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On the positivity of a quasi-local mass in general
dimensions

Kwok-KuN KwoNG

In this paper, we obtain a positivity result of a quasi-local mass
integral as proposed by Shi and Tam in general dimensions. The
main argument is based on the monotonicity of a mass integral in
a foliation of quasi-spherical metrics and a positive mass type the-
orem which was proved by Wang and Yau in the three-dimensional
case, and is shown here in higher dimensions using spinor methods.

The well-known positive mass theorem states that for a complete asymptoti-
cally flat manifold (M, g) such that g behaves like Euclidean at infinity near
each end and suppose its scalar curvature is non-negative, then its ADM
mass (cf. [2] for its definition and motivation) of each end is non-negative.
Moreover, if the ADM mass of one of the end is zero, then (M, g) is actu-
ally the Euclidean space. The positive mass theorem was proved by Schoen
and Yau [11, 12] using minimal surface techniques. Later on, Witten [17]
(see also [4, 10]) gave a simplified proof the positive mass theorem using
the spinors. Since then the method of spinors has been adopted by many
people to prove positive mass-type theorems or some rigidity results; see for
example [1, 9, 13, 15, 16].

In particular, let us look at some results in this direction. Wang and
Yau [15] developed a quasi-local mass for a three-dimensional manifold with
boundary whose scalar curvature is bounded from below by some negative
constant. Using spinors methods, they were able to prove that this mass
is non-negative. Later on, Shi and Tam [14] also proved a similar result in
the three-dimensional case, but with a simpler and more explicit definition
of the mass. In this paper, we will show that the results of Shi-Tam and
Wang—Yau also hold in higher dimensions.

More precisely, in [14], Shi and Tam proved the following:

Theorem 0.1 [14, Theorem 3.1]. Let (€, g) be a compact three-dimen-
stonal orientable manifold with smooth boundary ¥ = 0X2, homeomorphic to
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a two-sphere. Assuming the following conditions:

(1) The scalar curvature R of (2, g) satisfies R > —6k? for some k > 0,

is a topological sphere wi aussian curvature K > —k* and mean

2) X is a topological sph ith Gaussi ture K k% and
curvature H > 0, so that ¥ can be isometrically embedded into H> 2
(the hyperbolic space with curvature —k?) with mean curvature Hy.

Then there is a future time-like vector-valued function W on 3 such that the
vector

/(HO — H)Wdxy € R3!
%

is future non-spacelike. Here W = (x1, 2, x3, o) for some a > 1 depending
only on the intrinsic geometry of 3, where X = (x1,x9,x3,t) € HikQ c R3!
1s the position vector of the embedding of 3.

In this paper, we will prove the analogous result in higher dimensions for
spin manifolds (note that three dimensional orientable manifolds are spin).
More precisely, we will prove the following

Theorem 0.2 (cf. Theorem 3.1). Letn > 3 and (2, g) be a compact spin
n-manifold with smooth boundary Y. Assuming the following conditions:

(1) The scalar curvature R of (2, g) satisfies R > —n(n — 1)k? for some
k>0,

(2) ¥ is topologically a (n — 1)-sphere with sectional curvature K > —k?,
mean curvature H > 0 and X can be isometrically embedded uniquely
into H™ ., with mean curvature Hy.

Then there is a future time-like vector-valued function W on ¥ such that
the vector

/(HO — H)Wdy € R™!
P

is future non-spacelike. Here W = (1,22, ..., Ty, at) for some a > 1 depen-
ding only on the intrinsic geometry of ¥, where X = (x1,x2,...,2Tp,t) €
H",. C R™! is the position vector of the embedding of ¥.

The value of a in Theorems 0.1 and 0.2 will be given in Theorem 3.1.
To prove Theorem 0.2, there are two main ingredients. One is the mono-
tonicity of the mass integral under certain flow of the embedded surface in
H",., and the other is a positive mass-type theorem (Theorem 2.1). This
positive mass theorem was originally proved by Wang and Yau [15] in the
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three-dimensional case. Here, we will give a proof in general dimensions. In
particular, the existence of the Killing spinor fields plays an important role
in the proof. The crucial observations for the proof of the positive mass the-
orem are some identities involving Killing spinors on the hyperbolic space
(Propositions 2.1 and 2.2).

Let us also mention that it was conjectured (cf. [14]) that the value of
« in Theorem 0.1 can be taken to be 1. Indeed, it was proved by Tam and
the author [7] that in the three-dimensional case, if we define the quasi-local
mass integral of ¥ to be [.(Ho— H)X, then it has the desired limiting
behavior, in the sense that this mass integral, when evaluated on coordinate
spheres, will tend to the mass (cf. [16]) of an asymptotically hyperbolic
manifold (under suitable assumptions and normalization). It is also natural
to ask if a in Theorem 0.2 can be taken to be 1.

This paper is organized as follows. In Section 1, we will first state and
prove some preliminary results, most of which are similar to those in [14, 15].
In Section 2, we will state and prove a positive mass-type theorem in general
dimensions. In particular, we will derive some results about Killing spinors
and the Dirac operator in this section for later use. In Section 3, we will give
the proof of our main result.

1. Preliminaries

In this section, we will state and prove some preliminary results that are
similar to those in [14, 15]. The setup is as follows.

Let (€2, g) be a compact n-dimensional manifold with smooth boundary
¥ = 992, homeomorphic to a (n — 1)-sphere. Suppose the scalar curvature R
of 2 satisfies R > —n(n — 1)k? for some k > 0. Let H be the mean curvature
of ¥ with respect to the outward normal. We assume H is positive, the
sectional curvature of ¥ is greater than —k? and ¥ can be isometrically
embedded uniquely into H" ., the hyperbolic space of constant sectional
curvature —k2. We use the following hyperboloid model for H™ 2

n n . 1
(1.1) H",. = {(ml,...,xn,t) cR™ | Zx?—ﬁ = _ﬁ’t> O},
i=1

where R™! is the Minkowski space with Lorentz metric Yoy dx? — dt?. The
position vector of H" ;. in R™! can be parameterized by

1
(1.2) X = (x1,...,2p,1) = E(sinh(kr)Y, cosh kr)
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where Y € S"7!, the unit sphere in R”. Note that 7 is the geodesic distance
of a point from o= (0,...,0,1/k) € H",.. Without loss of generality we
can assume that X, the embedded image of ¥, encloses a region )y, which
contains o.

Let X, be the level surface outside g in H",, with distance p from .
Suppose F': ¥ — H" ., is the embedding with unit outward normal N, then
¥, as a subset of R™! is given by ([14] Equation (2.2))

(1.3) X (p, p) = cosh(kp) X (p, 0) + %sinh(k:p)N(p, 0).

Here for simplicity, (p,p) denotes a point 3, which lies on the geodesic
perpendicular to ¥ starting from the point p € ¥y and X (p,0) = X (F(p)).
On H",. \ Qo, the hyperbolic metric can be written as

(1.4) g =dp* +g,,

where g, is the induced metric on X,. As in [15], we can perturb the metric
to form a new metric on H" ;. \

(1.5) g" =u*dp® + g,

(note that the induced metrics from ¢’ and ¢” on 3, are the same) with pre-
scribed scalar curvature —n(n — 1)k?, where u satisfies ([15] Equation 2.10):

2Hogu = 2u?Aju+ (u—u)(RP +n(n — 1)k?),
(1.6) ol O)p ~ Hy(p,0)
S T

Here A, is the Laplacian on 3,, R is the scalar curvature of 3,, Ho(p, p)
is the mean curvature of ¥, in (H" ., ¢’) and H(p) is the mean curvature of
0Q in (€2, g). The mean curvature of ¥, with respect to the new metric g”
is then

(L7 Hip.p) = 00

We have the following estimates:
Lemma 1.1 (cf. [15] p. 255-257). (1) For all p, e"**g, is uniformly

equivalent to the standard metric on S*~'. Indeed, we can choose a
coordinates around any p € X such that gu(p,p) = foap, where
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fzgsinslilngz(&;i‘)ﬁ))?e%l) or 7(:0?;5}(1@((;%@) and Ao(p,0) = k coth(kta),

k or ktanh(kug) is the initial principal curvature with respect to g'.

(2) Let d¥, denotes the volume element of ,, then e~ VkeqYs s uni-
formly equivalent to the volume element dS"~' of SP~1.

(3) The principal curvatures of X, with respect to g is of order \y(p, p) =
k(1 + O(e=?**)), and therefore Hy = (n — 1)k + O(e= 7).

(4) |u—1] < Ce ™™ for some C > 0 independent of p.
We also have the following long time existence result:

Proposition 1.1 (cf. [15] Theorem 2.1). (1) The solution u of (1.6)
exists for all time and v =lim, .o €"¥’(u—1) ezists as a smooth
function on X.

(2) ¢" = u?dp® + g, is asymptotically hyperbolic [1] on M =H",, \ Q
with scalar curvature —n(n — 1)k2.

(3) Let A: (TM,q¢') — (T'M,q") be the Gauge transformation defined by
Aa% = %8% and AV =V for any vector V€ TY,, then |A — Id|y =
O(e™"*?) and |[V'Aly = O(e™"kP).

Since the proofs of the above two results are exactly the same as in [15]
except some obvious modification, we omit them here.

Lemma 1.2 (cf. [14] Lemma 3.4). On H",, \ Qo,
Hoa—X +A,X — (n—1k*X =0.
dp
Proof. First of all it is easy to see that AijzX = nk%X. On the other hand,
under the foliation by ¥,, the AHikz is given by Akaz = g—; + Hoa% +A,,
where A, is the Laplacian on ¥,. So using (1.3),

92 ) G,
nk*X = 872)(JrHOaprJFA,)X = kQX—i—HOa—pX—i—ApX. O

Let Bo(R1) and By(R2) be geodesic balls in H" . such that By(R1) C
D C By(R2). We define W = (21, z2, ..., Ty, at) with

1 [sinh®kRy \?
— coth kR —1
@ =cothhln+ SRR, <sinh2 KRy ) !

where X = (x1,%2,...,2n,t) is the position vector of ¥, in R™!.
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Clearly we also have
Lemma 1.3. OnH";,\ Qo, HoGY + AW — (n — 1)k*W = 0.

Lemma 1.4 (cf. [14] Equation 3.8). On H" . \ Qo,

d
o < /Z p(Ho - H)Xd2p>

_ u—lu_ 2 n — 2{ 0X
_/E (u—1) ((Rp+( 1)(n — 2)k?) +Hoap>d2

P

Proof. By (1.6) and the divergence theorem,

(1.8)

d
d7p </EP(H0 —H)Xd2p>
=4 ( /E P Hy(1 )Xd2p>

(M Py 2X
—/E <8p (1-u )X + Hoyu 8pX+Ho(1 u )Bp

+H(1—u1HX)ds,

SA(CREIS

(3 2o R a0 10t - 2 ),
_ OHo | 2\ (4 _ -1 Lot R nln — 12
_/2<< ap +H0>(1 )X + 5 J(R +n(n — 1)k*)X

+ Ho(1— u_l)aa)p( + (u 1)APX) ds,

—/ (I+ 11+ 111 + IV)dS,,
X

P

where we have used (1.6) in line 4 and divergence theorem in line 5. The
Gauss equation gives

(1.9) Rf = —(n—1)(n—2)k* + HZ — |A]?

where A is the second fundamental form of ¥, with respect to the hyperbolic
metric g’. By the evolution equation of Hy ([15] Equation (2.4)) and the
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Gauss equation (1.9),

0Hy

5 = —|AP? + (n—1)k?> = R® + (n — 1)%k?* — HZ.

Sol= (R +(n—12kH)(1-u1)X.
Direct calculation gives

(RP + (n—1)%H(1 —u ) + %(vf1 —u)(RP +n(n — 1)k?)

_ —%u_l(u 2R+ (0 — D) — 2)k2) — (n— 1)(u — D2

So, we have
[+1I= <—;u_1(u —1)* (R + (n—1)(n—2)k*) — (n — 1)(u— 1)l<:2> X.

By Lemma 1.2, A, X — (n — 1)k?X = —HO%—):. Therefore

[+ 10+ 101+ 1V
1
— _iu*(u —1)? (R + (n—1)(n—2)k?*) X

Hy0X
+(u—1) (uoaap +AX — (n— 1)k2x>

1 X
= (= 1) (R4 (= D) — 2R X+ (= 1) - 1)H0i}9p
=—uHu—1)2( (R + (n—1)(n—2)k?) S Hoa—X .

2 ap
This together with (1.8) gives the result. O

2. A positive mass theorem

We will need the following positive mass-type theorem (cf. [15] Theorem 6.1
and Corollary 6.3) that was proved by Wang and Yau when n = 3.

Theorem 2.1 (Wang—Yau). Let n >3 and (Q,g) is an n-dimensional
compact spin manifold with non-empty smooth boundary, which is a topolog-
ical sphere. Suppose the scalar curvature R of Q satisfies R > —n(n — 1)k2,
the sectional curvature of its boundary ¥ satisfies K > —k?, the mean cur-
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vature of the boundary with respect to outward unit normal is positive, and
% can be isometrically embedded uniquely into H™ ;. in R™!. Then

lim [ (Ho—H)X-C<0
p—o0 Jx,
for any future-directed null vector ¢ in R™'. Here Hy, H are functions in
(p,p) asin (1.7) and X € H",. C R™! is the position vector of the isometric
embedding of 3.
In other words, lim, .o [ (Hy— H)X dX, is a future non-spacelike
vector.

As a corollary,

Corollary 2.1. With the same assumptions as in Theorem 2.1,

lim (Ho — H) coshkrd%, >0

p—oo Js,

where 1 is defined in (1.2).

2.1. Killing spinors on (H”,.,g’)

The proof of Theorem 2.1 requires the existence of Killing spinor fields (i.e., a
section of the spinor bundle S(H",., ¢') satisfying the Killing equation (2.1),
see [8]) on the hyperbolic space. A Killing spinor ¢’ on (H",.,¢’) satisfies
the equation

/o

-1
(2.1) v+ Tko’(V)¢' =0, for any tangent vector V'

where ¢/(V) is the Clifford multiplication by V" and V' is the spin connection
(with respect to the hyperbolic metric ¢'). The Killing spinors on hyperbolic
spaces were studied by Baum [3], who proved that on H",., the set of all
Killing spinors is parameterized by a € C*", m = |5] (integer part). The
following two propositions are crucial.

Proposition 2.1. Let (b&,o be the Killing spinor on (H",.,q’), correspond-
ing toa € C*", m = 2], then

|0l = —2kX - (,
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where - denotes the Lorentz inner product in R™! and

(2.2) Z(Fc(e])a aye; — (V—=1c(eg)a, a)eq

7=1

Here (-,-) is the inner product in C*", c(e;j) denotes the Clifford multiplica-
tion by the Clifford matrices (as defined in [3] p. 206) for the orthonormal
basis % = ep, % =e; in R™ (1 <j <n)andc(ey) is defined to be /—1I,
where I is the identity matriz.

Proof. Let k = 1 for simplicity. Baum ([3, Theorem 1], u = —£) proved that
in the ball model for H", the Killing spinor can be expressed as (note that
the spinor bundle is trivial)

2

6= 0ho(w) = | [T e~V Te@)a),

where c(v)a = Y i_; zjc(ej)a for ¥ = (x1,...,3y,). It is easily computed that

1 2 2
o =2 (152l - (Ve )

The change of coordinates from the ball model to the hyperboloid model is

given by
2z 1+4|z)? 1
X = ) e R™".
<1 = [z 1= [af?
So
1+ |z]?
—2X (= le(ej)a, a) + 2 — ;a::2‘ E
1+ z]?, , 2
—9 /-
(1 . Wa\ Y Tel@aa)

= |o|*.
0

Proposition 2.2. For every null vector ( € R™' (n >2), ¢ = (, for some
a € C*", where m = | %] and (, is defined in (2.2).
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Proof. Define n, =>%_ (V—1c(ej)a,ajej. As (o =37 (V—1c(ej)a, a)
ej + |al®eq, it suffices to prove that for any X € S"~! C R", there exists
a € C?" with |a| = 1 such that 7, = X. This can be proved in a similar way
as in [16] p. 285-286. Here, we use a different proof that is more explicit.
We divide into two cases: (i) n is odd and (ii) n is even.

(i) For the odd case where n = 2m + 1, we apply induction on m. When
2m + 1 = 3, this is done in [15] (p. 17). We state it here for later use. The
three Clifford matrices for n = 3 are g1, go and v/—1T (see [3, p. 206]), where

S R N ]

So for any 7 € S?, there exists a € C? with |a| = 1 such that
(2.3) 7= ((V-1gi(a),a), (V—1g2(a),a),(-T(a), a)).
Assume the result is true for n = 2m — 1, and denote the Clifford matrices in
dimension 2m — 1 simply by {c; }?;”f ' Let {d; }?ZT ! be the Clifford matrices
in dimension 2m + 1, as defined in [3, p. 206 Equation (2)]. Then it is easily
seen that
(2.4)
dj =1®cj, forj=1,...,2m—2, I is the 2 x 2 identity matrix,
dom-1 = —V—1g1 ® cam—1,
dom = —V—1g2 ® cam-1,
dom+1 =T ® com—1.

Now let X € S?" then X = (y1,¥2,...,%2m_17) for some y = (y1,...,
Yom—1) € S?™2 and Z € S?. By induction assumption, there exists b € C2"
with [b] = 1 such that

Yy = ((\/jlcl(b), b>, ey <\/j162m_1(b), b>)
and by (2.3), there exists a € C? with |a| = 1 such that
—Z= ((ﬁgl(a)v a>7 <\/j1g2(a), CL), <_T(a>7 a>)

Combining these with (2.4), it is easily seen that 7,g, = X.

(ii) For the even case, we also apply induction on m. When n = 2,
the two Clifford matrices are g; and go and 1, = (—|a1|? + |az|?, —ai@s —
asay), where a = (aj,as) € C2. For X = (cosf,sinf) € S', just take a =

(—Sing,cos g) so that n, = X.
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Assume the result is true for n = 2m and denote {c; }3@1 to be the cor-
responding Clifford matrices as defined in [3, p. 206 Equation (1)]. Let
{d]}?:nfr 2 be the Clifford matrices for n = 2m + 2. Then it is easily seen
that

di =1® g1, where I isthe 2™ x 2™ identity matrix,
(2.5) dy = I ® go, where I is the 2™ x 2™ identity matrix,
dj+2:Cj®T, forj=1,...,2m.

Now let X € >+ then X = (z1, 20, 23%) for some (21, 20,23) € S? and i €
S?m=1 By (2.3), there exists b € C? with |b| = 1 such that

(217 22, _23) - (< \% _1gl(b)7 b>7 < \% _192(6)5 b)) <_T(b)) b>)
and by induction assumption, there exists a € C*" ' with |a| = 1 such that

7= ((V—1ci(a),a),..., (v —lcam(a),a)).

Combining these with (2.5), it is easily seen that 7,g, = X. O
2.2. The hypersurface Dirac operator

In this subsection, we will give some general results for the hypersurface
Dirac operator. Most of the materials in this section can be found, for exam-
ple, in [6].

Recall that on the spinor bundle S(M™) over a spin manifold (M, g), the
Dirac operator D is defined to be

Dy = Z enr(e) VY

=1

for any spinor ¢ € I'(S(M)), where {e;}*; is a local orthonormal frame
on M, ¢y is the Clifford multiplication and VM is the spin connection on
S(M). The local formula for VM is given by [8, Theorem 4.14]

n

1

Vet =ei($) + 5> (Ve ex)en(es)en(er),
i<k

where {e;}?" | are orthonormal frames on M. For simplicity, let us write ¢

for ¢p; and V for VM.,
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Now, for a spin manifold M, if ¥ C M is an oriented smooth hypersur-
face, then M induces a natural spin structure on 3, compatible with the
induced orientation from M.

We let S := S(M"™)|x, the restriction of the spinor bundle of M to X.
Then it can be shown that S = S(X) when n is odd and S = S(X) & S(X)
when n is even. We will work on S (instead of S(X)).

Definition 2.1. We define the hypersurface spin connection V¥, the hyper-
surface Clifford multiplication c¢g and the hypersurface Dirac operator D°
on S by

1
VY = Vxv + Se)e(BX)),
es(X) = —e(v)e(X),
n—1
D% = cs(ea) Ve 1.
a=1
where v is a fixed unit normal (outward if this makes sense) and B is the
shape operator on ¥, i.e., B(X) = —-Vxv.
In local formula, for {ea}g;ll orthonormal on ¥ and e, = v be the unit
outward normal,

n—1

(2.6) Vi =Ve, b+ = Zhabc (ep)clen)t.

(It can be verified that V¥ = V* @ V* and cg = cx @ —cx when n is even.)

Definition 2.2. We define the Killing spin connection V Killing Dirac
operator D and the Killing boundary operator B respectively by

V=1
2

(2_7) B¢ = Zc(ei)ﬁeiwa

=1

B = i c(en)c(ea)Ve, 0 = Ve, b + Dip.
a=1

Vv = Vi + ke(V)ip,

Actually B is the boundary operator for the Lichnerowicz-type formula
([15] Equation 3.2): for any bounded region U with smooth boundary,
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we have

(2.8)
. 1 SN N
[ (@050 + @+ nn = D))~ (.5 ) = [ B

where R is the scalar curvature.
From now on until the end of this section, the indices a, b, ¢ run from 1
ton —1 and 4, j, k run from 1 to n. Repeated indices will be summed over.

Proposition 2.3. Let ¢ be a spinor on M and H is the mean curvature
of X C M. Then on X%,

By =050~ 2y - i tyetenu.

Proof. We have By = ¢(ey)c(eq)Ve, . Using (2.6),

clen)c(eq)Ve, b = c(en)c(ea)Vfaw + %hubc(ea)c(eb) — \/Q_Tk(n — 1)e(en).

We have cs(eq) = c(eq)c(en), so c(en)c(eq)VE = —D%. Also, hape(eq)c(ep) =
—H. The result follows. O

Let us now return to the hyperbolic space. More precisely, define M =
H"” 2\ Qo. Let A: (T'M,g") — (T'M,g") be the Gauge transformation defi-
ned by Aa% = %8% (u as defined in (1.6)) and AV =V for any vector V
tangential to ¥,. A can be lifted to the spinor bundles as an isometry [1],
ie, A: S(M,q") — S(M,g"). Also,

A( (X)) = ¢ (AX) AY

where ¢’ (resp. ¢”) denotes the Clifford multiplication associated to g’ (resp.
g"). We will also denote by e/’ (resp. e},) to denote the unit outward normal
of ¥, with respect to g” (resp. ¢).

Proposition 2.4. Let ¢{, be a Killing spinor with respect to V' on M =
H" . \ Qo and ¢g = Agy,. Let D? be the hypersurface Dirac operator on DI
with respect to (M, g") as defined in (2.7). Then on X,

H —
~D%y = 70% + \/;k(n — 1" (e)¢o-

(Recall that Hy is the mean curvature of ¥, with respect to g'.)
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Proof. (The idea is the same as [15] Proposition 2.4 (modulo a minor mis-
print there), except we have to replace V>» by V< etc.)
For V1 := AV, (A~%)), we have

(2.9) vea(ls() = —7/%//(6(1)%
Consider
= 1 = i " 1"
(2.10) Ve =ea(®) + 50" (Ve.en o) (en)e" (ec)
b<c
1 n—1
+3 D9 (Ve.enen)c(en)e ().
b=1

Note that " (Ve ep, ec) = g"(AV, A7 ey, ec) = g"(AV, ey, Aec) = g'(V, ey,
ec) =4 (Ve ep,ec) (as ¢'|s, = ¢"|s,). Also, ¢"(Ve, ey, €lr) = g”(AV’eaAfleb,
Ae,) = ¢ (V. ey, €,) = —hY,. So (2.10) becomes

(2.11)
ve(1 = ea Zg” v” €b,€c ”(eb) ”(ec)w - 2h2b6/,( )C”(ex)lﬁ

b<c

=Vov - fhzbc’% p)c"(ep)i by (26).
Note that by definition of DS and cg,
D%y = cs(ea) Ve, 1 = —¢"(€)c" (€a) VE, ¥
So using (2.11) and (2.9),

— 1
D0 = =) en) (Toutn + 3" (@) (e )on)

= e en) (—Y R ea)on + e ) (o)

= k- 0o - Do,

0

Proposition 2.5. With the assumptions in Theorem 2.1, let ¢, o be a
Killing spinor with respect to g' and ¢o = A¢jy on M. Then the limit hmp_>oo
Js (Ho— H)|¢o g,,dE exists.
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= —2kX-

Proof. ¢y = qba o as in Proposition 2.1. By Proposition 2.1, |¢)a olg
Ca- By (1.3), e *X(p, p) — 7(p) = X (p,0) + N (p,0).

Also e”kp(Ho — H) = Hype™P(1 —u™') = (n—1)kv as given by
Lemma 1.1 and Proposition 1.1. By Lemma 1.1 again, e’(”*l)k"’dzp tends
to a measure du on X, induced by the metric go, = lim, . e*2f’gp. All the
above limits are uniform in p. Thus, we have

| o= ol as,
:—2"7/1{0 (€™ (1 —u ")) (e X (p, p) - Ca)e™ " VFdz,

(n— 1)k? /2 o(y - Ca)dp

2.3. Proof of Theorem 2.1

Following the ideas in [15] Theorem 6.1 and Corollary 6.3, we now give the
proof of Theorem 2.1.

Proof of Theorem 2.1. Define ¢” = u?dp*+g, on M =H",,\ Qo as in
(1.5), with u satisfying (1.6). Let § be the metric defined on M = M Up €
such that § = g on Q and g = ¢’ on M, where F is the embedding of € into
H",.. Note that g is Lipschitz near 92, i.e., there is a smooth coordinates
around 0f2 such that the coefficients g;; are Lipschitz.

Let Vy = Vy + Qk'cv(V) and D = 'E(ei)@ei be the Killing connection
and Killing-Dirac operator associated with g, respectively. (All inner prod-
ucts and norms in this proof are taken with respect to g unless otherwise
stated.)

Let ¢ be a Killing spinor on H",, and ¢g = A¢j, on M, we claim that
there is a (Killing harmonic) spinor ¢ with ﬁqﬁ =0 on M such that

m—0o0 »

(212) 0< Jim [ (6.B0)= tm_ [ (60, Bon)

Pm

where p,, — co and B is the boundary operator with respect to g as in (2.7).
Since we are only interested in the asymptotic behavior, by cutting off,
we can assume that ¢g can be extended smoothly on the whole M. Then
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outside a compact set, for V= AVA~!, we have

Ve,bo = \/;N (ea) 0,
Voo = —\/?ig(aap)éo‘
So
Veuto = Vst + Yo dea)go = (Ve, — Ve ),
ﬁa%qﬁo = ~% J?ﬁ;p)% = (68% - UW%)%-

By the estimates in Lemma 2.1 of [1], we have
(V= V)o| < CIAT IV Al

By Proposition 1.1, |[A~!||[V'A| = O(e™"**). Also |¢o|* = O(e*”) by Propo-
sition 2.1, so [Veo| = O(e~("~2)k7). By Lemma 1.1, the volume element of
(M g) is of order e(=Dke_We then have V¢, and therefore D¢y, are both
in L2(M, ).

We now find ¢4 6 w2 such that ﬁqﬁl lA?(ﬁo as follows. Define a linear
map on WH2 by I(z) f i DT/J, D¢0> and the sesquilinear form B on W1?
by B(v, cp = [= I Dw, D«p) We claim that B is bounded and coercive.

Let M be the region in M bounded by X, and let 9, ¢ € CZ°. On M \
Q, R= —n(n — 1), so_by the Lichnerowicz formula (2.8), Proposition 2 3
and the definition of B,

| (0.9 = B, De)) = [ (0,05 + 5 + VL))
M,\Q iy}

+ /2 (6, (Vo + (1) D)).

P

OnQCMp,

[ ((96.9) = (Bu Dg) + (R -+ nln = D))
= [ @D+ 5+ VI,
o0
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To be precise, H in the two equations above are the mean curvatures of 0f2
with respect to ¢ and g, respectively, but since they agree ((1.6), (1.7)), so
adding them up gives

[ (96.9¢) — (Dw, D) + (R + i~ 1))

MP

= / (), (Vy, + ¢ (v)D)e).
>

P

As R = —n(n — 1) outside 2, so

B.9) = [ (oDl = [ (196,90 + {(R+ a0~ D)) )
< Cllwas ol

So B is bounded on W2, On the other hand, as R > —n(n — 1), for € C
2
/ Dyf? > / Tyt = / (v + "0 £(<D¢ ¥) — (b, D))
= [qvop+ "’w‘ iU ST
M

So B is also coercive. Then by Lax-Milgram theorem, there exists ¢1 € w2
such that B(¢y,) = I(¢) for all p € W12 ie. fM — ¢0),v) = 0. Let
¢ = ¢1 — ¢g and define § = D¢, SO we have fM ,6’, D1/1> = O for all p € W12,

This implies Dﬁ = —ny/—173 weakly, as D* D +ny—
AS argued in [13] Lemma 3.3, 5 € VVl . Note also that in the weak sense,

= —nyv/—=18 = —ny/=1(D¢y — D¢y) € L?. Then
/N (B5.D9) = [ (D +nv=1)Dp,D8) - [ (ev)D3, D)

P MP Zp

— [ B(D+nv=1)5.6)~ [ (ev)D3, D)
i )

P P

—— [ @wbs.Dm < [ DA

P

As /~ |DB|? < oo, there is a sequence p, — 0o such that Js |DBJ% — 0.
But ‘é\ﬁen

/N\f)m?: lim /N 1DBJ? < lim/ IDBJ? = 0.
M m—0o0 Mpm m—0o0 Epm
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ie, D3 =0. As D = —ny/~13, we have D¢ = 8 = 0. Now, by the Lich-
nerowicz formula (2.8), as D¢p = 0,

0< /M (190 + (-4 ntn = )lo) = | (Bo.0)
= / (B(¢1 — ¢0), b1 — o)

X,

Z/Ep<§¢o,¢o> + (/Ep<§¢1,¢1> —/Zp<§¢0,¢1> —/Ep<§¢17¢0>> -

We claim that there is p,, — oo such that the three terms in the bracket
above will tend to zero as m — oco. Consider

/ (Béo, o) = / (%, +&w) D)o, )
3, b

P

As [ |Vq250|2 I3 |Dey|? and [57 |#1? are all finite, there is p, — oo such
that fz Bd)o, ¢1) — 0. Similarly, as [5; |¢1]2 < 00, we can also assume that
fzp, <B¢1, #1) — 0. (2.12) is proved.

Now, by Propositions 2.3 and 2.4,

. 5 . 5 1
0< lim (B¢, ¢) = lim (Bgo, ¢o) = lim / (Ho — H)|¢ol2.
m—oo [y m—o0 . m—oo 2 s,

By Proposition 2.5, lim, .o 3 [s, (Ho — H)|¢ol? exists, therefore

1
lim = | (Ho— H)|¢o|Z > 0.
p—00 2 %,

To finish the proof, by Proposition 2.2, we can let {( = (,. Let ¢g70 be
the corresponding Killing spinor on H?,, and ¢q0 = A%,o outside 2. By
Proposition 2.1, |¢,, 0|2 o , = —2kX - (4. So the above argument shows
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that
—k lim (Ho—H)XCaZO

p—oo [,

In other words, lim,_. [x (Ho — H)XdY, is a future-directed non-spacelike
vector. g

3. Positivity of the quasi-local mass of Shi—Tam

Now assume n > 3 and let (€2, g) be as described in Section 1. Recall that
Bo(R1) and By(R2) are geodesic balls in H" ., such that Bg(Ry) C o C
By(R2). Our main result is the following

Theorem 3.1 (cf. [14] Theorem 3.1). Letn > 3 and (2, g) be a compact
spin n-manifold with smooth boundary . Assuming the following conditions:

(1) The scalar curvature R of (€, g) satisfies R > —n(n — 1)k? for some
k>0,

(2) X is topologically a (n — 1)-sphere with sectional curvature K > —k?,
mean curvature H > 0 and % can be isometrically embedded uniquely
into H" ., with mean curvature Hy.

Then for any future directed null vector ¢ in R™!,

m(@.0) = [ (Ho~ YW ¢ <0

where W = (z1,x2, . .., Ty, at) with
1 [sinh®kR, ) :
1< a=cothkR; + — -1 ,
' Sinh kR, <sinh2 kR
X = (x1,22,...,Tn,1) is the position vector in R™! and the inner product

s given by the Lorentz metric.

Let (¢1,...,¢,) denote the position vectors of points of S*~! in R”.
Let {3,} be the foliation of H" . \ Qo described in Section 1. We need the
following:

Lemma 3.1 (cf. [14] Lemma 3.3). With the assumptions in Theorem 3.1,
let (y1,...,Yn) € R™ such that S y? =1. Let ¢ =" | ¢iyi. Then for
p >0,
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(3.1) (gi)Q < (1 —¢*)k?sinh™ 2 kr (1 — (g;f) .

or S sinh kR

3.2 2Ly
(32) dp ~ sinh kRy
Hence we have

96 1 sinh?kRy \ ?
3.3) < k— h = -1 .
( ’ ‘ W = b kR, (sinh2 kR

Proof. The position vectors in R™! can be parameterized by
1 . . o
X = z (sinh kr cos 0, sinh kr sin 6%, cosh kr),

where Z € S*~2 € R""!. Then the hyperbolic metric (outside §) is
¢ =dp* + 9p = dr® + k=2 sinh® r(d#? + sin? 0do),

where do is the standard metric on S*~2. Compute ¢ (6%, a%) in the above
two forms of ¢’, we have

or\? AN o 9
1= <a;> —+ k_2 Sinh2 k’T‘ <<8p> + Sil’l2 HdO' <ap, 8p>>
2 2
0
> or + k™ %sinh? kr 9 .
dp dp
Since ¢ = cos#, (3.1) follows by multiplying sin? @ to the above.

Recall that o € )y and r is the geodesic distance from o. Let p € ¥ and
let v be the (arc-length parameterized) outward pointing geodesic through
p which is orthogonal to 3. Let ¢ be the point on v such that a = d(o,q) =
d(o,7). We will simple denote by yz to be the distance d(y,z) between

two points y and z. Then for x = y(p), p > 0, cosine law gives cosh(kr) =
cosh(k a) cosh(k - gx), where r = ox. By [5], the region bounded by ¥ is
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geodesically convex, so we have gqr = ¢p 4+ p. Thus along v we have

Or _ cosh(ka)sinh(k - qx)

— = > 0.

op sinh(k r)
Also, as S;?I?}Efk‘f;) = sin(Lzxoq) if o # ¢, we see that g—; is non-decreasing
along ~ for p > 0, which is also true if o = ¢. We now estimate g—;(p). To

: or __ sinh kR
show (3.2), we can assume o # ¢, for otherwise 5 =1 > AR

Let 3 be the geodesic on the hyperbolic plane containing the triangle
Aogp such that it is perpendicular to v at p. Suppose ( meets 0By(Rz) at
y and z. Then g—; = sin(Zopy). By sine law,

sinh k Ry
sinh(k - op)

sinh kR

sin(Zoyp) > sin(Zoyp) = Zrm.

g; = sin(Zopy) =

This proves (3.2). The inequality (3.3) follows from (3.1) and (3.2), together
with |¢] < 1. O

We are now ready to prove our main result.

Proof of Theorem 3.1. X can be expressed as
1, . L . .
X = %(smh(k:r)Y, cosh kr) = %(smh(kr)yl, ..., sinh(kr)yy, cosh kr).

where |Y]? = >"" | y? = 1. Without loss of generality we can assume that

¢=(C1,--,Cn, 1) where >0 (2 =1.
Let ¢ =>"" , vi(;, then Lemma 1.4 implies (we omit d¥, for conve-
nience)

(3.4)

d
a </zp(H0 — H)W(p,p) - C)

= —/ ™t (u—1)? <;(Rp + (n —1)(n — 2)k?)(¢sinh kr — a cosh kr)
%

P

+ Hoaa(gb sinh kr — o cosh k:r))
0
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= —/ u ™t (u —1)? (;(Hg — |A*)(¢sinh kr — a cosh kr)
x

P

+ Hog(qﬁ sinh kr — o cosh kr))
P

= —/E ut(u—1)’B

P

where
1
(3.5) B = i(Hg — |A*)(¢sinh kr — a cosh kr)
1
+ kHy <qb cosh kTg; + z sinh krgi — asinh k:rg;> .

Here A is the second fundamental form of ¥, with respect to the hyper-
bolic metric. Let Aq(p,p) be the principal curvature of ,. Then A, =
ktanh k(uq + p), k, or kcothk(pe + p) with pg >0 ([15] p. 255). In par-
ticular,

Hy — AP =2 Xk > 0.
a<b

We want to show B < 0. For the first term of B, consider
(3.6) ¢ sinh kr — accosh kr < sinh kr — cosh kr < 0.

To show that the last term of R.H.S. of (3.5) is also negative, it suffices to
show

0 1 0 0
¢ cosh kra—; + T sinh kra(z — asinh kra—; < 0.

Indeed, by (3.3), we have g—; >0 and

1
¢ cosh kr& + —sinh k:ra—d) — acsinh krg

dp k op op
1
< cosh krgz + z sinh kr (,u,kg;) — acsinh krg;
= (cosh kr + sinh kr(p — a))g;

0
= (cosh kr — sinh kr coth le)a—; <0 asr>R;.
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Substituting into (3.4), we have

d
a (/EP(HO—H)W(p,p)'C> > 0.

By Theorem 2.1 and Corollary 2.1, we conclude that

m(@.0) = [ (Ho— H)W ¢ <0,
b
The proof is completed. U

Remark 1. As remarked in [14] Examples 3.11-3.13, in some situations,
« in Theorem 3.1 can be chosen to be 1. Indeed, it is not hard to see that
this is possible in the following cases:

(1) ¥ is isometric to a standard sphere and H is constant, or

(2) ¥ is isometric to a standard sphere and H is orthogonal to the first
eigenfunctions of S"~! (i.e., restriction of the position functions of
S*=1 c R™). Here we assume that 0 = (0,...,0,1/k) is the center of
the geodesic ball in H",, enclosed by Y.
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