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On the asymptotic behavior of Einstein manifolds

with an integral bound on the Weyl curvature

ROMAIN GICQUAUD, DANDAN JI AND YUGUANG SHI

In this article, we consider the geometric behavior near infinity of
some Einstein manifolds (X™, g) with Weyl curvature belonging to
a certain LP space. Namely, we show that if (X™,g), n > 7, admits
an essential set, satisfies Ric = —(n — 1)g, and has its Weyl curva-
ture in L? for some 1 < p < "T_l, then the norm of the Weyl tensor
decays exponentially fast at infinity. One interesting application of
this theorem is to show a rigidity result for the hyperbolic space
under an integral condition for the curvature.
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During the last three decades there were lots of interesting works on the
asymptotic behavior of Ricci flat metrics with integral bounds on curva-
ture. See, e.g., [5, 10]. These works gave an nice intrinsic characterization of
asymptotic locally Euclidean (ALE) manifolds. Inspired by these works, we
want to study a similar problem in the context of asymptotic locally hyper-
bolic (ALH) manifolds. The ALH case appears much more complicated than
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the ALE case in both geometric and analytic parts. As an example, the
rescaling argument which is very efficient in the analysis of the asymptotic
behavior of ALE metrics does not work in the ALH case because the model
is the hyperbolic metric which is not scale invariant. Another complication
arises from the Mobius group of S™ which allows cuspidal ends. To rule out
such ends, we need to assume that the manifold (X", g) admits an essential
set (see [4] for more details):

Definition 1.1. A non-empty compact subset I of a complete non-compact
Riemannian manifold (X", g) is called an essential set if

1. D is a compact domain of X™ with smooth and strictly convex bound-
ary B := 0D, i.e., its second fundamental form with respect to the
outward unit normal vector field is positive definite;

2. D is totally convex: there is no geodesic 7 : [a,b] — X such that v(a),
v(b) € D and y(c) € D for some ¢ € [a, b];

3. the sectional curvature of (X", g) is negative outside D.

Assuming that (X", g) is hyperbolic the existence of an essential set is
equivalent to the requirement that (X", g) is convex and co-compact. More
generally, it can be shown that conformally compact and Cartan-Hadamard
manifolds admit essential sets; see [14]. Together with assumptions on the
rate of convergence of the sectional curvature to —1 at infinity, the existence
of an essential set has been used to prove the existence and the regularity
of a conformal compactification of the manifold (X", ¢) in [2, 3, 16, 20].

In what follows, we define p : X — R as the distance function from D:

p=dy(D,).

In [4], it has been proven that, if D C X is an essential set, p is a smooth
function on X"\ D and has no critical point. This implies that X \ I is
diffeomorphic to [0, 00) x B.

In this paper, we want to investigate the behavior at infinity of some
complete non-compact Einstein manifolds with

Ricy = —(n —1)g,

with Weyl curvature belonging to a certain LP-space and contanining an
essential set D. In particular, we show that they are asymptotically locally
hyperbolic Einstein (ALHE) metric outside DD, meaning that sec,+1 =
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O(e™) for some a > 0. In contrast with the ALE case, the major difficulty
in the ALH setting is the lack of sharp global Sobolev inequalities which are
crucial in applying Moser iterations in the ALE case (see, e.g., [5, 10]).

However, we observed a nice L2-estimate for the Laplace operator acting
on 4-tensors satisfying properties analogous to those of the Weyl tensor for
manifolds of dimension greater than 5, see Lemma 2.8 below. Thanks to this
lemma and combining other techniques, we were able to obtain the following
result (see also Theorem 3.4):

Theorem 1.2. Let (X", g), n>7, be a complete non-compact Einstein
manifold with

Ric = —(n —1)g.

Assume that X™ contains an essential set D. We denote W the Weyl tensor
of the metric g. If [|W || p»(xn g) < 00 for some p € (1, "T_l), then there exists
a constant C' such that

(1.1) Rm — K| < Ce~ (e,

Here Rm is the curvature tensor of the metric g and K the constant
curvature tensor with sectional curvature —1 with respect to metric g, i.e.,

Kijt = — (9ik9j1 — 9a9jk) -

Remark 1.3. In order to get the curvature estimate (1.1) we need a variant
of the maximum principle, this is the reason why we assumed n > 7, we
believe that the theorem should be true for n = 5,6 and will address this in
a future paper.

Since (X™,g) is Einstein and has positive injectivity radius, it will
become apparent that W € L°°. As a consequence if W € LP for some p €
(1,00), W e LY for all ¢ > p: the smaller p is, the more stringent the
assumption.

This result turns out to be very useful to prove rigidity theorems. In par-
ticular, assuming further that the manifold X is simply connected at infinity
forces (X, g) to be isometric to the hyperbolic space (see Theorem 4.1). We
also give a variant of this theorem for static spacetimes together with a
rigidity result in Section 4.

Einstein metrics constructed in [7, 18, 22] satisfy |[W| < C'e~?’. In par-
ticular W € LP for any p > ”T_l The case p = %L is more delicate and we

2
plan to address it in a future work. Nevertheless Theorem 3.3 shows that
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Theorem 1.2 remains true for n > 5 and p < "T_l in the important case of
conformally compact metrics.

In the ALE case, the curvature behavior at infinity which is the analog
of (1.1) is obtained by a Moser iteration where a global Sobolev inequality
is involved. However, as mentioned above, in the ALH case such a kind of
global Sobolev inequality is not true (see [15] for an illustration of this fact).
Hence, we use a variant of the maximum principle to get Estimate (1.1).
This is where the assumption n > 7 appears. It is also interesting to compare
Theorem 1.2 with [10, Theorem 0.13] and [5, Theorem 1.5].

Since we are interested in this article only in complete non-compact
manifolds whose curvature will be shown to tend to —1 at infinity, we will
always use the shorthand “Einstein manifold” to denote manifolds (X", g)
satisfying

Ric = —(n —1)g.

Let us describe the main arguments that lead to Theorem 1.2. First, we
note that if (X", g) is Einstein, its Weyl tensor satisfies the following well
known equation:

(1.2) AW +2(n — 1)W +20(W) = 0,

where A is the Laplace operator acting on tensors and Q is a quadratic
expression in the Weyl curvature tensor. See, e.g., [3] for a derivation of this
formula. Setting

(1.3) Bagys 1= WH " Wius,
Q can be written as follows:

(14) Qaﬂ'yé = Baﬁ'yé + Ba'yﬂé - Bﬁa'yé - Bﬂéa'y'

Note that we are using the Einstein summation convention. Due to the
LP-bound of W, we see that W is small near infinity. Hence, intuitively
Equation (1.2) is almost equivalent to the following linear equation:

(1.5) AW +2(n — 1)W = 0.

By some careful analysis, we are able to show an L2-spectral estimate of
the Laplace operator acting on Weyl-type tensors (see Lemma 2.8). Together
with a refined Kato inequality and some other techniques we achieve the
proof of Estimate (1.1).
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Some applications of Theorem 1.2 are considered in this paper. Namely,
by Theorem 1.2 we are able to show a rigidity theorem for ALHE manifolds
with Weyl tensor belonging to LP. We also get the curvature behavior of
vacuum static spacetimes with a negative cosmological constant. See Theo-
rems 4.1 and 4.2 for more details.

The rest of the paper goes as follows. In Section 2, we get some basic
L?-estimates for the Weyl tensor. Then we show how these estimates can
be converted to pointwise estimates in Section 3. Finally in Section 4, we
discuss some applications of Theorem 1.2.

2. Basic estimates

The main purpose of this section is to prove Lemma 2.11 which gives
a spectral estimate of some (0,4)-tensors on asymptotically hyperbolic
Einstein (AHE) manifolds with an essential set. It will play an essential
role in the proof of the main theorem.

In particular, Lemma 2.11 will be used to show that if [[W||»(xn 4) < 00
for some p € (1,252), then [Wllz2(xn,g) < 00. Moreover if n > 6, we have
He%pWHLz(Xn’g) < oo for some positive a. See Proposition 2.13 for more
details.

We choose once and for all a complete non-compact Einstein manifold
(X™, g) containing an essential subset D. We first introduce some estimates
for a Riccati equation that will be useful for the analysis of the normal
curvature equation. Similar results have been obtained in [27, Lemma 2.3].
See also [2, 3, 16, 20].

In all this section, we use Greek letters to denote indices going from 0 to
n — 1 and Latin letters for indices from 1 to n — 1. Unless otherwise stated,
we use the Einstein summation convention. For any R > 0, we set

Dr = {z € X,dy4(xz,D) < R},
and denote by
Sr=p(R)

a slice of constant p. We denote by S the second fundamental form of the
level sets X p: S = Hess p.

Lemma 2.1. Let ¢ be a positive constant. Assume that f(p) is a smooth
positive function of p > 0 such that |f(p) — 1| < e. Assume further that y is
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a solution of
y+yi=1rf
satisfying
y(0) > 0.

Then y is a positive function satisfying
ly— 1] <e??y(0) — 1| +=.

Proof. We claim that y > 0. Indeed, if there exists p such that y(p) < 0, we
can find some pg satisfying y(po) = 0 and y(7) > 0 for any 7 € (0, pg). In
particular, this implies that y'(pg) < 0. But

0> 4 (po) + 4y (po) = f(po) > 0,

which is a contradiction. Next, we set z = y — 1. The equation satisfied by
y implies the following one for z:

(2% +2(y + 1)z = 22(f — 1).
In particular, since we noticed that y > 0, we have
(22) +22% < 22(f —1) < 22+ (f — 12
This inequality can be integrated to yield

2] < \/22(0)eP + 2 < |2](0) e "2 +e. 0

For simplicity we may use Fermi coordinates (z!,..., 2" !) on the slices

Y,. We denote S;; the components of the second fundamental form of ¥, in
this coordinate system. It is well known that the following equation holds:

(2.1) i%+%£:4m%,

where the index 0 refers to the unit normal direction of 3J,, that is to say Vp.
From Lemma 2.1 and the fact that 3y = B is striclty convex, i.e., S > 0

on T%y, combined with standard methods (see, e.g., [25, Chapter 6]), it

follows that the second fundamental form S of the level sets X is positive

definite for any R > 0.
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Our next task is to prove that the Weyl tensor of (X", g) tends uniformly
to zero at infinity, see Lemma 2.3. For this we first prove that the injectivity
radius of (X", g) is bounded from below by a positive constant:

Lemma 2.2. Assume that (X", g) contains an essential set D. Then there
exists some positive constant ro > 0 such that the injectivity radius inj x»
(x) > ro for any point x € (X™, g).

9)

Proof. The injectivity radius of injixn g (z), z € X, is a positive continuous
map from X to R U {oo}. Hence, it is bounded from below on Iy = {z €
X, dg(z,D) < 2} by some 7. We can assume 79 < 1. Since secg < 0on X \ D,
for any point x € X \ Dy, the exponential map from z( has no critical point
at radius smaller than ry. Assume that there exists a point z € X™ \ Do
whose injectivity radius is less than 7. We can assume that any point y
with 2 < p(y) < p(z) has injectivity radius strictly greater than 7. Then
there exists a geodesic 7 : [0, 1] — X of length ro such that v(0) = (1) = =.
Note that rg < 1, so the whole geodesic v remains in X \ D where sectional
curvature is negative.

The function p o v is convex and cannot be constant. Indeed, if p(y(t)) >

0, (poy)'(t) = S(¥,7) > 0, with equality iff 7 is colinear to Vp. So p(7(1/2))

< p(z). Consider now the geodesics ;1 and 2 defined on the interval
[0,1] by
1+t
w0 =+ (129,
1—t
Y2(t) = (2> :

They are two geodesics starting at y(1/2) and ending at x, both of length
% This means that v(1/2) has injectivity radius less than % and contradicts
the definition of . O

Lemma 2.3. Assuming further that [[W|[1»(xn gy < 00 for some p € (1,00),
the Weyl tensor W of (X™, g) tends uniformly to zero at infinity.

Proof. We first remark that the Riemann tensor of ¢ is globally bounded.
Indeed, on the one hand, since I is compact, |[Rm|? is bounded on D. On the
other hand, the sectional curvature is negative outside ID. As a consequence,
for any point x € M \ D, and any 2-plane 7 € T, M, choosing an arbitrary
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orthonormal basis (e, ea,...,e,) such that m = vect(e1, e2), we have

0 > secy(m) = Rm(eq, ez, e1,€2) > ZRm(el,ei,el,ei)
i

= Ric(eg,e1) = —(n — 1),

so the sectional curvature and the curvature tensor are uniformly bounded
on M \ D. In particular, the Weyl tensor of (X", g) is uniformly bounded.
We compute next A|W|? in two different ways:

LAIWP = (W, AW) + (YW, VW) = [WIAW] + (V]W], V[W}).
From Kato’s inequality |V|W]|| < |VW|, we infer

(WIA|W| > (W, AW)
> —2(n — 1)|W]? = 2(W, Q(W))
> —2(n — 1)|W|* = 2|W||Q(W))|
> —2(n — 1)|W|? - 8|W?,

where we used Equation (1.2) and the fact that |Q(W)| < 4|W|2. In par-

ticular, around any point where |W/| # 0, we have the following differential
inequality for the norm of the Weyl tensor:

(2.2) —AIW] < 2(n = 1) + 8[|Wl|oo] [W]

Let rg be a lower bound for the injectivity radius of (X", g). From W €
LP  we get that for any small > 0 there exists R > ry such that

[ wrdy <
X" \Dp_y,

We select an arbitrary ¢ > n and remark that for any g € X™ \ Dg,

1—2 e
W Lo, w0y < W8, @) W Lo (B, 20

1-2 A
< HWHLOOLI(Xn ”WHEP(X’L\DR—TO)

< [[W o 27
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It follows from the Moser iteration technique, see, e.g., [17, Theorem 8.17],
that there exists a constant C' > 0 depending only on 7y such that

Wl Lo (B (20)) < Ci-

o
2

This concludes the proof of the lemma. Note that the coefficients of the met-
ric in normal coordinates are controlled by the L°°-bound on the Riemann
tensor. ]

We define the mean curvature of ¥, by H = ¢”S;; = S%,. Since g is
Einstein with scalar curvature —n(n — 1), the Riemann tensor can be written
as follows:

(2.3) Rmagys = — (9ar985 — 9as98v) + Wagsys-

Combining Equations (2.1) and (2.3) with Lemma 2.3, we get the following
lemma:

Lemma 2.4. Let H be the mean curvature of the hypersurfaces of constant
p- If [Wllpe(xn,g) < 00 for some p € (1,00), then H = (n — 1) + o(1).

Proof. We fix an arbitrary € > 0. From Equation (2.3), the Riccati equation
for the Weingarten operator (2.1) can be rewritten as follows:

9 . . .
87)5]1' + Sjkski =0 = W

From Lemma 2.3, there exists pg > 0 such that |W| < e on X \ D, . It
follows from Lemma 2.1 that S satisfies

IS — 0] < (SUp IS — 5|> e (P=P0)/2 4 ¢

PO

on X"\ D, . In particular, H = tr(S) is controlled at infinity:

PO

|H—(n—-1)]<(n-1) (sup 1S — 5\) e~ (Pr)/2 (i — 1)e.

Since € was arbitrary, this proves the lemma. [l
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As a consequence of this lemma, we get the following L?-estimate:

Lemma 2.5 (Cheng—Yau estimate). Assume that [[W||pp(xn g) < 00 for
some p € (1,00). For every e > 0, there exists a compact subset K. D 1D such
that for any u € C°(X \ Ke),

—1)2
—/uAudV;JZ u—s /quVq.
X 4 X

Proof. We set ¢ = e~ *. Remark that if pg is large enough, H > (n—1)—
2 on X \D,,:

n—1
(n—1)2 n—1 (n—1)2
—Np = — Hp> | ——t — .
2 4 »+ 5 [ 4 ey
We rewrite
Au=A <gpu>
2
A
— P2 <d¢,d“> +onl,
4 ¥ ¥
So,

A
—/ uAudvg:—/ 9Oqﬂdvg—2/ u<dgp,du> dv,
X\D,, X\D,, ¥ X\D,, ‘2

— / uc,oAE vy
14
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+ / ¢ <du, d“> dv,
X\D,, ¥
—1)2
4 X\D,,
+ / 0
X\D,, 14

_1\2
> ((7141) _ 5) / u? dv,.
XA\Dp, O

As noted in [18, 22|, this simple estimate immediately yields an esti-
mate for the covariant Laplacian acting on tensor fields by making use of
Kato’s inequality. Unfortunately, this estimate is not sharp enough to get
useful estimates. In [22], Lee mainly deals with symmetric 2-tensors. In order
to get sharp estimates he considers r-tensor fields as (r — 1)-tensor-valued
1-forms. However, our interest is in tensors which can be seen as A2 X-valued
2-forms. We recall here some results on these forms. We refer the reader
to [6, Chapter 1], [22, Chapter 7] and references therein for more details.

Definition 2.6. We say that a (0,p + 2)-tensor w belongs to APT*? X if it
satisfies

WO Yo 21,y Do Ty )
— *W(YVMY% Zl) .. -,ZsflaZl7Zs+1a .. 'aZl—laZ&Zl-‘rla .. 'aZp)v

for every Y1,Y2,Z1,...,Z, € TX and any pair s,] with 1 <s <1 <p.
In local coordinates this translates to

Wuva..ap..as..a, — “Wuva...as...q...p (1 <s<l< P)-

For any local orthogonal frame {e,} and dual coframe {e/}, the exterior
derivative

D : C®(X; APT*X) — C®(X; APHIT*2X)
on T*?X-valued p-forms is given by

Dw:=e'AV,,w

for every w € APT*?X . It is standard matter to check that D does not depend
on the choice of the frame {e*}.
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Let D* be the formal L?-adjoint of D. If w € APT*2X, we define the
divergence of w, div w € AP~1T*2X | as follows:

n
div w(X1, Xo; Y1, ..., Y1) i= D (Ve,w)(X1, Xosem, Y1,..., Y1),

m=1

It can be shown that D* = —div.
We define the Hodge Laplacian on T*2X-valued p-forms APT*?X as
follows

A = DD* + D*D,

and the covariant Laplace operator on w € APT*?>X by
Aw = tr(V3iw),

where the trace is taken with respect to the two indices of the Hessian.
For a l-form 6 € T*X, we let OV : APT*2X — AP~'T*2X denote the

adjoint of the map OA : AP~1T*2X — APT*?X with respect to g, so that

(O Aw,n) = (w,0Vn) for we APT*2X and n € APT1T*2X. In coordinates,

(9 vV w)/ﬂ/;al...apfl = g’yaekuu;dal...ap,l .
For any & € APT*2X and any function u, we define H(u)¢ as
(2.4) H(w)é = (V2 , u) e A (e V €).

Given w € APT?X and a function f, we have the following formulas:
1. D(fw) = fDw +df Nw,
2. D*(fw) = fD*w —df Vw,
3. D*(df Nw) = —(Af)w = Vy,w —df ND*w + H(f)w,
4. |df Aw|? + |df V w|? = |df)?|w|?.
The following lemma is taken from [22, Lemma 7.9] (see also [12]):

Lemma 2.7. For any smooth compactly supported section & of AIT*2X,
and any positive C? function ¢ on X, the following integral formula holds

(€. 2€) > /X (€, (~p~ LA + 2H (log p)€)) dV.
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Here (-,-) is the induced inner product of tensor bundles and (-,-) is
an <" > d%

As in [22, Lemma 7.10] and [23, Lemma 2.2], we also have the following
result:

Lemma 2.8. Let (X", g) be a complete non-compact Einstein manifold
of dimension n > 6. Then for every small € > 0 there exists a compact set
Ki(e) such that the following estimate holds for any smooth section & of
A2T*2X compactly supported in X"\ Ki(¢):

€292 [P [ jgpan,

Proof. We let {e'}, 0 < u < n — 1 be alocal orthonormal coframe of g such
that eg = dp. This implies that {e;}, 1 <i<mn —1 is tangent to 3,. For

convenience, we also denote g = dp? + g;;(p, 0)dz'dx?. We denote &’ := T

We set

Arguing as in the proof of Lemma 2.4, we get that if pg is large enough,
1S —§| <€,
on X \ D, . Restricting ourselves to X \ D,,, this implies that

(n—52% n-5

(2.5) —0y Ny = =+ =D
SRR UL R
_ (n—5l(n+3) -1y,

and
sz,j log @ = —$V?,jp

n—> ,
2~ 5 9 — & 9>

v(%,j log o = 0,
Vao(log p2) = 0.
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From these estimates, we get that, for any £ which is compactly
supported in X \ D,

(26) <2H(10g 802)57 £> = <2Vi,y(10g @2)611 A (eV \ E)a £>
= V3 (logpa) (" VE € VE)
=2V2 ,(logpa) (' V& ¢/ VE)

> =2 (n;5+n;58/> 5ij<6i\/€,6j\/€>

> —(2(n —5) + (n - 5)e') (€,8).

Here we have used the fact that
n—1 A n—1
DTl Ve <l vl =20¢,
i=1 n=0

for ¢ € A2T%2X. Combining Equation (2.6) and (2.5) and Lemma 2.7, we
have

(e26) = [ ("= a5y - n 10 ) v,

> (52 o) [ av,

This proves the lemma with Ki(e) = D,,. O

Note that a (0,4)-tensor w such that w(-,-;Y1,Ys) = —w(-,-; Y2, Y1) for
any Y1,Ys € TX, can be considered as a A?X-valued 2-form, i.e., w € A?
(X, A2X). In the remaining of this section we will consider such (0,4)-tensors.
The following lemma gives a Weitzenbock formula relating the covariant
Laplacian on such tensors to A (see [8, Proposition 4.1] for a more general
formula):

Lemma 2.9. For a section w of A*(X,A%2X),

Awaﬂvé = _Awaﬁwé + Ricyﬂ/waﬂy(g - Ricll(g(,c)a[gl,7
v
- Rméy'yuwﬂéﬂ,u” + Rmyawuwl/ﬁlﬂs + Rm g»y'uwauué

v v v ou
—Rm,_ Hswaguw + Rm” fswi g, + Rm B §Wavpy-
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Proof. Note that the last two indices of w are considered to be the 2-form
indices. By some direct computations, we get
(D*Dw)apys = —V*(Dw)apuys
= —VVwapgys + VIV wagus — VFVswaguy;
(DD*w)apys = (D*waps)y — (D wapy)s
= —Vyvuwaﬁms + nguwaﬂ;w.

Then, applying the Ricci identity, we finally get
Awag,yg = (DD* + D*D)wag,y(;
= —V'Vwapyo + VFVwague — Vo Viwasus
+ Vo VF¢waguy — VHV owaguy
= —AWapyo + Ric” wapre + Rm”awuwa@W — Rm,” fwy 5,0
- Rmﬂywuwawa

s v v ou v vy
— Ric"swapgy + Rm + §WaBur — Rm_ ™" swuguy — Rmﬁ sWavpry-
O

Definition 2.10. We say that a 4-tensor w belongs to >4 if it satisfies the
following three assumptions:

1. Wapys = —Wgans,
2. Wapys + Wansg + Wasgy = 0,
3. WapBys = Wrsas-
Furthermore, if w is trace-free, meaning that gikwijkl =0, we say that
w e Eé.
Note that any element of %% belongs to A%(X,A2X). Combining

Lemmas 2.8 and 2.9, we obtain the following estimate:

Lemma 2.11. Let (X", g) be an n-dimensional Einstein manifold contain-
ing an essential set D withn > 5. Then for every e > 0 there exists a compact
set Ka(g) D D such that the following estimate holds for any smooth 4-tensor
w € X} compactly supported in X"\ Ka(e):

n—1)>2
/n |Vw|?dV, > <(4)—|—4—C(n,5)> /X |w[?dV,.
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Here we denote by C(n,e) some constant depending only on n, € and

lim C(n,e) = 0.

e—0

Proof. From Lemma 2.3, there exists a compact set K2(e) D I such that
[Rm — K|z (xm\ K, 0)) = Wl Lo (xm\ K2 (0)) < €
By a direct computation, we have

Ric” wapvs — Ric”swapry = —2(n — Vwapys;
_Rm(suwuwa[ﬁw + Rmyawuwy,@yé + Rmuﬁvuwaz/,ué
= ~Wapsy — Wypas — Warps + O(ew)
= O(ew);
—Rm ™ swap + Rm” fswyguy + Rm” 5 swan,n
= WaBys T WsBay T Waspy T O(Ew)
= O(ew).

Using Lemma 2.9 together with Lemma 2.8, we get:

/ Vw2dV, = (v, —LAw)

= (w, Awaﬁyé — Ricywwagwg + Ricy(gu)oég,/7
14
+ Rm5 ,Yuo.)agm, — Rm'/a,y'uw,,gﬂg
14 14
— Rm ,B'y#anﬂé + me “Jwagm,

vop vou
—Rm" " 5wy — Rm7g sWavpy)

S (=57 20V, +2(n — 1 20V, — C 2qv,
2 w|“dVy +2(n — 1) lw|“dVy — C(n,¢) |lw|“dV,
X‘IL X’n X'n.

> ((”;1)2 +a- C’(n,g)) / oV, .

Remark 2.12. By a density argument, it is not difficult to see that
Lemmas 2.5 and 2.11 are still true if we replace the condition that v or w has
compact support by u € Wol’z(X” \ K1) (resp. w € Wol’z(X” \ K32)). Here
the subscript 0 means that u (resp. w) has vanishing trace on 0K,
(resp. 0K3).
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Our next goal is to make use of the above estimates to get weighted
L?-estimate for the Weyl tensor. More precisely, we have the following
Agmon type estimate:

Proposition 2.13. Suppose that (X", g), n > 4, is a complete non-compact

Einstein manifold with an essential set D. If [|[W/| 1s(xn gy < 00 for some
1

1 <p< ™5, then
Wl £2(xn,g) < 00.

Furthermore if n > 6, we have He%pWHWm(Xn’g) < oo foranya € [0,n —5).

A similar estimate was proven in [24, Theorem 2.1] for functions. While
it could be straightforwardly extended to tensors, we choose to give here a
simpler derivation in our context. Before giving the proof of this proposition,
we need to make a preliminary definition. Formula (1.4) together with Equa-
tion (1.3) define a quadratic map from X% to itself. We define the associated
symmetric bilinear map as follows:

Q& w)apys = & swpmvs + € ywupvs — £ wumws — €5 sWpawy-
This map enjoys the following nice property:
Claim 2.14. For every w, & € 54, we have
(Qw, W), &) = (w, Q(§, W)).
Equivalently, the map w — Q(w, W) is symmetric.
Proof. The proof is a straightforward calculation:

(Qw, W), &)
= (w“a”ﬂwmué + Wk Wegns — whs" Wy — wuﬂygwpaw) gh
=2 (wuayﬁwww =+ wuay'kuﬁvé> faﬁw
s (6 5 08)
= —20" ¥ W s (25‘“55 + g“‘m)
= Aaus Sawéwuvué — Wy faéﬁkuﬂ/ué.
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where we used the first Bianchi identity, Property 2 of Definition 2.10, to
get the fourth line. Under this form, the claim becomes clear by swapping
7 (resp. ¢) and u (resp. v). O

Having made this definition, we can give a proof of Proposition 2.13:

Proof of Proposition 2.18. We remark that if n <6, p < ”T_l < 2. Hence,
from the fact that W € L°°, which was proven in Lemma 2.3, we conclude
that W € L2. As a consequence, we now restrict our attention to the case
n > 6. We also assume that p > 2. For an arbitrary b € R and using Holder
inequality, we get

p—

e[ ey < ([ o) ([ e fan)

As a consequence of the Bishop—Gromov theorem, the second integral

appearing in the right-hand side converges if and only if n —1 — ]% <0,
n—1

that is to say b > ”T_l — =
From Equation (2.7), we conclude that

(2.8) / e 2P IW|2dV, < oo

n—1 n—1
for any b > #5= — *—=

We now select € > 0 to be fixed later and a cutoff function x which van-
ishes on K2 = K»(¢) and which equals one outside a larger compact subset
K} D Ka(e). We set W := xW. We remark that W satisfies the following
equation:

(2.9) AW +2(n—1)W +2Q(W, W) =,
where 6 is a tensor belonging to i% and whose support is contained in

supp(Vx) C K3\ Ka.
For any compactly supported Lipschitz function f, we have

[ wum| v,
_/Xf2|vW’2dVg+2/Xf<Vf®W,VW>dV;,+/X|Vf’2’W‘QdVg
:/ <v(f2”m7),v”w7>dv;,+/ IVfIQ\W)QdVg

X X

[ (W aWyav,+ [ wse || ay,
X b's
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:2(n—1)/Xf2‘W‘QdVg—FZ/Xf2<W,Q(W,W)>dVg
_/ 12 <W,9>dvg+/ ny\zj’vadvg.
X X

Since fWN/ is compactly supported in X \ K2, we deduce from
Lemma 2.11 that

{(n 1)2
4
§2(n—1)/Xf2‘WN/‘2dVg+2/Xf2 <W, Q(W,W)>dvg

_/Xf2<’w7,e>dvg+/X|Vf12‘W\deg.

+4—5]/ fﬂW‘%VQ
X

From the fact that |[W| < e on X"\ Ks, we conclude that

(2.10) [(”;@2 —C’(n,a)]/XfQ‘W‘deg

< —/Xf2 <W,9>dvg+/x\vfl2\w(2d%-

By a simple density argument using Inequality (2.8), it can be shown that
Estimate (2.10) still holds for any function f such that f,|Vf| = O(e™")
for some b > ”T_l — ”le. We choose f = fr(p) where fr is a 1-parameter

family of functions defined as follows:

 few if p <R,
TR(P) =\ arvip-m) p>R.

It is easy to see that these functions are Lipschitz continuous and satisfy
1,1V f| = O(e™®). From the fact that |Vf|?> = a?f? if p < R and |V f|> =
b2 f2 if p > R, we get:

(2.11) [(”;5)2 —QQ—C(n,E)} /DR fQ)’w‘ifdvg

+ [(”;5)2 . C(n,s)] /X\DR 12 (W‘Q dv,

< —/Xf2<V[N/76> dv,.
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Choosing b < ”7_5, which is possible since ”T_l — ”le < ”7_5, and € so
small that % — b2 — C(n,e) > 0, we obtain
(2.12)
—5)2 —~ 2 —~
031)—&—0m¢4/ &wwﬂmgg—/em%Wﬁ>ﬁ;
Dr X

Lftting R tend to infinity, and upon reducing the value of € so that
@ —a%—C(n,e) > 0, we finally get

/ e2ap
Dr

This ends the proof of Proposition 2.13. U

—~ 2
W] av, < .

3. Pointwise estimate for the Weyl tensor

In this section, we assume that (X", g) is an AHE manifold with Weyl
tensor satisfying ||W/||z»(x,4) < oo for some p < ”T_l Note that on Einstein
manifolds we always have W = Rm — K. The main purpose of this section
is to give a pointwise decay estimate for W. We achieve this by two steps:
first, we get the estimate by assuming (X", g) is a C?*-conformally compact
Einstein manifold. Obviously, even in this case the result has its own inter-
ests. Later, we remove the condition of C?*-regularity and try to obtain the
pointwise estimate of [W/| in more general situations. Unfortunately, due to
some technical reasons mentioned in the introduction, we have to assume
n > 7 in this case.

We begin by recaling the definition of a conformally compact manifold:

Definition 3.1. We say that (X, g) is a C*“conformally compact mani-
fold if

e there exists a smooth manifold X with boundary X whose interior is
X: X =X\0X,

e and for some defining function r, g = r2¢ extends to a C*® metric on

X

where a defining function 7 is a smooth function r: X — R, such that
r~1(0) = X with dr # 0 at every point of 9X.

Furthermore, assuming that sec, — —1 at infinity, the function r satisfies
|dr% = 1 on 0X. C**conformally compact manifolds whose curvature tends
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to —1 at infinity are called asymptotically hyperbolic. We refer the reader
to [22] and references therein for more details on these manifolds.

In order to get the pointwise decay of W which is mentioned above, we
need the following lemma, which was observed in [28].

Lemma 3.2. Suppose that (X", g) is a conformally compact Einstein man-
ifold of reqularity C?. If its conformal infinity is conformally flat, then

(W[ =0("),
where r is the defining function determined by some conformal infinity.

Here is the outline of the proof of the above lemma. We refer the reader
to [28] for details. Straightforward calculations yield that if an Einstein
metric ¢ is at least C? conformally compact, then the sectional curvature in
X satisfies

(3.1) secy, = —1 + O(r?).

The most basic and important fact about asymptotically hyperbolic
manifolds is that a conformal infinity (90X, gg) determines a unique defining
function 7 in a collar neighborhood of 0.X such that

g = T_Q(dTQ + gT)?

where g, is an r-dependent family of metrics on 0X with g,|,—0 = go. See,
e.g., [21]. It follows from the work of Fefferman and Graham [13] that the
FEinstein equation implies the following asymptotic expansion for the metric
g. For n even,

n—2 1

gr = go + 9(2)"”2 + (even powers) + g—o)7"" " + g-nyr" T o,

where the g(;) are tensors on 0X and 9(n—1) is trace-free with respect to
go- The tensors g;) for j <mn — 2 are locally formally determined by the
metric go, but g,,—1) is formally undetermined. For n odd the analogous

expansion is
9r =go + 9(2)7“2 + (even powers) + krn—l logr + g(n—1)7“n_1 +o,

where the g(;)’s are locally determined for j < n — 2, k is locally determined
and trace-free, but g(,_1) is formally undetermined.
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Due to Theorem A in [11], we know that if (X™,g) is a conformally
compact of regularity C? and its conformal infinity is smooth, then in fact
(X™, g) is conformally compact of order C* if n is even or if n is odd and
k =0, where k is a conformally covariant tensor. Therefore according to
the Fefferman-Graham expansion, we can get that [W|, = O(r" 1) if the
conformal infinity is locally conformally flat.

Theorem 3.3. Suppose that (X", g) is a conformally compact Einstein
manifold of dimension n > 5 and of regularity C*>" for some p € (0,1). If
n—1

we further suppose that there exists p € (1, T] such that ”W”LP(X",Q) < 00,
then

(W[ = 0",

where T is some special defining function.

Proof. Let r: X — R be an arbitrary defining function for the conformal
infinity 0X of X and let § = p?g be the compactified metric. We denote
with a bar quantities associated to the metric g, e.g., W denotes its Weyl
tensor. By assumption, g is a C** metric on X = X U0X.

We first note that |W|, = p? ‘W|§. As a consequence,

[ iwav, = [ (wizav,

Since g is C**, W is a continuous 4-tensor. From the fact that p < ”T_l,
the function of p appearing in the integral on the right-hand side blows up
faster than p~! when approaching X . As a consequence, if this quantity is
to be finite, this impose that W = 0 on 0.X.

From the Fefferman—Graham expansion of the metric g, we immediately
see that the second fundamental form of OX in the manifold X
vanishes.

If g denotes the metric induced on the conformal infinity 0.X (, it follows
from the Gauss—Codazzi equations that the Riemann tensor Rm of g is
equal to the restriction of Rm to T(0X). We denote P and P the Schouten
tensors of the metrics g and g. From the decomposition of the Riemann
tensors

Rm=goP+W,
Rm=goP+W
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it follows that

o~

W=W+ (F—ﬁ) g,
Since W = 0 on 90X, we conclude that

—

W = (F—ﬁ)a&@

which implies W = 0 because the two sides of the equality belong to ortho-
gonal subspaces of X4(9X).

As a consequence, we have proven that 90X is locally conformally flat.
The theorem follows from Lemma 3.2. (Il

Finally, we remove the condition C%#-regularity to give the pointwise
estimate of |[W|. According to Proposition 2.13 we get weighted L?-estimate
for the Weyl tensor. Using Lemma 2.5, we are able to show the following
theorem:

Theorem 3.4. Suppose that (X™,g), n>7 is a complete non-compact
Einstein manifold with an essential set D. If [|[W/| s(xn gy < 00 for some
pE (1, "T_l), then

IW| < Ce (ntlr,

An essential element in the proof of this theorem is [20, Theorem 1.2]
which we recall here for the sake of completeness:

Proposition 3.5. Suppose that (X™,g) is a complete Riemannian mani-
fold with an essential set D. If the Riemann tensor satisfies the following
assumptions:

[Rm — K[ = O(e™"),
[VRm| = O(e™)

for some constant a > 2, there is a smooth closed manifold 0X and a smooth
structure on X = X U 0X, such that setting r = e~P and extending it by zero
on 0X, r is a defining function for 0X and the metric g = r’g extends to a
C?*#F-metric on the manifold X for some p € (0,1). That is to say (X, g) is
C?H-conformally compact.

Proof of Theorem 3.4. We will assume that n > 8 and indicate the modi-
fications for n = 7. The first step is to obtain an exponential (pointwise)
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decay of |W| at infinity. To this end, we set Wy := e®W for some a > 0 to
be chosen later. From Equation (1.2), W satisfies

(3.2)
AW] = (Ae)W + 2 (Ve™, VW) + e AW

= [a®+ (n— L)a+o(1)] Wi + 2ae*Vy,W + e AW
= [a®*+ (n—1)(a —2) + o(1)] Wi + 2ae*Vy,W — 20(W, W),

where we used Ap=H =n — 1+ 0(1) (see Lemma 2.4). Next, we compute
A|Wq|? in two different ways at any point where |W1| # 0:

AIW1[2 =2 (VW] |2 + [W1]| A[W])
=2 (|[VW1 > + (W1, AWY))
=2([VW1[* + [@® + (n — 1)(a — 2) + o(1)] [W;[?
+ 2ae% (Vy,W, W1) — 2 (W1, Q(W, W)))).

As a consequence, we get the following equation for |Wy|:

(3.3) (W1 |AIW1| = [a® + (n— 1)(a — 2) + o(1)] [W;[?
= VW12 = VW12 + 2a€** (Vy,W, W),

where we used Lemma 2.3 to get (Wq, Q(W, W1)) = o (|[W1/?).
The following refined Kato inequality holds for the Weyl tensor of any
Einstein manifold (see, e.g., [9]):

n—1
3.4 VIW|]? < —=|VW|%
(3.4) IVIW| —n+1| |

We are going to take advantage of it to estimate the right-hand side of
Equation (3.3). We first remark that

VW1 [? = &2 |VW|? + 2a 62 (Vy,W, W) + a? > |W|?,
IVIW1]|? = 2 |V|W||? + 2a ™ (Vg ,|W[, [W]|) + a* ***|W|?
= 2 |V|W||? + ae2“vap|VV|2 + a? e2P|W |2
= P |VIW|[? + 20 €™ (Vy,W, W) + a* e |W|.

Therefore, using Inequality (3.4), we get:

2
(3.5) VWi [* = [VIW3][* > ——e*7|VW]|*
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Next, using Young’s inequality, we remark that
2q, 2 9 2 n—1,5 9, 2
204 €™ (Vy,W, W) > ———1® PIVIWI|= — —5 e PIW <.
’,’L —_—

Thus, Equation (3.3) yields the following differential inequality:

n—1

(3.6) |Wi|AWq| = [a® + (n —1)(a—2) + o(1)] [W;]* > — a?[Wy|2.
We select a = Z—:é The previous inequality becomes
1(n—1)3n—-11
(3.7 awil 2 |- "= o] .

at any point where [Wq| > 0. Note that when n > 7, a < %52 so from Pro-
position 2.13, W; € L2. We claim that |W;] < Ce " 7. Indeed, set b:=
nT_l + ¢ for some small § > 0. Then we have

(6 LDy (o 1m0 )

Select € > 0 such that
1(n—1)(n—5)?
e< 1 n_3 .

Provided that 62 < 5, there exists a compact set K D D such that

1(n—1)3n—-11) ¢

A >_ |- £
Wil 2 - 3OS
Nebo < l(n—l)(?m—ll)_{_i ot

2 n—3 2

and such that for any W'2-function ¢ supported in K, the following
L%-estimate holds (Lemma 2.5):

n—1)?2 ¢
/X" |V‘P‘2dvg > [(4) - 2] /802dvg-

We set 1) = [Wy| — C'e™% where C is chosen so large that 1) < 0 on K.
Then v satisfies

(3.8) A > — B (n— 173(37; ), ;} ¥.
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We also define ¢, = max{v, 0} and note that v, € W2 and supp ), C
X \ K. From Inequality (3.8), we get

—1)2
O 5] [wkav < [ vy,

<— [ winvay,
X‘n
I1(n—1)Bn—11) ¢
- [2 n—3 2
< worav,

n—1)(n—5)?
(I [ ke, <o,

From our assumption on ¢, this immediately implies that ¢, = 0, that is to
say

|W1| < C e*bp’

or equivalently,
n—1)2

Wl < ce (T,

Since n > 8, %%:13)2 > 2. In particular, from Proposition 3.5, we

conclude that the manifold (X", g) is C?*#-conformally compact for some
€ (0,1). So it falls into the assumptions of Theorem 3.3. This concludes
the proof of Theorem 3.4 for n > 8.

If n =17, then Z—:é = % >1= ”T_5 so we can no longer apply Proposi-
tion 2.13 for this value of a. Instead we choose a = 52 — 1. Inequality (3.6)

becomes

- 5 -
A‘Wl‘ > 8+ g +0(1) |W1|

Setting b := 3 + 6, it can be checked that e~ satisfies

S _
Ne % < |8+ 5 +oll) e,

outside some compact subset. We can then rephrase the previous proof, the
only point to note is that

(n— 1) 5
= 9>8+4 .
1 Z oty

This is what allows the use of the asymptotic L?-estimate (Lemma 2.5). [
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4. Applications

Together with Theorem 1.2, the rigidity result [20, Theorem 1.6] implies

Theorem 4.1. Suppose that (X", g), n>7 is a complete non-compact
Einstein manifold with an essential set D and that X™ is simply connected
at infinity. If we further assume |[|[W|[s(xn gy < 00 for some p satisfying
l<p< ”T71, then (X", g) is isometric to H™.

Proof. By Theorem 3.4, we know that there exists a constant C' > 0 such
that

(W| < Ce(HDr,

On the other hand, by a direct refinenemt of the proof of Lemma 2.3,
we also have

|[VW| < ¢ e=(H1p
for some constant C’ > 0. See also [3, Theorem 4.3]. The theorem then
follows from the rigidity theorem [20, Theorem 5.1]. O

As another application, we consider a similar question for static vacuum
spacetimes. We recall that an (n + 1)-dimensional static spacetime (N"*1, g)
is a solution of the vacuum Einstein equations

1
Ric — S%g +Ag=0
of the form

N™ =R x M"
g=—-V%dt* +h
where (M™, h) is a Riemannian manifold, V' is a positive function on M" and

A is the so-called cosmological constant which we choose equal to —@.

The vacuum Einstein equations can be written in terms of h and V as

H
(4.1) Ricy, + nh = 25V).
%
and
(4.2) AhV =nV.

Computing the trace of these two equations, we see that A has
constant scalar curvature Scal = —n(n — 1). We will often just call the triple
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(M™, h,V) a static vacuum. We set

E = Rmy, — K,
_ Hess(V)

T :=Ri —1)h=—7"-+—=—h.
ic, + (n—1) %

As another application of Theorem 1.2, we state the following theorem:

Theorem 4.2. Suppose given (M"™ h,V') a static vacuum with n > 6 such
that (M, h) has an essential set D and [, V|E[}dV}, < oo, for some p €
(1, %) If we further assume that V' is proper, then there exists a constant

C > 0 such that
|E| < Ce™ (2

and

—hl < C e (nt2)p

)

v
where p is the distance to the essential set ID.

emtt

Notice that for static vacuum (M",h,V'), the Riemannian metric g =
V2d#? + h is an Einstein metric on S' x M. Hence, we consider the Einstein
manifold (S* x M, V2d6? + h). For convenience, in the following, the index
0 refers to the direction Jy. Latin indices take values 1 to n and refer to
coordinates on M.

In order to prove Theorem 4.2, we need the following two lemmas:

Lemma 4.3. Let (M",h,V) be a static vacuum, if [,, V|E|}dV}, < oo, then

/ W, [PV, < .
StxM
Proof. By a direct computation, using Equations (4.1) and (4.2), we get

Wijki(9) = Eiji,
Wojni(g) =0,
Wojo(g) = =VA(V'ViV — h) = =V°T,

and
(W(g)l; = |El: + 4IT];.
Note that Ty, = hleijkl, thus there is a constant C' = C(n) such that

|E|h < |Wg|g < C|E|h-
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Therefore the assumption
/ VIE[dV; < oo
Mn

is equivalent to

/ W, [PV, < oo.
StxMmn

O

Lemma 4.4. Let (M", h,V) be a static vacuum. If (M™, h) has an essential
set D and if V is a proper function, the manifold (S' x M™,g) admits an
essential set.

Proof. We first remark that since h has constant scalar curvature and
negative sectional curvature outside D, it has bounded sectional curvature.
From Lemma 2.2, we know that (M"™, h) has bounded sectional curvature.
It follows from the work of Anderson [1] (see also [19]) that there exists
an 79 > 0 such that for any given point x € M there exists an harmonic
coordinate system (y') on B, (z) such that

1
5(5@' S hij S 262‘]‘7
|Okhi;(y)=Okhi; (2)]

1 — bl
ly—z|2

Sup,, |6khlj (y>’ + SUPy£

where h;; denotes the components of the metric  in the coordinate system
(y"). It follows from Equation (4.2) and standard elliptic regularity in the
coordinate system (y*) that there exists a constant C' such that for any point
reM,

1AVl L (5

y +IHess Vil w2y S C IV <

ro/3(T ro/3(T ro/2(T))

From Harnack estimate (see, e.g., [17, Corollary 9.25]), we deduce that there
exists a constant C’ such that
(4.3)
WVl (B, a@) T 14V Lw (B, o)) T 1Hess Vi< (s, @) < C/B ifl{x)) V.
ro/3

We set H :=VT =HessV — Vh and remark that H is traceless and
satisfies

(4.4) ViHj — VHy = —EY ViV
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We select an arbitrary ¢ > n. From [16, Proposition 2.6] and the Sobolev
embedding theorem, there exists a constant C’ such that

||H||L°°(Bro/4(ﬂ»‘)) <c (HH”LQ(Bm/s(w)) + 1B VVHL"(Bro/s(x))> ’

where E % VV denotes the tensor appearing on the right-hand side of
Equation (4.4). It then follows from Estimate (4.3) that for some
constant C'3),

1Tl e B, uayy < CP (HTHLQ(BTO/g(x)) + HEHLQ(BTOB(x)))
< CO (|IRic + (= Dhllpucp,, ey + 1Bl ) ) -

Since V is a proper positive function, it is bounded from below by 1 outside
a compact set. So F and Ric+ (n — 1)k (which is the trace of E) belong
to LP. It is then straightforward to adapt the argument of Lemma 2.3 to
conclude from the previous estimate that |T'| tends uniformly to zero at
infinity. In particular, Hess" V is positive definite outside some compact set.
Hence, Hess? V' being given by

h
Hess]; V' = Hess;; V,
Hess{, V =0,
Hess), V = V]dV|3,

V' also has non-negative Hessian with respect to the metric g outside some
compact set.

As another consequence of our estimate, the sectional curvature of g
tends to —1 at infinity. It follows from [14, Lemma 2.5.11] that (S' x M™, g)
admits an essential set. O

Theorem 4.2 is then a consequence of Theorem 3.4 applied to the metric
g=V?2do? + h.
If we further assume that M is spin, then we fall into the assumptions

of [29, Theorem 1] (See also Theorem 1.2 in [26]) so we get the following
theorem:

Theorem 4.5. Suppose that (M™, h,V) is a static vacuum with n > 6.
Assume further that

1. M 1is spin,
2. (M, h) has an essential set D,
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3. V is a proper function,

4. and [y, V|E[}dV}, < oo for some p € (1, %)

then (M™, h) is the hyperbolic space and V = cosh(r), where r is the dis-
tance function to a certain point xy € M. Equivalently, the spacetime (R x
M, —V2dt? + h) is the anti-deSitter space.
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