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On the Sacks—Uhlenbeck flow

of Riemannian surfaces

MIN-CHUN HONG AND HAO YIN

In this paper, we study an a-flow for the Sacks—Uhlenbeck func-
tional on Riemannian surfaces and prove that the limiting map of
the a-flow is a weak solution to the harmonic map flow. By an
application of the a-flow, we present a simple proof of an energy
identity of a minimizing sequence in each homotopy class.

1. Introduction

Suppose that M is a Riemannian manifold and N is a closed manifold
embedded in R¥. A critical point u of the Dirichlet energy

E(u) = /M IVul? dv

is called a harmonic map.

Harmonic maps between Riemannian manifolds can be thought of as
a natural generalization of geodesics, minimal surfaces and harmonic func-
tions. A fundamental question on harmonic maps is: given a smooth map
ug from M to N, does there exists a smooth harmonic map representative
in the homotopy class of u¢? In a pioneering work [7], Eells and Sampson
answered this question in the case that the sectional curvature of N is non-
positive by introducing the harmonic map flow to deform an initial map to a
harmonic map in the same homotopy class. In general, one cannot expect to
have the existence of smooth harmonic maps into general target manifolds
due to the fact that singularities do occur. From now on, we assume that M
is a closed Riemannian surface; i.e., dim M = 2. Under certain topological
conditions on N, the existence of minimizing harmonic maps in a homotopy
class was proved by Lemaire [12] and Schoen and Yau [22]. In a well-known
paper [19], Sacks and Uhlenbeck established many existence results of mini-
mizing harmonic maps in their homotopy classes by introducing a family of
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functionals
Ba(u) = / (14 [Vuf?)*dv
M

for a > 1. The a-functional E, is now called the ‘Sacks—Uhlenbeck func-
tional” and satisfies the Palais—Smale condition, so one can prove existence
of critical points of E, by either minimizing the energy functional or using
Morse theory. Moreover, a bubbling phenomenon occurs by studying the lim-
its of the critical points of E, as a — 1 (see Section 4 in [19]). The method of
the a-functional has been very useful in studying many other problems. For
example, Struwe in [23] used the a-functional to show that for any closed
surface S C R3, which is diffeomorphic to S?, there is a non-trivial minimal
surface intersecting S orthogonally along its boundary.

On the other hand, Struwe [24] proved the global existence of the weak
solution to the harmonic map flow and that the solution to the flow converges
to a harmonic map as t — oco. Chang et al. [2] constructed an example where
the harmonic map flow blows up at finite time, so in general the limiting
harmonic map under the flow may not be in the same homotopy class as the
initial map.

In this paper, we study an a-flow for the perturbed energy FE, in the
same homotopy class of the initial map. More precisely, we consider the
following evolution problem:

V |Vul? - Vu

1.1 Ou=A + (a—1
( ) LU MU (a ) 1+ ’vu‘ﬂ

+ A(u)(Vu, Vu),

with u(z,0) = ug, where Ay is the Laplacian operator with respect to the
Riemannian metric of M and A is the second fundamental form of N. We
call (1.1) the Sacks-Uhlenbeck flow (or a-flow). We would like to point out
that the a-flow is not the standard gradient flow, but the flow has some
analytic advantages.

Firstly, we have

Theorem 1.1. Let ug: M — N be a smooth map. For sufficiently small
a — 1, there exists a unique global smooth solution u(x,t) to the evolution
problem (1.1) in M x [0, 00) with initial value ug. Moreover, for any t; — oo,
Ua (-, t;) converges smoothly to a limit map us, which is a critical point of
the Sacks—Uhlenbeck functional.

For each o > 1, let uq(x,t) be the global smooth solution to (1.1) in the
same homotopy class with the initial map ug from M to N. It is a nature
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problem to study the limiting behaviour of the solution u(x,t) as « — 1 as
in [19]. Thus, we prove

Theorem 1.2. (i) As o — 1, the solution u, converges smoothly to u on
M x [0,00) \ X, where the concentration set ¥ is a closed set defined by

= N {z € M x [0,00)] liminf U%(ug, 2) > 50}
a—1
0<R<Rum

for some g to be determined. For the precise definition of ¥%, see Section 3.
(ii) For any two positive t1 and t2, P2(X N (M X [t1,ts])) is finite, where
P? denotes the 2-dimensional parabolic Hausdorff measure. Moreover, for
any t € (0,400), X =X N (M x {t}) consists of at most finitely many
points.
(iii) u is a weak solution to the harmonic map flow.

In fact, this result is similar to the one using the Ginzburg-Landau
flow approximation. In [4], Chen and Struwe used the Ginzburg—Landau flow
approximation to construct a global weak solution of the harmonic map flow
for any dimension larger than two. Further results obtained by the Ginzburg—
Landau flow were discussed by Lin and Wang in [16]. The method of the
Ginzburg-Landau flow is very powerful for showing the global existence
and partial regularity of a weak solution to the harmonic map flow, but it
seems that the flow approximation loses control on the topological quantity
of maps. The advantage of the Sacks—Uhlenbeck flow approximation is that
the solution u, remains in the same homotopy class of ug, therefore it seems
that the Sacks—Uhlenbeck flow provides a nice geometric picture and can be
used to produce some geometric applications (see Theorem 1.4 below).

With Theorem 1.2 in hand, it is very interesting to ask whether the
limiting solution u of the Sacks—Uhlenbeck flow is the global weak solution
@ constructed by Struwe in [24]. Although we do not have a complete answer
to the question, we can compare some properties of u with the solution % in
the following:

Theorem 1.3. (i) The first concentration time for u, as « — 1, i.e.,

T= inf t
(z,t)eX

is the same as the first singular time of the weak solution i constructed by
Struwe. Hence, uo converges smoothly to the solution w in M x [0,T).
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(ii) Consider the following two limits of measures:
k
V(- t)*dv — [Va(-, T)[*dv + Y by, ast— T,
i=1
and

k
(1+ |Vua (-, T)?) v — (1 + |Vu(-, T)*) dv + Zmiépi as a — 1.
i=1

Then k = l%, p; = p; and m; > m;.

Without the assumption of the energy inequality, weak solutions to the
heat flow for harmonic maps may not always be unique (see [1] and [26]),
so we cannot exclude the possibility that the weak solution u is different
from the solution @ constructed in [24] after the first singular time 7. On
this issue, we would like to make the following remark: Consider maps from
S? to itself. According to [2], there exists an initial value map wug of degree
three such that Struwe’s solution of the harmonic map flow blows up at
some finite time 7" and then the homotopy class of the solution is changed
for ¢ > T. Hence, the solutions u, of the a-flow cannot converge strongly to
Struwe’s solution after 7. A natural question is what we can say about X
(See [13]).

In the final part of this paper, we apply the a-flow to study a minimizing
sequence in a given homotopy class. Let u; be a sequence of smooth maps
minimizing E(u) = [, |Vu|? dv in a fixed homotopy class of maps. Since u;
is bounded in W2, there is a weak limit v in W12(M, N). In general, u
may not be in the same homotopy class, but we can show:

Theorem 1.4. Let u be the weak limit of the above minimizing sequence
{u;}. Then it is a harmonic map from M to N and there exist harmonic
maps wy : S — N with k =1,...,1 such that

!
(1.2) lim E(u;) = E(u) + Z E(wg).

1—00
k=1

Moreover, if mo(N) is trivial, then u; converges strongly to w in W12 (M, N)
and u is a minimizer in the homotopy class of u;.

The last part of this theorem can be compared with Theorem 5.1 of [19],
where under the same assumption that mo(N) is trivial, the existence of a
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minimizer in each homotopy class is proved (see also [12, 22]). We improve
the result a little by obtaining that every smooth minimizing sequence con-
verges to such a minimizer. In the proof, we use the a-flow to modify the
original minimizing sequence and study the blow-up of the new sequence
as in Theorem 5.1 of [19]. The energy identity of minimizers of the Sacks—
Uhlenbeck functional was implicitly established by Chen and Tian in [3]. Our
proof of the energy identity is different from the one in [3]. Although the
result of Theorem 1.4 may be regarded as a consequence of the theory devel-
oped by Duzaar and Kuwert [6], the advantage is that we can avoid the use
of the concept of “weak homotopy class” in the Sobolev space W12(M, N),
which is formulated using big machinery. Furthermore, we would like to men-
tion that the related energy identity of critical points of the Sacks—Uhlenbeck
functionals was recently discussed by Li and Wang [14], and by Lamm [11].

Remark 1.5. After we finished the first version of this paper, Yuxiang Li
informed us that in [15] they used a similar idea to show the energy identify
for a sequence of minimizers of F, as a — 1. In fact, while Li and Wang
in [15] used a reduction procedure of Ding and Tian [5], we use the bubble
tree construction of Parker in [18] to find the connecting geodesics, so our
approach is different. Our result is also stronger than theirs.

Finally, we would like to mention some results about the approxima-
tion method of harmonic maps in a homotopy class for higher dimensional
manifolds (e.g. see [9, 28]).

The paper is organized as follows. In Section 2, we prove Theorem 1.1. In
Section 3, we give a proof of Theorem 1.2. In Section 4, we complete a proof
of Theorem 1.3 except for the energy identity, which is proved in Section 5.

2. Global existence and convergence of a-flow

This section is devoted to the proof of Theorem 1.1. The system of the a-flow
(1.1) is a non-linear parabolic system. For a smooth initial value wug, there
is a local smooth solution to the system (see below appendix for details in
Appendix A); i.e., there exists T' > 0 and a smooth solution u(z,t) defined
on [0,7). In fact, the a-flow (1.1) can be written as follows:

(2.1) 1+ Va2 9 = div ((1 + ]Vu|2)a_1Vu>
+ (1 + |Vul))*r A(u) (Vu, Vu).

The first global estimate is:
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Lemma 2.1. Let u(x,t) be a solution to the a-flow in M x [0,T). Then
we have

Ey(u(-,0)) = Eq(u(-,t)) + /0 /M(l + |Vul?)* 1 |8pul? dvdt
for any t € [0,T).

Proof. The result follows from multiplying (2.1) by dyu and integrating by
parts. O
The second estimate is a local version of the energy inequality:

Lemma 2.2. Let u be a solution to the a-flow. For any constant R > 0
and any point x € M, we have

(2.2)

to —1
/ (14 [Vul-, £2)2)dv g/ (14 [Vul 1) [2)%do + 0221
Br(x) Bor(z) R

Ey

for all t1,ty € [0,T) with t; < to, where Ey is an upper-bound of the overall
enerqy.

Proof. Let ¢ be a cut-off function supported in Br(x) with ¢ =1 on Bp/s().
Multiplying Equation (2.1) by d;ug?, we obtain

to — 1t
/ (1—|—|Vu(-,t2)|2)"‘dv§/ (1+|Vu(, 1)) *dv + C2="E,.
BR(ac)

Ban(z) Rr?
O
One of key steps in proving Theorem 1.1 is to derive a Bochner-type

formula. Let (g;;) be a Riemannian metric on M. Then

Lemma 2.3. (Bochner’s type formula) Let u(x,t) be a smooth solution to
the a-flow (1.1) and set e(u) := |Vu|?. Then, for o — 1 sufficiently small,

we have
ij (a—1) ,.0u’ jlﬁuﬁ Oe(u)
Vgl | g7 + g g

(2.3) Oe(u) 1+ |Vu?” Oxzx” 0z ) Oxj

Lo
< Ce(u)(e(u) + 1),

where the constant C does not depend on o and wu.
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Proof. In a neighbourhood of each point € M, we can choose an orthonor-
mal frame {ej,ez}. We denote by V; the first covariant derivative with
respect to e; and by wj; the second covariant derivatives of u and so on.
In a local frame, we have

2
Vie(u) = 2uZuzj, |V2u)? = Z ‘uZl’
kizy

Then we have

Vi | (6 + 2 1)7“?“§ V. e(u)
i i o — ielu
! 1+|Vu?) 7

8,8,
=2V, | vju], +2(a — 1)%
hoH 1+ |Vul?

2] 9 ’2 ol " 1) u, ukuﬁu/g] Ce(u)
> 2|VAul® + 2uu!, +4(a—1)V; | —————= | — Ce(u
k ik ’ 1+|Vu]

v,8,8
u) uku Ui

— Ce(u
1+ |Vul? ()

3
> §|V2u]2 + 20, + 4(a —1)—

wtuPuP
> |V2ul® + 2u) Vi (uzl +2(a — 1)Z|ij7> — Ce(u).
u

Here we have twice used the Ricci identity for switching third-order deriva-
tives. Using (1.1), we have

9 wu
&du) -V ((% + 2(a — 1)|V> Vje(“)>

< —|V2ul? — 2u] V(A7 (u)(Vu, Vu)) + Ce(u)
< Ce(u)(e(u) +1).
This proves our claim. O

Although the Bochner formula is motivated by the result of Uhlenbeck [27]
on p-harmonic functions, it seems that this type of Bochner’s formula is new.
Using the formula, we can show a small e-regularity estimate by following a
method of Schoen [21] and Struwe [25]. More precisely, we have
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Lemma 2.4. Let u(x,t) be a solution of the a-flow in M x [0,T) for a
T > 0. There is a small constant €y > 0 such that if

sup / \Vu(z, )| de < e
0<t<T J B, (x0)

for a point (zo,t0) € M x (0,T) with r3 < T, then
C 3
[Vu(z,t)| < 2 V(z,t) € By, j2(w0) X |to — =5t
0

where the constant C' depends not on (x,t).
Proof. Set
P. = {(z,t)|x € By(x0) and ty—1r? <t <tp}.

We can find p € [0, 7] such that

(ro — p)*supe(u) = UIEI}(?:)T{O] {(ro —0)?sup e(u)} .

P o

Let (x1,t1) be the point in P, such that

e2 e(u)(x1,t1) = supe(u).

P,

If e(ro — p)? < 4, then

2
(T—O) sup e(u) < e(rg — p)? < 4,
2 PTo/2

which means the lemma is proved. Hence, we may assume that e(rg — p)? > 4.
Set

(1) = TR

for (z,t) € B1(0) x [—1,0], so v satisfies the scaled a-flow equation

div ((el + |VU|2>ak_1 Vv>

O =
' (=1 + [Vof?)on—1

+ A(v)(Vo, V).
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By the scaling invariance of the Dirichlet energy, we have

(2.4) sup / e(v)dv < €.
te[—1,0] J/ B1(0)

Moreover, we have e(v)(0,0) = 1 and

_ 2
(2.5) sup  e(v) <e ! sup e(u) < e_l% < 4.
B1(0)[~10] Prys (ro — 72)

By Lemma 2.3 and (2.5), we have

9 e(v) = Vilag () Vje(v) < Ce(w),
where
PP
() =6 +2(a—1)—— I
CL](’U) J ((X )6_1 + ‘V’U’Z

The symmetric matrix (a;;(v)) has eigenvalues satisfying the uniform elliptic
condition. By a well-known Moser iteration and (2.4), we have

1/2
1=e(v)(0,0) <C (/B %10 e(v)2> .

By (2.5), we obtain
1<C e(v) < Cey,
B (0)x[-1,0]
which is impossible if we choose €¢ small. This proves our claim. O

For each fixed a > 1, the small energy assumption in Lemma 2.4 is auto-
matically true because of the Holder inequality and the uniform boundness
of the energy E,(u). More precisely, For any ¢t € [0,7), Lemma 2.1 implies
that

/ (1+ [Vu2)*(#)dv < C.
M

For each ¢y > 0, there exists a constant ry > 0, depending on £g and «, such
that for all x € M and t < T, we have

/ IVu(-, t)[* dv < &.
By ()

We now complete the proof of Theorem 1.1.
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Proof. By the local existence, there is the unique smooth solution u(z,t)
of the alpha-flow in M x [0,T) for some T > 0. we will show that the solu-
tion u can be extended smoothly to the time T'. By Lemma 2.4, we have the
CP-estimate for Vu(z,t) for all t € [0,T). Next, we show higher-order deriva-
tive estimates. For xg € M and T/2 < to < T, set P, = B,.(z0) X [to — 72, t0).
Suppose ¢ is a cut-off function supported in Pr/p with ¢ =1 in Pr/4. Mul-
tiplying (1.1) by ¢, we obtain

(V2(up), Vu)Vu

(2.6) O (up) — Alup) = (@ —1) 14 |Vul?

+ Rlp, u, Vul,

where R is a term involving u, Vu and derivatives of ¢. By Lemma 2.4 and
the LP estimate of linear parabolic equations, we have

leullwzs(py,) < Cla =D [[V3(ew)]| p, ) + C:

for any p > 0. When o — 1 is small,

leullyz(p,,,) < C.
We then take one more space derivative of (2.6) to get

(V3(pu), Vu)Vu

O(pVu) — A(pVu) = (a—1) L+ [Vl

+ Qlp, u, Vu, V2u).

Here Q involves u, Vu, V?u and derivatives of (. Using the LP estimate
again, we have (when a — 1 is sufficiently small)

”(pu“WS,p(PT/2) S C7

for any p. Therefore,

10V (e Lo pryy - V200 ooy, <

For p > 3, the Sobolev embedding theorem yields that

IV(ew)llspy,,) < C

for some 8 > 0. We can now apply the Schauder theory for parabolic equa-
tions to obtain higher-order estimates, which means that we can extend the
solution u(x, t) smoothly to ¢ = T'. Then the local existence result for smooth
initial data implies T' = oo. O
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3. The limiting behaviour of the Sacks—Uhlenbeck flow

For a fixed initial map ug, it follows from Theorem 1.1 that there is a unique
global solution u, to (1.1) in M x [0, 00) for each a > 1. In this section, we
study the limit of the solutions u, as a — 1. We start with two lemmas.
The first one is another Bochner-type formula.

Lemma 3.1. Let u(z,t) be a classical solution to the a-flow (1.1) and set
ea(u) == (14 |Vul®)®. If a — 1 is sufficiently small, then there is a constant
C > 0 such that

(3.1)
0 uzﬁujﬁ 2
aea(u) -V <<(5ij +2(a — 1)1-HVU|2> Vjea(u)> < Ceq(u)(1 4 |Vul).

Proof. By direct computation and switching indices as in Lemma 2.3, we
have

ﬂ ﬁ
Vi ((51']‘ + 2(a — 1)1—|—|V]u|> Vjea(u)>

=2aV; <(1 + \Vu|2)a_1uZugi +2(a — 1)(1 + |Vul*)*~ 2u7ukuﬁu£j)
— 20V, [ IV () (14 |Vul?)* 1)}
=20 [ul;|* (1 + [Vu)* ! + da(a — 1)(1 + [Vul*)*2u]ufulu]

+ 2augvivk(uz(1 + \Vu|2)a_1).

Again, we assume « — 1 is small whenever necessary. Using the Ricci identity
to switch the order of covariant derivatives, we have

ﬁ ﬂ
Vi ((%’ + 2(a — 1)1Z\V]u]> Vjea(u))

> 20 [ul,[” (1 + [Vu>)* ! + 200] V¥, (u] (1 + [Vul2)* )
— O(1 +|Vu[*)®

> alup; ‘ (14 |V 4+ 20(1 + |Vul))* 1) Vka;t
+2a(1 + [Vul*)* ') Vi (A7 () (Vu, Va)) — C(1+ [Vaul*)®

1 0
> 5 [ula [ (L4 [Vu)2 7!+ Zea(w) = Cealw)(1+[Vul?).
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Here in the last two inequalities, we have used the equation of u and the
fact that o — 1 is small. O

The second lemma is a parabolic monotonicity formula. Such a formula
for the harmonic map flow was first established by Struwe in [25] for the
Euclidean case and by Chen—Struwe in [4] for general case. Let u be a solu-
tion to (1.1). Suppose iys is the injectivity radius of M. For a fixed point
xo in M, choose the normal coordinates {x;} and a cut-off function ¢ sup-
ported in B;,, (zg) such that 0 < ¢ <1 and ¢ =1 in a neighbourhood of p.
For zy = (z9,tp) with some ¢y € [0, 00), set

1 —lw—mq|?
G (2,t) = T ali—to]

and

U, 20) = p22 / o (L (TG VIl
Tp to

where \/|g|dz is the volume element of M and T)(to) = M x [to — 4p, to —
2
7).

Lemma 3.2. Let u be a smooth solution to (1.1) defined on M x [0, 00)
and Eq(u(t)) < Ey. Then for each zg € M x (0,4+00) and for any 0 < r <
p < min{iy, 1}, we have

U (u, zg) < ec(p_r)\llz‘(u, 20) + CEo(p — 1),
with a uniform constant C depending only on M and N.

Proof. After a translation, we can assume zy = (0, 0). For simplicity, we write
Vp(u) = ¥ (u,z) and G = G(g ). Letting u,(y,s) = u(py, p*s), we obtain

W, (u) = /T (5 + 9% (09) 11D, )G (py) /T3] (o) dyds.

For simplicity, we write g%/ := ¢ (py) and the same convention applies to ¢,
Vg¢¥ and so on. Here we use V to denote the gradient in local coordinates;
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: 0 0 v o 0 ; o)
Le. (5375 325 )» and V to denote (-, 5.-). Denoting 57-u, by u,;, we have

g - o S
—Vy(u) = / a(p® + g upup, ) <29 Ty Vgl g+ 297, dff)

1

y d
-Gsogx/lgldyder/ (PQ“‘QUUp,iUP,j)aGCTp(‘PZ lgl) dy ds
9 2 ij a—1_ij dup o
>~ [ 205 (\/!9\(0 + g7 upiup ) g up,iG> 5, ¥ dyds
T Yj D
g Iy du
—/ 4a(p? + g7up up ) 1g”up,i3yjsoGd7;w\/!g\dyd8
Ty
+ /T a(p® + g7 upiup )My - Vg u,u, jGo*/ gl dy ds

- /T (P® + g7 upu,5)* G20y - Voo /|g| dy ds

i y- Vg
+/T(p2+g”up,¢u/),j)“0@2 27l Vgl dyds

=I+IT+1IT+1V+V.

By the definition of u,, we have

du, _ ou 2s /(1 ~ ou
P — .V 20— = — | —y -V hn/ I
ap Y- Vu+ psat P < Sy Up + )

Since u,, satisfies

g L Ou ) g L
(P2 +9wup,iup,j)a 17(9; = 783/- (\/ |9|(P2 +9”Up,iup,j)a 19”up,i)
J

+ (Pz + gijup,iupvj)aflA(up)(@up, @up)7

we have
y _1({0u g9,y \ du
I>—9 2 oy g oL (222 2 7erdd 2P e 52 alduy d
- Ct/Tl(lO +g uPaZuPJ) <88 2‘8‘ dp 2 ’g’ yas
- 2
4dals iy _1|0u y-Vu
Z/ J(/)2Jrg”up,mp,j)‘)‘ W52 - 2\ G/ Igldy ds
np 95 2Js|
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9upiy; Y-V,
2|s| 2|s|

4o |s|
_/ 7(0 +g upzu/w)a !
T P

Oup _y-Vuy
Os 2s]

G*/|gldy ds

-2
8up Y-V,
Os 2s|

Go*\/|gldy ds
2
Go*\/lgldy ds.

2as
Z/ J(p +g”upzup7])a !
T, P

1 . gy, V4
—C [ (0 g i) T -

T P

Since {z;} are normal coordinates, we have |g%(py) — 6| < Cply|. The
absolute value of the last term is not bigger than

C Yp? + g7up )7 g (py) — 6|7 y)? |upal” Go*/|gldy ds
<C/ (0* + gupiup ) 02 yl* Jupil* G /]gldy ds

SCA@+¢%wwV@+®ﬁJM@%

—4<s<-1

S C\I’p(u) + CE(_),

< C¥,(u)+C max / PP (14 |Vul*)*0? /| g|dw
M

if p<1. Here we use the fact that for s € [-4,—1], |y*G <G+ C. In
summary, we have

-2
oy Vu,
0s 21s]

2as - _
= / p’ ‘(P2 + 97 u,5) G /Igldy ds
Ty

— C'\I/p(u) — CE()

For the remaining terms, we have for a sufficiently small e

~ 2
Oup _y-Vup
0s 21s]

2
a—14s

p G*\/|g| dy ds

+adépr+W%Mw L (g upi0y,0)” v/ Tgldy ds

\ngLW+w%mw
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-2
oy T,
Os 2|s]

2
a—1 4s

<e / (P* + g7 upup ) ; Go®\/|gldy ds

+ C(e /TPZ|8:EkSO| P’ + g7 up,ZuP,J “Vlgldyds

1
< - I+C¥,(u)+CEy+C max / p P21+ |VU’ Vgl dx
2 —4<s<—1 Jyy,

1
< 51+ C¥,y(w) + CE.

Here we use again that p < 1, and that G is bounded on Tj. There is some
constant C' depending only on the geometry of M such that Vg* and V |g|
are bounded by C. Therefore, we have

[III|+ |V| < C¥,(u) + CEy
and
1 i ol e 12
[TV] < S%p(u) +C (0* + g7 upiup ) |y - Veo|” G/ gl dy ds

Ty
1
S i\I/p(U) + CEO,

where we used the fact that \y[Q G is bounded on 7j. In conclusion, we show
that for p < 1,
d
d—p\I/p(u) > CV¥,(u) + CEy.
The lemma follows from integrating this differential inequality. (Il

With Lemmas 3.1 to 3.2 in hand, we now prove Theorem 1.2.

Proof. (i) Let z; be a sequence of points in 3 which converges to zZ = (Z, ).
For any 0 < R < Rjs, by the definition of 3, we have

lim inf R%*~2 / ©?ea(ta)Go /gl dx dt > &g.
Tr(z:)

a—1

Since [y €a(ua)y/|g|dz is uniformly bounded by Ey, and G, converges to
G5 uniformly away from Z, we can take ¢ — oo in the above inequality and
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switch the order of the limits to get

a—1

lim inf R2O‘_2/ ©?eq(ta)Gs/|gldzdt > <.
Tr(2)

Since R is arbitrary, we know Z € X, which shows that > is closed.

The proof on the convergence of u, outside X is similar to the proof of
Theorem 1.1. When « is fixed, we know that there is no concentration for
the Dirichlet energy, so we can use the small energy condition with (2.3) to
obtain a CY-bound on the gradient as in Lemma 2.4. However, as a goes to
1, the difference is that there may be a concentration point of the Dirichlet
energy. But for z ¢ ¥, we can find 1/2 > R > 0 such that

lim inf ¥%(uq, 2) < €.

a—1
We claim: There is an g9 > 0 which we use in the definition of X, a
sequence {ay}, a constant 6 > 0 and some constant C' depending on N, R, Ey
and &( such that
IVua,llco(pyp(zy) < C-
Assume z = (0,0) and set 71 = R for some 6 < 1/2 to be determined.

Suppose for all 7,0 € (0,71), r + o < 1 and 29 = (xo,t9) € Pr. We will show
that there are sufficiently small R and § small such that

020“"_4/ ay (U, ) dvdt < Ceg
Pg (Zo)
for all r > 0, 0 > 0 with r + ¢ < rq1. To see this, Lemma 3.2 implies

(3.2) 020"“_4/ €a,, (Uq, ) dudt
P(,-(Zo)
< Co_Qak—Q / €y, (uak)G(%’to_,_zaz)dvdt
PG(ZO)

S Ca2ak—2/ SOQGQk (uak)G(mo,tg"rQO’z)dvdt
Tﬂ(t0+20'2)

< C’eCR_U\If%’c (Uay, s (o, to + 202)) + CEy(R — o).
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We can choose R to be small so that the last term is no larger than eg.

(3.3) T (tay, (20, to + 20%))
to+202—R?
< CR%w2 / / P eay (Uay )G g to+20) dvdt
to+202—4R2 J M

—R2
< OR?—2 / » /M e, (Uay )G (o 1o +202)dvdt + (6R)*EqR™?

< CYF (ua,, (w0, t0)) + eEg + Ep.

Here in the last line we used the fact that on Tg, for any € > 0 we can find
0 sufficiently small so that

Glag o202 < CG(2,t) + R

(which is the exact estimate (2.18) of [4]). Hence, by choosing ¢, properly,
we have

(3.4) 020"“_4/ €a,, (Uq, )dvdt < Ceg
Pa (xo,to)

for any (xg,t9) € P- and any two r, 0 with r + o < r; = JR.
We can find p € [0,71] such that

208 sup eq, (U, ) = max {(7‘1 — )%™ sup eq, (uak)} .

(7”1 B p) c€[0,r1]

P o

Let (x1,t1) be the point in P, such that

A
€0 = €Cay, (uCYk, ) (.Tl, tl) = SUD €q, (U‘ak )

P,

If eg(r1 — p)?** < 4, then

7‘1 20%
(12" s o) < ol - 2 <
2 Pri/2

which means the claim is true. Hence, we may assume that eg(r; — p)2** > 4.
1

Set \ = e? and

v(z,t) =u T+t —i—i
) — Way, 1 )\71 )\2
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for (z,t) € B1(0) x [—=1,0]. Then v satisfies a scaled a—flow equation
(A2 4 Vo) Lo = div (()\‘2 + |Vv\2)a’“_1Vv)
+ (A2 4 Vo) L A(v) (Yo, V).
If we set e(v) := (A™2 +|Vo|?)*, then e(v)(0,0) = 1 and

sup  e(v) <ept sup ea(Uq)
By (0)x[~1,0] @k 1)
21/ay
— 2a
< el eo(r1 — p)

=0 rit (21K —1
(""1_ 1 (21/% )P)Qak

21/Oék 2ak
=\ 50— <5

for k sufficiently large. By Lemmas 3.1 and (3.5), we obtain

%e(v) — Vi(aij(v)Vje(v)) < Ce(v),

where (a;;) is a symmetric matrix whose eigenvalues satisfy a uniform elliptic
condition. By the well-known Moser iteration again, we have

1 =e(v)(0,0) <C e(v)
B1(0)x[~1,0]
t1
< CX\42on / / (1 + |dug, |)** dvdt
t17>\72 Bl/)\(ml)
< 080.

Here iri the last step, we used (3.4) with o = § and (o, t0) = (z1,%o). Since
A= e and eg(r1 — p)*** > 4, it is easy to check that Py (x1,t1) C P, (20),
which is necessary for (3.4) to be true. This is a contradiction if we choose
€g small. This proves the claim.

We can establish higher order estimates for u,, in a smaller neighbour-
hood as in the proof of Theorem 1.1 so that (i) of Theorem 1.2 follows.

(ii) For any R > 0, since M x [t!,#?] is compact, we can find a finite

cover of 3 i.e., 2; = (w;,t;) € M x [t!,?] such that
!
S0 (M x [t ¢%) € | Qsr(z)
i=1

and {QRr(z)} are disjoint, where Q,.(2) := B,(x) x (t — r2,t +r?).
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Let z; = (z;,t; + R?). For some constant § € (0,1/4) to be determined
later, we have (by definition of ¥ and for o — 1 sufficiently small; in fact, for

each 7, & — 1 is required to be smaller)
1

(3.5) =g < (OR)**2 / / ©?eq(ta)Go,/ |g| drdt
2 ti—482R> J M

< C((S)RQO‘_A‘/ ea(ua)V/ |g| dxdt

r(z:)
/ 902€a(ua)G2,; \/@dl‘dt
M

for 1 <4 <. Here in the last step, we use the fact that

t;—02 R?

ti —52R2
+ O 2e 1o (§R)%* 2 /
t;—40%2R?

G. <6 % w2 G, in Bg,, (1) x [t: — 46°R2,t; — 6 R\ Qr(2).

By Lemma 3.2, the second term in the right-hand side of (3.5) can be esti-
mated as

Co 2167 Uip(uq, %) < C57267W(\I’0\6/§/4(Ua7 zZi) + Ep)
< C(Eo, t1)6 2 w2 .

Hence, we can choose § small enough so that it is smaller than £y /4. Therefore,

R?< RV < ea(ta) |g| dxdt.
Qr

Since QRr(z;) are disjoint, we have

l l
Z(5R)2 < CZ/ ea(ua)V gl dzdt < CEp.
1 i—1 7 Qr(z)

=

By sending R to zero, we see that P?(X N (M x [t!,¢?])) is finite. One can
prove that Y, is a finite set in a similar way. If it is an infinite set, then we can
find ! distinct points z1,...,2; in X; and R > 0 such that balls Br(x;) are
disjoint. For the same § > 0 as before, we may repeat the above argument
for (z;,t) to see

l
I(5R?) < CZ/ ea(ua)/|gldrdt < CEyR?.
i—1 Y Qr((z:t))

This gives an upper bound on the number of points in .
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(iii) Applying the uniform bound of Vu, to (1.1), the same proof of
Theorem 1.1 yields that wu, converges smoothly to w outside ¥. Then u
satisfies the harmonic map flow equation on M x [0,00) \ X. The rest of the
proof is exactly the same as in Theorem 7.2.3 of [17]. O

We now prove Theorem 1.3.

Proof. (i) Let T be the first concentration time of ¥. By the local energy
inequality, there is a unform constant ¢ > 0 such that 7" > a > 0. In fact,
there is a constant Ry > 0 such that fBzRO(Z’) ea(ug)dv < & for all x € M.
By the local energy inequality, we have

t
(3.6) / ea(tq)(t)dv < / ea(up)dv + CEy—5 < €0
Br(z) Bar(z) Rj

for t € [0,a], where the constant a is independent of «. This shows that
T > a > 0. Let T7 be the first singular time of the solution 4 (z, t) constructed
by Struwe. By uniqueness of the smooth solution of the harmonic map flow,
u(z,t) = a(z,t) for t <T <T. We claim T = T;. Otherwise, assume that
T <. Let z = (w0, T) be a most-left point of ¥; i.e. T' = inf(, ;5 t. Since
T < Ti, there exist r1 > 0 and r9 > 0 such that

(3.7) S0 (Br, (zo) x (T —73,T)) =0
and
(3.8) IVallcos,, (o)< (r—r2r4r2)) < C1-

We may assume that 71 > ry. There exists an R € (0,r2) depending only on
the constant C' in (3.8) and ¢ such that

(3.9) |Br(z0)|(1+4C%)? < /8.

Given this R, we then find p > 0 depending only on R, ¢ and the overall
energy upper-bound Fy such that

(3.10) /M\B s Va2 (s)e 55 2y < 20/8

for all s € [T — 4p%, T — p?]. Since

(Br(z) x [t —4p*,t — p*]) N =0,
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by (i) of Theorem 1.2, we have for k sufficiently large
(3.11) Vg, | (y,s) < 2C

fory € Br(z) and s € [t — 4p?,t — p?]. Now we can estimate for k sufficiently
large

\Ijz‘k(uy (xO,T)) — p2ak2/ (1 4 IVUQIQ)OIGZSOQ d'l)dt
MX[T74p2,T,p2]
|2
<3 1 v 2ok " T 24
o sE[TIE;),(sz}/M,( +‘ uﬂ%’) € @ dv
< Zg
=8 05

where we used (3.9), (3.10) and (3.11). This contradicts the fact that (z,t) €
¥, so this shows (i) of Theorem 1.3.

(ii) Let {p;}¥_, be the set of finite singularities of the solution @ con-
structed by Struwe at the first singular time 7. By Theorem 1.2, u, con-
verges smoothly to u away from X. Set Y7 := SN {t = T} = {p;}_,. Then,
for each zop € M \ X7, it follows from Theorem 1.2 that u is smooth in
B,(w) x [T — 72, T +r? for some small r > 0. This implies that Vi is
bounded in By(zg) x [T'—r%,T), which means that o does not belong to
{pi}¥_,. On the other hand, if z is not a blow-up point of {p;}*_, for @ at
time T, then there exists 7 > 0 such that

(3.12) |Vul (x,t) < C,

for (x,t) in B.(x¢) x [T — 72, T). The above proof in the part (i) gives that
zo ¢ 7. Hence, {p;} and {p;} are the same set of finite points; i.e., k = k.
Without loss of generality, assume k = 1. It remains to show m < m. For
each R > 0 and § > 0, the local energy inequality gives

(3.13) /BR(p) ea(u)(T)dv < /32R ea(tq)(T —d)dv + CEOI;.

For any £ > 0, choose R so that fBQR(p) e(u)(T) <e/6 and Vol(Bagr(p)) <

£/6. Let § > 0 be a small number such that CEy2; < /6. Taking @ — 1 in
(3.6), we have

m < / e(@)(T — 8)dv + £/3.
B:r(p)
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Finally, letting 6 go to zero, we obtain
mg/ e(W)(T)dv+m+e/3 <mm+¢e/2.
B2r(p)
Theorem 1.3 follows by the arbitrariness of . O

4. An application

In this section, we apply our results about the a-flow to the study of mini-
mizing sequence of the Dirichlet energy in a homotopy class. The following
lemma is a variant of the main estimate in [19].

Lemma 4.1. Let w be a smooth map from By to N satisfying the following
scaled equation for some R > 0:

V |[Vw|? - Vuw

4.1 Aw+ (a—1
(4.1) ( )R2+|Vw|2

+ A(Vw,Vw) = h.

Then there exists €9 > 0 such that if E(w) <eg and o — 1 is sufficiently
small we have

lw = @llyy22p,,,) < CUVW@lL2s,) + 17l L25,):
Here, w is the mean value of w on Bi.
Proof. The proof is similar to the main estimate in [19]. During the proof,
we write ||-||,, , for [[-[lys.0(p,)- Multiplying the equation by ¢ and taking the

LP norm, we have

(4.2) 1A Gpw)llo, < 2(a = 1) [lpwllyy, + CI[V(ew)| [Vwlll,
+ Cllwlly, +C Rl -

For 1 < p < 2, the Holder inequality implies that
IV (ew)[ [Vwlllg, < IV(ew)llgq [Vwllys
where ¢ = 2p/(2 — p). By the LP-estimate, for a — 1 small, we have

lpwlly,, < Ceo [V(gw)llg, + C llwllyy, + Cllhllg, -
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If we further assume that ey is small, then it follows from the Sobolev
embedding theorem that

lpwlly,, < Cllwllyy, + Clihllg,, -

Setting p = 4/3 and using Sobolev embedding again, we have

lowlly 4 < CUlwlly 45 + [1Rllg.a73)-

With this, we can apply the interior L?-estimate to (4.1) and multiply it by
p to get

||U) — w"wz,z(Bl/Q) < C(||vaL2(Bl) + Hh||L2(Bl))

We now prove Theorem 1.4.

Proof. Since the minimizing sequence u; is smooth, there is a corresponding
sequence «; > 1 with ; — 1 such that

By (u) < E(u;) + Vol (M) + %

which implies

(4.3) lim E,,(u;) = lim E(u;) + Vol(M).

71— 00 1— 00

Then there is a unique solution u,,(x,t) to the a;-flow (1.1) with initial
value u;. By Lemma 2.1, we have

1
Eo, (ua, (-, 1)) +/ / (14 |V, [*)% 10, |* dvdt = E,, (u;).
0 JM
Since u; is a minimizing sequence of E, we know

lim E,, (uq, (-, 1)) > lim E(u;) + Vol(M).

1— 00 1— 00

Combining the above three identities yields

1
(4.4) hm/ /(1—|—|Vuai]2)°”1 |8y, | dvdt = 0.
0 JM

1— 00

Let u be the weak limit of u,, in W2(M x [0,1]) by passing to a subse-
quence if necessary. By Theorem 1.2, we know that u is a weak solution to
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the harmonic map flow. It follows from (4.4) that u is a map independent of
t € [0,1]. Since u;(x,t) converges weakly to u(x,t) in W2(M x [0,1]) and
the trace operator T : W12(M x [0,1]) — L?(M x {0}) is a bounded linear
operator, g, (+,0) = u; converges weakly to u(-,0) in L?. Hence, u(-,t) =
u(+,0) is a (weakly) harmonic map from M to N.

Instead of proving the energy identity for u; directly, we will find another
minimizing sequence of maps v; in the same homotopy class, satisfying some
perturbed harmonic map equation (see (4.7) below).

Due to (4.4), passing to a subsequence if necessary, we assume

1
1
(4.5) / / Byt | dvdt < —.
12 M 16°
Consider
1
I = {te [1/2,1] : O, (-, 1)|* dv > }
M 2!
It follows from (4.5) that
1
|Ii| = g»

i=1 i=1

there exists at least one tg € [1/2,1] such that for all 4

(4.6) / 1Oyttar (- £0)|? dv < .
M 2

For simplicity, denote uq,(x,tg) by v; and write h; for dyuq,(x,tp). Hence,
v; satisfies the equation

(4.7) Av; + 2(041' — 1)(V2Ui, VUZ')V’Ui(l + ‘V?}i|2)_1 + AV, VUi) = h;.

As shown above, v; also converges weakly to u in W2, Moreover, by (4.3)
and Lemma 2.1, v; is also a minimizing sequence of E in the same homotypy
class. Using Lemma 4.1, there exist finitely many points 1, ...,z such that
v; converges to u smoothly in M away from these points. By the well-known
removable singularity theorem on harmonic maps, u can be extended to a
smooth map on M. The proof of the identity (1.2) will be given in Section 5.
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Now, let us prove the second part of Theorem 1.3 assuming that ma(N) is
trivial. For simplicity, we assume k = 1. Let n(r) be a smooth cutoff function
in R with the property that n =1 for » > 1 and n = 0 for » < 1/2. For some
p > 0, we define a new sequence of maps v; : M — N such that ¢; is the
same as v; outside B,(z1), and for z € B,(z1),

N x —
0i(x) = expy () (77 (’p') eXpu(lx) OUz‘(@) )

where exp is the exponential map on N. We claim that
(4.8) 10i = ullyr2ary — 0

as i — oc. To see this, it suffices to consider B,(x1) \ B,/2(z1) because 9; = u
on B,;(r1) and 9; = v; outside B,(z1). On the other hand, Lemma 4.1
implies that v; converges to u on B,(z1) \ B,2(z1) strongly in W'? and
C# for some 3 > 0. Hence for large 1, Vi(Bp(ay) \ Bpj2(x1)) lies in a small
neighbourhood of u(x1), where exp;(lx

|x\) -1

) is a well defined smooth map (if p
is small). Since F'(y) = exp, (77(7 XD, () y) is a smooth map from a

neighbourhood of u(x1) into itself, we have

19 = wllwr 28,8, o)) = I Vi = F o ullyrzs,\B, a(1))
S C ||7}Z - UHWV-’(B,J\B,,/z(wl)) — O as Z — OQ.

Thus the claim follows. Since m2(N) is trivial, ¥; is in the same homotopy
class as v;. Since v; is a minimizing sequence of the Dirichlet energy and v;
converges weakly to u in W12, we have

(4.9) E(u) < lim E(v;) < lim E(%;),

1—00 1—00
which implies
E(u) = lim E(v;).
1—00

Now, v; converges to u strongly in W2(M, N), which means that there is
no energy concentration and Lemma 4.1 in turn shows that the convergence
is in C? for some 3 > 0. O

5. An energy identity

In the previous section, by using the a—flow, we have constructed a sequence
of v; satisfying
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(1) an e—regularity lemma such as Lemma 4.1 holds for each v;;

(2) v; minimizes F within some fixed homotopy class.

The purpose of this section is to prove that for such a sequence v;, there
exist [ harmonic maps wi(k = 1,...,1) from R? to N such that

lim E(v;) = E(v) + Y | E(wy),

11— 00
where v is the weak limit of v; in W12,

5.1. Review of bubble tree construction

Let us review the bubble tree construction of Parker [18]. We refer the reader
to Section 1 of [18] for details.
Let v; be the above minimizing sequence satisfying the equation

2(0@ - 1)(V2Ui, Vvi)Vvi

Av; +
' 1+ |V

+ A(Vvi, V’Ui) = hi.

By the e—regularity theorem, we know that v; converges to v on any compact
subset of M \ {z}} for finitely many bubble points x;. A certain amount of
the energy concentrates on each bubble point z; so that

lim |Vo;|* dv = |[Vol* dv + kaém.
1—00 &

At each bubble point xj, one may find ¢; ; > 0 such that ¢; < % and

Mg

2
dv < .
/Bin k(xk) ’vv| Y - 16Z2

A crucial step in the Park construction [18] is using a ‘renormalization
constant’ C'gr > 0, which can be chosen as small as we like. For our purposes,
set Cr = €1/6, where €7 is the constant in Lemma 5.4.

By the exponential map at zp, we may identify a point in a neighbour-
hood of x; with its geodesic coordinates. For each k£ and ¢, the centre of
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mass ¢; := (c},,c?,) € M is defined by

fB 27| V;|? dv
. = :
bk fB% |Vv;|? dv

Aik > 0 is defined by

Aik = {inf)\ : / e(v;) < CR} '
BEi,k(C'ivk)\BA(ci.k)

This implies that

/ 6(’[)@') = CR.
Be, (i, )\Ba, ,, (cix)

Set A@k = Bai,k (Cz‘,k) \ Bi)\i,k(ci,k) C Bai,k (Ci,k) \B)\i,k (C@k). This implies that

(5.1) /A e(v;) < Ciy < £1/6.

Setting 0;(Z) = vi(Ag,iZ + ¢; ) on B;(0) and passing to the limit i — oo,
we have a weak limit wy (a level 1 bubble) of ¢; and finitely many bubble
points on R? so that the blow-up happens again at a higher level. The process
stops after finite steps. Suppose there are L such necks in total.

In conclusion, we have

(5.2) lim E(v;) = —|—ZE Wi —|—hmsup2/ e(v;).
i.k

1—00 1—00

For simplicity, we label bubbles and necks by only one index. So A;
could be a neck region at any level. An example of the bubble tree and the
decomposition are illustrated in figure 1. The shadow parts in figure 1(b)
stand for the neck regions.

5.2. An extension lemma

Let p be a point in N and r;,; the injectivity radius of V. Consider a map
f: 81 — N whose image lies in B,,, (p). Define f : B\ By — N by

(5.3) f(@, ) = expyl(2 — 1) exp;1 f(6)]

(Here (¢, ) denotes the geodesic polar coordinates.) It is known from the def-
inition that f(0,1) = f(0) and f(6,2) = p. We need to compute the energy
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Figure 1: An example

of f. The chain rule implies

0 ~
Ef(a T) = ‘D(expp)@—r) exp, ' f(0) ° eXp;1 f(e) < Cd(f(9)7p>

and

d ; /
570.7)| = | Dexp,) oy expy 50) - 2= ) Dlexp; Vg £10)]

< C2-n)f O

Hence,

s <c [ [ (002 + 52 @) o

We summarize the computation in a lemma.

Lemma 5.1. For any € > 0, there exists n > 0 depending only on € and N
such that if f : S' — N satisfies

max[d(f(0),p) + | f'(0)]] < n,
then the Dirichlet energy off defined in (5.3) on By \ By is smaller than .

Remark 5.2. We also need a similar result for

F(8,r) = expy[(r — 1) exp, " £(B)],
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which is an extension of a map defined on 0B3 to Bs \ B; such that it is a
constant map on dB;. The proof is the same as that of Lemma 5.1, so we
omit it.

5.3. A reference map

For the minimizing sequence {v;}, we will construct a new minimizing
sequence from M to N whose image looks like the weak limit map v and
bubbles wj connected by geodesics. It keeps a record of some topological
information which will later be used to construct a new minimizing sequence.

Lemma 5.3. There exists a positive constant o depending only on N such
that if f1, fo are two continuous maps from Q into N satisfying

d(fi(z), f2(z)) < o

for all x € Q and fi|sq = f2loq, then there exists a homotopy deforming fi
to fo with 02 fixed.

We omit the proof since it is obvious.

Lemma 5.4. There is a positive constant €1 depending only on N such that
any W2NC® map g : S? — N with E(g) < &1 is homotopic to a constant
mapping.

This result follows immediately from [24] and is well known.
The next lemma shows how to squeeze a little room on both ends of a
long neck region without changing the energy much.

Lemma 5.5. For i large so that 0 >> N\ R, there is a diffeomorphism f
from Bs\ Bx,r to Bsjy \ Bax,r such that for any map u: Bs\ Bx,r — N,
we have

4 E(uo f~1, Bs;s \ Bax,r) 5
1-C < 1+ 0 ——
()\ZR) - E(u, Es \ E)\iR) =1+ </\lR> ’

where C(/\fSR) is a constant which goes to zero if % goes to infinity.

Proof. By the conformal invariance of the Dirichlet energy, u can be regarded
as amap from S x [0, K] to N, where K = §/(\;R). Define f : S* x [0, K] —
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St x [4,K — 4] by
= K-8
O,p)=(0,44+p—— ).
f(0,p) < A+ )
It is straightforward to check

E(uo f~1,8" x [4, K — 4])
E(u, St x [0, K])

1-C(K) < <1+ C(K),

for some C(K) such that C'(K) goes to zero if K goes to infinity. Set s :
St x [0, K] — Bs \ By,r to be

8(95 p) = (9’ )‘iRep)'
Then f : Bs \ Bx,r — Bss \ Bax,r defined by

f=sofos!
is the diffeomorphism we need. U

A remark about the notation is needed for the rest of the proof. For
simplicity, we omit the subscript for necks as if there was only one neck. In
fact, one should repeat the construction or proof for each neck region. By
the nature of the following proof, this should cause no further difficulty.

In Section 5.1, a neck region refers to A; x = Be, x(cix) \ Bix, . (cix). For
simplicity, we use a larger domain Bj \ Bj,r, omitting the centre, which is
also called a neck region. By carefully choosing § and R as below, we see that
the energy on a neck region is small (see (5.4) below), which is crucial to
our proof. This is in fact the main reason that we use Parker’s construction
instead of that of Ding and Tian.

We need §, R and ¢ to satisfy the following conditions. § and R will then
be fixed for the rest of this section. We assume the neck connects the weak
limit and a level 1 bubble. For a general neck, one should replace v with
some bubble map w;.

Recall that v; and v satisfy the identity (5.2) and let w be one of
bubbles wy,.

(A0) Owing to (a) and (b) in Section 5.1, choosing ¢ small and R large,
we may require

(5.4) limsup/ e(vi) <e1/3
Bs\Bx, r

1—00
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(A1) Set € = min{e1,&/L}/8, where ¢ is a positive number to be chosen
in the next subsection and L is the total number of necks. Lemma 5.1 gives
an 7). Choose ¢ and R so that for each neck region Bj \ B), g, v restricted to
0Bgs satisfies

(5.5) max |d(v,p)| + ‘jev < min{n/2,0/2},

where p is the value of v at the bubble point and w restricted to 9Br C R?
satisfies

(5.6) max |d(w, q)] + 'd

-
| < minn/2.0/2),

where ¢ := lim,_. w(y). Fix § and R and choose some i sufficiently large
so that

(A2) (5.5) and (5.6) remain true if we replace v by v;, w by v;(\;-), /2
by 1 and /2 by o;

(A3) |v; —v| <0/3 for z € M\ Bs and |v;(\y) —w(y)| < /3 for all
y € Br where o is the constant in Lemma 5.3;

(A4) Let C(575 R) be the function given in Lemma 5.5. For sufficiently
large 4, it satisfies 1 + C'(575 R) <2

Now we define a new map w : M — N so that

(1) w=wv; on M \ Bs and By, g;

(2) w=v;o f~' on Bgsj\ Baagr, where f is the diffeomorphism
constructed in Lemma 5.5;

3) w(h,7) = exp,| 574> expy L vi(6, 8)] for (6,7) € Bs \ Bya;

4) w(d,r) =w(0, ir) for (0,7) € Bsa \ Bsa;
,7) = expy [P expy !t vi(0, \iR)] for (0,7) € Bax,r \ Ba,r;
)

— w(8, L) for (0,r) € Buar \ Bor.g-

It is easy to see that w is homotopic to v;. Now let us consider the map
w restricted to By \ Bax,r- It follows from the construction that w maps
9B/, to p and 0Bay g to g. Hence, topologically it induces a map from 5?2
to N if we identify B2y, g with the north pole Py and 9Bs/, with the south
pole Pg. This is in fact a homotopically trivial map. To see this, consider a
map w; : R?> — N which agrees with w on Bso \ 2\iR and maps Bay, g to
q and R? \ B; /2 to p. By the conformal invariance of E, we regard wy as a
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Figure 2: Reference map

map from S? to N. By (A1), (A2), (A4) and (5.4) , the energy of this map is
smaller than 1 in Lemma 5.4, hence it is homotopic to a constant map. Let
F: 5% x[0,1] — N be the homotopy such that F(-,0) = wi(-), F(-,1) =p
and F(Ps,t) = p for any ¢ € [0,1]. The curve F(Py,-) connects ¢ and p. Let
v :]0,1] — N be the shortest geodesic homotopic to this curve connecting ¢
and p.

We can now define the reference map w. Let @ = w outside of Bj/y \
Bay,r, with

logr —log(2\;R)
log(d/2) — log(2\iR)

1]](9,7’) —’)/< > on B6/2\B2)\iR-

The above construction is illustrated by Figure 2. We claim that w and @ are
homotopic. Since w and @ are the same except on Bas \ Bay, g, we construct
the homotopy explicitly. For (6,7) € Bs/s \ Bax,r,

G((0,r),s)

F (PN, T2k ) : NR <1 < r(s)

d/2 —2NR

r—r(s)
F((6,06/2-20R)——5L Lo\R) s, <r<§/2,
(0.6 2nm s+ o) o) rto <<ty
where 7(s) = 2\ R + s(d/2 — 2\ R). From here, it is obvious that one can
further deform F'(Pp,t) to 7.

If there is more than one neck region, we repeat the above construction
for each neck.
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5.4. Proof of the energy identity

We prove the energy identity (1.2) by contradiction. Assume that (1.2) is
not true. By (5.2), there exists £ > 0 such that

L
lim sup / e(v;) > €.

i—00
Passing to a subsequence, we have

L

lim / e(v;) > €.
laooz B&\BRM ( ) 5

k=1

Let w; be the corresponding map of the map v; constructed in last sub-
section. We can construct a new sequence v; in the same homotopy class
such that

lim E(7;) < lim E(v;).

1—00
More precisely, we define v; in the follows:
(1) ©; = v; outside the neck region (Bs \ By,Rr);
- -5 _
2) 5(0,7) = exp, [ 5574 exp, L v;(0, )] for (0,7) € Bs \ By

(
(3) (0, 7) = expy| 2 expy vi(0, AR)] for (6,7) € Barr \ Bz
(

4) 5(0,7) = N oeiTs el for (6,7) € Byjz \ Box e

It remains to show that firstly the energy of ¢; in the neck region is
smaller than /2 for i large, and secondly ¥; is homotopic to w. For the
first part, (A1) and Lemma 5.1 implies that the energy in Bs \ Bj/, and
Bsx,r \ By, for all necks is no more than /4. Moreover, the energy on the
geodesic part is

- B Length(v)?
E(®i: Byja \ Baxir) = log(6/2) — log(2A:R)’
which can be made as small as we like when i is sufficiently large due to the
fact that the length of v is fixed (see Section 5.3).

For the second point, if there is only one neck, then M is decomposed
into three parts; M \ Bs/a, Bs/a \ Bax,r and By g. For the reference map
w, the decomposition is fixed because we chose and fixed a large ¢ in the
construction. For v;, the centre of Bs; and B),r changes with ¢ and so does
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the radius of By, r. However, when restricted to the separating circles 0By /2
and 0By, g, w and v; are constant maps to the same points. This allows us to
prove the homotopy between w and v; on each of the three parts separately.

On M \ Bs), (A1) and (A3) show that d(w,?;) < o, which implies that
there is a homotopy between them leaving dB;/, fixed. The bubble part
Bay,r of w; and v; are homotopic for the same reason. On the B/, \ Box,R
part, they are different parametrizations of the same curve. This concludes
our proof for (1.2) in the case of only one neck.

For the general case of multiple necks, the decomposition is more com-
plicated but the same argument applies. To illustrate the idea, consider a
bubble tree as shown in Figure 1(a). The necks are labelled from 1 to 4. The
corresponding decomposition of M is illustrated in Figure 1(b). The shadow
parts are neck regions. There are eight circles separating the neck regions
and the bubble regions. Both w; and 9; map these circles to p;’s and g¢;’s.
The homotopy for bubble regions (including M \ (Bs/a(w1) U Bs/a(72)) fol-
lows from Lemma 5.3 and the homotopy for neck regions is obvious because
they are different parametrization of the same geodesics.

A. Appendix

In this appendix, we prove the local existence and uniqueness of the a-flow
equation

V |Vul? - Vu

Al ou=~Apyu+(a—1
(A1) ' M ( ) 1+]Vu\2

+ A(u)(Vu, Vu),

for any smooth initial value ug : M — N C RF.

As in the case of harmonic maps, there is an intrinsic way of writing the
right-hand side of (A.1). If we regard (1 + |Vu|*)* 'Vu as a section of the
pull-back bundle v*T'N and denote the induced connection of ©*T'N by D,
the right-hand side can be written as

1

T ey

ZD&. ((1 + |Vu|2)°‘_1veiu> :

where {e;} is an orthonormal basis of T'M in some open set. In the following,
we will call 7, the a—tension field of w. It is obvious that smooth solution
to (A.1) is equivalent to that of

ou _

i
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where we regard u(-,t) as maps into N. This allows us to consider a totally
geodesic isometric embedding of N into R* with some non-flat metric as
in [10]. Precisely, there is a metric & on R* and an embedding N into R¥,
such that the isometric embedding is totally geodesic, and there exists an
isometric involution ¢ which acts on a tubular neighbourhood 7 of N, leaving
points of NV fixed. By composing with this embedding, we regard u as a map
from M into (R¥, %), and denote by 7V and 78" the a—tension fields of
u as a map into N and into R” respectively. Since N is a totally geodesic
submanifold, we have 7.¥(u) = 7" (u) (see page 108 in [10]). Therefore, it
suffices to study

B
(A.2) 88ut = Ay £ (a—1)

V|Vul? - Vu?

1+ [VaP + I(u)#Vu#Vu,
where u” are the components of u, Ay is the usual Laplacian on M and
I' is the Christoffel symbol of the Levi-Civita connection of (R¥, k). Since
Vul* = hgy(u)Vu? - Vu?, when we expand V |Vul?, there is an extra term
involving the gradient of h(u) which can be absorbed into the last term. The
equation can be rewritten as

B
(A.3) aait = Ay 4 2(a — 1)

V?jvﬂvizﬂvjuﬁ
1+ |Vul?

+ T(u)#Vu#Vu.

Next, we start a routine iteration procedure to show the local existence
of (A.3). Consider the following linear parabolic system:

(A.4) %ﬁ =Au+ (a—1)

(V2u, Vo)Vo

+ D(0)#Vo#Vo.
I—HVU\Q (W)#Vos

Let w = u — ug. Then w satisfies

ow (V2w,Vu)Vu -
A. —=A -1)——+7T
(A.5) 5 w4+ (a—1) 5 Vo + D(v)#Vu#Vo
2
+ Aug + (o — 1)—<v 4o, VU)QVU.
1+ |V

For some p € (1,2), set

V= {vec (M x 0, [[0]gmumixory < 1,0(0) =0}
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For each v € V| the Schauder estimate of linear parabolic systems (see [§]
and [20]) implies

(A8) ol et sy < CUwegurngo + l0llgessa + 1)
Since w(-,0) = 0, we have

lwllcoarxiory < Tl coarxior + 1wollcusr (ary +1)-

Choose T small so that

lwllcoarxpo,ryy < TCwollguerary +1)-

By the interpolation of the Holder space, for o > 0 such that u = (1 — o)(p +
1), we have

HwHCMM"‘(MX[OT < HwHCO(MX [0,T7) H ”owl&(Mx[OT])

This implies that we can choose T sufficiently small so that w € V.
Now start from any vy € V. Let vi41 be the solution of (A.4) with v = vy,
and zero initial value. We then have a uniform bound

[ e <C.

CH LT (M x[0,T))

Using Schauder estimate again, we obtain a uniform CHP3.5° estimate for
v. By taking a subsequence, we know v converges to some w in Cor LT
(M % [0,T]). Then w + ug is a solution to the a-flow with initial value ug.
If there are two smooth solutions v and w to Equation (A.3) defined on
[0, T]. We can subtract the two equations, multiply both sides by v — w and

integrate over M to get

— < —
2dt/|w u| dv /|Vu |dv
uu

o — 2 uﬁ—wﬁ #u —w v
Lo ”/M(W D

+C’/ |u—w|2dv—|—0/ |IVu — Vuw||u —w| dv.
M M

For the second term on the right-hand side, integrating by parts and noticing
that
uPu
Uit (P BYNT . (4,7 Y
7V u” —w”)Vi(u’ —w?’) >0
o Vi eV )
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yields

4 lu—wf>dv < C [ |u—w|?dv,
dt
M M

which implies u = w on M x [0,T] if u = w for t = 0. It follows immediately
from the uniqueness and the involution isometry ¢ : 7 — 7 that if ug is a
map from M to N, the image of the local solution u(z,t) obtained above
lies in N.
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