n

(h1∗
ij )2

+ 3
∑

2≤i<j<r≤n

(hr∗
ij )2

⎤
⎦
⎤
⎦ .
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Then by (2.5), we have
(3.3)

R1212 = c +
1
2
(n2H2 − S)−

⎡
⎣ n∑

r=1

⎛
⎝ n∑

j=3

(hr∗
11 + hr∗

22)h
r∗
jj +

∑
3≤i<j≤n

hr∗
ii hr∗

jj

⎞
⎠

−
⎡
⎣ n∑

j=3

(hj∗

11)
2 +

n∑
j=3

(h1∗
jj )

2 +
n∑

j=3

(hj∗

12)
2 + 2

∑
3≤i<j≤n

(h1∗
ij )2

⎤
⎦

−
⎡
⎣ ∑

2≤i,j≤n,i�=j

(hi∗
jj)

2 +
∑
j≥3

(hj∗

12)
2 +

∑
3≤i<j≤n

(h1∗
ij )2 + 3

∑
2≤i<j<r≤n

(hr∗
ij )2

⎤
⎦
⎤
⎦

= c +
1
2
(n2H2 − S) + II1 + II2

+ 2
n∑

j=3

(hj∗

12)
2 + 3

∑
3≤i<j≤n

(h1∗
ij )2 + 3

∑
2≤i<j<r≤n

(hr∗
ij )2,

where

(3.4)

II1 = −
2∑

r=1

⎡
⎣ n∑

j=3

(hr∗
11 + hr∗

22)h
r∗
jj +

∑
3≤i<j≤n

hr∗
ii hr∗

jj −
n∑

j=3

(hr∗
jj )

2

⎤
⎦ ,

II2 = −
n∑

r=3

⎡
⎣ n∑

j=3

(hr∗
11 + hr∗

22)h
r∗
jj +

∑
3≤i<j≤n

hr∗
ii hr∗

jj −
∑
j �=r

(hr∗
jj )

2

⎤
⎦ .

After a straightforward computation, we can rewrite II1 and II2 as follows
(see also [8]) by use of (3.1):

II1 =
1

2(n + 1)

2∑
r=1

⎡
⎣ n∑

j=3

((hr∗
11 + hr∗

22)− 3hr∗
jj )

2 + 3
∑

3≤i<j≤n

(hr∗
ii − hr∗

jj )
2

(3.5)

− (n− 2)(hr∗
11 + · · ·+ hr∗

nn)2

⎤
⎦

=
1

2(n + 1)

2∑
r=1

⎡
⎣ n∑

j=3

((hr∗
11 + hr∗

22)− 3hr∗
jj )

2 + 3
∑

3≤i<j≤n

(hr∗
ii − hr∗

jj )
2

− (n− 2)n2H2
r

⎤
⎦
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=
2∑

r=1

⎧⎨
⎩ 3

2(n + 1)(2n + 3)
n2H2

r −
2n− 3

2(2n + 3)
n2H2

r

+
1

2(n + 1)

⎡
⎣ n∑

j=3

((hr∗
11 + hr∗

22)− 3hr∗
jj )

2 + 3
∑

3≤i<j≤n

(hr∗
ii − hr∗

jj )
2

⎤
⎦
⎫⎬
⎭ ,

II2 =
n∑

r=3

⎧⎨
⎩− 2n− 3

2(2n + 3)
(hr∗

11 + · · ·+ hr∗
nn)2

(3.6)

+
1

2(2n + 3)

⎡
⎣ ∑

j≥3,j �=r

(2(hr∗
11 + hr∗

22)− 3hr∗
jj )

2 + (2n + 3)(hr∗
11 − hr∗

22)
2

+ 6
∑

3≤i<j≤n,i�=r,j �=r

(hr∗
ii − hr∗

jj )
2 + 2

∑
j≥3,j �=r

(hr∗
rr − 3hr∗

jj )
2

+ 3(hr∗
rr − 2(hr∗

11 + hr∗
22))

2

⎤
⎦
⎫⎬
⎭

=
n∑

r=3

⎧⎨
⎩− 2n− 3

2(2n + 3)
n2H2

r +
1

2(2n + 3)

⎡
⎣ ∑

j≥3,j �=r

(2(hr∗
11 + hr∗

22)− 3hr∗
jj )

2

+ (2n + 3)(hr∗
11 − hr∗

22)
2 + 6

∑
3≤i<j≤n,i�=r,j �=r

(hr∗
ii − hr∗

jj )
2

+ 2
∑

j≥3,j �=r

(hr∗
rr − 3hr∗

jj )
2 + 3(hr∗

rr − 2(hr∗
11 + hr∗

22))
2

⎤
⎦
⎫⎬
⎭ .

Hence, we get

R1212 =
1
2

(
6n2H2

2n + 3
+ 2c− S

)
+

3
2(n + 1)(2n + 3)

(n2H2
1 + n2H2

2 )

(3.7)

+ 2
n∑

j=3

(hj∗

12)
2 + 3

∑
3≤i<j≤n

(h1∗
ij )2 + 3

∑
2≤i<j<r≤n

(hr∗
ij )2

+
1

2(n + 1)

2∑
r=1

⎡
⎣ n∑

j=3

((hr∗
11 + hr∗

22)− 3hr∗
jj )

2 + 3
∑

3≤i<j≤n

(hr∗
ii − hr∗

jj )
2

⎤
⎦
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+
1

2(2n + 3)

n∑
r=3

⎡
⎣ ∑

j≥3,j �=r

(2(hr∗
11 + hr∗

22)− 3hr∗
jj )

2

+ (2n + 3)(hr∗
11 − hr∗

22)
2 + 6

∑
3≤i<j≤n,i�=r,j �=r

(hr∗
ii − hr∗

jj )
2

+ 2
∑

j≥3,j �=r

(hr∗
rr − 3hr∗

jj )
2 + 3(hr∗

rr − 2(hr∗
11 + hr∗

22))
2

⎤
⎦

≥ 1
2

(
6n2H2

2n + 3
+ 2c− S

)
+ 2

n∑
j=3

(hj∗

12)
2 + 3

∑
3≤i<j≤n

(h1∗
ij )2

+ 3
∑

2≤i<j<r≤n

(hr∗
ij )2 +

1
2

n∑
r=3

(hr∗
11 − hr∗

22)
2

≥ 1
2

(
6n2H2

2n + 3
+ 2c− S

)
,

and the equality in the last inequality holds only if the components of the
second fundamental form satisfy that

(3.8)

{
h1∗

11 = −h1∗
22 = a1, h2∗

11 = −h2∗
22 = a2,

hr∗
11 = hr∗

22 = 3br, hr∗
jj = 4br, hr∗

rr = 12br, j, r ≥ 3, j �= r,

for some numbers a1, a2, br, and the other components of the second funda-
mental form are 0.

By using the first Bianchi identity, (2.5) and Gauss equation (2.6), we
have

−R1234 = R1342 + R1423(3.9)

=
n∑

r=1

(hr∗
14h

r∗
23 − hr∗

12h
r∗
34 + hr∗

12h
r∗
34 − hr∗

13h
r∗
24)

=
∑
r≥5

(hr∗
14h

r∗
23 − hr∗

13h
r∗
24) + h1∗

14h
1∗
23 − h1∗

12h
1∗
34 + h1∗

12h
1∗
34 − h1∗

13h
1∗
24

+ h2∗
14h

2∗
23 − h2∗

12h
2∗
34 + h2∗

12h
2∗
34 − h2∗

13h
2∗
24 + h3∗

14h
3∗
23 − h3∗

12h
3∗
34

+ h3∗
12h

3∗
34 − h3∗

13h
3∗
24 + h4∗

14h
4∗
23 − h4∗

12h
4∗
34 + h4∗

12h
4∗
34 − h4∗

13h
4∗
24
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=
∑
r≥5

(hr∗
14h

r∗
23 − hr∗

13h
r∗
24) + (h2∗

33 − h2∗
11)h

1∗
34 + (h4∗

11 − h4∗
33)h

3∗
12

+ (h2∗
11 − h2∗

44)h
1∗
34 + (h3∗

44 − h3∗
11)h

4∗
12 + (h1∗

22 − h1∗
33)h

4∗
23

+ (h4∗
33 − h4∗

22)h
1∗
23 + (h1∗

44 − h1∗
22)h

4∗
23 + (h3∗

22 − h3∗
44)h

4∗
12,

which together with (3.7) immediately give that

R1313 + λ2R1414 + μ2R2323 + λ2μ2R2424 − 2λμR1234

(3.10)

≥ 1 + λ2 + μ2 + λ2μ2

2

(
6n2H2

2n + 3
+ 2c− S

)
+ 2

∑
j �=1,3

(hj∗

13)
2

+ 3
∑

i,j �=1,3,i<j

(h1∗
ij )2 + 3

∑
i<j<r,i �=1

(hr∗
ij )2 +

1
2

∑
r �=1,3

(hr∗
11 − hr∗

33)
2

+ λ2

⎡
⎣2

∑
j �=1,4

(hj∗

14)
2 + 3

∑
i,j �=1,4,i<j

(h1∗
ij )2 + 3

∑
i<j<r,i �=1

(hr∗
ij )2

+
1
2

∑
r �=1,4

(hr∗
11 − hr∗

44)
2

⎤
⎦+ μ2

⎡
⎣2

∑
j �=2,3

(hj∗

23)
2 + 3

∑
i,j �=2,3,i<j

(h2∗
ij )2

+ 3
∑

i<j<r,i �=2,j �=2

(hr∗
ij )2 +

1
2

∑
r �=2,3

(hr∗
22 − hr∗

33)
2

⎤
⎦

+ λ2μ2

⎡
⎣2

∑
j �=2,4

(hj∗

24)
2 + 3

∑
i,j �=2,4,i<j

(h2∗
ij )2

+ 3
∑

i<j<r,i �=2,j �=2

(hr∗
ij )2 +

1
2

∑
r �=2,4

(hr∗
22 − hr∗

44)
2

⎤
⎦

+ 2λμ

⎡
⎣∑

r≥5

(hr∗
14h

r∗
23 − hr∗

13h
r∗
24) + (h2∗

33 − h2∗
11)h

1∗
34 + (h4∗

11 − h4∗
33)h

3∗
12

+ (h2∗
11 − h2∗

44)h
1∗
34 + (h3∗

44 − h3∗
11)h

4∗
12 + (h1∗

22 − h1∗
33)h

4∗
23 + (h4∗

33 − h4∗
22)h

1∗
23

+ (h1∗
44 − h1∗

22)h
4∗
23 + (h3∗

22 − h3∗
44)h

4∗
12

⎤
⎦ .
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By rewriting the right-hand side of (3.10), we have

R1313 + λ2R1414 + μ2R2323 + λ2μ2R2424 − 2λμR1234

(3.11)

≥ 1 + λ2 + μ2 + λ2μ2

2

(
6n2H2

2n + 3
+ 2c− S

)
+ 2

∑
j �=1,3

(hj∗

13)
2 + 2λ2

∑
j �=1,4

(hj∗

14)
2 + 2μ2

∑
j �=2,3

(hj∗

23)
2 + 2λ2μ2

∑
j �=2,4

(hj∗

24)
2

+ 2λμ
∑
r≥5

(hr∗
14h

r∗
23 − hr∗

13h
r∗
24)

+ 3
∑

i,j �=1,3,i<j

(h1∗
ij )2 + 3

∑
i�=1,i<j<r

(hr∗
ij )2 +

1
2
λ2μ2

∑
r �=2,4

(hr∗
22 − hr∗

44)
2

+ 2λμ
[
(h1∗

44 − h1∗
22)h

4∗
23 + (h3∗

22 − h3∗
44)h

4∗
12

]
+ λ2

⎡
⎣3

∑
i,j �=1,4,i<j

(h1∗
ij )2 + 3

∑
i�=1,i<j<r

(hr∗
ij )2

⎤
⎦+

1
2
μ2
∑

r �=2,3

(hr∗
22 − hr∗

33)
2

+ 2λμ
[
(h1∗

22 − h1∗
33)h

4∗
23 + (h4∗

33 − h4∗
22)h

1∗
23

]
+ μ2

⎡
⎣3 ∑

i,j �=2,3,i<j

(h2∗
ij )2 + 3

∑
i�=2,j �=2,i<j<r

(hr∗
ij )2

⎤
⎦+

1
2
λ2
∑

r �=1,4

(hr∗
11−hr∗

44)
2

+ 2λμ
[
(h2∗

11 − h2∗
44)h

1∗
34 + (h3∗

44 − h3∗
11)h

4∗
12

]
+ λ2μ2

⎡
⎣3 ∑

i,j �=2,4,i<j

(h2∗
ij )2 + 3

∑
i�=2,j �=2,i<j<r

(hr∗
ij )2

⎤
⎦+

1
2

∑
r �=1,3

(hr∗
11−hr∗

33)
2

+ 2λμ
[
(h2∗

33 − h2∗
11)h

1∗
34 + (h4∗

11 − h4∗
33)h

3∗
12

]
≥ 1 + λ2 + μ2 + λ2μ2

2

(
6n2H2

2n + 3
+ 2c− S

)
.

Hence, by the assumption that S ≤ 6n2H2

2n+3 + 2c, we get

(3.12) R1313 + λ2R1414 + μ2R2323 + λ2μ2R2424 − 2λμR1234 ≥ 0,

i.e., M × R
2 has nonnegative isotropic curvature. �

Proof of Theorem 1.3: We have two cases: (i) c > 0 and (ii) c = 0. In each
case, we will discuss two subcases: n = 3 and n ≥ 4. When n = 3, we note
that (3.7) is still true. When n ≥ 4, we denote by M̃ the universal cover
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of M , from Lemma 3.6 we know that M × R
2 has nonnegative isotropic

curvature, hence M̃ × R
2 also has nonnegative isotropic curvature.

Case (i) c > 0.
If n = 3, for any unit tangent vector u ∈ TpM at a point p ∈M , we can

choose an orthonormal three-frame {e1, e2, e3} such that e1 = u. From (3.7)
we have

(3.13)
Ric(u) = R1212 + R1313

≥ 6n2H2

2n + 3
+ 2c− S = 6H2 + 2c− S,

and the equality holds only if R1212 = R1313 = 1
2(6H2 + 2c− S), then from

(3.8) we get the equality only if hk∗
ij = 0, 1 ≤ i, j, k ≤ 3, which means that

p is a totally geodesic point, and hence S = 6H2. Hence, we conclude that
M has positive Ricci curvature. This together with Hamilton’s theorem (see
Lemma 3.2) imply that M is diffeomorphic to a spherical space form. In
particular, if M is simply connected, then M is diffeomorphic to S

3.
If n ≥ 4, for any unit vector u at a point p ∈ M , take e1 = u, then we have

Ric(u) =
n∑

k=2

R1k1k, from (3.7) we know that Ric(u) ≥ n−1
2 (6n2H2

2n+3 + 2c−
S), and the equality holds only if R1212 = · · · = R1n1n = 1

2(6n2H2

2n+3 + 2c− S),
then from (3.8) we get the equality only if hk∗

ij = 0, 1 ≤ i, j, k ≤ n, which
means that p is a totally geodesic point, and hence S = 6n2H2

2n+3 . Hence, we
conclude that M has positive Ricci curvature. Since M is compact and has
positive Ricci curvature, M̃ is also compact.

For any orthonormal four-frame {e1, e2, e3, e4} at a point p ∈ TpM , let
λ = μ = 1 in (3.11), we immediately get

(3.14) R1313 + R1414 + R2323 + R2424 − 2R1234 ≥ 2
(

6n2H2

2n + 3
+ 2c− S

)
,

and from (3.7), (3.8) and (3.11) we know that the equality in (3.14) holds
only if hk∗

ij = 0, 1 ≤ i, j, k ≤ n, which means that p is a totally geodesic point,
and hence S = 6n2H2

2n+3 . Hence, we conclude that M has positive isotropic
curvature, which implies that M̃ also has positive isotropic curvature.

We have shown that M̃ is compact and has positive isotropic curvature,
by using a theorem due to Micallef and Moore (see Lemma 3.3), we get that
M̃ is homeomorphic to S

n, hence, M̃ is locally irreducible and the locally
symmetric metric of M̃ would have to be of constant positive sectional cur-
vature (see also Remark (ii) on page 622 of [33] and Lemma 4 of [24]). As M̃
has positive isotropic curvature, from a theorem of Micallef and Wang (see
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Lemma 3.4), M̃ cannot be a Kähler manifold. Since M̃ × R
2 has nonnega-

tive isotropic curvature, by combining Theorem 1.1, we conclude that M̃ is
diffeomorphic to S

n, which implies that M is diffeomorphic to a spherical
space form. In particular, if M is simply connected, then M is diffeomorphic
to S

n.
Case (ii) c = 0.
If n = 3, for any unit tangent vector u ∈ TpM at the point p ∈ M , we

can choose an orthonormal three-frame {e1, e2, e3} such that e1 = u. From
(3.7) we have

(3.15)
Ric(u) = R1212 + R1313

≥ 6n2H2

2n + 3
− S = 6H2 − S,

and the equality holds only if R1212 = R1313 = 1
2(6n2H2

2n+3 + 2c− S), then from
(3.8) we get the equality only if hk∗

ij = 0, 1 ≤ i, j, k ≤ 3, which means that p is
a totally geodesic point, and hence S = 6H2. Hence, we get that Ric(u) ≥ 0
and Ric(u) = 0 can only happen at the totally geodesic points. Since M is
a compact submanifold in C

n, M cannot be minimal and hence can not be
totally geodesic, which implies that there exists a point p ∈ M such that
Ric(u) > 0 for any unit tangent vector u ∈ TpM , i.e., we get that the Ricci
curvature of M is quasi-positive, then by Aubin’s theorem (see Lemma 3.1)
M admits a metric with positive Ricci curvature. This together with Hamil-
ton’s theorem (see Lemma 3.2) imply that M is diffeomorphic to a spherical
space form. In particular, if M is simply connected, then M is diffeomorphic
to S

3.
If n ≥ 4, after a similar argument to that in the case n = 3, we get that

the Ricci curvature of M is quasi-positive, then by Aubin’s theorem (see
Lemma 3.1) M admits a metric with positive Ricci curvature. Since M is
compact and has positive Ricci curvature, M̃ is also compact.

For any orthonormal four-frame {e1, e2, e3, e4} at a point p ∈ TpM , let
λ = μ = 1 in (3.11), we immediately get

(3.16) R1313 + R1414 + R2323 + R2424 − 2R1234 ≥ 2
(

6n2H2

2n + 3
− S

)
,

from (3.7), (3.8) and (3.11) we know that the equality in (3.16) holds only if
hk∗

ij = 0, 1 ≤ i, j, k ≤ n, which means that p is a totally geodesic point, and
hence S = 6n2H2

2n+3 . We conclude that M has nonnegative isotropic curvature
and has positive isotropic curvature for some point in M , which together
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with Lemma 3.5 imply that M admits a metric with positive isotropic cur-
vature. Therefore, M̃ also admits a metric with positive isotropic curvature.

We have shown that M̃ is compact and admits a metric with positive
isotropic curvature, by using a theorem due to Micallef and Moore (see
Lemma 3.3), we get that M̃ is homeomorphic to S

n, hence M̃ is locally
irreducible and the locally symmetric metric of M̃ would have to be of
constant positive sectional curvature (see also Remark (ii) on page 622 of
[33] and Lemma 4 of [24]). As M̃ admits a metric with positive isotropic
curvature, from a theorem of Micallef and Wang (see Lemma 3.4), M̃ cannot
be a Kähler manifold. Since M̃ × R

2 has nonnegative isotropic curvature, by
combining Theorem 1.1, we conclude that M̃ is diffeomorphic to S

n, which
implies that M is diffeomorphic to a spherical space form. In particular, if
M is simply connected, then M is diffeomorphic to S

n.
This completes the proof of Theorem 1.3.

4. A Differentiable sphere theorem for compact Lagrangian
submanifolds in a Kähler manifold

In this section, we extend Theorem 1.3 to compact Lagrangian submanifolds
in a Kähler manifold. We have the following theorem.

Theorem 4.1. Let M be an n(≥3)-dimensional compact Lagrangian sub-
manifold in a Kähler manifold M̄n. We denote by S the norm square of the
second fundamental form and H the mean curvature. Let K̄(u ∧ v) denote
the sectional curvature of the 2-dimensional subspace of TpM̄

n spanned by
u and v. Assume that

(4.1) S ≤ 3n2H2

n + 3
2

+
2
3
(4δ −Δ),

where Δ = maxu,v∈TpM̄n,〈u,Jv〉=0 K̄(u ∧ v), δ = minu,v∈TpM̄n,〈u,Jv〉=0 K̄

(u ∧ v). If 4δ −Δ ≡ 0 on M̄n, we assume moreover that M is not totally
geodesic. Then, M is diffeomorphic to a spherical space form. In particular,
if M is simply connected, then M is diffeomorphic to S

n.

Proof. Let M be a Lagrangian submanifold in a Kähler manifold M̄n, if we
denote the Levi–Civita connections on M , M̄n and the normal bundle by
∇, D and ∇⊥X , respectively, then (2.1)–(2.5) still hold.
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If we denote the components of curvature tensor of ∇ and D by Rijkl

and R̄ijkl, respectively, then the equations of Gauss are given by

(4.2) Rijkl = R̄ijkl +
n∑

r=1

(hr∗
ikhr∗

jl − hr∗
il hr∗

jk).

By a similar method of proving Berger’s inequality (see [6], or see [3],
Lemma 2.50), for orthonormal frames {ei, ej , ek, el} which are orthogonal to
{Jei, Jej , Jek, Jel}, we have

(4.3) |R̄ijkl| ≤ 2
3
(Δ− δ).

By using (4.2) and (4.3) together instead of (2.6), Theorem 4.1 can be
proved after an argument analogous to that in the proof of Theorem 1.3, we
omit the details here. �

Remark 4.2. We note that Theorem 4.1 is a generalization of Theorem
1.3. In Theorem 4.1, if we take M̄n to be a complex space form M̄n(4c) with
c ≥ 0, then we immediately get Theorem 1.3.
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