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Asymptotics of spectral function of lower energy

forms and Bergman kernel of semi-positive and big

line bundles
CHIN-YU HS1A0 AND GEORGE MARINESCU
In this paper we study the asymptotic behaviour of the spectral
function corresponding to the lower part of the spectrum of the
Kodaira Laplacian on high tensor powers of a holomorphic line
bundle. This implies a full asymptotic expansion of this function on
the set where the curvature of the line bundle is non-degenerate. As
application we obtain the Bergman kernel asymptotics for adjoint
semi-positive line bundles over complete Kéhler manifolds, on the
set where the curvature is positive. We also prove the asymptotics
for big line bundles endowed with singular Hermitian metrics with

strictly positive curvature current. In this case, the full asymptotics
holds outside the singular locus of the metric.
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1. Introduction and statement of the main results

Let L be a holomorphic line bundle over a complex manifold M and let
LF be the k-th tensor power of L. The Bergman kernel is the smooth ker-
nel of the orthogonal projection onto the space of L?-integrable holomor-
phic sections of L¥. The study of the large k& behaviour of the Bergman
kernel is an active research subject in complex geometry and is closely
related to topics like the structure of algebraic manifolds (e.g., [23, 58]),
the existence of canonical Kéhler metrics (e.g., [13-15, 27, 31, 32, 63, 64]),
Berezin—Toeplitz quantization (e.g., [6, 30, 51, 52]), equidistribution of zeros
of holomorphic sections (e.g., [16, 25, 59, 60]), quantum chaos and math-
ematical physics [29]. We refer the reader to the book [49] for a compre-
hensive study of the Bergman kernel and its applications and also to the
survey [46].

In the case of a positive line bundle L over a compact base manifold
M, Catlin [12] and Zelditch [70] established the asymptotic expansion of the
Bergman kernel on the diagonal by using a fundamental result by Boutet
de Monvel-Sjostrand [10] about the asymptotics of the Szegd kernel on a
strictly pseudoconvex boundary. It was already pointed out by Boutet de
Monvel-Guillemin [11] that the Bergman kernel of L* is linked to the Szegd
kernel on the boundary of the unit disc bundle (Grauert tube), which is
strictly pseudoconvex if L is positive.

Dai, Liu and Ma [19, 20] obtained the full off-diagonal asymptotic expan-
sion and Agmon estimates of the Bergman kernel for a high power of positive
line bundle on a compact complex manifold by using the heat kernel method.
Their result holds actually for the more general Bergman kernel of the spin®
Dirac operator associated to a positive line bundle on a compact symplec-
tic manifold. In [47, 49, 50], Ma and the second-named author proved the
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asymptotic expansion for yet another generalization of the Kodaira Lapla-
cian, namely the renormalized Bochner—Laplacian on a symplectic manifold
and also showed the existence of the estimate on a large class of non-compact
manifolds. The main analytic tool in [19, 20, 47, 49, 50] is the analytic local-
ization technique in local index theory developed by Bismut—Lebeau [49].

Another proof of the existence of the full asymptotic expansion for the
Bergman kernel for a high power of a positive line bundle on a compact
complex manifold was obtained by Berndtsson et al. [3].

A natural generalization is the asymptotic of the kernel of the projection
on the harmonic forms in the case of a line bundle with non-degenerate
curvature. Berman and Sjostrand [4] obtained these asymptotics building
on the heat equation method of Menikoff-Sjostrand [55]. More generally,
the expansion in the non-degenerate case was obtained independently by
Ma and the second-named author [48] for the kernel of the projection on the
kernel of the spin® Dirac operator on symplectic manifolds. The asymptotics
of the Szego kernel for forms on a compact abstract CR manifold with non-
degenerate Levi form were established by the first-named author [40].

For a singular Hermitian metric h” on L with strictly positive curvature
current, Ma and the second-named author used the generalized Poincaré
metric on the regular locus of h* and a modified fibre metric on L to obtain
a full asymptotic expansion for the associated Bergman kernel [49, 50]. As a
corollary, they could reprove the Shiffman conjecture, asserting that Moishe-
zon manifolds can be characterized in terms of integral Kéahler currents.

Witten [68] suggested that the subcomplex of eigenforms of the Witten
Laplacian, correponding to the lower part of the spectrum, is isomorphic to
the Thom—Smale complex. This was first made rigorous by Helffer—Sjostrand
[37] by means of microlocal analysis. Inspired by [68], Demailly [23] used the
subcomplex of eigenforms of the Kodaira Laplacian on L* in order to prove
the holomorphic Morse inequalities (see also Bismut [5]). In this paper we
give the first microlocal study of the latter complex.

The first main result of this paper is a local asymptotic expansion of
the spectral function of the Kodaira Laplacian on L* on a not necessarily
compact Hermitian manifold M for states of energy less than k~™o, for
Ny € N fixed, on the non-degenerate locus of L, cf. Theorem 1.1. This is a
very general result since it holds without global assumptions on the manifold
or the line bundle. However, the estimates obtained do not apply directly to
the Bergman kernel, which is obtained by formally letting Ny — oo in (1.7).
We then impose a very mild semiclassical local condition on the Kodaira
Laplacian, namely the O(k™") small spectral gap on an open set D € M
(see Definition 1.5). We prove that the Bergman kernel admits an asymptotic
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expansion on D if the Kodaira Laplacian has O(k~"°) small spectral gap on
D, cf. Theorem 1.6.

The distinctive feature of these asymptotics is that they work under
minimal hypotheses. This allows us to apply them in situations which were
up to now out of reach. We illustrate this in the study of the Bergman
kernel of semi-positive or positive but singular Hermitian line bundles. We
prove that if M is a complete Kéhler manifold and L is semi-positive on M,
then the Bergman kernel of LF ® Kj; admits a full asymptotic expansion
on the non-degenerate locus of L, cf. Theorem 1.7. Moreover, we show in
Theorem 1.10 that if M is any compact complex manifold and L is semi-
positive and positive at some point, then the Bergman kernel of L* admits
a full asymptotic expansion on the set where L is positive, with the possible
exception of a proper analytic variety ¥ C M.

We also consider the case of a singular Hermitian fibre metric on L. The
holomorphic sections which are L? with respect to the singular metric turn
out to be sections of L twisted with a multiplier ideal sheaf. One can natu-
rally define the orthogonal projection on this space of sections and consider
its kernel on the regular locus of the metric. We show that this kernel has
an asymptotic expansion on the regular locus, if the curvature current is
strictly positive and smooth outside a proper analytic set (Theorem 1.8).
This yields yet another proof of the Shiffman conjecture.

We further give formulas for the first top leading terms of the asymptotic
expansion of the spectral function and recover the top leading coefficients of
the Bergman kernel expansion. These coefficients recently attracted a lot of
attention, see the comments after Theorem 1.6.

Other applications of the main results are local and global holomorphic
Morse inequalities, a local form of the expansion of the Bergman kernel on
forms, examples of manifolds having very small spectral gap, Tian’s conver-
gence theorem and equidistribution of zeros of holomorphic sections in the
case of singular metrics.

We now formulate the main results. We refer to Section 2 for some
standard notations and terminology used here.

1.1. Statement of main results

Let (M, O, J) be a Hermitian manifold of complex dimension n, where © is a
smooth positive (1,1)-form and J is the complex structure. Let g™ (-,-) =
©O(-, J-) be the Riemannian metric on 7'M induced by © and J and let (-, )
be the Hermitian metric on CT'M induced by ggM . The Riemannian volume
form dvys of (M, ©) has the form dvy, = ©"/nl.
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Let (L,h%) be a holomorphic Hermitian line bundle on M and set
LF .= L®* Let V! be the holomorphic Hermitian connection on (L, k%)
with curvature R* = (V%)2. We will identify the curvature form R” with the
Hermitian matrix RL € € (M, End(T(0 M) satisfying for every U,V €
TOM, e M,

(1.1) (RE(z),U AV = (RE(2)U, V).

Let det RY(z) := py (), ..., pn(x), where {1j(z)}}_, are the eigenvalues of
R with respect to (-,-). For ¢ € {0,1,...,n}, let

(1.2) M(q) = {z € M; Rl (z) € End(ngl’O)M) is non-degenerate

and has exactly ¢ negative eigenvalues}.

We denote by W the subbundle of rank ¢ of 79 M ] M(q) generated by the
eigenvectors corresponding to negative eigenvalues of RL. Then detW ™ :=
AW C AqT*(Ovl)M\M(q) is a rank one subbundle, where AT*(OD M is the
bundle of (0,q) forms, W " is the dual bundle of the complex conjugate
bundle of W and AYW * is the vector space of all finite sums of vy A -+ A Vg,
V1,...,Uq € W". We denote by Liww~ € End(A4T*(V M) the orthogonal
projection from AYT*(O1 M onto det W’

Let (LF,h*) be the k-th tensor power of (L,h"), where h¥ := (h1)®*.
Let (-,-)x be the inner product on QY%(M,L*) induced by ¢&™ and h*

(see (2.3)). Let [|-|| be the corresponding norm and let L%Qq)(M, LF) be

the completion of Q)9(M,L*) with respect to ||-|. For ¢ =0, we write
L*(M, L*) == L}, ) (M, L").

Let D,(f) be the Kodaira Laplacian acting on (0, ¢)—forms with values in
LF, cf. (2.5). We denote by the same symbol D,(Cq) the Gaffney extension of
the Kodaira Laplacian; cf. (2.8). It is well-known that D;q) is self-adjoint
and the spectrum of D,(ﬂq) is contained in R (see [49, Proposition 3.1.2]).
For a Borel set B C R we denote by F(B) the spectral projection of Déq)
corresponding to the set B, where F is the spectral measure of D,(cq) (see
Section 2 in Davies [21]) and for A € R we set E\ = E((—o0, A]) and

(1.3) &N(M, L*) = Range B C L, (M, L¥).
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If A =0, then &(M, L*) = Ker D,gq) =: #9(M,LF) is the space of global
harmonic sections. For a holomorphic vector bundle E over M we have

H{y (M, E) := {s € L*(M, E); s = 0} = Ker 0",
where Of is the Cauchy-Riemann operator with values in £ and OF is the

Kodaira Laplacian with values in E (see Section 2.3). The spectral projection
of D,(f) is the orthogonal projection

(1.4) P L3 (M, LF) — &8(M, L),

The spectral function P;Sqi( ) = P,gq)( -+, A) is the Schwartz kernel of P,Eq),
see (4.16) and (4.17). Since D,(f) is elliptic, it is not difficult to see that

PO, N) € €°(M x M, LF @ (AT*OD M R AT*OD M) @ (LF)*)

and &1(M, L¥F) C Q%9(M, LF). Since L¥ @ (L¥)* =~ C we can identify P
(z,z,\) to an element of End(AqT;(O’l)M). Then

(15) M3z P?(x,2,\) = P (2,2) € End(AYT; "V M)
is a smooth section of End(AIT*OV M), called local density of states of
&EY(M, LF). The trace of P,gq) (x,x,\) is given by
d
TrP,g?))\(a:,x) P(q (x,z,\) Z(P,E (z,z,N) ey, (2),e5(2) ),

7=1
where ej,,...,ey, is a local orthonormal basis of AIT*OD AT with respect
to (-, ). The projection
(1.6) k k:,O’(Oq)(’ ) — Ker [,

on the lowest energy level A = 0 is called the Bergman projection, its kernel
P,gq)( -,+) is called the Bergman kernel. The restriction to the diagonal of

P,gq)(-,-) is denoted P,SZ)(-) and is called the Bergman kernel form. The
function Tr P,gfg (z,z):=Tr P,Eq) () is called the Bergman kernel function.

We notice that Tr P,EO) (x) = P,go) (x).
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We introduce the notion of asymptotic expansion (see Definition 3.10).

Let D C M be an open set and a(z, k), a;(z) € €°°(M,End(A1T*OD D)),
j=0,1,... and m € Z. We say that a(x, k) has an asymptotic expansion

oo
a(z, k) ~ Z a;j(z)k™~7 locally uniformly on D,
=0

if for every N € Ng, £ € Ny and every compact set K C D, there exists a
constant Cy ¢ x > 0 independent of k, such that for £ sufficiently large

<C ]Cm_N_l.
GHK) = N,(,K

N .
)a(x, k) — Z K" aj(x)
7=0

We say that a(z, k) = O(k~°°) locally uniformly on D if a(x, k) ~ 0 locally
uniformly on D.

The following theorem is one of the main results. It expresses the fact
that the Kodaira Laplacian acting on Q®*(M, L¥) admits a local semi-
classical Hodge decomposition. Note that there are neither global assump-
tions on the positivity of the bundle nor on the base manifold.

Theorem 1.1. Let (M, O) be a Hermitian manifold, (L, h") be a holomor-
phic Hermitian line bundle on M. Fiz q € {0,1,...,n} and Ny > 1. Then
for every m € {0,1,...,n} there exists a k-dependent section b™ (z,k) €
€>°(M(q), End(A™T*OV M) with the following properties: for every D &
M(q), ¢ € Ny, there ezists a constant Cp > 0 independent of k with

(1.7) ’ P (a2, kM) — b (2, k) < Op g k20N,

¢4(D)

b (z,k) = 0 for m # q and b9 (z, k) has an asymptotic expansion

(1.8) WD (z, k) ~ Z bg-q) ()K" locally uniformly on M(q),
j=0

for some bg-q) € €°(M(q), End(A?T*OV M), §=0,1,2,.... On M(q) we
have

(1.9) by = (2m)7"| det RY |1, 77+

We wish to give formulas for the top coefficients of the expansion in the
case ¢ = 0. We introduce the geometric objects used in Theorems 1.2 and 1.7
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below. Put

(1.10) W= ERL.
2
On the set M (0) the (1, 1)-form w is positive and induces a Riemannian met-
ric gIM(-,-) = w(-, J-). Let VLM be the Levi-Civita connection on (M, gZM),
RITM = (VIM)2 its curvature (cf. (4.71)), Ric its Ricci curvature and r the
scalar curvature of g/™ (see (4.69)). We denote by Ric, = Ric(J-,-) the
(1,1)-form associated to Ric (cf. (4.73)) and by A, be the complex Lapla-
cian with respect to w (see (4.67)). We also denote by (-,-), the pointwise
Hermitian metric induced by gZ™ on (p,q)-forms on M and by |-|, the
corresponding norm.
Let Rd@Gt denote the curvature of the canonical line bundle

Ky = det 710 0
with respect to the metric induced by © (see (4.70)). Put
r=ANAylogVg, Vg =det (@j,k);'lk:1 ,

where © = /—1 Z;‘ p—1 ©jkdz; N\ dzy in local holomorphic coordinates z =
(21, -y 2n)-

Theorem 1.2. Let (M,0) and (L,h") be as in Theorem 1.1. The coeffi-

crents bgo) and bgo) in the expansion(1.8) for ¢ = 0 have the following form:

0) _ -n ar( L1 5L
(1.11) by’ = (2m) "det R (8 r 47rAwlogdetR)

™

= (2m) " det B (7 - ),

(1.12)
: 1 1 1 1
by = (2m) 7" det " 2 P P2 = o AP
2 = (2m) " de osn?’  3anz’T T 3pme (1) T gp et

2 1
P

1 TM |2
+ 557 | R }w)a

1 det : det 1
87’[’2 ’R@ <R,1Cw7 R@ >w + 7967'('2

1 .
Aw'l“ — m ‘Rlcw‘i

where |R£M|i is given by (4.72).



10 Chin-Yu Hsiao and George Marinescu

On the set where the curvature of L is degenerate we have the following
behaviour.

Theorem 1.3. Let (M,0) and (L, h*) be as in Theorem 1.1. Set
Meg = {x € M; RL is degenerate at x € M} )

Then for every xg € Maeg, € > 0 and every m € {0,1,...,n} , there exists
a neighbourhood U of xg and ko > 0, such that for all k > kg we have

(1.13) Tr P,gm)(sv,x, ENoy < ek™ zel.

As a Corollary of Theorems 1.1, 1.2 and 1.3, we obtain
Corollary 1.4 (Local holomorphic Morse inequalities). Let (M,©),
(L, h") be as in Theorem 1.1. Let Ny > 2n + 1. Then the spectral function

of the Kodaira Laplacian has the following asymptotic bahaviour:

(1.14)  Tr P (2, 2, k~No) = k" (27) ™"

det RL(:,;)‘ FO(E™Y), k — oo,

locally uniformly on M(q), and if 1y, denotes the characteristic function
of M(q),

(1.15)
lim &~ "Tr P,gq) (z,z,k~No)y = (2m)™

k—o0

det RL(JJ)’ Tpr(g)(x), =€ M.
Moreover, for every e >0, every D € M, there exists a ko > 0, such that
for all k > ko, we have

(1.16)
Tr P]EQ) (z,z,k~No) < (6 +(2m)™"

det RL(x)‘ Tar(q) (m))k”, z €D,
and for ¢ =0 and Ng > 2n + 3, we have as k — oo

(1.17) P}go) (z, 2, k=)
< k"(2m) " det RE(z) + k"0 (@) + k72 (2) + O(k™3),

locally uniformly on M(0), where bgo) (x) and bgo) (x) are as in (1.11) and
(1.12) respectively.
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The term local holomorphic Morse inequalities is motivated by the fact
that when M is compact, integration of the inequalities from Corollary 1.4
yields the holomorphic Morse inequalities of Demailly; see Section 10.5.
Berman [1] proved that

limsup k™" Tr P,gq) (x) < (2m)™" ‘det RL(.%‘)‘ Lyg) (), =€ M,

k—o0

and when M is compact, there exists a sequence u; — 0, as k — oo, such
that

lim &~ "Tr P,gQ) (x,z, ) = (2m)™"

k—oo

det RL(HT)‘ Lyrg(z), x€ M.

Corollary 1.4 refines and generalizes Berman’s results.

In order to obtain precise asymptotics we combine the local asymptotics
from Theorem 1.1 with a mild condition on the semiclassical behaviour of
the spectrum of the Kodaira Laplacian D](f) for k large, which we call (local)
O(k~™) small spectral gap.

Definition 1.5. Let D C M. We say that D,(Cq) has O(k="™) small spectral
gap on D if there exist constants Cp > 0, ng € N, kg € N, such that for all
k> ko and u € QY9(D, L*), we have

|7 = Py| < cp i

D,(Cq)uH.

To explain this condition, assume that M is a complete Hermitian man-
ifold. Then the operator D,(f) is essentially self-adjoint and Qg’q(D,Lk) is
dense with respect to the graph-norm in the domain of the quadratic form
of D,(f) (see e.g., [49, Section 3.3]). If DS) has O(k~™) small spectral gap on
M then inf {)\ IS Spec(Dl(f)); A\ # 0} > Ck ™ for some ng € N and C > 0
independent of k.

From Theorem 1.1, Definition 1.5 and some simple arguments (see Sec-
tion 4.4), we deduce:

Theorem 1.6. Let (M,©) be a Hermitian manifold, (L,h") be a holo-
morphic Hermitian line bundle on M. Fix q € {0,1,...,n} and Ng > 1. Let
D c M(q). If D,(f’) has O(k=™) small spectral gap on D, then for every
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D' € D, { € Ny, there exists a constant Cpr o > 0 independent of k with

)PIS‘Z) (.’L‘, z, k*No) _ P]g‘]) (.T) < CD’,Z k3n+2€fNo'

€t (D)

In particular,

(1.18) P,gq) () ~ Z bgq) ()™ locally uniformly on D,
j=0

where bg-Q) € ¢°(D,End(A1T*OV M), §=0,1,2,..., are as in (1.8) and
B, 00 b are given by (1.9), (1.11), (1.12).

Note that if L is a positive line bundle on a compact manifold M, or
more generally L is uniformly positive on a complete manifold (M, ©) with
V—1RX% and 0O bounded below, then the Kodaira Laplacian Dg)) has a
“large” spectral gap on M, i.e., there exists a constant C' > 0 such that for
all k& we have

inf {)\ € Spec(0\V); A # o} > Ck,

(see [49, Theorem 1.5.5], [49, Theorem 6.1.1, (6.1.8)]). Therefore the Bergman
kernel P,gq) has the asymptotic expansion (1.18) and we recover from Theo-
rem 1.6 the asymptotic expansion of the Bergman kernel for:

(i) compact manifolds for ¢ = 0, [12], [70] (cf. also [49, Theorem 4.1.1]);
(ii) compact manifolds for arbitrary ¢, [4], [48] [49, Theorem 8.2.4];
(iii) for complete manifolds [50, Theorem 3.11], [49, Theorem 6.1.1].

In the case ¢ = 0 the precise formulas (1.11), (1.12) for the coefficients of
the Bergman kernel expansion (1.18) play an important role in the inves-
tigations about the relation between canonical metrics in Kahler geometry
and stability in algebraic geometry, see e.g., [27, 31, 32, 34, 63, 66, 67] (cf.
also [49, Section 5.2]).

The coefficients b§0)7 bgo) were computed by Z. Lu [44], L. Wang [66],
X. Wang [67], in various degrees of generality. The method of these authors
is to construct appropriate peak sections as in [63], using Hérmander’s L?
O-method.

In [19, Section 5.1], Dai-Liu-Ma computed bgo) by using the heat kernel,
and in [50, Section 2], [48, Section 2] (cf. also [49, Section 4.1.8, Section

8.3.4]), bgo) was computed in the symplectic case. The coefficient bgo) was
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calculated in [53, Theorem 0.1] (these results include a twisting Hermitian
vector bundle E). Recently, a combinatorial formula for the coefficients b;o)
was obtained in [65] and the formula for bgj) was rederived in [34]. In the
above mentioned results it was supposed that the curvature w = gRL
equals the underlying metric ©. If w # © formulas for b§0)7 bgo) were given
in [49, Theorem4.1.3], [53, Remark 0.5], [41, Theorem 1.4]. We notice that
all the results mentioned above concern the coefficients of the Bergman
kernel expansion and our results (1.11), (1.12) could recover the first three
coefficients of the Bergman kernel expansion in the complex case.

Let M be a compact complex manifold and L — M be a holomorphic
line bundle with non-degenerate curvature of signature ¢ € {0, 1,...,n}, ie.,
M (q) = M. The coefficient b(()q) given by (1.9) appeared in [48, Theorem 1.3]
(the manifold M there is supposed to be symplectic). The coefficient bgq)
was calculated recently by Wen Lu [45] and by Hsiao [42] for the trivial line
bundle with mixed curvature over C"™ endowed with the Euclidean metric.

Since we allow a local O(k~") small spectral gap, we can obtain the
Bergman kernel expansion under weak conditions, such as semi-positivity
of the line bundle. In this case, we have to twist L* with the canonical line
bundle K, which we endow with the natural Hermitian metric induced by
©. We denote by P k,, the orthogonal projection from L?(M, L* @ Kj;) on
Hy (M, LF @ Ky) = %M, LF @ Ky).

Theorem 1.7. Let (M,0) be a complete Kihler manifold and (L,h")
be a semi-positive line bundle over M. Then the Bergman kernel function
Py, (+) of H&)(M, L* ® Kyr) has the asymptotic expansion

(1.19) Py i, (x) ~ Z k:”_jbg?l)(M (x) locally uniformly on M(0),
3=0

where bﬁ‘?}M € ¢€°(M(0),End(Ky)), 7 =0,1,2,..., are given by

(1.20) by, = (2m) "det RE1d,,

. 1
B = (2m) " det R <_§T> ld,,,
] M T
o _ “n 'L( 1 1 1 C2
- 2 Aw T a4 9 w
bQ,KM (2m) " det R 1287r2r +967r2 T 512 |Ric |,

2
ooy [RDM]D) Tk,

L |
9672
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where ‘RSM‘i is given by (4.72) and Idg,, is the identity map on Kyy.

In [2, Theorem1.8] the expansion is proved on M (0) \ B (L) for M com-
pact, where B, (L) is the augmented base locus of L. Note that L is ample
if and only if B4 (L) is empty.

Let us consider a singular Hermitian holomorphic line bundle (L, h*) —
M (see, e.g., [49, Definition 2.3.1]). We assume that h’ is smooth outside
a proper analytic set ¥ and the curvature current of h” is strictly posi-
tive. The metric h = h’ induces singular Hermitian metrics h* on L*. We
denote by .#(h*) the Nadel multiplier ideal sheaf associated to h* and by
HO(M,LF @ #(h¥)) ¢ HY(M, LF) the space of global sections of the sheaf
O(L*) ® S (W) (see (9.3)), where HO(M, L¥) := {u € €>°(X, L*); 0pu = 0}.
We denote by (-,-); the natural inner products on (M, LF @ 7 (h¥))
induced by h’ and the volume form dvy; on M (see (9.2) and see also (9.1) for
the precise meaning of (M, LF @ .#(h¥))). Let {S]’?};-l’;l be an orthonor-
mal basis of H(X, L* ® .#(h¥)) with respect to the inner product induced
(, )& The (multiplier ideal) Bergman kernel function of H°(M, L* @ .7 (h*))
is defined by

k(@) M\X
Mol weM\

(1.21) PO ()=

j=1

Theorem 1.8. Let (L, h") be a singular Hermitian holomorphic line bundle
over a compact Hermitian manifold (M,®). We assume that h™ is smooth
outside a proper analytic set ¥ and the curvature current of h% is strictly
positive. Then the Bergman kernel function Py »(-) of HO(M, L* @ % (hF))
has the asymptotic expansion

(1.22) P,g?)ﬂ(x) ~ Z k:”_jbg-o) () locally uniformly on M \ X,
=0

where bg-o) EECX(M\Y), j=0,1,2,..., béo) = (2r) " det RY and bgo) and
bg)) are given by (1.11) and (1.12), respectively.

We obtain in this way another proof of the Shiffman—Ji-Bonavero—Takayama
criterion (cf. [49, Theorem 2.3.28,2.3.30]).
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Corollary 1.9. Under the assumptions in Theorem 1.8, we have
dim H°(M, L* @ .7 (h¥)) > ck"

for k large, where ¢ > 0 is independent of k. Therefore, L is big and M 1is
Mozishezon.

We assume that (M, ©) is compact and we set

Herm(L) = {singular Hermitian metrics on L},

M(L) :{hL € Herm(L); h¥ is smooth outside a proper analytic set
and the curvature current of h” is strictly positive}.

Note that by Siu’s criterion [49, Theorem 2.2.27], L is big under the hypothe-
ses of Theorem 1.10 below. By [49, Lemma2.3.6], M(L) # 0. Set

(1.23) M':={pe M;3 ht € M(L) with h* smooth near p} .

Theorem 1.10. Let (M, ©) be a compact Hermitian manifold. Let (L, h*)
— M be a Hermitian holomorphic line bundle with smooth Hermitian metric
Rt having semi-positive curvature and with M(0) # 0. Then the Bergman
kernel function Py(-) has the asymptotic expansion

Pi(x) ~ Z k”fjbg-o) (x) locally uniformly on M(0) N M/,
j=0

where b§0) €EE>*(M(0)), j=0,1,2,..., b(()o) = (27) "det RV and bgo) and

bgo) are given in (1.11) and (1.12), respectively.

The existence of the asymptotic expansion from Theorem 1.10 was
obtained by Berman [2] in the case of a projective manifold M.

Remark 1.11. (I) In Theorems 1.1, 1.6, we obtain the diagonal expansion
of the kernels P;quszo(w ) . We will prove actually more, namely the off-

diagonal asymptotic expansion for P]E?k)wo (z,y) on the non-degenerate part
of L, see Theorems 4.11, 4.12 and 4.14 for the details. In the same vein, the
diagonal expansions of the Bergman kernels from Theorems 1.6, 1.7, 1.8 and
1.10 have off-diagonal counterparts. See Theorems 6.4, 9.2 and 8.3 for the
details.
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(IT) Let E be a holomorphic vector bundle over M. Theorems 1.1, 1.3, 1.6,
1.8 and 1.10 and their off-diagonal counterparts can be generalized to the sit-
uation when L* is replaced by L* ® E. See Remark 4.13 and the discussions
in the end of Sections 4.4 and 5, for the details.

The layout of this paper is as follows. In Section 2, we collect some
notations, definitions and statements we use throughout (geometric set-up,
self-adjoint extension of the Kodaira Laplacian, Schwartz kernel theorem).
In Section 3, we exhibit a microlocal Hodge decomposition for the Kohn
Laplacian on a non-degenerate CR manifold and apply this to obtain the
semiclassical Hodge decomposition for the Kodaira Laplacian on a complex
manifold. In Section 4, we prove the existence of the asymptotic expansion of
the spectral function associated to forms of energy less that k=™, As a con-
sequence we obtain the expansion of the Bergman kernel if the local O (k")
spectral gap exists. In Section 5 we get an asymptotic upper bound near the
degeneracy set of the curvature of L. In Section 6, we prove the expansion of
the Bergman kernel on the positivity set of an adjoint semi-positive line bun-
dle over a complete Kihler manifold. In Section 7, we prove an L?-estimate
for the O for singular metrics. We use this estimate in Sections 8 and 9,
to prove the existence of the Bergman kernel expansion for semi-positive
line bundles and bundles endowed with a strictly positively-curved singular
Hermitian metric. In Section 10, we apply the previous methods to obtain
miscellaneous results, such as Bergman kernel expansion under various con-
ditions, holomorphic Morse inequalities, Tian’s convergence theorem and
equidistribution of zeros of holomorphic sections.

2. Preliminaries
2.1. Some standard notations

We denote by N = {1,2,...} the set of natural numbers and by R the set of
real numbers. We set Ng = NJ {0}. We use the standard notations w®, 9%
for multi-indices o = (o, ..., am) € NJ*, w € C™, 0y = (Opy5 .-, Oy, )-

Let M be a complex manifold of dimension n. We always assume that
M is paracompact. We denote holomorphic charts on M by (D, z), where
z=(21,...,2n) : D — C" are local coordinates. The associated real chart is
denoted by (D, z) = (D, z), where z = (x1,...,x2,) are real coordinates on
M given by z; = w251 +ixo;,j = 1,...,n. For amulti-index J = (j1,...,jq)
e {1,...,n}? we set |J| = q. We say that J is strictly increasing if 1 < j; <
jo <0 < jy < n. Weput dz’ = dz;, A---NdZj,. A (0,q)-form f on M has
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the local representation

flo =3 1i(z)dz’,

|J]=q

where ZI means that the summation is performed only over strictly increas-
ing multi-indices. In this paper all multi-indices will be supposed to be
strictly increasing.

Let Q2 be a ¥>° paracompact manifold equipped with a smooth density
of integration. We let T'Q2 and T7(2 denote the tangent bundle of 2 and the
cotangent bundle of () respectively. The complexified tangent bundle of 2
and the complexified cotangent bundle of Q will be denoted by CT'C) and
CT™*Q respectively. We write (-, -) to denote the pointwise duality between
T and T*Q). We extend (-,-) bilinearly to CTQ2 x CT*Q. Let E be a €
vector bundle over ). We write E* to denote the dual bundle of E. The fibre
of E at x € Q will be denoted by E,. We write End (F) to denote the vector
bundle over 2 with fibre over x € ) consisting of the linear maps from E,
to E,;. Let F' be another vector bundle over 2. We write £ X F' to denote
the vector bundle over Q x  with fibre over (z,y) € Q x Q consisting of the
linear maps from E, to Fy. Let Y C € be an open set. From now on, the
spaces of smooth sections of E over Y and distribution sections of E over
Y will be denoted by €>°(Y, E) and 2'(Y, E) respectively. Let & (Y, E) be
the subspace of 2'(Y, E) whose elements have compact support in Y. For
m € R, we let H™(Y, E) denote the Sobolev space of order m of sections of
E over Y. Put

H2 (Y,E)={ue Z2'(Y,E); puc H"(Y,E), ¢ € €:°(Y)},
Hipwp (Y, E) = Hip (Y, E)N &' (Y, E).

comp

2.2. Metric data

Let (M, ©) be a complex manifold of dimension n, where © is a smooth pos-
itive (1, 1) form, which induces a Hermitian metric (-, -) on the holomorphic
tangent bundle TAOO M. In local holomorphic coordinates z = (21, -+, 2n),
if© = v=137)_1 Ojkdzj A dzy, then (52, 52 ) = O, j.k = 1,....n. Let
TOD M be the anti-holomorphic tangent bundle of M. We extend the Her-
mitian metric (-,-) to CTM in a natural way by requiring 7" M to be
orthogonal to TOVM and (w,v) = (%,7), u,v € TOVM. Let T*1L0) 1
be the holomorphic cotangent bundle of M and let T*(“VAf be the anti-
holomorphic cotangent bundle of M. For p, ¢ € Ny, let APIT*M = APT*10)
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M @ AT*OD M be the bundle of (p,q) forms of M. We write A%IT*M =
AT M. The Hermitian metric (-, -) on CT'M induces a Hermitian met-
ric on AP2T*M also denoted by (-,-). Let D C M be an open set. Let
QP4(D) denote the space of smooth sections of AP4T*M over D. Similarly,
if F is a vector bundle over D, then we let QP4(D, E) denote the space of
smooth sections of (AP4T*M) ® E over D. Let Q59(D, E) be the subspace
of OP4(D, E') whose elements have compact support in D.

fwe ANTIOVM, reN, let (wA)*: ATV N — e OV g >
0, be the adjoint of left exterior multiplication

wA = AITFON N — AT TFOD
That is,
(2.1) (wAu,v) = (u, (WA)"v),

for all u € AqT;(O’l)M, v e AT OV A1 Notice that (wA)* depends anti-
linearly on w.

Let (L, h") be a Hermitian holomorphic line bundle over M, where the
Hermitian metric on L is denoted by h”. Until further notice, we assume
that A% is smooth. Given a local holomorphic frame s of L on an open subset
D C M we define the associated local weight of h’ by

(2.2) |s(@)” = |s(2) [ = e, ¢ € €F(D,R).

Let RY = (V%)? be the Chern curvature of L, where V¥ is the Hermitian
holomorphic connection. Then R*|p = 200¢. Let L*, k > 0, be the k-th ten-
sor power of the line bundle L. The Hermitian fibre metric on L induces a
Hermitian fibre metric on L* that we shall denote by h*. If s is a local trivi-
alizing section of L then s* is a local trivializing section of L*. For p, ¢ € Ny,
the Hermitian metric (-, -) on AP¢T*M and h* induce a Hermitian metric on
APAT*M @ L*, also denoted by (-,-). For f € QP9(M, LF), we denote the
pointwise norm |f(z)|* := |f(z)[7x = (f(z), f(x)). We take dvys = dvop(z)
as the induced volume form on M. The L?-Hermitian inner products on the
spaces QD'Y(M, L*) and Q59 (M) are given by

(s1,82)k = /M<31(ZL'),82(IL‘)> dop(z),  s1,82 € QI (M, LY,

(2.3)
(1 f) = /M<f1<x>, fo(@)) dose(z), o, fo € Q2I(M).
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We write || f||* == |fl[3x = (f, f)i, f € Q2U(M, L*). For g € Q2(M), we also
write ||lg||* := (g, 9). Let L%p’q) (M, L*) be the completion of Q59 (M, L*) with
respect to |||

2.3. A self-adjoint extension of the Kodaira Laplacian

We denote by

(2.4)
gk . QO,T(M’ Lk) _ QO,rJrl(M’ Lk), 5: . QO,?"Jrl(]\47 Lk) N QO,T(M’ Lk)

the Cauchy-Riemann operator acting on sections of L* and its formal adjoint
with respect to (-, ) respectively. Let

(2.5) O\ = 9,0y, + 0,0k : Q¥9(M, L*) — QO9(M, LF)

be the Kodaira Laplacian acting on (0, ¢)—forms with values in L¥. We extend

O, to L%O’T)(M, LF) by

(2.6) Ok : Dom Iy, C Ly 9 (M, L*) — L, .y 1) (M, L),

where Dom 0y, := {u € L%Oﬂ,)(M, L*); Opu € L%O,T Ly (M, LF)}, where Opu is

defined in the sense of distributions. We also write
(2.7) 9y : Dom 0y, C Ly .1y (M, L) — L{y (M, LF)

to denote the Hilbert space adjoint of Jj in the L? space with respect to

(-, )k Let D;Cq) denote the Gaffney extension of the Kodaira Laplacian given
by

(2.8) Dom D,(f) ={s e L%O7q)(M, L*); s € Dom 8}, N Dom ,,,
s € Domd,,, 0, s € Domdy},

and D,gq)s = 01,0p 5 + 0,015 for s € Dom D,(Cq). By a result of Gaffney [49,
Proposition 3.1.2], Déq) is a positive self-adjoint operator. Note that if M is

complete, the Kodaira Laplacian D,iq) is essentially self-adjoint [49, Corol-
lary 3.3.4] and the Gaffney extension coincides with the Friedrichs extension
of D,(f).
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2.4. Schwartz kernel theorem

We recall the Schwartz kernel theorem [39, Theorem 5.2.1, 5.2.6], [62, p. 296].
Let Q be a €°° paracompact manifold equipped with a smooth density of
integration. Let E and F' be smooth vector bundles over 2. Then any contin-
uous linear operator A : €5°(Q2, E) — 2'(Q, F) has a Schwartz distribution
kernel, denoted K 4(z,y) or A(z,y). Moreover, the following two statements
are equivalent

1) A is continuous: &’'(Q, E) — € (Q, F),
2) Ka(z,y) € €°(Q2x Q,Ey K Fy).

If A satisfies (I) or (II), we say that A is a smoothing operator. Furthermore,
A is smoothing if and only if A : Hg,,,, (2, E) — Hl‘f)tN(Q, F') is continuous,
for all N >0, s € R. We say that A is properly supported if Supp K4 C
Q x Qis proper. That is, the two projections: ¢, : (z,y) € Supp K4 — = € Q,
ty : (x,y) € Supp K4 — y € Q are proper (i.e., the inverse images of ¢, and
t, of all compact subsets of 2 are compact). We say that A is smooth-
ing away the diagonal if y; Ayx2 is smoothing, for all x1, x2 € €5°(2) with
Supp x1 () Supp x2 = 0.

Let H(z,y) € 2'(Q x Q, E, K F,). We write H to denote the unique con-
tinuous operator H : 65°(2, E) — 2'(Q, F) with distribution kernel H(z,y).
In this work, we identify H with H(z,y). Let A, B : €5°(0, E) — 2'(Q, F)
be continuous operators. We write A = B or A(z,y) = B(z,y) if A— Bis a
smoothing operator.

3. Szego kernels and semi-classical Hodge
decomposition

The goal of this Section is to prove the semiclassical Hodge decomposition
for the Kodaira Laplacian, i.e., to find a semi-classical partial inverse and an
approximate kernel for [, cf. Theorem 3.11. For this purpose we reduce
the analysis of the Kodaira Laplacian to the analysis of the Kohn Laplacian
on the Grauert tube of the line bundle L. In Section 3.1 we recall the con-
struction of these two objects. Section 3.2 contains a detailed study of the
microlocal Hodge decomposition of the Kohn Laplacian on a non-degenerate
CR manifold and especially on the Grauert tube, by following [40]. Finally,
in Section 3.3 we apply this results in order to obtain the semi-classical
Hodge decomposition for the Kodaira Laplacian.
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3.1. The Grauert tube

Let (M, ©) be a Hermitian manifold and (L, h*) be a holomorphic Hermitian
line bundle on M. Let (L*,h%") be the dual bundle of L. We denote

(3.1) G:={vel’|v <1}, X :=0G={vel"|v. =1}
The domain G is called Grauert tube associated to L. We denote
TR0 X =700 nerx, TOVX :=170VL*NCTX.

Then (X, T09X) is a CR manifold of dimension 2n + 1 and the bundle
T X is called the holomorphic tangent bundle of X. The manifold X is
equipped with a natural S' action. Locally X can be represented in local
holomorphic coordinates (z, A), where A is the fibre coordinate, as the set of
all (z,\) such that [\ e2¢(*) = 1, where ¢ is a local weight of h-. The S*
action on X is given by €% o (2,\) = (2,¢e%)), e € S, (2,)\) € X. Let Y be
the global real vector field on X determined by

Yu(x) gu(ew ox

=50 for all u € €°°(X).

Moo
Let 7 : X — M be the natural projection. We have the bijective map:
T X 7O X — 7O N @ TODN W — 7 W,

where (7*W)f = W (f on), for all f € €°°(M). We take the Hermitian met-
ric (+,-) on CTX sothat Y L (THOIX ¢ TOVX), (YY) =1land (Z, W) =
(n*Z, W), Z,W € TMO X @ 7O X . The Hermitian metric (-, - ) on CTX
induces, by duality, a Hermitian metric on the complexified cotangent bun-
dle CT*X that we shall also denote by (-, -). Define T*(1L0) X ::(T(O’l)X ®
CY)" c CT*X, T*OVX :=(T("X & CY)™ C CT*X. For ¢ € N, the bun-
dle of (0, q) forms of X is given by AYT*OD X .= A4 (T*(O’l)X). The Hermi-
tian metric (-,-) on CT*X induces a Hermitian metric on AT*OD X also
denoted by (-, -).

Locally there is a real one form wy of length one which is pointwise
orthogonal to T*(OV X & T7*(1.0) X' wy is unique up to the choice of sign. We
take wp so that (wp,Y ) = —1. Therefore wy, so chosen, is globally defined.
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The Levi form L, of X at p € X is the Hermitian quadratic form on
T Igl’O)X defined as follows:
V= (u.v (10)
(32 LU= (U VIE)eb), UVeTHOX
where U,V € €°(X, T X) that satisfy U(p) = U, V(p) = V and U , V] =
UV — VU denotes the commutator of & and V.

Let B C X be an open set. Let Q%9(B) denote the space of smooth
sections of AYT*(ON) X over B. Let Qg’q(B) be the subspace of Q%4(B) whose
elements have compact support in B. Let 9, : Q%4(X) — Q%4+1(X) be the
tangential Cauchy—Riemann operator. We take dvy = dvx(x) as the induced
volume form on X. Then, we get natural inner product (-,-) on Q%9(X).
Let 9 : QX)) — Q%(X) be the formal adjoint of 8, with respect to
(+,+). The Kohn Laplacian on (0, q) forms is given by

O .= 8,0, + 0, 0y : Q¥(X) — Q9(X).

We introduce now a local holomorphic frame and local coordinates in
terms of which we shall write down the operators explicitly. Let

(i) s be a local trivializing section of L on an open set D € M,

(i) ¢ € (D) be the local weight of the metric A% defined by |s|7, =

e
Then s* := s~! is a local trivializing section of L* on D. We have |s*\im =
29
e“?.
We introduce holomorphic and real coordinates on D by
(3.3)

Z:(Zl,...,Zn), '

:(:El,...,l'zn), Zj:{L‘Qj,l—I—Z.:L‘Qj, jzl,...,n.
We identify D with an open set of C". We have the local diffeomorphism:
(34) 7:Dx]—¢p,e0]— X, (2,0) —» e ?Fs*(2)e7 0<ep <.

It is convenient to work with the local coordinates (z,0). In terms of these

coordinates, it is straightforward to see that Y = —%. Moreover,
Tzfl’o)X = C{aaz] — igi(z)(%; j=1,... ,n}, v = e*‘ﬁ(z)s*(z)e*ie € X.

Further, let {7]}?:1 be an orthonormal basis for the holomorphic tan-

gent bundle 709 A and let {Ej};”:l be the dual basis of T*(:0) M. Then,
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{Z; - i7j(¢)%}?:1 is an orthonormal basis for 700 X and {g; }j— is the
dual orthonormal basis for 7*(1:0) X . Furthermore, we can check that

(3.5) wo = d+ 3 (iZ,(d)e; +iZ;(6)e).
j=1
From this, we can compute for j,k=1,...,n, p € X:
0o .09 o 0 .09 AN 0%¢
(5 15, T g g i, ) gg) = = (rlo

Thus, for a given point p € X, we have
_ _ _ 1 _
36 L(U.T) = (006( )70 AT = { JRHx ()70 A 7T )
L. * *
= <2RL(7T(p))7T U, V>, VU,V eTMX.

We deduce the following:

Proposition 3.1. Let (L, h") be a Hermitian holomorphic line bundle over
a complex manifold M and let X C L* be the boundary of the Grauert tube
associated to L. Let p € X. If the curvature R has signature (n_,n.) at
m(p), then L, has signature (n—,n4).

(

We define the operators 0, 5:, Dsq), which are the local versions of the
operators O, y, D;ﬁq) (see (2.4)-(2.8)), by the following equations:

0s = 0+ k(o)A : Q¥(D) — Q% +L(D),
(3.7) 9, =0 +k((0p)A)" : QD) — Q%(D),
09 = 3,9, + 9.9, : Q*9(D) — Q%(D).

Here 8" : Q04t1(D) — Q%4(D) is the formal adjoint of & with respect to
(-,-). We have the unitary identifications:
Q%4(D, LF) — Q%(D)
f=s"g— J(z) =e s f = g(2)e), g€ 0%(D),
(3.8) O «—— 05, Opf = Skek‘z’gsf,
By, —— By, Opf = "0, ],
09 00, 0Wf = skekon@].
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We continue to work with the local coordinates (z,6). As above, let
(Z;)j—1 be an orthonormal basis for TODM and let (ej)j—1 be an orthonor-
mal basis for 7*(O:Y M which is dual to (Z j)7—1- We can check that

(3.9) 0y = zn:(e] A) o (Z +iZ;( > + i A

j=1 Jj=1
and correspondingly

n n

310) 3 =3 (A7)0 (25 +iZi60) ) + Y (esme(@epn)'

j=1 j=1

where Z7 is the formal adjoint of Z; with respect to (-,-), j=1,...,n
Let 0, and 9, be as in (3.8) and (3.7). We can check that

ej o (Z; +kZi(¢)) + Y _((Dej)N) o (e;N)*,
(3.11) '

Q|
Il

M: ||M:

<
Il
—

s

((ejA)) o (Z5 + kZ;()) + > _(e;N)o((Dej)A)"
j=1

From now on, we identify AIT*OD M with AT*OD X From (3.8), (3.7),
explicit formulas of 8, 8, and (3.9), (3.10), we get

(3.12) O f = shekdekdr(a)(Foikt),

for all f € Q%9(D, L*), where fis given by (3.8).
Let u(z,60) € Qy9(D x (—ep,e0)). Note that

k/ei‘)ku(z,a)de:/( ')ge( k), (z,e)dez/ "’“1(;7;(2 0)do.

From this observation and explicit formulas of 0, 52, 0, and 5: (see (3.9),
(3.10) and (3.11)), we conclude that

(3.13) 0@ ( / % u(z,0)d0) = / (V) (2, 6) db,

for all u(z,0) € QYYD x (—eo,e0))-
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3.2. Approximate Szeg6 kernels

In this Section we review the results in [40] about the existence of a microlo-
cal Hodge decomposition of the Kohn Laplacian on an open set of a CR
manifold where the Levi form is non-degenerate. The approximate Szego
kernel is a Fourier integral operator with complex phase in the sense of
Melin—Sjostrand [54]. We then specialize to the case of the Grauert tube
of a line bundle and give a useful formula for the phase function of the
approximate Szeg6 kernel in Theorem 3.8.

Theorems 3.2-3.4 are proved in chapter 6, chapter 7 and chapter 8 of
part I'in [40]. In [40] the existence of the microlocal Hodge decomposition is
stated for compact CR manifolds, but the construction and arguments used
are essentially local.

Theorem 3.2. Let X be an orientable CR manifold whose Levi form L
is mon-degenerate of constant signature (n_,ny) at each point of an open
set BE X. Let q#n_,ny. There exists a properly supported continuous
operator

(3 14) A Hlsoc (Ba AqT*(O’l)X) — HlsoJcrl (_B7 AQT*(O,l)X)’
. . HS (B, AqT*(O,l)X) N H8+1 (B, AqT*(O’l)X)

comp comp

for all s > 0, such that A is smoothing away the diagonal and DI(JQ)A =1.

For m € R let STy be the Hormander symbol space (see the book Grigis—
Sjéstrand [36, Definition 1.1], for the definition of ST}). Let po(z,§) € €
(T* X)) be the principal symbol of Dlgq). Note that po(x, &) is a polynomial of

degree 2 in £. The characteristic manifold of Dlsq) is given by X =Xt X,
where

ST = {(z, \wo(7)) € T*X; A > 0},
Y7 ={(z,\wo(z)) e T*"X; A < 0}.

Theorem 3.3. Let X, B and (n_,ny) be as in Theorem 3.2. Let ¢ =n_
or ny. Then there exist properly supported continuous operators

4 ) Hioe (B, AT*OD X)) — HZH(B, AT 0D X)),
. HS (_B7 AQT*(O,l)X) — HS+1 (B, AqT*(()’l)X)’

comp comp

5 o H (B, AT* O X)) — Hp (B, AT OV X),
—y P4 . s (B,AqT*(O’l)X) — HS (B,AqT*(O’l)X),

comp comp
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for all s > 0, such that A,S_, Sy are smoothing away the diagonal and

OWA+S_ +5, =1, OWs_ =0, OWs, =0,
A=A* S_=5"=82, S, =57 ESi, S S5, =58,.5 =0,

where A*, S* and S are the formal adjoints of A, S_ and Sy with respect
to (-,-) respectively and Kg_(x,y) satisfies

KS_ (xvy) = / eiipi(x’y)ts*(x>y7t) dt
0
with a symbol

s—(z,y,t) € S?O(B x B % ]0, o0, AqT;(Ovl)X X AqT;(O,l)X)7

—(x,y,t) Zs (z,y)t" 7

Si(w,y) € ‘500(3 X B,Aqu*(Ovl)X ¢ AqT;(O,l)X)’ i €Ny,

(3.16)

and phase function

(3.17) p_ € €°(Bx B), Ime_(z,y) >0, o_(z,2) =0, ¢_(x,y)#0

if ©#y,
(3.18) dep— #0, dyp— #0 where Imp_ =0,
(319) dx(p* (ZE, 3/)|x=y = 7("]0(‘%)? dySOf (:Uay)|$=y = CU(](LE),
(3.20) o (z,y) = —9_(y,2).
Moreover, there is a function f € €°°(B x B) such that
(3.21) po(x, (0-)z(2,y)) — (2, y)o-(z,y)
vanishes to infinite order at x = y.

Similarly,
Ks (o) = [ o0 oyt de
0

with s4(x,y,t) € S74(B x B x 10,00[AITy "V x ® A9T; OV X),

oo
+(z,y,t NZS (z,y)t" 7
7=0
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in S7o(B x B x 10,00, AT *V X ® AT OV X) | where
s (z,y) € €°(B x B,AT; VX RAT; OV X)), jeN,,

and =, (x,y) satisfies (3.18)~(3.21). Moreover, if ¢ # ny, then sy (x,y,t)
vanishes to infinite order at x =y. If ¢ #n_, then s_(x,y,t) vanishes to
infinite order at x = y.

The operators S4, S_ are called approzimate Szegé kernels.

Proof. We only sketch the proof. For all the details, we refer the reader to
Part I in [40]. We will use the heat equation method. We work with some
real locaLcoordinates x = (x1,...,Ton+1) defined on B. We will say that
a € €°(R; x B x R?™*1) is quasi-homogeneous of degree j if a(t,z, \n) =
Ma(\t,z,n) for all A > 0. We consider the problem

(322) 0 +O0PYu(t,2) =0 in Ry x B,
. u(0,z) = v(x).

We start by a formal construction. We look for an approximate solution of
(3.22) of the form u(t,x) = A(t)v(z),

1

(3.23) A(t)v(z) = (@myznit

/ e =M a(t, 2, m)v(y) dy dn,
where formally

(o, ¢]
a(t,z,n) ~ Y a;(t,z,n),
=0

with a;(t, z,n) matrix-valued quasi-homogenous functions of degree —j.
The full symbol of DISQ) equals Z?:o pj(x, &), where p;(z,§) is positively
homogeneous of order 2 — j in the sense that

pi(w,An) =X pi(am), [l =1, A=1.
We apply 0 + I:Jl()q) formally inside the integral in (3.23) and then intro-

duce the asymptotic expansion of ng)(aeiw). Set (0; + Dl()q))(aeid’) ~ 0 and
regroup the terms according to the degree of quasi-homogeneity. The phase
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Y(t, z,m) should solve

B
(3.24) aif —ipo(x,},) = O(|Imy[Y), VN >0,

w|t:0 = <$, 77>

This equation can be solved with Im (¢, z,n) > 0 and the phase (¢, z,n)
is quasi-homogeneous of degree 1. Moreover,

1/1(75’%77) - <$a77> on Ea d&?ﬂ?(w - <$777>) - O on 27

2
o) = (1) (e (o 0)2)) 0wz

Furthermore, there exists t(co,z,n) € €>°(B x R***1) with a uniquely
determined Taylor expansion at each point of X such that for every compact
set K C B x R?2"*1 there is a constant c¢x > 0 such that

2
(e ) > exclof (dise (. 5).2)) 0 iz

If A\e €(T*B~\ 0), A > 0 is positively homogeneous of degree 1 and |y <
min A;, A; > 0, where £i); are the non-vanishing eigenvalues of the funda-

mental matrix of ng), then the solution (¢, z,n) of (3.24) can be chosen
so that for every compact set K C B x R?**! and all indices «, 3, 7, there
is a constant ¢, g,k such that

02000; ((t,x.m) — (00, 2,m))| < capoac e P on Ry x K.
We obtain the transport equations

(3.25)
T(tvxv’mat)al“)ao = O(’Imww\])’ VN,
T(t7$7n78t7aw)aj + lj(t’ Z,1,a9,---, ajfl) = O(|Im¢|N)> VN7 ] € N.

Following the method of Menikoff-Sjostrand [55], we see that we can
solve (3.25). Moreover, a; decay exponentially fast in ¢ when ¢ # n_, nq,
and has subexponential growth in general. We assume that ¢ = n_ or n.
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We use ngng) = Dl()qﬂ)gb, 5;D£q) = D,qul)g: and get

01(@y(ea) + 0,V @y(eVa)) ~ 0,
(@, (eVa)) + 0,7V (@ (e a)) ~ 0.
Put
p(elVa) = e¥a, 9, (eVa) = V.
We have

(9 + O )(ea) ~ 0,
(0 + 0 ) (a) ~ 0.

The corresponding degrees of @ and a are ¢+ 1 and ¢ — 1. We deduce as
above that @ and a decay exponentially fast in ¢. This also applies to

O (ae'?) = 8y(D; ae™) + 0, (Bpac'™) = Dy(e¥a) + 0, (ca).

Thus, 0;(ae'¥) decay exponentially fast in ¢. Since 9yt decay exponentially
fast in t so does O:a. Hence, there exist positively homogeneous functions of
degree —j

aj(00,2,m) € C=(T*B, ANT* OV X R AT OV X)), j=0,1,2,...,

such that a;(t,z,n) converges exponentially fast to a;(co,z,n), t — oo, for
all j € No.

Choose x € €5°(R**1) so that x(n) =1 when [n| <1 and x(n) =0
when |n| > 2. We formally set

27-[- 2n+1// lbwm)- >)a(t7l’,7])

(e = g0, 2,m) ) (1~ x(n)) dt dn

and )
— I 1(1/1(007907 )_< ’ >)
S = @m)ET /(e =\ a(oo,x,n)) dn.
We can show that A is a pseudodifferential operator of order —1 and type
(3, 1) satisfying

S+0%ocA=1 OWos=0.

Moreover, the stationary phase formula of Melin—Sjostrand [54] shows that
S=5_+4 5, where S_, S; are as in Theorem 3.3. O
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The following result describes the phase function in local coordinates.

Theorem 3.4. Let X, B and (n_,ny) be as in Theorem 3.2. For a given
point xg € B, let {Wj}?zl be an orthonormal frame of THOX in a neigh-
bourhood of zo, such that the Levi form is diagonal at xg, i.e., Ly (W;, W ;) =

Wi, j=1,...,n. We take local coordinates x = (x1,...,Zan4+1), 2j = Taj—1 +
izoj, j =1,...,n, defined on some neighbourhood of xo such that wy(zo) =
dxont1, x(zo) =0, and for some c; € C, j=1,...,n,
e L O(a), =1
= — — T — T T =1,...,n.
j 8Zj g ja$2n+1 L2041 81’2n+1 y ) ) )

Set y = (y1,--,Yon+1), W5 =y2j—1 +iyes, j=1,...,n. Then, for ¢_ in
Theorem 3.3, we have

2n

(3.26) Ime_(z,y) ZCZ’xj_yj’27 c>0,
j=1

in some neighbourhood of (0,0) and

n—1
(3.27) @_(x,y) = — Tons1 + Yont1 + 0 Z |1l 125 — wj|2
j=1
n—1
+ Z(lﬂ] (ij]’ — Zj@j) + Cj(—ijL'ZnJrl + wijnJrl)
j=1

<

+ EJ(_Z]'Z-2”+1 + wjy2n+1)) + (332n+1 - anJrl)f(x» y)
+0(|(z.y)),

where f is smooth and satisfies f(0,0) =0, f(x,y) = f(y, ).

Remark 3.5. If we go through the proofs of Theorems 3.2 and 3.3 (see [40]),
it is not difficult to see that Theorems 3.2 and 3.3 have straightforward gen-
eralizations to the case when the functions take values in AIT*OVX @ F,
for a given smooth CR vector bundle F' over X. We recall that F'is a CR
vector bundle if its transition functions are CR.

Remark 3.6. Let ¢ € ¥°(B x B). We assume that ¢ satisfies (3.18)—
(3.19), (3.21) and (3.26), (3.27). Then it is well-known (see [40, Section 3,7]
and Menikoff-Sjostrand [55]) that ¢(z,y)t, t > 0, and ¢_(x,y)t, t > 0, are
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equivalent at each point of diag (X~ (T*B) x (X~ (\T*B)) in the sense
of Melin—Sjostrand (see Melin—Sjostrand [54, p. 172]). We recall briefly that
o(z,y)t, t > 0, and ¢_(z,y)t, t > 0, are equivalent at each point of

diag (X~ NT*B) x (X~ NT*B))
if for every
(0, —Aowo) = (20, Modz— (20, 0)) = (20, AodzP(x0,20)) € X~ NT*B,

there is a conic neighbourhood T" of (xg, g, Ag), such that for every a(x,y,t)
€ ST (B x B xRy), m € Z, with support in I', we can find a(z,y,t) € ST
(B x B x Ry) with support in I', such that

/ eigo, (xvy)tCL(l', Yy, t) dt = / ei@(l‘,y)t’d(x’ Y, t) dt
0 0

and vice versa, where S’} denotes the classical symbol of order m (see [36,
p. 38] for the definition of S7}').

fweTh"YX, as (2.1), we let (wA)* : AT O x s AerOD x>
0, denote the adjoint of left exterior multiplication wA : AqT;(O’l)X — AT+
7OV x.

The following formula for the principal symbol s° on the diagonal follows
from [40, Section 8], its calculation being local in nature.

Theorem 3.7. Let ¢ =n_. For a given point xg € X, let {W;}}_; be an

orthonormal frame of TMO X near xg, for which the Levi form is diagonal

at zo. Put Lo0(Wj, W) = pj(z0), 5=1,...,n. Let {T;}7_, denote the dual

basis of T 01)X dual to {W; }i_1. We assume that p; (wo) <0if1<5<
. Then, for s° (z,y) in (3. 16) we have

59<xo,xo>=§|u1<xo>| Jmo) "1H (o))"

We return now to the situation where X is the Grauert tube of a line
bundle L as in Section 3.1 and use the notations introduced there. Let (z, )
be the coordinates as in (3.3), (3.4) on B =D x| —ep, o[, €0 > 0, D € M.
Until  further notice, we work with the local coordinates
(2,0) = (2, x2n4+1) = x. If we denote the holomorphic coordinates of D by
wj = Yoj—1 + iy25, 7 = 1,...,n, and by ya,41 the coordinate of | — eq, go[, we
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also write (w,y2n+1) = (Vs y2nt1) =y, ¥ = (Y1, - -, Y2n)- Let £ be the dual
variables of x. From (3.9) and (3.10), we can check that the principal symbol

of DEEQ) satisfies

(3.28) po(,€) = po(e’, €).

That is, the principal symbol of DI(JQ) is independent of zg,11.

Using (3.19) and recalling (3.5), we have
dyp—(z,2) = —dzon+1 + a(z')dz', a € €.

Thus, near a given point (xg,xg) € B x B, we have 896 # 0. Using the
Malgrange preparation theorem [39, Theorem 7.57], we have

(3.29) o (x,y) = g(x,y)(—22041 + h(z', y))

in some neighbourhood of (zg,xo), where g,h € €°°, g(x,xz) =1, h(z/,x) =
ZTop+1- Since Im ¢ > 0, it is not difficult to see that Im A > 0 in some neigh-
bourhood of (zg,xp). We may take B small enough so that (3.29) holds
and Imh > 0 on B x B. From the global theory of Fourier integral opera-
tors [54, Theorem4.2], we see that ¢_(z,y)t and (—xon+1 + h(z/,y))t are
equivalent in the sense of Melin—Sjostrand. We can replace the phase ¢_ by
—Zop+1 + h(2',y). Again from (3.19), we have

h
g /(x r)dx’ — dwopi1 = —wo(z) = —dwons1 + a(z') da'.

(a: x) is independent of xg,+1. We conclude that

h
(3.30) 0 (@', x)da’ — dxgpiy = 0 — (@', 2" )da’ — dwony1 = —wo(x).
Ox ox
Similarly, we have
oh oh
(3.31) gy(y/,y)d =yt 55 (WY )dy = woly).

Put
P = —Tont1 + Yant1 + (2’ y).
Note that —xa,4+1 + h(2/,y) satisfies (3.21). From this and (3.28), we have

N )

= f(z,y)(~22n41 + h(z,y)) + O(lz — y|™)
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for all N € N, for some f € ¥°°. Hence,

(3.32)
pO(‘Tv 9/52:) = pO(xlv @év)
= f(xvy,)(_l‘2n+l =+ h(fﬂl,y,)) + O(‘ﬂﬁl - y/‘N + |332n+1|N)7

for all N € N. We replace 22,41 by T2p+1 — Y2n+1 in (3.32) and get

(3.33) po(x, @) = po(@’, @) = Fl2, 1)@ + O(|x — y|™),

for all N € N, for some fe €. Thus, @ satisfies (3.21). Note that po(z, &.,)
is independent of xo,11. Take Z2,11 = Yon+1 + h(2',y) in (3.33) and note
that h(z',2") = 0, we conclude that

(3.34) po(z, @) = O(Ja’ —y/|"), VN eN.

Furthermore, from (3.30) and (3.31), we see that ¢ satisfies (3.19). More-
over, for a given point p € D, we may take local coordinates z = (z1,. .., z,)
centred at p such that

@(p) =+v—-1 Zde Ndzj,

Jj=1

(3.35) .
é(z) =Y Ajlz* + O(|2), 2 near p, {\;}j—; C R\ {0}.
j=1

From (3.27) and (3.29), it is not difficult to see that
(3.36)

. - . - _ __ 3
W' y') =1 Nl 1z — w0 N (Fwy — 25) + 0|2, )]).
j=1 j=1

Thus @ satisfies (3.27). Formula (3.36) and the Taylor expansion of h(z’,y’)
at @’ =3/ yield
Imh(:):’,y’)Zc}x'—y"z, c>0.

Thus, ¢ = 0 if and only if z = y. We conclude that @ satisfies (3.18)—(3.19),
(3.21), (3.26) and (3.27). In view of Remark 3.6, we see that tp_ and t@ are
equivalent at each point of diag ((X~ N7T*B) x (¥~ NT*B)) in the sense of
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Melin-Sjostrand. Since ¢_(z,y) = —p_(y, x), we can replace ¢_ by

1

S (B.) ~ B.2) = (—ranir + ans) + 5 () — Ry 2))

Summing up, we get the following.

Theorem 3.8. Let (L,h*) be a holomorphic Hermitian line bundle over
M whose curvature R” is non-degenerate of constant signature (n—,ny) at
each point of an open set D €@ M. We assume that L is trivial on D. Let
7: X — M be the Grauert tube of L (cf. (3.1)) and let B = n~1(D). With
the notations used before, we can take the phase p_(x,y) in Theorem 3.3 so
that

(3.37)
90_(a:,y) = —Zan+1 + Yon+1 + \IJ(Z,U)), \Ij(x/v y/) = \I}(Z)w) € 45007

po(z, ¢ (z,y)) = O(|a’' — /), locally uniformly on B x B, for all N € N,

where po(x,§) is the principal symbol of Dlgq) and ¥ satisfies

(3.38)
U(z,w) = —W(w,z), Je>0: ImV¥ >clz —w|*, U(z,w) =0 2 =w.

For a given pointp € D, let z = (21,. .., zn) be local holomorphic coordinates
centred at p satisfying (3.35). Then, near (0,0), we have

(3.39)

U(z,w) =iy [Nl |z —wil* + i) Aj(Zjw; — 25m5) + O(|(2,w) ).
j=1 j=1

From now on, we assume that ¢_ has the form (3.37).

3.3. Semi-classical Hodge decomposition for the Kodaira
Laplacian

In this Section we apply the results about the Szegd kernel previously
deduced in order to describe the semiclassical behaviour of the spectrum
of the Kodaira Laplacian D,(Cq). We work locally in the following setup.

Setup 3.9. Let (M, ©) be a Hermitian manifold, (L, h’) be a holomorphic
Hermitian line bundle on M. Assume that the curvature /—1R" is non-
degenerate of constant signature (n_,n,) on the domain of a chart (D, z) =
(D2, x) € M. Assume that L|p is trivial and let s be a frame of L|p and set
[ = €72
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We introduce some notations. For an open set D € M and any k-
dependent continuous function

Fp: HS (D, AT*OVNY — HE (D, AT OV, s 6" € R,

comp

we write
Fi, = O(k™) : Ha o (D, ATV — H (D, AT OV, ng € Z,

if for any xo, x1 € €5°(D), there is a positive constant ¢, ¢ is independent
of k, such that

(3.40) I(xoFixa)ully < k™ Jlull,,  Vu € Hiy (D, AT VM),

where ||u||, is the usual Sobolev norm of order s.

A k-dependent smoothing operator Ay, : Qg’q(D) — 0%4(D) is called k-
negligible if the kernel Ag(z,y) of Ay satisﬁesg(‘)g@gAk(aﬁ,y)) =O0(k=)
locally uniformly on every compact set in D X
£ and all N € N. Ag is k-negligible if and only if

, for all multi-indices «,

Ar = O™+ Higpy (D, ATT*OVM) — HEEN (D, ATV ),
for all N,N'>0 and s € Z. Let Cy:Qp9(D) — Q%9(D) be another k-
dependent smoothing operator. We write Ay = Cy, mod O(k™°) or

Ag(z,y) = Cr(x,y) mod O(k™)

if Ay — C}, is k-negligible.
We recall the definition of semi-classical Hérmander symbol spaces:

Definition 3.10. Let U be an open set in RY. Let S(1;U) = S(1) be the
set of a € €°(U) such that for every a € NYY, there exists C, > 0, such
that |0%a(z)| < Cq on U. If a = a(z, k) depends on k € |1, 0o[, we say that
a(z, k) € Sioc (1) if x(z)a(x,k) uniformly bounded in S(1) when k varies
in |1,00[, for any x € €5°(U). For m € R, we put S[”.(1) = k™Sjoc (1). If

loc

aj € S;7 (1), m; \, —oo, we say that a ~ > isoa;in SiT0(1)ifa — Z;V:DO a; €

loc loc

S, "M+ (1) for every Ny. From this, we form S/ (1;Y, E) in the natural way,

loc loc
where Y is a smooth paracompact manifold and F is a vector bundle over Y.

Let D, s, ¢ be as in Setup 3.9. Let (z,0) be the local coordinates as
in (3.3) and (3.4) defined on D x | — g9, 20[, 7 > 20 > 0. Let 0% be the
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operator as in (3.8) and (3.7). Since 0d¢ has constant signature (n_,n.)
at each point of D, from (3.6), we know that the Levi form £ has constant
signature (n_,n4) at each point of D x| — g¢, &gl

Let ¢g=n_ or ny and let S_, S be the approximate Szego kernels
defined in Theorem 3.3. Define also the approximate Szegd kernel

(3.41) S=5_+5,.

Let x(0),x1(0) € €5°(] — €0,€0]), Xx,x1 > 0. We assume that x; =1 on
Supp x. We take x so that [ x(0)df = 1. Put

(3.42) Xk(0) = e 0y (6).

The approximate Szegd kernel was introduced in (3.41). We introduce the
localized approrimate Szegé kernel Sy by

(3.43) Sy : HY (D, AT* OV — HE (D, AT*OVM), Vs e Ny,

u(z) — /eiekX1(9)S(Xk.u)(z,9) do.

Let u(z) € HE (D,AT*OVDM), s € Ng. We have yi(0)u(z) € Hy (D x
] — €0, e0[, A2T*OD X). From Theorem 3.3, we know that
S(xwu) € Hipo (D x ] — g9, g0, AT* OV X).

From this, it is not difficult to see that
/ %1 (0)S (i) (=, 0)d0 € H. (D, AT*O 1),

Thus, the localization Sy is well-defined. Since S is properly supported, S
is properly supported, too. Moreover, from (3.15) and (3.43), we can check
that

(3.44)  Sp=O(k®) : Hiypp (D, AT OVN) — HE (D, AT OD M),

comp

for all s € Ny.



Asymptotics of spectral function of lower energy 37

Let S : 2'(D, NT*OV M) — 2/ (D, A2T*OVD M) be the formal adjoint
of S, with respect to (-,-). Then S} is also properly supported and we have

(3.45) Sp+ &'(D, AT VM) — &'(D, AT OV M),

From (3.13), we have
(3.46) DWof / %31 (8)S (xxu)db) = / ¢ (O (x19)) (xxu) (2, 0) db
= [ 4O asR) (a2, 0) o

where X € 65°(] — €0, €0[), X =1 on Supp x and x1 =1 on Supp X and u €
Q07(D). Note that O (x15%) = O (S%) — O ((1 — x1)SX). From The-
orem 3.3, we know that Dl(jq)S is smoothing and the kernel of S is smoothing
away the diagonal. Thus, (1 — x1)SX is smoothing. It follows that Dlgq)((l -
X1)SX) is smoothing. We conclude that DIEQ)(XlS)Z) is smoothing. Let
K((z,0),(w,n)) € € be the distribution kernel of Déq)(mSi), where w =
(wi,...,wy) are the local holomorphic coordinates of D and 7 is the coor-
dinate of | — &g, &[. From (3.46) and recall the form y (see (3.42)), we see
that the distribution kernel of ng)Sk is given by

(3.47) (O98g) (2, w) = /ei(a_")kK((za 0), (w,n))x(n) dn de.
For N € N, we have

(3.48)
N
BN (OS2 0)| = | / ((;) e“@—m‘f) K(2.6). (1. ) () dy d

N
_ | [ oo (a@n) (K((=,0), (w, n)x(n)) dn d6

Thus, (D§Q)Sk)(z,w) = O(k=N), locally uniformly for all N € N, and simi-
larly for the derivatives. We deduce that

(3.49) 098, =0 mod O(k~>).
Thus,

(3.50) S;09 =0 mod O(k~).
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Let A be the partial parametrix of Dl()q) described in Theorem 3.3. Define
the localized partial parametriz A by

(3.51) Ay : Hi (D, AT*OVM) — HETH(D, AT OV M), Vs € N,
u(z) — /ewkxlA(Xku)(z,Q) do.

As above, we can show that Ay, is well-defined. Since A is properly supported,
Ay, is properly supported, too. Moreover, from (3.15) and (3.51), we can
check that

(3.52) Ay = O(k*) : Hipp (D, AT ODN) — HEEL (D, ATV M),

comp

for all s € Ny.
Let A% : 9'(D, NT*OV M) — 2'(D, A9T* OV M) be the formal adjoint
of Ay with respect to (-,-). We can check that

(Afo)(2) = / Xh@)A* (ve= %1 (2,0) dB € QYD)

for all v € Q0Y(D). Thus, A% : Q0Y(D) — Q0Y(D). Moreover, as before, we
can show that

(3.53)
Af = O(k*) : HS (D, AIT*OV M) — H3EL (D AIT*OD M), Vs € Np.

comp comp

Let u € Q0Y(D). From (3.13), we have
00 () = 00 o ([ a0 d9) = [ (O AD (aw) . 0) b

where ¥ is as in (3.46). Note that O\ (x14%) = O2(4A%) — 09 ((1 - x1)
AY). From Theorem 3.3, we know that D,()q)A + S = I and the kernel of A is
smoothing away the diagonal. Thus, (1 — x1)AYX is smoothing. It follows that
D,(Jq)((l — x1)AX) is smoothing. We conclude that Dl()q) (x14AX) = (I — S)X.
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From this, we get
(3.54) OW(Apu) = /Q%J sxﬂmzmw+/€%mmm@ﬁme
—u— / 1% 8 () (2, 0) df) + / &% () (2, 0) df
zu—sgu—/é%u—xgﬂmm@ﬁyw
+/ei€kF(Xku)(z,9) e,

where F' is a smoothing operator. We can repeat the procedure as in (3.48)
and conclude that the operator

u— /eing(Xku)(z, 0)do, wueQYD),
is k-negligible. Similarly, since (1 — x1)S is smoothing, the operator
u— /ewk(l —x1)S(xku)(z,0)do, ueQY(D),
is also k-negligible. Summing up, we obtain
(3.55) OWA, + S, =1 mod O(k™).

We may replace S by I — ng)flk and we have ng)Ak + S, =1 and
hence _A,";ng) +S; = I. Thus,

(3.56) S = (A0 4+ 89S, = A0S, 4 5;:S.
From (3.49) and (3.53), we see that

AT, = O ™N') & Hippy (D AT OV — HIEN (D, AT OV DL),

for all s € Z and N’, N € N. Thus, A:07S; =0 mod O(k=>). From this
and (3.56), we get

(3.57) SI:Sk =S8, mod O(kioo)
It follows that

(3.58) Sk=8; mod O(k™), S? =8, mod O(k™).
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From (3.44), (3.49), (3.50), (3.52), (3.53), (3.55), (3.57) and (3.58), we
get our main technical result:

Theorem 3.11. In the situation of Setup 3.9 let ¢ = n_ or ny and let S,
be the localized approrimate Szego kernel (3.43) and Ay the localized partial
parametriz (3.51). Then,

(3.59)
Sk = O(K*) : Hippp (D, AT*OVMY) — HE (D, AT OV, Vs € N,
A = O(k*) : Hyppo (D, AIT*OVN) — HEEL (D, AT OV M), Vs € Ny,

and we have

(3.60) 0WS, =0 mod Ok™®), 0@ =0 mod O(k™>),
(3.61) SL=38; mod O(k™), S =82=S8;S;, mod O(k™),
(3.62)

Si+ A09 =T mod Ok™), Sp+0@PA, =1 mod Ok™>),

where S; and Aj, are the formal adjoints of S, and Ay, with respect to (-,-)
respectively and 0% s given by (3.8) and (3.7).

We notice that Sy, S;, A, A, are all properly supported. We need

Theorem 3.12. The localized approzimate Szego kernel Sy given by (3.43)
is a smoothing operator. Moreover, if ¢ = n_, then the kernel of Sk satisfies

(3.63) Sp(z,w) = *¥Ep(z w, k) mod O(k™),
with

(3.64)
b(z,w, k) € SP., (1; D x D, AT OV M & AT OV A,

b(z,w, k) ~ Y bj(z,w)k" 7 in S (1;D x D, ATV M R ATHOVM),
j=0
bj(z,w) € € (D x D, AT OV M R AT OVM), §=0,1,2,...,

and V(z,w) is as in Theorem 3.8.
If g =n4, n_ # ny, then

(3.65) Sk(z,w) =0 mod O(k™).
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Proof. Theorem 3.12 essentially follows from the stationary phase formula
of Melin—Sjostrand [54]. Let D, s, ¢ be as in Setup 3.9. Let ¢ = n_ or ny.
Let (z,0) = 2 = (2/, x9n41) be the local coordinates as in (3.3), (3.4) defined
on D x| — &g, g0[. We identify 2/ with (2/,0). If we denote the holomorphic
coordinates of D by w; = y2j-1 + iy25, j = 1,...,n, and by 7 the coordinate
of | — ep,e0[, we also write

(w,n) =)=y, v =W, ., y2m)

From Definition (3.43) of S and Theorem 3.3, we see that the distribution
kernel of S is given by

Sula’y) = / el (ew)Hibk=inks (g y #)x1(0)x(n) d6 dt dn
t>0
(B0 [ deslaaht =ik, o,y s (6)x() ot - mod Ok )
t>0

= Ip(2',y") + Li(2',y') mod O(k™),

where the integrals above are defined as oscillatory integrals. First, we study
the kernel

Lz y) = / eles(@wttiOk=inks (2 y t)x1(0)x(n) do dt dn.
>0
By the change of variables t = ko we get
B = [ M0 ks oy, ko 6)x() db o d
o>0

Note that d,p (z, ) = wo(x). Taking into account the form wp(x) (cf. (3.5)),
we see that %(az, x) = 1. In view of Theorem 3.3, we see that ¢ (z,y) =0
if and only if z = y. We conclude that

(da(<p+(a:,y)0 +0 — U)ad0(90+($ay)0 +0— 77)) 7&(070)7 o>0.

Thus, we can integrate by parts in ¢ and 8 and conclude that I is smoothing
and

(3.67) L=0 mod O(k™™).

Now, we study the kernel

Io(«,y) = / >0ei‘f"*“y”*”’“—m’“a(m,y, £)x1(0)x(n) 0 dt dn.
t>
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As before, by letting t = ko, we get

3:68) To(a'sy) = [ MmO b oy k) (O)x(n) o dordi
>0

In view of (3.37), we see that

(3.69) o (z,y) =¥ (' y)+n—-0, Im¥(a',y) >0.
Put
(3.70) U(z,y,0) = (U(z',y) +n—0)o+ 60 —n.

Let p(0) € 65°(R4) with ¢(0) =1 in some small neighbourhood of 1. We
introduce the cut-off functions ¢(c) and 1 — ¢(o) in the integral (3.68):

(3.71) L=,y ::/ Oeikq’(x’y"’)@(a)kS—(m,y,ka)xl(e)x(n)cwdvdn,
o>
(3.72)
By = [ IO plo) ks e,k aO)xn) a0 do dr
a>0

so that

Io(.i?/, y,) = I([))(x,a y/) + I[% (xlv y/)‘
First, we study I¢(z',v’). Note that when o # 1, dg¥(z,y,0) =1 — 0 # 0.
Thus, we can integrate by parts and get that I& is smoothing and I& («',y) =
0 mod O(k™).

Next, we study the kernel Ig(:r’, y'). First, we assume that ¢ = ny, ny #
n_. In view of Theorem 3.3, we see that s_(x,y,t) vanishes to infinite order
at x =y. From this observation, it is straightforward to see that Ij =
mod O(k~°). Therefore, we get (3.65).

Now, we assume that ¢ = n_. Since the integral (3.71) converges, we
have

.W%wzfﬂwmxmm

(3.73) |
H(x'y) = / M@V o (g )ks_(2,y, ko)x1 () do do.
c>0

Recalling the form of ¥(z,y,0), we have In V(z,y,0) > 0, d, ¥ (z,y,0) =0
if and only if x = y and dg¥(z,y,0)|s=y =1 — 0. Thus, z = y and 0 = 1 are
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real critical points. Moreover, we can check that the Hessian of ¥(z,y,0) at
r =1y, 0 =1,is given by

v (z,2,1) Uy (x,2z,1)\ (0 -1
v o(x,x,1) Wp(x,z,1))  \-1 0)°

Thus, ¥(z,y,0) is a non-degenerate complex valued phase function in the
sense of Melin-Sjostrand [54]. Let

U(z,y,0) =@, 7))+ n—0)o+60-7

be an almost analytic extension of ¥(z,y, o), where (IVJ(EE’ ,¥') is an almost
analytic extension of W(x',y") (with ¥(2’,7') as in (3.69)) and similarly for
1, 0 and 7 (see [54, Section 2] for the precise meaning of the almost analytic
extension). We can check that given n and (2/,y'), 0 = n+ ¥ (2/,y), 0 =1
are the solutions of

oV o

- = O, —_— = 0

oo o0
From this and by the stationary phase formula of Melin—-Sjéstrand [54], we
get

(3.74) H(z' y) = Y@V a(a! y, k) mod O(k™),

where a(z’,y,k) € € (D x (D x| — e0, o), AIT*OD M K AQT*(OJ)M),

a(@',y k) ~ > k'@, y)
5=0

in S7.(1; D x (D x| — 9, 0[), APT*OD M R AIT*OD N,

loc

aj(z',y) € €°(D x (D x | — &g, 0]), NT*OVM RAITOVA), j e Ny,

(3.73) and (3.74) we get

and
(3.75) ao(x',y) = 2m8% (2,0 + W (2,y/)),y),
where 5% is an almost analytic extension of s”, s is as in (3.16). From

(3.76) I,y = @b o/ k) mod O(k™),
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where
b,y k) ~ Y Kb y) in ST (15D x D, AT OD M R AT M),
§=0
with
(3.77)
bj (1'/, y/)

— /aj(x',y)x(n)dn e €°(D x D, AT*OV M R AIT*OD A, j e N.

Theorem 3.12 follows. (|
Let D, s, ¢ be as in Setup 3.9. In view of Theorem 3.11 and (3.65), we
see that when ¢ = ny, ny # n_, we have

(3.78) 0WA, =1 mod O(k™>),

where A;, is as in Theorem 3.11.

Now, we assume that ¢ # n_,n. Using Theorem 3.2 and repeating the
proof of Theorem 3.11 we conclude that there exists a properly supported
continuous operator

A = O(k*) : Hyppo (D, AIT*OVN) — HEEL (D, AT*OV M), s € Ny,

comp

such that
(3.79) 0@WA, =1 mod O(k™™).
Summing up, we obtain

Theorem 3.13. In the situation of Setup 3.9 let ¢ # n_. Then, there exists
a properly supported continuous operator

Ay =0k« HE (D, AT OV Ny — HEHL (D AT OV AL, Vs € N,

comp comp

such that
0@WA, =1 mod O(k™™).

Remark 3.14. From Remark 3.5, we can generalize Theorem 3.11 and
Theorem 3.13 with essentially the same proofs to the case when the forms
take values in L* @ E, for a given holomorphic vector bundle E over M.
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We have the following

Theorem 3.15. In the situation of Setup 3.9 let ¢ = n_. For a given point
peD,letVi,...,Vy be an orthonormal frame ofT(l’O)M in a neitghbourhood
of p, for which R is diagonalized at p, namely,

RE()V;(p) = Xj(p)V;(p), j=1,...,n,
AJ(p)<07 j:17"'7q7
Ai(p) >0, j=q+1,...,n

Let (Tj)j—, denote the basis of 7OV M | which is dual to (Vj)?zl. Then,

P TI@@m @y

]:
(2m) ”‘detRL( )’ det TV

(3.80) bo(p,p) = (2m)™"

where I, 7+ € End(AT*OV M) is as in the discussion after (1.2).

Proof. We use the same notations as in the proof of Theorem 3.12. From
(3.75) and (3.77), we have

(381) bo(a'sa') =21 [ 8 (&', ) )

In view of Theorem 3.7, we know that

(3.82)

$2((2'm), (2 m)) = \m )| @) 77 TTT A o (T3 ()N,
=1

where {y;(2')}?_; are the elgenvalues of L, and {T;(2')}7_; are as in The-
orem 3.7. Here we identify 2’ € D with (2/,0) € X. Note that

(3:33) @)@ =27 @) )] = (v)].

Now, (3.6), (3.81), (3.82) and (3.83) yield (3.80). O

4. Asymptotic expansion of the spectral function for lower
energy forms

Let (M, ©) be a Hermitian manifold and let (L, h*) be a Hermitian holomor-
phic line bundle on M. We recall that (cf. (1.3)) &L, (M, L") denote the
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spectral space of D,(gq) corresponding to energy less than k~Vo. In the present
Section we study the asymptotic expansion of the spectral function associ-
ated to &Ly, (M, L*). In Section 4.1 we prove pointwise upper bounds for
the eigenforms of the spectral spaces éakq,No (M, L*) in terms of their L?-norm
(Theorem 4.3). In Section 4.2 we compare the localized spectral projection
with the localized approximate Szeg6 projection Sg. In Section 4.3, we apply
this results to prove the asymptotic expansion of the spectral function and
thus give the proof of Theorem 1.1. In Section 4.4, we exhibit the asymptotic
expansion of the Bergman kernel and prove Theorem 1.6. Finally, in Sec-
tion 4.5, we calculate the coefficients b} and b9 and thus prove Theorem 1.2.

4.1. Asymptotic upper bounds

Fix Ny > 1. In this Section we will give pointwise upper bounds for v and
9°u, where u € &1, (M, LF).

Let D € M be a chart domain such that L|p is trivial. Let s be a local
frame of Lon D and set |s|2, = e~ 2%. Let (, )xg be the inner product on the
space Q %(D) defined as follows:

(. Do = /D (f.g)e *odoy(x),  f.g € Q0UD).

Let 7% : Q0 4tH(D) — Q%4(D) be the formal adjoint of d with respect to
(Jro- Put O = 99" + 379 : 009(D) — Q9(D). Let u € Q09(D, L*).
On D, we write u = s*u, u € Q%9(D). We have

(4.1) D,(Cq)u = SkD,(j;ﬂ.

Fix p € D and consider local coordinates (D, z) = (D, z), such that z(p) =
z(p) =0 and ¢(z) = O(|z|*) near p. Let Fj(z) := ﬁ be the scaling map.
For r >0, let D, = {x; |zj| <r,j=1,...,2n}. Let f € Qo’q(D%), f=
21J|=q fsdz’. We define the scaled form F} f € Q09(Djog) by

Frf =3 fr(k22)dz" € Q% Diggr).

[J]=q
Let O ¢> (0 2%4(Diggr) — Q%4(Diog ) be the scaled Laplacian defined by
(4.2) O o (Fiu) = EF,:(D;‘;}u), w € QO(Duuge).
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By Berman [1, Section 2] and Hsiao-Marinescu [43, Section 2] it is known
all the derivatives of the coefficients of the operator D,g;(k) are uniformly
bounded in & on Diggk. Let Dy C Diogg and let Wig. s(Dy, AT OV M),
s € Ny, denote the Sobolev space of order s of sections of AYT*OD M over
D, with respect to the weight e 2*%¢ The Sobolev norm on this space is
given by

lircson, = Y[ 1ogus e O m) @)

aeNG™, |af<s,|J|=q

where u = ZIJ‘:q uydz’ € W,fF*(b(Dr,AqT*(O’l)M) and m(x)dx is the vol-
ume form. If s = 0, we write |||,y p, to denote |||l p-40 p, -

Lemma 4.1. For everyr > 0 with Do, C Diogk and s € Ny, there is a con-
stant Cy s > 0 independent of k, such that for every u € Qo’q(Dlogk),

(4.3) ||u!|kF “ 625D, S rs(HquF*(z) D, T Z H Dl(gzﬁ (k) m“HiFm,DzT)'

Proof. Since D,(;Q k) is elliptic, we conclude from Garding’s inequality that
for every r > 0, Do, C Diog, and s € Ny, we have for every u € Qo’q(Dlogk),

2 ~ 2 2
(4.4) HquFk*qb,erQ,Dr S Crs <HUHka*¢,DT/ + HDl(cCg,(k)quFwyaDw) ’

for some 7’ > r. Since all the derivatives of the coefficients of the operator
D](jg (k) Bre uniformly bounded in k, it is straightforward to see that C 8
can be taken to be independent of k. (See Proposition 2.4 and Remark 2.5
in Hsiao-Marinescu [43].) From (4.4) and using induction, we get (4.3). O

Lemma 4.2. For k large and for every a € N2", there is a constant Cy > 0
independent of k, such that

(4.5) (07u)(0)] < Ca,

where  u € Q%(Diog ), ||u||kF,:¢,Dlogk <1 and H(D](gz (k))mquF*qﬁD

< k™™, Vm € Np.

Proof. Let  u € Q%9(Dyggy), lullgprgDier <1 ‘(D’(“(Q’("‘))mquFle .

< k™™ V¥m € Ny. By using Fourier transform, it is easy to see that (cf.
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Lemma 2.6 in [43])

(4.6) (07w O)] < Cllullyrrgniitialp, -

for some r > 0, where C > 0 only depends on the dimension and the length
of a. From (4.3), we see that

(4.7)

N
2 2 Z (@)
HquF;:sb,nJrlJr\aLDr < Cra (HquFm,Dzr T H(Dki,(k))mquF*qﬁD >
m=1 kP 2r

< Chra (1 + i k:"”) < C,

m=1

if k large, where 2N > n + 1 + |a| and Cy > 0 is independent of k. Combin-
ing (4.6) with (4.7), (4.5) follows. O

Now, we can prove

Theorem 4.3. For k large and for every a € N%”, D’ € D, there is a con-
stant Co, pr > 0 independent of k, such that

(4.8) (05 (@) (@)| < Cap k™ ull,  VeeD,
where uw € &y, (M, L*), Nog > 1, u|p = s*u, u € Q*4(D).

Remark 4.4. Let s; be another local frame of L on D, s[> = e"2¢1. We
have s; = gs for some holomorphic function g € €>°(D), g # 0 on D. Let
u € Q%(D, L¥). On D, we write u = s*& = s}v. Then, we can check that

(4.9) ve RO = q(g /29T /2 ke,

From (4.9), it is easy to see that if u satisfies (4.8), then v also satisfies (4.8).
Thus, the conclusion of Theorem 4.3 makes sense.

Proof of Theorem 4.3. We may assume that 0 € D'. Let u € 6y, (M, L*),

No > 1, ulp = s*u, 1 € Q%4(D). We may assume that Dl‘?’“ C D and con-
k

sider u|p,,,, - Set B =k~ 2 Fju = k_Eﬁ(%) € Q%4(Dyog ). We can check

E
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that
(4.10) 1Bkl e 6, D10 < Nl -

Since u € &7y, (M, L*), we have ‘ (D,(Cq))muH < k=™No ||lu|| for all m € N.
From this observation and (4.2), we have

1
kF]:(valogk km+

@@y < gy

(411) O )| :(O9)ma)

k¢ HkF ¢7Dlogk

From (4.10), (4.11) and Lemma 4.2, we conclude that for every o € N§"
there is a constant C, > 0 independent of k, such that

k75 (@20)(0)| = 19280) (0)] < o Jul.

Thus, for every o € N2", there is a constant C,, > 0 independent of k, such
that

(02 (@™ ) (0)] < CakF 10! Jul]
Let xo be another point of D’. We can repeat the procedure above and

conclude that for every a € N2", there is a Cy(z9) > 0 independent of k,
such that

(@2 (™)) (w0)| < Gl 3 1% .
It is straightforward to see that the constant Cy(x¢) depends continuously

on ¢ and the coefficients of D,(g; *) in €™ (D) topology, for some m € Ny.

(See Remark 2.5 and Theorem 2.7 in [43], for the details.) Since D' C D
is compact, Cy(x¢) can be taken to be independent of the point zg. The
theorem follows. O

4.2. Kernel of the spectral function
Asin (1.4), let
Pyt Ly o (M, LF) — &2 (M, LF)

(@)

be the spectral projection on the spectral space of 1.’ corresponding to
energy less than k~™No. The goal of this Section is to compare the localized
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spectral projection ﬁ,gqlz, vy 5 (5ee (4.18)) to the localized approximate Szegd

projection Sy defined in (3.43). This will be achieved in Proposition 4.10.

We introduce some notations. Let (e1,...,e,) be a smooth local

orthonormal frame of T}, OD AL over an open set D € M. Then (e’

N €, )1<ji<ja<-<j,<n 15 an orthonormal frame of AqT;(O’l)M over D. For
f € Q%(D), we may write f = Z"ﬂ:q fre?, with f; = (f,e’) € €>(D).
We call f; the component of f along e’. Let A : Qg’q(D) — QY4(D) be a
continuous operator with smooth kernel. We write

=ej A

(412) Awy) = 3 @A ye’(y), Ans €€ (D x D).
[I|=q,|J|=q

We have

/

@) e = 3 @) [ A do),

[|=q,|J1=q p
for all u = ZIJIW uye’ € Qg’q(D). Let A* be the formal adjoint of A with
respect to (-, ). We can check that

/ -
(414) A(z,y)= Y @A (@ y)e’(y), Afyl@y) = Asi(y, ),

[l=q,|7|=q
Let
B : Q%(D) — Q%(D), Qg’q(D) - 987q(D)»

Bley)= Y. ¢ (@)Brie.y)e ),
[I1=q,|J|=q

be a properly supported smoothing operator. We write
!/
(BoA)(z,y)= > (@) (BoA)(z,y)e’(y)
1=q,|71=q
in the sense of (4.13). It is not difficult to see that
/
(4.15) (BoA)rs(,y)= Y / Brx(z,2) Ak 5(2,y) dup (2).
|Kl=q" P

Now, we return to our situation. Let

Pé,qi(:v?y) € ¢ (M x M, (A'T; Y M @ LF) R (A1T; OV M ® LE))
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be the spectral function, i.e., the Schwartz kernel of P,gq/zz

(4.16) (P,quu)(a:) = /M P,g’q/z(x,y)u(y)de(y), u € L(o o (M, L.

)

Let s be a local frame of L over D, where D C M. Then on D x D we can
write

PR (x,y) = s(2)* P (z,9)s* ()",

where Plgqi s(x,y) is smooth on D x D, so that for z € D, u € Qg’q(D, Lk,

(4.17)
(PQu)(x) / @ (,9)(uly), 5™ ()") doa ()

/ Pk)\S 2, y)u(y)don (), u=su, @eQY!(D).

For x = y, we can check that P,qu (z,7) € €°(D, End(AIT*OV M) is inde-
pendent of the choices of local frame s.

Let D € M be an open set. Assume that L|p is trivial and let s be a
local frame of L on D and set |s|7, = e 2%. Let (D,z) = (D, ) be local
coordinates of D. Fix Ng > 1. We define the localized spectral projection
(with respect to the trivializing section s) by

(4.18)

Py, Ly (D) N & (D, ATV M) — QM( ),
k,’P(‘I)

k,k—No

u—e" (s*ekou).

That is, if P,gqlz o (8% eF®u) = kv on D, then P,qu) No U = e #®y. We notice
that

(4.19) B s () = MO, () 400,

where 1315(1,2,,% s(z,y) is the kernel of ﬁlqu),NO , with respect to (-,-) and

P]quz—NO S(SU, y) is as in (417) We write

/
(4.20) PO s ()= Y @B @ y)e ()
1=, 1=
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in the sense of (4.13), where P(,z no g1,y € € (D x D). Since P,gqlz Ny 18
self-adjoint, we have

(4.21) pl

»(a)
kk— NOSIJ(:L"y) Pkk NOSJI(y7 ),

for all strlctly increasing I, J with |I| = |J| = g¢.
Let {fj} € QO4(M, L") be an orthonormal frame for &7, (M, L"),
dr € NoUJ {oo} For each j, we write

filo =3 @)’ @), fi0 € €=(D,LF).

|J|=q

For j=1,...,d; and strictly increasing J with |J| = ¢ we define f]J €
¢>*(D) and f] € QY%4(D) by

fio =T =Y Fa@e @),

|J]=q

Then, f;|p = sk]?j, j=1,...,dg, and it is not difficult to see that
(4.22) P;Eqﬁ No s 1,J (2, y) ny, f] J\y R(@(@)+ely ))7

for all strictly increasing I,J with |I| =|J|=q. Since ﬁéqk)_NO .7 are
smooth for all strictly increasing I, J, |I| = |J| = ¢, we conclude that for
all o € Ng”,

~ 2
(4.23) Z?’;l (0%(fje~*®))(x)| converges at each point of x € D.

Similarly, if F : & (D, A9T*OD M) — &'(D, A9T*OD M) is a properly sup-
ported continuous operator such that for all s € Ny,

F o Hepo (D, AT*ODM) — HEFS (D, A7) M)

comp comp

is continuous, for some sy € R. Then, we can check that

2

(4.24) Z?kzl (F(Ee_k¢))(x) converges at each point of x € D.
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Proposition 4.5. With the notations used above, for every o € N(Q)”, D e
D, there is a constant Cy pr > 0 independent of k, such that

di

(4.25) >

Jj=1

~ 2
02 (e ) (@)| < Cop k™2, Vze D

Proof. Fix a € N2" and p € D’. We may assume that

di

D

j=1

@GN #0.

Set

S @ B )0
Jz aaﬁ-wm>\fl

~ 2
Since Z?kﬁ ’(Gg(fje*k‘ﬁ))(p)’ converges, it is easy to check that

u€ &L (M,LY), |u| =1.

On D, we write u = s*u, u € Q%9(D). We can check that

dy. _ _
(126)  @i= 1 S Fi@) @2 (Fre ) o)
=1

In view of Theorem 4.3, we see that |(9 (ue %)) (p)| < Cok3tll with € >
0 independent of k and of the point p. From (4.26), it is straightforward to
see that

@@ ) )| = || 3 |@ (e ) )| < a1

The proposition follows. U

Now, assume that d¢ is non-degenerate of constant signature (n_,n)
at each point of D and let ¢ = n_. Let Sy, A be as in Theorem 3.11 and let
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0 be as in (3.8), (3.7). If we replace Sy, by I — ng)Ak, then ng)/lk + Sk =
I=A09 +8; on 2/(D, A7T*OD M), Now,

(4.27)
Plgqlngo s (AZng) +SZ)P;£qk)7NO ¢ = R—I—SZP]Eq]z,NO , on &'(D, AT+ Ay,
where we denote

R= 'A O Q)Pklz No,s*

We write

/
R(ﬁ,y) = Z GI(JJ)RI’J(JJ’y)GJ(y), RI,J € %OO(D X D)u
l1|=g,|J|=q

in the sense of (4.13). From (4.22), it is straightforward to see that

(4.28)

Rig(z,y) Zg], ) fr.a(y)e oW,

AkD(q (f e ) Z g], 7 ]: 17"'?dk7

|I|=q

for all strictly increasing I, J, |I| = |J| = g. From (4.24), we see that for all
a € N2,

Z;-lil \(8§§])(x)|2 converges at each point of z € D.
To estimate Ry j(z,y), we first need

Lemma 4.6. With the notations used above, for every D' € D, a € N%"
there is a constant Co pr > 0 independent of k, such that for all u € 5’,3,%
(M, L), |u]| = 1, ulp = G, & € Q¥U(D), if we set v(x) = ALOY (Gek?),
then

1(097) (2)] < Coyprk > F20I=No e D

Proof. Let u € &Ly, (M, LF), |lul| =1, u|p = s*u, u € Q%Y(D). Set v(z) =
.AkD(q (e=%?). We recall that

(4.29)
AL O - HE (D, AT OV N — HEFL (D AIT*OD A, s e Ny,

comp comp
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Let D' € D” € D. By using Fourier transforms, we see that for all x € D/,
we have

(070) (@) < Ca [0, 41410107 >

where C, only depends on the dimension and the length of a. Here ||| p.
denotes the usual Sobolev norm of order s on D”. From this observation and
(4.29), we see that

(430) [(@59)(@)] < Ca [Tl 14 pr < Cok™H1o! || D60 e~H)

n+l|al,D"” ’

where C!, > 0 is independent of k. Let Dg})u =f, flp= skf, fe 004(D).
We can check that f € &y, (M, L) and | f|| < k~. From (3.8), we see
that

(4.31) 09 (¢=F7) = ¢ R0
In view of Theorem 4.3, we know that for all 3 € N3"

020 ()| = |02 ()| < k3| £ < CpkE I om D,
where Cjg > 0 is independent of k. Thus,

(4.32) ng@ (e—’“bzz)H < Ok 5 Hal=No,
n+|al,D”

where C,, > 0 is independent of k. Combining (4.32) with (4.30), the lemma
follows. g

Lemma 4.7. Let g;(z) € Q%4(D), j =1,...,dy, be as in (4.28). For every
D' eD,ae N%”, there is a constant Cy, > 0 independent of k, such that for
allz € D

dp

1025 (@) < CokPrtilel=2n,

j=1

Proof. Fix a € N2 and p € D'. We may assume that Z?’;l 1(82G;)(p)|* # 0.
Set

\/Z ij a g] )

@ag] | 7=1
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Since Z;l’“:l |(8§§])(p)]2 converges, we can check that h € &, (M, LF),
|h|| = 1. On D, we write h = s*h. We can check that

ArO (he k) Zga )(029;) (p)-
\/Z 8‘1g3 ] 1

In view of Lemma 4.6, we see that

8§(AZD§q’(5e*’“¢))(p)) = S 1025) () < o +2l0l=No,

where C, > 0 is independent of k£ and the point p. The lemma follows. [

Now, we can prove

Proposition 4.8. With the notations used above, for every D' € D, a, 3 €
N2, there is a constant Ca,p > 0 independent of k, such that

(4.33) ](agagRu)(x,y)] < O ghkBnt2el+BI=No (g ) e D' x D,
for all strictly increasing I, J, |I| = |J| = q, where Ry j(z,y) is as in (4.28).

Proof. Fix p € D’ and J strictly increasing, |J| = q. Let a, 3 € N3". We may
- 2
assume that Z?’;l ‘(85(fj,Je_k¢))(p)‘ # 0. Put

(434)  u() =2 @0 (fe74) ().
o @]

Then, u € &Ly, (M, L*), |lull = 1. On D, we write u = s*u, u = ZIH:q urel.
Put v = AZng)(ﬂe*k‘ﬁ) = Z|,1|=q vrel € Q%4(D). It is not difficult to check
that

S ICHTRSTI)
\/Z O Fie o) )|

where {g;} e * . are as in (4.28). In view of Lemma 4.6, there eXistS Co>0
independent of k and the point p such that [(03v)(z)| < Cq ks T2lel=No for
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all x € D'. In particular,

(4.35)
dk

= 1202950 (@) (05 (F.0e 7)) ()
\/z (@ (T o)) it

5n2 N
< Ok +|a| o, VzelD,

|(0%vr) (x

for all strictly increasing I, |I| = ¢. In view of Proposition 4.5, we see that

di

>

=1

@ (Fre ) ()| < copmta,

where Cg > 0 is independent of k and the point p. From this and (4.35),
we conclude the existence of a constant C, g > 0 independent of £ and the
point p with

dy - 9
@200 R0 (w.0)| = \| S [@F (Fioe ) )] 10570 ()]
j=1
<C, Bk3n+2|a‘+|5|*N07

for all z € D', all strictly increasing I, J with |I| = |J| = ¢. The proposition
follows. O

From (4.27) and Proposition 4.8, we know that
PO = RSP
where R(z,y) satisfies (4.33). We have
(4.36) B ., Su=(R+SPY) s, ) Sk = RSy +SiPY) s, Sk
Let R* be the formal adjoint R with respect to (-,-). Then,
(4.37) P . =R +P9_, S
From (4.37) and (4.36), we get

(4.38) P, =R+ RSp + S P s, Sk
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We also write

Riey)= Y @R} (z,y)e ).
[I|=q,|J|=q

Note that R} ;(x,y) = Ry(y,z), for all strictly increasing I, J, [I| = |J| =
g. Combining this observation with (4.33), we conclude that for every D' €
D, a, 3 € N3", there is a constant C,, g > 0 independent of k, such that

(0205 Ri 1) ()| < Cogh® 21N y(z,y) € D' x I,

for all strictly increasing I, J, |I| = |J| = q.
Now, we study the kernel of RS,. We write

/
(RSW)(w,y) = > e (@)(RSk)rs(x,y)e’ ().
[I|=q,J|=q
From (4.15), we know that for all strictly increasing I, J, |I| = |J| = g,

(4.39) (RSk)1,(z,y) = Z// Rk (z,2)Ski,7(2,y) dup (2).
e

Lemma 4.9. For every D' € D, a € Ng”, there is a constant Cy > 0 inde-
pendent of k, such that for all strictly increasing I, |I| = q, we have

(4.40) Z’ / (82 Ry k) (, 2)|* dops(z) < CokPHAel=2No g e D,
K|=q” P

Proof. From (4.28), we see that for a € NZ" we have

d

(4.41) (0%Ry i) (,y) = Z(agﬁj,z)(:v)fj,K(y)e_k¢(y).
j=1
We claim that

di
(4.42) 3 /D O Re0) (o, 9) 2 done() < 3105550 @)
j=1

|K|=q
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for all z € D, strictly increasing I, |I| = ¢. Fix such I and p € D. We may
assume that Z?’;l \(8§‘§j71)(p)|2 # 0. Put

dk
= ; — 3 @) € 6L 024
(09951 j=1

We see that ||ul| = 1. Thus, [, lul*> < 1. On D, we can check that
(4.43)

/ up

= > (09G5.r) (p) Firc(y)| e 22 dup(y) < 1.
Z aagjj ];q/ J J

From (4.41) and (4.43), we see that

dy,
S [ @R ) dons(y )< 31T O

|K|=q

(4.42) follows. From (4.42) and Lemma 4.7, the lemma follows. O

From (4.39), for all strictly increasing I, J, |I| = |J| = q, we have

(4.44)
0930, (RSk)1,) (=, y)]

Z / (09 Rrk)(x, 2) (0 Skrc,s) (2, y)dvni ()
| K|=q

1

<> ([ 102 Resc) w2 o)) ( [ (@it dons(a))

\IZ/OO‘RIK (z,2) > dvpr(z JZ/ 8SkKJ zy)‘ dvps(2).

|Kl=q |K|=
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Note that

(4.45) Z’ /D ‘(agskK,J)(z, y) i dvpr(z)

|K|=q

= 5 [ 02500000 O S )z o )
|K|=q

= (0500 (SiSk)5.0) (W, ).

We notice that S;S, = S; mod O(k~*°). From this observation and the
explicit formula of the kernel of Sy (see (3.63)), we conclude that

(4.46) (9200 (SkSk)1.0) ()| < Cahm 2P,

locally uniformly on D, for all strictly increasing J, |.J| = ¢, where Cz > 0 is
independent of k. From (4.46), (4.45), (4.44) and Lemma 4.9, we conclude
that for all strictly increasing I, J, |I| = |J| =g,

(0200 (RSk)1,.0)(w,y)| < Co gk H21elHAI=No,
locally uniformly on D, where Cq,5 > 0 is independent of k. Put
T = R* + RS;.

We write

Ty = > & @)Trilz,y)e’(y)
=g, 1=q

in the sense of (4.13). From (4.38), we know that

447 P9 . —T+8PY 8

(4.47) k-No.s + Ok L k-0 sk

From the discussion above, we know that for every D’ €@ D, o, 3 € Ng”, every
strictly increasing I, J, |I| = |J| = ¢, there is a constant C, g > 0 indepen-

dent of k£ such that

(4.48) (8?65T17J)(:r,y)‘ < Ca75(k3n+2|a‘+‘ﬁl_ND 4 k3n+\a|+2|ﬂ|—No),

for every (x,y) € D' x D'.
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Summing up, we get the following.

Proposition 4.10. In the situation of Setup 3.9 let g =n_. Fiz Ny > 1.
Let Sy, be the localized approximate Szego kernel (3.43) and let P,Sqlz,NO s be
the localized spectral projection (4.18). Then,

13((1)

k,k—No,s

= T + Slzﬁlg?k)—f\’o,ssk?
where T is smoothing and the distribution kernel of T' satisfies (4.48).

4.3. Asymptotic expansion of the spectral function. Proof of
Theorem 1.1

Consider A > 0 and denote by &2, (M, L*) ¢ L%O 9 (M, L¥) the spectral space
)

given by the range of F((\,00)), where F is the spectral measure of Diq .

Let
P,ﬁ?i n L2 (M LF) — &9, (M, L)

be the orthogonal projection. As before, let s be a local frame of L on an
open set D € M and |s|iL = ¢2%. Consider the localization

(4.49) B9, i 12 (D)n& (D, AT OVM) - L (D),

>As " (0,9)
U e_k¢s_kP,£7iA(skek¢u).

Fix Ny > 1. It is well-known that (see Davies [21, Section 2])

L%qu) (M) = éalg—No (Ma Lk) ¥ ggk—No <M7 Lk)
and
(4.50) [|ul| < kMo [15;1)“ ., Vue &L (M, L) N Dom D]E:q).

We have the decomposition

u+ ﬁlg?ik*No,su’ CAS Qg’q(D)'

(4.51) u= P9

k,k—No,s

Now, assume that 90¢ is non-degenerate of constant signature (n_,n.)
at each point of D and let ¢ = n_. Let Si be the localized approximate Szego
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kernel (3.43). From the explicit formula of the kernel of S (see (3.63)), we
can check that

(4.52)
S, Sk = O(kmHsHlshy - o (D AIT* OV A — H (D, AT OV ),

locally uniformly on D, for all s,s; € Z, s;1 <0, s > 0.
Let u € H3 o (D, AIT*OVM) sy <0, 51 € Z. From (4.51), we have

comp
(4.53) Spu =Py, Seu+ By, , Spu.

From (4.49) and (4.50), we can check that

(4.54) HPk‘Qk NOSSWH H o oo (5" ’“‘i’(SkU))H
< kM ||g ()P’gqik o (8 k ko (Spur)) H
< Mo D;q>(skek¢(sku))\\ — Vo Dg@(sku)H.

Here we have used (3.8). In view of Theorem 3.11, we see that 09s, =0
mod O(k~%°). From this observation and (4.54), we conclude that

(4.55)
pl S =0k~ ) 5 (D,AqT*(O’I)M) _ Hl(g)c (D’AqT*(O,l)M)’

k ,>k—No.s comp

locally uniformly on D, for all N > 0, s1 € Z, s1 < 0. From (4.52) and (4.55),
we conclude that

(4.56) SiPYW, v .Sk=0 mod O(k~).

Combining (4.56) with (4.53) and using that S;S, = S, mod O(k~*°), we
get

(4.57) Sy =8P\ S, mod O(k™).

From (4.57) and Proposition 4.10, Theorem 3.12 and Theorem 3.15, we get
one of the main results of this work:

Theorem 4.11. In the situation of Setup 3.9 let g = n_, fix Ng > 1 and let
P,gqlz,No s be the localized spectral projection (4.18) and let P,qu) no (5 ) beits
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distribution kernel. Then, for every D' @ D, o, 3 € N(Q)”, there is a constant
Co,p > 0 independent of k, such that

(4.58)

220; (B v, J(2.0) = Si(2.v))|
<Cup (k;3n+2la|+|ﬁ|—No + k,3n+|a\+2|,6\—1v0)

holds on D' x D', where
Si(z,y) = Sp(z,w) = *YEWB(z w k) mod O(k™),
with
b(z,w, k) € it (1; D x D, AIT OV M & AT 0D Ap),
b(z, w, k) ~ io:bj(z,w)k:”_j in S (1; D x D, AT OV M 3 AT OV A,
j=0
bi(z,w) € 6510 (D x D, AT OV M RAITIOVM), j=0,1,2,...,
bo(z, z) is given by (3.80),

and U € €°(D x D) satisfying (3.38) and for a given point p € D, con-
sider local holomorphic coordinates z = (21, ..., zn) centred at p as in (3.35).
Then ¥ has the form (3.39) near (0,0). Moreover, let {Z;}}_; be a smooth
orthonormal frame of TOVM over D. Then,

(4.59)
> ((1259) (2 w)+(2;6)(2)) (75 9) (2 w0)+(Z36) (2)) = O(1z = wlV),

j=1
locally uniformly on D x D, for all N € N.

When ¢ # n_, we use Theorem 3.13 and repeat the proof of Theorem 4.11
to conclude that

Theorem 4.12. In the situation of Setup 3.9 let ¢ # n_, fix No > 1. With
the notations used in Theorem 4.11. Then, for every D' @ D, o, € Ng”,
there is a constant Co g > 0 independent of k, such that

(4.60) |020° (P

293P, (z,y))‘ < Caﬁ(k?m—&-?lal—i-\ﬂl—f\fo +k3n+\a|+2|ﬁ|—N0)
,oT 0,8 - ?

on D' x D'.
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Proof of Theorem 1.1. Combining Theorems 4.11 and 4.12, we get (1.7),
(1.8) and (1.9). O

Remark 4.13. In view of Remark 3.14, we can generalize Theorem 4.11
and Theorem 4.12 with essentially the same proofs to the case when the
forms take values in L*¥ @ E, for a given holomorphic vector bundle E
over M.

4.4. Asymptotic expansion of the Bergman kernel. Proof of
Theorem 1.6

We are now ready to prove Theorem 1.6. In the situation of Setup 3.9 let
g = n_. Define the localized Bergman projection (with respect to s) by
(461) P12 (D)N&(D,AT D) - Q0(D),

u e_k‘bs_kP,Eq)(skek(bu).

Let ]3,&'1) (x,y) be the distribution kernel of ﬁ,gqs). We have the following

S

Theorem 4.14. With the assumptions and notations above, fir Ny > 1
and assume that D,(gq) has O(k~") small spectral gap on D. Then for every
D' eD,a,pe Ng", there is a constant Cy g > 0 independent of k, such that

(4.62) aaaﬂ(P,gjf)N Jz,y) = P (z,y))

k
ﬂ(k3n+2|oc|+|ﬁ| Ny _|_k,3n+|oz\+2|/@\ No) on D' x D/,

where ﬁéqk),No s 15 as in Theorem 4.11. In particular,

P =8, mod O(k™)
locally uniformly on D, where Sy is as in Theorem 4.11.

Proof. Let S be the oprator as in Theorem 4.11. We can repeat the proof
of Proposition 4.10 and conclude that

(4.63) Py~ P =T+ (B v, — P,
where T is smoothing and the Schwartz distribution kernel T'(z,y) of T
satisfies (4.48). Let

we H? (D, AT*OVAN, m <0, meZ

comp (
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We consider
v =s"erSu — ,5 )(Skek¢8ku).

Since Sy is a smoothing operator, v € €°°(M, L*). Moreover, it is easy to
see that v L. #°(M, L*). We have

(4.64) D,(gq)v = s*eR?09 S

From Theorem 3.11, we see that ng)Sk =0 mod O(k~*°). Combining this
with (4.64), we obtain

|22 < owk=™ ful

for every N > 0, where Cy > 0 is independent of k. Since v Ls#°(M, L¥),
from Definition 1.5 we conclude that

loll < Cnk™ Jlull,,,
for every N > 0, where 6’1\; > 0 is independent of k. Thus,

Sk — 13,5"2& =0~y : H™ (D, NT*OV ) — L2(D, AT*OD ),

comp

forall N >0, m € Z, m <0, and hence

1Sk — SRS,

= O(k™N) : HP o (D, AT OV M) — BN (D, AT OV ),

Comp (

for all N, Ny > 0, m € Z. We conclude that
SiSk = SpPYS;, mod O(k~).
From this, (3.61) and (4.58), we obtain

ﬁ]g:}]gﬂvo?s =T + 8,1‘13,52&,
where T is smoothing and the Schwartz distribution kernel T(x,y) of T
satisfies (4.48). From this and Proposition 4.10, we conclude that the distri-
bution kernel of Sj: (P, ]g k) - P,Eqs) ) Sk, satisfies (4.48). Combining this with

NO,S

(4.63) and (4.62) follows. O
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Since Theorems 3.11 and 4.11 hold in the case when the forms take
values in LF ® E, for a given holomorphic vector bundle E over M, we can
generalize Theorem 4.14 with the same proof to the case when the forms
take values in LF @ E.

4.5. Calculation of the leading coefficients. Proof of Theorem 1.2

Now, we prove (1.11) and (1.12). In this section, we assume that ¢ = 0. First,
let us review the necessary definitions from Riemannian geometry. We will
use the same notations as in the discussion after (1.9).

Consider the Kéhler metric w = gRL introduced in (1.10). Let (-, ),
be the Hermitian metric on CI'M induced by w. In local holomorphic coor-
dinates z = (z1,..., 2p), put

(4.65) w=vV=1> wjrdzj Ndzx, © =vV=1 Y 0;dz; A dzp,

Jk=1 Gk=1
where ©,}, = (%,%}, Wik = <8izj’8%k>w7 jk=1,...,n. Put
(466) h= (hj’k)?,kzl 5 hj,k = Wk,j, j, k= 1, e,y

and h~! = (hjk);z 1 h~! is the inverse matrix of h. The complex Laplacian

with respect to w is given by

n ) 82
g —_ ]’ki
(4.67) Ny=(=2) Y h B

We note that hi* = (dzj,dzp )w, j,k=1,...,n. Put

(4.68) V., :=det (wj,k);?’kzl , Vo :=det (@j,k)zkzl
and set
(4.69) r=»~NylogV,, 7r=2/~A,logVes.

Then 7 is the scalar curvature of gZ™. Let R be the curvature of the
canonical line bundle Kj; = det 7*(10) M with respect to the real two form
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©. We recall that
(4.70) R&Y = —901og Ve.

Let h be as in (4.66). The connection matrix of the Chern connection on
TO M is given by § = h=10h = (6}, K)i ety Ok € T*CON, jk=1,....n
0 is the Chern connectlon matrix Wlth respect to w. The Chern curvature
with respect to w is given by

(4.71)

RTM — §p = (50]-7;9);,{:1 = (Rjk)} pes

(M ANTM 5 Bnd (10901,
RIM(@U,V) € End (1)), YU,V € TN,

n

RZM(U,V)§:Z(R]k,UAV§k A,f Zgja U,V eTH0N.
]

jk=1
Set
2 - 2
(4.72) }RZ;M}W = Z |<RZ;M(€J', €k )es, €t >w| ,
7,k,s,t=1
where eq, ..., ey is an orthonormal frame for 710 Ay w1th respect to (-, ).

RITM ‘ is independent of

is globally defined. The

It is straightforward to see that the definition of ‘

Ricci curvature with respect to w is glven by

n
(4.73) Ric,, := _Z<R£M(’7€j)'7ej >w7
j=1
where ey, ..., e, is an orthonormal frame for 719 M with respect to (" )w-
That is,

(Ricw,, UAV) ==Y (RIX(U,e;)Ve ), UV €CTM.
j=1

Ric,, is a global (1,1) form. We can check that
Ric,, = —001log V,,,

where V, is as in (4.68).
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Let Sy, b(z,w, k), bj(z,w), j =0,1,2,..., be as in Theorem 4.11. We
will calculate by (p, p) and ba(p, p) at a fixed p € D. In a small neighbourhood
D € M (0) of the point p there exist local coordinates (D, z) & (D, x) centred
at p and a local frame s of L, \s|iL = e72% 50 that ¢ is a Kihler potential of
w satisfying

(4.74)
d(2) =Y N lzl* + 61(2),
j=1

olod+181 g,

~oaggs (0) =0 fora,8 €N, o] < Lor |8 <1,
z z

and moreover

(4.75) O(z) =v=1) dzj Adz; + O(lz]), z—0,
j=1

(this is possible by Ruan [57]). First, we claim that

(4.76) 0sS, =0 mod O(k™),

where Js is as in (3.7). We notice that 0S, =0 mod O(k~=°). Thus,
Dgl)gsé‘k =0 mod O(k~*°). From Theorem 3.13, we know that O has
semi-classical parametrices. Thus, 9;8; =0 mod O(k~°) so (4.76) follows.
Now, we claim that

(4.77) 0. (i¥(z,w) + ¢(z)) vanishes to infinite order at z = w.

We write w = (wi,...,wn) = (Y1,...,Y2n) =Y, Wj =Y2j—1+ Y25, j=1,
...,n. We assume that there exist ag, By € NZ", |ao| + |Bo| > 1 and (20, 20) €
D x D, such that

(4.78) 000 (9: (10 (2, w) + 6(2)) ) oy = Conss 0.
and if |a| + |8] < |ao| + |Bo], o, B € N3", then
(4.79) 9200 (52 (10(2, w) + qb(z))) oy =0
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From (4.78), (4.79) and since bg(zo, z0) # 0, ¥(z0,20) =0, we can check
that

(4.80)
lim k"t 9200 (55 (eRV (5 ), k:)))

k—o0

= Coay,5,00(20, 20) # 0.

(20,20)

On the other hand, since d4(e*¥*®b(z,w, k)) =0 mod O(k~>), we can
check that

(4.81) lim k7 oo (55 (Y5 0, k:))> —0.

(20,20)

We get thus a contradiction, hence the claim (4.77) follows. Similarly, we
have

(4.82) Ow (¥ (2, w) + ¢(w)) vanishes to infinite order at z = w.

In particular, we have

(4.83)

0. (i¥(2,0) + ¢(2)), 0-(:%(0,2) + ¢(z)) vanish to infinite order at z = 0.

Combining (4.77), (4.82), (4.83) with U(z,2) =0, it is easy to check that
for all v € N,

012 (z,0) 012w (0, 2) ol

T he » T g »  0z@ (0)=0,
(4.84) - -

01w (0, 2) 011w (2, 0) alelg

T | T e | T 0T

Here we used (4.74). From (4.83) and (4.84), we deduce that for every
N € Ny

(4.85) U(z,0) =ip(z) + O(\z]N), U(0,2) =ip(z) + O(|z]N)

We claim that

(4.86)
0:bj(z,w) and Oybj(z,w) vanish to infinite order at z = w, for all j € Ny.
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In view of (4.77), we see that 0,(i¥(z,w) + ¢(z)) vanishes to infinite order
at z = w. From this observation and (4.76), we conclude that

(4.87) FVEWG bz, w, k) = Hy(z, w),

where Hi(z,w) =0 mod O(k~>°). We assume that there exist o, 5y € N3,
|70] + |d0] > 1 and (z1,21) € D x D, such that

8;0830 (gzbO(Za w)) = D'YO:‘SO 7& 0’

(zlvzl)
and

A@-bo(zw)| =0 i |y + 18] < ol + 50l 7.6 € N3

21,71

From (4.87), we have

(4.88) 90 (@b(z, w, k))

= o) 830 (e*ikw(z’w)Hk(z, w))

(21,21) (z1,21)

Since ¥(z1, 21) = 0, we have

: —n 97 9% [ ,—ik¥(z,w) —
(4.89) klingok 0;°0, (e Hk(z,w)) ) 0.
On the other hand, we can check that

: -n 9% 4% (9§ —
(4.90) lim k7 0700 <8zb(z,w,k)> oy = D 20

From (4.90), (4.89) and (4.88), we get a contradiction. Thus, 9,by(z,w)
vanishes to infinite order at z = w. Similarly, we can repeat the procedure
above and conclude that 0.b;(z,w) and d,,b;(z,w) vanish to infinite order
at z = w, Vj € Ng. The claim (4.86) follows.

Now, we are ready to calculate b1(0,0) and b2(0,0). We note that

bo(z,2) = (2m) ™ det RE(2).
From this and (4.86), it is easy to see that for all a € N,

(4.91)
olelby(z,0) _,, 9l°l(det RY(2))

0z« 0 = (2m) 0z«

8|a|bo(2, 0)

’ oz
z2=0
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Since Sk 0 Sy = Sk mod O(k~°), we have
(4.92) (0,0, k) = / SHRCEOTEEON b0 - 1Vb(2,0, k) Vo (2) dA(2) + 7,
D

where d\(z) = 2"dx dxs - - - dxa,, Ve is given by (4.68) and

We notice that since b(z,w, k) is properly supported, we have
b(0,z,k) € C5°(D), b(2,0,k) € C5°(D).

We apply the stationary phase formula of Hérmander [39, Theorem 7.7.5])
to the integral in (4.92) and obtain ( for the details see Hsiao [41, Section 4]):

Theorem 4.15. We have
(4.93)
b1(0,0) = (27)"(det RZ(0))~* <2b0(0,0)b1(0,0)

+ %AO(V@bO(O,z)bo(z,O))(O) - iA%(qblV@bg(O, z)bo(z,O))(O))

and
(4.94)

b2(0,0) = (27)"(det RL(0)) 7! <2b0(0, 0)b2(0,0) + b1(0,0)?

+

AN (V®(b0(0> Z)bl(za O) + b1(07 Z)bO(Z7 O)))(O)

DG (91 Ve (bo(0, 2)bi (2, 0) + b1 (0, 2)bo (2, 0))) (0)

+
QO =i =N =

A3 (Vobo0, 2)bo(2, 0))(0) — 523 (61Vbo(0, 2)bo(z,0)) 0
1

+ 192

NG (#1Vebo(0, 2)bo(2,0)) (0)> :

2

where No =375 %gw, ¢1 is as in (4.74) and Vg is as in (4.68).
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From (4.86), (4.91) and (4.93), it is straightforward to see that (see
Section 4.2 in [41], for the details)

1 1
7(0) - 877(0))

_ (ﬁ(&w log Ve ) (0) — %(Aw log Vw)(o))v

(4.95)  51(0,0) = (27)"" det RL(O)(

where 7 and r are as in (4.69) and V,, is as in (4.68). From this, (1.11)
follows.
Similarly, from (1.11) and (4.86), it is easy to see that for all o € Njj,

991 det () (17(2) — &r(2)))

dlolby (z,0) .
(4.96) ——-"— - (2m) 5 ,
2= z=0
8|a|b1(z, 0)
B » =0

From (4.86), (4.96) and (4.94), it is straightforward to see that (see Section
4.3 in [41], for the details)

(4.97)
ba(0.0) = (2) " det BH0) (o r® — it (R oy A
2W 5= 12872 3272 3272 3272 Y
1 det 2 1 . det 1 1 . 2
— W ‘R@ " + 8?<R1CW,R@ >w + 7967_‘_2&“,7’ — 72471_2 |R1Cw’w
1 TM 2

where A, RE®, Ric,, and RIM are as in (4.67), (4.70), (4.73) and (4.71)
respectively, and (-,-),, |-|, are as as in the discussion after (1.10) and
{RgMﬁ is given by (4.72). From (4.97), (1.12) follows.

5. Asymptotic upper bounds near the degeneracy set

In this section, we will use the heat equation expansion for D,(Cq) of Ma-
Marinescu [49, Section 1.6] to get an asymptotic upper bound near the degen-
erate part of L. The goal of this Section is to prove (1.13).

By the spectral theorem (see Davies [21, Theorem 2.5.1]), there exists

a finite measure p on S X N, where S denotes the spectrum of D,(Cq), and a
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unitary operator

.12
(5.1) U: L7

0.9 (M, L*) — L*(S x N, dp)

with the following properties. If A : S x N — R is the function h(s,n) = s,

then the element £ of L%O 2 (M, L*) lies in Dom Dg]) if and only if hU(¢) € L2

We have UDW U1y = h for all ¢ € U(Dom O?),

We identify L%O q)(M, LF) with L*(S x N,du). Then the heat operator

exp(—t D,(Cq)), t > 0, is the operator on L?(S x N, du) given by

exp(—t Dgfq)) :L2(S x N,dp) — L*(S x N, dp), u(s,n) — e *tu(s,n).

Since D,(f) is elliptic, the distribution kernel of exp(—t D,gq)) is smooth

(see [49, Theorem D.1.2]). Let
exp(—t O\ (z,y) € €(M x M, Lk @ AT OV M R LE @ AT 0D )

be the distribution kernel of exp(—t¢ Dl(f)) with respect to (-, -)g. That is,

(exp(—t D)) (z) = /M exp(—tO) (. y)uy) donr (v),

u € Ly (M, LY).

Let s be a local section of L over )?, where X C M. Then on X x X we can
write

exp(—t O) (2, ) = exp(—t O (z,y)s(x)*s* (),
where
exp(—tOW)s(w,y) € (X x X, AT M R AIT; M),

For u € QY4(X, L*) consider & € Q9(X) with u = s*%. Then for z € X,
(5.2)
—t D(Q) — k —t D(Q) * k d
(exp(—t U, )u)(z) = s(x) MeXp( k)s(@sy)(uy), s™(y)" ) don(y)
= s(a)* [ exp(=t D)., )iy) doae(v)
For x = y, we can check that the function

exp(—tO\) (2, z) € €°°(X, AT M R AT M)
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is independent of the choices of local section s. We identify the function
exp(—t D](f))S(x, x) with exp(—t D,(Cq))(x,:v). The trace of exp(—t D,(Cq))(az,a:)
is given by

d
Tr exp(— tD Z exp(— (x,x)ejj (:U),er(ac)>,
7j=1
where {e;, (:1:)}?:1 is an orthonormal basis of the space ATEOV M with
respect to (-, ), dim ATV s = a.
Proposition 5.1. Fizt >0 and Ny > 1. We have for k large,

(5.3) Trexp(—E O (@, 2) > (1= kM) Te P9 (z,2), Vo e M,

where P;Eqk)—zvo (x,z) is as in (1.5).

Proof. First, we claim that for all u € Q)9(M, L¥),

(5.4) (exp( k (q))u,u)k >(1—k~ N")(Pk(:g No Uy U -
We identify Lf, (M, LF) with L?(S x N, du). Then
exp(—%D,(cq)) cu(s,n) € L3S x N, dp) — e *tu(s, n)

and
P,E?IE,NO u(s,n) € LA(S x N, dp) — u(s,n) L[ g-no)(8)-
For u(s,n) € L*(S x N, du), we have

t e
(5.5) (exp(—ED,(cq))u,u)k —/ e™% u(s,n)|* du
SxN
> [ e fuls P Lo (5) de
SxN
> [ s Lo (o) d
SxN

[ e et P g s) de
SxN

>(1- s (1= e ) (B v
s€[0,k—No]
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It is easy to see that fix t > 0, we have sup ¢ -~ (1 — e*n) < kMo if
large. From this observation and (5.5), the claim (5.4) follows.

Now, fix p € M and let s be a local section of L defined in some open
neighbourhood D of p, |s|7, = e 2. Let ey, (p), ..., es,(p), be an orthonor-
mal basis of AqT*(O Y M with respect to (+,-).Fixle{l,...,d}. Foreach j €
N, take x; € QO’q(D L*) so that for every continuous operator F:¢>*(D,
Lk ® AT*OD M) — €(D, LF @ AYT*OD M) with smooth kernel F(z, y)
€ G (M x M, LI; ® AQTJ(O’I)M XLk ® AqT;(O’I)M), we have

(EXjy X3k = (F(pp)es,(p),eq(p)), 5 — oo

Then, we have

t t _
<eXp (—kD,(f)> Xjan)k - <eXp (—ffﬁ”) (p,p)es, (p), ey, (p)> . J— 00,

(P(k) NOxJ’XJ) <qu12 No eJl(p)’eJl(p)>7 ]_) Q.

Combining this with (5.4), we conclude that

<eXP < kD(q)> (p,p)es(p). eJl(p)> > (1= k™)
% (PE) v, (0. D)es (). €5, (p)).
Thus,
Trexp <—£D§f)> (p.p) = (1— k=N Tr P (p,p),
o (5.3) follows. 0

Theorem 5.2 [49, Theorem 1.6.1]. For eacht > 0 fized and any D € M,
m € N, we have as k — oo,

(5.6)
Tr exp <_2D§j>> (@, 2)

= k" (2m)™" Z exp (—t Z a;, (m)) H 1_(12(% + o(k™),
i=1

J1<J2<<Jq Jj=1

in the €™ norm on CKOC’(D,A‘_]T*(O’I)M@AqT*(O’l)]M), where ay(x),
.,an(x) are the eigenvalues of R(x). Here we use the convention that

71_21%3(1) =1, if aj(z) = 0.
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From (5.3) and (5.6), we know that

(5.7)
1—k" No>Trp,§q,g v (2, 2)

< k™(2m)" Z exp (—tz aj, (a:)) H % + o(k™),
i=1

J1<J2<<Jq Jj=1

locally uniformly on M.

Now, let Mgeg be as in Theorem 1.3. Fix ¢ > 1, ¢ large and xg € Mgeg
and let U be a small neighbourhood of xg such that for every point z € U,
there is an eigenvalue ag(x) of R*(z) such that |tag(z)| < 1. Fix p € U. Set

up) ={j € {1,...,n}; la;(p)t| <1,
where a1(p), ..., an(p) are the eigenvalues of R*(p)}.

Fix 1 <ji1 <j2 <--- < jg <n. We have

(5.8) exp< tZaj )Haé(]zg(p)

j=1

- 11 e*tan(p)aﬁ(p) [[ &)

_ e tay; (p) _ e tay; (p)
jep) ~ € ggp) T C
a;(p) a;(p)
% 11 1 e—ta,(® 11 1 e ta®)
jeb(p)»j¢{jlv-'~v.jq} j%’d(l’)v.j%{jl:"':jq}
We observe that there is a constant C' > 0 such that
‘ <0 VreR, |u <1,
1—e 1—e"
(59) : ~
‘ ’ ‘<C, VeeR, |z[>1.
1-— 1—e"

From (5.9) and (5.8), it is straightforward to see that

(5.10)  exp ( tZaJ ) H _ta7(p H H C'la;(p)

J= 1 Jj€u(p) J¢ D)

where C is the constant as in (5.9).
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The proof of (1.13). Let € > 0. Let W € M be any open set of zy. Take
t > max {C, 1} large enough so that

(5.11)

-n ¢ : SL " €

(2m) d? (1 + C'sup {]a(:):)] ; a(z): eigenvalue of R*(z), z € W}) <3
where C is the constant as in (5.9) and d = dim AT VM. Let U e W
be a small neighbourhood of zy such that for every point x € U, there is
an eigenvalue ag(z) of R*(z) such that |tag(x)| < 1. From (5.10), (5.7) and
(5.11), we see that

(q) 1 € n
TrPkfIk,N0 (x,z) < 1—716—]\705]{:“ +o(k"), =xe€U,
thus (1.13) follows. O

Theorem 5.2 also holds on the case when the forms take values in LF ® E,
for a given holomorphic vector bundle E over M. In this case, the right-hand
side of (5.6) gets multiplied by rank(E), see Theorem 1.6.1 in [49]. From
this observation, (1.13) remains true with the same proof on the case when
the forms take values in L* @ E, for a given holomorphic vector bundle F
over M.

6. Bergman kernel asymptotic expansion for adjoint
semi-positive line bundles

In this section, we prove Theorem 1.7, i.e., the asymptotic expansion of the
Bergman kernel of LF ® Kj;, where L is a semi-positive line bundle over
a complete Kéhler manifold M and Kj; is the canonical line bundle. The
existence of the expansion (1.19) follows immediately from Theorem 6.4,
while the calculation of the coefficients is given at the end of this section.

We assume that (M, ©) is a complete Kéahler manifold. Let K, be the
canonical line bundle over M. Then, Q™4(M, L¥) = Q% (M, L* ® K);). Let
DEC(’)}(M be the Gaffney extension of the Kodaira Laplacian acting on L* @
K. Then

Keng)}(M =M, LF @ Ky) = {u € L*(M,LF ® Ky); Opu = 0} .

Set

PO LM, LF @ Kyr) — #°(M, L* @ Ka)
be the orthogonal projection with respect to (-, -)x. The goal of this Section is
to prove that the kernel of PkOKM admits a full asymptotic expansion on the
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non-degenerate part of L. We recall the following form of the L?-estimates
for 0 for semi-positive line bundles. Assume that (L,h%) is a semi-positive
Hermitian line bundle over a complex manifold M. Let g € A»'T*M @ L.
For x € M, we denote by |g|gz(x) € [0,00] the smallest constant such that
(9,9")%(x) < gl (@) (V=TIRY A (OA)*g, ¢} () for all ¢ € AW T*M @ L.

Theorem 6.1 [22, Theorem4.1]. Let (M, ©) be a complete Kihler man-
ifold, (L, h") be a semi-positive Hermitian line bundle over M. Then for any
form g € L%o,l)(M7 L ® Kyy) satisfying Gg: 0 and [, |g|%: () dop(z) < 0o
there exists [ € L%O 0)(M, L ® Kyp) with 0f = g and

[ 15 dons@) < [ g @) o
M M

Denote by 7(z) the smallest eigenvalue of the curvature /—1RL with
respect to ©,, for x € M; the function v : M — [0, 00) is continuous. More-
over, [g/%.(z) < v Hz)|gli(z), for any x € M and g€ A™'T*M ® L
(where v~! := 00 if 4 = 0). Therefore we deduce the following.

Theorem 6.2. Let (M,0) be a complete Kdihler manifold and (L,h")
be a smooth semi-positive line bundle over M. Let D € M(0) be a rel-
atively compact open set. There exists a constant Cp > 0 such that for
any k>0 and any g € Qg’l(D,Lk ® Kyy) satisfying Org = 0 there exists
f€E>®(M,LF @ Kyr) such that Opf = g and

C
(6.1) 1717 < =2 Nl

We can actually take Cp = supp v~ !. We need

Lemma 6.3. Let (M,0) be a complete Kihler manifold and (L,h") be
a smooth semi-positive line bundle over M. Let D @ M(0) be a relatively
compact open set. Then D,(CO}(M has O(k="™) small spectral on D.

Proof. Let u € €5°(D, L* @ Ky;). We consider dyu € Q0Y(D, LF @ Kyy).
From Theorem 6.2, we know that there exists f € €>°(M, L* ® K)) such
that O f = Opu and

C —
(6.2) 1717 < =2 |3l
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where Cp > 0 is independent of k and u. We note that (I — ,5 I)< Ju has
minimal L? norm of the set

{f € € (M, L¥ ® Ky) (L2 (M, L* @ Kar); O f = Eku} .
From this observation and (6.2), we conclude that
0 2 Cp 1=
(6.3) | = PG| < =2 1180
It is easy to check that

[Beall” < |0,

[l =R

Combining this with (6.3), we get H k KM H % HDk oy U ‘ Thus,
D,(CO}{M has O(k~™) small spectral on D. The lemma follows. O

Let s be a local frame of L on an open set D € M(0) and |s|3, = e 2%. As
n (4.61), we consider the localized Bergman projection

(6.4) POy LA(D,Ky) N &'(D, Kar) — LD, K,

U — e_k¢s_kP,£OI)( (skek¢ ).

From Lemma 6.3 and Theorem 4.14, we get one of the main results of this
work:

Theorem 6.4. Let (M,0) be a complete Kihler manifold and (L,hY) be
a smooth semi-positive line bundle over M. Let D € M(0) be a relatively
compact open set and s be a local frame of L on D. Then the localized
Bergman projection ﬁé?s{KM satisfies

ﬁég),KM =S8 mod O(k™)

on D, where Sy : &'(D,Kyr) — 65°(D, Kpr) is a smoothing operator and
the distribution kernel Si(z,w) € €°(D x D, Ky K Kyy) of Sk satisfies

Sie(z,w) = *YEWp(z w, k) mod O(k~),
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with
b(z,w, k) € Sféc (1;Dx D, Ky KKy,
b(z,w, k) Zb 2, w)k" ™ in S (1;D x D, Ky R Kyy),
bi(z, )e%m(DxD,KMxKM), j=0,1,2,...,
bo(z,z) = (2m) " det RL(2) ® Idk,, (2), Idg,, is the identity map on Ky,
and ¥(z,w) is as in Theorems 3.8 and 4.11.

From Theorem 6.4, the existence of the asymptotic expansion (1.19) for
LF @ K follows immediately.

We prove now the formulas (1.20) for the coefficients. Le s be a local
frame of L on an open set D @ M(0). We take local coordinates (D, z) =
(D, x) defined in D. Let S, and Si(-,-) € €°°(D x D, K ¥ K)jy) be as in
Theorem 6.4. We may replace Si by %(Sk +S;), where S} is the formal
adjoint of Sy with respect to (-,-). Then,

(6.5) Si, = S

Let e(z) be a local section of Kjs so that |e(z )| = ( @\(2)) , where Vg (z)
is given by (4.68). Define the smooth kernels Sy(-,-), Sp(-, -) E ¢>°(D x D)
by

(6.6) Si(z,w) = e(2)Sp(z, w)e* (w), Sp(z,w) = Sp(z, w)Ve (w).

From Theorem 6.4, we have

Si(z,w) = eik\p(z’w)g(z,w, k) mod O(k™),
b(z,w, k) € Sﬁm (1;D x D),

(6.7) b(z, w, k) ~ Zb z,w)k" 7 in Pt (1; D x D),
b;(z, )e%oo(DxD) i=0,1,2,...,
bo(z,2) = (27) "V (z) det R (2).

Let (,)ax be the inner product on ¢5°(D) given by

(u,v)gr = /u(z)v(z) dA\(z), u,v € E;°(D),



Asymptotics of spectral function of lower energy 81

where dA(z) = 2"dxidzy - - - dxoy. Let J/S’; be the continuous operator given
by

Sk : 65°(D) = 65°(D),
uH/Skzw w) dA(w).

oA BT
Let Si be the formal adjoint of Sy with respect to (, )gx. From (6.5), (6.6)
we can check that

(6.8) S5 =5

Since 8 = 8, mod O(k~>°), we can check that
(6.9) (Sp)? =8, mod O(k™).
Moreover, it is obviously that

(6.10) 0,8: =0 mod O(k™™).

We recall that 05 = 9 + k(9¢)A.
From (6.8), (6.9) and (6.10), we can repeat the procedure in Section 4.5
and conclude that (see (4.95) and (4.97))

(6.11)

b 1

b1(0,0) = V. (0) (= =r(@).

~ | 1 1 L2 RTM
b2(0,0) = V(0)(fgg5" + gz o — s IRicull + 5 o ) ©)

where V,,, 7, A, Ric,, and RIM are as in (4.68), (4.69), (4.67), (4.73) and
(4.71) respectively, and (-, )., |-|, are as in the discussion after (1.10) and
‘REM‘S) is given by (4.72). From (6.6) and (6.7), we can check that for

bg?l):(M (Z)’ bg(,]})f(M (Z) in (119), we have

~ 1 ~
— b1(0,0) 1d,, (0), b} (0) = b2(0,0) Idg,, (0).
Vo (0) ’

Combining this with (6.11) and observing that

V.,(0) = (27) " det RE(0),

we obtain (1.20).
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Remark 6.5. In [49, (4.1.9)], Ma—Marinescu gave a formula for bgo) in the
presence of a twisting vector bundle E (under the assumption that L is
positive everywhere). For E = K the formula [49, (4.1.9)] reads:

6.12) b0 = (27) " (det RL)Si (v — 208, (log(det )
k) M T
+ 4\/—1AW(RKM)) Idy,,,

where A, (RE™) is given by nREM A wn=! = A, (REM)w™. Formula (1.20)
gives

©) o y-na pL{_ L
(6.13) b, = (2m) detR( 87r1") ldk,, .

We show that the right-hand sides of (6.12) and (6.13) are equal. By defin-
tion, we have

(6.14) r=A,logV,, detRl= (271')”&7
Ve
where V,, and Vg are given by (4.68). Using (6.14), (6.12) becomes
(6.15)
N
b0 = (27) " (det RL)S—( 1+ 200, log Vo + 4V=TAL(R)) ldc,,
s M T

Moreover, it is straightforward to see that
(6.16) 4V =TA,(RE) = =2/, log Ve.

Combining (6.16) with (6.15), we conclude that our claim holds true.
7. Singular L2-estimates

In Section 9, we need a singular version of L? estimates. We assume that
(M, ©) is a compact Hermitian manifold and (L, h%) is a holomorphic line
bundle over M, endowed with a singular Hermitian metric h”. We solve
the 0-equation 9y f = g for (0,1) forms with values in L* with a rough L?-
estimate, namely || f||*> < Cpk™ ||lg||*> with N > 0, instead of the estimate
LI < €2 lg]* from (6.1).

For a singular Hermitian metric A on L (see, e.g., [49, Definition 2.3.1])
the local weight with respect to a holomorphic frame s : D — L is a function
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¢ € Li (D), D € M, defined by

loc
s[2, = e72? € [0, o).

The curvature current R is given locally by R :=200¢ and does not
depend on the choice of local frame s, is thus well-defined as a (1, 1) current
on M.

We say that /—1R" is strictly positive if there exists € > 0 such that
V—1RL > €0, that is, /—1RY — O is a positive current in the sense of
Lelong (see e.g., [49, Definition B.2.11]). If \/—1R¥ is strictly positive then
¢ is strictly psh on D (in particular ¢ is bounded above on D). The goal of
this Section is to prove the following.

Theorem 7.1. Let (L, h") be a singular Hermitian holomorphic line bundle
over a compact Hermitian manifold (M, ®). We assume that h™ is smooth
outside a proper analytic set ¥ and

(7.1) V=IR'' >0, e>0.

Let D € M \ X. Then, there exist ko >0, N >0 and Cp > 0, such that for
all k > ko, and g € Qg’l(D, L*) with Org = 0, there is u € € (M, L*) such
that Oru = g and

(7.2) ||U||hk o= k’NCD ”!JHhk o>

where HUHZICQ = [y lulf vy, dvpy = O, and similarly for ngik,(a'

Proof. Let O, be the generalized Poincaré metric on M \ ¥ (see [49, p. 276]).
Let 7, := [(©¢N)*, 00¢,] be the Hermitian torsion of O, . Let Rdet denote

the curvature of the holomorphic line bundle A™T*1.0)Ar 1nduced by Oc,.
By [49, Lemma6.2.1] we have

O, is a complete Hermitian metric of finite volume on M \ X,
(7.3) O, > cO for some ¢y > 0,
~00,, < V-1RE' < (O, |Tolo, <O,

where C' > 0 is a constant and ’7;0\@60 is the norm with respect to O,.
Moreover, by [49, Section 6.2] there is a Hermitian metric heL0 of Lon M\ X
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such that h” is smooth on M \ ¥ and
(7.4) ht > hwl, V-1RL > cO.,,

where ¢ > 0 is a constant and RL is the curvature of L induced by h
Let s be a local frame of L and define local weights ¢, and ¢ for hL
and h’ by \s\hL = e 20, |57, = e 2%, Let h* be the Hermitian metric on

LF locally given by
sl = exp(—2(10g k)e, — 2(k — log k)9).

Since hZ > hl, we have h* > h*. Moreover, from (7.1) and (7.4), we can
check that

(7.5) V=1RY > ¢(log k)O.,,

where RL" denotes the curvature of L* associated to h¥ and ¢ > 0 is the
constant as in (7.4). Let (,);, 6. denote the L? inner product on Qg’q(M\

¥, L*) with respect to h* and @60 as (2.3). For f e Qy¥(M\ %, LF), we
write Hthk O = (f, flix . . Let L2 (M\E L*) be the completion of

QIM\ X Lk) with respect to [1-ll7, o, Let
O = 040y + 0,91 - Dom T € 1, 1y (M \ 8, 1) — Ly 1y (M \ 5. F)

be the Gaffney extension of the Kodaira Laplacian with respect to Kk and
O, (see (2.8)). Here 0y, is the Hilbert space adjoint of d), with respect to
(g 0. . From (7.3) and (7.5), we can repeat the procedure in [49, p. 272
273] and conclude that for & large, we have

2

557

2
(7.6) lolZ. o

1
c(log k) 70,

for all g € Qg’l(]\/[ \ &, L¥), where ¢ > 0 is a positive constant. From this, we
can repeat the method in [49, p. 272-273] and conclude that DS) has closed
range in E%o 3 (M\ X Lk) Ker ﬁ(l) N EQ (M \ 2, LF) = {0} and there is a
bounded operator Gy, : (0 1 (M\X Lk) — Dom D( ) such that D,il)Gk =1
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20 1y (M %, LF), Gkﬁ/(fl) = I on Dom E’;E}) and

nL(7)

1

) 2 < = al?
(7.7) HGkQHhk@éO = (o) Hthk’@m

for k large, for all g € L(O 1 (M \ ¥, L*), where ¢ > 0 is independent of g and
k, and

(7.8) G : QPN M\ 2, LF) — QOY M\ B, LF),
(7.9)  g=0Grg = 0:0,Grg, if Drg =0, g € L}, (M \ 3, LF).

Now, fix D € M \ ¥ and let g € Qg’l(D,Lk) with drg = 0 and set
u=0;,Grg € QN (M\ B, LF) (L) o) (M \ 3, LF).

From (7.9) and (7.7), it is not difficult to see that

(7.10) Oru=g on M\,

2, o < — gl o
h:.0¢ = c14/logk h*,Oc,

where ¢; > 0 is a constant independent of g and k. Now, let us compare
the norms ||-[5, 0. and |||« - Let s be a local section of L on D and

| |hL =€ —20< |8|hL =€ 2¢ Then

|52, = o2k 2logk(d—¢ey) _ ys‘ik e2logk(d—oc;)

Thus, on D, we have

(7.11) |s|?

e < KN Islin

where N > sup,cp |2¢(z) — 2¢¢,(x)|. Thus,

2 ~ 2
(7.12) 91, . < Cok™ gl o,

where 6’1) > 0 is a constant 1ndependent of g and k. From h* > Kk and the
second property in (7.3), we have HuHhk o < c||uHhk 0. where ¢ > 0 is
constant independent of k£ and u. Combining this with (7 12) and (7.10), w
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obtain
2 2
(7.13) [ullieo < Cok™ gl o

where Cp > 0 is a constant independent of k and ¢. Note that h” is bounded
away from zero and Y has Lebesgue measure zero. From this observation and
(7.13), we see that u is L? integrable with respect to some smooth metric of
L over M. Combining this with Skoda’s Lemma (see Lemma 7.2 below), we
get Opu = g on M and u € Q% (M, L¥). The theorem follows. O

We recall the following result of Skoda (for a proof, see Demailly [24,
Lemma 7.3, Ch. VIII)).

Lemma 7.2. Let u€ 9'(M,L¥), g€ 9'(M,LF @ T*OVM). We assume
that u and g are L? integrable with respect to some smooth metric of L and
© over M. If Opu = g on M\ Y in the sense of distributions, then Opu = g
on M in the sense of distributions.

8. Bergman kernel asymptotics for semi-positive line bundles

In this Section we prove Theorem 1.10. Let (M, ©) a compact Hermitian
manifold. Assume that (L, %) — M is a smooth semi-positive line bundle
which is positive at some point of M. By Siu’s criterion [49, Theorem 2.2.27]
(see also Corollary 10.8) we know that L is big and M is Moishezon. By [49,
Lemma2.3.6], L admits a singular Hermitian metric héng, smooth outside
a proper analytic set ¥, and with strictly positive curvature current.

Lemma 8.1. With the assumptions and notations above, let D € M \ 2
be an open set. Then, there exist kg > 0, N >0 and Cp > 0, such that for
all k> ko, and g € Qg’l(D, L*) with Org = 0, there is u € € (M, L) such
that Opu = g and

2 2
lull* < &Y Cp gl -

Proof. Let ¢ and gg denote local weights for h* and hL

sing

respectively. Then,
¢ is smooth on M \ ¥ and bounded above. We may assume that

¢ < ¢.

Let h* be the Hermitian metric on L* induced by the local weight

¢ := (logk)p + (k — log k).
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We can check that h¥ is a strictly positive singular Hermitian metric, smooth
outside a proper analytic set X. Let ||-[|;. and ||-[|,» denote the corresponding
L? norms for sections with respect to h* and h* respectively. We can repeat
the proof of Theorem 7.1 and conclude that for a given g € Qg’l(D, L*) with

Org = 0, there is u € €°°(M, L*) such that dyu = g and

1
8.1 2 < 2
(8.1) Julls, < c/losk lll5

where ¢ > 0 is independent of k£ and g¢. Since gg < ¢, we have
(82) [l e < flll5 -

On the other hand, we have

83 gl = /D g2 e 210 RS2k o800 gy (1

< (sup 2102 D)(6(@)~3(a) / 1912 =29 dupy ()
" zeD D

where N = sup,cp 2(¢(x) — (E(x)) From (8.2) and (8.3), the lemma follows.
O

For a holomorphic line bundle L over a compact Hermitian manifold
(M, ©) we set Herm(L) = {singular Hermitian metrics on L},

M(L) = {hL € Herm(L); h* is smooth outside a proper analytic set,
V—IRF >0, ¢ > 0}.

By [49, Lemma 2.3.6], M(L) # () under the hypotheses of Theorem 8.2 below.
Set

(8.4) M':={pe M; 3 hl" € M(L) with h* smooth near p} .

From Lemma 8.1, we can repeat the proof of Lemma 6.3 with minor
changes and conclude the following.

Theorem 8.2. Let (M, ©) be a compact Hermitian manifold. Let (L, h*) —
M be a Hermitian holomorphic line bundle with smooth Hermitian metric
hY having semi-positive curvature and with M(0) # 0. Let D € M’ (M (0)
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be an open set, where M' is given by (8.4). Then, D]io) has O(k~™) small
spectral gap on D.

Let s be a local frame of L on an open set D € M and \s|,21L =e 2% We
define the localized Bergman projection (with respect to s) by

(8.5) P : I*(D)n &'(D) — €5°(D),

U — efk‘z’s*kP,go)(skekd’u).

That is, if Péo)(skek‘z’u) = sy on D, then ISIEOS)U = e ko,

From Theorem 8.2 and Theorem 4.14, we get the following result.

Theorem 8.3. Let (M, ©) be a compact Hermitian manifold. Let (L, h*) —
M be a Hermitian holomorphic line bundle with smooth Hermitian metric
hY having semi-positive curvature and with M(0) # 0. Let s be a local frame
of L on an open set D € M'(\M(0). Then the localized Bergman projection

PIE?S) satisfies

]3150) =S, mod O(k™)

ST

on D, where Sy is as in Theorem 4.11.

Theorem 8.3 immediately implies Theorem 1.10.

9. Multiplier ideal Bergman kernel asymptotics. Proof of
Theorem 1.8

Let us first recall the notion of multiplier ideal sheaf. Let M be a com-
pact complex manifold and ¢ € Lllo (M, R). The Nadel multiplier ideal sheaf
J(p) C Oy is the ideal subsheaf of germs of holomorphic functions f €
Owi g such that | f |2e=2# is integrable with respect to the Lebesgue measure
in local coordinates near z for all x € M.

Consider now a singular Hermitian metric A on a holomorphic line
bundle L over M. If h} is a smooth Hermitian metric on L then h* = hle=2¢
for some function ¢ € Li (M, R). The Nadel multiplier ideal sheaf of h” is
defined by .#(h*) = .#(¢); the definition does not depend on the choice of
hé’ . Put

9.1) €¥(M,L® .7 (h%))

= {SE%OO(M,L);/ |S‘2Lde:/ ‘S’iLe_z‘Pde<oo},
M M °



Asymptotics of spectral function of lower energy 89

where ||, and || ne denote the pointwise norms for sections induced by h”

and hOL respectively. With the help of h* and the volume form dvy; we can
define an L? inner product on € (M, L ® .# (ht)):

92)  (S.8) = / (8,8 € vy, 5,8 € E(M, Lo 7 (hb)).
M

The singular Hermitian metric h” induces a singular Hermitian metric
h* = hEe=2k¢ on L* k > 0. We denote by (-, ) the natural inner products
on € (M, L* ® .#(h*)) defined as in (9.2) and by L?(M, L¥) the completion
of €°(M, L* @ .#(h¥)) with respect to (-,-). The space of global sections
in the sheaf ¢(L¥) @ .#(h*) is given by

(9.3)
HO(M, L* ® 7 (h¥))

= {S € (M, Lk); s =0, / ‘sﬁk dvpy = / Mik e 2k dupy < oo}
M M ©
Let
(9.4) PO LA(M,L*) — HO(M, L* @ 7 (b))

be the orthogonal projection.

Now, we assume that A% is a strictly positive singular Hermitian metric
on L, smooth outside a proper analytic set ¥ of M. Let L?(M \ ¥, L*) be
the completion of €§°(M \ ¥, L¥) with respect to (-,-);. We notice that
3. is closed and has Lebesgue measure zero. From this observation, it is
straightforward to see that

(9.5) LA (M\ X, L*) = L*(M, LF).

We consider the Gaffney extension D,(f) of the Kodaira Laplacian 525k on

M\ Y (see (2.8)), where 8y, is the formal adjoint of 8 with respect to (-, - )i
on M \ X. It is easy to see that Ker D,io) = L?(M\ %, L¥) n Ker 0}, The local
weights of h” are strictly psh, so they are bounded above, hence elements in
L?*(M \ 2, LF) are locally square integrable with respect to smooth metrics
on M and L. Since holomorphic sections on M \ ¥ which are locally square
integrable extend to holomorphic sections on M (see Lemma 7.2), we see
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that
9.6)  KerO” = L2(M, L*) nKer 9, = HO(M, L* ® .7 (h¥)).
Let
PO (M \ %, LF) - KerO”
be the Bergman projection. From (9.5) and (9.6), we see that

(9.7) PO = PO on L2(M,LF) = LM\ %, LF).

From Theorem 7.1, we can repeat the proof of Lemma 6.3 and conclude
that

Theorem 9.1. With the notations and assumptions above. Let D @ M \ ¥.
Then, D,(CO) has O(k™") small spectral gap on D.

Let s be a local frame of L on an open set D € M \ ¥ and |s[2, = e 2%
Then, ¢ is smooth on D and d0¢ is positive defined at each point of D. Let
us denote by

9.8) B, :L}D)n &' (D) — LA(D), ur— e "s7FPY) (sFeMu),
the localized (multiplier ideal) Bergman projection.

From Theorems 9.1, 4.14 and (9.7), we get one of the main results of
this work

Theorem 9.2. Let (L, h") be a singular Hermitian holomorphic line bundle
with strictly positive curvature current over a compact Hermitian manifold
(M,0). We assume that h' is smooth outside a proper analytic set ¥. Let s
be a local frame of L on an open set D @ M \ ¥. Then the localized multiplier
ideal Bergman projection ]SIE,OS)J (see (9.8)) satisfies

B, =8 mod O(k™)
on D, where S is as in Theorem 4.11.

From Theorem 9.2, we get Theorem 1.8.
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10. Further applications

In this section, we collect further applications of the methods developed
here. In Section 10.1, we show the existence of manifolds and line bundles
whose Kodaira—Laplace operator has no O(k~"™) small spectral gap. In Sec-
tion 10.2, we show that under an integral condition (due to Bouche) on the
first eigenvalue of the curvature, the asymptotic expansion of the Bergman
kernel of a semi-positive line bundle holds. In Section 10.3, we apply our
results to prove a result of Berman about the Bergman kernel associated
to an arbitrary semi-positive Hermitian metric on an ample line bundle. In
Section 10.4, we give a local version of the Bergman kernel expansion for
g-forms. In Section 10.5, we obtain precise semiclassical estimates for the
dimension of the spectral spaces of the Kodaira Laplacian. Using them one
obtains immediately the holomorphic Morse inequalities of Demailly. Finally,
we prove in Section 10.6, a version of Tian’s theorem about the convergence
of the induced Fubini—Study metrics in the case of singular metrics on a big
line bundle. This implies the equidistribution of the zeros of sections in the
high tensor powers twisted with the Nadel ideal sheaves.

10.1. Existence of “small” eigenvalues of the Kodaira Laplacian

The hypothesis on the existence of a O(k~") small spectral gap was of
central importance in our approach. It is interesting to know if there is a
compact complex manifold M and a holomorphic line bundle L over M
such that the associated Kodaira Laplacian does not exhibit such a spectral
gap. We will construct a compact manifold and a holomorphic line bundle L
over M such that the associated Kodaira Laplacian Dg}) has non-vanishing
eigenvalues of order O(k~°).

Theorem 10.1. Let 0 < q<n, q € Ng. There exists a compact complex
manifold M of dimension n and a holomorphic line bundle L over M such
that for

A = inf {)\; A non-zero eigenvalues of D;(gq)} )

we have for every N > 0
lim &V, = 0.

k—o0

Let S be a compact Riemann surface with a smooth Hermitian metric.
Let (Lg, h**) be a holomorphic line bundle over S. We assume that /—1R°
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is positive. It is not difficult to see that Lo admits another smooth Hermi-
tian fibre metric A% such that the associated curvature form /—1R is
positive on Sy C S, negative on S_ C S and degenerate on Sy C .S, where
S =5:US-USo, S+, S— contain non-empty open subsets of S.

Let M7 be a compact complex manifold of dimension n —1 with a
smooth Hermitian metric and let (L1, hLl) be a holomorphic line bundle
over M;. We assume that /—1R™ is non-degenerate of constant signature
(n—,n4), n_ +ny =n—1, at each point of M;. Put

M: =M xS, L:=1L1® Lyg.

Then, M is a compact complex manifold of dimension n and L is a holomor-
phic line bundle over M. The Hermitian metrics on M; and S induce a Her-
mitian metric (-,-) on M. Consider the metric h* = hf° @ hi* on L; then
the associated curvature v/—1R” is non-degenerate of constant signature
(n—,n4 + 1) at each point of M. Similarly, setting ht = hlo @ h1, the asso-
ciated curvature v/—1R” is non-degenerate of constant signature (n_,n +
1) on M4 C M, non-degenerate of constant signature (n_ + 1,n4) on M_ C
M and degenerate on My C M, where M = M_|J My |J My, M_, M, con-
tain non-empty open subsets of M. First, we need

Lemma 10.2. Under the notations above let ¢ = n_. Then

n

dim s#9(M, L*) = (—1)qk(/ (VQTIEL)M/ (@R’L)”) + o(k™).
n!\ S, S T Mo T

Proof. Note that L admits a smooth Hermitian fibre metric such that the

induced curvature is non-degenerate of constant signature (n_,n4 + 1) at

each point of M. From this observation and Andreotti—-Grauert vanishing

theorem, we know that if k large, then

(10.1) AI(M,LF) =0 if j #n_.

From the Riemann-Roch—Hirzebruch theorem (see e.g., [49, (4.1.10)]), we
see that

n

(10.2) . (=1)dim 7 (M, L¥) = k'/ (D)™ +O(k" ),
—o n! Sy

J
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where ¢q (L) is the first Chern class. Combining (10.2) with (10.1), we have
for k large enough
L

(10.3) dim s#Y(M, LF) = (-1) —

/ el (L) + O ).
M

But gﬁ’: represents the Chern class so

for- ], omr

The lemma follows from (10.3). O

The Hermitian fibre metric 2- induces a Hermitian fibre metric h* on
the k-th tensor power of L. As before, let D](Cq) be the Kodaira Laplacian
with values in L* associated to h*.

Theorem 10.3. Under the notations above let ¢ = n_. Then, for any N >
2n, we have

lim &V, = 0.

k—o0
Proof. Fix Ny > 2n. From Corollary 10.7 below and Lemma 10.2, we know
that

. kn —1 L\ n
d1mé‘}fN0(M,Lk):(—1)q/ (LIRE)™ 4 o(k™)

n! .
>0, CERY [ CETRY) o

> dim Y M, L*) + o(k™).
Thus, for k large, we have
dim &, .~ (M, L") > 0,

where é”g <A<k-No (M, Lk) denotes the spectral space spanned by the eigen-

forms of D,@ whose eigenvalues are bounded by k=™ and > 0. We notice
that since M is compact, D,(Cq) has a discrete spectrum, each eigenvalues
occurs with finite multiplicity. Thus, A\ < k=™ for k large. The theorem

follows. U

From Theorem 10.3, we get Theorem 10.1.
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10.2. Bouche integral condition

Let (L, h") be a semi-positive holomorphic line bundle over a compact Her-
mitian manifold (M, ©) of dimension n. Let 0 < A\j(z) < Ag(x) < --- be the
eigenvalues of R (z). We say that (L, h™) satisfies the Bouche integral con-
dition [8] if

(10.4) / A0 < o0
M
If (L, h") satisfies (10.4) then Bouche [8] proved that
inf {A € Spec(T\?); X 0} > fisnii,
for k large. From this and Theorem 1.6, we deduce

Corollary 10.4. Let (L,h") be a semi-positive holomorphic line bundle
over a compact Hermitian manifold (M,®) of dimension n. If (L, h*) sat-
isfies (10.4) then

o
PIEO) (x) ~ Z k"_jbg-o) (x) locally uniformly on M(0),
§=0

where bé»o)(:r) € €>*(M(0)), 7=0,1,2,..., are as in (1.8).

10.3. Asymptotics for arbitrary semi-positive metrics on ample
line bundles

We consider now the Bergman kernel of a metric with semi-positive curva-
ture on an ample line bundle and recover the following result of Berman [2].

Corollary 10.5. Let L be an ample line bundle over a compact projective
manifold M of dimensionn. We endow M with a Hermitian metric © and L
with a Hermitian metric h™ with semi-positive curvature. Then the Bergman
kernel function associated to these metric data admits an asymptotic expan-

sion
P}gO) (z) ~ Z kn—jbg.o) (x) locally uniformly on M(0),
§=0

where b\ (x) € €°(M(0)), j =0,1,2,..., are as in (18).
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Proof. By a result due to Donnelly [28] there exist C' > 0 and kg € N such
that for all k > kg

inf {)\ € Spec(Dl(co)); A\ #£ 0} > C.

In particular, D,(CO) has O(k~") small spectral gap on any open set D C
M (0). By applying Theorem 1.6 we immediately deduce the result. O

10.4. Expansion for Bergman kernel on forms

Let (L,h") be a holomorphic line bundle over a compact Hermitian mani-
fold (M, ®©) of dimension n. Given q € Ng, 0 < ¢ < n, RF is said to satisfy
condition Z(q) at p € M if R*(p) has at least n + 1 — ¢ positive eigenvalues
or at least ¢ + 1 negative eigenvalues. If RZ (p) is non-degenerate of constant
signature (n_,n4), then Z(q) holds at p if and only if ¢ # n_. It is well-
known that if Z(¢ — 1) and Z(¢q + 1) hold at each point of M, then D,(Cq) has
a “large” spectral gap, i.e., there exists a constant C' > 0 such that for all k
we have

(10.5) inf {)\ € Spec(0\P); A # o} > Ck.

This fact essentially follows from the L? method for & of Hérmander (see
Hormander [38] for the classical case and Sjostrand [61, Appendix] for the
semi-classical case). From this and Theorem 1.6, we deduce the following
local version of the results due to Catlin [12], Zelditch [70], Dai et al. [19]
(for ¢ = 0) and Berman—Sjostrand [4], Ma—Marinescu [48] (for ¢ > 0):

Corollary 10.6. Let (L, h") be a holomorphic line bundle over a compact
Hermitian manifold (M,©) of dimension n. Given q € Ng, 0 < g <n. We
assume that Z(q — 1) and Z(q+ 1) hold at each point of M. If R is non-
degenerate of constant signature (n_,ny) on an open set D C M, where
q =n_, then we have

P;ﬁq) (z) ~ Z k‘"_jbg-q) (z) locally uniformly on D,
j=0

where bg-Q)(:(:) € €=(D,End(AT*OV M), §=0,1,2,..., are as in (1.8).

Let us illustrate Corollary 10.6 in the case ¢ = 0: if at each point the
curvature R” has either only positive eigenvalues or at least two negative



96 Chin-Yu Hsiao and George Marinescu

eigenvalues, then the Bergman kernel of the sections of L* has an asymptotic
expansion on M (0) as k — oo.

10.5. Holomorphic Morse inequalities

Let (L, h") be a holomorphic line bundle over a compact Hermitian manifold
(M, ©) of dimension n. Since M is compact, Dg) has a discrete spectrum,
each eigenvalues occurs with finite multiplicity. From (1.15), (1.16) and the
Lebesgue dominated convergence theorem, we deduce the following.

Corollary 10.7. Let (L, hL) be a holomorphic line bundle over a compact
Hermitian manifold (M,©) of dimension n. Given q € Ny, 0 < g <n. If
Ny > 2n, then

dim &7, (M, L*) = k"(27) ™" /

(det RL(x)’ dvp () + o(E™).
M(q)

Fix No > 1. Let &3 .} n,

by the eigenforms of D,@ whose eigenvalues are bounded by k=™ and
> 0. Since the operator dy & d) maps &\ <o (M, L¥) injectively into

(g)g:)}gkff"o (Ma Lk) D gg;)}gkfzvo (M, Lk) Thus,

(M, LF) denote the spectral space spanned

dim &2

0<A<k—No (M7 Lk) < dim(g)q+1 (Ma Lk) +dim@pq_1 <M7 Lk)

0<A<k—No 0<A<k—No

From this observation and Corollary 10.7, we deduce:

Corollary 10.8. Let (L, hL) be a holomorphic line bundle over a compact
Hermitian manifold (M,©) of dimension n. Given q € Ng, 0 < g <n. If
Ny > 2n, then

dim (M, L*) + dim &y, v, (M, LF) + dim &7, v, (M, L*)

> K (2m) " /M( | [det 1 (2) | o () + ofk").
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In particular, we have

(10.6)
dim 29 M, L*)

> ki (2m) /M(q) [det 1 (2) | o () - /M<q_1) [det R (a)| duys ()
- / ‘det RL(SL')‘ de(:L‘)> + o(k™).
M(q+1)
Hence, if M(¢q—1) =0, M(q+1) =0, then
(10.7)  dim 2#9(M, L*) = k"(27r)_”(/ . ‘det RL(:;;)‘ de(m))+0(k”).

By Corollary 10.7 and a straightforward application of the linear alge-
bra result from Demailly [23, Lemma4.2] or [49, Lemma 3.2.12] to the com-
plex (&8 x, (M, L¥),8y,), we obtain the following fundamental result due to
Demailly’s [23, Theorem 0.1]. We refer the reader to [49, Ch. 1-3] for a thor-
ough discussion of the holomorphic Morse inequalities.

Corollary 10.9 (strong holomorphic Morse inequalities). Let (L, h%)
be a holomorphic line bundle over a compact Hermitian manifold (M, ©) of
dimension n. Then for any q € {0,1,...,n} we have for k — oo

q
(—=1)777 dim 27 (M, L*)
=0

J

< k" (2m)" ':O(—1)H‘ /M@ [det B (2)| dugr(2) + o(k™).

J

It is well-known that the strong Morse inequalities provide the solution
of the Grauert-Riemenschneider conjecture [34] (cf. [23], [49], [58]).

Let us also give an example of a quite general holomorphic Morse inequal-
ities on arbitrary complete Kéhler manifolds.

Corollary 10.10. Let (M,0) be a complete Kihler manifold and (L, h)
be a semi-positive Hermitian holomorphic line bundle on M. Then

1 V=1 pL\n
(10.8) 1ikminfk—"dim%0(M,L’“®KM) > ,/ (SARM)™
—00 n: Jm
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Proof. Let {Sf}?’;l be an orthonormal basis of #°(M,LF @ Ky), dy €
NU {oo}. Then the Bergman kernel function is given by Tr P g, (z) =
Z?’;l |S]k (z)|?, © € X, where | -| denotes the pointwise norm in the met-
ric h* ® hE™ . By integrating this relation we obtain

dim (M, LF @ Kyr) = di = / Tr Py i, () dvpy.
M

By (1.19) we know that the sequence k™"Tr Py i, (x) converges pointwise
on M(0) to Tr b(()O%(M as k — oo. By Fatou’s lemma we obtain

liminf £7" / Tr Py k,, () dvps > lim inf/ E~"Tr Py k,, () dups
M M(0)

k—oo k—o0
1 - n_ 1 - n
R ey e=ron
M(0) ’ . JM(0) nJm
Hence (10.8) follows. O

Let us close with an amusing by-product of Theorem 1.1. Let (L, k%)
be a holomorphic line bundle over a compact Hermitian manifold (M, ©)
of dimension n. Assume that RE is non-degenerate of constant signature
(n—,n4) at each point of M. From Theorem 1.1, we see that if ¢ # n_, then
P,gq)(a:) = O(k~N), for every N > 0. Thus,

dim #°9(M, L*) = O(k™™), YN >0.

Since dim #%(M, L*¥) is an integer, we obtain the Andreotti-Grauert coarse
vanishing theorem (see [48, Theorem 1.5], [49, Rem. 8.2.6]):

(10.9) dim #°9(M, L*) =0, for k large enough.

This proof uses just estimates of the spectral spaces. The original proof of
Andreotti—Grauert was based on cohomology finiteness theorems for the disc
bundle L*. Ph. Griffiths gave a proof using the Bochner—-Kodaira—Nakano
formula. For a proof using Lichnerowicz formula and a comparison of meth-
ods, see [48, Theorem 1.5], [48, Rem. 1.6]. Note that the above proof of (10.9)
provides a positive answer to a question of Bouche [9] whether one could get
vanishing theorems by just using (heat or Bergman) kernel methods.
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10.6. Tian’s theorem and equidistribution of zeros

Given a positive line bundle L on a compact manifold M one can con-
sider the Kodaira embeddings ®;, : M — P(H°(M, L¥)*) for large k, where
HO(M,LF) = {u € € (M, L"); Opu = O}. Denote by wgg the Fubini-Study
metric on P(H(M, L¥)*). Tian [63, Theorem A] proved that 1 ®}(wps) con-
verges to the curvature gRL as k — oo in the @?-topology. This answered
a conjecture of Yau [69]. Ruan [57] proved the convergence in the %*°-
topology and improved the estimate of the convergence speed. Both papers
use the peak section method, based on L?-estimates for 9. A proof of the
convergence in the ¢°-topology using the heat kernel appeared in Bouche [7].
Catlin [12] and Zelditch [70] deduced the convergence from the asymptotic
expansion of the Bergman kernel.

We will consider here a compact Hermitian manifold (M, ©) and a big
line bundle L — M. Let h™ be a strictly positive singular Hermitian metric
on L, smooth outside a proper analytic set ¥ of M. We endow H°(M, Lk ®
Z(h*)) with the L? scalar product (9.2) induced by h* and dvy = ©"/n!.
Consider the Kodaira map

@y : M\ B, — P(H(M, L* @ .7 (h"))"),

(10.10) N {SEHO(M,Lk(gj(hk));S(x) :0}7

where By, is the base locus of HO(M, L¥ @ .# (h¥)). To the Hermitian struc-
ture (9.2) corresponds a Fubini-Study metric wpg on P(H(M,L* ®
S (hk))*), defined as the curvature of the hyperplane line bundle (see, e.g.,
[49, (5.1.3)]). The induced Fubini-Study metric is the metric ;®}(wpg) on
M\ By.

Theorem 10.11. Let (M,0©) be a compact Hermitian manifold and let
L — M be a big line bundle. Let h* be a strictly positive singular Hermitian
metric on L, smooth outside a proper analytic set X of M. Then for any
compact set K C M\ X, there exists ko such that for k > ko the base locus
By, of HO (M, LF @ .#(h¥)) is disjoint of K. Moreover, for any £ € N, there
exists Cp i > 0 independent of k such that for k > kg the following holds

1
k

,/_1RL < Cg,K'

10.11 <
(10.11) 27 %4 (K) k

Oy (wrs) —
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Proof. Let {Sk}m’c be an orthonormal basis of H(M, LF @ .#(h¥)). Then
the multiplier Bergman kernel function (1.21) is given by

PO () Z|s’f V2, meM\X.

IE

Let K C M \ ¥ be a compact set. The expansion (1.22) yields P,go),(x) =
b(()o) (2)k™ + o(k™), as k — oo, uniformly on K. Since inf ¢ g b((]o) (x) > 0, there
exists ko such that for all £ > ko we have inf,cx P,g?)ﬂ(m) > 0. Hence, K N
By, = 0, for all k > k. ’

For a local holomorphic frames e;, of L over an open set U C M, we
set Sk fke , where j"]]-’C € O(U). The choice of the basis {S’J]f};”:’“1 induces
an 1sometrlc 1dentiﬁcation P(HO(M, LF @ #(h*))*) 2 P™~! and in terms
of this identification ®; has the form

Oyt M\ By — Pl @y(z) = [f(z),.... 5 (2)],

hence
* -1 = — k 2
@ (wrs) = 5~ 0log (; @) on U\ By,
thus
1 * V _1 L . \/ _1 -~ (0)

The expansion (1.22) shows that 991log Pk, s O(1), for kK — oo in the
O(1)) in the €2

y(@) =
¢"*-topology, since log P,g;( ) = log k™ + log(b (()0 () +O(5
topology. Hence (10.11) is a consequence of (10.12). O

An important application of the convergence of the Fubini—Study cur-
rents is the study of the asymptotic distribution of zeros of random holo-
morphic sections. After the pioneering work of Nonnenmacher—Voros [56],
general methods were developed by Shiffman—Zelditch [59] and Dinh—Sibony
[26] to describe the asymptotic distribution of zeros of random holomorphic
sections of a positive line bundle over a projective manifold endowed with a
smooth positively curved metric. The paper [26] gives moreover very good
convergence speed and applies to general measures (e.g., equidistribution
of complex zeros of homogeneous polynomials with real coefficients). Some
important technical tools for higher dimension used in the previous works
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were introduced by Fornaess—Sibony [33]. For the non-compact setting and
the case of singular Hermitian metrics, see [16-18, 25].

Using the results of the present paper we can further generalize some
results from [16].

We define positive (1, 1) currents v, on M, called Fubini-Study currents,
by

(10.13) 1= YL a0g (315 @)).

j=1
Then

! ;1RL = —igﬁlogP,i?}(x), on M\ X.

(10.14) E’Yk o o2k

This shows that the definition (10.13) of -, is independent of the choice of
holomorphic frame ey, and basis {S’Jk P

Let \; be the normalized surface measure on the unit sphere S* of
HO(M, L* ® .#(h¥)), defined in the natural way by using a fixed orthonor-
mal basis. Consider the probability space S = H;O:1 SP endowed with the
probability measure A\, = ]_[;O:1 Ap. Denote by [S = 0] the current of integra-
tion (with multiplicities) over the analytic hypersurface {S = 0} determined
by a non-trivial section S € HO(M, L* @ .#(h¥)).

Corollary 10.12. Let (M,0O) be a compact Hermitian manifold and let
L — M be a big line bundle. Then we have in the weak sense of currents
on M
1 V=i,
lim —y, = —R
hooo k¥ 27 ’
1 v—1
lim —[or =0] = TRL’ for Moo — a.e. sequence {0} }r>1 € Seo-
- >

Proof. Let us observe that HO(M, LF @ .7 (h*)) = H?Q)(M \ 2, LF, hF, dvyy)
and hl and dvy satisfy the conditions (A)—(C) of [16]. Owing to the asymp-
totic expansion (1.22) on M \ ¥ the conclusion follows from Theorems 1.1
and 4.3 from [16]. O

Corollary 10.12 generalizes [16, Theorem 6.5], where the result was obtained
under the hypothesis that M is Kahler.
The results of this paper allow also to extend Tian’s convergence theorem

to the situation considered in Theorem 1.7. Let {Sf}?’;l, dr, € NU {00}, be
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an orthonormal basis of H(OQ) (X,LF ® Kyr). We define the Fubini-Study
currents v, on M in analogy to (10.13) as follows. Let U be an open set and
let er, be a local holomorphic frame for L on U. Set

d

(10.15) b= =L a0g (315 @)):

j=1

The currents 7y, don’t depend on the choice of the local frame e;, and are
globally defined (1,1) currents (see [16, Lemma3.2 (ii)], [49], [50]). If di <
00, then v, = @} (wrg), where @y, : M \ By, — ]P’(H&)(X, LF® KM)*), T —
{se H&) (X,L* ® Ku); s(z) = 0} is the Kodaira map. We have moreover

e

1 v—1
—m 3810g PkJ(M (.’IJ), on M.

10.16 S — ~——RE =
( ) T o

Hence Theorem 1.7 implies immediately the following.

Theorem 10.13. Let (M,0) be a complete Kihler manifold and (L, h")
be a holomorphic semi-positive line bundle over M, with smooth Hermitian
metric h. Let M(0) be the set where (L,h™) be a positive. Then for any
compact set K C M(0), there exists ko such that for k > kg the base locus By,
of HO(M, L*F @ Kyp) is disjoint of K. Moreover, for any £ € N, there exists
Co.x > 0 independent of k such that for k > ko the following holds

10.1 VA < LK
(10.17) e

Theorem 10.13 can be used as above to prove the analogue of Corol-
lary 10.12. Note that in [18, Theorem 3.1 (ii)] the equidistribution of sec-
tions of adjoint bundles was actually obtained in the presence of singular
Hermitian metrics.
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