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Zero sets of eigenspinors for generic metrics

ANDREAS HERMANN

Let M be a closed connected spin manifold of dimension 2 or 3 with
a fixed orientation and a fixed spin structure. We prove that for
a generic Riemannian metric on M the non-harmonic eigenspinors
of the Dirac operator are nowhere zero. The proof is based on a
transversality theorem and the unique continuation property of the
Dirac operator.
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1. Introduction

The spectrum of the Dirac operator can be computed explicitly for some
closed Riemannian spin manifolds. In these examples, one very often has
eigenvalues of high multiplicities (see e.g., [9, 14]). However, it is also known
that for a generic choice of metric on a closed spin manifold of dimension 2 or
3 the eigenvalues are simple (see [13]). In the present article we extend this
result by showing that for a generic metric the non-harmonic eigenspinors are
nowhere zero. More precisely let M be a closed spin manifold and denote by
R(M) the space of all smooth Riemannian metrics on M equipped with the
C'-topology. For every g € R(M) denote by DY the Dirac operator acting
on spinors for the metric g. Let N(M) be the subset of all g € R(M) such
that all the eigenspinors of D9 are nowhere zero on M and let N*(M) be
the subset of all g € R(M) such that all the non-harmonic eigenspinors of
D9 are nowhere zero on M. Then we prove the following.

Theorem 1.1. Let M be a closed connected spin manifold with a fized
orientation and a fixed spin structure. If dim M = 2 then N*(M) is residual
in R(M). If dim M = 3 then N(M) is residual in R(M).

Recall that a subset is residual, if it contains a countable intersection
of open and dense sets. The proof will show that for every g € R(M) the
intersection of N*(M) with the conformal class [g] of g is residual in [g]
(see Theorem 4.3). In the case dim M = 3 we use the fact that the subset of
all g € R(M) with ker(DY) = {0} is open and dense in R(M) (see [4, 23]).
Furthermore, for dim M = 2 the subset N(M) is in general not residual
in R(M). Namely in Section 4.2 we will give examples of closed surfaces
M such that for every metric ¢ on M there exist harmonic spinors of D9
with non-empty zero set. The proof will also show that Theorem 1.1 is true
with respect to every C*-topology, k > 1, on R(M). In order to simplify the
notation we will state all results using the C''-topology.

In analysis, geometry and mathematical physics the study of zero sets
of solutions to generalized Dirac equations is very important. On closed
manifolds these zero sets have codimension 2 at least by a result of Bér
(see [11]). There are many open questions in the literature concerning these
zero sets. For example, Nester and his co-authors ask whether on a generic
asymptotically Euclidean manifold of dimension 3 one can find a Witten
spinor without zeros (see e.g., [16]). As another example we mention the
question raised by Ammann, whether for a generic Riemannian metric on a
closed spin manifold of dimension n > 2 one can find a nowhere vanishing
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spinor v satisfying a non-linear equation of the form
D9y = C\¢\2/("_1)w, C > 0 constant,

(see [2, 3]). We hope that some of the techniques developed in this article can
be applied to these questions. However, we note that in both cases one has
to consider non-conformal deformations of the metric, while in this article
we consider mainly conformal deformations.

This article is organized as follows. In Section 2.1, we give a short review
of spin geometry in order to fix the notation and we recall a method to
compare spinors for different metrics. In Section 2.2, we state a transver-
sality theorem from differential topology and Aronszajn’s unique contin-
uation theorem. These are the main tools for the proof of Theorem 1.1.
We also need the expansion of Green’s function for the operator D9 — A
with A € R around the singularity. This expansion is derived in Section 3.
Then in Section 4.1 we prove Theorem 1.1. We first construct a continuous
map F' which assigns to every Riemannian metric h in an open neighbor-
hood of a fixed metric ¢ an eigenspinor of D" viewed as a section of Z9M.
Theorem 1.1 follows from the transversality theorem if we can prove that
the evaluation map corresponding to F' is transverse to the zero section of
YIM. Assuming that this is not the case we obtain an equation involving
Green’s function for the operator D9 — A with A € R. Using the expansion
of this Green’s function and using that A £ 0 we obtain a contradiction
from the unique continuation theorem. Finally, in Section 4.2 we give an
example showing that Theorem 1.1 does not hold for harmonic spinors on
closed surfaces.

2. Preliminaries
2.1. Review of spin geometry

Let (M, g) be an oriented Riemannian spin manifold of dimension n. We
denote by Pgo(M,g) the principal SO(n)-bundle of positively oriented
g-orthonormal frames. A spin structure on (M, g) consists of a principal
Spin(n)-bundle Pgpin (M, g) and a two-fold covering

O: Pspin(Ma 9) — Pso(M, g),

which is compatible with the group actions of SO(n) on Pso(M,g) and of
Spin(n) on Pgpin(M, g). We will always assume that a spin manifold has
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a fixed orientation and a fixed spin structure. If in addition a Rieman-
nian metric ¢ on M is chosen, we denote the Riemannian spin manifold
by (M, g,©). The spinor bundle is defined as the associated vector bundle
YIM := Pgpin(M, g) x, Xy, where p is the spinor representation on the com-
plex vector space ¥, of dimension 2[*/2. We will denote by (.,.) the usual
Hermitian inner product on ¥9M. The Levi-Civita connection on (M, g)
induces a connection on X9 M which will be denoted by VY. For every p € M
the Clifford multiplication by tangent vectors in p will be denoted by

T,M @ M — DIM, X ®¢— X 1.

The Dirac operator DY is a linear elliptic differential operator of first order
acting on smooth sections of X9M:

DI:  C®(SIM) — C®(IM).

If (e;)j~ is a local g-orthonormal frame of 7'M, then the Dirac operator is
locally given by

ng) = iei : ng

=1

Furthermore, for all ¢ € C*°(X9M) and for all f € C*°(M,C) we have

DI(f) = grad?(f) - o + f DI

(see [21], p. 116). For a detailed introduction to the concepts of spin geometry
which we use here see [21] or [15].

Let (M,©) be a closed spin manifold and let g,h € R(M). Then the
spinor bundles X9 M and $"M are two different vector bundles. The problem
of identifying spinors and the Dirac operators D9 and D" for the metrics
g and h has been treated in the literature (see [12, 17, 19, 23]) with the
following result: there exists an isomorphism of vector bundles

Byn: XIM — $hM,

which is a fiberwise isometry with respect to the inner products on X9 M
and X" M. There also exists an isomorphism of vector bundles

Byn: BIM —S"M,

which induces an isometry of Hilbert spaces L?(XIM) — L2(X"M). Tt is
obtained from 3, j, by pointwise multiplication with a positive function which
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. —= ——1
takes into account the change of the volume form. We have 8, , = 8, ;- By
this isomorphism the Dirac operator D" can be regarded as a differential
operator acting on spinors for the metric g. More precisely one defines

D9 =B, ,D"B, ), C™(SIM) — C®(SIM).

This operator has a self-adjoint closure in L?(X9M).

For all g, h € R(M) there exists an open interval I containing [0, 1] such
that for every t € I the tensor field g; := g + t(h — ¢) is a Riemannian metric
on M. This family of Riemannian metrics on M induces real analytic families
of eigenvalues and eigenspinors of the family of operators (D99 );c; (see
[12]). Namely by a theorem of Rellich (see Theorem VII.3.9 in [20]) we have
the following lemma.

Lemma 2.1. Let \ be an eigenvalue of DI with d := dimc ker(D9 — \).
Then there exist real analytic functions

I>t—NeR, 1<j<d,

such that for every j and every t the number \j; is an eigenvalue of D99t
and such that X\jo = X for every j. Furthermore, there exist spinors 1;; €
C®(XIM), 1< j<d,tel, which are real analytic in t, such that for every
t € I the spinors ¢, 1 < j <d, form an L?-orthonormal system and for
every t € I and for every j the spinor 1;; is an eigenspinor of D99t corre-
sponding to \j.

For all j € {1,...,d} and for all t € I we have \j; = (¢ ¢, D994j1)12.
By taking the derivative at t = 0 and using the fact that DY is self-adjoint
and that for every ¢ we have ||1);¢||z2 = 1 we obtain

d
— . 7Dgzgt
—o /M <,¢j,0, dt

If g and h are conformally related, i.e., h = e**g for some function u €
C*(M,R), then for all yp € C°(X9M) we have

d;

(2.1) .

7JJj,o> dv?, 1<j<d.
=0

Dh<e_(n_1)u/2,8g,h1/}) _ e—(n+1)u/2ﬁgthg,¢
(see, e.g., [17]). Using that 8, = e~ "/23, 1, we have for all 1) € C®(ZIM)

Dg’hl/J — efu/2Dg(efu/21/})'
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Let f € C*°(M,R) and let I C R be an open interval containing 0 such

that for every t € I the tensor field ¢g; :== g + tfg is a Riemannian metric on
M. Then for all ¢ € C*°(X9M) we have

D#tp = (1 £f)~ADI((1 + 1))

and therefore

(2.2) 2 pos

1 1
i )= —ifD9¢—Zgradg(f)~w,

t=0

where the Clifford multiplication is taken with respect to the metric g. Using
this formula in (2.1) and taking the real part we obtain

d\;
2.3 2
(2.3) ot

A .
— _2/ fljol?dvd, 1<j<d.
t=0 M

2.2. Further preliminaries

In this section, we briefly recall a transversality theorem from differential
topology and a unique continuation theorem for generalized Laplace opera-
tors acting on sections of a vector bundle.

Definition 2.2. Let f: Q — N be a C' map between two manifolds. Let
A C N be a submanifold. f is called transverse to A, if for all x € QQ with
f(z) € A we have

Tf(x)A +im (df‘m) = Tf(x)N.
We quote the following transversality theorem from [18, 24].

Theorem 2.3. Let V, M, ¥ be smooth manifolds and let A C X be a
smooth submanifold. Let F: V. — C"(M,X) be a map, such that the eval-
uation map FV: V. x M — %, (v,m) — F(v)(m) is C" and transverse to

A If
r > max{0,dim M + dim A — dim X},

then the set of all v €V, such that the map F(v) is transverse to A, is
residual and therefore dense in V.
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Let (M, g) be a Riemannian manifold and let ¥ be a vector bundle over
M with a connection V. Then the connection Laplacian

V'V C%(D) - C®(%)

is a linear elliptic differential operator of second order. In terms of a local
g-orthonormal frame (e;)!" ; of T'M it is given by

(2.4) VIV ==Y Ve Vet + > Vv, et

=1 =1

We will use the following unique continuation theorem due to Aronszajn
([6], quoted from [11]).

Theorem 2.4. Let (M,g) be a connected Riemannian manifold and let
Y. be a vector bundle over M with a connection V. Let P be an operator
of the form P =V*V + P| + Py acting on sections of ¥, where Py, Py are
differential operators of order 1 and 0 respectively. Let v be a solution to
Py = 0. If there exists a point, at which ¢ and all derivatives of ¥ of any
order vanish, then 1 vanishes identically.

If (M,g,0) is a closed Riemannian spin manifold, then from the con-
nection V9 on the spinor bundle one obtains a connection Laplacian V*V.
Later we will apply the unique continuation theorem to the operator P =
(D9)2 — X2, X\ € R\ {0}. This is possible since for all 1) € C*° (X9 M) we have
by the Schrodinger—Lichnerowicz formula

scald
4

(2.5) (D9)* = V*V + ¥

(see [21] p. 160), where scal? is the scalar curvature of (M, g).
3. Green’s function for the Dirac operator
3.1. The Bourguignon—Gauduchon trivialization
Let (M, g,0) be a Riemannian spin manifold of dimension n. In this section
we explain a local trivialization of the spinor bundle 39 M, which we will use
in order to describe the expansion of Green’s function for the Dirac opera-

tor. In the literature (e.g., [5]) it is known as the Bourguignon—Gauduchon
trivialization.
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Let p € M, let U be an open neighborhood of p in M and let V be an
open neighborhood of 0 in R™, such that there exists a local parametrization
p: V — U of M by Riemannian normal coordinates with p(0) = p. The spinor
bundle over the Euclidean space (R, goyc1) with the unique spin structure
will be denoted by YR™. The Clifford multiplications on >9M and on ¥R"
will both be denoted by a dot -. It will be clear from the context which one
of these two multiplications we mean.

Let © € V. Then there exists G, € End(T, V), such that for all vectors
v, w € T,V we have

(p*g)(v, w) = geucl(vaa w)

and G, 18 geuc-self-adjoint and positive definite. There is a unique posi-
tive definite endomorphism B, € End(7,V) such that we have B2 = G 1.
If (E;)]~, is a geyc-orthonormal basis of T, V', then (B,E;)! ,, is a p*g-
orthonormal basis of T, V. Therefore the vectors dp|, B, E;, 1 <1i < n, form
a g-orthonormal basis of T),,)M. We assemble the maps B, to obtain a
vector bundle endomorphism B of TV and we define

b: TV —TM|y, b=dpoB.
From this we obtain an isomorphism of principal SO(n)-bundles
Pso(V geuet) = Pso(U,g), (Ei)izy — (b(Ei))izy
which lifts to an isomorphism of principal Spin(n)-bundles
¢t Pspin(V, geuct) = Popin(U, g).
We define
B: XER"y - XMy, [s,0]— [c(s),a].

This gives an identification of the spinor bundles, which is a fibrewise isom-
etry with respect to the bundle metrics on ¥R"|y and on ¥9M . Further-
more, for all X € TV and for all ¢ € ER"|yy we have 5(X - ¢) = b(X) - 5(¢).
We obtain an isomorphism

A CX(2M|y) — C*(ER"y), = otop,

which sends a spinor on U to the corresponding spinor in the trivialization.
Let V9 resp. V denote the Levi Civita connections on (U, g) resp. on (V, geucl)
as well as their lifts to X9 M|y and ZR"|y.
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The connection V9 on ¥9M |y may be written as follows. Let (e;)7; be
a positively oriented local orthonormal frame of TM on U. There exists a
locally defined section s € C°°(Pgpin(M, g)|r) such that (e;) ; =©os on
U. Let (E;)N, be the standard basis of CV, where N := 2["/2l. The section
s determines a local orthonormal frame (¢;)Y; of X9IM|y via

Vi =[s, Bi] € C*(XM|y), i=1,....N.

We denote by 9 the locally defined flat connection with respect to the local
frame (1) 4, i.e., for hi,...,hy € C®(U,C) and X € TM |y we define

N N
Ox (Z hﬂﬁz’) = X (hi)s
i=1 i=1
Then for all ¢ € C*°(X9M|y) we have

]. " ~k
Vi =04+ 1 Z Lijej - ew -9,

J.k=1

where
fZ = g(VY ej,er)
(see [21], p. 103, 110).
In particular, we can take the standard basis (E;)j_; of R™ and put

e; :=b(E;), 1 <i<n. We define the matrix coefficients B} by B(E;) =
>i—1 B} Ej. Tt follows that

AV b = Vg, (e, A¢+ Zr Ej - Ey - Ay

]kl
= Va5 A¢+ Zr Ej - By - Ay
]kl
(3.1) —VEA¢+Z B! — &) VEAw+ ZFE By, - Avp.

J=1 ]kl
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Hence we obtain

AD9%) = DIt Aoy + Z ] 61)E; -V, Ay
,j=1
(3.2) +—ZFE -Ej - Ey - Av.
i,5,k=1

Let 0; :=dp(Ej), 1 < j <n, be the coordinate vector fields of the normal
coordinates. The Taylor expansion of the coefficient g;; of the metric around
0 is given by

gz’j( = 5@] + = Z Rmb] xal'b + O(|JJ’3),
ab 1

where Rjqp; = g(R(0,0;)0q,0;) denotes the components of the Riemann
~1/2

curvature tensor (see e.g., [22], p.42, 61). Since we have (Bf) = (9ij);

it follows that

. S
(3.3) Bl(x) = 6] = & > Riabj(p)zamy + O(|a]?).
a,b=1

Since we have ng Or|p = 0 for all k,r, we obtain

(3-4) L7 (p(w)) = O(|a|)

as x — 0 for all m, k, r.

3.2. The Euclidean Dirac operator

The aim of this section is to calculate preimages under the Dirac operator
of certain spinors on R™ \ {0} with the Euclidean metric. The results will be
useful for obtaining the expansion of Green’s function for the Dirac operator
on a closed spin manifold.
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Definition 3.1. Fork € R, m € N and i € {0,1} we define the vector sub-
spaces Py i(R™) of C%°(ER"|gn\f01) as follows. For k # 0 define

1<i1,00,im <
Pymo(R™) := span {x -y, g, |y ‘ = tm = n,}

v € Xy constant

1§i17"‘7im§n7}

ny ._ . , k..
Pk,m,l(R ) = span {x = gy ... x’b7n’x| X -7y "Y € ¥, constant

and furthermore define
1 Silw"aim Sna
v € X, constant

1 S/il)'")im <mn,
v € ¥, constant '

Po.m,0(R") := span {x = Xy, . T, In 2|y ‘

Pom,1(R") := span {x =, ...x, (1L—nln|z))x -y

With these definitions we can prove the following proposition.

Proposition 3.2. Forallm eN, ke R with —n<kand —n<k+m<O0

we have
[(m+1)/2] [m/2]
Pk,m,O(Rn) C Dberet Z Pk+2] m+1—2j, 0 Z Pk+2] m—27, 1 R )
7j=1

ForallmeN, ke R with —n<k and —n<k+m+1<0 we have

[m/2] [(m+1)/2}
Pemi(R™) C D% [ > Priorojm—2i0(R™) + > Prpojmri-2j1(R")
J=0 J=1

Proof. We use induction on m. Let m = 0 and let v be a constant spinor on
(R™, geuc1)- We want to prove that Py o(R™) C D%v!(Py1(R™)) for all k
with —n < k < 0and Py o1 (R") C D% (Pyi20,0(R™)) for all k with —n < k
and k£ + 1 < 0. One calculates easily that

1
Do (=plalte ) =lolba, k2 -

1-—nl
DIeuer (n2n mx . fy) = In |z|v,
n

1
Dot (k+2|w|’“+27> =leffe -y, k# -2

Do (In[zl) = |a] 2 .
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Using the definition of Py o ;(R™) one finds that the assertion holds for m = 0.
Let m > 1 and assume that all the inclusions in the assertion hold for
m — 1. Using the equation F; - x = —2x; — z - F; we find

Deset (=4, ... xz|$|kx ")
m
= —Z.’Eil "'fi\]'”'xim

m
=(2m+n+ k), mzmlm\k7+2lea’:,:xzm]a:\kxEZ] .
j=1

x]kElj cxey =z, . x, DI (|z)Fr - )

Since Ej;; - v is a parallel spinor the sum on the right hand side is contained in
Py m—1,1(R™). We apply the induction hypothesis and since 2m +n +k # 0
we obtain the assertion for Py, o(R"™). We define fi(z) := %mk for k #0
and fo(z) := In|z|. Then we find

D9 (xy, ooy, frea2(2)7)

m
=z ..oz |zfr oy + inl Ty e, frgo (@) By -y
j=1

The sum on the right hand side is in Pyygm—10(R"). Again we apply the
induction hypothesis and we obtain the assertion for Py, 1 (R"). O

3.3. Expansion of Green’s function

Let (M, g,®©) be a closed Riemannian spin manifold of dimension n and let
A€eR. Let mi: M x M — M, i =1,2 be the projections. We define

SIMRSIM* = wiSIM @ (w559 M)*

ie., XIM X YXIM* is the vector bundle over M x M whose fiber over the
point (z,y) € M x M is given by Homc (XM, X5M). Let A := {(z,z)|z €
M} be the diagonal. In the following we will abbreviate

/ = lim .
M\{p} 0 JM\B.(p)

Definition 3.3. A smooth section G§: M x M \ A — X9M K 39 M* which
is locally integrable on M x M is called a Green’s function for D9 — X if for
all p € M and for all ¢ € L3M the following holds:
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(1) For all+ € im (D9 — X\) we have
(35 [ D= N0, G ) A7 = (i) 0)

M\{p}
(2) For all ¢ € ker(DY9 — \) we have

(3.6) /M\{p} (6, G2 p)p) dv? = 0.

The smooth spinor G4 (.,p)p on M \ {p} will sometimes also be called
Green’s function for ¢. Let P: C*°(X9M) — ker(D?9 — ) denote the
L?-orthogonal projection. Then we have for all 1) € C*°(X9M) and for all
peXIM

(3.7) / (D9 — A, G4 p)) A9 = (1(p) — Pi(p). )
M\{p}

On Euclidean space we define a Green’s function as follows.

Definition 3.4. Let (M,g) = (R™, goucl) with the unique spin structure. A
smooth section G5: M x M\ A — SIM R ZIM* which is locally integrable
on M x M s called a Green’s function for D9 — X\ if for all p € M, for
all p € M and for all p € C*°(XIM) with compact support the equation
(3.5) holds.

Of course a Green’s function for D9 — X is not uniquely determined by
this definition. We will explicitly write down a Green’s function for D9 —
A. First observe that for every spinor x € C°°(XR"|gn\ f0}) and for every
A € R the equation

(Dgeucl _ )\)(Dgeucl + )‘)X = — Z VEl VE‘lX — )\2X
=1

holds on R™\ {0}. Let v be a constant spinor on (R", geyc1) and let g be a
solution to the ordinary differential equation

(3.8) J"(z) + — 19'(2) + Ng(2) = —do,

which is smooth on (0,00). If we define f € C*°(R"\ {0},R) by f(z):=
g(|z]), then the spinor G§*'(.,0)7y := (D% 4+ X)(f~) is a Green’s function.
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In the following let I" denote the Gamma function and .J,,,, Y;,, the Bessel
functions of the first and second kind for the parameter m € R. In the nota-
tion of [7], p. 360 they are defined for z € (0, 00) by

Im(2) = QmF(Im—i—l)zm (1 + iakz%) , meR,
Yo(z):i(ln<2>+c> Jo(z —i—Zbkz

2m 1
Yin(z) = ——T(m m<1+chz ), mzi—l—k,keN,

™

2m _ 2 z
Yin(2) :——I‘ m <1+dez ) —l—%ln (§> JIm(2), m e N\ {0},
where c is a real constant, the aj, by, ci, di are real coefficients, the ay,
¢k, d depend on m and all the power series converge for all z € (0, 00). Let
wWn_1 = vol(S™ !, gean) be the volume of the (n — 1)-dimensional unit sphere
with the standard metric.

Theorem 3.5. Let m = 252. We define fr: R"\ {0} — R as follows. For
A#0andn =2

(o) = —¥i(laal) + AR EE 5 )
7r
for X # 0 and odd n > 3
)\m

1) = = g ol (Al

for X0 and even n > 4
N mIA™ —m _ 2(n A — In(2))

1&) = =gt g ol () )
and

1 1

fo(x) == ——1nlz|, n=2, fo(z) == n > 3.

27 (n — 2)wp—1|x|"=2’ -

Then for every constant spinor v on R™ a Green’s function for D9t — X is
given by
GE(2,0)y = (D™ + N)(f3)o).
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Corollary 3.6. For every constant spinor v € %, there exists a Green’s
function of D9 — X\, which has the following form. For n = 2

1 =
2m|z| |z

A
G (2, 0)y = o %ln|mh+ln|x|19,\(x)+C>\(a:),

for oddn >3

. 1 x
G, 0) =

v+ ’n_2’7+ ’$|2_nCA($),

W@ ] (n—2)wp_1|x

for evenn > 4

1 €
Ggeucl 1170’}/:_ 7'7_’_ ,y_'_ x27n4-)\ T
R T N R o) et P e LS
An—l

— 1 1 )
2721 (2)2w,_, n |z[y + In |z[dx(z),

where for every n and for every X the spinors ¥y, ¢ extend smoothly to R™
and satisfy

|Cx ()

gewr = O2]), [0A(#)]gons = O(2[) a5z =0

and where for every n and for every x the spinors ¥x(x),(\(x) € X, are
power series in A with Yo(x) = (o(z) = 0.

Proof of Corollary 3.6. Using the definition of f\ we find for n = 2

1 . 1 &
filx) = —%hﬂx\ (1 + Zak\)\x]%) - ZZbk|)\a}|2k,
k=1

k=1

for odd n >3

1 (o, ¢]
filz) = (= Do [ (1 + ;ck’)\ka)

and for even n > 4

k=1

\n—2 - ok
_mlnm 1—1—2%\)\3:\ .
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The assertion follows. O

Proof of Theorem 3.5. Let f be as in the assertion and write fy(x) = ga(|z])
with gy: (0,00) — R. Then gy solves the Equation (3.8). It remains to show
that (D% + \)(f\7v) satisfies (3.5). The calculation in the proof of Corol-
lary 3.6 shows

(Do ) () @) = ———

v+ ((z),

wn—1 |z|?

where |((2)]g... = o(|z|'™™) as  — 0. For any Riemannian spin manifold
(M, g,0) with boundary OM and v, ¢ compactly supported spinors we
have

(D9, )y — (1, DI); = /8 g

where v is the outer unit normal vector field on OM (see [21], p.115). We
x

apply this equation to (R™\ B:(0), geuc1) and v(z) := —177 and we obtain
the assertion. 0

Definition 3.7. For m € R we define

RY) = 3 Proa(RY) + (C®(SR" |0 o)) N CO(TR™)),
r4+s+t>m
where the second space on the right hand side is the space of all spinors
which are smooth on R™\ {0} and have a continuous extension to R™.

Remark 3.8. Let 9 € P, (R™). Then we have E; -9 € Py, (R™) for alli €
{1,...,n}. If f € C®°(R",C) then from Taylor’s formula for f it follows
that the spinor fv is in Pp(R™).

Remark 3.9. If m >0 then every spinor in P, (R"™) has a continuous
extension to R™. Furthermore, by Proposition 3.2 it follows that for all
m € (—n, 0] we have

Z Prst +Pm+1(R)

r+s+t=m
r>—n

C D9 (Pys1 (R™)) + Pt (R™).

Lemma 3.10. Let (M, g,0) be a closed Riemannian spin manifold of dimen-
stonn and let A € R. Lety € X3, be a constant spinor on R™. Then the spinor
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G (.,0)y is in Pi_,(R™). Let the matriz coefficients Bg be defined as in
(3.2). Then for all i the spinor

x - Z BJ - (W Vg, G (,0)y

is in Po_p(R™).

Proof. The assertion for G§*(., 0)~y can be seen immediately from Corollary
3.6. Let fy be as in Theorem 3.5 and write f)(z) = gx(|x|) with a function
gx: (0,00) — R. Then we have

/
e gr(lz])
G, 0py = e+ Aa((el)y
and for every j € {1,...,n} we have
! /
e gxllz])z; gallz)z;
Vg, G (2,0)y = A—F—x -y — —=—u
* |z |z [>
A PO A
| |z

Since the exponential map is a radial isometry, we have Z?Zl gij(x)x; = x4
and thus 3%, B} (z)z; = x; for every fixed i. It follows that

n n . ) /
S (Bw) — 6V, G4 (@, 0y = S (B @) — ) AU g,
= = ]

Since we have g} (|z[) = O(|z|*™™) as @ — 0 the assertion now follows from
the Taylor expansion (3.3) of B} (z). O

Next we prove existence and uniqueness of Green’s function for D9 — A
on a closed Riemannian spin manifold in such a way that we also obtain the
expansion of Green’s function around the singularity. The idea is to apply
the equation (3.2) for the Dirac operator in the trivialization to a Euclidean
Green’s function and then determine the correction terms. For A = 0 this has
been carried out in [5], where for some technical steps Sobolev embeddings
were used. We present a more simple argument using the preimages under
the Dirac operator from Proposition 3.2.

In the following for a fixed point pe€ M let p: V — U be a local
parametrization of M by Riemannian normal coordinates, where U C M



194 Andreas Hermann

is an open neighborhood of p, V' C R" is an open neighborhood of 0 and
p(0) = p. Furthermore let

B: SRy — XMy, A: C®(ZIM|y) — C(SR|y)

denote the maps which send a spinor to its corresponding spinor in the
Bourguignon—Gauduchon trivialization defined in Section 3.1.

Theorem 3.11. Let (M, g,0) be a closed n-dimensional Riemannian spin
manifold, p € M. For every ¢ € X5M there exists a unique Green’s function
GS(.,p)p. If v := B~ € %, is the constant spinor on R™ corresponding to
@, then the first two terms of the expansion of AGS(.,p)¢ at 0 coincide with
the first two terms of the expansion of G$'(.,0)y given in Corollary 3.6.

Proof. Let € > 0 such that By.(0) C V and let n: R™ — [0,1] be a smooth
function with supp(n) C B2:(0) and n =1 on B:(0). Then the spinor O
defined on R™\ {0} by ©1(z) := n(x)G5' (x,0)y is smooth on R™\ {0}.
For r € {1,...,n} we define smooth spinors ®, on M \ {p} and ©,1; on
R™\ {0} inductively as follows. For r = 1 we define

_JAT'e(q), qeU\{p}
1)) {07 g€ M\U

and

04(c) = A(DI — N®y(z), =eV\{0}
2 0, zeRMN\V

By the formula (3.2) for the Dirac operator in the trivialization we have on

VA{0}

Oy = (D9 — \) @1+Z B} - §))E; - VE,0,

i,j=1

+—ZFEEEk@1
i,5,k=1

The first term vanishes on B;(0) \ {0}. It follows from the expansions of ffj

and Bg - 55 in (3.3), (3.4) and from Lemma 3.10 that ©3 € P_,(R").
Next let € {2,...,n} and assume that ®,_; and ©, have already been

defined. We may assume that 6, € P._,(R"™). By Remark 3.9 there exists



Zero sets of eigenspinors for generic metrics 195

Bry1 € Pry1—n(R™)  such  that  ©, — (D% — X\)B,41 € Prp1—pn(R™).
We define @, and ©,1 by

@, (q) = { Or_1(q) — A7 Br41)(a), a €U\ {p}

0, ge M\U
and
[ ADI = NP (z), zeV\{0}
Or(e) = { 0, reRM\V
By the formula (3.2) for the Dirac operator in the trivialization we have on
B:(0)\ {0}

Ors1 = ADY — N)®_y — A(DY — N\)A™ 16,41

n

=0, — (D9t — N g1 — Y (B! = 6))E; - Vi, By
ij=1

n
> THEi-Ej B Bri1.
,5,k=1

=

Using the expansions of ffj and Bg — 5g in (3.3) and (3.4) we conclude that
@'r—i—l € PT+1—n(Rn)-
We see that ©,41 has a continuous extension to R" and we obtain a
continuous extension ¥ of (DY — A\)®,, to all of M. Thus there exists
V' e C®(SIM | gpy) N HY (ZIM)
such that (D9 — \)¥' = PU — W. Define
=&, + \I//, O:=-nfs—- —nBht1 + AV,

Then on B:(0) \ {0} we have AT = G (.,0)y + ©.
If 91, ...,1q is an L2-orthonormal basis of ker(D9 — \), then for every
i€{1,...,d} the integral

C; = / (T, 1) dv?
M\{p}

= O(|z|'™™) as © — 0. Then

exists, since we have |AI'(z)q...,

d
G (p)p =T =>_ Cu;

=1



196 Andreas Hermann

satisfies (3.5) and (3.6) and thus is a Green’s function. Uniqueness also
follows from (3.5) and (3.6). The statement on the expansion of AGX(.,p)¢
is obvious, since we have © € P3_,(R"). O

4. Zero sets of eigenspinors
4.1. Eigenspinors in dimensions 2 and 3

In this section, we prove Theorem 1.1. Assume that n € {2,3}. Then there
exists a quaternionic structure on the spinor bundle, i.e., a conjugate linear
endomorphism J of £9 M, which satisfies J2 = —Id. Furthermore, .J is paral-
lel and commutes with Clifford multiplication (see e.g., [15], p. 33). It follows
that J commutes with the Dirac operator and thus every eigenspace of DY
has even complex dimension. Therefore, the following notation introduced
by Dahl (see [13]) is useful.

Definition 4.1. Let n € {2,3}. An eigenvalue A of D9 is called simple, if
one has dimc ker(D9 — \) = 2.

If ) is a simple eigenvalue of DY, then one can choose an L?-orthonormal
basis of ker(DY — X) of the form {1, Ji}.

For every g € R(M) we enumerate the non-zero eigenvalues of DY in the
following way

F<Aa(g) S A-1(g) <0< Ai(g) < Aa(g) < -

Here all the non-zero eigenvalues are repeated by half of their complex mul-
tiplicities, while dimker(D9) > 0 is arbitrary. For m € N\ {0} we define

Si(M) :={g € R(IM) |A=mn(9),..., \m(g) are simple}
Non(M) := {g € R(M) ‘ all eigenspinors to A_;,,(g), - - -, Am(9) } .

are nowhere zero

Remark 4.2. Let (M, ©) be a closed spin manifold of dimensionn € {2, 3}.
It is known that there exists a subset So(M,0) C R(M) which is open and
dense in R(M) such that the map

So(M,0) — N, g+ dimc ker(DY)

is constant. Furthermore, for n = 3 this constant is 0 while for n = 2 it is
either O or 2 depending on the topology of M and on the spin structure ©
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(see [4, 23]). Dahl has shown that for n € {2,3} and for every m € N\ {0}
the subset So(M,0) N Sy (M) is open and dense in R(M). His proof shows
that for every g € R(M) and for every m € N\ {0} the subset Sy, (M) N [g]
is open and dense in [g]. All the statements in this remark hold with respect
to all C*-topologies, k > 1, on R(M).

Since for n = 3 for all g € So(M, ©) we have dimc ker(D9) = 0, it is suf-
ficient for the proof of Theorem 1.1 in both cases n € {2,3} to consider
non-harmonic eigenspinors. More precisely it is sufficient to prove the fol-
lowing theorem.

Theorem 4.3. Let M be a closed connected spin manifold of dimension 2
or 3 and let m € N\ {0}. Then So(M,0) N Np, (M) is open and dense in
R(M). Furthermore, for every g € R(M) the subset Np(M) N [g] is open
and dense in [g].

In order to show density we will use Theorem 2.3 for families of spinors
parametrized by Riemannian metrics. At first one might want to use the
infinite-dimensional version of Theorem 2.3, where V is equal to the space of
all C*-metrics on M for some fixed k > 1 (see [24]). However, for non-smooth
metrics g the coefficients of the Dirac operator DY in a local chart and a local
trivialization are not smooth by (3.2) and thus we cannot expect that the
eigenspinors are smooth and that we can apply Theorem 2.4. Therefore we
will use Theorem 2.3 with V' equal to a finite-dimensional manifold contained
in [g] of the form

Vf1---f5 = { (1 + thﬁ) g
=1

where s € N\ {0} and f1,..., fs € C°(M,R).
Our first aim is to construct a map, which assigns to a Riemannian
metric h an eigenspinor of D9 in a continuous way.

t1,...,1s ER} NR(M),

Lemma 4.4. Letm € N\ {0} and let g € So(M,0) N Sy, (M). There exists
an open neighborhood V- C R(M) of g such that for everyi € {—m,...,m}\
{0} and for every L?-normalized eigenspinor 1 of DY corresponding to \i(g)
there exists a map Fy: V. — C*(X9M) with the following properties:

(1) For every h € V the spinor Fy(h) is an eigenspinor of D9 correspond-
ing to A\i(h).
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(2) The map FjY: V. xM — XIM defined by Fi¥(h,z):= Fy(h)(z) is

continuous.

(3) For all functions fi,..., fs € C*°(M,R) the restriction of the map FyY
to (Vy,.1.NV) x M is a C'-map.

Proof. Let h € R(M). For every t € [0, 1] the tensor field g; :== g + t(h — g)
is a Riemannian metric on M. Then by Lemma 2.1 there exist real analytic
functions

0,1]3t— X, €R, ie{-m,...,m}\{0},

such that for every i € {—m,...,m} \ {0} and for every ¢t € [0, 1] the number
)\f’;t is an eigenvalue of D99t and such that for every i we have )\20 =\i(9).
There exists an open neighborhood V' of ¢ which is contained in So(M, ©)
such that for every h € V, for every i € {—m,...,m} \ {0} and for every
t € [0, 1] we have

(4.1) Ay = Xilge),

i.e., the eigenvalue functions are nowhere zero on [0, 1] and their graphs do
not intersect. This follows from the continuity of the eigenvalues of the Dirac
operator in the C1-topology (see e.g., Proposition 7.1 in [10]) together with
the fact that for every h € So(M,O) we have dim ker(D") = dim ker(D9).

Nextlet h € V,let i € {—m,...,m} \ {0} and let ¢ be an eigenspinor of
D9 corresponding to A := \;(¢g). By Lemma 2.1 there exists a real analytic
family ¢ +— X\, t € [0, 1], of eigenvalues of D99 such that \g = A and there
exists a real analytic family ¢ — x; € C®(Z9M), t € [0, 1], of L2-normalized
eigenspinors of D99 corresponding to A¢. If t — (;, t € [0, 1], is another such
family of eigenspinors, then there exist analytic functions a, b: [0, 1] — C such
that for all ¢ € [0, 1] we have ¢; = a(t)x; + b(t)Jx; and |a(t)|? + |b(t)|? = 1.
In order to fix a family of eigenspinors we apply a unitary transformation to
Xt such that for every ¢ small enough its component in ker(DY — \) becomes
a positive multiple of ¥. More precisely for every ¢ € [0, 1] we define f(t) :=
(xt,¥)r2 and g(t) := (x¢, Ji)r2 and for every t € [0,1] such that |f(¢)> +
lg(t)]? > 0 we define

Fxe = g(t)Ixe
(If@OP +1g(®)2)1/>

Then for all ¢ € [0,1] such that |f(¢)|? + |g(¢)]? > 0 the spinor 1 is an eigen-
spinor of D99t corresponding to A\; and we have 1y = 1. By this definition

Py =
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we have fixed a family of eigenspinors. After possibly shrinking V' we may
assume that for all metrics h € V' the family ¢ — 1)y is defined for all ¢ € [0, 1].
We define Fyy(h) :=11. By (4.1) this eigenspinor of D9 corresponds to
Ai(h). If € € ker(D9 — \) is another L?-normalized eigenspinor then there
exist ¢, d € C such that |c|? + |d|?> = 1 and € = ¢ + dJ. It follows that the
family ¢ — & := ey + dJay is defined for all ¢ € [0,1]. Thus, for every L*-
normalized eigenspinor & € ker(DY — \) and for every h € V we can define
F¢(h). For every i € {—m,...,m}\ {0} we obtain an open neighborhood
V C R(M) of g as above and after taking the intersection of these open
neighborhoods we may assume that V' is independent of i. The first asser-
tion follows.

In order to show the second assertion let h € V' and let (k;)jen be a
sequence in V' such that k; — h as j — oo. Let i € {—m,...,m} \ {0}, let ¢
be an eigenspinor of DY corresponding to \;(g). We define the L2-orthogonal
projections

Pj: C®(Z9M) — ker(D9% — \i(k;)), jeN
P: C®(SIM) — ker(DY" — \;(h)).

We regard the operators D9 D9%i j € N, as closed operators on C°(329M)
with domain C'(39M). Then by Theorem IV.3.16 in [20] we have P; — P
with respect to the norm of bounded linear operators on C°(%9M). In partic-
ular for all j € N large enough the spinor o := m% is well defined
and we have |[lo; — Fy(h)||co(zonry — 0 as j — oco. By definition of Fy, we
have for every 57 € N:

(wvaj)LQOlj - (aj, J¢)L2<]aj
(|(waaj)L2|2 + |(J1,Z),aj)L2|2)1/2'

Let x € M and let (z;)jen be a sequence in M such that z; — x as j — oco. It
follows that Fy¥ (k;j, z;) — FjY(h,x) as j — oo. The second assertion follows.

In order to prove the third assertion let h,k € Vy, _y NV andlet x € M.
For t € [0,1] we define hy := h + t(k — h) and v := Fy(h;). The family ¢ —
i is real analytic. In order to see this we use that by Lemma 2.1 there exists
a real analytic family ¢ — oy € C°(X"M) of L?-normalized eigenspinors of
D™ For all t € [0, 1] we have B,:}“ = B, » and thus

Fy(kj) =

7 el h,hy __ e a
BhogBrn D" = D" By, B, -

Thus, the family ¢ — 3, ;8,0 € C(X9M) is a real analytic family of
L?-normalized eigenspinors of D9 The family ¢ — 1 is obtained from this
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family by a unitary transformation as above and therefore is real analytic.
Thus, the derivative of F}}" at (h, z) in the direction k — h exists and is given

by 4 4i-|t=0(z). In order to show continuity of the derivative let (k;);en be
a sequence in Vy,  r NV such that k; — h with respect to the C'-topology
as j — oo. After deleting finitely many of the k; we may assume that for
every j € N and for every ¢ € [0, 1] the tensor ﬁeld kit :=kj+t(k—nh)isa
Riemannian metric on M. Then we write Ll)fj = Fy(kji), hy :=h+t(k—h)
and Y := Fy(hy). For all t € [0,1] and for all j € N we have

Re(wfj’iw)LQ =0, (wfjv Jw)LQ =0, (wfjvwfj)LQ =1
Re(yf, i) =0, (Y, )2 =0, (¢ = L.

By taking the derivative at t = 0 we conclude that for all j € N we have

k; h
dzﬁ; € ker(DI — \)*, oy € ker(DI — \)*.

4.2
(4.2) at |,

t=0

For all ¢ € [0, 1] and for all j € N we have

(D9Ese — NPy =0, (D#h = Ayl = 0.
By taking the derivative at t = 0 we obtain for all j € N

d
g 9, k] t
(dtD ) P
t=0 t=0

and analogously for h instead of k;. Since the formulas (2.2) and (2.3) for the
derivatives of the Dirac operator and of the eigenvalue contain derivatives
of the metric of order at most 1 and since k; — h in the C'-topology we

Y
dt

d;”
dt

(4.3) (D7 =A)

t=0

obtain
h k;
H %nght d;\t >¢ (Ccllthkyt _ dc)l\; >w — 0
t=0 t=0 t=0 40 Co(so M)

as j — 00. By (4.3) we conclude

_
dt

— 0

k;
(4.4) H (DY — \) (dg;

)

t=0 Co($9 M)
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as j — oo. For ¢ = 0,1 we define
Ui == CY(XIM) N (ker(D9 — \))*.
and equip this space with the C?-norm. Then the operator
(DY =Ny, : Uy — Uy

is bounded and bijective. Thus its inverse is also bounded and from (4.2)
and (4.4) we obtain

dapy’
dt

_ v
dt

— 0

t=0

t=0 C1(S9M)

as j — o0o. Let (z;)jen be a sequence in M with x; — 2 as j — oco. We

dipy

oli=o(z;) — %\tzo(aﬁ) and the third assertion follows. O

obtain

Remark 4.5. Let m € N\ {0} and let g € S, (M), not necessarily g €
So(M, ©). There exists an open neighborhood V' C [g] of g in [g] with analo-

gous properties as the neighborhood V in Lemma 4.4. Namely for the proof
of (4.1) we use that for all h € [g] we have dimker(D9) = dim ker(D").

Lemma 4.6. Let M be a closed spin manifold of dimension 2 or 3 and let
m € N\ {0}. Then So(M,0) N Np(M) is open in R(M). Furthermore, for
every g € R(M) the subset Ny, (M) N [g] is open in [g].

Proof. Let g € So(M,0) N N, (M). Then we have g € So(M,0) N Sy, (M).
We choose an open neighborhood V' C R(M) of h as in Lemma 4.4. Then for
every i € {—m,...,m} \ {0} we choose an L2-normalized eigenspinor v; of
D" corresponding to A;(h) and we define Fy,: V — C°°(X"M) as in Lemma
4.4. Since F,L‘ZV is continuous and the complement of the zero section is open
in 29M it follows that for every ¢ the subset

Ay, = {h € V|Fy,(h) is nowhere zero}
is an open neighborhood of g in R(M). We observe that for every i we have
Ay, C {h € V] all eigenspinors to \;(h) are nowhere zero}

since \;(h) is a simple eigenvalue of D9" and thus the zero sets of all eigen-
spinors corresponding to A;(h) coincide. Then the intersection of the subsets
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Ay, 1 € {=m,...,m}\ {0}, is an open neighborhood of g in R(M) and is
contained in So(M,©) N Ny, (M). The first assertion follows. The proof of
the second assertion is analogous. O

The strategy for the proof of density in Theorem 4.3 is based on the
following remark.

Remark 4.7. Let A C X9M be the zero section. The dimension of the total
space X9IM of the spinor bundle is

dim $IM = n 4 214021 > 9p = dim M + dim A,
and thus a map f: M — X9IM is transverse to A if and only if f~*(A) = 0.

Therefore in order to prove that So(M,0) N Ny, (M) is dense in R(M)
and that for every g € R(M) the subset N,,(M)N[g] is dense in [g] we
would like to apply Theorem 2.3. Our aim is then to show that a suitable
restriction of the map Fyy defined as in Lemma 4.4 is transverse to the zero
section.

Let p € M with ¢(p) = 0. We have a canonical decomposition of the
tangent space

Tw(p)EgM x> Ef,M ©T,M
and thus

dFiV‘(gp) : Tgvfl...fs &) TpM — ZZM D TpM.

For a given h € Vy, ;. we will write g; = g + t(h — g) and

d?/)t (I’
dt

~—

Py 1= Fw(gt)v

= m(dFgY|(g,0) (R — g,0)),
t=0

where 77 is the projection onto the first summand. Then it follows that

_an
dt

diy

t:o) v (07— N

d
45 0= ( = poa
(45) (3

t=0 t=0
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Remark 4.8. Let o € X9M and X,Y € T,M. If one polarizes the identity

(X9, X ) = g(X, X) (0, 9),

then one obtains

(4'6) Re<X o, Y- 90> = g(X7 Y)<907 90>'

Since Clifford multiplication with vectors is antisymmetric, it follows that
Re(X - ¢,¢) =0. Let ¢ # 0 and let (e;)I_; be an orthonormal basis of T, M.
It follows that for n = 2 the spinors

p, €1-P, €2 Y, €1"-€2 Y

form an orthogonal basis of SjM with respect to the real scalar product
Re(.,.). Similarly for n = 3 the spinors

Y, €1-Y, €2 Q, €3¢

form an orthogonal basis of X5M with respect to Re(.,.).

The following rather long lemma is the most important step in showing
that a suitable restriction of Fi" is transverse to the zero section.

Lemma 4.9. Let M be a closed connected spin manifold of dimension n €
{2,3} and letm € N\ {0}. Let g € S (M) and let A € {\_n,(9),--., Am(9)}-
Let 1) be an L?-normalized eigenspinor of D9 corresponding to \ and let
p € M with ¥(p) = 0. Then there exist fi,..., f4 € C°(M,R) such that the
map F:ZV: Vg X M — X9M satisfies

T (dFS (g (TyVi. s @ {0})) = 9.

Proof. Assume that the claim is wrong. Then there exists ¢ € 35M \ {0}
such that for all f € C*°(M,R) we have
(), 90> -
=0

dv
dt

0 = Relm (471 (0.0). ) = e
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From the formula (3.7) for Green’s function it follows that

dify
0=R D9 —)\) = GY(. dv?
c /M\{p}<( R A<,p>so> v
tRe( P (% A
e< (dt i (p), ¢

Since A is a simple eigenvalue, all spinors in ker(D?9 — \) vanish at p. Thus
the last term vanishes. By (3.6) and (4.5) we have

0= —Re/ <<dDg’9t
M\{p} \ \ dt

e —Re/ < iD.%gt
M\{p} \ dt

for all f € C*°(M,R). If we use the formula (2.2) for the derivative of the
Dirac operator and

_dx
=0 dt

)w,Gi(-,p)<p> dv?

t=0

" G§<.,p>go> v

t=0

grad?(f) - ¢ = (D7 = X (f¢)

it follows that

1
0= 5 Re/ Af <¢7 Gg\('7p)(p> dv?
M\{p}

1

FyRe [ DT N0 G pe) v
M\{p}

Using the definition of Green’s function and that all spinors in ker(DY — \)

vanish at p, we find that

1

0= g [N (G0N + R (E) ~ PUIE). )

1
- R A (0, QY. dv9
5 e/M\{p} f {0, G5(.,p)p) dv

for all f € C°°(M,R). Since we have X # 0 it follows that Re(y), G5(.,p)¥)
vanishes identically on M \ {p}.

Our aim is now to conclude that all the derivatives of ¢ at the point p
vanish. Then by Theorem 2.4 it follows that 1 is identically zero, which is
a contradiction. In order to show this we choose a local parametrization p:
V — U of M by Riemannian normal coordinates, where U C M is an open
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neighborhood of p, V. C R™ is an open neighborhood of 0 and p(0) = p.
Furthermore let

ﬁ : ZR”’V — EgM‘U, A: COO(ZgM‘U> — COO(ZRTL’\/)

denote the maps which send a spinor to its corresponding spinor in the
Bourguignon—Gauduchon trivialization defined in Section 3.1. We show by
induction that V"A(0) = 0 for all » € N, where V denotes the covariant
derivative on XR"™. The case r = 0 is clear.

Let » > 1 and assume that we have V*Ay(0) =0 for all s <r — 1. Let
(E;)!~, be the standard basis of R™. First consider the case n = 2. In the
Bourguignon-Gauduchon trivialization we have

2
1
Ap(a) = > w1, Vg, .. Vi, AY0)+ O(|z["H)
" geede=1

by Taylor’s formula and

1
_737 .
27|z |?

AGYP)p)) = T ool + Ol

by Theorem 3.11, where v := 3~'p € ¥, is the constant spinor on R" cor-
responding to . It follows that

(4.7)

0 = —27r!|z[*Re(A(GS (- p)¢) (x), AY(x))
2
= Y waj, ...z Re(E; -y, Vg, ... Vg, Ap(0))

i7j17"'7j7*:1

2
+XA > ay,x|efIn|z|Re(y, Vi, ... Vi, Ap(0)) + O(|z|"*?).
jh'":jzl

For all k1, ko € N with k1 + ko = r + 1 the coefficient of xlflx;“? must be zero.
This coefficient is obtained from the first sum on the right hand side and it
is equal to

kqr!
k1'ks!

kor!
kqlko!

Re(E -7, Vi 7' V2 Ap(0)) + Re(Ey - v, Vi Viz ™1 Ay (0))
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Thus if we write m’flxgz =z, ...z, with i, j1,...,jr € {1,2}, we obtain

(Re(Ei Y, th N VE]TAw(O»

+ Y Re(Ej 1. Ve Ve, .. Vg, .. .ij7\A¢(o)>>

s=1

foralli,j1,...,7, € {1,2}, where the hat means that the operator is left out.
For all ki, ky € N with k) + ko = r the coefficient of 2% 2252 In || in (4.7)
must be zero. This coefficient is obtained from the second sum on the right
hand side and it is equal to

)\7‘! Ky ks

)\’I“!k'z(k’z — 1)

i Re (1 VYR A0 0))

Using induction on kg and using the fact that A # 0 we obtain for all k1, ko €
N with ki + ko = 7 that

Re(y, Vi, Vi 4(0)) = 0
and therefore
(4.9) 0= Re(’y, ijl PN ijrAw(O»

for all ji,...,7,,4 € {1,2}. By (4.9) and Remark 4.8 there exist a;, _; .
bj,....;. € Rsuch that

1y

2

Vg, ... Vg, AY(0) = Zajl,...,jr,kEk Y+ by, B Ea ey
k=1

Observe that the coefficients aj, . j; » are symmetric in the first r indices.
We insert this into (4.8) and we obtain

'
(4.10) 0=aj, . j.i+t Z Qi i i
k=1
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for all ji,..., 7,4 € {1,2}. On the other hand since ¢ € ker(DY — \) we find
using the induction hypothesis

(411)  0=AVg, ...Vp,  AY(0)

2
=Vg, ...V, | Y Ei-VgAp0)

i=1

2 2
= ajrgrikBi Ee oy + Y bj i iBi BBy ey
ik=1 i=1
= _(a/jlz"'vjrfl»lzl + ajl»“-vj 717272)’7

+ (@4, ge 012 = Ay 21) B B2 oy

+bj 2By —by g 1By

forall ji,...,75,—1 € {1,2}. We conclude b, ., = 0forall ji,...,j, € {1,2}.
Next consider ay, .. ; ; with fixed ji,...,jr, i € {1,2}. If we have jj, =i for
all k€ {1,...,r}, then by (4.10) we know that a;, . ; ; = 0. If there exists
k such that jj # i it follows from the coefficient of F; - Eo -y in (4.11) that

iy eeieeosirndne - Cdtseensdisis

Again (4.10) yields aj,... ;i = 0. We conclude that all a;, . ; vanish and
that V" A (0) = 0. This proves the assertion in the case n = 2.

Next consider n = 3. In the Bourguignon—Gauduchon trivialization we
have

3
1
Ap() = > .7, Vg, ... Vg, Ap(0)
" g1yenge=1
1 3
=+ (T+ 1)‘ Z Zj, ...xjrxith VE],VElAw(O) +0(’$‘r+1)
D G1yeensfeyi=1

by Taylor’s formula and

1 A .
WJU‘VﬂLiVWLO(m )

A(GS(p)p)(z) = — Ar|z|
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for every s > 0 by Theorem 3.11, where « is as above. It follows that

(4.12)
0 = —dmrljz*Re(A(GS (., p)¢) (x), Ad(z))
3
= Z T, - .{L‘jrflfiRe<Ei "y,ijl VEHAw(O))
iyf1seenfir=1
1 3
+ T Z zj, ... xjvirmRe(l; -y, Vg, ...V, Vg, A)(0))

0,510y jr,m=1
3
=X > .z 2P Re(y, Vi, ... Vi, A(0)) + of|z|"+?).
j17"'7j =1

Analogously to the case n = 2 we obtain from the first term on the right
hand side

(4.13) 0= Re(EZ -, VEJl ce VEJTA’(ﬁ(O»

+ > Re(Ej, 7, VE Ve, ... Vg, ... Vi, Ap(0)).
s=1

for all j1,...,7.,1 € {1,2,3}, where the hat means that the operator is left
out. Our next aim is to obtain an analogue of (4.9) from the second and
third term on the right hand side of (4.12). It is more difficult than in the
case n = 2, since derivatives of both orders r and r + 1 appear. The equation
(3.2) reads

3
MY = DI Ay + N~ (B! = 6])E; - Vi, Ay

ij=1

3
1 Tk
+4';1FUEZ»-E]~-E,€-A1/J.
7/7.77 =

Using (3.3) and (3.4) and that |Ay(x)

gowar = O(]2]") as © — 0 we find
)\A¢ — DgeuclAw + O(|x’r+1)
and therefore

(4.14) VE,, .- Vi, D9 Ap(0) = AV, ...V, Ap(0)

J
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for all jq,...,Jr € {1,2,3}. Using the equation (3.1) we find
AV =V Ap +O0(|l2[*),  AVEVE =V Vi, A+ O(Ja[")

for all 4,5 € {1,2,3}. Since by definition dp|;!(e;) = E; + O(|z|?) the second
term in the local formula (2.4) for V*V vanishes at p and therefore we find

3
AV*VY = = Vg Vg, Ap + O(Jz[").

=1

From the Schrodinger—Lichnerowicz formula (2.5) it follows that

3
2 o &al _ T
and thus
3
(4.15) Vi, -V, > VeV Ap0) =0
i=1

for all ji,...,5-—1 € {1,2,3}. Now recall the second and third term on the
right hand side of (4.12)

3
1
0= . 1 E .%'jl e acjrxiacmRe<E¢ Y, VEjl e ij,,,vEmAw(O»
jlv"'vjrvi:mzl

3
=AY @,z 2PRe(y, Vi, ... Vi, Ap(0))

Jtsenjr=1

and let k1, ko, k3 € N such that ky + ko 4+ k3 = r. Then from the coefficient

of :c]f1+2m§2x§3 we find

7!
—_— I
(k1 + 1)kolks! M

T!kg

0 = Re(Ey -7, Vi V2 V2 Vg, Ap(0))

+Re(By -y, Vi Vi1V v3, Av(0))
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k
+Re(Ey -7, Vi Vi VA1V, A0 (0)) o2

k}l k2 kS 7“7'
~ ARe(y, Vi Vg, Vi AV O0)
_ ko (ko — 1)
N ki ke =2k w2, 4 AL By
Re(y, Vi, Vi, "VE, Vi, A¥(0)) (k1 +2)!ka!ks!
T’!k3(k}3 — 1)

_ AR ]{:1 kQ k3—2 2 A 0 - -~ - 7
e VEVE Ve Ve AV O) o

From the coefficient of x]flx§2+2x’§3 we find

ki
kl!(kQ + 2)!k’3!
7!
1k

Re(Ex - ~. Tk vk whs—1v2, 4 S
+ e< 3°7 ElszvES VE2 w(0)>k1'(k2+2)'k3'
ik — 1)
kll(kg + 2)!k3!

0 =Re(E; -7, V%l_IV%ZV%SV%QA@b(O»

+ Re(By - v, VA V2 e Vi, Ay (0))

— ARe(y, Vi1 2V% s V3, Ay (0))
7!

_ lkg(ks — 1)
_ )\R kq ko ks—2v72 A T3—
e(7, vE1 VEszg Vi, ¥(0)) k1! (ko + 2)!ks!

— ARe(y, Vi Wk 7 A4 (0))

From the coefficient of xlflxézzvg?’JrQ we find

N
kilko! (k3 + 2)!
Ik
Re(E, -7, Vi VW V3, Au(0)) o
-+ e< 27, E1VE2 VESVES w( >>k1!]€2!(k3+2)!
r!
ik = 1)
kq'ko!(k3 + 2)!
ok — 1)
k1! (ks + 2)!

0 =Re(E; -7, V%l_IV%QV%BVQEaA@Z’(O»

+ Re(Bs -y, Vi vk Ve Vg, Ay (0))
— ARe(7, V]B:QV%QV’E) v2E3 A(0))

— ARe(, V%l V%z_zvla VQE3A¢<O)>

rl

k‘l k'2 kS .
— ARe(y, Vi, VEszsAw(O»m

(IV)

(VII)

(VIII)

(VIII)

(VII)
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: : o (ka2)halks!
We multiply the first equation with “~—7=—,

]{31 (k2+2)'k23

the second equation with

and the third equation with M and then add the mul-
tlphed equations. If we consider the lines Wlth the same Roman numbers
separately and use (4.14) and (4.15), then we find

0 = —2ARe(y, Vi V32 Vi2 Ay(0))

+ Re(E; - v, vkl Vi Vi Vi, A(0) Ky

+ Re(By -7, Vi V2 V2 Vi, Ap(0)) ko

+Re(Bs -7, Vi, Vi, Vi Vi, Av(0)) ks (I)

— Re(By -7, Vi V2 Vi Vg, Ay (0)) ey (II)

— Re(Fs -7, Vkl Vk2 ng ' Vi, Ap(0)) ko (I11)

— Re(E3 - v, Vkl v’gzv’“?’ Vi, Ap(0))ks (IV)

3

— ARe(y, Vi V2 Vi Ap(0)) Y (ki + 2) (ki + 1) (V)
=1

+ ARe(y, Vi V2 Vi Ap(0))ky (ks — 1) (V)

+ ARe(y, Vi V2 V%3A¢(O)>k2(/€2 1) (VII)

+ ARe(y, v’“ Yz VR Avp(0)) ks (ks — 1) (VIII)

Therefore we obtain the analogue of (4.9) namely
Re('y, ijl cee VE].T A¢(O)> =

for all ji,...,Jr € {1,2,3}. Thus there exist a;, _; r € R such that

V . VE A'QD ZCLJI’ ,]r,kEk Y-

Observe that the coefficients aj, . ; x are symmetric in the first r indices.
We insert this into (4.13) and we obtain

;
(4.16) 0=aj, . .j.i+ Z Qi
k=1
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for all ji,...,jr, 4 € {1,2,3}. On the other hand since v € ker(DY — \) we
find using the induction hypothesis

0=A\Vg, ...Vg,  Ap(0)

3
= ijl e VEhil Z E’L : VE1A¢(O)

=1
3
= > ik Bi - Br vy
i k=1
3 3
(417) == s i+ D (W rih = Cygooskd) Bi - By
i=1 i k=1

i<k

for all jq,...,jr—1 € {1,2,3}. Consider aj,._j ; with ji,..., 4,7 € {1,2,3}.
If j, =i for all k € {1,...,r} then by (4.16) we know that a;, _; ; =0.If
there exists k such that jj # ¢ it follows from the coefficient of Ej, - E; -~y
in (4.17) that

a. . o~ R s
BJ1ses Tk JrsJk Jiseesdrst

Again (4.16) yields ay, ... ;, s = 0. We conclude that all aj, . ;. ; vanish and
that V" Ay (0) = 0. This proves the assertion in the case n = 3. O

Remark 4.10. It is not clear how to prove this lemma for n > 4. Namely
the condition Re(vy, Vg, A (0)) = 0 for all i leads to

Ve AP(0) =Y ainEr v+ Y bik -
k=1 k=1

with a;;, € R and with elements by, of the Clifford algebra. As in (4.8), (4.13)

with v = 1 it follows that a;; = —ay; for all i, k and furthermore
0 = AAy(0)
= E;- Vg Ap(0)
i=1

n n
=2 anBi-Ep-v+ > Ei-byp- 7.

i k=1 ik=1
i<k
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But for n > 4 the spinors E1 - Ey-~v and Es- E4 -y are not linearly inde-
pendent in general. Thus we cannot conclude immediately that all the a;;
vanish.

Proof of Theorem 4.3. First we prove that So(M,©) N N, (M) is dense in
R(M). Let U C R(M) be open. It is sufficient to show that U N Sp(M,0) N
N (M) is not empty. Since by Dahl’s result So(M,©) N Sy, (M) is dense in
R(M), there exists a metric g in U N So(M,0) N Sy, (M). Let V C R(M)
be an open neighborhood of g as in Lemma 4.4. We may assume that V C
UNSp(M,0). Let A be one of the eigenvalues {A\_,,(g),..., Am(g)} of DY

and let 1) be an L%-normalized eigenspinor corresponding to A. Define
Fy: V —=C>®X'M)

as in Lemma 4.4. We show that a suitable restriction of F¢" is transverse
to the zero section of ¥9M. Let p € M with ¢(p) = 0. By Lemma 4.9 there
exist fp1,..., fpa € C°(M,R) such that we have

T(dE (g) TVt © {0})) = ZHM.

By continuity of dFJ;V there exists an open neighborhood U, C M of p such
that for all ¢ € U, with ¢(q) = 0 we have

TUAET (6,0)(TgViy 100 @ 03)) = ZgM.

For every p € M with ¢(p) = 0 we choose an open neighborhood U, C M
as above. Since the zero set of ¥ is compact, there exist finitely many points
Pi,-..,pr € M and open neighborhoods U,, C M of p; and f,, 1,..., fp,.4 €
C>®(M,R), 1 <i < r, such that for every i we have 1)(p;) = 0 and such that
the open neighborhoods Uy, ,...,U),, cover the zero set of ¥ and such that
for every ¢ € {1,...,r} and for every ¢ € U, with ¢(¢) = 0 we have

T AES (9.0) TV, ooty ©{0})) = XGM.

We label the functions fp, ; by fi,..., far. For every one of the finitely
many eigenvalues {A_,,(g),..., A\m(g9)} of D9 we choose an eigenspinor and
we repeat this procedure. Then for every i € {—m,...,m} \ {0} we obtain
functions f;1,..., fiar, as above, where r; € N might depend on i. We label



214 Andreas Hermann

these functions by
{f17 .. ‘7fs} = U {fi,la .. '7fi747”1:}'

We define

Vf17~-'7f5 = { <1 + Ztﬂ%) g’tl, ot € R} NnV.
i=1

and we define the maps Fy,: Vi, s — C®(XIM), i € {—m,...,m}\ {0},
as in Lemma 4.4. Then for every i € {—m,...,m} \ {0} and for every ¢ € M
with ;(¢) = 0 we have

7TI(CUT;Z:,|(g,q) (Tgvfl,...,fs ©{0})) = EZM-

By continuity of the maps dF %V there exists an open neighborhood W C
V... of g such that for every z € {—m,...,m}\ {0} and for every (h, q) €
W x M with Fj}Y(h,q) = 0 we have

T dEG [(hg) (ThVi,....s. @ {0})) = XGM.

It follows that the restrictions of all the maps Fzz" to W x M are transverse
to the zero section of X9 M.

For every i € {—m,...,m} \ {0} we define Y; as the subset of all h € W
such that Fy,(h) is nowhere zero on M. By Remark 4.7 the subset Y; is
the subset of all h € W such that Fy,(h) is transverse to the zero section.
By Lemma 4.4 the restrictions of the maps Fj¥ to W x M are in CH(W x
M,¥9M) and thus the condition r > 0 in Theorem 2.3 is satisfied. By this
theorem all the subsets Y; are dense in W. Since the zero section is closed
in 29M and all the maps Ff;" are continuous, all the subsets Y; are open in
W. Thus the intersection

ﬂ Y;

—m

i0
is open and dense in W. By definition we have Y = N,,,(M) N W. Since we
have W C U the intersection So(M,0) N N, (M) NU is not empty. Thus
So(M,0) N Ny, (M) is dense in R(M). The proof that for every g in R(M)
the subset N,,, (M) N [¢] is dense in [g] is analogous if we use that .S,, (M) N [g]
is dense in [g] by Dahl’s result. O
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4.2. Examples on closed surfaces

In this section we give a counterexample showing that Theorem 1.1 does
not hold for harmonic spinors in the case n = 2. Let (M, g,0) be a closed
Riemannian spin manifold of dimension 2. The spinor bundle splits as

YIM=YTMaX M

and sections of ¥*M will be called positive respectively negative spinors.
The manifold (M, g) is Kahler and the bundle ¥ M is canonically isomor-
phic to a holomorphic line bundle L on M. Furthermore positive harmonic
spinors can be identified with holomorphic sections of L (see e.g., [8, 19]).

To every positive or negative spinor on (M, g) one can assign a tangent
vector field on M by a method given in [1] which we briefly recall. First we
define 74: SO(2) — C by

(5t 280) ety

We define a complex structure J on M such that for every p € M and
for every unit vector X € T,M the system (X, JX) is a positively oriented
orthonormal basis of T,M. Then the map Pso(M,g) x,, C— (TM,J)
which sends [(e1,e2),1] to e; is an isomorphism of complex line bundles.
In the same way we obtain an isomorphism Pgo(M,g) x, C — (T'M,—J).
Then the following holds.

Lemma 4.11 [1]. Let (M, g,0) be a Riemannian spin manifold of dimen-
ston 2. Then the map

Oy TEM =Pgpin(M, g) x, £5 — Pso(M, g) x-, C= (TM,F.J)
[s,0] — [O(s),07]

1s well defined.

We denote by v the genus of M. Assume that ¢ is a non-trivial positive
harmonic spinor on M and that p € M is a point with ¢(p) = 0. After a
choice of a local holomorphic chart of M and of a local trivialization of the
holomorphic line bundle ¥TM around p the spinor v corresponds locally
to a holomorphic function. We define m,, as the order of the zero p. Let X
be the vector field on M associated with ¢ via Lemma 4.11. It follows that
X has an isolated zero at p with index equal to —2m,,. Let x(M) =2 — 2~
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denote the Euler characteristic of M. Denote by N the zero set of ¥. Since
M is compact, the set IV is finite. By the Poincaré—Hopf Theorem we obtain
the following result.

Theorem 4.12. Assume that @ is a positive harmonic spinor on a closed
surface (M, g,0) and let N C M be its zero set. Then N is finite and we
have

|
> my=—sx(M) =7 -1
peEN

On every closed oriented surface M of genus 2 there exists a spin struc-
ture, such that for every metric ¢ on M we have dimcker(D?) =2 (see
Proposition 2.3 in [19] and its proof). We take such a spin structure. Then
by Theorem 4.12 for every Riemannian metric g on M every positive har-
monic spinor of DY vanishes at exactly one point. Thus Theorem 1.1 does
not hold for harmonic spinors in the case n = 2.
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