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A differentiable sphere theorem for compact
Lagrangian submanifolds in complex Euclidean
space and complex projective space

HA1zHONG LI AND XIANFENG WANG

We obtain a new differentiable sphere theorem for compact
Lagrangian submanifolds in complex Euclidean space and complex
projective space.

1. Introduction

The sphere theorem for Riemannian manifolds was firstly studied by Rauch
(see [31]) in 1951, since then there have been many excellent works on sphere
theorems for Riemannian manifolds and submanifolds (see [1-3, 5-7, 10-15,
23-26, 29, 34, 35], etc.).

Andrews and Baker proved in [2] by the method of mean curvature flow
that, for a compact n-dimensional submanifold in R"*?, we denote by S the
norm square of the second fundamental form and H the mean curvature, if
H # 0 everywhere and

(1.1) S < an’*H?, where a < i(2§n§4); a <
3n n—1
then M is diffeomorphic to S™.

Brendle and Schoen studied (e.g., [10-15]) the convergence theory for
Ricci flow and its application to the differentiable sphere theorem, they
proved the following result, which is very important in the proof of our
main theorem for n > 4.

Theorem 1.1 [12]. Let (M, go) be a compact, locally irreducible Rieman-
nian manifold of dimension n > 4. Assume that M x R? has nonnegative

1sotropic curvature, i.e.,

Riz13 + AN Rig1a + 1% Rosas + N2 ® Raoa — 2M\1R1234 > 0
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for all orthonormal four-frames {e1,ea,es,eq} and all \,u € [—1,1]. Then
one of the following statements holds:

(1) M is diffeomorphic to a spherical space form.

(i1) n = 2m and the universal cover of M is a Kdhler manifold biholomor-
phic to CP™.

(#i7) The universal cover of M is isometric to a compact symmetric space.

In [24], by applying Theorem 1.1, Xu and Gu proved that (cf. [37] and
[38])

Theorem 1.2 [24]. Let M be an n(>4)-dimensional oriented complete
submanifold in an N -dimensional simply connected space form F™N(c) with
¢ > 0. Assume that

n?H?

S < 1—1—20,

where ¢ + H? > 0. We have

(1) If c =0, then M is either diffeomorphic to S™, R™, or locally isometric
to S"7L(r) x R.

(13) If M is compact, then M is diffeomorphic to S™.

Let M"™(4c) be a complex space form with constant holomorphic sectional
curvature 4c. When c¢=0, M"(4c) =C" when c¢>0, M"(4c)=
CP"(4c); when ¢ < 0, M"(4c) = CH"(4c).

For any Lagrangian submanifold M in a complex space form M"(4c),
the norm square of the second fundamental form and the squared mean
curvature satisfy the following inequality:

3n2H?
>

1.2 —_—
(1.2) T~ n427

and the equality holds if and only if M is either a totally geodesic submanfold
or one of the Whitney spheres in complex space forms (see [9], [19] and [32]
for ¢ = 0; see [20, 21] for ¢ # 0).

The explicit expressions of the Whitney spheres in C™ or in CP" are the
following examples.

Example 1. Whitney sphere in C™ (see [9], [19], [27], [32]). It is defined as
the Lagrangian immersion of the unit sphere S", centered at the origin of
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R™*1 in C", given by

1 + iIn+1

1.3 (S O Ty Tng) = —— 2L
( ) d) - ¢(ZE1,{E2, 737 x +1) 1+l‘%+1

(T1,...,2p).

Example 2. Whitney spheres in CP" (see [18], [21], [27]). They are a
one-parameter family of Lagrangian spheres in CP", given by

by : S" — CP™(4) :
(1.4)

¢9(I’1,.’IJ2, e ,.CCn,iUTH_l) =mo (

2 .
(:Cl, .. ,xn) ) 5909(1 + $n+1) + ’an+1>
. ) b
co + iSeTp11 3+ sprd

where § > 0, ¢g = cosh ), sy = sinh 6, and 7 : S>"T1(1) — CP"(4) is the Hopf
fibration.

It is well-known that (see [36]) there are no self-shrinking Lagrangian
spheres in C™, if n > 1. Our aim in this paper is to prove a differentiable
sphere theorem with weakly pinched conditions for compact Lagrangian
submanifolds in C™ or in CP", and the theorem is also valid for the Whitney
spheres. More precisely, we prove the following result.

Theorem 1.3. Let M be an n(> 3)-dimensional compact Lagrangian
submanifold in a complex space form M™(4c)(c > 0). We denote by S the
norm square of the second fundamental form and H the mean curvature.
Assume that

3n2H?
3
n -+ b

(1.5) S < + 2,

then M is diffeomorphic to a spherical space form. In particular, if M is
simply connected, then M is diffeomorphic to S™.

Remark 1.4. When ¢ = 0, Castro (see [16]) constructed a one-parameter
family of Lagrangian spheres in C" including the Whitney spheres, defined
by ®,: S" — C", where

21/q€zﬂq ($n+1)
1+ 2p11)94+ (1 —2pt1

Qy(z1,. .., Zn, Tnt1) = T )q]l/q(xl,...,a:n), qg>1,

with

2 ((1 )% — (1 - :cnmq/?)

= — t
Ba(@n+1) g (1 + Tp41)?2 + (1 = 211)9/2
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Here, each ®, satisfies that .S = (3n+q2(:_2i_qq;22 PHZ We note that if

3++/3(2n%+n-3)
2n — 3 ’

1<g¢g<2+
then @, satisfies our condition (1.5), and @, is the Whitney sphere.
2. Preliminaries

In this section, M will always denote an n-dimensional Lagrangian submani-
fold of M™(4c), which is an n-dimensional complex space form with constant
holomorphic sectional curvature 4c. We denote the Levi—Civita connections
on M, M™(4c) and the normal bundle by V, D and V)L(, respectively. The
formulas of Gauss and Weingarten are given by (see [17], [22], [27], [28])

(2.1) DxY =VxY +h(X,Y), Dx& = —AcX + Vi,

where X and Y are tangent vector fields and £ is a normal vector field on M.
The Lagrangian condition implies that

(2.2) VxJY = JVxY, A;xY = —Jh(X,Y) = Ay X,

where h is the second fundamental form and A denotes the shape operator.
The above formulas immediately imply that (h(X,Y),JZ) is totally

symmetric, i.e.,

(2.3) (MX.Y),JZ) = (MY, 2),]X) = (h(Z,X),]Y),

for tangent vector fields X, ¥ and Z.
For a Lagrangian submanifold M in M"™(4c), an orthonormal frame field

€1y vvyCry€leyenn,Cnx
is called an adapted Lagrangian frame field, if eq,..., e, are orthonormal
tangent vector fields and ej«, ..., e, are normal vector fields given by
(2.4) e1- =Jet,...,eq = Jep.

Their dual frame fields are 64, ..., 0,, the Levi-Civita connection forms and

normal connection forms are 6;; and 6;- -, respectively.
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We denote the components of the second fundamental form by hfj*, i.e,

n
h(ei, ej) = kzl hi-“j*ek*, thus (2.3) is equivalent to

(2.5) W =hi;=hl, 1<ijk<n.

The norm square of the second fundamental form is S = ) (hf})2 The
i7j7k
mean curvature vector H is defined by H = %Z hE ej~ and the mean cur-
ik
vature H = |ﬁ|

If we denote the components of curvature tensor of V by R;jx;, then the
equations of Gauss are given by (see [17], [22], [27], [28])

(2.6) Rijur = c(Six0j1 — 0udjn) + > _(hiphly — hiy Biy).
r=1

3. Some lemmas and the proof of Theorem 1.3

We need the following lemmas to finish the proof of Theorem 1.3.
In view of a result of Aubin, we have the following lemma:

Lemma 3.1 [4]. Let M be a compact n-dimensional Riemannian manifold.
If M has nonnegative Ricci curvature everywhere and has positive Ricci cur-
vature at some point, then M admits a metric with positive Ricci curvature
everywhere.

The following convergence result for Ricci flow in three-dimension due
to Hamilton is very important in the proof of Theorem 1.3 for n = 3.

Lemma 3.2 [25]. Let M be a compact three-manifold which admits a Rie-
mannian metric with strictly positive Ricci curvature. Then, M also admits
a metric of constant positive curvature.

A Riemannian manifold M is said to have nonnegative (positive, respec-
tively) isotropic curvature, if

R1313 + Ria14 + R2323 + Roa24 — 2R1234 > 0(>0, respectively)

for all orthonormal four-frames {ej,es,es,eq}. This notation was firstly
introduced by Micallef and Moore, where they proved the following sphere
theorem.
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Lemma 3.3 [29]. Let M be a compact simply connected n-dimensional
Riemannian manifold which has positive isotropic curvature, where n > 4.
Then, M is homeomorphic to a sphere.

In [30], Micallef and Wang proved that

Lemma 3.4 [30]. Let (M,g) be a closed even-dimensional Riemannian
manifold. If g has positive isotropic curvature, then bao(M) = 0.

Later, Seshadri proved that the study of compact manifolds with non-
negative isotropic curvature reduces to the study of manifolds with positive
isotropic curvature. In view of Seshadri’s result, we have

Lemma 3.5 [33]. Let M be a compact n-dimensional Riemannian mani-
fold. If M has monnegative isotropic curvature everywhere and has positive
isotropic curvature at some point, then M admits a metric with positive
isotropic curvature everywhere.

In order to use the convergence results for the Ricci flow by Brendle
and Schoen (see Theorem 1.1) to prove Theorem 1.3, we will first prove the
following key lemma.

Lemma 3.6. Let M be an n-dimensional (n > 4) Lagrangian submanifold
in a complex space form M"(4c) with ¢ > 0. Suppose that

6n2H?
<
—2n+3

+ 2¢,

then

Ri313 + N Rig1a + p1° Rasos + N2 p? Rasos — 2M\tR1a34 > 0

for all orthonormal four-frames {e1,ea,e3,e4} and all \,p € [-1,1], i.e.,
M x R? has nonnegative isotropic curvature.

Proof. For any orthonormal four-frame {e1, e, e3,e4}, we extend it to be
an orthonormal tangent vector field {ej,...,e,}, then we get an adapted
Lagrangian frame field {ej,...,e,,e1- = Jey, ..., ep = Jep}.
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We define
jJ’

1 e -
1 H, = — h" 1<r<n.
(3.1) n; Vi<r<n

By (2.5) and Gauss equation (2.6), we have

(3.2)
Rig12 = c+ Z(hﬁhgg — (h12)%)
r=1
SR Py
=c (n“H* —S)
2
R S~ I SN .
—3 Z(hm )2+ Z hig hjj | — Z(hn )2+ Z(hij )?
r=1 | |i=1 i#j i=1 i#j
+ Z( T1hbs — (h2)?)
r=1

1 r*yr* r* rryr* T
cer o) - S| S 0 - + 05
r=1 [1<i<j<n

1 n n . . . * *
:c+§(n2H2—S)— D (hiy+ R+ Y ki h
r=1 | j=3 3<i<j<n
n
=2 W = (h)?
=3 2<i<j<n
1 =
=t (P = 8) — |30 | DO(hy AT+ DT R
r=1 \j=3 3<i<yj<n
- " .
P UREDNUHED N UNEEED DRNE
T2 B 08 D ()
| 2<i,j<n,i#j >3 3si<jsn

+3 ) (hy)?

2<i<y<r<n
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Then by (2.5), we have

(3.3)
1 n n
Rig1p = c+ 5(712172—5)— Z (hiy + hisy ) + Z hi; b
r=1 \j=3 3<i<j<n
[ n . n n
= | Do)+ D () + Z a2 Y (hy)?
_j=3 7=3 Jj= 3<i<j<n
| X wre e S Y upy
| 2<i,i<n, z;é] 7>3 3<i<j<n 2<i<g<r<n
1
=c+ §(n2H2 —S)+ 1L +1Iy
+2Zh]12 +3 > > )
3<i<j<n 2<i<g<r<n
where
2 [ n i
Ih==% |2 (h N Y ik
(3‘4) r=1 :j:3 3<i<j<n 7=3 :
n n
II2:_Z Z( 11+ B h]]+ Z hfzh%—z(h?j)Q
r=3 _j:3 3<i<gj<n j#Er

After a straightforward computation, we can rewrite I1; and I]5 as follows
(see also [8]) by use of (3.1):

(3.5)
1 S -
IIl:mZ Z(( 11+h22)_3hjj)2+3 Z
r=1 | j=3 3<i<j<n
— (n—=2)(hiy + -+ )
1 e e -
BECE] D ((B57 + hby) =377 +3 Y
r=1 [ j=3 3<i<j<n

— (n—2)n*H?
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2172 2n —3

2
27172
— oo
Z} 2n+12n+$” " 2@n+$” r
1 n
MO > ((hfy +hy) = 3h5)2+3 Y (hi; — 1) | 8,
j=3 3<i<j<n
(3.6)
Il zn: 2n —3 (h”*+ s )2
2 = ————————— DY
~ 202n+3) 1 nn
1 * * *\ 2 * )
N ETES j;#@(’lﬁwéﬁ—%zﬂ + 2+ 3)(1; - 15)
6> P2 Y (-3
3<i<j<n i, j£r >3,

3(hy, — 2(hiy + hip))?

n

2n =3 90 1 . . 9
=Y P HY 4 | Y (2(hiy + hy) — 31)
— | 22n+3) 2(2n + 3) o

R (AR LR D SR (A I
3<i<j<n,iFr,j#£r

+2 3 (hy, = 3K5)? 4 3(hI, — 2(hTy + hby))?
j>3,j#r

Hence, we get

(3.7)

6n2H? 3
R == 2c— S 22 22
1212 2<2n+3+ ¢ >+2(n+1)(2n+3)(n i +n"Hy)

3<z<J<n 2<i<j<r<n

n

2
1 r* r* r*\2 r* N2
+2(n+1); Z((hn‘l‘hm) —3h%;)" +3 Z (hi; — h;)

j=3 3<i<j<n
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n

1 e oy
+m2 Y (ki) + hby) — 3h%;)

r=3 | j>3,j#r

+ (2n + 3)(hf} — hjy)? +6 S (b —hy)?
3<i<j<n,itrjAr

+2 > (B, — 3h5)% + 3(hy, — 2(hT; + hby))?

Jj=3,9#r
1 (6n2H? o .
_ _ 17\2 1*\2
>2<2n+3+26 S>+2Z(h”) 9 Z (i)
j=3 3<i<j<n

+3 > (h£})2+é§:( 11— M)

2<i<j<r<n r=3
- 1 /6n2H? toe_S
=o\ong3 ™7 :

and the equality in the last inequality holds only if the components of the
second fundamental form satisfy that

B =iy = 3b,,  RT=db,, BT =12b,, j,r>3, jET,
11 22 77 rr

for some numbers a1, as, b, and the other components of the second funda-
mental form are 0.

By using the first Bianchi identity, (2.5) and Gauss equation (2.6), we
have

(3.9) —Ri234 = Ri3a2 + Ria23
n
=Y (hlyhby — hiyhky + highky — hizhsy)
= > (hiyh3 — hi3hby) + highgs — hishky + hishyy — hizhd,
r>5
+ hiyh3s — hish3, + hish3, — hish3, + hiyhss — hiyhi,
* * * * * 4* 4 * * *
+ hi5h3, — hish3, + highgs — hishay + hishsy — hizhy,
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= > (Wiihbs — highby) + (h3y — W) hiy + (hiy — hiz)hi
r>5
+ (h¥y — hig)hgy + (hiy — hi)his + (hay — hig)hag
+ (33 — hio)hgg + (hiy — haa)has + (h3y — hijy)his,
which together with (3.7) immediately give that

(3.10)

Ri313 + AN Rig14 + 112 Rozos + N2 u? Rogoq — 2M\uR1934

1+)\2+M2+)\2,U2 6n2H2 5*\2
> o3 T2 5) +2 ) (M)

> 5 |
J#13
* . 1 . .
+3 Z (hilj)2+3 Z (hgj)2+§ Z(ql_ 5)?
1,7#1,3,i<j i<j<ri#lL r#1,3
FA2) ()2 +3 > (hi) 3 > (h)?
j#1,4 i j#1,4,i<] i<j<ri#l
1 * * sk *
PO a2 kg s Y )
r#1,4 J#2,3 1,57#2,3,4<j
. 1 . .
+ 3 Z (hgj)2+§ 2(52— 5)
i<j<ryi#£2,j#2 r#2,3
NP2y ()73 Y ()
j#2,4 0, #2,4,i<j
« 1 « «
+3 ) (h%}-)2+§ > (hby — hiy)?
i<j<ryiA£2,j#2 r£2,4

+2M\ | > (hiyhsy — hizhby) + (h35 — hip)hyy + (i — his)hiy
r>5
+ (hTy — hig)hgy + (hijy — hiy)hiy + (hyy — hig)has + (his — has)hag

+ (hay = hag)higg + (h3, — hify)hi
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By rewriting the right-hand side of (3.10), we have

(3.11)
Riz13 + A Rig14 + p1* Rogog + A\ 1® Rogog — 201 R1234
1422 4 42 4+ \2,2 2 2
LA N N (6
2 2n+3
+23 (B + 202 > (W2 + 20 D () + 207 > (hhy)?
J#1,3 14 i#2,3 j#24
+2X > (hiyhbs — hizhy)
r>5
+3 > () +3 Y (hy)? >\2 2N " (hhy — hiy)?
ij#1,3,i<] i1 i<<r r£2,4

+ 22 [(hig — hio)has + (k3 — hiy)his]
+AT3 D ()43 > ()| + ;PZ
i jA1,4,i<] i#1,i<j<r r#2,3
+ 2M1 [(hdg — hyz)his + (h3s — hia)hiys)
* r* 1 r* r*
+u” (3 Z (h?j)2+3 Z (hij)2 +§>\2 Z( 11— hig)?
0,j#2,3,i<] i£2,jA£2i<G<T r£14
+ 22 [(hfy — hiphsy + (Riy — h31)his]

. . 1 . .
+ X% |3 Z (h?j )2 +3 Z (hij |+ 5 Z (Pfy — his)?
1,57#2,4,i<j i#2,j#2,i<j<r r#1,3
+ 20 [(h33 — hT))hiy + (hT) — hiz)hiy)

o LEX 4 N <6"2H2 +20—5>.
2 2n+3
Hence, by the assumption that S < 6” H + 2¢, we get
(3.12) Ri313 + A’ Rigia + 11> Rosas + A pi° Roags — 2ApRi234 > 0,
i.e., M x R? has nonnegative isotropic curvature. ([

Proof of Theorem 1.3: We have two cases: (i) ¢ > 0 and (ii) ¢ = 0. In each
case, we will discuss two subcases: n =3 and n > 4. When n = 3, we note
that (3.7) is still true. When n > 4, we denote by M the universal cover
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of M, from Lemma 3.6 we know that M x R? has nonnegative isotropic
curvature, hence M x R? also has nonnegative isotropic curvature.

Case (i) ¢ > 0.

If n = 3, for any unit tangent vector u € T),M at a point p € M, we can
choose an orthonormal three-frame {ej, es, e3} such that e; = u. From (3.7)
we have

Ric(u) = Ri212 + Riz13
(3.13) - 6n2H?>
~2n+3

+2c—S=6H?+2c—5,

and the equality holds only if R1212 = Ri313 = %(6H2 + 2¢ — S), then from
(3.8) we get the equality only if h =0,1<14,j,k <3, which means that
p is a totally geodesic point, and hence S = 6H?. Hence, we conclude that
M has positive Ricci curvature. This together with Hamilton’s theorem (see
Lemma 3.2) imply that M is diffeomorphic to a spherical space form. In
particular, if M is simply connected, then M is diffeomorphic to S3.

Ifn > % for any unit vector u at a point p € M, take e; = u, then we have

Ric(u) = > Rikik, from (3.7) we know that Ric(u) > 25 1(G”Z‘H2 + 2¢ —
k=2

2n+3
S), and the equality holds only if Riz1p = -+ = Ripin = 3(S2 2 +2c— 9),
then from (3.8) we get the equality only if hf; =0,1<14,j,k <n, which
means that p is a totally geodesic point, and hence S = 62" ﬁ,) Hence, we

conclude that M has positive Ricci curvature. Since M is compact and has
positive Ricci curvature, M is also compact.

For any orthonormal four-frame {eq, ez, e3,e4} at a point p € T,M, let
A=pu=1in (3.11), we immediately get

6n2H?
2n+ 3

(3.14)  Ri313 + Ria14 + Ro323 + Rosos — 2R1234 > 2 ( +2c— S) )

and from (3.7), (3.8) and (3.11) we know that the equality in (3.14) holds
only if hfj* = 0,1 < 14,7,k <n, which means that p is a totally geodesic point,
6n2H?
oS :
curvature, which implies that M also has positive isotropic curvature.

We have shown that M is compact and has positive isotropic curvature,
by using a theorem due to Micallef and Moore (see Lemma 3.3), we get that
M is homeomorphic to S", hence, M is locally irreducible and the locally
symmetric metric of M would have to be of constant positive sectional cur-
vature (see also Remark (ii) on page 622 of [33] and Lemma 4 of [24]). As M
has positive isotropic curvature, from a theorem of Micallef and Wang (see

and hence S =

Hence, we conclude that M has positive isotropic
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Lemma 3.4), M cannot be a Kéhler manifold. Since M x R? has nonnega-
tive isotropic curvature, by combining Theorem 1.1, we conclude that M is
diffeomorphic to S™, which implies that M is diffeomorphic to a spherical
space form. In particular, if M is simply connected, then M is diffeomorphic
to S™.

Case (ii) ¢ = 0.

If n = 3, for any unit tangent vector u € T,M at the point p € M, we
can choose an orthonormal three-frame {ej, e2, e3} such that e; = u. From
(3.7) we have

Ric(u) = Ri212 + Rizi3

(3.15) 6n>H?
>

“2n+3

—~ S =6H*-5,

and the equality holds only if Ri210 = Ri313 = %(%’5&2 + 2¢ — S), then from
(3.8) we get the equality only if hfj =0,1<1,j,k < 3, which means that p is
a totally geodesic point, and hence S = 6 H2. Hence, we get that Ric(u) > 0
and Ric(u) = 0 can only happen at the totally geodesic points. Since M is
a compact submanifold in C™, M cannot be minimal and hence can not be
totally geodesic, which implies that there exists a point p € M such that
Ric(u) > 0 for any unit tangent vector u € T,M, i.e., we get that the Ricci
curvature of M is quasi-positive, then by Aubin’s theorem (see Lemma 3.1)
M admits a metric with positive Ricci curvature. This together with Hamil-
ton’s theorem (see Lemma 3.2) imply that M is diffeomorphic to a spherical
space form. In particular, if M is simply connected, then M is diffeomorphic
to S3.

If n > 4, after a similar argument to that in the case n = 3, we get that
the Ricci curvature of M is quasi-positive, then by Aubin’s theorem (see
Lemma 3.1) M admits a metric with positive Ricci curvature. Since M is
compact and has positive Ricci curvature, M is also compact.

For any orthonormal four-frame {e1, ez, e3,e4} at a point p € T, M, let
A=pu=11in (3.11), we immediately get

6n2H?
(3.16) Rig13 + Ria14 + Roges + Roaoa — 2R1234 > 2 2n+3 5)

from (3.7), (3.8) and (3.11) we know that the equality in (3.16) holds only if
hf; =0,1<14,j, k <n, which means that p is a totally geodesic point, and
hence S = 62":) f;. We conclude that M has nonnegative isotropic curvature
and has positive isotropic curvature for some point in M, which together
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with Lemma 3.5 imply that M admits a metric with positive isotropic cur-
vature. Therefore, M also admits a metric with positive isotropic curvature.

We have shown that M is compact and admits a metric with positive
isotropic curvature, by using a theorem due to Micallef and Moore (see
Lemma 3.3), we get that M is homeomorphic to S™, hence M is locally
irreducible and the locally symmetric metric of M would have to be of
constant positive sectional curvature (see also Remark (ii) on page 622 of
[33] and Lemma 4 of [24]). As M admits a metric with positive isotropic
curvature, from a theorem of Micallef and Wang (see Lemma 3.4), M cannot
be a Kihler manifold. Since M x R? has nonnegative isotropic curvature, by
combining Theorem 1.1, we conclude that M is diffeomorphic to S”, which
implies that M is diffeomorphic to a spherical space form. In particular, if
M is simply connected, then M is diffeomorphic to S™.

This completes the proof of Theorem 1.3.

4. A Differentiable sphere theorem for compact Lagrangian
submanifolds in a Kahler manifold

In this section, we extend Theorem 1.3 to compact Lagrangian submanifolds
in a Kéahler manifold. We have the following theorem.

Theorem 4.1. Let M be an n(>3)-dimensional compact Lagrangian sub-
manifold in a Kihler manifold M™. We denote by S the norm square of the
second fundamental form and H the mean curvature. Let K(u Av) denote
the sectional curvature of the 2-dimensional subspace of Tp]\Z[" spanned by
u and v. Assume that

3n*H? | 2
4.1 S < + =(46 — A),
(@) S
where A =max, yeq, irm (u,Jv)=0 K(unv), 0= My, e J7m, (4, J0)=0 K

(uAv). If 46 = A =0 on M™, we assume moreover that M is not totally
geodesic. Then, M is diffeomorphic to a spherical space form. In particular,
if M is simply connected, then M is diffeomorphic to S™.

Proof. Let M be a Lagrangian submanifold in a Kihler manifold M, if we
denote the Levi-Civita connections on M, M"™ and the normal bundle by
V, D and V%, respectively, then (2.1)—(2.5) still hold.
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If we denote the components of curvature tensor of V and D by R;ju
and R;jx, respectively, then the equations of Gauss are given by

n
(4.2) Rijk = Rijul + Z(h% ;z — h §k)
r=1

By a similar method of proving Berger’s inequality (see [6], or see [3],
Lemma 2.50), for orthonormal frames {e;, e;, e, e;} which are orthogonal to
{Jei, Jej, Jey, Je}, we have

_ 2
(4.3) |Rijkl‘ < §(A — (5).

By using (4.2) and (4.3) together instead of (2.6), Theorem 4.1 can be
proved after an argument analogous to that in the proof of Theorem 1.3, we
omit the details here. O

Remark 4.2. We note that Tfheorem 4.1 is a generalization 9f Theorem
1.3. In Theorem 4.1, if we take M™ to be a complex space form M"(4c¢) with
¢ > 0, then we immediately get Theorem 1.3.
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