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An energy approach to the problem of uniqueness
for the Ricci flow

BRETT KOTSCHWAR

We revisit the problem of uniqueness for the Ricci flow and give a
short, direct proof, based on the consideration of a simple energy
quantity, of Hamilton/Chen-Zhu’s theorem on the uniqueness of
complete solutions of uniformly bounded curvature. With a varia-
tion of this technique, we prove a further uniqueness theorem for
subsolutions to a general class of mixed differential inequalities and
obtain an extension of Chen-Zhu’s result to solutions (and initial
data) of potentially unbounded curvature.

Let M = M™ be a smooth manifold and gy a Riemannian metric on M. We
are interested in the question of uniqueness of solutions to the initial value
problem

(01) 2 g(t) = ~2Re(g(1)), 9(0) = go

associated to the Ricci flow on M. The broadest category in which unique-
ness is currently known to hold in every dimension is that of complete solu-
tions of uniformly bounded curvature.

Theorem 1 (Hamilton [H1]; Chen-Zhu [CZ]). Suppose go is a com-
plete metric and g(t) and g(t) are solutions to the initial value problem (0.1)
satisfying
sup |Rm|gyy, sup [Rmlfgy < Ko.
M x[0,T1] M x[0,T]

Then g(t) = g(t) for all t € [0,T].

The uniqueness of solutions to the Ricci flow is not an automatic con-
sequence of the theory of parabolic equations, as the system (0.1) is only
weakly-parabolic. For compact M, there are two basic arguments, both due
to Hamilton. The first is a byproduct of the proof of the short-time existence
of solutions in Hamilton’s orginal paper [H1] and is based on a Nash-Moser-
type inverse function theorem. The second, given in [H2], effectively reduces
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the question of uniqueness to that for the strictly parabolic Ricci-DeTurck
flow. The basis of this argument is the observation that the DeTurck diffeo-
morphisms, which are generally obtained as solutions to a system of ordinary
differential equations (ODE) depending on a given solution to the Ricci-
DeTurck flow, can also be represented as the solutions to a certain parabolic
PDE — specifically, a harmonic map heat flow — which depends on the
associated solution to the Ricci flow. As DeTurck’s method is applicable
to many other geometric evolution equations with gauge-based degenera-
cies, this second argument of Hamilton’s gives rise to an elegant and flexible
general prescription in which one exchanges the problem of uniqueness for
one weakly parabolic system for the (separate) problems of existence and
uniqueness for one or more auxiliary strictly parabolic systems.

This latter prescription of Hamilton is also the basis of Chen-Zhu’s
proof [CZ] in the complete non-compact case, however its components are
far from straightforward to assemble in this setting. Given the lack of gen-
eral theory for the harmonic map flow into arbitrary target manifolds, the
authors in particular had to solve the problem of short-time existence for
their specific variant of this flow (and verify the crucial accompanying esti-
mates) effectively from scratch. This they accomplished with the combina-
tion of a clever conformal transformation of the initial metric and a series of
intricate a priori estimates — their approach producing, as independently
useful byproducts, well-controlled solutions to both the harmonic map and
Ricci-DeTurck flows associated to a given solution to the Ricci flow.

In this paper, however, we demonstrate that, if one is interested solely
in the uniqueness of solutions to the Ricci flow, it is possible to eliminate
the passage through the harmonic map and Ricci-DeTurck-flows and avoid
these delicate issues of existence entirely. Given two solutions ¢(t) and §(t)
to the initial value problem (0.1), our strategy is to consider a quantity of
the form

E(t) = /M (t_a\g - §|§(t) +t A0 - f|3(t) + [Rm —filvnlf,(t)) D dpg s

for a suitable choice of the constants a and § and weight function ® =
®(x,t), and to argue from the differential inequality it satisfies that it must
vanish identically. This functional £ is something of a compromise between
the two perhaps most “obvious” candidates for such a quantity: the L?-
norms of the differences g — g and Rm —Rm. Although neither g — g nor
Rm —Rm satisfy a strictly parabolic equation, they fail to do so in such a
way that their evolution equations, together with that of I' — I', can still be
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organized in a closed and (for our purposes) virtually parabolic system of
inequalities to which the energy method may be applied.

When M is compact, e.g., it is not hard to show that with a = § =0, and
® = 1, we have £'(t) < CE&, and hence, since £(0) = 0, that £ = 0. When M
is non-compact and the curvature of g(¢) and g(¢) is assumed to be uniformly
bounded, we can take o = 1, § € (0, 1) and ® of some sufficiently rapid decay
in space in order to draw the same conclusion with much the same argument.
With some minor modifications and a bit more careful estimation, we further
obtain the following rather inexpensive extension of Theorem 1, which says,
essentially, that uniqueness holds in the class of solutions whose curvature
at times t > 0 has at most quadratic growth in the initial distance. Below
ro(x) = disty, (2, zo) is the distance with respect to the metric go from some
fixed g € M.

Theorem 2. Suppose (M, go) is a complete noncompact Riemannian man-
ifold satisfying the volume growth condition

(0.2) volg, (Bg, (z0,7)) < VbeVOT2

for some constant Vo and all r > 0 . If g(t) and g(t) are smooth solutions to
(0.1) on M x [0,T)] for which

(0.3) Y go(x) < gla,t),  gla,t) < vgo(x),
and
— KO 9
(0.4) | Rm(z, )]y + [Rm(z, t)[50) < T(;(To(l“) +1),

on M x (0,T] for some constants v, Ko and 6 € (0,1/2), then g(t) = g(t)
for all t € [0,T].

Note that, in particular, we do not impose any condition on the curvature
tensor of the initial metric, although the volume condition (0.2) is implied,
e.g., by a bound of the form Re(gg) > —C(r2 + 1)go. Also observe that the
uniform equivalence (0.3) is automatic in the case that the curvature tensors
of g(t) and g(t) are assumed bounded on the time-slices M x {t} for ¢ > 0
(but blow-up at a rate no greater than ¢t~ as ¢t \, 0).
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Corollary 3. If go is a complete metric satisfying (0.2) and g(t) and g(t)
are smooth solutions to (0.1) satisfying

| Rm(, 1) g0y + [Rm(z, 8) |50y < 5

on M x (0,T) for some Ky and § € (0,1/2), then g(t) = g(t) for all
te[0,T].

With Shi’s existence theorem [S], we also have have the following special
case.

Corollary 4. If gy is complete and of bounded curvature, then any solution
g(t) to the initial value problem (0.1) which remains uniformly equivalent to
go and obeys the bound | Rm(z,t)| < Ko(rg(z) + 1) on M x (0,T] must have
bounded curvature tensor.

Other extensions of Theorem 1 and related results can be found in the
papers [C, CY, F, GT, Hs, LT, T]. For example, in [C], Chen proves that
if (M3, go) is complete and has bounded non-negative sectional curvature,
then any two complete solutions to the Ricci flow with this initial data
must agree identically; for surfaces, he proves the same result for initial
data with Gaussian curvature of arbitrary sign. It is an interesting question
whether his result may be extended to higher dimensions and to initial
metrics with some curvature growth. Since we have only used rather classical
estimates in this paper and have made no fine use of the non-linear reaction
terms in the evolution of the curvature, we expect that the combination of
conditions (0.3) and (0.4) in Theorem 2 can be relaxed further. Perhaps the
general technique we describe may be of use to such future extensions as
an alternative strategy to bypass the gauge-degeneracy of the equation and
possibly also of use for the quantitative comparison of solutions that “agree”
in some limiting sense as t — T € [—00, 00).

1. Preliminaries

Going forward, we assume that g(¢) and g(¢) are complete solutions to (0.1).
We will select one of the metrics, g = g(t), as our reference metric and use
the notation V * W below to represent a linear combination of contractions
of the tensors V and W and g in which the coefficients and the total number
of terms are bounded by some constant depending only on the dimension. In
the estimates, we will use C' = C'(n) to such denote such a constant, which
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may change from line to line. To further reduce clutter in our expressions
we will often use || = ||, to denote the norms induced on TF(M) by g
@istigg/uishing other norms by a subscript), and simply write R = Rm and
R = Rm for the (3, 1) curvature tensors associated with g and g. (In the few
instances in which it occurs, we will use scal(g) for the scalar curvature.)

It will be convenient also to use index notation in some of our calcu-
lations, but to potential confusion, we will only “raise” or “lower” indices
explicitly to identify the metric involved. We will only violate this (and
then only slightly) in some of the schematic equations below, where accord-
ing to our convention above, we would simply write, e.g., g¢* JlTk Uy as
g '« T U, and gijglelgl as T. For similar reasons, we will only use the
summation convention in its most restricted sense (summing over repeated
upper and lower indices from 1 to n), when it describes a metric independent
contraction; e.g., we can write Rj, = Réjk and Rjk = f%fjk without ambigu-
ity for the coordinate representations of Rc and Re. Finally, we introduce
the notation 7™ = max{T, 1}.

1.1. Evolution equations and inequalities

Define

that is, Afj = Ffj — U, and Sl = RZ]k ka We begin by organizing the
evolution equations satisfied by these tensors in such a way that every term
contains either a factor of (some contraction of) one of the group or VS.
We note for later that we can write

(1.1) g7 g7 =—g*F'hy and V¥ = gYuAL, + §OAL,

or, according to our convention,

Now, on M x [0,T7], the tensors h and A satisfy

o ~
gl = —2( i — Rij) = ~25};;
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and

0

(1.2) -

Ak = §mk <6ZRJm + %]le — 6mRU>
— g™ (ViRjm + VjRim — Vi Rij) ,

respectively. Since

(1.3) ViRj — ViRje = AzijPk + AL Rjp,

and V;(Rji, — R ) Vi Sl]k, we can use the first equation in (1.1) to put
the equation for atA in the schematic form

(1.4) aatA G xhxVR+ A% R+ VS,

where according to our convention, the last term denotes a constant number
of terms of contractions of VS (in this case, of the form ViSlljk). Similarly,
using

0

) o

ZRL, ARle+gpq( Rl — 2Rl Rl + 2R, 7?)

ijptlrqgk jqr pir+Yiqk

—g" (RiPRtlzjk + ijRiqk + RkpRiJQ) + glequZ]k’

together with the generalization (V — V)W = A W of (1.3) to arbitrary
tensors W, we can express the evolution equation of S in the schematic form

P ~ . ~ -
(1.6) 55 =Valg bYLR — GVyR) + G 1« Ax VR
+3° 'sh*R*R+S+R+SxR.
Here the shorthand V,(¢g®*V,R — gabﬁbé) represents V(g “beRZ]k

“beRUk) and we have obtained (1.6) from (1.1) and (1.5) via the fol-
lowing explicit representation of the §(t)-Laplacian of R as

ARy = §"VaVoRly, = Va (5o Rl, )
= Va 3V ) — AL GV R — ALGU R,

+ Agzg“beRl] r+ AL 3V, R . Apkgabepr
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Now using the Cauchy-Schwarz inequality together with the above rep-
resentations, we obtain that

a a ~—1 -~ ~ ~
. —h| < — <
| scisl | < (i IR+ 1RLAL+ 98]
and
oS .

< (1g M IVRIAL+ |5 IRPIR + (1Rl + |RDIS])

where U = ¢®V,R — 5%V, R is the section of T2(M) given in local coordi-
nates by

(1.9)
Ui = 9" ViR, — GV Riy,
= (g™ — §*")Vo Rl + g" (Vo Rl — VuRip)
= —g* " h VRl + g% <A§)pR§jk — Ap Ry — ARy, — AﬁkRéjp> 7

and by divU we mean the section of T3 (M) given by (div U)f;jk = Vanjlk.
Observe that U satisfies

(1.10) U| < C(1g~ "IV RI|h| + | Al|R)).

We leave these evolution inequalities in the above rather raw form for
the moment and return to simplify them later in forms specialized to the
specific assumptions of Theorems 1 and 2.

1.2. A function of rapid decay

In order that our energy quantity £ be well-defined and that the differenti-
ations and integrations-by-parts we wish to perform be valid, we will need
to select a weight function which decays suitably rapidly.

Lemma 5. Suppose g(t) is a smooth family of complete metrics on M X
[0,T] satisfying v~ 'g < g(t), where g = g(0) and xo € M. Define 7(x) =
distg(o)(z,20). Then, for any positive constants Ly and Lz, there exists a
positive constant T = T (n,~, L1, L2, T), and a functionn : M x [0,T"] — R
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that is smooth in t, Lipschitz (and smooth dpgqy — a.e.) on each M x {t},
and that simultaneously satisfies the conditions

_on
ot

on M x [0, 7] whenever 0 <7 <T".

+ L1|77’§(t) <0, and e " <e L@

Proof. We follow the construction in Chapter 12 of [CRF], (cf. also [KL],
[LY]), and define n(x,t) = np (2, t) = BF*(z)/(4(2T — t)) for on M x [0, 7].
The function 7 is continuous and smooth off of the g-cut locus of xg, where
it satisfies ‘Vﬂ;(o) =1, and hence ]Vﬂ;(t) <. It follows that that 7 is
Lipschitz and smooth dy;4)-a .e. for each ¢ € [0, 7]. For each Ly > 0, we have
-2

2 ()

o
——o, T LVl < -B(1 - BLlV)m7

ot
and we can guarantee the first condition provided B < 1/(yL1). Also, for
any t € [0, 7], we have

B (z)/(872) < n(z,t) < BF2(z)/(472),

so, given Lo > 0, we can ensure the second condition on M x [0, 7] provided
0 <7 <T =min{(B/(8Ls))"?,T}. O

2. The case of uniformly bounded curvature

Although Theorem 2 is strictly stronger than Theorem 1, the proof can be
substantially simplified in the case of bounded curvature, and thus we give
a separate argument here to demonstrate the technique. We will consider
only the case of non-compact M, as the proof for that of compact M is
nearly identical, but less involved, and can be easily reconstructed from the
argument below. For the remainder of this section, we will assume that gg,
g(t) and g(t) satisfy the assumptions of Theorem 1, and that 5 € (0,1) is a
fixed constant.

2.1. Derivative and decay estimates

We first recall that the global estimates of Bando [B] and Shi [S] imply that
there exists a constant N = N (n, Ky, T*) such that

(2.1)
IRyt + |Rlg() + VEHV Ry + VEHV Rz + tIVVR| ) + tIVV R[5 < N.
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on M x [0,T] It is a standard argument (cf., e.g., Theorem 14.1 in [H1]) that
the uniform curvature bounds on ¢(¢) and g(¢t) imply that the metrics g(t),
g(t) and gg remain uniformly equivalent. Thus, the estimates above hold
(for some potentially larger N) when the norms are replaced by any one of
1= 1 1g)s |- gy and |- |g,- In what follows, we will use N to denote a
series of constants depending only on n, Ky and T which may vary from
one inequality to the next.

We begin by noting that the same argument that yields the uniform
equivalence of the metrics can be used to produce simple estimates on the
decay of h and A as t \, 0 that imply, in particular, that ¢~!|h|? and t =8| A?
tend to zero uniformly as ¢ \, 0 on M and can be continuously extended to
M x [0,T)].

Lemma 6. Under the assumptions of Theorem 1, we have |h(p,t)| < Nt
and |A(p,t)| < NVt on M x [0,T] for some constant N = N(n, Ko, T*).

Proof. At an arbitrary p in M, we have

t
) < Nl Oy < N [ 15(0.5)y ds
t ~
<N [ (1B(.5)ly + 1R,9)) ds < Nt
0
and similarly, using (1.2), for any 0 < € < t, we have

‘A(p7t) - A(p7 6)‘ < N‘A(p, t) - A(pv 6)‘90

t ~ o~
<N [ (VA5 + [VR.5),) ds

SN/tsl/zdsgN(\/f—ﬁ).

Sending € — 0 completes the proof. U

2.2. Definition and differentiability of £

Next, since the uniform curvature bound on ¢(0) implies a lower bound on
Rec(g(0)), the Bishop—Gromov volume comparison theorem implies that

voly (o) (By(oy(z0,7)) < NeM™
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for some constant N and all 7 > 0. Since the metrics g(¢) and go are uni-
formly equivalent, we thus also have

voly () (By, (z0,7)) < NeM”
for some N. With any choice of B > 0 (and independent of T'), the function

n=mngr of Lemma 5 (with §(t) = g(t)) will satisfy e~ < e~ Bré/(8T)
M % [0,T1], so if we choose B > 0 sufficiently small to ensure, say, that

on

% = 3|Vn* >0,

it will still follow that any continuous function of at most (sub-quadratic)
exponential growth in ro(x) at ¢ will be e™" du-integrable. So % and |Vn|?,
being of quadratic growth in ro(x), are e~ du-integrable for any ¢ € [0, T]
(where, here and elsewhere, we write du = dug4)), as are the uniformly
bounded quantities ¢~*|h|?, =8| A|? and |S|2. Moreover, since

Vﬁz%ﬁ—i—A*ﬁ, and VVR = 66}?5—1—/1*6}%,
it follows from equations (1.4), (1.6), (1.7) and (2.1) that [VS| and
|Va(99°VyR — gV, R)|, and hence Z|h|?, &|A|? and £|S|?, are uniformly
bounded on M x [¢, T for any € > 0, and consequently e~" du-integrable for
each t € (0,7] (although they need not be bounded as ¢t — 0).
Since %d,u = —scal(g(t)) du, and the scalar curvature of g(t) is bounded

by assumption, these observations imply that, for fixed § € (0,1) and 7 as
above, the quantity

£(t) #/ (t_1|h|2 FB|AR + |5|2) e dp
M

is differentiable on (0,7, and (with the dominated convergence theorem)
satisfies limy\ o £(t) = 0.

2.3. Vanishing of £

We claim in fact that £ vanishes identically on [0, T]. This is a consequence
of iterating the following result.

Proposition 7. There exists Ny = No(n, Ko,T%) > 0 and Ty = To(n, 5) €
(0,T] such that E'(t) < No&(t) for allt € (0,Tp]. Hence € =0 on (0, Tp).
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Proof. For t € (0,T] and « € (0, 1), define

G(t) = / SZedp, H() =t / e dp
M M

z(t)¢tﬁ/ |A?e™dy  and j(t)#/ IVS|2e " dp,
M M

so £(t) =G(t) + H(t) + Z(t). In view of the discussion in Section 2.2, we
may freely differentiate under the integral sign and integrate by parts about
any 0 <t <T. As before, in the estimates below, C will denote a series of
constants depending only on n, and N a series of constants depending at
most on n, 8, Ky and T%. Taking into account the time dependency of the
norms |- | = ||y and the measure du = dugy), and using (1.8) together
with (2.1) we have

05 an }
"< N 2(——,8)——=|S]*) e"
g <ng+ [ (2(5.5) -GSk ) e
§N9+/ (2 (AS +divD, S) + Clg V[V R||AllS]
M
o _ 9 )
+ Clg IRPIAS|+ (RI-+ BDIS = SIS e a
gNg+/ (2 (AS +divU, S) + Nt—/24]|9|
M
87] 2 _
N _ 1 n
NS é%rsr)e dn

gNg+tH+tﬁ—1I+/

(2 (AS +divU, S) — a77|S|2> e "dy,
M ot

for ¢t > 0, where we have estimated
Nt_l/z\AHS] < tﬁ_l(t_ﬁ\AF) —i—N|S\2 and N|h||S| < t(t_l)\h|2 + N\S\Z,

to obtain the third line. We can then integrate by parts in the last integral
to obtain

/ (2 (AS +divU,S) — 6”|52> e du
M ot

< —23—1—/ <2[V77\|VSHS| +2|VS||U]
M
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0 _
+2AnIO1S) - GHSE ) e dy

< —J+/ ((3]%2 — 8”) 1S + 3|U]2> e "dpu.
M ot

Here we have estimated
2|Vn||VS||S| 4+ 2|VS||U| < [VS|* 4 2|Vn[*|S|* + 2|U?,

and
2|Vl |U||S] < [Vn?|S]? + [U.

Since |U[> < Nt~!|a|> + N|A[?> by (1.10) and (2.1), and 22 > 3|Vp[? by
assumption, putting everything together, we have

(2.2) G <NG+(t+NH+ (P L+ NPT -7
< NG+NH+ (P~ + NI -7,

for any ¢ € (0,T], using t < T*, and % < (T*)5.
Similarly, with (1.7) and (2.1), we compute that

_ _ Oh on\ _
2. "< (N—tTYH+ 1/ 2( — - "
(2.3) H < (N—t"OWH+t ; o) =g, ) e dn

<(N—t"HH +/ Ct|S||hle " du
M
< (N-(@1/2tYYH+Cg

where we have used that % >0 and Ct71|S||h| < (1/2)t72|h? + C|S|?
Finally, using (1.7) and (2.1) again, we have

(2.4)
T <(N—-ptHz+t7 /M (2 <8£,A> - ?Z\AF) e du
<S(N=pt YT+t /MC (Ié‘l\lﬁé\lhl + ||| A + IVSI) [Ale™" dp
< (N — ﬂt1)1+/ (Nfl/H\hHAy + Ct*ﬁwsum) e dp
< NH+ (N - ﬁt—lﬂi Ct AT +J
where we have again used that % > 0 and have estimated

Nt=V20 1| A + O 7|V S||A] < NtTHRPP + CE*0 AP + |V SPP.
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Combining (2.2), (2.3) and (2.4), we then obtain that, for any ¢ € (0,77,
E'(t) < NE() — (127 H(t) — 713 — tP — Ct'=P)T(1).

Thus, for Ty sufficiently small depending only on § and C' = C(n), and
for some Ny = Ny(n, Ko, 3,T*) sufficiently large, we have &'(t) < No&(t)
on (0, Tp]. Since limy o £(t) = 0, it follows from Gronwall’s inequality that
E=0on [0,Tp]. O

3. The case of potentially unbounded curvature

In this section, we reduce Theorem 2 to a special case of a general result,
Theorem 13, in the following section. The strategy is essentially the same
as that of the bounded curvature setting, but here we will need to organize
our estimates more carefully in order to “squeeze” the differential inequality
satisfied by our energy quantity sufficiently to absorb the growth of coef-
ficients that we were able to regard as uniformly bounded in our previous
computations.

3.1. Derivative estimates and consequences
First, we recall the following refined form of Shi’s local first derivative esti-
mate (due to Hamilton, [H2]) in which the dependencies of the bound on
the local curvature bound, the radius of the ball and the elapsed time are
explicit.
Theorem 8 (Shi/Hamilton). Suppose that (M, go) is an open Rieman-
nian manifold in which, for a given xg € M andr > 0, the closure of By, (xo,T)

is compactly contained. Then, if g(t) is a solution to (0.1) on M x [0,T] with

sup |Rlg) < Ko,
By, (x0,r)x[0,T]

there exists a constant C = C(n) such that

1 1 1/2
|VR‘g(t) < CKy <7’2+t+K0> s

on By, (z9,7/2) x (0,T].
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We can use this result on a series of domains to obtain a derivative
bound for solutions satisfying assumptions of the general form of those in
Theorem 2.

Corollary 9. Suppose (M, go) is a complete noncompact Riemannian man-
ifold. If g(t) is a smooth family of complete metrics solving (0.1) and
satisfying

t°|Rlg(s) (2, 1) < Ko(rg(z) +1)

on M x [0,T] for some constant K and § € [0,1], where ro(z) = distg, (x, zo)
for some xg € M, then there exists a constant K = K (n, 0, Ko, T*) such that

(3.1) T2V R ) (2,1) < K(rd(z) +1)%2.
Proof. Let ty € (0,T] and € = ty/2. For any r > 0, we have
|R(z,t)] < e °Ko(r? +1)
on By, (xo,r) x [¢,T], and so by Theorem 8, there is a C' = C'(n) such that

£\° t t t 1/2
t5+1/2|VR(x,t)§C<6> Ko(r* +1) <T2++ 6K0(r2+1)) ,

t—e €
on Bg,(x0,7/2) % (¢, T]. Thus, for any r > 1, we have
1/2
V21V R (2, 1) < CPKo(r? + 1) <t0 2+ OB K (r? 4 1))
< K'(r? +1)32,

for some K’ = K'(n,d, Ko,T*) on Bgy,(xo,r/2). Since tg € (0,7] and r > 1
were arbitrary, this implies that

sup V2 VR|(z,t) < 8K'(r? +1)3/2
By, (x0,r)x[0,T]

for any r > 1.
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For the pointwise estimate, we note that if x € By, (2o, 1), we have
£0+1/2
(r§(z) + 1)3/2

and if z € M \ By, (zo, 1), we have

IVR|(z,t) < t*7V2|VR|(z,t) < 16K,

t5+1/2 ’ ‘ t5+1/2 ’ )
s | VRI(@, ) £ 5 sup VR|(y,t
(r(% (.T) + 1)3/2 (T['2) (.T) + 1)3/2 YEBy, (x0,2r0())

4 2 1 3/2
< 8K’ (W) < 64K’
rg(z) +1

This verifies (3.1) with K = 64K". O

In Theorem 2, we assume that g(t) and §(t) are uniformly equivalent
to go, and so, effectively, that both |R(z,t)|y, and |R(x,t)|4 have at most
quadratic growth in r¢(x). With an argument exactly analogous to Lemma 6,
and using (3.1), we could then obtain global bounds of the form |h(x,t)| <
Nt'=0(r2(x) + 1) and |A(z,t)| < Nt'/279(r2(x) + 1)3/? on the decay of h
and A as t \, 0. In fact, since the proof of Theorem 13 below is based on
localized energy quantities, we will not need global estimates on either h
or A, and instead we just note that (since g(¢) and g(¢) are assumed to be
smooth solutions which agree at ¢ = 0) we have naive estimates of the form
|h(z,t)] < Pt and |A(z,t)| < Pt on Q x [0,T] for some P = P(Q,g,§) and
any compact Q C M.

Lemma 10. For any r > 0, there exists a constant P depending on v and
the mazimum values of |R|g,, |R|g,, [VR|g, and |V R|g4, on Bg,(xo,r) % [0,T]
such that

(3.2) sup  (|h(z,t)] + [A(z,1)]) < Pt.
xEBy, (To,T)

Proof. Just define

P(T‘) : Sup (’R|go + “E’go + |g71|90|VRC |90 + ‘gil‘go‘ﬁRC‘go) .
By, (0,m)x[0,T]

Then, by (1.2), for any 7 > 0 and = € Bg,(zo,r), we have |%’90 < 2\/513(]“)
and \%—? g < 3P(r) and A(x,0) =0, so [h(z,t)| < v|h(z,t)]g, < 2¢/nyPt,
and |A(z,t)] < ’yg/Q\A(x,tﬂgo < 3v3/2Pt on By, (zo,7). O
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3.2. Evolution inequalities for h, A and S revisited

We next organize the inequalities satisfied by the time-derivatives of t=|n|?,
t=B|A|? and |S|? so that the coefficients |R|, |R|, |[VR| and |VR| are dis-
tributed across the totality of terms in a way that their growth can be
adequately absorbed. Going forward, we will write

ple) = 13(x) + 1.

Lemma 11. For any solutions g(t), g(t) to the Ricci flow on M x [0,T]
and any «a, B, §, o € R, there exists a constant C = C(n) such that, on
M x (0,7,

0 2 Cp?
33) g (G ) < S (1714 5 - ) P+ s

O (P42 Cp -1 ~—112 , P 2
3a) O (L1ap) <P ((|g 1B+ 1R + L+ 2 - )

. 1
+ WWR\QWQ + 1|VS|27

35) (G - as-dvUs) < g PIVRIYSIAR + Ol PLRF I
+C (VR + IR+ |H)) ISP,

and

(3.6) UP < (197 PIVERI? + | RPAP),

where U is as in (1.9).

Proof. Since §|h|?> < C|R||h|* +2(2L, h), we find that
d (P o CP 24 oh
D (E0) <% (%) 2 (2
< Cp (IRI-2) e+ &2

<C”2(|Rr+—)| s

s

ta o
where we have estimated

C 2
Cisi < S (Zine +rrisP).
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Likewise, from (1.7), we have

O (P42 Cp B 2 Cp (115

I < = = -

o (5142) < 7 (1m0 = ) 1ap 14157 (719 R
+ |RllAl+ V1),

Cp = Pi—12, P P 2
< = L r~ =
<P ((mi+1R) + Bla P+ - 5 1a

C ~~ 1
+W7_5WR\2WQ+1WS\27
where we have used
21 R RIMIAl < & (2157 214 + P[RR
1519 =w\wY !
and

Cp Cp? 1
—5 AV < S |AP + (VS

Next, from (1.8), we have

<85 ~AS — divU,S>
ot

<18l (g IVRIAL+ |57 1R
+ (1B +1R1) IS1) < € (IRl + |Bl + [VRP?) s
+ ClgT PIVRI|AP + CIRI|nP,

since
GTHIVRIANS < C (137 PIVRIIAP + VR S2),
and

G IBPIRIIS| < € (167 PIRP AP + |RIISP).

Finally, from (1.10), we have |U]? < C (]g’llzﬁfimh]? + ]§|2\A|2>.

165
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We now specialize to the setting of Theorem 2 (except that we continue
to permit ¢ € [0, 1]) and define

(37) a=(3+0)/2, Bza—1=(1+0)/2, o=a/2=(3+0)/4,

(so that, in particular, « <2 and (3, ¢ <1 if 6 € [0, 1]). Together with the
derivative estimate (3.1), we can put the above inequalities into the following
simplified form.

Proposition 12. Suppose go is a complete metric satisfying the volume
growth condition (0.2), g(t) and §(t) are solutions to (0.1) satisfying (0.3)
and the curvature bound (0.4) for some 6 € [0, 1], and o, 3, o are as in (3.7).
Then there exists a constant N = N(n,~,0, K,T*) such that, on M x (0,T],

0 - Np , -
(3.8) 57 < < (IB1P +151%)

0, - Np - - 1
(3.9) Q\AF S5 (Ih[* +A]%) + ZWS‘Q’

S Np , - -
(3.10) <at—AS—divU,S> < t—f(\h|2+|A|2+|S|2),
and
Np - -

(3.11) U < 2L (R +147),

where h = pt=/2h, A = p'?t=812 A and p(x) = rZ(z) + 1 are as before.

Proof. By assumption, we have bounds on |R| and |§|g, and from (3.1),
estimates on |VR| and |6]§\g Since ¢(t) and g(t) are uniformly equivalent,
we also have estimates on |R| and |V R|, and we collect all of these estimates
here with a common constant Ky = K1(n,d,~, Ko, T*):

sup ¢ (IR +|R|) < Kip,  swp
%[0

{0+1/2 (|VR| + \%ED < K1p%2.
Mx[0,T] Mx[0,T]

The assumption of uniform equivalence also implies

|§_1| < 7|§_1|go < 72@_1‘9 = '72\/7;-

So now it is just a matter of substituting these bounds into (3.3), (3.4),
(3.5) and (3.6). In what follows we will use N to denote any constant that
depends only on n, §, v, K1 and T™.
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First, from (3.3), using 0 = (3 4 §)/4, we have

8 712 72 2
(3.12) SR < (\RH o~ =) Al T/MS’
3(1-6)/4 2 2
< s (K 1) R + 3+6/4|S|
2
< O+ 1P

for any t > 0, since a = (34 6)/2 and t3(1=9/4 < T*_ Next, from (3.4), we
have

d < = P
3.13 —JA2<C( (1g7 YR+ IR JWP+ S -5 ) AP
(313) AP < ((rg r||+|\) Lgrr L -0) 1

Cto—h+
+ T|VR| 2h2 + f|v5|2

_Np =02\ 1712 . NP2, Ligop
< sy (L EOR) AR SRR+ 98]
Np 1
S (1+5)/2 (|h|2+|A’ ) Z|VS|27

since 3 —6=(1-6)/2>0,and a — B+ 6 — (1 4 20) = —4. Similarly,

(3.14)

<65 —AS —divU, S>
ot

< c{g*r?ﬁﬁw‘*“mr? g PIRPIRR + (FRPP -+ (171 + 1) ) 15}

Np 2, 2 1 1 2
= (2+44)/3— ﬁ‘A| 30— a|h| +Np (t(1+25)/3 + t5> 5]
Np 712 Np 209 Np (1-8)/3 2
< vy AP + g+ arays (1 H00) 18]
Np
< v (R +14P +1SP)

since (24 40)/3 — 3 = (1+59)/6, 30 —a = (56 — 3)/2, and

5(5—3< 1—|—5<5< 1—1—2(5’
2 - 6 - 3

when ¢ € [0, 1].
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Finally, from (3.6), we have

(3.15)
g ~ 1 1
P < ¢ (1 PIRRRIE + [RAAP) < N (Graasma P + sl AP )

Np 712 112
Sm(w + [ 4] ),

since 1+26 —a =25 — 3= (30 —1)/2. Since 0 = (3+0)/4 is the largest

exponent of 1/t to appear in the coefficients of (3.12), (3.13), (3.14) and

(3.15), we obtain (3.8), (3.9), (3.10) and (3.11). O

3.3. A remark on the general strategy

At this point, we could multiply |h|?, |A|?> and |S|? by suitable cutoff and
decay functions and introduce localized versions of the integral quantities
G, H, Z and J from the last section in order to argue as before. However,
the argument we will use is only dependent on the structure of the system
of inequalities in Proposition 12 and this structure is not really specific to
the Ricci flow.

The guiding principle behind our efforts thus far has been that, while g
and g themselves do not satisfy strictly parabolic equations, the individual
curvature tensors 2 and R do, and do so with respect to elliptic operators A
and A whose coefficients, respectively, depend on g and ¢ and their deriva-
tives (up to second-order). Since the difference of g and § (and those of their
derivatives) can be controlled in an essentially ordinary-differential way by
the difference of R and R and those of their derivatives, by prolonging the
system for S = R — R to include just as many of the differences of g and g
and their derivatives as are needed to control A — A, we can hope to obtain
a closed and nearly parabolic system of inequalities. As we have seen (thanks
to an integration by parts) we need only to add h and A to obtain a sys-
tem for which uniqueness can be established much as for strictly parabolic
systems.

Thus the strategy is, (1) to begin with the system of equations satisfied
by the difference Rm —Rm of curvature tensors, (2) to prolong the system
by lower order quantities whose vanishing is logically redundant for the pur-
poses of establishing uniqueness, but whose inclusion allows us to account
for the lack of a common elliptic operator in the separate parabolic equa-
tions satisfied by Rm and Rm, and, (3) to apply the energy method to the
mixed (but, in practice, nearly parabolic) system of inequalities satisfied
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by the aggregate of the curvature and lower-order quantities. This strategy
can be used to encode uniqueness problems for other geometric evolution
equations, such as the mean curvature flow, into those for similar systems
of inequalities, and thus we formulate a somewhat more general uniqueness
result than is necessary to prove Theorem 2 in the chance that it might be
of some independent interest.

This approach to handling gauge-degeneracies in evolution equations
involving curvature, is similar to that employed in [K1, K2|, and has its
origins in the work of Alexakis [A] on unique-continuation for the vacuum
Einstein equations. (See also [WY].)

3.4. Reduction to system of mixed differential inequalities

For the application of the result of the next section to the situation of
Theorem 2, we'll take (in the notation of that section) X = T3 (M), Y =
THM) @ T}HM) and X(t)=S(t) € X, Y(t)=h(t)® A(t) €Y, and take
one of the metrics, g(t), as our family of reference metrics. Note that, by
assumption, X is smooth on M x [0,7] and satisfies X (z,0) = 0 and

X (2, )2 < Kyt 2 (3 (z) +1)2 < Nt N5 @)
on M x (0,T] for an appropriate constant N where
o' = max{(3+0)/4,25} < 1.

(It is here that we need § < 1/2, as opposed to 6 < 1.) The family of sections
Y (t) is smooth in ¢ and Lipschitz over M (smooth but for the factors of p)
for t > 0, and, as noted in Lemma 10, satisfies

¥ (@, )2 = 7% (@) (e, )2 + ¢ Pp| A, D2 < 27002 + 1)2P(r)

on By, (zo,7) x [0,T] for any r > 0. Thus |Y'(x,t)| tends to zero uniformly
as t \, 0 on any compact set. (We will not need any assumptions on the
behavior of Y (¢) at spatial infinity.) In terms of X and Y (and the norms
on X and Y induced by ¢(t)), Proposition 12 implies

X N
<88t —AX - divU,X> < tf(\XF +[Y[?),

)4 1 N
(0¥ ) < VP + ZEAXP 4 1Y)
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on M x (0,T], with [U|?> < (Np/t®)(|X|? + |Y|?). Note that, although equa-
tions (3.8) and (3.9) only directly imply an inequality on %|Y|2, in our
derivation of these inequalities, we immediately estimated the contribu-
tion of the time-derivative of |-|=|- |, from above by terms propor-
tional to |R||Y|? < CKi(p/t9)|Y|? < N(p/t”)|Y|?, so we in fact also have
the inequalities in the above weaker (although somewhat more symmetric)
form. Theorem 2 now follows at once from Theorem 13 below.

4. A uniqueness theorem for systems of virtually parabolic
differential inequalities

Let (M, go) be a complete Riemannian manifold, satisfying
(4.1) vol(Byg, (z0,7)) < Age™”,
for some x¢ € M, constant Ay, and all > 0. Define ro(x) = distg, (zo, ) and

p(x) = r3(z) + 1 as before. Suppose that g(t) is a smooth family of metrics
on M x [0,T] such that, writing %gij = —2p;;, the conditions

(4.2) 7 g0 < g(t) <90, and  t7|p(z,t)| < Nop()
are satisfied for some constants v, o € (0,1), and No, where |- | = |- |5 as
before.

Now let X = @P;_, le (M)and Y = @®_, Tllf (M) represent tensor bun-
dles over M equipped with the metrics and connections induced by g(t) and
V(t), the Levi-Civita connection of g(t).

Theorem 13. For any choice of a, o € (0,1), v > 0, and non-negative con-
stants Ag, A1, Ny and Ny, there exists Ty = To(n, 7,0, a, Ag, A1, No, N1) >
0, such that, whenever g(t) is a smooth family of metrics on M x [0, Tp]
satisfying (4.1) and (4.2), and X (t) € C>*(X), Y(t) € C(Y) are families of
sections depending smoothly on t € (0,Tp] satisfying the initial conditions

4.3 limsup | X (x,t)| =0, limsup|Y(z,t)|=0
(4.3) fimsup X (2. )] =0, limsup [¥ (1)

on every compact 2 C M, the growth bound

(4.4) 71X (2, )2 < AyeMni@)
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on M x (0,Tp], and the system of inequalities

<68‘1( — AX —div U,X> < %]VX\Q + % (1X12 + [Y?),

Y (¥ )< §IvxP+ 52 (P + )
ot’ -2 to ’

on M x (0,Tp] for U(t) € C*°(TM ® X) satisfying

(16) P < S (xpP 4 1Y P),

then X(t) =0, Y(t) =0 for all t € (0, Tp).

Remark 14. Here, by divU = divy;) U we mean the section of X whose
value in the fiber over (z,t) € M x (0,Tp] is Y iy Ve, Ules,-) for a g(t)-
orthonormal basis {e;}1, of TpM.

Remark 15. With a simple modification of the proof below (and an appro-
priate reduction of the constant a in the statement) one can substitute for
the operator A = Ay in Theorem 13 any elliptic operator of the form L =
NIV, V;  where A(t) € C®°(TgM) satisfies A "'g¥(x,t) < A¥(x,t) <
AgY (x,t) on M x (0,Tp] with

IVA]* < Np/t°
for some constants A and N.

Proof. Again, we’ll assume that M is non-compact, as the argument in the
compact case is very similar and less involved. For the time being we will take
0 < Tp < T to be a small constant to be determined later. We begin by intro-
ducing a suitable cutoff function. Choose a nonincreasing ¢ € C*(R, [0, 1])
satisfying

{1/}51 on (—o00,1/2]
=0 on [l,00)

and (¢')? < C%. The function ¢, : M — [0,1] defined by ¢,.(z) = ¥(ro(x)/7)
then satisfies

¢or=1 on By (xo,7/2), ¢ =0 on M\ By (xo,1),
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and is Lipschitz (smooth off of the gp-cut locus of zp). On account of the
uniform equivalence of ¢(t) with gg, we have

‘ngr |2 < C7r_2¢r

off of a dyg,— (hence dpgy)—) set of measure zero in By, (wo,7) x [0, Tp)].
Then, for any r > 0 and ¢ > 0, we define

G, = [ XPoredn M= [ ¥Poedn,
M M

7= [ 19XPore g,
M

with & = G, + H,, where n = np 1, is as in Lemma 5 with B = B(n,a,7y) >
0 taken small enough to ensure that

on 5—2a
(47) ot 2(1—a)

V> >0
on M x [0,Tp]. As noted in that lemma, this can be achieved independently
of our choice of Ty, and is not affected by a further reduction of Ty. Below
we will continue to use C'= C(n) to denote a universal constant and N any
constant which depends at most on n, the ranks (k;,(;), (k,1;) from the
definitions of X and ), and the constants a, 7, o, Ag, A1, Ny and N7. For
convenience, we’'ll write 6 = 0(x,t) = p(z)/t°.

Now we compute the evolution equations for G, and H,. First, since
%du = —g¥ P;;dp, taking into account the time-dependency of du and the
norms | - |, it follows from (4.2) and (4.5) that

(4.8)
0X on _
/ < 2 Y 2 Ui
iy < [ (worxp+2( G x) - SIxP) oy
2
< N(TH)QT+/ (2 <AX+divU,X)—a"\X|2) ér e dp
to " ot

+/ 2NMO(XP +[Y]?) +a|VX[?) ¢re " du
M

N(r?+1)

<aJr+ 1o

0
(QT + HT) - / ﬁ’X’2¢r e Tdu
M Ot

+2/ (AX +divU, X) ¢re Tdu
M
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on M x (0,Tp]. Integrating by parts in the last term in (4.8), we find that
2/ (AX +divU, X) ¢re” " dp
M

<2742 (\vxnvm L (VXNIX] + (U1K (Tl + wn) e du,

and, where ¢, > 0, we can estimate

2VX|([Ul¢r + [X[IVnldr + | X[ Vr|)

2 3 2 2 ‘v¢7‘|2 2
<201 = VP, + s 0P+ s (196, + 2 ) 1,
and
21U X|(IV V) < 2|UJ? 2, 4 VO 2
UIXI(Vnlor + Vo) < 20U G + { [Valier + === | IXT
So, using (4.6) and (4.7), we have
. n _
2(AX +divU, X) — = | ¢re "dp
M ot
5—2a on _
< —2aJ, + N 24 2T -2 e
<2748 [ (1084 22l = 1) 6, e
2
+N \X]zme_”d,u,
supp ¢, T
N(r?+1 N
(4.9) < —2aJ, + #(QT +Hr) + — / 1 X|2 e "dp,
t " Jsupp [V, |

and thus, combining (4.8) and (4.9), that, for any 0 < ¢ < T,

N2 +1 N
(r:_)&-i-g/ 1X|2 e "dp,
¢ 7% J A(zo,r,r/2)

where A(zo,7,7/2) = Byo)(%0,7) \ Bg(o)(T0,7/2).
Now we examine the last term in (4.10). Since the metric g(¢) is uniformly
equivalent to gg, we have

(4.10) G, < —aJ, +

VOlg(t) (A($0, Ty T/Q)) < VOlQo (Bgo (va T)) < 7n/2A06A0r2’

by the volume growth assumption on gy. Since we also assume that the
integrand |X|? satisfies the similar growth bound (4.4), by choosing T}, =
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T} (n, v, Ag, A1, B) sufficiently small, we can arrange that

N _2
[ Pedns e
A(zo,r,r/2) t
for some € = €(Ap, A1, B) > 0, provided Ty < T;. So we have

N 1 N _e?
(Tt—'—)(gr“‘H)—ajr“‘ To

for any r > 0 and ¢ € (0, To), if Ty < Tj.
Similarly, by (4.5), we compute (using here only that 87’ > 0) that

/<N¢9\Y!2+2<8Y Y> "|Y|2> br e dp
. at’ ot

N 1
(T * >H +/ 2NMO(X P+ |Y]?) +a|VX[?) ¢re T dp

N(r?+1)
to

Combining (4.11) and (4.12), we conclude that, for all » > 0 and ¢ € (0, Tp],

(4.11) gL(t) <

tUT2

(4 12)

/\

<aJ, + (Gr + H,).

N(r?+1) N
—2E&( To |
to r( ) + tU’I“Z

Ex(t) <

provided Ty < T§. It follows then, that for any 0 < ¢ty < t < Ty < T, we have

F’V‘2

—Q(r)tt=e -Q(n)ty™” e —Q(rty™7 _ = Qr)tte
T ) ) 8 T ()
where Q(r) = N(r2 +1)/(1 — o).

Now, since X and Y tend to zero uniformly on any compact set, we have
limy\ 0 & (to) = 0 for any fixed r. Therefore, sending ¢y \, 0, we obtain

_5'7‘2 NTéia NTl—(r
e To o e 1o —(TL— P >7“2
gr(t) S ’]”72 (eQ(T) — 1) S 7‘2 € 0 .

If we choose Ty smaller still, say Ty < min{T}, (e(1 — o)/(2N))/ =)}, the
above inequality implies
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for all r > 0 and 0 < t < Tj. Fixing ¢ in this range and sending r — oo then
finishes the argument. O
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